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The angular distributions of photo-neutrons from lead, copper, alu- 
minum and beryllium have been measured by using bremsstrahlung of 


maximum energy of 17 Mev from a betatron. 
ZnS-paraftin-Lucite light guide button. 
1+(0.17-0.06) sin2e, 


sin’e, 1+(1.6+0.8) sine, 


The neutron detector is 
The results are 1+(1.29+0.53) 
1+(0.30+0.11) sin’ for 


beryllium, aluminum, copper, and lead. 


Introduction 


§ 1. 

The photonuclear processes can be con- 
veniently divided into two mechanisms; i.e., 
evaporation and direct ejection.” 

The former is the one in which the y-rays 
are absorbed by a collective nuclear motion 
which results in general heating of the nucleus 
and subsequent decay which can be explained 
by the statistical model. The latter is the 
transition of a nucleon in the upper shell to 
an unfilled state by the electric dipole absorption 
of y-rays. 


The evaporation process results in the 
spherically symmetric distribution of ejected 
particles and in the direct process it is expected 
to be of the form (a+0 sin? 0)» where @ is the 
angle at which neutrons are emitted with 
respect to the incident y-rays, a and b are 
constants. 

In this paper, we report a measurement of 
the angular distribution of photo-neutrons in 
the energy range of “off the giant resonance” 
using the bremsstrahlung from the University 
of Osaka Betatron. 
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Fig. 1. Block diagram of experimental arrangement. 


The results are compared with the earlier 
experiments” * in lead, copper, and aluminum. 
A measurement of angular distribution of 
photo-neutrons from beryllium is also reported. 
Guth and Mullin® and Czyz® have calculated 
the angular distribution for the reaction 
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Be%(y7n)Be® assuming that the Be® nucleus 
consists of Be® core plus a valence neutron in 
P3/. ground state. They have obtained a distri- 
bution of the form (a+dsin? @) arising from 
electric dipole transition to S and D state, 
with the ratio b/a depending on the respective 
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transition probabilities. 


§2. Experimental Procedure 


The arrangement of experimental instru- 
ments are shown in Fig. 1. The boron 
enriched concrete shielding has increased the 
signal to background ratio by factor of 10. 
The targets were cut in the shape of cylinder 
of 16x11. The neutrons were detected by 
a ZnS-paraffin-Lucite light guide button” 
mounted on Du-Mont 6292 photomultiplier tube 
as shown in Fig. 2. This counter was arranged 
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Fig. 2. Detailed diagram of neutron detector. 


so that it could rotate about the center post 
on which the cylindrical target was set. The 
distance between the target and the center of 
counter was 16cm. The diameter of the 
X-ray beam was 2.0cm at the target and 
monitored by an ionization chamber calibrated 
by the method of National Bureau of Standard.» 
The pulses from the photomultiplier tube were 
fed into a cathode follower pre-amplifier, a 
Model-100 amplifier, a 4-channel pulse height 
analyzer and a register. The discriminator 
bias was set at 15 volts as shown in Fig.. 3. 
This indicate the efficiency of 0.3 % for Rn-Be 
neutrons. 

In measuring the photo-neutrons, one must 
contend with background noises of very large 
intensity which originate in the target placed 
in the center of the X-ray beam. It is pos- 
sible to obtain the required . discrimination 
between the X-rays and recoil protons from 
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the fact that the specific ionization of recoil 
protons is much higher than that of secondary 
electrons. But the high intensity burst of X- 
rays causes high voltage scintillation pulses 
by the pile-up effect of electrons. It is diffi- 
cult to distinguish the neutron pulses from 
these pile-up pulses. 
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Fig. 3. Differential bias curve with Emmerich 
button (ZnS-parrafin-Lucite light guide). Rn-Be 
neutron source was placed at 16 cm from neu- 
tron detector. 
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Fig. 4. Block diagram of counting system. 


Therefore, the long expansion technique” 
wassadopted for the betatron operation. The 
long expansion pulse of 80 usec results in a 
long X-ray burst and reduces the pile-up diffi- 
culties in measuring the low yield neutrons 
in the large X-ray burst. In this point of 
view, we changed our integrator expander for 
a delayed expander for this experiment. Read- 
ings were taken at 40°, 50°, 70°, 90°, 110°, 
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130°, 140°. The pile-up difficulties made the 
readings for more forward angles impossible. 
Moreover, the forward reading with alumi- 
hum target was unobtainable due to its low 
neutron yield. 

Also, the pile-up difficulties could be lessened 
by using a thick lead window in the detector. 
This result is shown in Fig. 5. The target 
was lead and a lead sheet was inserted between 
the detector and the target. 

For example, the counting rate was 133 per 
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Fig. 5. The absorption curve of photo-neutrons 


with lead window inserted between the counter 
and the target. It is shown that the 12mm 
window is sufficient to avoid the pile- “up effect. 
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1.5 min. with lead window of 12mm thickness, 
while 112 per 1.5min. with 22mm window 
when the lead target was bombarded by brems- 
strahlung with maximum energy of 17 Mev. 

By the way, the counting rate for neutrons 
from the Rn-Be neutron source was 116 with 
22mm window when normalized at 12mm 
window counting. This value was taken by 
placing the Rn-Be neutron source at the 
position of target without the bremsstrahlung 
bombardment. The both counting rate with 
22mm window agrees within the experimental 
error. 

The similar procedures were followed in 
other targets and we can say with confidence 
that our results are free of the errorneous 
counts due to piled up electrons. 


§3. Results and Discussion 


The observed angular distributions for lead, 
copper, and aluminum have the shape of (a+ 
bsin?0), which are the same as reported by 
Johanson, Dixson® and Price.” This is shown 
in Fig. 6. The value of b/a was compared 
with the data of earlier experiments in Table 
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Fig. 6. The angular distributions of photo-neutrons as measured with Emmerich button 


type scintillation detector. 
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detectors, the detected neutrons are those of 
direct emission. Therefore, assuming these 
neutrons are due to the transitions from 
unknown upper shells, one can conjecture that 
the transitions from which shells are predomi- 
nant by the relation (/+2)/2/=0/a, where / is 
the angular momentum of the state before 
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nuclear excitation. However, because of large 
differences between the results of earlier ex- 
perimenters, above conjecture is not reliable. 
The photo-neutrons of lead seems to originate 
in the transitions from lower state than in 
copper. But the large value of b/a of angular 
distribution of aluminum can not be explained 


Table I. The values of b/a. 


nucleus 


Target 
Energy Al Cu Pb Be Detector 
Present (17 Mev) 1.640.8 0.17+0.06 0.30+0.11 1.29+0.53 Emmerich* 
Dixon (70 Mev) 0.36+0.29 Or 2320555) uniform te 7e0 ee Hornyak» 
Halpern (70 Mev) 1.26+0.11 Emmerich?* 
Price (22 Mev) 0.33 0.84 uniform Al (m, p)* 
Johanson (65 Mev) 1 0.8 Les Hornyak? 


a) A scintillation detector with a ZnS-paraffin-Lucite light guide. 


b) A scintillation detector with a ZnS-Lucite. 


c) A fast neutron detector by measuring the beta activity of Al?’ (m, p) Mg?’ reaction. 


satisfactorily by the theory. The theoretical 
value of b/a deduced by the Courant model 
can fit the experimental distribution only if 
the majority of the observed neutrons have 
an angular momentum of one in the nucleus 
before excitation. This seems unlikely in 
aluminum. 

The angular distribution for beryllium is a 
superposition of distribution resulting from 
photons of all energies up to 17 Mev because 
of the nature of bremsstrahlung. Transition 
from the P state to the S state, which pre- 
dominate at the energies just above the 
threshold, give a spherical symmetric distri- 
bution and prohibited by the high energy 
filter with a large y-ray absorber placed at 
the center of X-ray beam. High energy 
photons cause transitions to the D state with 
a resultant rise in the angular distribution at 
90°. However the value of b/a seems to prove 
this fact, the constancy of b/a in varying the 
excitation energy up to the 70 Mev suggests 
us that the calculation of Guth and Mullin can 


not be applied to the experiment of this energy 
region. The Be® nucleus is divided into the 
neutron and proton clouds at this energies. 
The mechanism of photodisintegration which 
looks more is the one given by Titterton™ 
that Be® may disintegrate by photon absortion 
into a two alpha particles and a neutron in 
the following manner, Be(7, a)He®’>a+yn, but 
we can not conclude the reaction mode with 
this experimental data. 
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The Phase Transformation of Solid Normal Hexadecanamide 


By Tosio SAKURAI and Masaya YABE 
Institute of Science and Technology, University of Tokyo 
(Received September 4, 1957) 


A phase transformation of normal hexadecanamide (CisH3,CONHs) in 
which the crossed hydrocarbon chain configuration changes into the 
parallel-chain one is investigated by means of X-rays, thermal analysis, 


infrared absorption and proton magnetic resonance absorption. 


Based 


upon the knowledge of the crystal structure and X-ray observation, a 
mechanism of successive reorientation of the hydrocarbon chain at this 
transformation is proposed. The twisting vibration of the hydrocarbon 
chain is found to play an important role for this transformation. 


$1. Introduction 


In the previous report?” it was found that 
the normal fatty acid amides CH3(CH:),CONH; 
with even carbon number have an unusual 
crossed-chain configuration. Lingafelter and 
Turner®® investigated the same series of 
amide from propane amide to tetradecanamide 
and hexadecanamide independently of us. 
Their results essentially agree with ours. It 
was also found” that heptadecanamide and 
hexadecanamide have another phase with 
parallel-chain configuration, and hexadecan- 
amide has a phase transformation at which the 
crossed-chain configuration changes into the 
parallel-chain configulation. 

At this transformation point, reorientation 
of the paraffin chain occurs. The reorientation 
of the paraffin chain was observed at the 
transformation of some triglycerides». In 
this case the reorientation occurs through 
a liquid-like phase. But in the present case, 
the reorientation occurs in the crystalline state 
at a temperature more than twenty degrees 
below the melting point. Although a large 
number of works about the phase transforma- 
tion of long chain aliphatic compounds have 
been published, this kind of phase transforma- 
tion is completely new, and detailed investiga- 
tion seems to be very interesting. 

Although the nature of the phase transfor- 
mation is already stated briefly in the previous 
report,» its important points will be reviewed 
in §2, because it is complex and there is 
something new in it. The mechanism how 
the molecule reorientates at the transforma- 
tion point is one of the most interesting points 
of the present work. From the knowledge of 
the crystal structure and X-ray observation at 


the transformation point, it is shown that the 
hydrocarbon chain is brandished around the 
terminal amide group which forms the strong 
hydrogen bond network with surrounding 
molecules. The behavior of the hydrogen 
bond is investigated by infrared absorption. 
Thermal properties indicate that large entropy 
change occurs at the transformation point and 
internal vibration of the molecule plays an 
important role. Results of the proton magne- 
tic resonance absorption are consistent with 
the above view and show the marked motional 
narrowing corresponding to the molecular re- 
orientation and the internal vibrations. 
Sample used throughout the present work 
was the same as that used in the previous ones. 


Fa ue | 


Fig. 1. Diagram of the phase transformation. 
Arrows show the direction of the transforma- 
tion. 

x represents crossed-chain configuration, 
// represents parallel-chain configuration. 


§2. Nature of the Phase Transformtion 

Following the nomenclatures in the previous 
paper”, the phase of the crosed-chain configu- 
ration is called phase A, those of the parllel- 
chain configuration are called phase B and B’. 
The relation between these phases are shown 
in Fig. 1. 
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When hexadecanamide is crystallized from 
a solution at or near room temperature, phase 
A appears, and when it is cooled from its 
Own melt phase B’ appears. This phase 
transforms into another phase B on cooling 
at about 56°C. When phase A is heated, it 
changes into phase B’ at about 80°C, but on 
cooling it never returns to phase A. Arrows 
in Fig. 1 show the direction of the transfor- 
mation. x represents the crossed-chain con- 
figuration and // represents the parallel-chain 
one. Every attempt to reverse this process, 
namely from B’ to A by slow cooling or 
maintaining the sample just above or just 
below the transformation temperature for a 
long time has failed. At room temperature, 
_ both phases A and B persist at least for three 
years. 
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Another phase named B” appears in some 
special case. It resembles phase B and ap- 
pears either on cooling from its own melt or 
heating phase A. But, as it comes out ac- 
cidentally and the systematic investigation is 
therefore very difficult, the proplem of this 
phase is out of the main scope of this paper. 


§3. Crystal Structures 


Phase A is monoclinic and the space group 
is reported to be P2,/a¥. Phases B and B’ 
are triclinic. Piezoelectric effect of phase B is 


absent, therefore the space group will be P1. 

Their unit cell dimensions were determined 
by a conventional single crystal rotation ca- 
mera. The camera radius, about 35mm, was 
calibrated by the diffraction lines of copper 
and calcite. Results are tabulated in Table I. 


Table I. Unit cell dimensions 
Phase | a | b | c | a 8 Fi 
>a mage A: Ue: Mage Mingus ce ene Mii: ey- 90° | 40424 90° 
| | 
B | Hellen 5.509 | 45.403 . Les 110.3 Maes 
B’ * | | 5.492 | | PUT 


5.168 


* Values for B’ was determined at about 82°C. 


The values for phase A are slightly refined 
than the previous ones.’ Phase A contains 
four molecules per unit cell and phases B and 
B’ contain two molecules per unit cell. 


3a. Phase A. 

The detailed structure analysis of tetrade- 
canamide was already performed by Linga- 
felter and Turner”, and from the investigation 
of the subcell structure it is known that the 
structure of hexadecanamide is nearly the 
same as that of tetracanamide.” Therefore 
no attempt was made to get the detailed 
structure. 

The packing of the hydrocarbon chain is 
best understood from Fig. 2 of the previous 
paper». If we consider a plane containing b 
axis and the chain axis (defined as the row 
plane by Lingafelter and Turner), molecular 
axis in one row plane are all parallel. But 
the chain axes of two neibouring row planes 
are almost perpendicular to each other. There- 
fore the crystal is composed of two kinds of 
row planes. If we name these planes S, and 
S. respectively, S,; and S, planes are stacked 
alternately in the crystal. The plane of the 


45.474 


zigzag chain is almost perpendicular to the 
row plane. 


3b. Phase B. 

Small needle-shaped crystals of phase B 
were obtained by cooling the sample from its 
own melt. The needle axis was taken as 0 
axis, and the intensity data of the } axis pro- 
jection were obtained by Bouman type camera. 
Multiple-film method was used, and the photo- 
graphic density was measured by the micro- 
photometer. As the crystal used was very 
small, no absorption correction was applied 
and corrections for Lorentz and polarization 
factors were applied in the usual way. 

In the present structure, two molecules are 
in the unit cell and are situated centtrosym- 
metrically. An approximate value of the dis- 
tance between CH. groups in a molecule is 
easily obtained from the subcell structure. 
From Patterson synthesis the direction of the 
molecular axis is shown to deviate a few 
degrees from the c axis of the crystal. There- 
fore one main unknown parameter is the 
separation of two molecules. Thus by varing | 
this parameter, several trials were. made to 
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get the best agreement between observed and 
calculated structure factors of (00 /) reflections. 
After these parameters were determined ap- 
proximately, the signs of structure factors 
were calculated, and a Fourier synthesis was 
performed. The result is shown in Fig. 2. 
Due to the effect of the large temperature 
factor, neighbouring CH, groups are not sepa- 
rated. 


Fig. 2. Phase B. Projection along the 6 axis. 


But it is clear that the chain axis is not 
quite straight but bends in this projection. 
This means that twisting of the molecule 
occurs. A similar case is reported by Sydow” 
for fase C’ of n-hendecanoic acid. In that 
case, the helical twisting is observed, and the 
temperature factor reaches to 9.8 A?-at a 
temperature five degrees below the melting 
point. 

Final atomic position and calculated and ob- 
served structure factors are tabulated in Table 
Il and Table III. For the structure factor cal- 
culation, atomic structure factors for valence 
state” were used and CH, groups and NH, 
group were treated as single atoms having 
the structure factors f=fo+2fu and f=fwt2fu 
respectively. No significant difference occurs 
by exchanging the positions of the oxygen 
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Table II. Coordinate of atoms of phase B. 


atom ala zl 
N 0.20 0.024 
O 0.80 0.040 
Cy 0.60 0.051 
Cy 0.69 0.070 
Cs 0.59 0.106 
Cy 0.68 0.126 


o~ sc Plane 
C 
Fig. 3. Angle between /“ \_ plane anac plane. 
(G C 
C Cn 
mth / \ plane means the / \__ plane. 
(G (€ Cr=1 Cr+ 


C,, has the same meaning with that in Table II. 


atom and the nitrogen atom. The temperature 
factor is taken to be 5.3A?. The reliability 
index R is 30%. 

As the shape of the crystal is very fine 
needle, projections along other axes are very 
difficult to get. But, if the tetrahedral angle 
and the ordinary single bond length are as- 


Cx 
sumed for the We ‘ce bond, the angle between 


Cc 
the de s plane and ac plane can be cal- 
culated. This angle varies gradually for suc- 


Cc 
cessive a \ plane as shown in Fig. 3. Thus 
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Table III. Observed and calculated structure factors of phase B. 

Index Fe | Fo| Index Fe |Fo| 
0 0 1 pes} strong 1 0) 0 —64.4 63.2 
0 0 2, 2.0 0) -1 0 8 4.8 4.8 
0 0 3 8.8 strong —1 0 10 8.3 9.9 
0 0 4 —-1.9 weak -1 0 12; 825 Ila 
0 0 5 6.7 12 Ral -1 0 14 10.3 iV 
0 0 6 -7.0 10,2 -1 0 16 26.0 15.3 
0 0 7 0.1 0 -1 0 18 —16.4 12.8 
0 0 8 —10.0 Pen 
0 0 9 —3.2 Gad 2 0 2 —20.5 13.4 
) 0 10 —10.9 14.7 Zz 0) 0 | 625 9.2 
0 0 11 —6.7 9.6 —2 0 10 8.2 9.6 
0 0 12 —10.4 NET, —2 0 16 —27.1 30.6 
0 0 13 —7.0 9.9 —2 (0) 7 645 8.3 
0 0 14 —8.1 10.5 —2 0 18 19.8 19.5 
0) 0 15 —4.2 7.0 —2 0 19 14.2 ek 
0 0 16 —6.2 7.0 -2 0 20 aye 15 
0 0 17 4.8 5.4 —2 0 22 2.4 8.0 
0 0 18 4.8 9.3 —2 0 24 —0.8 eit 
1 6= 6 8.5 4.5 8207 16 Ay a Ry 15.3 
1 0 4 TS 10.5 
1 0 2 Bal 30.0 —4 0 16 | —8.4 hee 


the total twisting of the molecule reaches 12 
degrees. 

Twinned crystals are often obtained. This 
twin has the 0 axis and the c* axis in com- 
mon. It is interesting to note that this twin 
is closely related to the imperfect structure 
which is obtained after A to B’ transforma- 
tion. (see §4 Fig. 4c). 


OG nase Be. 
No special difference in the intensity dis- 


Fig. 4. (a) ab basal plane of phase A. (b) Rela- 
tion between phase A and phase B’. (c) ab 
plane of phase B’ after transformation. Black 


and white bars in (a) and (c) represents the 
projection of the hydiocarbon chain. 


tribution between phases B and B’ is observed 
except the decrease of the intensity of the 
higher angle spots of phase B’ due to the 
large temperature factor. Therefore, the 
atomic positions are almost the same in both 
phases. 


3 d.. Phases 

Although the systematic investigation of 
phase B” is not successful, the Bouman photo- 
graphs around the 6 axis shows that not only 
the lattice constants but also the relative 
intensities are closely similar to those of phase 
B. They are shown in Table IV. The dif- 
ferences appear in the odd h# reflections, which 
means that the molecular configuration is 
closely similar to that in phase B except that 
x coordinates of phase B” shifts +@ compared 
with that of phase B. This phase might be 
the phase JJ’ reported by Kurokawa®. But, 
as the powder pattern of phase B’’ could not 
be obtained, direct comparison was impossible. 
The best indication of phase B” is the ap- 
pearance of the strong (1017) reflection, which 
is very weak in phase B. 


$4. Mechanism of the Reorientation of the 
Molecule 


At the A to B’ transformation point, long 
molecule, must be subjected to the large re- 
orientation in the solid state. Three important 
results concerning this problem were already 
pointed out in the previous report”. Namely, 
when a single crystal of phase A is heated, 
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Table IV. Comparison of the observed intensities of phase B and B”. 


| Intensity 
Index | ery Index 

| B | B" 
oe 4.7) -w w el | 
OF =O 5 m m des ty 5 
0 0 6 po he) |) ee le Ay | 
Oye O 7 OVE are: eae) 3 
Oo "0 Sg Mea 0 m i bale 2 
OOO ae Ww Le 0 1 
OOO |) mH, m tL 3.0 0 
(eet. Let Ww Ww -1 0 | 
Ove 09282 m m = Grt0 8 | 
Oey Orth 13 Ww w -1 0 9 
ie OA m m = LO 
Ue do ad a vw wot be A pele 
O Sok Loire new vw —-1 0 12 
Cis -Or EF vw vw =. a aS 
oe or 18 Ww -1 0 14 


| 
| 
| 


Intensity 


Intensity 
Index = = x 
B B" B B" 
| 
vw | vw je Or 15 0 m 
OU AP ew =O 4G Ss w 
Misty) Wi s= Hei'Ol phil vw Ss 
0 m -l1 0 18 jane 9! 0 
s m le OP FO 0 vw 
0 vs 
vs fe ee 0) 2 m m 
0 m een) 0 w w 
w 0 +20 10 w w 
0 m =—2 0 16 Ss s 
m m =—2,. O'* 18 m m 
0 m —-2 0, 20 w w 
m m | 
0 m =o. O= 1G6r  ine 0 
m m =o A alfe 0 m 


1. it sprits into a few crystals of phase B’, 

2. the direction of the c* axis is conserved, 

3. the direction of the 6 axis (the needle 

axis of the crystal) is conserved. 

But, after repeating such experiments with 
many crystals, it was found that although the 
second result is always correct, the first and 
the third results must be modified in the fol- 
lowing way. 

When a good single crystal of phase A is 
heated, the axis of phase B’ is apt to appear 
in the direction of the needle axis. But, in 
some cases the axis or the [1 1 0] appears in 
the direction of the needle axis. Among the 
fifteen crystals tested, ten possesed 0, four 
possesed a and one possesed [1 1 0] axes as 
the direction of the needle axis. 

When the original crystal of phase A is 
imperfect, powder-like rings appear. In this 
case discrete (0 0 1) reflections are still ob- 
served. From these results following mecha- 
nism is suggested. As the c* axis is conserved, 
ab basel plane is conserved and the reorienta- 
tion occurs between these planes. The sepa- 
ration of these planes ((0 0 1) spacing) is 31.5 A 
for phase A and 32.5A for phase B’. There- 
fore the molecule tilts from ab basal plane 
about 45° and 46° respectively. Fig. 4a 
represents this ab basel plane of phase A. 
Bars represent the projection of the hydro- 
carbon chain. Chains represented by black 
bars are situated on the plane S, and those 
represented by white bars are on the plane 
S,. Fig. 4b represents ab plane of phase A 
and phase JB’ at the transformation point with 
the same origin and the same direction of 


the 6 axis. The lengths of these axes have 
the following relations. The 6 axis of both 
phases A and B’ are almost the same, and 
2asiny of the phase B’ is almost equal to 
the a@ axis of phase A. Therefore, when the 
b axis is conserved during the transformation, 
one of the row planes say S,; of phase A 
needs not to be subjected to the appreciable 
change and only a slight gliding along the b 
axis is sufficient. On the other hand, mole- 
cules on S; must experience the large reorien- 
tation. But the molecule packed in the crystal 
leaves no room for such a large reorientation. 
Thus the transformation seems to be triggered 
by the reorientation of one molecule at the 
boundary of the crystal. If the reorientation 
of a molecule once occurs, neighbouring mole- 
cule on the same S, plane follows the first 
and the reoirentation propagates in the crystal. 
This model is consistent with the observation 
under the polarizing microscope. The end 
group of a molecule on S, plane is linked to 
the molecules on S; by hydrogen bonds and 
the direction of this hydrogen bond network 
is conserved. Therefore the hydrocarbon chain 
is brandished around the end group. 

The triggering occurs either in S, plane or 
in S, plane with equal probability. If both 
kinds of triggering occur at different parts of 
the same crystal, resultant phase split into 
several crystals with different directions of 
the a@ axis, as shown in Fig. 4c. Bouman 
photographs shown in Fig. 5 of the previous 
paper clearly corresponds to this structure. 
This is the most common case. But if re- 
orientation of the triggering molecule occurs 
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in some different way, succeeding molecules 
will follow the first and the resultant B’ phase 
has different axial direction. 

When the original crystal is not perfect, 
mainly composed of the layer like crystal 
packed in the same orientation, the direction 
of the axis of each layer after the transfor- 
mation is controlled by each triggering mole- 
cule, thus the resultant crystal is composed 
of small crystallities with different orientations 
and the powder-like pattern appears. 


oe 
(d) 
Fig. 5. Infra red absorption spectra. 
(a) Phase A. 29°C. (b) Phase A. 73°C. 


(©), Phase. B. 35°C. () Bhase Bi. 94°C. 


§ 5. 


From the discussion in §4, it is clear that 
the hydrogen bonds between terminal amide 
groups have an important role for the phase 
transformation. But in X-ray analysis it is 
not easy to deduce the exact form of the 
hydrogen bond. Therefore infrared spectrum 
of N-H stretching vibrations was examined. 


Infrared Absorption 


N 
ae Nu bending vibration is very near to 
the C=O stretching vibration and it proved 
to be very difficult to separate them. 
Absorption spectrum is recorded by com- 
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mercial Parkin Elmer spectrometer. The sam- 
ple is sandwitched between rock salt plates, 
and heaters are attached on both sides of the 
plates. The temperature is measured by the 
thermojunction inserted into a small hole 
drilled into the rock salt plate. The measured 
temperature seems to be slightly lower than 
the temperature of the sample itself. There- 
fore it is corrected by assigning the melting 
point of the sample to the temperature at 
which the abrupt change of the observed in- 
frared spectrum occurs. Typical absorption 
curves are shown in Fig. 5. In Phase A small 
side peak appears in the 3370 cm™! band, and 
in phase B’ the 3195cm-! band broadens 
slightly. But in other respect, both the fre- 
quency and the intensity of the absorption 
band are nearly the same for all phases. The 
frequencies against the temperature is tabu- 
lated in Table V. At the melting point, this 
absorption band suddenly disappears. 


Table V. Stretching vibrations of the N-H bond. 


Phase | Tempera 1 | 2 
A 29°C | = 3870cm-!, 3195. cm-1 
A 73 3370 lv 2495 
B 35 3365 | 3195 
Bye | Dpai 3365 | 8195 
B’ 62 3365 | 3195 
B' 82 3370 | 3195 
BI 102 3370 | 3200 


The relation between the stretching frequen- 
cies and the bond distances of the hydrogen 
bond is given by Nakamoto et. al. From 
Fig. 1 of their paper, N-H..O distance of 
amide is evaluated to be 2.97A. This value 
agrees well with that obtained by Lingafetler 
and Turner® for tetradecanamide. Therefore 
it may be concluded that the hydrogen bond 
length is not changed during the phase trans- 
formation. 


§6. Thermal Properties 


6a. Differential thermal analysis. 

Differential thermal analysis was performed 
by the method developed by Vold™. In this 
method, the sample and the reference mate- 
rial, packed into cylindrical containers of the 
same shape are heated and cooled in the same 
furnace. The condition of the heat transfer 
is made as equal as possible for both sample 
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and reference material. The sample tempera- 
ture and the temperature difference between 
the sample and the reference are measured. 
These temperatures are recorded against the 
time, and if the transformation is the first 
order, not only the transformation temperature 


Temperature 
Difference 


(a) 


Time 


Time 


(b) 
Fig. 6. Curves for differential thermal analysis. 

(a) Virgin curve. 

(b) Repeated curve. 
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Table VI. Thermal data. 
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but also the latent heat should be obtained. 
Whether the transformation is the first order 
or not, is determined from the shape of the 
curve. In the present case cetane was used 
as the reference material. 

A virgin curve shown in Fig. 6a indicates 
that the A to B’ transformation is the first 
order. In cooling curve or reheating curve 
this latent heat disappeared completely, and 
only the small anomalous specific heat near 
56°C which corresponds to the B to B’ trans- 
formation was observed. In phase B’ the 
temperature difference from reference material 
was observed. This means that the specific 
heat of phase B’ is large compared with the 
other phases. These results are consistent 
with the specific heat measurement of the B 
to B’ transformation!». 

From the average of the two independent 
observations using the different quantities of 
sample, the heat and the entropy of the 
transformation are obtained and listed im 
Table VI. 


latent heat 


entropy change 


A to B’ transformation 
Melting 


4.0+0.3 kcal/mole 
15372:0.3 


12.4+0.9cal/deg. mole. 
46.640.8 


| 
| 
| 


6b. Temperature factor. 

Temperature factor for phase A is taken 
to be 3.4 A? (in the previous paper”) and that 
for phase B is 5.3 A? both at room tempera- 
ture. 

By comparing the powder photographs at 
different temperatures it was immediately 
noticed that although the lines for phases A 
and B are not greatly affected by the tem- 
perature change, the intensities of higher angle 
lines of phase B’ decrease rapidly on elevating 
the temperature. Therefore our main concern 
was directed towards phase B’. 

Now the observed intensity /(7T) of the 
powder pattern at the temperature T will be 
expressed in the form 


I(T)=h (T) exp (—2B(T) sin? 0(T)/4?) ,* 


where J,(T) is the intensity for a structure 
with atoms at rest at their equilibrium posi- 


* The current notation B is used for the tem- 
perature factor. Their may be no fear of confusion 
with phase B 


tions at the temperature 7. In the present 
case @ does not change appreciably with tem- 
perature. Therefore, when the intensities of 
the powder lines having the same index are 
compared at different temperatures, say 7; 
and 7;, and if 1)(7\) and J)(72) is the same, 
the temperature factor difference can be de- 
duced. The powder pattern changes gradually 
from phase Bto B’, and their intensity change 
can be followed throughout both phases. But, 
as the maximum attainable temperature dif- 
ference is only about 40 degrees for each 
phase, an accurate result can not be expected. 

Powder photographs were taken by ordinary 
powder camera with simple attachment to 
adjust the sample temperature. Multiple-film 
method was used and the photographic density 
of the film was measured visually and by the 
microphotometer. Exposure time for each 
temperature was kept constant, but owing to 
the fluctuation of the output of the X-ray 
source, resultant exposures could not be made 
quite the same. The correction was made in 
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the following way. When 1m I(7;)/I(T2) are 
plotted against sin? 0, and extrapolated to 6=0, 
it must be zero if the exposure is the same. 
If it differs from 0, a suitable correction factor 
is applied. 

After the correction was made, In I was 
plotted against the temperature. In the pre- 
sent case, not only J) changes with tempera- 
ture, but also the lattice constant change. 
Thherefore some lines overlap each other and 
some lines, overlapped at room temperature, 
separate into several lines on raising tem- 
perature. Data for these lines were omitted 
and those for very weak and very strong lines 
were omitted too. In this way among more 
than 35 lines observed in the powder photo- 
graphs, only seven lines were selected. 
Logarithmic intensities of them were plotted 
against the temperature (Fig. 7). Even for 
these lines J) and the temperature factor B 
may change from line to line. However, Fig. 
7 shows that 1z J is linear against the tem- 
perature and have a knick near 60°C. The 
temperature factor difference between 60°C 


Table VII. 
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and 20°C for phase B and that between 100°C 
and 60°C for phase B’ are obtained for each 
line (Table VII). The mean values are 0.7 and 
4.2 respectively. As the temperature factor 
of phase B is 5.3 at room temperature, that 
of phase B’ exceeds 10 at 100°C. 


B—— 


log I 


12) 


cl 
line 2 
CPi 


20 


40 60 80 


‘Temperature 


Fig. 7. Variation of the relative intensities of 
the powder pattern against the temperature. 


Temperature factor differences. 


Line Psi ea B(60°C) — B(20°C) B(100°C) — B(60°C) 
L 13.8 degree 0.8 A2 2.9 Az 
2 19.2 1.3 2.9 
2 20.3 0.6 4.3 
4, Vm 0.7 5.6 
5. 23.6 0.8 | 5.5 
6. 25,6 0.7 | 
ves 28.1 0.5 | 
Mean 0.8 | 4.2 


6c. Thermal expansion. 

Generally the thermal expansion of the 
crystal is closely related to the thermal vibra- 
tions of atoms in the crystal. Therefore from 
the results in §6b the large thermal expansion 
is expected for phase B’. 

Lattice constants are measured for various 
temperatures. The volumes of the unit cell 
and the density are tabulated in Table VIII. 

The mean volume expansion coefficients of 
phases A and B have the values of 5.8x10-4 
and 5.1x10-‘ respectively, as is usual for 
ordinary long chain compounds. On the other 
hand, the volume of the phase B’ changes 


irregularly and expand more rapidly at higher 
temperatures. 


Table VIII. Volume of the unit cell 
and the density. 

“Dhaca | rempera- | Volume of the| Calculated 
Phase | ture | __unit cell density 
* A 26°C | 1702 A’ 0.997 g/cm3 

A 80 1756 0.966 
B 10 829 1.023 
B 16 | 838 1.012 
B * 39 845 1.004 
B 48 853 0.994 
B' 62 849 0.999 
B’ te 849 0.999 
Be 82 860 0.986 
B' 86 876 0.968 
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§7. 

Preliminary measurements of the proton 
magnetic resonance absorption were kindly 
performed by H. Komatsu. The method is 
almost the same as that used for the study 


Proton Magnetic Resonance Absorption 


Volume of a Unit Cell 


20 40 60 80 
Temperature 


100 


Fig. 8. Thermal expansion. 


of normal alcohol’. The line width (the peak 
to peak distance of the derivative of the reso- 
nance curve) is plotted against the tempera- 
ture (Fig. 9). 

In phase A, when the temperature is raised, 
a small central peack appears, but the peak 
to peak distance of the main line does not 
change up to the transformation. At the 
transformation point, the broad absorption line 
almost disappears and only the sharp peak 
is observed. This seems to correspond to the 
reorientation of the molecule at the transfor- 
mation. In phase B, the line breadth almost 
remains constant up to the B to B’ transforma- 
tion point and then decreases appreciably 
above the transformation point, showing larger 
degrees of freedom in phase B’ compared 
with that in phase B. In phase B’, the line 
breadth decreases gradually on raising the 
temperature. This corresponds to the large 
temperature factor shown in §6b. The se- 
cond moment of phase A and B at the room 
temperature is 16 Gauss?. 

According to Andrew, the second moment 
of the normal paraffin with carbon number 
is (18.5+19.1/(#+1))+7.8 in so far as the 
molecule can be assumed to be rigid. The 
term in the bracket is the intramolecular con- 
tribution, and the last term is that of the 
intermolecular contribution. In the present 
case, intermolecular contribution of the phase 
A will be less than the ordinary parallel-chain 
configuration. But the observed value is less 
than the intramolecular contribution. There- 
fore, even at the room temperature, consider- 
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able motional narrowing occurs. In order to 
get the intermolecular contribution, the low 
temperature study seems to be very desirable. 


gauss 


Line Width 


20 40 60 80 100°C 
(a) Temperature 


81°C 


100 °C 


20 40 60 80 


26°C 


Fig. 9. 
(a) Virgin curve. 
(a’) Line shape of virgin curve. 
(b) Repeated curve. 
(b’) Line shape of repeated curve. 


§8. Discussion of the Results 


The fact that almost all the known crystal 
structures of the normal aliphatic compounds 
possess the parallel-chain configuration shows 
that the parallel-chain configuration has more 
stable van der Waals energy than that of the 
crossed-chain configulation. This point is al- 
ready discussed by De Boer!™. On the other 
hand, from the results of the infrared absorp- 
tion, length and energy of hydrogen bond do 
not seem to differ for both phases. Where 
do the large latent heat and entropy change 
at A to B’ transformation come from then ? 

One of the important contributions will be 
the thermal vibrations of the hydrocarbon 


14 T. SAKURAI and M. YABE 


chain. As we saw in §6 and §7, thermal 
vibrations of the molecule increase remarkably 
in phase B’. Therefore, when phase A trans- 
forms to B’, molecular vibrations are excited 
abruptly, and the large entropy change is 
observed. Thermal vibrations in the crystal 
consist of the vibrations of the molecule as 
a whole and the internal vibrations. In or- 
dinary molecules, the contributions of the 
internal vibrations to the temperature factor 
are very small. But in the long chain mole- 
cules, some modes of internal vibrations 
extend to the very low frequencies and con- 
tribute remarkably to the total temperature 
factor. According to Pitzer’, if the hydro- 
carbon chain takes plane zigzag form, the 
lowest frequency band of internal vibrations 
corresponds to the out-of-plane vibrations of 
CH, groups and is extending from 0 to 220cm71. 
These vibrations cause the twisting of the 
molecule. The force constant of these twisting 
vibrations will be largely affected by the sur- 
roundings of the molecule, because the twist- 
ing is caused by the rotation around the C-C 
single bond and intramolecular force resisting 
this rotation is very weak. Now in the crystal 
structure of phase B shown in §3, twisting 
of the hydrocarbon chain is really observed 
at its equilibrium position. This means that 
intermolecular force to suppress the twisting 
is weak in this structure. Therefore, when 
temperature is raised, the twisting vibrations 
are excited and give the large temperature 
factor for phase B’. 

The B to B transformation has a special 
character that, at this transformation point, 
not the physical quantities themselves, but 
their temperature coefficients change. This 
phenomenon may have some relation to the 
melting of these normal aliphatic compounds. 
Internal vibrations of the molecule are affected 
by the packing of the molecule in the crystal. 
When the amplitude of thermal vibrations 
increases, the force packing the molecule at 
the equilibrium point will change, and when 
the amplitude becomes very large, the insta- 
bility of the crystal lattice occurs. Explana- 
tion of the melting of the solid from this 
standpoint is already expressed by many 
authors’! for ionic crystals. According to 
Lindemann the mean amplitude of vibrations 
at the melting point is 0.075 times the inter- 
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atomic distance, and Thompson found that the 
instability occurs when the increase in inter- 
ionic distance, as compared with that at 0°K, 
is between 6 and 7%. Although the binding 
force for the hydrocarbon chain is quite dif- 
ferent from that for the ionic crystal, still it 
may be said that, when the amplitude of the 
thermal vibration reaches a certain extent, the 
melting occurs. When the way of packing is 
similar, the mode of internal vibration of the 
hydrocarbon chain having the same chain 
length will be similar for different compounds. 
Now, two molecules of amide are connected 
by the hydrogen bond and form a dimer. 
Therefore the chain length of the hexadecan- 
amide roughly equals to 43 A. Other aliphatic 
compounds with the same length, for example 
palmitic acid (dimer) or m-tetratriacontane, 
melts near 60°C. Therefore, the crystal should 
become unstable at this temperature if only 
the van der Waal forces are taken into ac- 
count. The B to B transformation really 
occurs near this temperature. But, in the 
case of amide, the melting does not occur 
because the strong end group interactions 
connect molecules. The increase of the atomic 
vibrations above this point is naturally under- 
stood, however. The real melting occurs by 
the breaking of the hydrogen bond. This 
corresponds to the sudden disappearance of 
the N-H stretching frequencies in the infrared 
absorption spectra and to the large latent heat 
of fusion and seems to be consistent with the 
fact that the melting point of the amide de- 
pends neither on the carbon number nor the 
crystal structure. 

On the other hand, for phase A, the way 
of packing of the hydrocarbon chain is quite 
different, and similar effect to the B to B’ 
transformation does not occur. Thus the large 
entropy change due to the twisting vibrations 
occurs when phase A transforms to phase B’. 
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Variation of the Hall Coefficient of Mg-Cd Superlattice 
Alloys with Degree of Order 
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Temperature dependence of Hall coefficient of three superlattice alloys 
of Mg—Cd system, Mg3Cd, MgCd and MgCd3, was measured to find the 


effect of order-disorder transformation upon it. 


At the transformation 


temperature, the Hall coefficient of these alloys showed a discontinuous 
increase in positive direction, while the electrical resistivity, which was 
measured simultaneously, decreased discontinuously at that temperature. 

It is discussed that the change of Brillouin zone structure due to the 
order-disorder transformation of these alloys might be considered to 
be the origin of such a change of the Hall coefficient. 


Introduction 


§1. 

It was suggested by Slater» that electronic 
energy may play an important role in the 
order-disorder transformation of superlattice 
alloy, and from this point of view, qualitative 
discussion was made by Nicholas” about band 
structure of CuAu, CuPt, and Ag;Mg. To 
proceed further along this line, it may be 
useful to know the information about the 
change of electronic structure when the order- 
disorder transformations of these alloys take 
place. 

In 1938, Muto has predicted that some 
change in Hall coefficient and magnetic sus- 
ceptibility must be observed in the transfor- 
mation. The prediction was proved to be true 
by Komar and Sidrov, They measured the 
Hall coefficient of CusAu at room temperature 


after quenching it from high temperature 
and found that a discontinuous change occur- 
red when ordered state was formed. The 
same result has been obtained by present 
authors, who have measured Hall coefficient of 
Cu3Au at varying temperatures. The authors 
are now trying to verify Muto’s prediction 
about other superlattice alloys by the experi- 
ment of the Hall coefficient, and in this paper 
the results on three Mg-Cd superlattice alloys 
are presented. 


§2. Preparation of Specimen, and Experi- 
mental Procedure 


Purity of magnesium used in the present 
investigation was 99.97% and that of cadmium 
was 99.95%. They were alloyed in an iron 
crucible, and casted into a small plate 20 of 
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mmx1l0mmx2mm. They were homogenized 
in argon gas about 70hrs at 300°C, and then 
polished by sand paper until they were 0.15 
mm~0.5mm in thickness. After the copper 
leads of 0.2mm in diameter were spotwelded 
to the specimens, they were again annealed 
in argon atmosphere about 10hrs to remove 
residual strain. The specimens were enclosed 
in quartz tubes with argon gas, then they 
were placed between the pole pieces of an 
electromagnet. 

It is less difficult to measure the Hall coef- 
ficient of quenched specimen at room temper- 
ature than at higher temperatures, because 
of smaller parasitic thermoelectric potential 
due to the inhomogeneous temperature distri- 
bution in the specimen. The relaxation time 
of these alloys, however, are so short that 
the quenching method can not be used. More- 
over, as they, especially Cd;Mg, are easily 
corroded in the air, we were afraid that there 
were some damage by corrosion during the 
repetition of heating and quenching process. 

Astabilized A.C. 100 volt source was used 
for the electric furnace, and the heater current 
was controlled by hand. The magnetic field 
strength given by an electromagnet was about 
6kG. 

The circuit for measurement are shown in 
Fig. 1. The resistors R, and R, are con- 


Pig f: 
Pi, Py: Potentiometer, Gi, Gz: Galvanometer, 
Hi, He, H3, Hs: Hall lead M: Output meter. 


Circuit for measurement of Hall potential 


nected to two pairs of the Hall leads, which 
are denoted as Mi, Hz and H3, H; respectively 
in the figure, by which it was possible to 
balance the voltage drop in the specimen due 
to the primary current. Both the coil L, 
which is coupled with electromagnet magnetic- 
ally, and resistor R; were used to compensate 
the e.m.f. which were induced in the second- 
ary circuit by changing the strength of mag- 
netic field. Ri, R., and R; were made of 
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manganin wire, the resistance of which were 
about 3Q, and each wire had a copper contact 
which were able to slide on them. The 
thermoelectric potential and the residual volt- 
age drop that was not cancelled by Ri and 
R., could be compensated by Yokogawa Low 
Potential Type Potentiometer P;, which had 
resistance of 100 when measured from X 
terminals. The out-put was lead to galvano- 
meter G, (Yokogawa G-3C type, voltage sensi- 
tivity is 3x10-’ V/mm), and its deflection was 
amplified by twin phototube P and electronic 
amplifier, and was read by an out-put meter 
M,. The voltage sensitivity of this galvano- 
meter-amplifier system was 1.5 x10-® volts per 
one division of out-put meter». 

The leads which are denoted as 9, o2 in 
the figure, were for measurement of electrical 
resistivity, and the out-put potential from 
them and the potential of Alumel-Chromel 
thermocouple were read by potentiometer P, 
and galvanometer G,. The primary current 
1 amp. was given by a storage battery. 

The measurement at every temperature was 
made with following procedure. At first the 
specimen was heated above the transformation 
temperature, then heater current was decreas- 
ed a little. After the equilibrium temperature 
of the specimen had been reached, Hall po- 
tential and voltage drop were measured. The 
magnetic field was turned on and then off, 
and the difference of the potentials which 
were read at Hall leads in both cases, gave 
the Hall potential at that temperature. After 
a measurement had been done, the heater 
current was decreased again, and the same 
procedure was repeated. The cooling rate is 
given in Tables I, II and III. 


§3. Results 


The results of the measurement are given 
in Table I, II and III and Figs. 2, 3 and 4. 

As the measurements were made at high 
temperatures, the temperature distribution in 
the furnace was easily disturbed, which caused 
the drift or fluctuation of parasitic thermo- 
electric potential to increase. In such cases, 
the measurement was repeated twice or three 
times, the results of which are shown in the 
columns that are denoted 1, 2 and 3 in the 
tables. The cooling rate is given in these 
tables, but in those temperature ranges where 
cooling rate is not shown in the tables, the 
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Table I (a). Temperature dependence of the Hall Table Il. Temperature dependence of the Hall 


coefficient of Mg3Cd coefficient of MgCd 
a Hall coeff. x 104 e.m.u. i epee ee Hall coeff.x10te.m.u. 
fom | 1 2 3 ote! giageite Sk 2 3 
302 | 1.1 0.9 307 | 0.0 
290.2 0.7 0.6 305 0.2 
266 0.2 0.3 304 0.2 
228 1.4 0.8 302 0.0 
194 De 301 0.3 
191 2.0 290 0.3 
183 1 288 0.1 
181 2.0 275 0.4 
166 2h PAS" 274 Oro 
159 PAD 2.9 257 2s 
155 6.6 GeZ 254 123 
150 | 8.9 9.1 251 6.9 
146 | 9.4 8.5 9.4 250 6.7 
144 9.2 248 “e0 
143 9.1 247 | Z.0, 7.0 
130 TES 243 7.0 
139 M.S 239 6.8 
117 £1236 230 US 
113 11.6 229 (ee 
113 Bis 219 | le 
90 1SCE 12.8 208 7.6 
69 13.2 14.0 198 7.8 
ss 13.8 1 See 194 7.6 
23.8 14.0 13.9 180 deo) 
‘ " = tical ee 166 (8) 
Cooling rate; 194°C-158°C: 3 min/°C, 153 ee: 
155°C-130°C: 6 min/°C, 141 7.6 
2 Aas 116 | 8.2 
Table I (b). Temperature dependence of the Hall > ae fy os 
coefficient of MgsCd (slowly cooled) 32 ~~ big at 
TeC . — cami 104 ot : Cooling rate; 300°C-260°C: 4 min/°C, 
£ - - ~ 260°C-230°C: 9 min/°C, 
186 | 2.93 230°C-140°C: 5 min/°C. 
184 ao 
180 2.2 Table III. Temperature dependence of the Hall 
169 ry 229 coefficient of MgCd3 
157 5.1 5.8 5:1 me T°C | Hall coeff. x 104 e.m.u. 
155 / 8.4 8.4 9.8 8.8 8.9 a 1 2 3 
144 | 12.0 1 ee labels: 208 | 3.0 4.1 4,2 
Poet) 45-3 13) 7 246 | 4.9 4.8 
109 © «14.7, 14.7 205--—-— 7.0 6.8 
60 N74 17.8 147 9.4 8.9 
35 179 19.2 Ted 146 10.4 
. : : 10.8 
Cooling rate; 186°C-157°C: 5 min/°C, po foal Mien ae © 
157°C-144°C: 15 min/°C, Hae Peis 
144°C-109°C: 16 min/°C, 88 | 10.8 10.5 
60°C-R.. T. 8min/‘C. 83 16.0 14.8 
79 | 14.8 14.3 
specimens were cooled with rate of one degree 68 14.5 14.5 
per minute. 50 14.4 
As can be seen from the tables and figures, 9A 14.4 14.2 
the Hall coefficient of disordered MgCd; de- — Pas eR ges 5 
creased considerably with increasing tempera- Cooling rate; 100°C-88°C: 10 min/°C, 
ture. That is, Hall coefficient of MgCd3; was 88°C-79°C: 7 min/°C, 


10.7x10-4e.m.u. at just above the transfor- 79°C-68°C: 10 min/°C. 
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mation temperature, while it decreased to 4x 
10-*e.m.u. at 300°C. As soon as the temper- 


Hall Coeff. x 10%e.m.u. 
Electrical Resistivity pAcm 


oO 100 200 
Temperature ‘°C 


Fig. 2. Temperature dependence of Hall coefficient 
and electrical resistivity of Mg3Cd. 
(1) Hall coefficient. 
(2) Hall coefficient (cooled very slowly). 
(3) Electrical resistivity. 
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Fig. 3. Temperature dependence of Hall 
coefficient and electrical resistivity of 
MgCd. 

(1) Hall coefficient. 
(2) Electrical resistivity. 
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Fig. 4. Temperature dependence of Hall co- 
efficient and electrical resistivity of MgCd3. 
(1) Hall coefficient. 

(2) Electrical resistivity. 
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ature is below the transformation temperature, 
and ordering formation sets in, then Hall 
coefficient increases abruptly. After the trans- 
formation finished perfectly, the Hall coef- 
ficient of Mg;Cd increased still a little with 
descending temperature. On the other hand, 
the Hall coefficients of MgCd and MgCd; were 
nearly constant. 

It also must be supplemented that there 
were considerable fluctuations in the absolute 
values of measured Hall coefficient of the 
specimens which had the same concentration, 
though their temperature-dependences, signs 
and transformation-temperature were not so 
different from one another. 


§ 4. Discussions 


As was described in the preceding section, 
there were some fluctuations in absolute values 
of the Hall coefficient, though its reason is 
not clear at present. The metals from which 
these specimens were made, the method of 
alloying of these metals to the specimen and 
their heat treatment were all the same, and 
yet such fluctuation appeared, so it may be 
thought that there might be some delicate 
and unknown factor which causes these fluctu- 
ations. Nevertheless, the sign and tempera- 
ture dependence of the Hall coefficient were 
quite similar for all specimens, so that it may 
be reasonable to conclude that the Hall coef- 
ficients of the superlattice alloys of Mg-Cd 
system did change rather abruptly their magni- 
tude toward positive direction during the 
transformation from the disordered to the 
ordered state. 


Fig. 5. The Brillouin 
zone of h.c.p. struc- 
ture. 


In the disordered state, these alloys have 
h.c.p. structure and there 1-st Brillouin zone 
is, as is shown by Fig. 5, surrounded by 
these surfaces such as {100} (surface A), {002} 
(surface B), and {101} (surface P) surfaces, 
In this zone 
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electrons per atom are contained. If we add 
prisms which are surrounded by the surfaces 
such as {101}, {100}, we obtain the complete 
zone which can contains 2 electrons per atom. 
As the number of valence electrons of magne- 
sium and cadmium are 2 per atom, the com: 
plete zone is nearly filled in the disordered 
state, and then there are some overlapping 
electrons in the next zone, the equal number 
of holes appearing in the complete zone. 

The positions where the mentioned overlaps 
take place, can not always be decided geo- 
metrically by the distance from the position 
to the origin of the wave number space, for 
it is naturally expected that, when the Fermi 
surface approaches the zone boundary, the 
electronic behaviours can not be approximated 
by the free electron model, and thus the form 
of the Fermi surface will depart from sphere. 
We shall tentatively assume that the holes 
are present at the corners of the zone accord- 
ing to Reitz and Smith». The positions where 
the overlaps take place are rather speculative 
at present, and we shall be contented with 
examining the effect of the superzone in the 
ordered state upon these speculative overlaps, 
such as Q-overlaps in the equatorial plane, 
P-overlaps on the slant faces, and the B- 
overlaps at the bottom. 

The number of valence electrons per atom 
of Mg;Cd and MgCd; and also two, so that it 
may be thought that, in the disordered state, 
the number of electrons in the higher zone 
are equal to that of holes is the lower zone. 
Therefore, the positive Hall coefficients of 
these alloys in the disordered state may be 
considered to indicate the predominance of 
hole-mobility over electron-one in this state. 

The discontinuous change of the Hall coef- 
ficient during the order-disorder transfor- 
mation, predicted by Muto and first observed 
for Cu;Au superlattice alloy by Komar and 
Sidrov, was ascribed to the effect of the new 
reflection planes in the k-space, which appear 
in the ordered state and are responsible for 
the superzone, upon the behaviour of the 
electrons of the Fermi surface. $ 

In order to understand quantitatively the 
reason why the change occurs towards the 
positive direction, however, it is necessary to 
know the details of the electronic structure 
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such as the energy gaps at the zone bound- 
aries, the form of the Fermi surface and the 
state density etc.. For example, if we adopt 
the two-band model, the Hall coefficient R 
may be expressed as 


| Ls 
ec (M+ Noft2)? 


where #; and mw, are the numbers of electrons 
and holes, and yw; and “4. are mobilities of 
electrons and holes, respectively. Without the 
knowledge of the variation of m and yw with 
the order-disorder transformation, we can 
hardly understand the reason why the Hall 
coefficient changes in the positive direction 
when the ordered state is formed. In the 
ordered state, as was already pointed out, we 
may reasonably assume that 7;=m,, whereas, 
in the ordered state, this can no more be 
true, and, furthermore, w’s must be varied 
too, on account of the appearance of the super- 
zone. In view of the above situation, it is 
difficult to derive a decisive conclusion about 
the theoretical basis of the measured changes 
of the Hall coefficient from the data at hand; 
at present we only know the observed data 
of the variation of the Hall caefficient and of 
the arrangement of atoms in the ordered and 
disordered state, determined by the x-ray 
analysis, from which the corresponding Bril- 
louin zone (B.Z.) is constructed in an ordinary 
method. 

In the following paragraphs, therefore, we 
will suggest a few situations, which may serve 
as interpretations of the above described 
change of the Hall coefficient due to the 
ordering formation, mainly refering to the 
change of , and my. 

(1) Mg;Cd 

The ordered structure of Mg;Cd is also 
h.c.p., but as shown Table IV, the axial ratio 
becomes half times of that of the disordered 
states, and the unit cell contains 4 atoms. 
Therefore, new reflection planes, which are 
absent in the disordered states, appear in the 
k space in the ordered state. Among the re- 
sulting superzones, those which modifies the 
Fermi surface greatly and may give an im- 
portant effect on the Hall coefficient, are shown 
in Fig. 6. In that figure, Q tetrahedra which 
appear at the position near the Q overlap, and 
pentahedra P which appear on the slant face 
P may play an important role in this case. 
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Table IV. 
disorder order 
a c cla a c c/a 
Mg3Cd 3.792 5.1730 1.6271 6.26 5.07 0.81 * 
MgCd3 3.0856 5.3247 1.726 6.2209 5.0348 0.8093**) 
orthorhombic 
ay a2 a3 
MgCd 3.1410 Owlole 1.640 8.2217 5.0051 5.2700***) 


*) U. Dehlinger: 


**) 
*#K) 


H. Steeple: Acta Cryst. 5 (1952) 247. 
Tetrahedra Q are surrounded by those sur- 
faces as {211}, {211}, {222} and {200}, each 


contains 
a 5 ta = ate; I 


electrons per atom. In the case of Mg;Cd, 
there are 9.3107‘ electrons per atom, and 
this values seems to be too small to give any 
effect upon the Hall coefficient. 


Fig. 6. The Brillouin 
zone of ordered 
Mg3Cd and MgCd3 


P-type pentahedra are surrounded by those 
planes as {111}, {200}, {221}, {002} and {201}, 
and can contain : 


1 4 afess 

9 {10+ 8 (cla)? raed, 

electrons per atom. Mg;Cd has 1.2 electrons 
per atom in these pentahedra. If these are 
overlapping electrons at point P to the next 
zone, it is natural to think that they may be 
contained in the pentahedra. If this is true, 
the mean energy of the overlapping electrons 
must increase a little because the distance 
from the origin of the k space to the overlaps 
increase a little; it is probable that this can 
be cancelled by the depression of the energy 
levels by the newly appeared reflection planes. 
It is not unreasonable to consider that the 
contribution of these pentahedra is such that 


W. Hume-Rothery and G. V. Raynor: Proc. Roy. Soc. 174 (1940) 471 for disordered state. 
Zeit. f. anorg. allgem. Chemie 194 (1930) 223. 
D. A. Edwards, W. E. Wallace and R. S. Craig: 


J. A. C. S. 74 (1956) 1253. 


Hall coefficient increase in the positive direc- 
tion in the ordered state, changing the mobility 
of overlapping electrons at P, although it is 
natural to think that some electrons in the 
pentahedra still contribute to the conduction 
as negative charges in the ordered state too 
and it is not clear how P-overlaps behave in 
the ordered state. 
(2) MgCds 

The crystal structure of disordered MgCd; 
is similar with that of disordered Mg3;Cd, but 
as can be seen from Table IV, its axial ratio 
is larger than that of Mg;Cd. So that, in the 
case of disordered MgCd3, we have electron’s 
overlap at the bottom (B) of the B.Z., while 
there are no Q overlaps. In the ordered state, 
c/a decreases and becomes nearly equal with 
that of Mg;Cd. Therefore, it is possible that 
a part or all of those electrons which overlap 
to the next zone at B in the disordered state, 


@.c1 ©O-Mg 


Fig. 7. Orthorhombic 
structure of MgCd 
(from Ref. (7)) 


O 


G2 


can be contained in the first zone in the 
ordered state. This may be thought as a 
chief contribution to the increase of Hall coef- 
ficient in the ordered state though a little 
contribution from those holes in the tetrahedra 
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at point Q, which appears in the ordered 
state, can be expected. 
(3) MgCd 

The ordered structure of MgCd, which 
was determined by Steeple”, is orthorhombic 
structure as in shown in Fig. 7. Its B.Z. 
which contains two electrons per atom is given 
by slightly distorting B.Z. of h.c.p. structure. 
In Fig. 8, the cross section of B.Z. of ortho- 
rhombic MgCd on the equatorial plane is shown 


Fig. 8. Crossection of the Brillouin zone of or- 
dered (broken line) and disordered (real line) 
of MgCd. 


by broken line, while that of disordered MgCd 
is given by full line. From the figure, it can 
be seen that the B.Z. of the ordered MgCd 
is given by slightly contracting the B.Z. of 
disordered MgCd in the k, direction, and ex- 
panding it in the k, direction. This suggests 
that the Q overlaps in the [110] direction, 


Fig. 9. The Brillouin zone of ordered MgCd. 


which is denoted as Q’, may increase, while 
the other Q overlaps, Q’’, decrease; and H” 
holes increase. Such situation will contribute 
to increase the absolute value of Hall coef- 
ficient in the ordered state. 

As can be seen from Fig. 9, the Q tetra- 
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hedra in the ordered Mg;Cd and MgCd; appear 
only at point Q’ in the case of ordered MgCd. 
Q’ tetrahedra are surrounded by those planes 


as {101}, {101}, {111}, {111}, and have volume 
which can contain 


Ho -2) 
3 a3 QA, a3 


electrons per atom, which is 4.7 x 10-3 electrons 
per atom in the case of MgCd. As in the 
case of Mg;Cd and MgCd;, this may be too 
small to affect the Hall coefficient. 

It may be presumed that P overlaps are 
distorted in the complicated way as in the 
case of Mg;Cd, while B overlaps are not af- 
fected appreciably by the order-disorder trans- 
formation. 

It seems to be not so far from the truth to 
assume that the main cause of the increase 
in Hall coefficient in the ordered state of 
MgCd will come from the following facts that 
the number of overlapping electrons at point 
Q”’ decrease while H’’ holes increase, and, 
further, a part or all of the Q” overlaps are 
contained in the Q’ tetrahedra in the ordered 
state, may chiefly contribute to the increase 
of the Hall coefficient by ordering formation. 


§5. Conclusion 


1. The Hall coefficient of Mg-Cd system 
superlattice alloys increased towards positive 
direction by ordering formation. 2. At least, 
the change can be partly explained by band 
model, assuming the distortion of Fermi sur- 
face by the appearance of superzone in the 
ordered state. 

It also seems to be an interesting problem 
that h.c.p. structure of disordered MgCd is 
distorted and becomes orthorhombic in the 
ordered state, which seems to be able to be 
explained by assuming a contribution of 
electronic energy to such distortion. It is also 
necessary to notice about the temperature 
dependence of these alloys in the disordered. 
state. 

In order to proceed further, the following 
experiment must be necessary; to control the 
number of electrons by adding to these alloys 
the third elements which are mono-, tri-, and 
quadri-valent, and have nearly equal atomic 
size with magnesium and cadmium; to meas- 
ure the anisotropy of Hall coefficient by single 
crystal. 
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An experiment on the changes of photocurrent in cadmium sulphide 
single crystals in magnetic field was performed. The results obtained 
are as follows; the changes of photocurrent by magnetic field are de- 
pendent on the strength of electric and magnetic fields which are parallel 
to the illuminated surface and are perpendicular to each other, and the 
changes are also dependent on the frequency of the alternating electric 
field, the wavelength of illuminating light and on the ambient atmo- 
sphere, while these changes are independent of the intensity of illumi- 


nating light. 


Some theoretical treatments based on the phenomenological 


theory of surface recombination are proposed with these experimental 
results, and they seem to give some informations about surface recom- 
bination of cadmium sulphide single crystals. 


Introduction 


§ 1. 


A large number of investigations on the 
surface recombination of electrons and holes 
in semiconductors have been reported already, 
especially in germanium, as related with some 
surface properties. Suhl effect, contact po- 
tential difference, surface conductance, noise, 
photoelectromagnetic effect, and field effect 
were studied in details. These phenomena 
suggest that the surface traps act as recom- 
bination centers of electrons and holes, and 
the effective carrier mobility in the space 
charge layer is slightly different from that of 
electrons in the volume. 

The existence of surface photoconductivity 
in cadmium sulphide and zinc sulphide has 
been investigated by Bube”, and it is found 
that the presence of water vapour decreases 


both the photosensitivity and time constant 
for exciting wavelength shorter than the ab- 
sorption edge of CdS. On the assumption 
that the conductivity of surface region is less 
than that of the volume in the absence of 
water vapour, he explained these results pre- 
senting a model, where the presence of water 
vapour increases the conductivity of the sur- 
face, thereby increasing the recombination 
rate for electron-hole pairs generated at the 
surface. Liebson®, and Tanaka and Aoki® em- 
phasized also the influence of a change in bar- 
rier height on the photoconductivity and other 
properties. We have previously reported the 
change of surface-excited photocurrent of 
CdS in magnetic field®. Though Moss and 
Pincherle», Aigrain and Bulliard® have in- 
vestigated the photoelectromagnetic effects in 
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germanium and lead sulphide and studied re- 
combinations of electrons and holes in these 
semiconductors and Sommers et al.” observ- 
ed the similar effect in CdS, the observed 
phenomena in our experiment seem to be 
different from the other effects mentioned 
above, and it may be preferable that they 
are considered as the effects of the surface 
recombination decreased or increased by mag- 
netic field. These effect also might be closely 
related to the observation of surface life time 
by Bube®. We present here the general de- 
scription and some physical considerations 
about the experiments of these phenomena. 


light 


A” Ai 


2 metal 
electrode 


(Q) 


Big. 1; 


vacuum system 
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§ 2. Experimental Method 


The outline of the experimental arrange- 
ment is simple as shown in Fig. 1; a, b 
schematically. Samples used in this experi- 
ment are thin flakes of hexagonal cadmium 
sulphide single crystals produced by Frerichs’ 
method,” which are about the size of 10mm 
x3mmx0.05mm. Nearly all the samples 
are of pure type prepared without doping 
and treated neither physically nor chemically. 
The distance between the evaporated metal 
electrodes is 0.2mm. The specimens are set 
on a blackened glass sheet by metal spring. 
For the measurement in vacuum, this glass 


light 
metal 
electrode 
ge 
= + 
@©H 
@Q HY 
(0) 


Schematic experimental arrangement. 


illuminating light 


sample support 


Fig. 2. Glass tube enclosing the sample. 


sheet was enclosed in a glass tube as shown 
in Fig. 2 through the window of which one 
surface of the sample is illuminated by the 
focalized monochromatic lights of 436 my and 
546 my in wavelength, the former wavelength 
lies in the strong absorption region and the 
latter in the long wavelength tail of the ab- 
sorption edge of CdS at room temperature. 
It seems to be important that the homoge- 
neity of the intensity of illumination should 
be kept constant all over the surface of the 


absolute intensity of the illuminating light 
has little meaning, then, its measurement is 
replaced by that of the photocurrent under 
the constant electric field, and in this experi- 
ment the highest intensity corresponds to 
70 wA in photocurrent at most in the electric 
field of about 8x10%volts/em. The applied 
electric fields are static or alternative sinus- 
oidal ones sufficiently stabilized, and their 
maximum magnitude is 10‘ volts/cm in static 
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field and 7.5 x10 volts/em in alternative field 
respectively, the frequency range of the 
latter extends from 25cps to 5kc/s. In the 
latter case, the alternating photocurrent are 
measured by reading the positive peak voltage 
across the connecting resistor. For the meas- 
urement of the changes of photocurrents in 
both cases, the low potential end of the 
sample is connected to ground through a low 
impeadance resistor, the voltage across which 
was measured with a difference amplifier. 
The magnetic field used in the present ex- 
periment is static one, the strength of which 
varies from 0 to 8x10* gauss. The effective 
field area is sufficiently large to ensure the 
homogeneity of field around the specimen. 
Thus, as shown already in Fig. 1, a sample 
is illuminated on one surface by light at 
room temperature and the applied electric 
and magnetic field are set to be parallel to 
this surface and perpendicular to each other 
where the direction of magnetic field is taken 
to be parallel to that of c-axis in hexagonal 
cadmium sulphide single crystals. When the 
magnetic field is applied, the photocurrent of 
CdS single crystal increases or decreases ac- 
cording to the directions of the fields. 


§ 3. Experimental Results 


The experimental results were mainly re- 
presented as the ratio of the changes of 
photocurrent in a magnetic field (4/)z to the 
magnitude of photocurrent J, i.e., (4/)z/I, 
and we have observed some dependences of 
(4I)z/I upon the several variables; strength 
of applied electric and magnetic fields, inten- 
sity of iluminating light or photocurrent cor- 
responding to it, frequency of alternative 
electric field, wavelength of illuminating light, 
and ambient atmosphere. 

The photocurrents of CdS single crystal 
decreaSe or increase according to the positive 
or negative sign of the product of applied 
electric and magnetic flelds (Ex HA) in the 
coordinate system chosen in Fig. 1. The 
positive sign of the product of electric and 
magnetic fields (Hx H) such that the flowing 
current carriers in the crystals are deflected 
towards the illuminated surface reduces the 
photocurrent, and the inversion of magnetic 
field shows a quite equivalent effect to that 
of electric field. 


At first, in order to observe the dependence | 


of (4J)z/I upon electric field, the field-photo- 


current relation for static field was studied | 
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with constant illumination of blue light (436my _ 


in wavelength) in air. Though the observed 


relations show slight differences with intensity — 


Photocurrent 
I (pA) 
60} 


Illuminated by the blue light 


(A=436 my) 
10 
dng rts 
OG . 5 10x10 
Electric Field  (volt/cm) 
Fig. 3. The electric field-photocurrent relation 


for static field in air. 


(47), 
4-0F (uA) 
so} 
7. 
2-OL 
ok Y mada by the blue light 
(A=436 mp) 
H=7100 gauss 
(@) 1 J. —ai. ae) — = 
5 10 xlo# 
Electric Field 


(volt /cm) 


Fig. 4. Dependence of (47)qg upon electric field 
(in air). 


1958) 


of illuminating light, they have, in general, 
considerably good linearites as shown in Fig. 
3. The changes of photocurrent (4/)z in a 
constant magnetic field (H=7100 gauss) under 
the same conditions have a parabolic depen- 
dence on the magnitude of electric field for 
the range from 0 to 10‘ volt/em as presented 
in Fig. 4. Therefore, we obtain a linear 
relation between (4/)z/I and applied electric 
field EF as in Fig. 5. This is a fundamental 
relation throughout the present experimental 
results, 


(4D_/1 


Illuminated by the blue light 
(A=436 my) 


H=7100 gauss 


| 

10 x10>” 
Electric Field 
(volt/cm) 


=o 


Fig. 5. Dependence of (4Z),/Z upon electric 
field (in air). 


When the magnetic field strengths are 
varied under the same conditions with a 
fixed, the relative change of photocurrent 
(4I)a/I increases or decreases proportional to 
the strength of the magntic field H as shown 
in Fig. 6, where the electric field is about 
10‘ volts/em, and the photocurrent of 45.9 wA. 
Furthermore, the observed result of similar 
dependence of (4/)z/J on the intensity of 
illuminating light or on the equivalent photo- 
current itself corresponding to the intensity 
are illustrated in Fig. 7 under the same con- 
ditions with a fixed electric and magnetic 
fields (E=8x10* volts/em, H=70000 gauss), 
and it is found that the changes of photo- 
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current are linear to J itself so (4/)a/I are 
nearly independent on the intensity of illu- 
minating light in the range of the present 
experiment in which the photocurrent is at 
most 71 A with the electric fleld of about 
8 X 108 volts/cm. 


H Magnetic Field 
5 x1ioXgauss) 
a! = 4. 2 


Illuminate 
by t 
green Toh 


Fig. 6. Dependence of (47)yz/Z upon magnetic 
field (in air). 


Therefore, putting together these results, 
the following expression may be probable for 
our observations 


(41 )a/I=FCEH (3.1) 


where C is a constant dependent on some 
external and internal factors but independent 
of the intensity of illuminating light and its 
experimental value was observed to be 10-° 
(cm/volt. gauss) in some samples. If the 
sample is illuminated by the green light (546 
my in wavelength) longer than the absorption 
edge, the values of (4/)x/J are smaller by a 
factor of ten at least under the same con- 
ditions as illustrated in Fig. 6 as an example, 
though the general features of the results 
seem to be similar to the case of the blue light. 

These amounts of (4/)xz/J, however, have 
considerable fluctuations from sample to 
sample, and the fluctuations might be caused 
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by some sensitive properties included in the 
constant C in the equation (3.1). Similar 
experiments carried out in vacuum of 10-2~? 
mmHg for the blue light present a few in- 
formations relating to these considerations. 
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Fig. 7. Dependence of (47)z upon light inten- 
sity or photocurrent (in air). 


As shown in Fig. 8, general tendencies of 
these phenomena are kept to be almost un- 
changeable from those of in air though the 
electric field dependence in Fig. 8 shows a 
slight deviation from the general relation in 
the high field region and the absolute value 
of C decreases to about three-fourth of the 
initial value in air. Besides, it is a very in- 
teresting fact that the photocurrents for the 
blue light differ between in air and in vacuum 
for the same conditions, and seems to suggest 
the existence of surface photoconductivity. 
In the preceeding experiments, we used the 
static electric field, but the further experi- 
ment was performed under the application of 
sinusoidal alternating electric field and static 
magnetic field in order to indicate the relaxa- 
tion effects, that are observed under relative- 
ly low frequencies. According to the mea- 
surement corresponding to the static case, 
the equation (3.1) are also maintained for a 
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certain fixed frequency excepting that the 
electric field dependence of (4/)z/I are slight- 
ly deviated at low field region (Fig. 9). To 
observe the relaxation effect, the dependence 
of (4I)xz/I on the frequency was studied 
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Fig. 8. Comparison of electric field dependences 
between in air and in vacuum. 
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Fig. 9. Dependence of (47)y/I upon alternative 
electric field (in air) (f=30 cps). 


keeping the amplitudes of the alternating 
fields at a fixed value, for example 7.5 x 103 
and 5 x10 volts/on respectively, over the fre- 
quency range from 25cps to 5Kc/sec. A 
typical example of the experimental results 
is illustrated in Fig. 10 and indicates that the 
relaxation effects for the alternating field of 
7.5 X 10% volts/em appear even below 300 cps, 
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and the effects of static magnetic fields are 
not observed in the frequency range above 
2kc/s, while the photocurrent is nearly in- 
dependent of the frequency of the electric 
field in this region. For the smaller field 
strength of 5x10? volts/em, the relaxation 
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effect seems to appear in the lower frequency 
range than for the higher field strength, but 
this behaviours still involves some experi- 
mental ambiguities. These results, however, 
will present some knowledges on the relaxa- 
tion effect. 
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Fig. 10. Dependence of (47)g upon frequency of alternating electric field (in air). 


In short, it may be concluded that the re- 
lative changes of photocurrent in a magnetic 
field (47)z/I generally depend on the electric 
and magnetic field strength proportionally and 
do not depend on the intensity of illuminat- 
ing light under nearly all conditions. Then, 
in the range of our observation, the experi- 
mental expression of the equation (3.1) must 
be valid in nearly all cases, though the value 
of constant C varies with the frequency of 
electric field, the wavelength of illuminating 
light and the other external conditions such 
as humidity in air, etc. For example, the 
value of C is 1.25x10-9 (cm/volt. gauss) in 
static case for the blue light in air, and 
smaller by a factor of ten at least for the 
green light under the same condition. These 
complicated factors which have considerable 
fluctuations from sample to sample, may 
result from the some sensitive properties in- 
herent to these phenomena. 


§ 4. Discussions 
It may be expected that there are several 


possible interpretations about the experi- 
mental results in the preceding section. Then, 
we describe here some qualitative discussions 
and present a detailed treatment in the fol- 
lowing section. 


©B , fé t 
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Fig. 11. Schematic figure of photoelectro- 
magnetic effect. 


In regard to these effects that rise from 
the behaviours of photoelectrons in a external 
magnetic field, the closely related pheno- 
menon seems to be the photoelectromagnetic 
effect that are observed in germanium and 
lead sulphide. The photoelectromagnetic ef- 
fect is understood as the phenomenon specifi- 
ed in Fig. 11 by Moss and Pincherle and 
others,»© and the short-circuited current in 
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this effect is expressed as follows, 
(= UE yu Det + pe Dat)¥?} (4.1) 


where Q is the number of photons absorbed 
at the surface of the sample (quanta/sec), 7 
quantum efficiency, / dimension of the sample, 
B magnetic flux, e electronic charge, /te, sn; 
D., Dn, mobilities and diffusion constants of 
electrons and holes, respectively, excited at 
the surface, rt life time. However, this short- 
circuited current may be produced when no 
external electric field is applied, and even if 
it were superposed on the photocurrent /, (Js) 
would have the opposite signs to (4/)x in- 
volved in the equation (3.1) for the same 
directions of magnetic field. These circum- 
stances suggest that it is difficult to adopt the 
photoelectromagnetic effect for the explana- 
tion of the present experiment, although it 
was recently observed in insulating CdS cry- 
stal by Sommer et al.” 

In any case, however, it is considered that 
the relative changes of photocurrent expres- 
sed by the equation (3.1) are due to the 
changes in total number of photoelectrons N 
or the changes in mobility 4. due to the sur- 
face scattering. The quadratic dependence 
of (47)z upon the electric field with a fixed 
magnetic field and light intensity (Fig. 4) also 
suggests it to be probable that only the 
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Fig. 12. 


changes of N must be responsible for the 
change of photocurrent. Such considerations 
lead us to a following interpretation, based 
on the surface recombination of photoelectrons 
and holes at the illuminated surface. 
Recombinatian of electrons and holes general- 
ly occurs in the volume and surface, and as 
bulk recombination is not always negligible, 
the change of N due to it might be an im- 
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Concentration of electrons near the surface. 
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portant factor in some cases. The experi- 
mental results expressed in section (3), 
however, show that the value of contant C 
in the equation (3.1) for the wavelength 
shorter than the fundamental absorption edge 
is much larger than that of the longer wave- 
length tail in absorption edge. Bube® also has 
shown an evidence that the free electron life 
time for surface excitation is smaller than 
the life time for volume excitation, because 
of a higher rate of recombination at the 
surface. These facts suggest a particular 
significance of surface recombination at the 
illuminated surface for the present experi- 
ment. 

Surface recombination is primarily deter- 
mined by the density of charge carriers at the 
surface, and then the change of this quantity 
seems to be exclusively responsible for the 
observed phenomena. If we take the coordi- 
nate system as shown in Fig. 12, x, the 
direction of electric field E; y, the direction 
perpendicular to the illuminated surface, z, 
that of magnetic field, the concertration of 
distributed carriers n(y) is independent on x 
and z under the present condition. When we 
apply magnetic field H, n(y) varies according 
to the transverse effective electric field zEH/c 
due to the deflection of moving carriers and 
also does the concentration at the illuminated 
surface n(0), Therefore, the rate of surface 
recombination must be modified 
which results the change of NN, and 
also photocurrents themselves, al- 
though the surface recombination 
velocity has a fixed value. This 
interpretation seems to be consider- 
ably plausible, and the more de- 
tailed phenomenological treatment 
KHz of these phenomena based on it will 
\ be proposed in the following section 
with regard to the exprimental re- 
sults. 


based on 


§ 5. 


Phenomenological Theory 
Surface Recombination 


For the analytical consideration of the ex- 
perimental results in the section (3), some 
equations must be introduced that are well- 
known as the “current” equation and others 
under a few assumptions. The definitions of 
the symbols used throughout this section are 
as follows; 
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m; concentration of photoelectrons (cm-), 


tn; life time of excited electrons in bulk 
(sec), 

s; surface recombination velocity (cm/ 
Sec), 


€; positive charge of one hole, absolute 
value of electronic charge (coulomb), 

*; absorption coefficient of semicon- 
ductor (cm=}), 


Q; illumination intensity in quanta 
(ems sects: 

Dn; diffusion constant of electron (cm2/sec), 

#n; mobility of electron (cm?2/volt sec), 

qh; charge current flow’ by electrons 
(ampere), 

E; total electric field (volt/cm), 

E;; electric field due to the spatial dis- 
tribution of charg carriers themselves 
(volt/cm), 

E;; transverse effective electric field pro- 
duced by application of magnetic 
field (volt/cm), 

vt; transverse drift velocity of electron 
(cm/sec), 

H; magnetic field (gauss), 

N; total number of electrons per unit 
surface area (cm7?), 

A; concentration of electrons at the illu- 
minated surface (cm-§), 

@; parameter representing the distribu- 


tion of electrons (cm~}), 
d; depth of specimens. 


If we take such definitions and adopt some 
assumptions with them, we can show a trial 
treatment for the experimental results. The 
assumptions involved in this consideration are 
as follows. (1) The concentration of carriers 
is sufficiently small that the “ current” equa- 
tion based on the diffusion theory is valid 
and the electric field is also small enough, 
so that it does not introduce any non-linear 
term of E into the current equation. (2) The 
photoelctrons excited by photons are com- 
pletely free from electron-traps in the volume 
except direct recombination with trapped 
holes, while all the positive holes are almost 
immobile, that is, they have small diffusion 
length nearly equal to zero. (3) The distri- 
butions of photoelectron density may be con- 
sidered to have the following form in all 
region, 

‘engi 


— Ao-#y 
ny) = Ae om 
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that approximate to 
n(y)= Ae 


with « of sufficiently large value, and the 
similar expressions are valid even in the 
presence of magnetic field.* (4) Surface re- 
combination velocity s assumed to be depen- 
dent upon only the concentration of trarped 
holes at the illuminated surface and their 
capture cross section for electrons accepts no 
modification by magnetic field, because all 
positive holes are immobile and the change 
in surface barrier height is not emphasized. 
Furthermore, the absolute value of s is suf- 
ficiently large that the condition sS2 is valid, 
1.e., the modification of surface recombina- 
tion of carriers by magnetic field is also 
small. (5) The generation of carriers excited 
by illumination must keep a balance with the 
recombination in bulk and surface in steady 
state, then, the expression 

ae N 


Tn 


+sA 


holds. (6) Mobility of photoelectron shows 
no change by magnetic field, so the changes 
of total number of electrons N are exclusive- 
ly responsible for those of photocurrents, and 
the difference between Hall and drift mobility 
is also neglected. 

The current equation for photolectrons as- 
suming the small density of carriers (assumpt. 
(1)) is given by 

Th=CnnE+eDnyn (5.1) 


In the configuration of electron distribution 
in stationary state shown in the Fig. 12, this 
equation is induced to the following forms 


Tne = Cnn Ex 

Foca ae (5.2) 
dy 

Tne =) 


where £; is the externally applied field and 
y Sepa 


Ey=Esy+ Evy (NB) 


and 


Ew= O,be= (5.4) 


c 
is the transverse effective electric field due 
to the magnetic field. But, here, we are 


* Refining for more satisfactory form based on 
the diffusion theory of charge carriers will be dis- 
cussed elsewhere. 
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particularly concerned with the y-component 
of them because of the importance of the 
changes of Ey, and therefore the modification 
of n(y) by magnetic field. 

According to the assumption (3), u(y) is 
expressed as follows 

n(y)=Ae-*v (5.5) 

and a may be supposed to be enough large 
compared with 1/d so that the specimen depth 
d is equivalent to infinity for the specimen 
illuminated by the blue light. 


(1) In the Absence of Magnetic Field 
(specified with suffix “0 ”) 
In the absence of magnetic field, the current 
equation and other expressions above, specifi- 
ed with suffix “0”, are 


dn 
dy 


Inyo = C Lento sy +eDn (5.6) 


no(y)= Ag e %04 (5.7) 
Supposing the fixed surface recombination 
velocity s at the illuminated surface even in 
the absence of magnetic field, we have 


Inyo (O)=esno(0) (5.8) 
as the boundary condition at the illuminated 


surface. These equations are equivalent to 
LnE sy(0)— Dra&o=s (5.9) 
or 
oe UnEsy(0)—s (5.10) 


Dn 


where Dn, may be also written using the 
Einstein relation 


Lin Dn (5.11) 


at 

kT 

Furthermore, total number of photoelectrons 

per unit area of surface in wz-plane may be 
given as follows 

a A 

Ny=| ny(y)dy =— 


0 aX 


(5.12) 


by integrating the eq. (5.7) for the specimen 

illuminated by the blue light. 

(2) In the Presence of Magnetic Field 
(specified with suffix “1 ”) 

The current equation of this case modified 
by the transverse electric field Hy, and other 
similar expressions with those in the case (1) 
are assumed to be valid even in the presence 
of magnetic field. 

dm 


Try ss Cnn (Esyy + Fey) +éeDn dy 


(5.13) 
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ny(y)= Aye “1 (5.14) 

If we suppose the same surface recombina- 
tion velocity s with that in the case (1) in 
the presence of magnetic field (assumpt. (4)), 


the boundary condition in this case gives 


Inyi(0) =esn,(0) (5.15) 
hence 
Mert Esyi(0) + Ety}— Dray =S (5.16) 
or 
_ Unt Esyi(0) + Eey}—s _ UnEsn(0) —01—s 
QS = 
/Dis DD, 
(5.17) 
where 
2 
Of Fm —pnEty= a Vis) Oe == — fet 
(5.18) 


is the transverse drift velocity of electron, 
and the total number of photoelectrons per 


unit surface area may be similarly given by 
w.=| m(y) dy=* 
0 


ay) 


(5.19) 


for the same specimen. 

Then, we should consider a balance between 
the generation and the recombination of 
electrons in a stationarily illuminated state. 
Hence, 


q= isa 


% 


(5.20) 


holds according to the assumpt. (5). As the 
specimen is illuminated under a constant in- 
tensity of light, we have the following ex- 
pressions with the same Q and s, tT» corres- 
ponding to the both cases. 


Qa + 5Ay (5.21) 
= Mi +s, (5.22) 
Thus, these equations result in 
Ni—No he: Saar 5 = $Tn(Ay— A) (5.23) 
ay ay 
or 
A; — i+ STn& ( e») 
Ag - 1+stna, a i o— 


Suppose that there is no modification to the 


mobility sn of photoelectron by magnetic 
field (assumpt. (6)), the equation 
At 
(AIhe)e Ni—Np ay, 
a —l : 
Inz No Ao on 
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is valid for the change of photocurrent 
(AInz)z/Inz, and, whereas the quantities A,/ Ag, 
@, @ are easily given from the eq. (5.10), 
(5.17), (5.24) and #n{Esy(0)—Esy,(0)}. may be 
considered to be much smaller than x, this 
leads to 

(AInz)x _ Stn(@)—@) 


Ine 


bn cl si a 
1+ stn@, Str{ UnEsy(0)— Ve—s}+ Dn 
(5.26) 


Furthermore, in the case to which we may 
impose some conditions based on the assumpt. 
(4) and neglect v; and Dz/stn in the denomi- 
nator comparing with s, a more simplified 
form may be obtained 


Anz ) nr? 
= ss * = Saydal 


bar’) See or ORS 
(5.27) 


where c is the light velocity introduced in the 
eq. (5.18) for the absolute unit system of 
electric and magnetic fields while it takes 
the value of 108 for the practical unit system 
(volt/cem, gauss), and the sign of right side is 
determined from the combination Ez, Hz 
directions. 

The eq. (5.27) is a suitable expression for 
a qualitative explanation of the present ex- 
periments, and the experiment conditions for 
the blue light («~10° cm-!) with static electric 
field satisfy the adopted assumptions almost 
completely, while these are not the case for 
other cases. Then, finally, we can obtain 
the following relation comparing the eq. 
(5.27) with the eq. (3.1) in this case 


$= MnEsy(0)—— . (5.28) 
Ce 
The experimental value of C for the blue 
light with static electric field given in the 
section (3) being the order of 1.25x10-° 
(cm/volt, gauss~!) with one of samples, the 
value of s may be expressed as a function 
of Ln 
S= UnEsy(0)—10 Ln? (5.29) 
involving the parameter F;,(0) that must be 
properly chosen from other physical consider- 
ations. Hence, these results seem to suggest 
us that the value of s is the order of 10*~10° 
(cm/sec) provided that “n=100~150 (cm?/volt- 
sec) and Esy(0)=1200~2000 (volt/cm). 
The obtained value of surface recombination 
velocity s is relatively larger than the ordinary 
observed value in some semiconductors,” 1 
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The phenomenological treatment based on 
surface recombination in this section, how- 
ever, is related to the so-called surface mono- 
layer of illuminated surface, and compels us 
to consider that all the surface recombinations 
are due to this monolayer because of the im- 
portance of the boundary conditions in the 
treatment. The surface region effective to 
the recombination has a small but finite depth 
in fact and n(y) is not always a satisfactory 
form. The treatment also involves some 
other assumptions, then, it is not improbable 
that s obtained from this treatment has such 
large values even if we properly select the 
arbitrariness in vw, and Fs,(0). For the green 
light, « of which are much small, some of 
the assumptions become no longer valid and 
the treatment must be considerably modified. 

The ambiguous points in this treatment lie 
in the following fact that we have neglected 
the changes in surface barrier height due to 
the surface states and the changes in effective 
carrier mobility by magnetic field. If we take 
account of the surface barrier height, the 
treatment will be slightly complicated. But, 
even in such case, the corresponding results 
would be scarecely modified from that of the 
present treatment, as the surface barrier due 
to the surface states would be lowered by the 
illumination of light®. Though the second 
problem is also considerably important and 
some suggestions may be given by Schrieffer’s 
theory, we have no detailed informations 
about this problem. 

Finally, if we may regard these effects as 
the small ones of second order because of 
the small magnitude of the effective trans- 
verse electric field due to the magnetic field, 
it may be concluded that the changes of 
photocurrents are able to be explained in the 
terms of surface recombination modified with 
magnetic field. In addition, the dependence 
of (47)n/I upon the frequency of the alter- 
nating electric field would give some contri- 
butions to the kinematic properties of surface 
recombination. But, further detailed treat- 
ment based on the concepts of imperfection 
and surface state will be necessary for the 
more obvious interpretation of these phe- 
nomena. 


§ 6. Summary and Conclusions 
The observed phenomena in the present 
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experiment show many kinds of behaviours 
of photoelectrons and holes in cadmium 
sulphide single crystals, but, though these 
phenomena are complicated with other, we 
can express the summarized conclusions as 
follows. 

(1) The relative changes of photocurrents 
of cadmium sulphide single crystals in a 
magnetic field are experimentally characteriz- 
ed by the equation (3.1). 

(41) a/I=F-CEH 
and, for instance, the value of constant C 
for the blue light (A=436 my) is the order 
of 10-® (cm/volt. gauss-!) for a sample and 
generally dependent on some sensitive pro- 
perties of the illuminated surface. 

Similar experiment for the alternative 
electric field presents some knowledges about 
the relaxation effect in these phenomena that 
rises in comparatively low frequency region. 

(2) The phenomenological treatment of 
modified surface recombination in a magnetic 
field based on the diffusion theory of charge 
carriers seems to present a_ considerably 
plausible interpretation for the experimental 
results of surface-excited photoconductivity 
under several assumptions. 
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Electron Spin Resonance of M centers in Potassium Chloride 


By Hazimu KAWAMURA and Keiko ISHIWATARI 
Department of Applied Physics, Osaka City University, Osaka 
(Received August 7, 1957) 


An experiment on the electron spin resonance of colored KCl con- 


taining #’ and M centers was performed at 9500 Mc/sec. 


Subtracting 


the contribution from the #' centers from the observed resonance curve, 
we could estimate the shape of the resonance line due to M centers 
alone, which was found to be Gaussian with the half-breadth of 48 
oersteds and g value of 2,000. This result was discussed on the LCAO 


model. 


§1. Introduction 


The spin resonance absorption of F center 
in alkali halide has been measured by several 
authors)»»)»3)}2, and it is found that the ab- 
sorption line is rather broad, being Gaussian 
in shape and independent of temperature. Kip 
et al have attributed this broadening to the 
hyperfine interaction between the F center 
electron and the nuclear magnetic moments 
of the neighboring ions. They could estimate 
the density of the electron cloud of F center 
at these nuclei from the observed line breadth. 
This interpretation was well confirmed when 
nineteen lines were separated for LiF and 
NaF by Lord*®. 

The next common and well studied center 
in colored alkali halide is M center. Seitz has 
proposed the model of M center as composed 
of two negative ion vacancies and one positive 
ion vacancy, with an electron being attached 
as shown in Fig. 1. The optical absorption 


Fig. 1. Schematic model of M center. Squares 
are the positive or negative ion vacancies. 
Numbers show the position of K ions, 5 being 
in the plane of paper, 1 and 3 above, and 2 
and 4 below it. 


peak for this center lies at 1.5ev for KCl as 
shown in Fig. 3, while that of F center is 
found at 2.2ev at room temperature. The 
electron cloud of M center may spread as that 
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of F center and will have a broad and struc- 
tureless line for electron spin resonance just 
as F center at least for KCl. Moreover the 
M center is always accompanied by F center, 
and hence we shall have the two broad lines 
superposed. 

We have carried out an experiment with ad- 
ditively colored crystals of potassium chloride. 
The M centers were produced by irradiating 
the quenched crystal with F light. The 
density of M centers was about 0.4 times that 
of F centers, which was the highest attainable 
relative value for the former. The shape of 
the resonance line was found by subtracting 
the contribution from the F center. 

Although the definite conclusion cannot be 
drawn from this broad line, it will nevertheless 
afford some criterions about the electronic 
structure of M center. 


§2. Experiment 


The spin resonance measurements were per- 
formed by an equipment as shown in Fig. 2. 
The frequency at which these experiments 
were made was about 9500 Mc/sec and the 
corresponding field was 3500 oerseds. The 
microwave source was 2K25 reflex klystron 
having the output power of 40mW. The 
microwave power was fed to a rectangular 
cavity operated at TE 101 mode through the 
coaxial cable. The transmitted power was 
detected by a 1N23 crystal. The magnetic 
field was modulated at 455 Kc/sec, where the 
crystal noise is much less than at the conven- 
tional frequencies of some fifty cycles. But 
since the alternating magnetic field of such a 
high frequency is unable to penetrate into the 
cavity, a coil of few turns was wound directly 
around the specimen and set on the end sur- 
face of the cavity. The absorption signal 
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detected by the crystal was fed to three stage 
resonant amplifier operated at 455 Kc/sec and 
then detected by a phase sensitive lock-in 
detector. 


oscilloscope 


recorder 


lock-in es 
detector | 


455 resonant amp 


2K25 | 


klystron| 


resonant cavity 


Fig. 2. Block diagram of electron spin resonance 
apparatus. 


The specimens were the single crystals of 
potassium chloride which were additively 
colored at 580°C in potassium vapor. The 
small pieces of 8x4x2mm _ cut from these 
crystals were heated at 500°C for one minute 
and then quenched on a copper block. The 
optical absorption spectrum of this specimen 
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has a typical F absorption band as shown with 
curve 1 in Fig. 3. Assuming the oscillator 
strength to be 0.81, the density of the F 
centers is estimated to be 5.6x10!7cm-*. The 
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Fig. 3. Optical absoption spectra of colored KCl. 
Curve 1; quenched from 500°C. Curve 2; ir- 
radiated with sodium lamp for 5 minutes after 
quenching. Curve 3; irradiated for 30 minutes. 


other specimens were then irradiated at room 
temperature with a sodium lamp whose line 
spectrum is at 2.lev and hence just within 
the F band. The M band grows as shown in 
curve 2 and 3 by this treatment. When the 
time of irradiation is as short as five minutes, 
we observe only Mand F bands as shown by 
curve 2. If, however, the irradiation is con- 
tinued half an hour, R; and R. bands come 
out between F and M bands as in curve 3. 
Since Okura* find the oscillator strength of M 


Table I. 
4H in oersteds Nu | Nr 
Specimen Stow tn g ee 
| peak to peak half breadth optical spin resonance 
49.5 58.5 1.994 | 0 | a 

2 46 1.996 0.31 0.36 

3 45 1.997 0.41 0.46 

F 49.5 58.5 1.994 

M 40.5 47.5 2.000 | 


center to be about 0.42 times that of F center, 
the density of M centers of these specimens 
can be estimated as in Table I. 

The spin resonance measurements were 
performed with these three specimens which 
we shall call 1, 2 and 3 in accordance with the 
numbering of the absorption curves in Fig. 3. 
An example of the resonance curve recorded 


on,a chart is shown in Fig. 4. The sharp line 


* H. Okura, to be published in this Journal. If 
the irradiation is not so heavy, the intensity of 
M band ‘increases in proportion with the decreases 
of the # band. He estimates the ratio of the 
oscillator strength comparing the changes of the 
area of the absorption curves, assuming that the 
total density of # and M centers is constant, 


1958) 


superposed on the curve is the absorption due 
to diphenyl trinitrophenyl hydrazyl, an ex- 
tremely small speck of which is attached on 
the modulating coil. The absolute values of 
g were determined referred to this line. 


Fig. 4. Spin resonance absorption of specimen 
2. Sharp line superposed is the absorption line 
due to diphenyl trinitrophenyl hydrazyl. 
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Fig. 5a. Spin resonance absorption of F' centers. 
Solid curve is the theoretical Gaussian curve 
with half breadth of 58.5 oersteds. The arrow 
at g=2.0036 shows the position of the absorp- 


tion line due to diphenyl trinitrophenyl 
hydrazyl. 
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Fig. 5b. Spin resonance absorption of # and M 
centers of specimen 2. Experimental curve is 
decomposed into curves due to #' and M 
centers. 
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Fig. 5a, b and c are the absorption curves 
for many runs reproduced from the recording 
charts. In Fig. 5a we show the plots for 
specimen 1, with the theoretical Gaussian 
curve having the half-breadth of 58.5 oersteds 
and the g value of 1.994 which are to be com- 
pared with 54 oersteds and 1.995 obtained by 


Specimen 3 2 0036 


g=|997 


Fig. 5c. Spin resonance absorption of F and M 
centers of specimen 3. Experimental curve is 


decomposed into curves due to’ # and M 
centers. 
Kip et al. The results for the specimens 2 


and 3 are shown in Fig. 5band 5c. Although 
the curve shapes are not so much different 
from that of specimen 1, the g values were 
1.996 and 1.997 respectively which differ, be- 
yond the experimental error, from that of 
pure F centers. 

In the experiments shown in these figures, 
the magnetic field was applied along [100] 
direction. Almost the same curve with an 
identical g value was obtained for specimen 
2, when the field was applied along [110] 
direction. 


§3. Analysis of the Results 


It may be expected that the curves in Fig. 
5b and c are composed of the absorption 
curves due to F centers and M centers. Al- 
though R, centers have no effect upon spin 
resonance because of the pairing of the trap- 
ped electrons, R, centers in specimen 3 may 
give some contribution. But we shall neglect 
this effect in the following analysis, since its 
density is expected to be small enough. Since 
the shape and position of the curve for F 
centers is known from the above result, we 
can determine the absorption curve for M 
centers, adjusting so that the 4H? x D of these 
two curves have the appropriate ratio, where 
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4H is the peak to peak separation and D is 
the maximum deflection value of the deriva- 
tive curve. 4H?xD is clearly proportional to 
the spin density of M or F centers. 
ratio of these values which give the best fits 
of the curves are shown in the Table I. The 
fairly good coincidences with the optical data 
are seen. Thus we get the absorption curve 
for M centers alone as shown in these figures. 
The curve shape is Gaussian with the half- 
breadth of 48 oersteds and the g value 2,000. 

In order to make the discussion to be con- 
crete, we shall adopt the LCAO model!)*. 
According to Inui, Uemura and Toyozawa” 
we shall consider only the five nearest atomic 
orbitals of potassium as shown in Fig. 1. The 
ions 1 and 3 are above the plane of the paper 
and 2 and 4 are below it, all being equivalent. 
According to Kip et al. we shall assume that 
the line broadening is resulting from the 
hyperfine coupling between each orbital elec- 
tron and the nuclear magnetic moment of the 
corresponding potassium. Now let the ampli- 
tude of s function at the position 5 be a and 
1 to 4 be 8. Since the nuclear spin of potas- 
sium is 3/2, it takes one of the four different 
values of magnetic moment along the direc- 
tion of the magnetic field. If the magnetic 
moment of the nucleus at the position 5 takes 
one of these values, we may have the nearly 
Gaussian broadening due to the random orien- 
tation of the nuclear spin at four equivalent 
positions, the half-breadth* being 5.7 BA/gx, 
where A is the hyperfine constant for free 
potassium and yt is the Bohr magneton. Now 
we shall allow for the nuclear moment at the 
position 5 to change from +3/2 to —3/2. 
Then we may have a curve composed of the 
four lines with this broadening, each of which 
is separated by a?A/gm. If this separation is 
sufficiently small, the resultant curve is nearly 
Gaussian. The borderline for this situation is 
at about a?A/gu~1.582A/gu. Since the larger 
value of @ is favored from the theory, we 
shall assume tentatively that a?=1.562. Then 


* We defined the half-breadth by 1.18 4H, 4H 
being the peak to peak separation of the derivative 
curve. Since the absorption curve is not strictly 
Gaussian, 4H/2 is not equal to the square root 
of second-moment, and both are not strictly equal 
to the 2.35 times of true half-breadth. 
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the half-breadth of the resultant curve be- 
comes 7.1 8?A/gu. Comparing this with the 
observed value of 48 oersteds and taking A= 
0.0077 cm-!, we get 62=0.08 and a?=0.12. The 


‘total of s part, therefore, amounts to 0.44. 


Among the residue the p function at the ion 
5 may be largest since the polarizing field is 
farily large. Moreover the considerable mix- 
ing of p functions are expected in the atomic 
orbitals around the ions 1 to 4. 

Although the anisotropy of g value is ex- 
pected because of the anisotropic configuration 
of the atomic p orbitals, the absolute value of 
4g is as small as 0.002 which corresponds to 
3~4 oersteds, and, accordingly, it will affect 
little the above analysis. 

While we are preparing this manuscript, we 
were informed of the paper of Lord® concern- 
ing the spin reonance of M centers in LiF. 
He found that the line of M centers are 
rather broad and structureless in accord with 
our result. 
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D.C. electrical conductivity and Seebeck voltage of the synthesized solid 
solution a FeTiO3-(1—) Fe,03 of ilmenite (FeTiO3) and hematite (Fe.0;) 
were measured for a composition range of 12=w=0.33. It was found 
that both conductivity and Seebeck voltage change continuously with 
the composition. At room temperature, the conduction is that of p type 
for x>0.73 and m type for x<0.73. Judging from these results, it was 
concluded that the valence state of Ti ions in the compound is tetrava- 
lent for the whole range of composition. Conductivity of all specimens 
obeys a simple Wilson’s formula «=o» exp (— E/2kT) over a temperature 
range from 200°K to 970°K with two or three activation energies for 
each specimen. No anomalous change of conductivity could be observ- 
ed at the ferrimagnetic or antiferromagnetic Curie point. It was, there- 
fore, expected that the conduction electrons do not correlate with the 
magnetic spins in these compounds. Conductivity and Seebeck voltage 
of both ordered (ferrimagnetic) and disordered (antiferromagnetic) speci- 
mens with the same composition were compared. It was found that 
change of the ion arrangement does not affect electrical properties of 


these componds. 


Introduction 


§1. 

It may safely be said that the conduction in 
the oxides of transition metals can be charac- 
terized by the extremely low mobility of its 
carriers. Owing to such a situation, the 
normal Hall voltage can not be observed for 
these compounds?” and the _ conduction 
mechanism can not be explained by the ordinary 
Bloch type approximation. 

The stoichiometric oxides of transition metals 
are, ordinarily, poor conductors. Their con- 
ductivity, however, is enhanced greatly by 
presence of ions of a given element in more 
than one valence states which are distributed 
randomly over crystallographically equivalent 
lattice points. In this conduction, the carriers 
are usually holes (p type conduction) when 
small amounts of cations in a higher valence 
state are distributed among those of the host 
and the carriers are electrons when small 
amounts of cations in a lower valence state 
are distributed. Detailed discussions of such 
a conduction mechanism in these compounds 
have been reported in the papers of Verwey 
and de Boer.®” 

In this paper, we shall report the electrical 
properties of the solid solution of FeTiO; and 
Fe,0;. This investigation has been carried 
out mainly for the purpose of understanding 
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the peculiar magnetic properties of the solid 
solutions which have been reported in detail 
in the previous paper.©* 

In order to understand their magnetic pro- 
perties, it is very important to know the 
valence states of ions contained in the com- 
pounds. There are two possible valence states 
for ilmenite. One is Fe?+Ti‘tO 3 and the other 
is Fe?+Ti3+O;. Though we have showed 
in I that the magnetic properties can be 
interpreted well by assuming the former 
state, it is still possible to interpret the 
saturation value of magnetization and the 
general feature of thermomagnetic curves by 
assuming the latter state, because the magnetic 
interactions of Ti+ ions between themselves 
and with other ions are expected to be fairly 
smaller than those of Fe*+ ions. Hence we 
can not decide conclusively from only the 
magnetic study which of these two states is 
realized in the compound. 

The electrical conduction of these compounds, 
however, must be greatly different in these 
two cases. When we assume the former 
state for FeTiO;, Fe®+ ions in hematite are 
substituted by Fe?+ ions with increase of 
ilmenite content in the solid solution. Then 


This paper will be referred to as I hereafter 
in this paper. 
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there exist in the solid solutions a great 
number of pairs of Fe#+ and Fe?* ions which 
increase the electrical conductivity of the. 
solid solutions greatly. Furthermore, it is 
expected that the conduction is ” type when 
the composition is near hematite and it changes 
into p type when the composition approaches 
to ilmenite. 

On the other hand, when we assume another 
state, Fe ions in the solid solutions are always 
trivalent. Therefore, the compounds must be 
poor conductors when they are prepared stoi- 
chiometrically. The high conductivity of these 
compounds must be attributed, in this case, 
to the presence of pairs (Fe**, Fe?*) and (Ti**, 
Ti+) which are produced by the deviation of 
the composion from the stoichiometrical value. 
Hence, in this case, the conduction is expected 
to be affected greatly by the atmosphere under 
which they are prepared and the continuous 
change of the electrical properties with their 
compositions can not be expected. 

There are two other aims to investigate the 
electrical properties of these solid solutions. 
We have reported in I that the solid solution 
x FeTiO;-(1—x) Fe.O3; becomes strong fer- 
rimagnetics in the composition range of 
0.95>x>=0.5. It is, therefore, necessary to 
investigate whether the conduction electron 
has any correlation with the magnetic spins 
as have been found in the conducting oxides 
such as magnetite and mixed lanthnum and 
strontium manganites.” 

Another aim is as follows. We have also 
reported in I and in another paper” that the 
magnetic properties of the solid solutions are 
affected greatly by heat treatments. For 
example, a specimen of x=0.5 can be changed 
from the antiferromagnetic state to the ferri- 
magnetic state by an appropriate heat treat- 


No. | FeTiO3 mol % Porosity (%) 

1 . 100 : 
2 | 95 12.0 

$ | 80 | 16.5 

4 67 | 8.0 

5 | 51 10.8 

5' | (51) . 10.8 

6 | 47 21.0 

7 33 33.1 


pcbsta hs eee — 


Table I. The porosity and magnetic property of the specimen 
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ment. We have interpreted this experimental 
fact as a kind of order-disorder transformation 
phenomenon, where Ti and Fe ions are assumed 
to be distributed at random in the antiferro- 
magnetic state, while in order in the ferri- 
magnetic state. 

If the ordered ions are responsible for the 
electrical conduction, such a change of the 
arrangement of ions would cause a great 
change in the conductivity. Hence we may 
obtain some knowledge on the ordered state 
by comparing the electrical conductivity and 
the Seebeck voltage of the ferrimagnetic 
specimen with those of the antiferromagnetic 
specimen. 


§2. Preparation of Specimens 


The methods for preparing specimens have 
been reported in detail in I and in another 
paper.» For the present purpose, a mixture 
of FeTiO; and Fe,O3; in a desired proportion 
was pressed into a parallelepiped of 4mm~x 
4mmx20 mm dimension, by using a pressure 
of 5 ton per square centimeter, which was 
sealed into an evacuated quartz tube. Then, 
after sintering at 1200°C for more than 12 
hours, it was quenched down to room temper- 
ature. The composition was determined by 
the X-ray and the chemical analysis as was 
reported in I. 

In this method for preparation, the oxygen 
atmosphere under which the specimen is 
prepared is controled properly by the specimen 
itself which absorbs or ejects out the oxygen 
in the quartz tube. Accordingly, the specimens 
thus obtained have very different porosities 
with each other and the specimen of x<0.33 
can not be sintered at all by this method. 
Hence we must restrict our measurement in 
a composition range of x=0.33. In Table I, 


Curie point | Magnetic property 
Soa) antiferromagnetic 

ne 63 ferrimagetic 
224 ferrimagetic 
394 ferrimagetic 
483 . antiferromagnetic 
530 ferrimagetic 
529 antiferromagnetic 


632 | antiferromagnetic 
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we showed the porosity of the specimens used 
n the experiment which is defined as P= 
In—-z/Ox Where op, and oy mean the bulk and 
X-ray density of the specimen. 

In this table, the magnetic properties of the 
specimens are also presented. As we see in 
the table, all specimens have fairly. high 
porosities. Hence the absolute value of the 
conductivity seems to have no meaning in 
this experiment. 


$3. Experimental Results 


The electrical conductivity was measured in 
air by a usual potential probe method over a 
temperature range from 800~700°K to 100°K. 
These specimens are not stable either in air 
or in high vacuum at temperatures higher 
than 800°K except a specimen No. 2 for which 


the measurement was carried out up to 
1100°K. 


o P(Q-cm) 


Electrical. Resistivity 
Cy 


fs) 


10" 3 
Co Te 3s 48 6 7 BO OT 2 
( 1|000/ Temperature ) ('/K°) 
Fig. 1. D.C. resistivity vs. the reciprocal of 
temperature. Arrows indicate the Curie points 


of the specimens. 


In Fig. 1, we showed the resistivity vs. 
the reciprocal of temperature curves of several 
specimens, all of which were found to obey 
2 formula p=, exp(E/2kT) having one or 
‘wo breaks above 200°K. Arrows in the figure 
ndicate the Curie temperatures of the speci- 
mens. We can find from the figure that even 
1 slight break does not occur on log p vs. 1/T 
curves at the ferrimagnetic Curie point as 
well as the antiferromagnetic Curie point. The 
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temperature at which the break occurs seems 
to depend rather on the degree of sintering, 
because the specimens with the same com- 


position have different break points when they 


are prepared at different times. Other speci- 
mens which were omitted in this figure have 
similar temperature dependence. 

In Fig. 2 the value of the resistivity at 


, P(Q—cm) 


Electrical Resistivity 


FeTi0,20 80 70 60 50 40 30 Fe,0; 
FeTiOs; Mol percent 


Fig. 2. D.C. resistivity at room temperature vs. 
the composition. 
Oster ferrimagnetic specimens. 
Ondeeds antiferromagnetic specimens. 


Activation Eneray 


0-1 
FeTio,20 80 70 60 50 40 30-Fe,0s 
FeTiO; Mol percent 
Fig. 3. Activation energies above 200°K obtained 
from Fig. 1 vs. the composition. 


room temperature of these specimens are 
plotted against their compositions. As the 
resistivity is greatly affected by the porosity 
of the specimen, these values can not be plotted 
on a smooth line. It may, however, be con- 
cluded from this figure that the resistance 
decreases continuously with increase of the 
concentration of hematite in the solid solution. 
In Fig. 3 the activation energies obtained 
from Fig. 1 are plotted against the composition. 
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This quantity is also found to be strongly 
dependent on the porosity of the specimen. 
Nevertheless, it must be noticed that all 
specimens have nearly same activation energies. 


The Seebeck voltage was measured with ~ 


respect to a PtRh wire by the same method 
as was described in the previous paper.® 
The measurement was carried out in air over 
a temperature range from room temperature 
to 400°C and results are shown in Fig. 4. 
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Fig. 4. Seebeck voltage vs. temperature. 
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Fig. 5. Seebeck voltage vs. the composition. 
Oc the value at room temperature. 
DT the value at 400 °C, 
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We can find in the figure that the Seebec! 
voltages of all specimens change linearly witl 
temperature over this temperature range, an 
their slopes change continuously with th 
composition. In Fig. 5, the values of th 
Seebeck voltage at room temperature and a 
400°C are plotted against the composition 
Contrary to the case of the conductivity 
these values are expressed by smooth lines 
This fact is expected naturally. Because, as 
the measurement of the Seebeck voltage doe: 
not involve the current flow, it value is ex 
pected to be independent on the porosity ot 
the intergranular barrier. We can see fron 
the figure that the Seebeck voltage change 
continuously with composition, and their signs 
are those of p type for x>0.73, and m type 
forse<SO. 73: 

Effect of the heat treatment. 

As we Stated in the introduction, the speci- 
men of x=0.5 can be changed from anti- 
ferromagnetic to ferrimagnetic by the ap- 
propriate heat treatment. In order to see 
how the heat treatment or the change of ar- 
rangement of ions affect the conductivity and 
the Seebeck voltage, we carried out the follow- 
ing experiment. 


Resistivity 


Electrical 


16 2-0 2-5 
1000/ Temperature 


3-4 
(1/®) 


Fig. 6. D.C. resistivity of a specimen No. 5 vs. 
temperature. 


©) ene before the heat treatment 
(antiferromagnetic). 
@...... after the heat treatment (ferrimagnetic). 


We measured at first the conductivity anc 
the Seebeck voltage of an antiferromagnetic 
specimen with x=0.51. This specimen was 
sealed again into evacuated quartz tube anc 
was cooled very slowly from 800°C to roor 
temperature, which was recently found the 
best way to establish the perfect ordering 
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between Fe and Ti ions.» After this heat 
treatment this specimen becomes strong ferri- 
magnetics. 


In Figs. 6 and 7 the resistivity and the 
Q(mv/deg) 
Tov age 
fe -0:14 
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Fig. 7. Seebeck voltage of a specimen No. 5. vs. 


temperature. 

Rsk cv before the heat treatment 
(antiferromagnetic). 

@... after the heat treatment (ferrimagnetic). 


Seebeck voltage measured for the specimen 
before and after the heat treatment are plotted 
against temperature. We found from these 
results that the Seebeck voltage does not 
change at all by the heat treatment. Though 
the resistivity increased a little after the heat 
treament, the difference may be due to other 
effects such as the slight change of the com- 
position on the grain boundary by the heat 
treatment. Hence it may safely be said that 
the conductivity as well as the Seebeck voltage 
are not affected by the heat treatment. 


§4. Discussion 

As was stated in the previous section, the 
specimens used for the measurement are very 
porous. Then the effect of the porosity or 
the intergranular barrier on the conductivity 
must be considered first in discussion. 

According to Henish!®, when the specimen 
contains the intergrain boundaries, the observed 
activation energy obtained from a logo vs. 
1/T curve is not real one of this substance. 
He showed that the average activation energy 
obtained between temperature 7, and 7» can 


be expressed by 


Eqw=E+264+S?/2kT,+S7/2kT,, (1) 
where E is the true activation energy of the 


substance and ¢ and S are the mean of the 
eight of the intergranular barriers and the 
‘ttandard deviation from it respectively. He 
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showed further that a standard deviation of 
as much as 10 per cent in the value of ¢ 
would not normally result in any detectable 
departure from the exponential form of the 
temperature dependence so long as the temper- 
ature range is not so wide. 

His theory seems to be applicable to our 
case. We can see this by comparing the 
activation energy obtained from the measure- 
ment of the conductivity with that obtained 
from the Seebeck voltage. 

For example, for the specimen No. 2, the 
carriers are expected to be only the holes. 
So the Seebeck voltage Q can be expressed 
by the following equation 

QT=E,;=E/2 , (2) 
where Ey; means the Fermi level measured 
from the filled valence band. The kinetic 
energy term in the Seebeck voltage was 
neglected following Morin’s suggestion.!? 
Then, the activation energy obtained from 
the Seebeck voltage turns to be the order of 
0.12 ev at room temperature which is fairly 
smaller than the value 0.42 ev obtained from 
the conductivity. This difference must be 
attributed to the intergranular barriers as the 
equation shows. 

Though we can not, thus, obtain the true 
activation energy from the experimental re- 
sults, it may be concluded from Fig. 3. that 
the true activation energy also does not change 
greatly with the composition in this solid 
solution. 

Next we consider the result of the Seebeck 
voltage. The Seebeck voltage Q of the 
specimen is expressed as following when two 
types of the carriers are contained in it. 


QT= (Qs u4n+e+Q—-u_-n-)T/ N+ pa +N-L- pl C3:) 


where Q., 44 and ms. mean the Seebeck voltage, 
the mobility and the concentration of holes 
and Q_, - and n-_ are those of electrons. 
When we assume that Ti ions are tetravalent 
in the solid solution, the concentration m+ and 
n_ in the solid solution xFeTiO;-(1—x)Fe.0; 
may be proportional to x and 2(1—x) re- 
spectively. Then, if we assume, as the first 
approximation, Q.=Q- and s.=y_, the 
Seebeck voltage disappears at the concentration 
of x=2/3, and at this point its sign changes 
from that of m type to p type with increase 
of FeTiO, in the solid solution. Such a situ- 
ation is nearly realized as we can see in Fig. 5 
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On the other hand, when we assume that 
Ti ions in the solid solution are trivalent, 
their conduction must be attributed to the 
production of pairs (Ti**, Ti‘*) and (Fe?*, Fe**) 
in the solid solution as was stated in the 
above paragraph. In this case, m+ and n~- 
indicate the numbers of pairs (Ti**, Ti‘*) 
and (Fe?+, Fe*+) respectively, which do not 
depend on the concentration of ilmenite in 
the solid solution. Hence the change of the 
Seebeck voltage or the numbers of carriers 
with the composition can not be expected in 
this case. Furthermore, as we found from 
the experimental result that in the specimens 
for x >0.73 the conduction is p type, (Ti**, 
Ti‘t) conduction is expected to predominate 
over (Fe?*+, Fe*+) conduction in these speci- 
mens, while in the specimens for x<0.73, 
the latter must be predominant. Accordingly, 
the activation energy of the specimen for 
x >0.73 must be different from that of the 
specimen for x<.0.73, because (Ti®*, Tit*) 
conduction is expected to have the different 
activation energy from that of (Fe?*, Fe**) 
conduction. 

Such situations are, however, not observed 
in the solid solution. Hence we can conclude, 
from these considerations, that nearly all of 
Ti ions in the solid solution are tetravalent 
and do not play any role on the magnetic 
coupling. 

Of course, we can not decide completely 
from these experimental results whether a 
small amount of trivalent ions exist in the 
compound or not. It may, however, be said 
that the amount of trivalent Ti ions is, if 
existed, too small to affect the magnetic pro- 
perties as well as the electrical properties. 

The answer to the second problem is very 
evident. As we could not observe any anoma- 
lous change of the conductivity at the Curie 
point, the conduction electrons have little 
correlation with the magnetic spins. 

In §3, we found that the change of arrange- 
ment of ions does not affect the conductivity 
as well as the Seebeck voltage. This result 
suggests that Fe?* and Fe** ions in the hexa- 
gonal layer are distributed at random even 
in the ordered specimen. Because if Fe%* 
and Fe** ions are arranged in some ordered 
pattern, the electron transfer from Fe?* to a 
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neighbouring Fe** must need higher activation 
energy than in the case when they are dis- 
tributed randomly. The simple consideration 
on the electrostatic energy of the several 


“states of ion arrangements also supports this 


situation as was stated in I. 

If (Ti3+, Tit*) conduction plays important 
role in these compounds, it is expected that 
the ferromagnetic specimen in which Ti ions 
arrange in the ordered pattern must have 
higher resistance than the antiferromagnetic 
one. Hence, the result on the effect of the 
heat treatment also supports the conclusion 
which we have made above. 

In view of the grain structure of these 
ceramic specimens, there seems to be nonsense 
in computing the mobility of the carriers from 
the experimental results apart from the diffi- 
culty that this is a case of mixed electron 
and hole conductions. Hence, the problem 
relating to the d-electron conduction in general 
was not treated in this paper. 
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By using the North American Philips Diffraction Unit and Wide Range 
Goniometer modified to a tube spectrometer described by Coster and De 
Lang, the fine structures of X-ray K absorption spectra of copper in 
metallic copper, CuCl,-2H,0, CuSO,-5H.O and cobalt in CoCl,-6H.O at 
various thickness were measured. The structures near the absorption 
edges are affected by the absorber thickness. The mass absorption co- 
efficients of maximum absorption jumps become large with decreasing 
absorber thickness, and the small maximum and ninimum near the ab- 
sorption edges also become indistinct with increasing absorber thickness. 
The wavelengths of these structures are slightly affected. This is due 
to the finite resolving power of the spectrometer and the tail of the 
spectral window as mentioned by Parratt. In the high energy regions 
from the absorption edges the absorption coefficients are not affected by 


the absorber thickness. 


$1. Introduction 

On the short wavelength side of the X-ray 
ibsorption edges, typical for a certain element, 
he absorption coefficient does not show a mo- 
1otonic variation but fluctuates over a distance 
»f several hundred volts from the main edge 
n the case of crystalline solids or polyatomic 
nolecules in which the absorption element 
orms a constituent. This phenomenon, the 
o-called “fine structures of X-ray absorption 
sdges ”, finds its explanation” in the scatter- 
ng of a K photoelectron in the crystalline 
Olid or in the polyatomic molecule that con- 
ains the absorbing atom. To date many in- 
restigations of these fine structures have been 
arried out but measurements have been con- 
ined almost exclusively to wavelengths of the 
ine structures. Moreover, there is only a 
ew investigations” on the relation of the ab- 
orption coefficients of fine structures with 
he absorber thickness. 

This is due to the fact that it is very dif- 
icult to measure the non-absorbed intensities 
t least when the photographic recording is 
eing used in such a simple way as has mostly 
een done. Sandstrém® remarked at the Ma- 
ison Conference on the applications of X-ray 
pectroscopy to solid state problems in Octo- 
er 1950 that under certain conditions non- 
eal details could be introduced into the ab- 
orption spectra, and in many ways a spec- 
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trum giving the variations with wavelength 
of the transmitted intensity was deficient as 
the details would depend on the thickness of 
the absorber. Recently Parratt*? and others 
investigated the thickness effect in absorption 
spectra near absorption edges of chlorine in 
KCl, and found that the details of an obser- 
ved absorption spectrum depended upon the 
thickness of the absorber, and they concluded 
that this was due to the role of the effective 
spectral window of the spectrometer. 

Authors also found the same effect when 
we investigated the fine structures of X-ray 
K absorption spectra of various compounds” 
by using the North American Philips Diffrac- 
tion Unit and Wide Range Goniometer modi- 
fied to a tube spectrometer with the Geiger- 
Miiller counter. Thus we investigate the re- 
lation of the absorption coefficients of the fine 
structures of X-ray AK absorption spectra with 
the thickness of the absorber. As absorbers 
we choose metallic copper and CuCl,-2H,O” 
and CuSO,:5H.O” which are considered as a 
metallic and homopolar and ionic compounds 
respectively, and CoCl,:-6H,O which contains 
the different absorbing element. 


§2. Experiments 


The copper foil 
The alkali 
and 


Preparation of Specimens. 
was prepared by the electrolysis. 
electrolyte containing CuCN, NaCN, 


44 K. Tsutsumi, M. OBASHT and M. SAWADA 


Na,CO;. The Py of this electrolyte was 11.5. 
The electrolytic current densities were 0.1- 
0.2 amp./dm?. When the stainless steel cathode 
was used, the electrodepositions were easily 
stripped from the cathode. Several foils were 
prepared and we chose the foil which had the 
proper thickness and had no hole. The thick- 
ness was determinded by weights and areas 
of the foils. The weight of foil which was 
used was 1.47 mg/cm?. As CuCl,-2H,O, CuSO,- 
5H.O and CoCl,-6H,O were very well solved 
into water, we solved these compounds into 
water and infiltrated in the filter papers which 
had been measured their weights and areas. 
Then after these papers were dried in the 
vacuum desiccator, the total weights and areas 
were measured. Thus, the weights of com- 
,pounds were determinded. The weights of 
CuCl,-2H,O, CuSO,-5H.O and CoCl.-6H.O were 
2.30, 3.55 and 3.03 mg/cm? respectively. 
Absorption Spectra. X-ray Diffraction Unit 
and Wide Range Goniometer of North Ameri- 
can Philips Company Inc. (Norelco)® were 
used. This unit is mechanically so arranged 
as to maintain a 1:2 ratio of the rotational 
speed between the crystal holder of the centre 
of the spectrometer and the Geiger-Miller 
counter as required for Bragg reflections. 
We used this unit as a tube spectrometer des- 
cribed by Coster and De Lang.» The techni- 
ques of our modified method have been des- 
cribed in previous publications. As we can 
directly measure the primary X-ray intensity 
and the transmission X-ray intensity in this 
case, this method is easily changed so as to 
enable the measurement of the absorption 
coefficient. The divergency of the slit system 
of this instrument was about 0.0004 radians. 
The first order reflections of the LiF was used. 
The X-ray tube with a Mo target was loaded 
with 10-20mA. at 14kV. for the copper 
edges and 12kV. for the cobalt edge which 
were too low to excite the second order. The 
fine structures of absorption spectra of copper 
in Cu, CuCl,-2H.O ‘and CuSQ,-5H,0, and of 
cobalt in CoCl,-6H,O at various thickness were 
recorded automatically on the _ strip-charts. 
Considering the time constants of the rate- 
meter and the recorder, the scanning speed 
of the Geiger-Miiller tube 1/8°/min was used 
in all cases. Several runs were recorded at 
various time constants 2-8sec. Then the in- 
tensities of the large maximum and minimum 
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points were also measured manually by fixed 
counting method.®? As the absorbers we used 
the sheet of onefold to fourfold or fivefold of 
above mentioned specimens. The primary in- 
tensities were measured through only the same 
filter paper in the cases of compounds. 


§3. Results and Discussions 


Photos 1, 2, 3 and 4 are the reproductions 
of the curves of the fine structures of the X- 
ray K absorption spectra of copper in metallic 
copper, CuCl,-2H.O and CuSO.-5H:O, and co- 
balt in CoCl,-6H.O respectively. Tables I, 
II, II] and IV show the wavelength values of 


Table I. Wavelength values of the fine structures 
of the X-ray K absorption spectrum of copper 
in metallic copper at various absorber 


thickness. 

around gl haTa2 Latag| Lag 1a 

re ee ee eee Se 
K, | 1378.3| 1378.3} 1378.3] © 1878.3)» 1378.3 
Q | 1378.0} 1377.9) 1377.9| 1377.8} 1378.0 
Karolsiamreo A set Woiqes 7 a 
A® [91375.910 1375:Q|0o Se sas = 
eieip 197500] etseetablieed eu wt 
B | 1374.8} 1374.9) 1374.2| 1374.9] 1374.9 
e | 1373.7] 1373.5] 1373.4) 1373.4) 1373.4 
c | 1371.3} 1371.3] 1371.2) 1371.1} 1372.1 
y | 1368.8) 1368.8, 1368.9 1368.9 1368.8 
D | 1368.2) 1368.0 1368.3 1368.4 1368.2 
6 | 1367.3} 1367.0! 1367.3) 1367.3) 1367.3 
E | 1365.3| 1364.6) 1364.5| 1364.3) 1364.7 
e | 1364.0| 1363.4! 1363.4} 1363.4] 1363.6 
F | 1363.4| 1363.1! 1363.1) 1362.7] 1363.1 
¢ | 1360.7| 1360.7; 1360.6) 1360.6} 1360.7 
G | 1359.1} 1359.4] 1359.4; 1359.4) 1359.4 
9 | 1857.8) 1357.6) 1357.7, 1357.8] 1857.7 
H | 1356.0) 1356.0) 1356.0 1356.0 1355.9 
6 | 1355.4] 1355.0] 1355.5} 1355.4] 1355.2 
I | 1853.9) 1354.1] 1353.9, 1354.0, 1354.1 
¢ | 1350.8] 1351.1} 1350.8 1350.8 1351.0 
J | 1349.5} 1349.1| 1349.1, 1349.1/ 1349.2 
« | 1348.1] 1347.8) 1348.1) 1348.2) 1348.3 
K | 1347.1, 1847.1 1347.0 1346.9 1346.9 
A | 1345.4) 1345.6) 1345.4) 1945.4] 1345.3 
L | 1343.5} 1343.5, 1343.4) 1343.4) 1343.7 
» | 1388.7) 1338.6! 1338.5) 1338.5! 1338.5 
M | 1337.4) 1337.5 1887.3' 1937.4) 1337.4 
. 1393.3. 1333.2} 1333.4) 1333.4] 1333.4 
N | 1331.1) 1330.9 1331.0 1331.0} 1331.0 
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Photo. 1. X-ray K absorption spectra of copper in 


metallic copper. 
a) at the onefold sheet 
b) at the twofold sheet 
c) at the fivefold sheet 


(time constant of the rate-meter, 8 sec.) 
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(b) 


Photo. 2. X-ray K absorption spectra of copper 
in CuCl,-2H,0. 
a) at the onefold sheet 
b) at the fourfold sheet 
(time constant of the rate-meter, 8 sec.) 


the fine structures of these absorption spectra 
at various absorber thickness, and Tables V, 
VI, VI and VIII show the mass absorption 
coefficients of these structures. Figs. l, 2, 3 
and 4 show the curves of the mass absorption 
coefficients at various thickness vis wave- 
lengths. It will be seen from these results that 
the fine structures only near the absorption 
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on : 
(b) 
Photo. 3. X-ray K absorption spectra of copper 
in CuSO,4:5H,O. 
a) at the onefold sheet 
b) at the fourfold sheet 
(time constant of the rate-meter, 8 sec.) 


edges are affected by absorber thickness. The 
affected region is about 40eV from the main 
edges. The maximum absorption jump A, 
small minimum q@ and small maximum B are 
especially affected in all cases. The absorp- 
tion coefficients of maximum absorption jump 


Photo. 4 X-ray K absorption spectra of cobalt 
in CoCly:6H,0. 
a) at the onefold sheet 
b) at the threefold sheet 
c) at the fourfold sheet 
(time constant of the rate-meter, 8 sec.) 


— 


1958) 


Table Il. Wavelength values of the fine structures 
of the X-ray K absorption spectrum of copper 
in CuCl,-2H.O at various absorber 


thickness. 
Pe ank 2.30 BU Me: le acaOrio 2.30x4 
mg/cm? | mg/cm? | mg/cm? | mg/cm? 
- | apy i); 3 A Sh ae a 
K WSAZ 1 Lae7 = | Sth Woe 
A 1375.3 | 1375.0} 1375.0| 1375.0 
A’ 1374.4 | — | =e = 
a | 1373.4 1374.0 | 1374,4 | 1374.4 
B | 1372.8 L373. 1372.9 TSé2 29 
B | 1370.9 | 1370.9 1370.9 | 1370.9 
C | 1367.0) 1367.0| 1367.0, 1366.9 
; 1364.8 | 1364.8| 1364.8| 1364.8 
D | 1363.2| 1363.4| 1368.4| 1363.4 
O | 1360.8 1360.8 1360.8 1360.8 
E | 1353.8 1353.8 1353.8 1353.9 
Table III. Wavelength values of the fine struc- 


tures of the X-ray K absorption spectrum of 
copper in CuSQ,-5H.O at various 
absorber thickness. 


seeerant Salat | aah se eee 
| x.u.| Eu. xu. XU. 

K 1376.9 1376.9 1376.9 1376.9 
1374.9 1374.8 1374.8 1374.8 

a 1373.4 1373.5 1373.9 1373.4 

B 1372.5 1372.5 1373.0 1372-5 

B 1371.3 1371.4 137163 137i 

€ 1368.3 1368.5 1368.3 1368.3 

ia i567 62 1367.0 1367.0 1367.0 

D 1365.3 1365.1 1365.5 1365.1 

7) 1360.8 1360.8 1360.8 1360.8 

E 1354.0 1354.0 1353.7 1354.0 
Table IV. Wavelength values of the fine struc- 


tures of the X-ray K absorption spectrum of 
cobalt in CoCl,-6H,O at various 
absorber thickness. 


eee 4.08 | 3.03x2 | 3.03x3 | 3.03x4 
mg/cm? | mg/cm? | mg/cm? | mg/cm? 

a | xu] oy oe e's X.U. 
K 1604.4 1604.4 1604.2 1604.4 

A 1602.5) 1602.3 1602.3 1602.0 

a 1599.9 1599.7 | 1599.3) 1600.2 

B 1599.3 1599.1 1598.6 1599.4 

B 1596.5 | 1596.7| 1596.7 1596.8 

Gc 1593.4} 1593.6| 1593.2 1593.5 

7 1590.5) 1590.5 1589.4 1589.8 

D 1589.5} 1589.7, 1589.5| 1589.5 

ri) 1585.6 | 1585.6) 1585.5 1585.6 

E 1580.2) 1580.4 1580.0 1580.0 
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A become larger with decreasing absorber 
thickness, and the small minimum a@ and small 
maximum B become indistict with increasing 
absorber thickness. In general in the regions 
of 40eV from the main edges the mass ab- 
sorption coefficients of maxima become large 
with decreasing absorber thickness. In the 
case of metallic copper the initial absorption 
Q is also greatly affected by the absorber 
thickness, and this initial absorption become 
indistinct with increasing absorber thickness, 
so that the percentage of the maximum ab- 
sorption jump A accounted for by the initial 
absorption Q is only true when the absorber 
thickness becomes infinitesimally thin. 

The wavelength values of these structures 
in this region are slightly affected. These 
thickness effects are more apparent when the 
main absorption jump are large. In the high 
energy region from the main edge the fine 
structures are not affected by the absorber 
thickness. As the suitable thickness of the 
absorber for the absorption spectra we must 
choose the thinner absorber when the absorp- 


Table V. Mass absorption coefficients of the fine 
structures of the X-ray K absorption spetrum 
of copper in metallic copper at various 
absorber thickness. 


Amount Fok ee Sa See Me ieee 
at 1382} cm?/g) cm?/g cm?/g' cm2/g|  cm2/g 
X.U. 37.6 37.6 36.61 | 37.2 8720 
Q 166 149 114 | 118 99 
A 295 282 = = a 
a 284 274 = = = 
B 306 300 296 294 293 
B 273 272 272 274 275 
Ct 30 309 308 305 | 306 
y | 284 | 283 286 286 288 
Dice 206. |, 296 296 294 294 
E 321 320 316 317 318 
F 306 305 306 305 303 
‘@ 268 | 270 267. 272 271 
y 284 284 286 286 285 
I S135 | B14 313 S130 33 
t 265 | 266 263 265 | 264 
SPAS ame 291 290 | 294 290 
L | 299 | 300 296 300 299 
“| (265 |, 266 263 265 264 
v 277 | 1 ae) 274 275 
N 288 287 | 283 286 287 
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Fig. 1. Mass absorption coefficients of metallic copper vis wavelengths. 
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Fig. 3. Mass absorption coefficients of CuSO,-5H.O vis wavelengths. 
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Fig. 4. Mass absorption coefficients of CoCl,-6H,O vis wavelengths, 
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Table VI. Mass absorption coefficients of the fine 
structures of the X-ray K absorption spectrum 
of copper in CuCl,-2H,O at various 
absorber thickness. 


Amount] sagem? | miglom? | miglom® | cmfem? 
at 1982 em/gcm/g Ss cmg mT g 
X.u. 46 46 | 46 4G 
ee) P= 148) Pon 2 dee 2-246 148 
A’ 154 = ao ae 
a 136 136 135 | 135 
B 139 139 a: ee 
B 120 121 121 | 121 
C 142 141 141 | 141 
D 137 136 137) | 137 
6 126 | 126 127. | 127 
E 137 136 137 137 
Table VII. Mass absorption coefficients of the fine 


structures of the X-ray K absorption spectrum 
of copper in CuSQ,-5H,O at various 
absorber thickness. 


Amount Lape ao ene | ieee 
at 1382 cm?/g cm?2/g cm?2/g cm2/g 
x.u. 222 22.4 22.8 22.5 
Me ald 108 107 | 106 

84 = = = 
B 85 85 85 85 
B 78 78 Te Me #220 
Cc 93 93 gg. 93 
D 93 93 93 93 
0 81 81 81 82 
E 87 87 87 87 

Table VIII. Mass absorption coefficients of the fine 


structures of the X-ray K absorption spectrum 
of cobalt in CoCl,-6H,O at various 
absorber thickness. 


Anout| gains | tt | inks | ts 
at 1610 cm4gi=Sscm/gh_—Ss cg) Ss cm*/g 
xu. | 540)coe541|° 54.1 54.0 
ne 163 159 155 154 
“TI fame "a ae 2 124 126 
B 116 116 =. 216 116 
eeois 185 135° | 138 135 
Mo 2186 | 386 |) 4186 136 
| lis 122 |° 192 122 

E | 130%) % 129 ned 
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tion spectra near the absorption edge are in- 
vestigated and the relatively thicker absorber 
when the extended fine structures are inves- 
tigated. It is evident that the thickness effect 


“is not due to the bonding type of the sub- 


stances in which absorbing element forms a 
constitute or the sort of the absorbing element. 
Perhaps it is true that the thickness effect is 
due to the spectral window of the spectro- 
meter as pointed out by Parratt.‘® In our 
spectrometer the resolving power is not so 
high due to the slit divergency and the pene- 
tration of the X-rays in the reflecting crystal, 
and moreover the X-ray focal spot used as a 
slit is not strictly a rectangular shape and it 
has a very weak tail due to the scattering of 
bombarding electrons and fluorescent excita- 
tions. In the case of the single crystal spec- 
trometer there is no difinition of the spectral 
window shape but in our tube spectrometer 
it is similar to that of the double spectro- 
meter. The thickness effect is due to the 
finite resolving power of the spectrometer and 
the enormous asymmetry of the shape of ab- 
sorption edge. This quite agrees with the 
conclusion mentioned by Parratt? and we will 
support their conclusion in our present experi- 
mental results. 


References 


1) R. de Kronigs, Zs; & Phys: 
75 (1932) 191. 

2) D. Coster and J. Veldkamp: Zs. f. Phys. 70 
(1931) 306, Zs. f. Phys. 74 (1932) 191. 
D. G. Doran and S. T. Stephenson: 
Rey. 105 (1957) 1156. 

3) A. Sandstrém: A Conference on the Applica- 
tions of X-ray Spectroscopy to Solid States 
Problems. 23-25 Oct., 1950. 

4) L. G. Parratt, C. F. Hempstead and FE. L. 
Jossem: Phys. Rev. 105 (1957) 1228. 

5) K. Tsutsumi, A. Hayase and M. Sawada: 
Jour. Phys. Soc. Japan 12 (1957) 793. 

6) D. Harker: Zs. f. Krist. A93 (1936) 136. 

7) C. A. Beevers and H. Lipson: Proc. Roy. 
Soc. A146 (1934) 570. 

8) Instruction Book for Installation and Opera- 
tion of Norelco: North American Philips 
Comp. Inc. New York. 

9) D. Coster and H. De Lang: Physica 13 (1947) 
379. 

10) K. Tsutsumi, A. Hayase and M. Sawada: 
Jour. Phys. Soc. Japan 12 (1957) 793. 


70 (1931) 317, 


Phys. 


JOURNAL OF THE PHysicaL SocteTy oF JAPAN Vol. 13, No. 1, JANUARY, 1958 


Studies on the Radial Distribution Analysis in Diffraction Methods 


Il. 


Effect of Non-nuclear Scattering and Analysis of the Radial 
Distribution Curve’ 


XK OK OK 


By Kinya KATADA 
The Institute of Polytechnics, Osaka City University, Osaka 
(Received August 20, 1957) 


An improved procedure is described for determining the molecular 
structures from electron diffraction data of gases by the radial distribu- 


tion method. 


By this procedure the structural data can be straight- 


forwardly obtained from the radial distribution function derived from 
the observed intensity data without any assumption on the structure 
and disregard of the effect of non-nuclear scattering. 

The radial distribution function derived here is the sum of the nuclear 
distribution function and the additional terms which have the same forms 


as the former. 


A method of the analysis of the radial distribution 


curve is developed by use of the moments of the distribution function. 
In addition, Karle and Karle’s procedure is discussed and errors in- 


volved there are estimated. 


$1. Introduction 


In the studies on the structures of gaseous 
molecules by electron diffraction the radial 
distribution method, which gives us directly 
much information on the structure, became 
more powerful in consequence of the advan- 
ces of experimental techniques and procedures 
of analysis. The ingenious procedure propos- 
ed by Debye” in 1941 and realized by Karle and 
Karle® in 1949 made clear the structures of 
various molecules. It was shown that the sine 
transformation of 


structure sensitive intensity = (observed total 

intensity/estimated background intensity)—1 
Cr) 

gave the radial nuclear distribution approxi- 
mately. In their procedure, of course, it is 
necessary to assume a structure model of the 
molecule in question, from which the intensity 
in the range of small scattering angle is cal- 
culated since the observed intensity data can 
not be used in that region. The validity of the 
approximation involved in their procedure, that 
is the disregard of the differences among the 
unitary scattering factors of constituent atoms 
in the range of moderate and large angles, has 
not been examined closely. It is, how ever, clear 


ke This paper was read at the Annual Meeting 
of the Physical Society of Japan, Tokyo, October 
1955. 
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The first paper in the series was presented 
by T. Ino in this Journal. See reference 1. 
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that a more rigorous treatment is now neces- 
sary for discussing details of the structure from 
the consideration of resent experimental ac- 
curacy. Recently Bartell, Brockway and Sch- 
wendeman® developed a refined procedure for 
analysis. They converted succesively the ex- 
perimental intensity to an intensity without 
non-nuclear scattering, which was then used 
in computing the radial nuclear distribution 
function. 

In this paper the author will present ano- 
ther improved procedure, by which the struc- 
tural data can be straightforwardly obtained 
from the sine transformation of the experi- 
mental intensity function without any assump- 
tion on the structure and disregard of the ef- 
fect of non-nuclear scattering. In §2 a radial 
distribution function which is convenient for 
the practical use is derived by considering the 
modifying effect of the atomic scattering fac- 
tor. In §3 a method of the analysis of the 
radial distribution curve is described. - 

In addition, errors involved in the Karle 
and Karle’s procedure are discussed in § 4. 


§2. A Radial Distribution Function 
The radial distribution function*** 7D(r) is 


0% In this paper, rD(r) is called the “ ‘radial dis- 
tribution function” for convenience and is mainly 
treated rather than 72D(7) or D(r), because 7(D)r 
possesses more advantageous mathematical pro- 
perties than 22D(r) or D(r). ‘See reference 5 or 
6. 
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given by Fourier sine transformation of the 
structure sensitive intensity function Js); 
that is 


sI(s)= i 4ny D(r)-sin sr dr 
(2) 


and 
GI) = 210) [° 519 me seria 


where s=(47/4)-sin (6/2), A=wave-length of 
electrons, 0=scattering angle and r=distance 
occurring in the aggregation of atoms. rD(r) 
may directly give us information on the struc- 
ture, whose physical meanings are different 
according to the type of J(s) used. 

In this paper the same type of the struc- 
ture sensitive intensity function as shown in 
Eq. (1) is adopted. If all atoms in the mole- 
cule are considered to be undergoing simple 
harmonic vibrations, the structure sensitive 
intensity function J%(s), which is directly 
derived from the observed data, may have 
the form”: 


sI*(s)= p> si®, y(s) 


ify >> 2L:Zj9i(S)bj(S) exp (=1is?s*) sin ST ij 
GD rs > Z7¢:7(s) 


(3) 
where 4:(s)=(Z:—Fi(s))/Z; = unitary atomic 
scattering factor of i-th atom for electrons, 
Zi=atomic number of 7-th atom, Fi(s)=atomic 
scattering factor of i-th atom for X-rays, ri; 
=equilibrium internuclear distance between 
i-th and j-th atoms, 2/;;2=average of the 
square of the deviation of distance from its 
equilibrium value 7;, and gs summation 


taken over all atomic pairs in the molecule. 
In Eq. (3), the term of the inelastic scattering 
is omitted, since this part may not be essen- 
tial to the discussion.* Let us define another 
structure sensitive intensity function J/*(s) as 
follows: © 


sl*(s)= > sitis(s) 
Gy 


as! 2Z1Z; exp (—i;?s?) sin sviy 
Dp) Vij py TA 


(4) 


This function may present the intensity with- 
out non-nuclear scattering. These two in 
tensity functions /*(s) and J*(s) respectively 
produce two kinds of the radial distribution 
functions: 


* See the footnote * in p. 53. 


7D*(r) =2 71d? (7) 
ij 


= (1/2095 \. sits p(s)+sin sr ds 
GD Jo 
“and 
1D*(r)= > rd(r Yes 
(ij) 
=(i)/277) 3) \. Siz, y(S)*Sin sr ds . (6) 
GH) Jo 


It is not rD%(r) but rD*(7) that gives us 
directly the ‘‘ radial nuclear distribution ’’. 

When the radial distribution function is 
computed by the transformation of experi- 
mental intensity function, the artificial tem- 
perature factor, exp (—a*s”), is often used in 
order to diminish the effect of terminating 
the intensity function. Thus, ~D%(r) is defin- 
ed as 


rD*(r) 
a aan)" exp (—a?s?)-s[?(s) sin sr ds . 
(7) 


The following expression of ,D*(r) may be 
suitable for further calculations: 


71D?(r)= > rd?,,.(r) = (1/27”) 
Ud. 

> [/ {omels)-+mls)} site(s) sinsrds, (8) 

U 0 
where 

M(S)= exp (—a’s*) 
and 
By) _ 
143) (S) 
pi(s);(s) mt? 

=| Sze 


mils)=| 1 exp (—a?*s*) (9) 


= 1 -exp(—a?s?). 

my(s) and mij(s) are called the ‘‘ modification 
functions’’». The former does not depend 
on the kind of atomic pair**, but the latter is 
characteristic of atoms 7 and j and modifies 
the peak shape of the radial nuclear distribu- 
tion curve in the different manner for each 
atomic pair. 

As mi;(s) does not depend on the configu- 
ration of atoms, it may be possible to express 
it approximately in terms of an appropriate 
function in advance. For example, if mi;(s) 


** The modifying effect of 2(s) on the radial 
distribution function has been already studied by 
several investigators. For example, see reference 
3 or 5. 
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is approximated as follows: 


mans= Si Aij,x EXP (—is,48”) , (10) 


abi gee) rdf, 5(r) = (8x9/2 S\ Z2)-} 
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as done by Bartell et al., then, it follows 
from Eqs. (8), (10) and (4) that 


p> [(2Z:Z5/r13)- Aiij,x(@ij,x?7 + Lig?)- V2- {exp [—(7 —1ij)?/4 (Gig 0? +1i;2)] 


—exp [-(7+755)7/4(ai,2+he)])} , 


where Ai;,9=1 and aij? =@ (the coefficient 
in the artificial temperature factor). The 
component k=0 is the radial nuclear distribu- 
tion function rD*(r) modified by the artificial 
temperature factor and the sum of compo- 
nents k=-0 is the additional term arising 
from the consideration of non-nuclear scatter- 
ing. The area of; under the peak of 


rdé,3(r) for each atomic pair is given as 
otis) = (4x 2 Ze) ++ (2ZiZ5)- 2 Ata 5» (12) 


being equal to ») Aij,z times ofij;), the area 
k=0 


under the peak of r2dé;)(r). 

An example is presented below for carbon 
tetrachloride. mcci(s) and mcici(s) are obtain- 
ed from values of the atomic scattering fac- 
tors Fc(s) and Fes) tabulated by Viervoll 
and Ogrim® and a?=(0.070/z2)A?, as shown 


Fig. 1. Curves of the modification function m;j(s) 
for carbon tetrachloride. 


in Fig. 1. By curve fittings the values of the 
coefficients in Eq. (10) are determined as 
follows* **: 
Acci1=90.30, Acicii1=—0.020, 
Acci2=9.23, Aciciz2=—90.015, 
Acci3=9.14, Acici3=—0.014, 


5 KS 
acci,2= acici,12=(0.17/2?)A?, (13) 


accl,22= acicl,2? = (0.42/77) A?2, 
acci.3?= @cici,3?= (3.5/2?) A? . 


* The values of Ajj. and aij, vary slightly 
when the inelastic scattering is taken into account. 

** Tt is the author’s experience that mi;(s) can 
be satisfactorily expressed by two or, at most, 
three terms of Gaussian functions. 


(11) 
In Fig. 2 components of Eq. (11) are illustrat- 
ed which are calculated by using 7cc) =1.77A, 
reic! =2.88A (regular-tetrahedral structure), 
lec? = Icic=(0.030/z?) A? and the values of 
Aij,x and aij,.2 given above. It is shown that 
the contributions from the additional term 


(A) ] 


0:05 


0-20 


O15 


O10 


0:05 


3-0 


2:0 5 5 
TA) 
(b) 

Fig. 2. rdcfy(r) and their components (dushed 
line) for carbon tetrachloride: (a) 4-rdguy(7) 


and (b) 6-7rdtoy(r). 
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(sum of the components k=1, 2 and 3) are 
considerably large for C-Cl pair but small 
and negative for Cl-Cl pair. These behaviours 
are characteristic of the constitution of the 
compound. 

The radial distribution curve computed nu- 
merically from the experimental intensity 
data by Eq. (7) is expressed in terms of un- 
known parameters 7i;, Ji;2 and 72 by Eq. 
(11). Therefore, it is possible to determine 
these parameters by analysing the curve. 
The method of ‘‘trial and error’’ for the 
analysis usually used is applicable in this case, 
but the author will show another method in 
the next section. 


A Method of the Analysis of the Ra- 
dial Distribution Curve 


§3. 


It is always necessary in the radial distri- 
bution method to analyse the obtained distri- 
bution curve. Some hunches of the radial 
distribution curve are composed of peaks for 
several distances, when the molecule posses- 
ses nearly equal equilibrium distances or the 
effective artificial temperature factor is used 
in order to diminish what is called the ‘“‘ dif- 
fraction effect’’. The direct method of re- 
solution without any assumption on the struc- 
ture is desirable. Investigators, however, de- 


(Volts: 


composed the composite peaks with some in-_ 


troductory knowledge about the structure”. 
A procedure for the determination of unknown 
parameters 7i;, ij? etc., or the decomposition 
of composite peaks into the components with- 
out any assumption on their approximate 
values is briefly described below. 

The n-th ‘‘moment’’ of the radial distri- 
bution function rD(7), defined by 


m= |" 7y”-¢D(r)dr , 
(n=0, i 2; 22+) ’ (14) 


may be useful when the distribution function 
has the Gaussian form, because integral in Eq. 
(14) can be performed and an algebraic func- 
tion is derived. ; 

As rD(r) is the odd function and the mo- 

ments of even order vanish certainly, it is 
advantageous to omit the second term of 
rD(r), the term exp [—(r+71;)?/4(@ij,.2 +137]. 
Then, for such a radial distribution function 
as shown in Eq. (11), moments are obtained 
as follows: 
The moments of the lower order can be easi- 
ly calculated by the usual numerical integra- 
tion from the radial distribution function 
obtained experimentally. Thus, the unknown 
parameters may be determined by solving the 
above simultaneous equations. 


Mo= (40 XZ)? > (22:2) 2 Ais )/ris) , 


tj) 


n= (40 3S Zi)? DS (22i:Z; S Aaj, x] , 
t ij) k=0 


bo= (4a Dy Ze) * Z1(2ZiZ; S Aie)rist+4ZiZ; & Aii5,n(@ij,n?+i;?)/rig] : 
t i c= =0 


(15) 


bs= (470 >) Zi?)-! a leZiZ; & Ais,n)Vis + 12ZiZ; YS Ag lay 2+h;)] , 
i i c= k=0 


eee eee ee ee eee meow we ewe 


In order to examine the usefulness of this 
method an arbitrary model is set up as fol- 
lows: vaBp=1.50A, Jap?=0.0010A", ZaZp_=150, 
rcp=1.70A, Ilcp?=0.0030A? and Ze Zp = 300. 
Fig. 3 shows the ,D*(r) curve obtained from 
this model with the values of Ajj, and a@ij,x? 
given in the previous section. Now, the four 
moments /, /2, “3 and 4 are calculated 
from this 7D%(r) and the simultaneous equa- 
tions are set up, regarding 7ap, /aB?, “cp 
and /cp? as unknown. The approximate 
values of them are obtained by solving the 


* For example, see reference 9, 


equations and the correct values of them are 
finally determined by the method of least 
ih ae in such a way that the best fit. is 
obtained between the curve in Fig. 3 and 
that calculated by Eq. (11) with the obtained 
values. The final results are rap=1.50)A, 
Fete ras rcp=1.70)A and Icp?=0.0030, 
2 

Another test is also carried out for the 
case where a peak in the radial distribution 
curve is not known to be single or composite. 
rD*(r) curve is drawn by the use of one 
kind of atomic pair (rap=1.50A, Jap?=0.0010 
A? and ZaZp=150). Even if this peak of 
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rD*(r) is assumed to be a composite peak of 
two kinds of atomic pairs, (7, 12 and (ZZ);) 
and (72, /,2 and (ZZ).), the procedure men- 
tioned above leads to such results as 7,=/, 
=rap, /P=1.?=],p? and (ZZ): +(ZZ)2=ZaZp. 


Fig. 3. The radial distribution curve 7D?(7) 
obtained from an arbitrary model. Dushed line 
shows the individual peaks for each distance. 


It may be worthwhile to note here that the 
procedure of solving the simultaneous equa- 
tions when rD*(r) is taken as the radial dis- 
tribution function in Eq. (14) is no more trou- 
blesome than that when rD*(r) is taken, be- 
cause values of Ai;,x and aj,x? are known. 


Errors due to the Partial Disregard 
of the Differences among the Unitary 
Scattering Factors of the Constituent 
Atoms 

Since Karle and Karle’s work®, many inves- 
tigators have analysed the molecular struc- 
tures, assuming that ¢:(s) ~ ¢,(s) in the range 
of moderate and large scattering angles (s > 
So) and hence such a radial distribution func- 
tion as 


rD°(r) =(1p2n2) |” si7(s):sin sr ds 


+\" 


0 


§4. 


sI*(s)-sin sv as (16) 
is approximately equal to rD*(r). In this sec- 
tion the deviation of rD*%(r) from rD*(r) will 
be estimated. 

Let us consider carbon tetrachloride again, 
which has the same structure as shown in 
n §2. From this model the intensity func- 
ions J*(s) and /*(s) are calculated and then 
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three radial distribution functions rD*(v), 
rD\(r) and rD*(r) are obtained by means of 
the punched-card method™ with a?=(0.070/z?) 
A?. These are shown in Fig. 4 together with 
the differences among them. In the compu- 
tation of rD%(r), sI*(s) is connected to sJ*s) 
at the point sys=zA-!*. Fig. 4 shows that 


Fig. 4. Computed radial distribution curves and 
differences among them for carbon tetrachloride 
in the same longitudinal scale. Curve (A) is 
7D? (r), (B) 7rD°%(r), (C) rD2(r), (D) 47D? (r)= 
7D? (r) — rD2(r) and (E) drD*(r)=rD*%(r) — 
rD*(r). The lowest curve is 47D°%(7) calcula- 
ted from eq. (19). 


both ,D%r) and rD*(r) deviate appreciably 
from rD*(r) and the areas under the peaks 
of rD%(r) and rD*%(r), especially for C-Cl pair, 
are not equal to those of rD*(r)**, but the 
positions of the maxima of the peaks agree 
satisfactorily with each other. Moreover, it 
is to be noted here that rD*(r) has ripple 
along the base line. 

Now, the deviation 47D°(r)=rD°(r)—rD*(r) 


“* The manner of the connection in the vicinity 
of sp has little influence on the resultant 7D°(7). 
** From (13) the factors >) Ajj,x in (12) are 
k=0 
1.57 and 0.95 for C-Cl and CI-Cl pairs, respective- 
ly. 
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is considered from such a standpoint as de- 
scribed in §2. It followed that 


4rD(r) => Ard (jr) 
U 
= (1/222) =|. GES Sera GF 
ij) 8 


Therefore, 4vd?%i;)(r) depends on the value of 
mij(s) in the range s> so. If mij(s) in sZ2 So 
is roughly fitted as 

(18) 
then 4rD*%(r) is approximately obtained as 
follows: 


mi;(s)= Bi; exp (—buajs) , 


4r Dr) = > Ard iis(r) 


= (47? >) Zee S| OZZ sr) - Bij exp (—bi5Sp) 
a ij 


. a. COS So(¥—715) — (1-715) 8iN See 
bipt(r 715)? 
(19) 
Maximum of the deviation 47d%;)(r) appears 
at the equilibrium distance 7; and its value 
Arisdcisy(viz) Varies inverse-exponentially with 
So- 

In practice, the ratio of AnijsrisdCijy(7i3) OF 
ArijD(ri3) to nisrigdiisy(7i3) may be suitable 
for the estimation of error in the peak of 
atomic pair (ij), where mi; is the number of 
atomic pairs having an equal equilibrium dis- 
tance. It follows approximately that 


Aris ci5y(ri3)/ Psd o3)(Ve3) 
= (272-/?)- (a Bij/bi3)-exp (—disSo) , 
and such a relation as 


AriyD(rij) < (An? ms Z2)71 = (2ZuZylrvy) 
u) As fe 


(20) 


buy lrg res) (21) 
bang? + (K45— erg)? 
is useful for the approximate calculation of 
Arij3D°(rij)/nisrisd Gis)(vij), because rough estima- 
tion of unknown /7i-;, may be permissible. 
Of these two ratios, the latter is related to 
the case where the effect of neighbouring 
peaks is considered and must be adopted 
when some neighbouring peaks have the lar- 
ge deviations of mi;(s) from zero and the 
large scattering powers. These estimations 
of errors seem to be useful in choosing the 
value of sy for the compound in question in 
the case where 7D%(r) is adopted in place of 
rD*(r). 

For carbon tetrachloride, Bcci=0.86, Beici 


- | Birye| exp (—bir5-Sp) 


(Vol. 13, 


= —(.065 and bdcci =bcici=(0.85/7)A and some 
results obtained from Eqs. (20) and (21) are 
listed in Table I. In the calculation of 
ArisD°(ris)/migsrgdan(ris), Values of ij are 
roughly estimated as follows: 7cc1=1.8A and 
y=2.9c1ic.A. The lowest curve in Fig. 4 is 
the one obtained from Eq. (19) and agrees 
satisfactorily with the curve (E). 


Table I. Some results obtained from Eqs. (20) 
and (21) for carbon tetrachloride. 


| Arash 5743) | Aris D°(ri3) 
a | - readers) — | mass api) 
for C-Cl | for CI-Cl | for C-Cl | for CI-Cl 
pair pair pair /)))|0* paineee. 
1.OnA=1) 18 wy 1% 1a eee 2.6% 
1.51 8.4 —0.6 | 2.0 ibeis 
2.0n 5.0 —0.4 5.9 is! 
2.51 3.6 —0.3 iio! 0.7 
3.0n 4 Mord | Pee 0.5 


§5. Discussion 


There are many cases where the radial dis- 
tribution function rD*%(r) used by many inves- 
tigators has the appreciable deviation from 
the correct nuclear distribution function 
vD*(r) as described in §4. For example, the 
peak height for C-Cl pair of carbon tetrachlo- 
ride varies by 15~10% of it when the cal- 
culated intensity function J#(s) is connected 
to the experimental one /*(s) at s=3 ~5A7-1. 
In the ‘‘ correlation’’ method the experimen- 
tal intensity is usually compared with the 
calculated intensities with constant coefficients 
Z: in place of (Z:—Fi(s)). These procedures 
in which the differences among ¢i(s) of the 
constituent atoms are partially disregarded 
make uncertain the measurements of the 
mean square amplitude of vibration and the 
distances for atomic pairs with the weaker 
scattering powers. Therefore, the reliability 
of the results obtained in the past should be 
examined closely. 

If the structural data obtained from such 
yD*%(r) are correct or closely approximate, it 
may happen that some errors in the observed 
total intensity or in the estimated background 
intensity compensate for the deviation of 
rD°(r) from rD*(r). In the latter case it 
seems that an incorrect background intensity 
is intentionably determined in order to obtain 
such a structure sensitive intensity that gives 
rD*(r). If so, the consequent background line 
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should fluctuate, at least, in the case of car- 
bon tetrachloride. Moreover, it is doubtful 
whether such conversion of 7D*(r) into rD*(r) 
can be performed uniquely only by the cri- 
terion for the estimation of the background 
intensity given by Karle and Karle!, because 
it is only a necessary condition that the nu- 
clear distribution function must be non- 
negative everywhere. 

Recently Bartell ef al.) discussed on the 
uncertainty of the results due to neglect of 
the valiability of mmi;(s) with s and developed 
a refined procedure which compensated for 
the interference arising from non-nuclear 
scattering. They converted successively /*(s) 
into Js), starting with values of vi; and 
l:;?> obtained trom rD*r). Their procedure 
may be easy of access, but there remains 
the necessity of assuming a structure model 
and there may be some questions about the 
convergency of the successive approximation. 

The Norwegian school!» took into account 
the effect of non-nuclear scattering as it is. 
Consequently the radial distribution curve is 
intricate and its analysis becomes trouble- 
some. 

In the procedure described in this paper 
the interference effects arising from non- 
nuclear scattering are partially compensated 
by deviding the total scattered intensity by 
the background intensity as done by the 
American school, and the residual effects are 
taken into account with the consideration of 
the differences among the unitary scattering 
factors of the constituent atoms. Therefore, 
the comparably small additional terms are 
only supplemented to the radial nuclear distri- 
bution function. Furthermore, the additional 
term has the Gaussian form which is similar 
to the radial nuclear distribution function 
modified by the artificial temperature factor 
and hence the analysis of the distribution 
curve becomes little complicated. 

Another advantage of the procedure is the 
fact that the observed intensity data can be 
used up to the range of smaller scattering 
angle. Therefore, no structure model need 
be assumed from which the intensity is cal- 
culated in that region. The assumption of 
the model is difficult in the case where the 
material has the complicated structure. The 
author prefers to abolish the presumption on 
the structure in the radial distribution method. 
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In the neighborhood of the diffraction center, 
however, it is difficult not only to measure 
the diffracted intensity but also to estimate 
the background intensity. The extrapolation 
method which will be presented in the follow- 
ing paper may be easily adopted to make up 
the absence of the structure sensitive intensi- 
ty in the range of very small angle. 

The modification function mi;(s) can be 
obtained from the chemical constitution of the 
compound and the values of the atomic scat- 
tering factors without any knowledge about 
the atomic configuration. However, in the 
range of very small angle there remains 
some uncertainty in the values of the elastic 
and inelastic scattering factors and hence it 
may be difficult to obtain mij(s) correctly in 
that region. However, the behaviour of 
mij(s) in the inner-most region of s gives 
only very small and flat contribution over the 
wide range of vy on the radial distribution 
function. Therefore, such an approximation 
as shown in (13) may be practical and the 
values of of;;) obtained with values of Ai;,x 
in (13) agree satisfactorily with those of areas 
under the peaks of 72D%(r) derived from 
rD%(r) in Fig. 4. 

The advantage of the method of the analy- 
sis of the radial distribution curve described 
in §3 is the fact that the structure data can 
be obtained by this method without any in- 
troductory knowledge about the structure. 
Therefore, the method is very powerful when 
the kind or number of atomic pairs coming 
in a composite peak is unknown. As the me- 
thod is especially easily applicable to the de- 
composition of the peak composed of small 
number of components, it is desirable to de- 
vide the whole radial distribution curve into 
some parts mutually isolated if possible and 
apply it to each part. When the numerical 
integration is performed for lower order mo- 
ments (7 < 4), it is permissible to cut the in- 
tegral range at the arbitrary points on the 
both feet of the peak. 

At the end it is noteworthy that such a 
treatment as described here is able to be ex- 
tended by some proper considerations to the 
cases of liquid and amorphous solid in which 
halo patterns are obtained by the diffraction 
of X-rays or electrons. 
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Uniaxial Anisotropy in Iron-Cobalt Ferrites 
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The uniaxial anisotropy induced by the magnetic annealing in both 
single and poly-crystals of iron-cobalt ferrites has been studied experi- 
mentally. It is shown that the magnitudes of the uniaxial anisotropy 
depend essentially on the degree of oxidation of the specimens and _ be- 
come almost zero after deoxidizing heat treatments. Contrary to the 
conclusion by Bozorth et al., the dependence of the magnitude of the 
uniaxial anisotropy on the direction of the annealing magnetic field is 
observed for a cobalt rich single crystal, showing a maximum along 
<100> and a minimum along <110> in (001) plane. Relaxation behaviour 
of the uniaxial anisotropy is studied by measuring directly the change 
of torque at high temperatures (240°C~350°C) with a polycrystalline 
cobalt ferrite. It has been found that the results can be described by 
a simple empirical formula, supporting that the magnetic annealing effect 
has no critical temperature. The variation of electrical conductivity with 
temperature has also no anomaly at the effective temperature range. 

Considering all the experimental results obtained, we have reached the 
conclusion that the uniaxial anisotropy in these ferrites is due to the 
presence of directional short range order among various cations and 
cation vacancies in the spinel matrix. The nearest neighbour pair of a 
cobalt ion and a vacancy seems to play a pfincipal role in this mechanism. 


§1. Introduction 


It is well known that certain ferromagnetic 
materials respond to heat treatment in a 
magnetic field. When they have been annealed 
in a magnetic field in a certain temperature 
range, they get a uniaxial anisotropy with 


a stable direction parallel to the annealing 
field. Iron-nickel alloys, alnico V,” copper- 
cobalt alloys,*» and magnetite are typical 
examples. In the case of iron-nickel alloys 
the magnetic annealing effect is well accounted 
for by the mechanism of the directional short 
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range order and in the case of alnico V by the 
formation of oriented precipitates. 

The magnetic annealing effect in the iron- 
cobalt ferrits was first found by Kato and 
Takei in 1933. Since then, Kawai®, Naka- 
mura”, Sugiura®, Guillaud®, Bozorth et al. 
and H. J. Williams et al.) have made many 
interisting studies from various points of view. 
Especially Bozorth et al. have performed the 
study on single crystals of these ferrites and 
clarified various characteristics of this effect. 
But the conclusive theoretical interpretation 
does not seem to be given by them. 

Since 1951, we have also been engaged in 
experimental studies of this problem and 
reached the conclusion that the uniaxial an- 
isotropy originates in the directional local order 
among cobalt ions and cation vacancies in the 
ferrite crystal’. The present paper reports 
the principal parts of the studies concerning 
the uniaxial anisotropy of the iron-cobalt fer- 
rites. The experimental study of the phase 
diagram of iron-cobalt-oxygen system was 
published already?®, 

In § 2, the ways of the preparation of various 
specimens used are described. In §3, the 
results of the experimental study for the uni- 
axial anisotropy constants of the polycrystal- 
line specimens are described. It is shown 
that the magnitude of the constants depends 
strongly on the degree of oxidation of the 
specimens. Magnetostriction curves of these 
specimens at each degree of the oxidation are 
also shown. In §4, the details of the magnetic 
study carried out on single crystals are pre- 
sented. In §5, the results of the study on the 
relaxation of the induced uniaxial anisotropy 
of cobalt ferrite are shown. In §6, the ex- 
perimental results on the variation of the 
electrical conductivity of the iron-cobalt fer- 
rites with temperature are presented. In §7, 
a possible mechanism of the uniaxial aniso- 
tropy in iron-cobalt ferrites is presented. 
Lastly in §8, several of other mechanisms 
proposed for the uniaxial anisotropy of these 
ferrites are discussed together with the pos- 
sibility of the presence of similar effects in 
other ferrites. 


§2. Preparation of the Specimens 


Both polycrystalline and single crystal speci- 
mens were used. 
The polycrystalline specimens were prepared 
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by the usual ceramic techniques: calcination, 
milling, pressing and firing. The starting 
oxides were prepared by “ nitric acid method ”, 
i.e., dissolving the mixture of constituent 
metals in the desired proportion in conc. 
HNO;, drying the solution with an infra-red 
ray lamp and heating at about 800°C in air to 
remove the nitrogen. The proposed composi- 
tions of metals were r=0.000, 0.083, 0.167, 
0.250, 0.333, and 0.417, where 7 stands for the 
atomic ratio Co/(Fe+Co). 

The firings, i.e., the heat treatments after the 
pressing, were made according to the phase 
diagram established by one of the authors!. 
The heat treatments were made in an air 
tight alumina tube. The phase diagram is 
reproduced in Fig. 1. In the figure, the region 
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Fig. 1. Phase boundaries of Iron-Cobalt oxides 
with various metallic compositions. Each solid 
line indicates the boundary corresponding to 
each metallic composition, by which spinel phase 
field (lower) is separated from two phase field 
with hematite and spinel (upper). 

Broken line indicates the partial pressure of 
CoO vapour decomposing from the spinel matrix. 
Below this critical pressure, active decomposi- 
tion of CoO vapour from the spinel matrix 
occurs. 


in which spinel phase is stable in common to 
all the compositions now studied is hatched. 
We prepared several sets of specimens with 
the various compositions mentioned and the 
firing was made to each set of specimens 
simultaneously. It was an annealing for thirty 
minutes at 1400°C in oxygen of about 50mm 
Hg and the following slow cooling in the 
hatched region (during cooling the pressure 
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of oxygen was controlled). The firing by this 
program is refered as heat treatment “S”, 
for convenience in the present report. 

It is remarked that below 800°C the oxygen 
pressure required in this heat treatment be- 
comes lower than the lowest limit obtainable 
with our apparatus. However, as concluded 
before and is confirmed again by various mea- 
surements in this report, a simple extrapola- 
tion of the phase diagram shown in Fig. 1 is 
considered to be still valid below 800°C. Ac- 
tually the electric and magnetic properties of 
the specimens were found to be affected to 
some extent by a slight change in conditions 
of vacuum below 800°C. 

Polycrystalline specimens used in torque 
measurements were discs of 14mm in dia- 
meter and of 1mm in thickness, and those 
used in electrical conductivity measurements 
were square rods of 4mmx4mm 25mm in 
size. 

Single crystals used were grown from the 
melt in a platinum crucible in air. Measure- 
ments were made on two cobalt rich single 
crystals one of which had a mixing composi- 
tion of y=0.253 and cut in a sphere of 2.75 mm 
in diameter and the other had a composition of 
r=0.283 according to chemical analysis and 
cut in a (001) disc of 6.00mm in diameter 
and of 0.70 mm in thickness. 

Preceding the measurements, heat treat- 
ments were also applied to these specimens 
according to the phase diagram. 

§3. Uniaxial Anisotropy and Magnetostric- 
tion in Polycrystals 


The magnitudes of the uniaxial anisotropy 
induced by the magnetic annealing were mea- 
sured for the disc-shaped polycrystalline speci- 
mens by a torque-meter. 

It was found by preliminary measurements 
that the uniaxial anisotropy constants induced 
by the magnetic annealing depend strongly 
upon the degree of oxidation of the specimens. 
Fig. 2 shows the results. Curves from (1) to 
(7) illustrate the variation of the uniaxial 
anisotropy constants of a set of specimens 
caused by applying various heat treatments in 
a vacuum successively. The magnetic field 
applied was about 4000 Oe and it was applied 
in each time perpendicular to the direction of 
the magnetic field applied in the preceding 
heat treatment so as to eliminate the influence 
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of the preceding magnetic annealing. 

The results show that the uniaxial anisotropy 
in these ferrites which is induced by the 
magnetic annealing decreases considerably by 
repeating heat treatments in a high vacuum 
and is almost zero in the most deoxidized 
state. It seems certain that the dependence 
of the magnitude of the uniaxial anisotropy on 
the rate of the cooling is not so distinctive. 
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Fig. 2. Change of uniaxial anisotropy of an iron- 
cobalt ferrite series caused by applying various 
heat treatments in a vacuum successively. The 
heat treatments are as follows. 

(1): The specimens after heat treatment ‘‘S’’ 
were heated up to 750°C in a vacuum and 
quenched from this temperature in a vacuum 
with an applied magnetic field. 

(2): again heated up to 750°C in a vacuum, 
cooled slowly with an applied magnetic field. 

(3), (4): heated up to 750°C in a vacuum, 
cooled to 260°C in (3), and from 750°C in (4). 

(5): heated up to 250°C in a vacuum, and 
cooled with a magnetic field. 

(6), (7): heated up to -750°C in a vacuum, 
kept 24 hours in (6), and 56 hours in (7), and 
cooled in a magnetic field. 


It should be mentioned that the change in 
weight of the specimens after these heat treat- 
ments could not be detected (probably less 
than 0.5%) and x-ray study confirmed spinel 
structure_of the specimens even in the most 
deoxidized state. 

Then, starting from specimens in the most 
deoxidized state, the recovering process of the 
uniaxial anisotropy was observed, Another set 
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of specimens with a series of composition +, 
identical to the former, were annealed for five 
hours at 1000°C in a high vacuum and then 
cooled slowly with an applied magnetic field. 
The anisotropy constants measured after this 
treatment are shown by curve (0) in Fig. 3 (a). 
Then, seven oxidizing heat treatments were 
performed in succession on these specimens. 
The first six treatments were the annealings 
at 400°C for four hours in oxygen of various 
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Fig. 3(a) Change of the uniaxial anisotropy of an 
iron-cobalt ferrite series caused by applying the 
heat treatments in various oxidizing conditions. 
The heat treatments, applied successively, are 
in turn as follows. 

(0): Specimens were annealed for five hours at 
1000°C in a vacuum and cooled with an applied 
magnetic field. 

(1); (2), (6): annealed for four hours at 
400°C in oxygen at the pressure indicated in the 
figure, and cooled in a magnetic field. 

(7): annealed at 500°C in oxygen at 763mm 


Hg. 


ee eee 


pressures. The results were shown in Fig. 3 
(a) by curves (1) to (6). The pressures of the 
oxygen gas in the successive heat treatments 
are 0.7, 1.7, 6.4, 28, 160, and 765 mm Hg, res- 
pectively. The last heat treatment, corres- 
ponding to curve (7), was an annealing at 
500°C in oxygen at 763mmHg. In these 
cases also, the directions of the applied magne- 
tic field were always chosen to be perpendicular 
to that in the foregoing heat treatment. The 
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results are replotted in Fig. 3 (b) against the 
pressure of oxygen atmosphere during the 
heat treatments. 

From these measurements it is confirmed 
that the uniaxial anisotropy in these ferrites 
are essentially influenced by the degree of oxi- 
dization of the specimens and it increases al- 
most monotonously as the degree of oxidation 
increases. 

According to Fig. 1, the final equilibrium 
state of these specimens in every’condition of 
the above heat treatments is undoubtedly 
a mixture of hematite and cobalt rich spinel 
(probably nearly stoichiometric cobalt ferrite). 
However, it should be pointed out that the 
oxidization of the ferrite containing divalent 
iron ions progresses at low temperatures 
frequently with little precipitation of a@ 
hematite but the increase of cation vacancies 
in the spinel matrix. Therefore, it is also 
certain that the oxidization in the above heat 
treatments progresses to some extent in the 
spinel matrix itself with the associated increase 
of the cation vacancies. The detailed discus- 
sion will be given in §7. 

Together with these measurements of the 
anisotropy constants, measurements of the 
magnetostriction of these specimens were car- 
ried out at each stage of oxidization by an 
optical lever method. The measurements were 
performed on both longitudinal and transverse 
magnetostriction in both settings at which the 
applied magnetic field is parallel and perpen- 
dicular to the direction of the annealing 
magnetic field. The results at typical four 
stages for each specimen are shown in Fig. 3 
(c). The abscissa in Fig. 3 (c) does not indi- 
cate the effective field but the applied external 
magnetic field. 

Here, the magnetizing characters of these 
specimens are discussed shortly. According 
to the measurements performed on single 
crystals by several authors, the variation of 
the three major constants Ay, Aioo, and Ain 
with the composition in iron-cobalt ferrites are 
as follows: K, is about —1x10° in magnet- 
ite, changes sign with slight addition of 
cobalt ferrite (below one percent)', and in- 
creases steeply to about 4 x 10° in cobalt ferrite; 
Aiwo is about —2x 10-5 in magnetite, increases 
its absolute value steeply to —6 x10-‘ in cobalt 


ferrite; and 211 is about 8x 10-° in magnetite, 


- increases slowly to about 1x10-* in cobalt 


62 S. IrDA, H. SEKIZAWA and Y. AIYAMA (Vol. 13, 


x 104 


\SiGeayetettaca 34 763mm | 


at 500°C 
a) 


in ergs per gram 
° 
phe BS 


anisotropy 
on 
as 


Uniaxial 


| 10 100 1000 
Pressure of oxygen in mmHg 


Fig. 3(b). Change of the uniaxial anisotropy of an iron-cobalt ferrite serie with the pressure of 
oxygen at which specimens were annealed for four hours at 400°C successively. The points on the 
rightest side indicate the values after annealing at 500°C with the pressure of oxygen at 763mm Hg. 
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Fig. 3(c). Change of magnetostriction curve of iron-cobalt férrites caused by applying various heat 
treatments successively to the specimens. The notations I!|-L and I!1-T or 1-L and L-T mean 
longitudinal and transverse magnetostrictions in each setting at which the applied magnetic field is 
parallel or perpendicular to the direction of annealing magnetic field. The pressure of oxygen in 
the preceding annealing at 400°C is indicated in each unit figure. 
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errite. All curves in Fig. 8 are explained 
vell by these variations of the constants. The 
arge change of the magnetostriction curves 
rom r=0 to r=0.083 corresponds clearly to 
he change of the sign in Ky. All longitudinal 
nagnetostriction curves of the specimens con- 
aining cobalt have positive slopes in high 
ield range. It indicates the presence of the 
Ositive magnetostriction constant 2. It 
should be pointed out that in spite of the fact 
hat large uniaxial anisotropy is present, the 
lirection of the magnetization of each domain 
eems to be aligned not so much parallel to 
he direction of the annealing magnetic field. 
This conclusion can be deduced from the fact 
hat the magnetostriction does not become so 
mall in the setting at which the applied mag- 
1etic field is parallel to the annealing magnetic 
ield. From this view point, it should be also 
ointed out that the cubic anisotropy predo- 
ninates especially in r=0.333, i.e., stoichio- 
netric cobalt ferrite specimen. 
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Fig. 4. Torque curves in (100), (110), and (001) 
planes of a spherical single crystal (Co/(Co+ 
Fe)=0.253) after cooling in a magnetic field 
along [001]. 


4. Uniaxial Anisotropy in Single Crystals 
of Cobalt Ferrite 


A spherical single crystal specimen with the 
roposed composition r=0.253 was heated up to 
00°C in oxygen of about 1~2mmHg and 
ooled with a magnetic field of about 6000 Oe 
pplied along [001] direction. The torque 
urves of this single crystal in (100), (110) and 
01) planes are shown in Fig. 4. It shows 
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clearly the presence of the uniaxial anisotropy 
with the easy direction along [001] superposed 
on the usual cubic crystal anisotropy. 

Next the dependence of the magnitudes of 
the uniaxial anisotoropy on the direction of 
the annealing magnetic field was studied by 
using another single crystal of (001) disc, hav- 
ing a composition y=0.283. After the prepara- 
tion, it was annealed for two days in air at 
about 750°C in order to get a sufficiently oxi- 
dized state. Then it was heated up to 400°C 
in air and cooled slowly with an applied mag- 
netic field. The treatment was applied re- 
peatedly with the annealing magnetic field 
along various crystal directions in the (001) 
plane. The torque curve for the specimen 
with the annealing magnetic field applied along 
[100] is shown in Fig. 5, together with the 
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Fig. 5. Torque curves for a (001) disc of cobalt 

ferrite after cooling with and without a mag- 
netic field along [100]. 


one without the annealing magnetic field. The 
torque curves with the anealing magnetic field 
applied along other directions than [100] were 
very complicated. The magnetic field of 17000 
Oe applied at the torque measurements was not 
sufficient to obtain a saturated magnetization. 

The influence of the higher order harmonics 
can be reduced in the magnetic energy curves 
which can be obtained from torque curves by 
integration. Several of these curves are shown 
in Fig. 6. The uniaxial anisotropy constants 
were calculated from these curves by using 
certain approximation techniques. The proce- 
dures are given in Appendix. 

From these analysis it can be concluded that 
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an expression of the magnetocrystalline energy 
in (001) plane of the type: 

E= Kk, sin? 6 cos?6+Kysin? (@—Or) (1) 
is also applicable in this case, where @ is the 
angle of the direction of the magnetization 
from [100], and 07 is the angle of the direc- 
tion of the uniaxial anisotropy from [100]. It 
was found in every case that the direction of 
the uniaxial anisotropy coincided with that of 
the annealing magnetic field within several 
degrees. 

The expression given above is the same as 
that proposed for cobalt-zinc ferrite by Bozorth 
et al. However, being different from their 
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Fig. 6. Effect of magnetic anneal in various 
directions in (001) plane taken for a (001) disc 
of cobalt ferrite. Energy curves are illustrated 
and the direction of annealing magnetic fields 
is indicated by an arrow. 
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Fig. 7. Uniaxial anisotropy constant of cobalt 
ferrite plotted against the direction of annealing 
magnetic field in (001) plane. 
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results, our value of K,, was dependent on the 
direction of the annealing magnetic field. (The 
value of K, was about 210* ergs/gr.*). The 
results are shown in Fig. 7. It is shown that 
<100> is the most effective direction for the 
magnetic annealing, while <110> the least et- 
fective in (001) plane. This variation of the 
magnitudes of the uniaxial anisotropy with 
the direction of the annealing magnetic field 
is smaller than that which is predicted by 
Néel’s theory but larger than that which is 
calculated by Taniguchi. There are some 
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Fig. 8 (a), (b). Uniaxial anisotropy of a cobalt 
ferrite at liquid air temperature as compared 
with that at room temperature. (a) shows the 
torque curve in the (001) plane, and (b) shows 
the variation of maximum torque with the 
strength of applied magnetic field in the mea- 
surements. 


ambiguities about the measurements along the 
directions near [110] in Fig. 7. The annealing 
magnetic field of about 7000 Oe is not suffi- 
ciently large to saturate the magnetization 
completely along these directions. 

The uniaxial anisotropy constant increases 
steeply as the temperature is lowered. Figs. 
8 (a) and (b) show the results. Fig. 8 (a) shows 
the torque curves at 25°C and —183°C of the 


* Ke of about —1.5x10® ergs/gr was observed 
for a (111) disc specimen with 7=0.333 made by 
flux method. 
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001) disc specimen after annealed with a mag- 
etic field applied along [010]. Fig. 8 (b) 
hows the variation of the maximum value 
yf the torque with the intensity of the applied 
nagnetic field in these measurements. As can 
ye seen, at —183°C, saturation of the magneti- 
ation has not been attained by the magnetic 
ield applied. 

Lastly, the specimen was annealed at 750°C 
or one day in a high vacuum and cooled with 
ind without applied magnetic field along [100]. 
[he results are shown in Fig. 9. In accord- 
ince with the result for the polycrystalline 
specimens, the magnitude of the uniaxial ani- 
otropy reduced to almost zero by this vacuum 
reatment. 
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Fig. 9. Torque curves of a cobalt ferrite single 

crystal after annealing in a vacuum, showing a 

remarkable decrease of the magnetic annealing 


effect. 


Relaxation Character of the Uniaxial 
Anisotropy 


It is well known that the magnetic anneal- 
ng effect shows magnetic relaxation pheno- 
nenon in its effective temperature range. 
Jur experiments were performed on a disc- 
shaped polycrystalline cobalt ferrite by a 
orque-meter at high temperatures. The 
specimen was heated up in a furnace to 600°C 
nair, kept 30 minutes, and cooled down with 
in applied magnetic field of about 4000 Oe to 
1 desired temperature. After maintaining for 
‘bout 30 minutes at this temperature, the 
specimen was abruptly rotated by 45 degrees 
vith its normal axis as the rotation axis. In 
his case a torque ZL, must be exerted to the 
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specimen in order to maintain the orientation 
of the specimen unchanged. This torque Ly, 
was considered to be proportional to the uni- 
axial anisotropy K.(f) which should have been 
formed in the specimen during the preceding 
heat treatment along the direction of the ap- 
plied magnetic field and should be decaying 
after the rotation. In these conditions, a new 
uniaxial anisotropy K,’ whould grow along the 
new direction of the applied magnetic field, 
but it should have no effect on the torque. 
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Fig. 10 (a), (b). Decaying of the torque of a 
cobalt ferrite disc with time of annealing in a 
magnetic field. The torque is due to the pre- 
sence of the uniaxial anisotropy induced by the 
preceding cooling and annealing with an applied 
magnetic field along the direction different by 
45 degrees from the direction of the magnetic 
field during measurements. Characters are 
illustrated by different scales in (a) and (b). 
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Fig. 10(a) and (b) show the obtained results. 

It has been found that these curves can be 
expressed accurately (within the experimental 
errors) by an empirical formura: 


Kult)= Ko exp {—t/(t +at/?)} (2) 
with suitable values of Ky, t, and a. The 
values of Ky, t, and @ are shown in Fig. 11. 
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Fig. 11. Uniaxial anisotropy constant Ko, half 


time f1/2, and two constants r and a are plotted 
against the reciprocal of temperature. Activa- 
tion energy determined from the half time 
curve is 1.6 eV. 


In the figure, the annealing time ¢,/. at which 
the torque becomes one half of the initial 
value is also shown. We can see from these 
curves, in accordance with the conclusion in 
§ 2, that there is no critical temperature for 
the phenomenon. The activation energy cal- 
culated from the inclination of the log t,/,.—1/T 
curve is 37000 cal/mole=1.6 ev. 

Similar studies of the relaxation were also 
carried out by Sakamoto! (variation of the 
residual magnetization of a polycrystalline 
cobalt ferrite) and Bozorth et al. (variation 
of the ratio of the first minimum torque to 
the first maximum torque of a _ cobalt-zinc 
ferrite single crystal). Both reported also that 
there was no critical temperature, giving the 
activation energies of 37500 cal/mole, and 
21400 cal/mole, respectively. 
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§6. Electrical Conductivity in Polycrystals 


In order to observe the variation of the 
electrical conductivity as a function of temper- 
ature, two sets of polycrystalline specimens 
with the identical series of compositions 7 
were prepared. One set of specemens were 
those by the standard method, i.e., prepared 
by heat treatment “S”. Another set of speci- 
mens were those which were considered to be 
in the most deoxidized state, i.e., heat-treated 
according to the program of heat treatment 
“S” and then annealed at 900°C for four 
hours in a high vacuum. 
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Fig. 12. The conductivity of iron-cobalt ferrites 
in a somewhat oxidized state as a function of 


»temperature. The composition of each ferrite 
is indicated in the figure. 


The, measurements were made from about 
700°C to liquid air temperature in a high 
vacuum. The results for the former set of 
specimens are shown in Fig. 12 and that for 
the latter in Figs. 13(a) and (b). | 

As shown, no anomaly is observed at about 
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300°C for all the curves. This supports also 
that there is no phase change in this temper- 
ature range. The curves in Fig. 12 for the 
specimens with compositions r=0.000, 0.083, 
0.167, and 0.250 have slight angles at about 
300°C. The angles, however, are so slight 
that they will not indicate the presence of 
any structural change. The fact that the 
angle is present also in magnetite (r=0) sug- 
gests that it might be related to the rapid 
change of diffusion rates of cations in the 
ferrite matrix ™, 

In Fig. 13(b), the well-known low tempera- 
ture transition of magnetite is seen at —160°C. 
Comparing with Verwey’s data, it shows that 
this specimen is nearly stoichiometric!™. The 
specimen of magnetite of the former set did 
not show any anomaly in this low tempera- 
ture range. 


§7. A Possible Mechanism of the Uniaxial 


Anisotropy 
Various mechanisms were already proposed 
in order to explain the uniaxial anisotropy in 
iron-cobalt ferrites. Considering all the experi- 
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(b) 

Fig. 13(a),(b). The conductivity of iron-cobalt 
ferrites in a deoxidized state (probably near 
stoichimetric composition) as a function of tem- 
perature. At high temperatures in (a), and at 
low temperatures in (b). 


mental results mentioned, however, we reached 
to another mechanism. 

Our propositions are as follows. 

I. Below the Curie temperature, a certain 
degree of directional local ordering between 
the magnetic ions and cation vacancies is 
formed along the direction of the spontaneous 
magnetization in these ferrites. 

II. Iron-cobalt ferrites have no phase 
changes in the temperature range from 400°C 
to room temperature. For the time duration 
of the order of our experiments, however, 
the diffusion rate of cations seems to decrease 
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remarkably below about 300°C and the cation 
configuration realized at that temperature is 
fixed fairly completely by the ordinary cooling. 

Proposition I is deduced mainly from the 
magnetic data which show strong dependence 
of the magnitude of the uniaxial anisotropy 
on the degree of oxidation, and the relaxation 
experiments which show that the direction of 
the uniaxial anisotropy is reversibly change- 
able at high temperatures, regardless of the 
duration of the preceding annealing, i.e., there 
is no “over-aging effect ”. 

On this model it is reasonable to assume 
that cation vacancies in these ferrites distort 
the crystalline fields at the neighbouring sites 
severely. Since it is known that a cobalt ion 
in these ionic crystals has a strongly anisotro- 
pic wave function coupled to its spin direction 
through spin-orbit coupling, the electronic 
energy of the Cot* ion neighbouring a vacancy 
may depend considerably on its spin direction 
refered to the direction of the pair of the Cott 
ion and the vacancy. (It is well known that 
the lowest orbital energy level of a Co** ion 
in a cubic crystalline field is a triplet, whereas 
that of a Fe*** ion is a singlet.) Then, it 
follows that the pair energies of magnetic 
ions, especially of cobalt ion and a vacancy, 
are affected by the change in their spin direc- 
tion, resulting in non uniform distribution of 
the number of the pairs refered to the spin 
direction (Fig. 14). 


& Vacancy 


Fig. 14. Illustration of 
the directional order 
present between a co- 
balt ion, iron ions, and 
a cation vacancy. The 
smallest unit of cation 
arrangement on 16d 
sites in spinel is 
shown. Dotted arrows 
indicate the direction 
of the anisotropic cry- 
stalline field induced 
by the presence of a 
vacancy. 


Accordingly, below the Curie temperature, 
where the magnetic moments in 16d sites are 
alligned parallel mutually, the directional short 
range ordering is expected to be formed along 
the direction of the magnetization. The direc- 
tional order should increase as the temperature 
is lowered, as expected from Fig. 11, and 
would be fixed in the temperature range from 
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300°C to 200°C owing to the rapid decrease of 
the diffusion rate of cations. The uniaxial 
anisotropy at room temperature is thus formed 
by the presence of this directional ordering. 

’ Even if the specimen is annealed without 
a magnetic field, each magnetic domain of 
the specimen has a uniaxial anisotropy along 
its spontanous magnetization but the total 
uniaxial anisotropy of the specimen is canceled 
out. 


§ 8. 


Many mechanisms have been already pre- 
sented for the origin of the uniaxial anisotropy 
in iron-cobalt ferrites. Bozorth et al. discus- 
sed these mechanisms in detail’, pointing 
out certain difficulties involved in each of the 
mechanisms. Here, difficulties will be pointed 
out again from the stand point based on our 
experimental results. 

The first mechanism’, suggested by Néel, is 
the one which ascribes the uniaxial anisotropy 
to the directional order between cobalt ion 
and iron ion. It is a straightforward exten- 
sion of the mechanism successful in explaining 
the magnetic annealing effect in metallic solid 
solutions. However, it has difficulties in ex- 
plaining the observed strong dependence of 
the uniaxial anisotropy on the degree of oxi- 
dation. An assumption seems to be possible 
that the dependence is caused by the change 
of the diffusion rate of cations due to the 
change of the concentration of cation vacan- 
cies. But as can be seen from our various 
relaxation experiments (in §3, and §5), it is 
almost certain that we are dealing with the 
almost saturated value of the uniaxial an- 
isotropy. 

The second mechanism is the one which as- 
sumes the preferential growth of micro-precipi- 
tates of the second phase2. In this case two 
different mechanisms are considered: The one 
is based on the anisotropy induced by the 
change of magnetostatic energy with the 
direction of magnetization, and the other on 
the anisotropic surface energy due to the spin- 
orbit coupling of the magnetic ions as proposed 
by Néel™. The magnetostatic energy in 
this case, however, is estimated roughly by 


Discussions on Other Mechanisms 


Eu= SAN: (4M,)?-v(1—v)S 10° ergs/cc (3) 


where v is the total volume fraction of the 
precipitates. It is much smaller than that 


1958) 


observed experimentally (~10° ergs/cc). It can 
not explain also the steep increase of the an- 
isotropy at low temperatures. Therefore, the 
former mechanism by magnetostatic energy 
will not be applicable in this case. H. J. Wil- 
liams et al. stated recently that they had 
proved experimentally the existence of the 
second phase with spinel structure. However, 
their electron diffraction patterns of the second 
phase obtained for cobalt-zinc ferrites seem to 
involve some ambiguous points and they have 
not determined the composition of the second 
phase. The phenomenon of the torque re- 
versal in single crystals of these ferrites, 
which they considered an evidence for the 
existence of the precipitates, should be re- 
garded as a general property of single crystals 
which respond to magnetic annealing, as 
pointed out by Chikazumi and others?». 

According to the phase diagram in Fig. 1, 
it is probable that the relevant second phase 
is a hematite™. However, there are many 
experimental facts against the mechanism by 
precipitation of a hematite. Those are: 

(1) Cobalt rich specimens (v=0.333 and 
0.417) have also the uniaxial anisotropy of 
the same order of magnitude. It may be dif- 
ficult to suppose the precipitates of a hematite 
existing in these specimens in the same order 
of amount as in the cobalt poor specimens. 

(2) X-ray study has shown that the iron- 
cobalt ferrites are oxidized easily (and with 
appreciable decreases in lattice constants) 
without changing the crystal structure. 

(3) The observation of the relaxation of 
the uniaxial anisotropy shows that the decay- 
ing down or growing up of the uniaxial ani- 
sotropy takes place fairly rapidly and the 
phenomenon has no critical temperature. At 
about 350°C, the change is finished almost 
within a minute. It will be difficult to as- 
sume that the shape of precipitates of a hema- 
tite is altered so rapidly at these temperatures. 
Relating to this consideration it should be also 
mentioned that in the experiments in §3, the 
magnetic annealing effect does not decay down 
after the prolonged annealing. 

The plastic deformation theory seems too 
poor to bear quantitative discussions. One 
more mechanism might be considered that 
some linear or planar imperfections such as 
dislocation lines or dislocated layers (analo- 
gous to the stacking fault in the extended 
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dislocation) combine with the cobalt ions and 
make directional configurations. It should, 
however, be noticed that the density of such 
imperfections large enough to be effective for 
the uniaxial anisotropy must be much larger 
than that probably existing in the usual 
oxides. 

Our mechanisms can account for all the 
experimental results well. Abovementioned 
fact (1) is explained by considering that the 
Co** ions can be oxidized to Cot** ions and 
accordingly vacancies must be also present in 
the cobalt rich specimens. The fact (2) is a 
convincing evidence for the existence of a con- 
siderable amount of cation vacancies. The 
fact (3) is quite natural in our mechanism, 
for the local order will easily change its direc- 
tionality through several elementary processes 
of ionic migration. 

It is added here that a suitable explanation 
can be given to the fact in Fig. 5 that the 
anisotoropy is rather small for pure cobalt fer- 
rite. Namely, the composition might be especi- 
ally favourable to make a certain short range 
order of iron and cobalt ions in the 16d sites 
in the meaning of the usual non-directional 
superstructure?» and this tendency suppresses 
the growth of the directional local order be- 
tween vacancies and cabalt ions; an analogous 
situation is seen in the case of NisFe. 

Quite recently Oguchi? has performed a 
theoretical calculation of the uniaxial anisotro- 
py in the case of our model. Assuming that 
the crystalline field on the 16d sites neigh- 
bouring a cation vacancy is orthorhombic, he 
has concluded that the energy of the cobalt 
ion at A position in Fig. 14 can be lower than 
that at B position by about 30cm™!. He gives 
a maximum of anisotropy along <100> direc- 
tion and zero along <110> and <11l>. His 
result agrees in tendency with our experi- 
mental result shown in Fig. 12. The dis- 
crepancy should be mainly due to several 
simplified assumptions made by him. 

Lastly, we will mention about the uniaxial 
anisotropy of other ferrites. According to our 
mechanism, every kind of other ferrites are 
expected to show the magnetic annealing ef- 
fect to some extent after appropriate oxida- 
tion heat treatment, although the magnitude 
of the induced uniaxial anisotropy is to depend 
on both the manner of splitting of the orbital 
energy levels under the influence of the cry- 
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stalline field and the strength of the spin-orbit 
coupling of the metal ions concerned. We 
found that the iron-nickel ferrites show mag- 
netic annealing effect which is also dependent 
on the degree of oxidation of the specimens?». 
This effect certainly exists also in iron-man- 
ganese ferrites, as infered from permeability 
measurements”. It can also be possible that 
Néel’s mechanism, i.e., directional order with- 
out vacancy, is dominant in the case where 
the concentration of vacancies is very small. 
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Appendix Analysis of the Torque Curves 


It is first assumed that the magnetic free 
energy of the (001) disc specimen in torque 
measurements is expressed as 

E=K, sin? ¢ cos?¢+ Ku(O7) sin? (g—@r) 
—HM cos (v—8) a) 
Here, v, 07, 9 are the angles of the directions 
of the magnetization M, of the annealing 
magnetic field and of the applied magnetic 
field H from [100] axis. 
gy should be determined from the equation: 


(2) 


The condition is rewritten as 


a | sin 2(0 67) cos 26-£2(0-05) sin 26 | 


2HM 
+sin €=0 
where 


+g si 40-cos 4€-+cos 46-sin a6 


(3) 


E=o-—0. (4) 
In our measurements, Ky~1.5x10° ergs/cc, 
K,=2x 108 ergs/cc and HM~7 x 10% ergs/cc. So 
that 
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Ku Ky 
———_~(), ——_ aw). 141 , 5 
HM Leas 2HM = ae 


Therefore, by expanding sin€ in the powers 
of K./H-M and K,/2-H-M, we can obtain 
sin€ from Eq. (3) with successive approxi- 
mation. Using this expression, the magnetic 
energy of the specimen is expressed aS a 
function of 0. 


El erafiits —\Ldd= 5 Kad) + 


_ Ku cos 2(6—67)—™ cos 40 
2 8 
_% 5 a cos 2(0 +r) 
vi a Z fy cos 4(0—@r) 
aa us 5 Me cos (60—207) 
+ cos 80-++ += (6) 
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Fig. 15. Comparison of the experimental curves 
(full lines) and the calculated curves (dotted 
lines). 


The expression can be simplified by taking 
the difference of the two curves in which the 
directions of the two annealing magnetic fields 
make a right angle. Namely, 


EO», 0)—B{ On +2, 0) 


“ =F(6r, = —Ku cos 2(6 —Or) 


wcOPa. i Ante Anata tae bs 

2Ku 2HM 4sin 46-sin 2(0—@r). (7) 
Therefore, 

P(r, Or +5 )- FOr, PARAL smBS 


Basing upon these arguments, we performed 
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14 pairs of heat treatments in which every 
pair consists of two heat treatments with the 
applied magnetic fields at a right angle with 
each other. Some typical curves of FOr, 0) 
are shown in Fig. 15. The two dotted curves 
were drawn by calculating the right-hand side 
of Eq. (7), using the values of parameters Ku; 
and K,/2HM determined from the experimental 
curves. They fit fairly well with the experi- 
mental curves, showing the appropriateness 
of the procedure. 
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Narrowing Effect in Nuclear Magnetic Double Resonance 


in Solids 
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Experiments on nuclear magnetic double resonance were performed in 
several ionic crystals of type AB where the resonance behavior of the 
A-spin was investigated under the irradiation of strong rf field resonating 
to the B-spin. At the strongest rf field experimented, narrowing of the 
line width was observed and this fact showed evidently that the local 
field at the position of A-spin originating from B-spin was averaged 
out to zero. By using this principle the origin of the anomalously broad 
line width in TlIBr crystal was pursued. The experimental results 
supported our suggestion that the broad line width would be attributable 
to the indirect nuclear spin-spin coupling. The second moment of the 
line width in double resonance calculated by the use of rotating coordinate 


system was in agreement with the experimental value. 


§1. Introduction 


Recently the technique of the double reson- 
ance has been applied to various problems, es- 
pecially the precise measurement of the h.f. 
coupling constant,» the determination of the 
molecular structures,” the analysis of the re- 
laxation time,» the nuclear polarization,»»” 
the Maser® and so on. But there have been 
few” of the n.m. double resonance experi- 
ments in Solids. In this paper we reported 
the experimental results of the n.m. double 
resonance in solids, discussed the condition 
for narrowing of the line width in a double 
resonance experiment, and analysed the origin 
of the anomalously broad line width in TIBr 
crystal. 

In some of the thallium halide crystals, the 
observed line widths are much larger than the 
theoretical ones calculated by the direct dipo- 
lar couplings between nuclear magnetic mo- 
ments. For example, the observed second mo- 
ments of the Tl? and the Br78! resonances 
in TIBr crystal are both about ten times lar- 
ger than the calculated ones. Yosida and Mo- 
riya® estimated the line width due to the in- 
direct Z-Y coupling caused by the partially 
covalent bonding in ionic crystals. To get 
the coupling constant appropriate to the ex- 
perimental line width, the theory needed a 
great degree of covalency between the thal- 
lium and the bromine atoms which was in- 
consistent with the chemical shift data of n.m. 
resonance” of the Br spin. Therefore, it was 
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desired to analyse the contribution of each 
constituent magnetic isotope to the line width. 
The narrowing effect observed in our double 
resonance experiments is well fitted for this 
purpose as will be stated below. 

Hereafter we will call it the “ AB-experi- 
ment” where the former, “A” denotes the 
nucleus whose resonance behavior is under in- 
vestigation with the weak rf field and the lat- 
ter, “B”, the nucleus irradiated by the strong 
rf field. 


§2. Experiments and Results 


The AB-experiment was performed by the 
use of permanent magnet of field strength ei- 
ther of 6200 gauss or of 3900 gauss. Keeping 
the frequency fg constant, n.m. resonance of 
the A-spin was observed by sweeping the fre- 
quency fs, by a slow rotation of the axis of 
the variable condenser of the autodyne detec- 
tor. Experimental diagram is shown schema- 
tically in Fig. 1. As the rf voltage applied 
to the coil B amounted to as much as 800 
volts (effective value) we had to prevent the 
coil from heating up by blowing the air cooled 
by the freezing mixture (dry ice and ethyl al- 
coholsystem). For the measurements of the 
net effect of strong rf field resonating to the 
B-spin, the line width and the intensity of A- 
resonance in the just-resonant case, fs=f%, 
were compared with those in the completely 
off-resonant case, fs > fs or fs < f%, alterna- 
tely, in order to cancel the spurious effects 
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caused by the strong irradiating field. 

In the case of f3=/% and in some kinds of 
crystals having rather long relaxation time 
as we increased the rf voltage of fs, the re 
tensity of A-resonance gradually decreased 
and finally disappeared from observation. We 
call this phenomenon “collapsing”. As the 
field strength was further increased, the re- 
sonance line appeared again, but in this time 
with a narrowed line width. This narrowing 
effect was observed in all the crystals experi- 
mented and so, these two phenomena, col- 
lapsing and narrowing, are considered to be 
of different origins. Since the collapsing is 
not yet thoroughly interpreted, we here report 
only about the narrowing effect. 

Consider the Tl??°F-experiment. While the 
rf field 2H, cos w,f was irradiated to the FY 
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Fig. 1. Block diagram of the expermiental ap- 
paratus. 


spin, the resonance line of the T12% spin was 
observed. The variation of the maximum 
slope separation (4H)ms of T1?°* resonance with 
the strength of the rf field H, is shown in 
Fig. 2 and Photo. 1. In Fig. 2 the dotted 
line corresponds to the region where the col- 
lapsing was observed and hence the width 
could not be measured exactly. The intensity 
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Fig. 2. Variation of the maximum slope separa- 
tion (4H)ms of Tl5 resonance with the strength 
of rf field Hy irradiating to F spin in 77205 f"19- 
experiment. 


Photo. 1. Experimental recordings of the deriva- 
tive of the n.m. double resonance absorption in 
712%) 19-experiment. Vertical marks are separat- 
ed each by 5 kc/sec. 

a) off-resonant case, fr —fr°==100 kc/sec (fr® 
=16.0 Mc/sec.), which is the same as the case 
of single resonance. 

b) just-resonant case, fr=fr, which shows 
the narrowed width compared to the case a). 
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(maximum deflection of the derivative curve) 
of the most narrowed resonance was unex- 
pectedly approximately the same as that of 
the original broad resonance. But the inten- 
sity problem in the Tl?"F°-experiment cannot 
be further discussed because of the simulta- 
neous occurrence of the collapsing effect. 

In Table I are listed the calculated second 
moments!» contributed from each constituent 
isotope under the assumption of the direct di- 
polar coupling alone, and also the observed 
second moments in single and double reso- 
nances in TIF and TI1Br crystals. The condi- 
tion for narrowing will be discussed in Sec. 


Table I. Calculated second moments from c 
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3 in terms of the relation of the strength of 
rf field to the line width. The line shape in 
single resonance in these crystals was nearly 
Gaussian. In the double resonance experi- 
ments, we had to use as small an amount of 
powder sample as possible in order to produce 
the large strength of rf field. Accordingly the 
resonance was inevitably of low S-N ratio, 
so that the second moment in double reso- 
nance experiment was forced to be estimated 
from the peak-to-peak separation of a deriva- 
tive curve under the assumption of Gaussian 
shape. In the case of Tl2%°F!9-experiment (the 
3rd column in Table J), the narrowed width 


onstituent isotopes and experimental values 


in single and double resonances in TIF and TIB crystals. 


crystal TIF 


TIBr 
7 ‘a | 
observed nucles Fug TL Br81,79 | T2% 
dipolar cos nuoLy a tha doe Saray . s = 0.17 or > 
from halogen nuclei 1.31 gauss? 2.13 gauss? 0.16 » | 0.25 gauss? 
dipol tributi Te OX ees hg 
eee pnb acelous 0.51 0.31 0.18 0.16 
ee 0.21 0.06 0.07 | 0.03 
— $$ -— —_—— ~ — == a — —— —___—_— | — =e" 
, 0.42 
total <4A2>¢a1 2.03 2.50 0.41 » 0.44 
—_——_——_— —_—_____— — — —_— — = — 
& AH? >exp 
in single resonance 2.6 a 10.2 20.4 
Ibs Ors | Sau | 
< AH? dexp (FET —exp) | (TPSF!—exp) |(Brey?T1%s= exp) 
in double resonance | 
vpee 
| (Bret »19'T] 203 = exp), ee 


1) estimated from Gaussian-shape assumption. 


2) upper figure being for Br®' and lower one for Br’. 


of 0.3 gauss? is almost in agreement with the 
difference between the calculated total width 
of 2.5 gauss? and the width of 2.1 gauss? from 
the F” spin, or with the width of 0.4 gauss? 
from only Tl and Tl? spins. This fact 
shows evidently that the field, existing at the 
location of the Tl spin and originating from 
the F spin, is averaged out to zero, and that 
the remaining local field is due to only TP 
and Tl? spins. And further referring to the 
6th and 7th rows of this Table, we see that 
the second moments of Tl and Br resonances 
in TIBr crystal calculated from the above- 
mentioned dipolar assumption account for only 


a few per cent of the experimental values. 
The peak-to-peak separation reduced to about 
60 per cent of original one in Br79.81 T]205. 
experiment and to about 85 per cent in Br79-81 
TI?°%-experiment. The contribution of the T12%5 
spin to the second moment of Br7:8! resonance 
was_proved, by our double resonance experi- 
ments, to be 64 per cent, and that of the T1293 
spin to be 28 per cent of total ones. Taking 
into account the magnetic moment ratios and 
abundances of these two isotopes, the experi- 
mental results confirmed that the broadening 
originated from the interaction between nuc- 
lear spins themselves and not from, say, pa- 
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ramagnetic impurities and so on. 


§3. Discussion 


Consider a crystal which includes three spin 
species A.(S,,.9,, 1,2, -»+ N),..B’ (S’,-9’, a 
peer) and. C8 (Sg? ga. Dans 
N’’) and a case when a strong rf field is im- 
pressed to B’-spin and a weak rf field for ob- 
servation to A-spin. The total Hamiltonian 
of the system in Van Vleck’s notation™ is 
the sum of 
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ie 
FE je — Cy Szj Sane 


etc. (between unlike spins) (5) 
GE strong rf=9B Siw Sin 2H COS Wot (6) 
PE det. r£=98 dij Sxj2H, cos wit . OT) 


In the above Hamiltonian, Aj, and Cjx cor- 
respond to the expressions (6) and (26) of Van 
Vleck’s paper, respectively, that is, contain 
dipolar and exchange couplings. 

Transform this Hamiltonian by the operator 


PO= FOAL dipsex.t+ A strong rf Gl) J , 
eb Reogt=€XP [—iwet 1; Szj]-exp [—iost Sv Sx] 
ee xexp [—ta@ot Sar Sey] (8) 
where to the r-system™ (rotated around the z-axis 
bes r ' by an angle w,/) and then transform the B’ 
FE 1= 9B Hy Bij Sey t+. F BH Der Sx spin-coordinate alone by the operator 
By Si Sav 2 ; ; 
iMag, jo a Rye=exp [—16 die Sy] (9) 
PE dip.+ex.= Dijk A jut Dijrent KH jer 2 : aenthted nea tp 
ee cr ~ to the o-system (rotated aroun e€ y-axis Dy 
Faye 2 ; — ita an angle 0=tan-1[7H/(w,—«,’)], which is the 
Raju AE“ gut Dans AE wre (3) angle between the z-axis and the direction of 
1 the effective field for the B’spin, a)’ being 
k= —(AizS3- Sk + ByxSz3Sx ‘ 
eo 2 ay eee resonance frequency of the B’-spin). And we 
etc. (between like spins) (4) get: 
FE = FOP + Dijk LE’ jet Dijee FOV TDs ee GE jet 
tit Fj + er He + i AE jw (10) 
and 
FF ber. t= 98 Hi[d5 S25 COS (W1—W2)t — D135 Sys Sin (1 —-@a)E] (11) 
where 
FE? = 9B (Hy —or/7) diy Sep +9 BU —On/7’)? + He??? Die Sun? 
+9 B(Hy—oo/7/) Sve Sav (12) 
1 / / , (2 
FE yk =| AveSi Se + By COS* OS25S:x/ 
+ Bye sin? 0(S57 Set +S57 Sur + S37 Su? +S Sw’) 
: ; 1 (otro \ulgente mS (13) 
to Bye sin 8 cos O{ Szy(Se7 +SK7 ) +S cx (Sy +S 3) } 
’ ihyens! pega: 
soit oka | Six cos 0-+-5 (Si + S47) sin 0 a) 
(15) 


wT ee 1 y ee . 
IE’. y =u Sie] Soe COs O+-5 (Se + Sk) sin 0 | : 


Applying the Van Vleck’s method to o-system, 
it follows that 
Elle 
2 2 ee 
4 (Ye aM Trl A Get. zl? | 
(16) 


and 


TASEOU— UPSET | 
Lk Nn ‘ 
eee aha 
where 


=F FF act. sion cael 56. otk . (17) 


In the above expression <¥)">av means the 
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mean square deviation of the frequency of 
A-resonance spectrum from the frequency of 
irradiating field w,./2z. 

Under the condition 

I BH2 > 9BHicc= dX (Ase, Bye, Cox, Cave) , (18) 
where 2Hio- means the peak-to-peak separa- 
tion of A-resonance, the side bands resulted 
from the terms including S’x-* do not overlap 
the central one. Then by the use of the 
“truncated ” Hamiltonian missing such terms 
as S,;-S’~*, the second moment in the o0- 
system is obtained as follows: 


Av) av=4 S(S+ HSL Be 
+55 “ly Saeed cosas 
+58"8" +) Daw C yy. (19) 


In the case of just-resonance, fgs=f,, and of 


(Vol.-13} 


strong rf field Hy >(9/9’)Hioc, we may put 
cos 8=0 and then both dipolar and exchange 
couplings with B’-spin cease to contribute to 
the second and the fourth moments of A-re- 
sonance, whereas the contribution from A and 
C” spins leaves unchanged. In the Tl?°F9- 
and F¥T12%-experiments, the above results 
were confirmed quantitatively (Fig. 2, and 
Table I). 

In our experiments, the necessary condition 
for narrowing, that is, the expression (18) was 
satisfactorily fulfilled as shown in Table II 
and the complete narrowing was experimen- 
tally ascertained. 

Finally, consider the origin of the anoma- 
lously broad resonance width in T1Br-crystal. 
As seen from Table I, the total second mo- 
ment of the Br single resonance and the nar- 
rowed moment of the BrTl?°-experiment are 
10.2 gauss? and 3.7 gauss”, respectively, and 


Table IJ. The relation between the strength of irradiating field 2H» cos wot 
and the line width of observed spin. 
oe T1205 F 19 F197 1205 Br79s81'T 1205 Br79-81'T 1203 T1205Br81 
yp 
gauss gauss ~ gauss — gauss | gauss 

Hoe Y 1.95 153 3.4 3.4 5.6 

(r/7') Hoe 123 2.3 1.6 1.6 | 12 

Hy 7 | 15 10 | 10 


1) 2Hicc means the maximum slope separation of the observed resonance. 


2) The unprimed 7 is the gyromagnetic ratio of the observed spin and the primed ;’ is of 


the irrrdiated spin. 


we may expect that the difference between 
them corresponds to the contribution from the 
TP? spin. We see from this Table that this 
differences, 6.5 gauss, is nearly equal to the 
moment in the BrTl?%-experiment, 7.4 gauss?, 
which includes the contributions from T12% 
and Br nuclei. These experimental results 
show that the contributions to Br resonance 
width from Br spins or nuclear electric qua- 
drupole coupling are negligibly small. Pos- 
sible quantitative explanation of broad line 
widths will be given below. 

When two atoms A and B are covalently 
bonded in a crystal through their s or p elec- 
trons, the exchange or dipolar coupling be- 
tween electron and nucleus will produce an 
indirect spin-spin coupling between A and B 


as a sum of the exchange type and the di- 
polar type; 
A p= Ar arshTy- Tp 
+byarsh*{Iy:Ip—3(R-I,)(R-Ig)} (20) 
where # is a unit vector connecting A and B 
nucleus. Expressions of a and b are listed in 
Table III for s and p electronic wave func- 
tions belonging to A or B atom. Using 4p- 
orbital of Br atom and 7s-orbital of Tl atom, 
<1/r)» given by Barnes and Smith™, h.f.s.- 
constant’, and corrected excitation energy”, 
we get the degree of covalency per bond of 
33 per cent to interprete the experimental 
line width. The change of 7s of Tl to 69 or- 
bital will give too weak a coupling to inter- 
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prete the width (Table IV). On the other 
hand, the chemical shift of Br-resonance is 
explained by the covalency per bond of 4.4 
per cent® and that of Tl resonance by the 
covalency of 9.4 per cent.?© 


Table HI. The coefficients a and b of the indirect 
exchange and the pseudo-pipolar couplings 
in the re iescoas (20). 


BIECELOS em ee FRIES, TST. ray 
nic 
orbital a | b 
A | B | 
| | ; | 
p2 1281? 
| isial . J “ 
s}|s 4E 9 .¢ 4(0)2.%2(0)2| | | 0 
2 a =e Ne 
| 
pew 32n 
8 | p 0 4E 15 — |¥.4(0)| age = 
*) P4E en, Gay re ae a iG ay 
Table IV. Numerical values of a and 0. 
electronic | 
t4 ae ) calc. exp. | covalency 
Tl Br (1073 cm=) | (1023 cm-) | | (%) 
7s 4p | 6=4.5 | b= 15 33 
@=0 7.32 a=13Ft 
a | b=0.16 | b=0.67 a 


| | 


The discrepancy between the covalency ob- 
tained from the chemical shift and that ob- 
tained from the line width of the Br-resonance 
may be partly due to (i) some amounts of s—p 
hybridization, because an s-part is ineffective 
to the chemical shift and a p-part to the line 
width, and (ii) the difference of |¢n(0)|? in 
solid state from that in atomic state. And 
moreover, from the analysis of the chemical 
shift of the Tl resonance we get much larger 
degree of covalency than that from the Br 
resonance, as mentioned above. This is inter- 
preted by the presence of covalent bonding 
between Tl atoms which is consistent with the 
following conclusion resulted from the line 
width analysis: using the coupling constant 
between Tl and Br spins, the second moment 
of Tl resonance is calculated to be contributed 
from the Br spins by 50 per cent of its total 
value and by the remainder 50 per cent pre- 
sumbly from remote TI spins. On this prob- 
lem the TlBr-experiment would give us the 


Narrowing Effect in Nuclear Magnetic Double Resonance in Solids 77 


decisive evidence, but it was not performed 
because (i) much stronger rf field was re- 
quired for the TlBr-experiment than for the 
BrTl-experiment to satisfy the necessary con- 
dition for narrowing (18), and (ii) only the 
transition+4<2—4 might be observed owing 
to the quadrupole coupling and so the Br 
nucleus in other spin states than +4 would 
not be effected by the rf field. 


$4. Concluding Remarks 


Here we reported only the case of just re- 
sonance fg=/%. When fg was slightly de- 
viated from the center of the resonance line, 
the line shape of A-resonance displayed a re- 
markable asymmetry. Interpretation is not 
yet done and we will postpone the discussion 
to a future time. 

The author wishes to express his gratitude 
to Professor T. Kanda under whose direction 
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to Assistant Professor Y. Masuda for his kind 
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stance. This work has been supported in part 
by the Scientific Research Expenditure of Mi- 
nistry of Education. 
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Statistical properties of a single polymer-chain in a continuous 
medium are studied on the basis of the pearl-necklace model. Proper 
account is taken of the spatial interference between segments and of 
the effect of a heat of interaction between solvent and polymer. The 
2m-th moment of the distribution function of the distance between k-th 
and J-th segments <R7">, the mean square distance between k-th 
segment and the molecular center of mass <.S;2>, and the mean square 
radius of gyration <.S2> are calculated by using Ursell-Mayer-Tera- 
moto’s method of expanding the chain phase integral. The results 
obtained are of non-Markoffian character at any temperature but the 
Flory point, and are qualitatively in consistency with the experimental 
data of lattice chain obtained by direct counting of its configurations. 
The angular distribution of scattered light is also calculated and a 


method is proposed to evaluate <S?> by the dissymmetry method. 


Introduction 


§1. 

Whether the introduction of the long-range 
excluded volume effect into the polymer chain 
statistics changes the Markoffian character of 
the chain or not, proposes an interesting pro- 
blem in both mathematical and _statistical- 
mechanical senses, and has close relation to 
the various properties of the solution. Ac- 
cording to Flory, the mean square end-to-end 
distance <R?> is given by 

eer ree MIE OS E<TO.2) | 

where M is the molecular weight, and the 
polymer chain can never be regarded as the 


ref. 14. 


Markoffian. This is inevitably of importance 
for theoretical interpretation of the intrinsic 
viscosity» and other physical properties. 

A number of ways of approach, accordingly, 
has been presented by many researchers to 
the excluded volume effect. In 1951, Tera- 
moto» has developed the statistical theory of 
a chain polymer based on the Ursell-Mayer 
method of imperfect gas theory and justified 
the conclusion of Flory. Thereafter, Zimm 
and others?®-” have reached the similar con- 
clusion. On the other hand, Teramoto, Kurata 
and their coworkers® have made clear by 
direct counting of the possible configuratiosn 
of lattice chains that the excluded volume 
effect gives the distribution function of the 


1958) - 


end-to-end distance considerably different from 
a Gaussian type, and that the ratio of <R?> to 
the mean square radius of gyration <S?) ex- 
ceeds the value 6 for Gaussian chain. 

However, in most previous theories except 
the Flory’s, the effect of a heat of interaction 
between solvent and polymer has not explicitly 
been taken into consideration and thereby 
some difficulties in the experimental verifi- 
cation have been raised. Accordingly, it would 
be interesting to discuss from a unified stand- 
point the various physical properties connected 
with the excluded volume effect taking account 
of the segment size as well as the dispersion 
energy (or heat of interaction) between seg- 
ments. 

In the present paper, the excluded volume 
effect is discussed for a single polymer chain 
present in dilute solution. We follow the out- 
line of Teramoto’s method, and then calcu- 
late the 2m-th moment of the distribution 
function of the distance between k-th and /-th 
segments <R?">, that of the end-to-end dis- 
tance <R2”), and the mean square radius of 
gyration <S*>, etc. Our results qualitatively 
account for the experimental data for lattice 
chains obtained by Teramoto-Kurata.» The 
introduction of the effect of dispersion energy 
between segments makes it possible to discuss 
the Flory point in poor solvents and the in- 
fluences of temperature and of solvents on the 
chain configurations. The present paper will 
be closed by the discussions on the excluded 
volume effect on the dissymmetry ratio in the 
light scattering. 


§2. Model and Formulation 

Suppose the polymer chain, in which N+1 
spherical segments (with diameter 5) are con- 
nected one after the other with a constant bond 
length a and are attached numbers 0,1, 2,---, 
N from one end to the other (pearl-necklace 
_ model). Their coordinates, according to Mc- 
Millan-Mayer’s symbolisms,” are represented 
by (0), (1), (2), ---, (NV), and the coordinate set 
and the number set of 2 segments are denoted 
by {n}=(1), (2), Sars (n) and [n]=1, 2,490, 
respectively. 

For the sake of simplicity, the chain is as- 
‘sumed to be completely flexible; the short 
range interferences, for example, the hind- 
rance to the free rotation about the single 
bonds, are neglected. However we take into 


Theory of Dilute Polymer Solutions (J) 79 


consideration the short range forces like the 
van der Wall’s forces between solvent mole- 
cules, between segments, and between solvent 
molecules and segments. Now if we adopt a 
continuous medium approximation, the poten- 
tial ¢(rij) of mean force between segments 
may be assumed to be additive, where ri; is 
the distance between segments 7 and j, being 
rij=|(J)—(@|. Accordingly the potential ener- 
gy of this system ® may be written in the 
form, 


ON+}= 3S b7)= > by. 
OSt<jsN 
j-ix1 
Here the summation extends over all segment 
pairs except j—i=1 (chemical bond). 
For this system the problem is formally 
the same as that of imperfect gases, namely 
the evaluation of the partition function 


2(Ru, N, T) 


(1) 


-| AMER FASS OPT HENET 62) 
IG@+1)-@| =a 
3 S iiesesneds ilies 
Osi<i<N 

IG+D-@|=a j-ixl1 

2 S88 fy fan -ess] PNY (2/) 

with 
Fig=eXP (— Gis/RT)—1 , (3) 


where the integration extends over all the 
possible configurations under the conditions of 
constant bond length @ and of fixing segment 
k to origin and segment 7 to a point at dis- 
tance Ry from the origin; i.e. Ra=ra= 
|2)—(k)|.. The partition function 2 is a func- 
tion of Rx, N, temperature 7, and segment 
numbers & and /, but abbreviated to (Rx) 
hereafter. 

Teramoto®? has shown that, fixing both ends 
with the distance R (=Row), the partition 
function 2(R) can be expanded in ascending 
order v of interaction between segments. His 
method can be easily extended to apply to 
Q(Re), and we obtain 


ORu)= 3 BulRu) (4) 
with 


RE | d{N—1} (5) 


|G+1)-@|=a 
=| 2ree, PRG er) 


x Qo(riv, N—1) dO) dN) , (5) 
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BulRu)= > FitRu) (w=l), (6) 
FAu®( Rit) = x x FulRui, [«]), 


conf. Ky +k, +Kg=K 
(K Kg »Kz = const) 


(7) 
Fiu(Ret, [«]) 
-|\ aes | Sy Ty Fe (rong hs L6a}) 
aj€ Lk] 
vive hak 
X Qe (Tir, l—k, {k2}) 
x Dag(ruw, NI, {1s}) d{et2}, (8) 
QT; nN, {k}J= Aa dn—-1—K} (9) 
IG@+1)-@]=a 
as I Qo(7i5, 7-1) ? ro) 
<I ELK] 
Q(r,n)=\\--- \ dm—-l}, (10) 


IG+1)-@)| =a 

where 2)(7, 2) is the partition function of an 
ideal random flight chain composed of “+1 
segments, fixing both ends with the distance 
r. 2r,n,{x}) is the partial phase integral 
of this chain, and the integrations in Eq. (9) 
extend over the coordinates of all segments 
except some « and both end ones. The 
integrations in Eq. (8) are performed over the 
coordinates of both end segments and of « 
ones in the state of interaction (1, «. and x3 
of them belong to the subchains —1(0~8), 
—2(R~]) and —3(l~N) respectively). The 
sumation in Eq. (8) is carried out over all 
configurations in which these « segments com- 
pose «—y clusters. The first summation sign 
in Eq. (7) denotes summation over all the 
ways, in which 4, *, and «3; segments are 
selected from the subchains —1, —2 and —3 
respectively, and the second, summation over 
ky, 2 and «3; under the condition «,+«.+«3=K«. 


§3. Functional Forms of ¢(r) and 2(r, 7) 


The potential ¢(r), for convenience, is as- 
sumed to have the form* 


ail 
hs Aap 
=e, exp(— 557 ) ; rob 


where 4 is a parameter which is assumed to 


r=<b 
(11) 


* If we denote the depth of $(r) at r=b by e, 
it may be rewritten as 
30? 3 
¢(r)=—e exP(yp ) exp( OR ) for r=b. 
(11’) 
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be of the same order as a. (7) is shown in 
Fig. 1. In the case of &>0, the force be- 
tween segments becomes attractive in the 
range of r>b, and the segments have the 
tendency to condense. Therefore this corre- 
sponds to a poor solvent system. On the 


&,=>0 620 


Fig. 1. Potential $(7). 

other hand, & is negative in a good solvent 
system. Substituting Eq. (11) into Eq. (3), 
the function f(7) becomes 


—1 yee 2S) 
ro=| E> Ree (12) 
kT p(- 222” ) aah 


where all terms higher than the second of 
&/kT were neglected. This neglection is 
justified by the experimental result that the 
heat of mixing is usually small in polymer 
solutions. 

Next, if the chain, in which there exists no 
interaction, is approximated by a Gaussian 
chain, 29(7, 2) is given by 


(47ca?)” ( 3 :) 
+ =e) (9 
2na* 


(2xna?/3)3/? 
(n=2), 3} 


Here (4za?)” is the partition function of this 
chain which is allowed to have all the configu- 
rations without fixing both ends. We shall 
use Eqs. (12) and (13) in the further calcu- 
lations. 


Qo(r, n) = 


§ 4. End-to-End Distance and Radius of 


Gyration 


In this section, our primary aim is to calcu- 
late the mean square end-to-end distance <R?) 
and the mean square radius of gyration <S?), 
which characterize the statistical properties 
of a single polymer chain present in dilute 
solution. Before proceeding to this, it would 
be useful to derive the general expression for 
(Re > from the partition function 2(Rx), be: 


1958) 


cause this would not only give the expressions 

for <R*> and <S2>, but also serve to calculate 

the angular distribution in the light scattering. 
Considering the terms up to the order of 

interaction “=1,* the partition function 2(Rz) 

simplifies to 

22( Ret) = Bo( Red + Bi( Rin) . 


(14) 
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Bo(Rex) can be easily obtained by Eqs. (5’) and 
(US) ethateis: 


(47a?) 


{2n(1—k)a?/3}3 2 


150 paF 

(15) 
Using Eqs. (6) to (10) Bi(Rez) may be written 
down as 


Bikes 3 Ri? 


Bi(Ri)= 2 F (Rez, [200])+ = F\(Rxz, (020]) + ~ F (Rez, [002]) 


with 


F\(Rw, [200]) = [ff Ae2atr, diay 1D ep) 


eS = F (Re, [110])+ = F,(Rez, (011) + = F (Rea, [101]) (16) 
X Qo(rex, —Rk)Qo(riw, N—1) di) d(j) dO) dN) , 
(17) 


F(R, 1020) = ||) ) Frtetra B)Qo(ret, i—B)Qolr05, §—1) 


x Qo(rj2, 1—J)Qo(riw, N—D) di) dj) dO) dN) , 


The other integrals also can be easily present- 
ed. Each summation in Eq. (16) extends to 
the configurations corresponding to each clus- 


(1) Osi<jsk (2) kKsi<jsl 


(6) Osi sk<Isj=N 


(4) Osisksj sl (5) k=! slsjsN 


Fig. 2. Cluster Diagrams. 


F(Ru, (020) = Geary "VT FusQalran, i—-BOalr, 7 A Oalromlesrdayds) . 


ter diagram illustrated in Fig. 2. 
On performing the integrations in Eq. (17), 
the following approximation is introduced, 


b<aca. (18) 


This is a necessary condition in order that 
the imperfect gas-like expansion could be ap- 
plied: the first condition, b<a, indicates that 
the volume effect is sufficiently small, and 
the second condition, 4<a, means the mean 
force of segmental interaction to be short- 
ranged, as supposed from Eq. (11). 

All the integrals in Eq. (17) can be evalu- 
ated by the Fourier and its inverse trans- 
formations.»»1» An example is taken of 
F (Rix, [(020]) below. Integrating over (0) and 
(N), we obtain 


(19) 


If the Fourier transform of this integral is denoted by H,(q, [020]), the inverse transform 


F, is 


F(Ru, (020]) = | exp (—ig- Ru) Eh(q, [020]) dg 


8x3 


with 


(20) 


* This corresponds to the single contact approximation of Zimm.» 1 
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H,(q, [020])=a(q, i—k)B(q, j—i)a(q, !—J) 5 


ws i—B)=|Q0(ra, jib) exp Gasemi cee 


(21) 
Heri [Fer rQulres j—iexp Ggery) dry , 


aa, Ij) =| eles A) exp Gary) dr 
After laborious calculations, F;(Rxi, [020]) becomes 


F\(Rez, [020]) 


= (47a2)* 6 \W2 1 b i o_o 3Rii? = Eg 
ore) ( a ener exp | bes Gr 

Lie ee =U USe—-7 11) ea) E Haan Gee | 
a é ) a ee Paes ( b ) ti 2{(j —i)(l—k—j +1) + (A/al—k) }a? 


3Rxi? 
-e«7|— aga jrne || a 


up to the terms of order (d/a)’, the approximation (18) being taken into account. If we further 
neglect (A/a)? compared to j—i by the approximation (18), F, is simplified to 


Fy(Rix, [020]) 


__ (4na®y” (6 ie e WE Ba. aN _@ fe aed = 
See G—prar—janr\a )\4 p ) ex Hei tpe |, a 


o-{(5)"GY AIG) : 


@/T corresponds to the integral over the range b<7i;< in B(q,j—i), namely the ener- 
getical part. This integral is split into two parts, 0 to oo and b to 0, which correspond to 
the first and second terms in Eq. (24) respectively. @ has the dimension of temperature and 
it is expected from Eq. (18) to have the same sign as &). If we would consider higher terms 
than the second of &/kT in Eq. (12), (1—@/T) would be replaced by a power series of 90/T 
in general. 

If we would calculate the remaining F;’s in Eq. (16) by using the similar procedure as 
mentioned above and sum up them, (Rx) could be evaluated. However, without deriving the 
explicit form of 2(Re),* we turn immediately to the derivation of <R?">. That is 


with 


|" Ra2¢R) aR x 
(RiP =2 = Wael < : (25) 
\ R2,0(Ru) dRex 
0 
=— (2m-+1)! — m 2m 6 1/2 b 8 ie QO ; 
6” m! (d k) a I 1+( - ) ( r ) ( 1 T )DuN, k, 1) | (26) 
where ‘ 
MUN, k, 1) = bt hee a leet ~3/24. >) | = a —-> I" 4; __4)-3/ 
DnN, k, 1) BI (1 7% jest) +> 1—41 d-BGoD (j —i)-3/2 


} | =| a Wmjcof [i-"t =| 1-( hoe Gall (j-a2. (27) 


* The implicit from of (Raz) will be used to calculate the osmotic 2nd virial coefficient in the 
next paper. 
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Each summation in Eq. (27) denotes summation over i and j under the conditions specified 
in Fig. 2, and the configurations —(1) and —(3) are easily seen to make no contribution to 
<Rii’>. When the terms like ( )™ in Eq. (27) are expanded, and summations over i and j 
are replaced by integrations, Dn becomes 


Dm(N, k, D=4 3 SO DPMb (mV _ puny S (mN/m) & oe? 
Shean we a pts ze 0 p—qts iy 
x UR) P[R9([P- 41/2 — er 94/2) + (N—])4{(N—R)?- 94/2 — (N—])?- 4413/2} ] 


s 


<I a tie m __ b\p —pt1/2_ J—p+1/2__ — p)— p+1/2 fe 
+3) ay (5 EHR N —P rere by en) (27) 


up to the terms of order N?”, 
When m=1, <R?"> reduces to 


<R2,>=(I-Ra? | 1 iewegi - )DAN, k, D| ; 


DAN, k, = | 3 Ube A yap aa 


a 28) 


ee ((N—D92— (N—by—Pr+ Br) | 


In the case of k=0 and /= N, we obtain for the 2m-th moment of the distribution function 
of the end-to-end distance 


where 
6 1/2 b 3 (3) 5 
sey pee e4 a = Ante 
()O-F ee ” 
Eq. (29), when m=1, gives the mean square end-to-end distance, 
(R= Ne 1 +i ) . (31) 
We are now in a position to calculate the mean square radius of gyration <S*%>. If we 


denote the distance between the molecular center of mass and segment k by Si, <S) is 
given by 


= <Rut>. (32) 


2» 1 2) = 
SP= yp ES Fe 2 


- Substituting from Eq. (28), and replacing summation by integration, we see that Eq. (32) 
becomes 


paces VOY 134 
ies 6 (ieee |. a 


In addition, <Si2> can be easily shown to have the expression, 


wi lS wt < 2_ 7c 
Sk =H 2 Ru: Meas 2 «Rei? >—<S* , (34) 


_ where <Rix> is obtained by exchanging k for / and vice versa in Eq. (28). Thus we have 
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3k2—3kRN+N2. 4 ) 
2 z= 
(S25 = | aN 15. bye Pie 
6 P 8 ‘ . 
DN, k) = 5 ae }- ani mibee + (N—k)3/2} (35) 


he 


Eqs. (28) and (35) will be used to calculate 
the intrinsic viscocity in the succeeding paper. 

Eqs. (81) and (33) show that a polymer 
chain, owing to the repulsive interaction 
(volume effect), will expand more largely than 
a Gaussian case and, in good solvents, the 
energetical interactions between segments and 
solvents force the chain to expand more and 
more, whereas in poor solvents they work to 
shrink it. Therefore, when T7=Q@, the volume 
effect counteracts the energetical interaction 
so that the polymer chain apparently behaves 
like a Gaussian chain. Accordingly @ defined 
by Eq. (24) is nothing but the Flory tempera 
ture!» and becomes higher as & is large, 
namely in the poorer solvents. 

In the above calculation, we have neglected 
all higher terms than the second corresponding 
to the order of interaction w=2. Otherwise, 
the higher terms than the second of € would 
generally occur in Eqs. (81) and (33). Accord- 
ingly, these equations would have the validity 
only in the case of |&|<1, that is in the 
vicinity of the @ temperature in poor solvents, 
and the range of & will be determined by 
comparison with experiments in the other 
paper. 


§5. Statistical Properties of a Polymer 
Chain 


Many studies have been proposed on the 
excluded volume effect of a polymer chain. 
Most of them have been dealing with the 
relationship between <R*> and N, which has 
already been discussed out. Here our atten- 
tions are forcused on a few other statistical 
properties of a polymer chain in dilute solution 
which are easily deduced from the results 
obtained in the previous section. 

(a) Suppose the Gaussian distribution func- 
tion, the second moment of which is given by 
Eq. (31). We obtain for the 2m-th moment 
of this function 

CR Y< = ntl Neam( 144 ; me). (36) 
Comparing Eq. (36) with Eq. (29), we know 


{#3 +-(N— i) HEN 


that <R?™¢ ><(R™> when m=>2 and &€>0: 
the Gaussian distribution function approaches 
zero slowly in the range of larger R than 
that corresponding to the maximum, while 
the distribution function of R for a_ real 
polymer chain increases gradually to a maxi- 
mum, and then falls down to zero suddenly. 

(b) Eqs. (31) and (33) lead us to 

Ch» 2 

= =6( Ita. ). 
When €>0, the ratio <R?>/<S> is larger than 
the value 6 for the Gaussian chain, and in- 
creases with JN. 

These conclusions are in qualitative agree- 
ment with those obtained by Teramoto, Kurata 
and their coworkers® who directly counted 
the number of all possible configurations for 
the two-dimensional square lattice chains 
(N<20) and the simple cubic lattice chains 
(N<8). 


(37) 


§ 6. Light Scattering 


Here we calculate the angular distribution 
P(@) in the light scattering, using the same 
model as before, and propose a procedure to 
evaluate <S*> by the dissymmetry method. 
P(@) is expressed in the form,™ 


PO)=\"" o(Re) exp ee es dR, (38) 


where 4’ is the wave length in the medium, 
@ the scattering angle, o the radial distribution 
function for segments of the same polymer 
chain, s the vector difference between unit 
vectors in the directions of the incident and 


scattered lights, and the magnitude s is given 
by 


s=|s| (39) 


The integration in Eq. (38) extends over all 
directions as well as magnitudes of Rx at con- 
stant s. 

Now, using the partition function (Ri), 
we may write o(Rx:) as 


Z 
0( Rez) == WN? = C Q(Rx1) ) 


=2) Sin hs : 
2 


(40) 


for €=0 (Gaussian) in Fig. 4. 


a ds 
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where C is the normalization constant and 
coal 4 Rei? 2(Ruv) dR « (41) 
0 
Inserting Eq. (40) in Eq. (38), P(@) can be expanded in the form, 
4 m 
P()=1— —an(2 sin a: 7 a, (2 sin oa, = (Dm aen( 2 sin ah a eye 
: ; 2 (42) 
= bode: ua ag 2m 
a aaraH V ) ZR - 
In particular, from Eq. (32) a, becomes 
'2 
mas Se : ——— (S*) , (43) 


Substituting Eq. (26) into an of Eq. (42), and 
1, P(@) can be finally rewritten as 


replacing summation by integration over k and 


The numerical values of Cn(m<7) are shown 
in Table I, which were calculated by Eq. (46). 
Fig. 3 gives the 7/ ~ —P(@) curves for various 
values of €, which were drawn taking accunt 
of the terms up to m=7 in Eq. (44) with the 
values of Cm in Table I. Similarly, the 
dissymmetry ratio zs, (=P(45°)/P(135°)) vs. 
V Na? /2’ is plotted in Fig. 4. 


Table I. The Values of Cyn. 


m so oe 


Cn 0. = 890 so. 26090. 2279 0. 0.1859 0.1 0.173 


The angular variation method leads us to 
a, in Eq. (43) and hence <S?> itself. On the 
other hand, in the dissymmetry method, Na? 
is customarily determined by using the curve 
Accordingly 


POO) == (e-*—1+W) + & —O" Cam, (44) 
_ where 
DO AVG” +50 
i 6 ee oe 
puremebesse J eithjihe _' fy m+2p+3/2 
pat p>—1/4\ p /L(m+3/2)(m+5/2)(p+1/2) (m+p+l(m+p+2)(m+5/2) 
2 (4 YM ef map 
(yor goatee wag Spe oP irate s ) 
pet CME er ETS nat 
m—p+1 imo eee! t yt. 46) 


Fig. 3. Angular Distribution. 


Na obtained in such a way is not strictly 
equivalent to either <R?> or 6¢S?> at non-Flory 
temperatures. Following is our method to 
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determine <S?> by the dissymmetry method. 
We first read the value of Na? from the ob- 
served value of zs; at the 9 temperature and 
the curve for €=0 in Fig. 4; and next we 
determine & from the observed value of 245 
at the other temperature and from the value 
of Na? obtained above, using Fig. 4. Insert- 
ing these values of Na? and & in Eq. (33), we 
obtain <S*>. This method, however, is not 
applicable to a good solvent system, for the 
equations obtained here are derived only for 
small &. 


JNa/X. 
Fig. 4. Dissymmetry Ratio. 


The agreement between the value of <S?> 
determined by this method and that by the 
angular variation method has to be checked 
experimentally. This is an interesting pro- 
blem, but we will leave it untouched in the 
present paper. 
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Professor Ichiro Sakurada of this University 
for his indispensable advice and constant en- 
couragement during the course of this re- 
search. Thanks are tendered also to Prof. 
Akio Nakajima, Dr. Ei Teramoto, Dr. Misazo 
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Yamamoto and Prof. Hiroshi Inagaki for their 
stimulating discussions, and to the Ministry 
of Education of the Japanese Government for 
a grant-in-aid. One of the authors (M. K.) 
wishes to express his sincere thanks also to 
Professor Mikio Tamura who gave him helpful 
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Osmotic Pressure 
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A statistical-mechanical theory of dilute polymer solutions is developed 
following the solution theory of McMillan and Mayer, and the osmotic 
second virial coefficient A, is calculated taking account of the intra- and 


intermolecular interactions. 


The final expression for A, is expressed in 


terms of the molecular constants such as the molecular weight, segment 
size and bond length. The molecular weight dependence of A» is im- 
proved at least in the vicinity of the Flory point in comparison with 
the theories of Flory-Krigbaum and Isihara-Koyama. 


§1. 


According to the general theory of solutions 
developed by McMillan and Mayer,” the 
osmotic second virial coefficient A, can be 
expressed in terms of the reduced phase 
integrals of the solute molecules, namely one- 
body phase integrals at the infinite dilution. 
In the case of chain polymer solutions, how- 
ever, the reduced phase integrals themselves 
are cumbersome owing to the Jiquid-like 
character, and the calculation of A» cannot 
be completed, in general, unless some ap- 
proximations are made. For example, Flory 
and Krigbaum,” and recently Orofino and 
Flory» developed theories of polymer solutions 
by introducing the Gaussian approximation 
for the spatial distribution of segments about 
the molecular center of mass, and derived 
the expressions for Az, which indicate a 
gradual decrease of Az with the molecular 
weight. This seems to be a good success of 
their theories, though there remains some 
phenomenological parameters uneliminated 
and the agreement with the experimental data 
is no more than semi-quantitative. Recently, 
Isihara and Koyama” improved the Flory and 
Krigbaum theory” with respect to the ap- 
proximation for the radial distribution function 
for segments, but the Gaussian character of 
polymer chains is still assumed. In these 
theories, furthermore, -segment distribution 
functions about the molecular center of mass 
are approximated by the products of one- 
segment distribution functions. Since the 
volume effect dominating A: introduces a non- 
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Gaussian character into the chain behaviors 
as was shown in TPS I,** and since, by intro- 
ducing the factorization approximation into 
the segment distribution function mentioned 
above, the effect of the spatial correlation 
between segments is almost ignored, we found 
it necessary to re-examine the theory of dilute 
polymer solutions with respect to these points. 

In this paper, we are concerned with the 
calculation of the two-body phase integral of 
polymer chains. The method of expanding 
the one-body phase integral developed in TPS 
I can be conveniently extended to the present 
problem. The contributions to A, of the intra- 
and intermolecular interactions are able to be 
separated by proper introduction of a partial 
one-body phase integral. Although a similar 
approach to the problem has already been 
attempted by Zimm,® he has been neglected 
the influences of the intramolecular inter- 
actions. In the last section our excluded 
volume function (.Y -function), which occurs 
in A,, will be compared with those obtained 
by Flory-Krigbaum” and Isihara-Koyama,” 
and the difference among them will be dis- 
cussed. 


§2. Formulation 

In this section, the formulation will be given 
in order to derive the theoretical expression 
for the second virial coefficient of the osmotic 
pressure of chain polymer solutions. 

As in TPS I, we make use of the pearl- 
necklace model and the continuous medium 


approximation. Consider two polymer chains 


= For the preliminary reports of this work see 
ref, 12, 


87 


** Part I of this series.) This paper will be 
cited as TPS I. 
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in dilute solutions; their segments are attached 
numbers 0;,1s,2s,-::, Ns from one end to 
the other, where the subscript s(=1 or 2) indi- 
cates the distinction of two polymer chains. 
The coordinates of the segments, as before, 
are denoted by (0s), (12), -*-, (Ns), and the 
coordinate set and the number set of 7 seg- 
ments are represented by {;}=(1s)(2s)-+- (ws) 
and [m;s]=1s, 2s, --:, ms, respectively. 

According to the solution theory of McMillan 
and Mayer,» the osmotic pressure z is ex- 
panded in powers of the concentration c (in 
g/cc) as follows, 


with 


epee sane eid 
where FR is the gas constant, T the temper- 
ature, VM the polymer molecular weight, An 
the n-th virial coefficient, NM) Avogadro’s 
number, and Bn» the irreducible integral. In 
particular, B., equal to the cluster integral 


FiLNs+1s}=C exp [—9,{Ns+1s}/RT] 
F{Ni+1,+N2+12:}=C’ exp [—O.{Ni+1:+No+1e}/kT ] 


where C and C’ are the normalization constants. 
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bz, is given by 


ramet all if OLN A, Nace La 
2Vs Vv 
x d{N,+11+No+12} ’ (3) 


where V is the volume of the system. gz is 
defined as 
92{ Ni +114. Notli} =F NitlitN2+12} 
FN 4+ iyi N2+12} , (4) 
where F, and Ff, are the one-body and two- 
body distribution functions of McMillan and 
Mayer, respectively. It must be noted here 
that Ff, F, and the related functions all refer 
to the state of infinite dilution of solute poly- 
mers and are functions of 7, though the 
symbol T is omitted in Eq. (4) for simplicity’s 
sake. Inserting Eq. (3) in Eq. (2), Az can be 
rewritten as 


N 
Sas “| ge{Ni-+it Nets} 
x d{Ni+11+No+12} : (5) 
The distribution functions F, and Fy, are 
related to the potentials of mean force 0, and 
@. respectively as follows, 


A,=— 


(6) 


In the continuous medium approximation, 


®, and 9, are given by the sums of potentials @(risj:) of segment pairs (risj:=|(j:)—(és)|; 


Soil 


OANstheh= ~ OLED > P(Fizig) ) 


gael 


O2.{Ni+114+N2+12}=O4{Ni+11}+0:{No4+1.}4+ 3 P(74,4,) » 
tity 2 


(7) 


=2i bi, +2 by +2 $:,4, « 


g2 iS a correction term which would represent the amount by which the two-body distri- 
bution function /, deviates from the independent value given by the product of the one-body 
distribution functions F;’s, so that g. approaches zero as all 7:,i2’s become infinite.* Accord- 
ingly, C’ is equal to C? and g, can be rewritten as 


go Ni +1itNe+1s}=C exp a $145, /RT) €xp (-—> Pinj./RT [exp ——, $i,,i,/RT)—1] 


0 


(8) 


=C%(1+ ci Stew) wit BES ont ant ses) 


jy-t, 1 


x (1+ Eg Fiat DOS tniaF tay + * bi -) 


0Sty<5, 
Jy- tt 


%( D F iyi h tyig th >) ’ 
ps 


(8’) 


* The definition of g. is somewhat different from that of the ‘correlation function go(r) in the theory 


of liquids, which has the property: lim go(7)=1. 
T—00 
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where 

fig, =eXP (— big JRT)—1 (9) 
and C can be determined by the normalization condition of F,. That is, 


at A \, exp (—Didei [kT )d(Ne+ a} « 1D) 


We are now in a position to’ give the expansion form of A; from the standpoint of succes- 
sive approximation. The situation is very complicated, because there exist the intra- and 
inter molecular interactions simultaneously. In the case of a single polymer chain, we defined 
the order of interaction by the difference between the number of segments in the state of 
interaction and the number of clusters. In the preseht paper, the order of interaction, for 
simplicity, is expressed by the number of bonds in a cluster diagram (See Fig. 1). This 
would not be the source of appreciable error in so far as the terms of considerably higher 
order are not concerned, since WN is large enough. 

We begin by introducing the partial one-body ‘phase integral* 


0St.< 
IG, aed tOl=a ; a 
7) fe oe 


O{e}=(\-- t+ DSi VN ees} (11) 


where the integration’ extends over all the coordinates of segments of the same chain except 


some « segments under the conditions of constant bond length a.,. It is obvious that 2*, 


_ 


- 


a 


when «=2, results in 2(Ri:) discussed in TPS I. On. performing the term-by-term inte- 
grations over the coordinates of segments except ones in the state of intermolecular inter- 
action in Eq. (5), Az, using 2*{«s}, can be SS Basia as 


a. Kai oe sy 4 ) (12) 


Lire 
where ' bias 
C= 2G (feil[ea) ; . (13) 


Gulhlld=C| [Fadia . 


Gaeten=C{ [Faas t Sash nd ra Mus daidairainaGs 
i (14)** 


Pe ee 


Ee cis a Se Ss atk © 60 6 ele. 6.9 4:4)0\ aiawielpysisie 


The summation sign in Eq. (13) denotes summation over all the ways in which « segments 
are selected from the chain 1 and the same number of segments from the chain 2. From 
Eq. (10), we obtain immediately 


Qi,)=2Ma2)=C? . (15) 
Hence, G;,({1,][12]) simplifies to 


CCl) =|] Fandind (16) 


Si In TPS I, the partial phase integral was used for an ideal (Gaussian) chain. 
** Even if the symmetry numbers of the chains are taken into account in the integrand, they are 
cancelled out by those occurring in C?; that is, A» is independent of the symmetry number. 
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In the following, we shall consider G,([{«:][*2]) for «=2. 
In general, the expansion terms of 2*{xs} are arranged in ascending order of interaction 


as in the case of 2(Rxz): 


N 
Q"feys ox By Aes} ; 


where vs is the order of imtramolecular interaction. 


(17) 


If we denote the orders of intermolecular 


and overall interactions by «—1 and » respectively, we must have the relation: wtl=«+vitv2 
(2<0ne<mu+1). Accordingly, if we consider in G;,([«:][*2]) the terms up to the order of 


overall interaction, G,([#:][*2]) reduces to 


Gallesltea) =(Can?|]---[ EU Sol 


with 


BS {i} BS {eo} ]d{ 01+ #2} (18) 

VptVySK—K+1 1 2 
(Cas | | : se Bs {res}d{to—1s} (19) 
b<i<a. (23) 


There must be dropped some of the terms in 
(Cxu)~2,. which do not correspond to those in 
the integrand in Eq. (18). If we denote the 
sum of Gxu([«i][*2]) over all the configurations 
by Gru, As is finally given by 


anes 

2VM? 
with the specified value of 4. The degree of 
approximation for A., of course, increases 
with increasing yp. 

In order to perform the calculation of A, in 
the following section, we adopt the same 
forms of f(r) and of the partition function 
of an ideal chain 2)(7, 7) as in TPS I: 


Ar (C4 = Gr (20) 


—l + Hob 
for=| cS Bene Nis (21) 
eT exp (-sp" ) ; > 
are)? whit. te 
Ody, = On nat/3r exp ( ona ) sae 


(22) 


And the diameter of segment 5b, the bond 
length @ and a parameter 2 are assumed to 
satisfy the condition: 


Ga= BS 2Ca [Ped / en Brn) Bras) 


2 


§3. Calculations of Gx, 
We shall concern ourselves with the case 
of w=2. Then, from Eq. (20), A, becomes 


N 
ay yp Gr + Gut Gas) . 
(i) Calculation of G, 
From Eqs. (13), (16) and (21) with the ap- 
proximation (23), we obtain 
Gi=4nvN2(" f(Mrdr=— SY Nre( i 7 
; 3 Sis 
(25) 


As= (24) 


with 


1/27 2 \3 S 
oH) 

1( ) (es 28) 
where @ is the Flory temperature discussed 
Vico Bi geo 

(ii) Calculation of Gx» 

Although the products of /’s in the integrand 
of G22([21][22]) are F iyth tye and FiuFsanr it 
is easy to see that these make the same 
contribution to A,. Hence, Ges can be written 
as 


(27) 


+2BY (1 5) BE (rigs) 1d (dC js) din) dC ja) . 


By (inn) and By (riysy) are given by the following equations, as have already been calculated 


15 aed Wi 


By (rin) = (470g) Ca-tVQ4(ri5, Me eet 9 


(28) 
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BE (ry3)= DOPK Pan» 200) + DOP Ara» (020) 
pag) | ihc 
S ie OP Rai [101]) (29) 
Lt 
with 
1/2 3 fu, ‘ A 
Fy(riy5, ’ [200])= — (dary orn 2) —-ky() i )aeris , i Pegs 2) , 
[2 
F(ri,, [020] = — (nays crime ; Gane A) (30) 
Ya a dE 
XK Qo(Pigs» Jr —ht Ay) ? 
The first term in Eq. (27) corresponds to ’ 
cluster diagram (2—0) illustrated in Fig. 1, 
and the functions F;’s correspond to cluster 
diagrams (2—1) to (2—6) respectively. The 
summation signs in Eq. (29) denote summa- 
tions over k; and /,, the ranges of which 
would be rather obvious from the cluster 
diagrams. Ng BA he NA ey od pe 
The integrations in Eq. (27) can be easily S ee fu ig ee a> 
performed by the Fourier and inverse transfor- MA aus eee kK la-e) 
mations:»)»? Fig. 1. Cluster Diagrams. 
Gu= > > 2v(Ca| An 7} oF (iz5g)F (Vizig)Arizty » (31) 
bpdy Yydg 0 iy 
where 
Ferinin)= not exp (—ig- riyi,) H(@)dd (32) 
A(q)=aq@h@r@) , 
a(q)= [Bs +2Bi (ra) exp (1q° Fis )Aish, » 
} (33) 
aa)=| Ferns) exp (19+ 17515) A515, D 
7(q@)= [Bislrs) EXD (19° Tigig)AT ins, » 
6 \¥27 6 \3 a) 
-2— 2)2n | J — (1, —k1)-3/2 ( — : 1—— } |. 34 
careteermfi-e_ 3 arn" (8). 
1 - kyl 
The calculations eventually lead us to 
Gy= —Girak(1-™) ; (35) 
720 
where 
+(2)"(2 6 netsh , (36) 
1 a 
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: 
3/2 ue sae Ss 
AS t= hatha)? (37) 
NS A ein yee ee a ee 
tn 2 ak) *1{j1—t1 +J2—te —( 1—k)} =(1—-t§ +j2—t2) ] 
BO NSE re ook ae eee 
42. 3b] fait iif se mith ia | 
@-4) 17> &1 
slat ota pect ively ci Ausaie ave shee pelaeais ae 3 
+ Sh-kor| fi Li) tae ia eles —(Ji—tit jo—te) - (38) 
Eq. (38) shows that clusters (2-1) and (2-3) (—(isti(i«é‘«s‘«~ Na = Garo? (44) 


make no contribution to A, and the contri- 
butions of clusters (2—4) and (2—5) are the 
same. Since we know that the intramolecular 
cluster corresponding to (2—2) makes main 
contribution to the mean radius of gyration 
of the polymer chain,» the second and third 
sums in Eq. (28), for simplicity, are neglected. 
Then, replacing summations by integrations, 
we obtain for the numerical values of 720 
and 7a, 


rw= 2204/2) =2.865 , (39) 
aca Ccxcears vy 
4 Tar —?. 
<8 oY 2 bein sa 2)—n|=8.78 
3 
(40) 
(iii) Calculation of Gs 


There exist six products of f’s in the inte- 
grand of G3, which reduce to two fizis f5,5S%ky'S 
and four fi.fj.,fx,j,s Therefore, Gs2 can 
be written as 


Gu= 3S! 2Cay| - 
Ih, QIoly 
x ju (Vist) F (Viy52)F (ek) 
42S (ists) S Cs k2) F Pept) Bp {31} Bi {32} 
x At1)d(j1)d( ky) d(i2)d( j2)d(kz) (41) 
with 
(C32)? =(47ca?)-2 , (42) 


The first and second terms in Eq. (42) cor- 
respond to clusters (3—01) and (3—02) re- 
spectively. And Bi {3s} is given by 


B3 {3.) 
= (4ra?)¥— Cs D075 6, jg-ty) oT igrg > Rs—Js) . 
(43) 
Since the integrations in Eq. (41) can be 


performed in like manner as in G.., the method 
need not be reproduced. The result is 


where 
3 
sh ys. > (ki—jitke—Jjo)-7/? 
2 (3-01) 
X(Ji-tjJo—te)3/? ; 
+23 (aft hej Mimirt jai) 
+(Ri—ji)(Ra—Ja)} 7? . (45) 


Replacing summations. by integrations, we ob- 
tain 'for the numerical value of 729 


ra=8( x <3 )+5.93=9,73.. (46) 
The Second Virial Coefficient: and Com- 
parison with Other Theories 

From Eqs. (24), (25), (35) and (44), we obtain 
the final expression for the osmotic second 
virial coefficient, 


§ 4. 


‘2 oO = TF ©) , (40) 

where 
M= aa (48) 
F@O=1-10(1- Tat VE rook (49) 
= 1l-roo& + (rat rao&—--- (49’) 


up to the terms of order &*. Here, roo, Yaz 
and 73.9 have the positive values given by 
Eqs. (39), (40) and (46) respectively. But 
strictly speaking, ys: would have somewhat 
larger value than the above one, owing to the 
neglection of the minor sums in Eq. (38). 

Eq. (49’) shows that the influence of intra- 
molecular interactions (represented by 72; to 
the present approximation) would appear in 
higher terms than the second of &; in other 
words, the (intramolecular) excluded volume 
effect may be considered to have no influence 
on the second virial coefficient in the vicinity 
of the O temperature in poor solvents, but 
increases gradually with increasing temper: 


7 
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ature and forces the second virial coefficient, 
which is the measure of the excluded volume 
of a pair of two polymer molecules, to become 
larger. In so far as we are concerned with 
the terms up to the first of £, Eq. (47) is 
essentially equivalent to Zimm’s formula* 
derived without taking account of the intra- 
molecular interactions. 

From the general theory developed in § 2 
and Eq. (49), we suggest that the excluded 
volume function Y (&), if account is taken 
of the higher order interactions, may be ex- 
pressed in the form, 


F (E)=1-rnar(E)F+rya(HE— v had (50) 


a@(&), a(&), etc. are the correction factors 
which would represent the influences of the 
intramolecular excluded voulme on the second 
virial coefficient. It is easy to see that all 
these functions decrease with increasing 
temperature in poor solvents, namely in- 
creasing €, and take the value of unity at 
T=6. 

According to the Flory-Krigbaum theory,” 
the function .¥ is given by 
x .§ 


| 58g A ea eee 


X=2(a2—1)=392£., 
ae 


where a@ is a linear intramolecular deformation 
factor. Therefore, .A” may be rewritten as. 


F(@)=1-0.919 ©, + 0.8665 — 
a a 


(the F.K. theory) (52) 


Comparing Eq. (52) with Eq. (50), a-3, a-®, 
etc. are easily found to correspond to a,(&), 
a(&), etc. respectively and to just similarly 
behave as these do. In our theory, if the 
partial one-body phase integral is assumed to 
have the form, 


* See reference 6. His coefficient of é is half 
smaller than ours because of miss counting of 
clusters. 

** According to the statistical theory of a 
single polymer chain present in dilute solutions 
developed by Flory, a, using our parametenst; 
satisfies the relation: 

ad — ai =(33/22)E . 
Recently Orofino and Flory2 have improved the 
theory, in which a correctihn term, dependent on 
temperature and the polymer molecular weight, has 
been added on the right-hand side of the above 
equation. 
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Q*{ey= II Otee , pie , (53) 
0Sig<j,<W a 


tg, Fg€ [x] 
namely if the polymer chain is assumed to 
be a Gaussian one uniformly expanded by a 
factor a, it is easily shown that .Y can be 
expressed by 


F O11 St twee, 6A) 


which is equivalent to the Flory-Krigbaum 
equation (52) except the expansion coefficients. 
From Eq. (33) in TPS I (the mean radius of 
gyration) and from the values of 725) and Yo, 
it would be expected that if a,(&) is written 
in the form a-", m is somewhat larger than 3. 
This descrepancy might be attributed to a 
non-Gaussian character of the chain. 

On the other hand, according to the Isihara- 
Koyama theory,” the function .Y is given 
by 

FH (€)=1—1.024E +1.134E2— 
(the I. K. theory) (55)*** 


The intramolecular excluded volume effect 
has been ignored in their theory, namely all 
arnfE)=1. 

The essential difference between our theory 
and the F. K. or I. K. theory is that the 
expansion coefficients 729, 730, etc. in the former 
are considerably greater than the correspond- 
ing coefficients in the latter two. This could 
be interpreted as follows: in the F. K. and 
I. K. theories the important chain character 
of the connections of segments has seen lost 
owing to the introduction of their factorized 
distribution approximation into the distribution 
function for « segments about the molecular 
center of mass, while in our theory the corre- 
lation between segments, namely the con- 
nections of segments, which seem to be closely 
related to the liquid-like behavior of the chain, 
have been explicitly taken into account, even 
when the approximation (55) is used. In the 
I. K. theory, slightly larger coefficients than 
in the F. K. theory have been obtained with 
taking account of the distinguishability between 
segments 7 and 7. 

In conclusion, it must be noticed that in 
the experimental verification our large ex- 
pansion coefficients will | improve the molecular 


oe The argument ‘of A Fe (X)i in the I. K. ‘theory is 


equal to 33/2, 
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weight dependence of the second virial coe- 
fficient at least in the vicinity of the 9 temper- 
ature since & is proportional to M?. This 
dependence has been underestimated in the F. 
K. theory.» 10. * 

The author wishes to express his hearty 
thanks to Professors Ichiro Sakurada and Akio 
Nakajima who gave him kind encouragement 
and helpful discussions. Thanks are tendered 
also to members of the Research Group on 
Polymer Science of this University, especially 
to Professors Michio Kurata and Ei Teramoto, 
for their advices and stimulating discussions. 
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A theory of the intrinsic viscosity [7] of chain polymer solutions is 
developed on the basis of the Kirkwood and Riseman scheme, taking 
some modifications concerning the excluded volume effect into account. 
If the volume effect is represented by the linear expansion factor a of the 
root mean square radius of gyration, it is concluded that [7] is propor- 
tional to a? for the free-draining molecule and a?-43 for the non-free- 


draining molecule. 


Introduction 


§ 1. 

Theories of the intrinsic viscosity [y] of 
chain polymer solutions have been developed 
by Debye-Bueche (D.B.),Y Kirkwood-Riseman 
(K.R.),2 and Flory-Fox (F.F.).® The D.B. and 
K.R. theories have the apparent difference in 
their mathematical analyses, but equivalent 
are the physical meanings involved by them: 


This implies that the effective hydrodynamic radius 
of the polymer coil is not proportional to the statistical one in the limit, 
where the rigid sphere model is asymptotically valid; in other words, 
the more the polymer chain is expanded, the deeper the solvent mole- 
cules penetrate into the polymer coil. 


the molecular weight dependence of [y] is 
uniquely related to the variation of the velo- | 
city gradient of fluids in the polymer coil, | 
which is subjected to the hydrodynamic inter- | 
actions between segments. Combining with | 
Stokes’ law, these theories render us the | 
smaller diameter of the segment than that to | 
be expected. This would take its rise in their 
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Gaussian model and none other. On the other 
hand, the F.F. theory is established on Ein- 
stein’s rigid sphere model and attributes the 
molecular weight dependence of [y] to the in- 
tramolecular deformation of the chain due to 
the thermodynamic interactions between seg- 
ments. 

If [y], following Flory and Fox, is written 
in the form, 


[n]= 6929 7s 


a reduces to unity (Gaussian) and @ depends 
on the molecular weight in the D.B. and K.R. 
theories, while @ assumes its asymptotic value 
independent of the molecular weight and a 
varies with the molecular weight in the F.F. 
theory. Since, however, in deriving the above 
formula Flory and Fox have introduced the 
intuitive assumption that the effective hydro- 
dynamic radius of the polymer coil is propor- 
tional to the statistical one, their theory is of 
empirical nature. In addition this assumption 
is not necessarily satisfied according to the 
recent experimental data.” 
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The K.R. theory seems to be superior to 
the D.B. theory in their model and formula- 
tions in so far as linear polymers are concern- 
ed. In the present paper, for this reason, we 
study the intrinsic viscosity of a chain polymer 
solution in the manner of Kirkwood and Rise- 
man, taking into consideration the thermo- 
dynamic interactions between segments as 
well as the hydrodynamic ones. And we dis- 
cuss the proportionality between the hydro- 
dynamic and statistical radii. 


§2. Model and Average Quantities 


Although the pearl-necklace model and the 
continuous medium approximation are adopt- 
ed® in this paper as before, for convenience, 
the segments are attached numbers —uy, ---, 
—1,0, +1, ---, +z in place of 0,1, 2,---, N. 
Thus we have the relation, N=2n. 

If we denote the distance between segments 
z and 7 by Ri; (7 >2) and the distance between 
the molecular center of mass and segment 7 
by Si, we obtain the following expressions for 
various average quantities over chain configur- 
ations from Eqs. (28) and (35) in TPS I;* 


R= -de +t ea] gM dent fe Ae 
maga atier—n—or—(nt peta} |, A) 
(St) = Ee 4 BT gy HI) — En t+ (0) 
+E rents aye UE ga) (2) 


(SiS) =F07 80+ )- —6(j—i)n+2n}a2 + EV. Aral 6 ee PO gai ati+(n—1)8+ (n+7)3+(n—J)} 


Se Co eee CC 


16 
3 


with 


where 0 is the diameter of segment, a its 
constant bond length, and @ the Flory tem- 
perature. When 7T=@, Egs. (1) to (3), which 
have their validity in the vicinity of the 0 
temperature, reduce to the corresponding 
formulae used by Kirkwood and Riseman for 


Pin de—B (nt P+ 4G—1)lm—4 Adin jy VAY 2 nvr | 


(NEF 


he ae mee: 4 \8/2 
vomet ? 3s) 


the Gaussian chain. 

<1/Rij3> can be evaluated in the same way 
as <Rij?>, using the partition function 2(Ri;) 
mentioned in TPS I, but the result is very 
complicated, as shown in Appendix I. As will 


* Part I of ‘this series®) is cited asbeSris 
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be discussed in the next section, this is closely 
related to the Oseen tensor, and becomes the 
kernel of the K.R. integral equation which 
determines the hydrodynamic interactions be- 


tween segments. Now, therefore, if <1/Rij;> 
is written as 
By 
on ie ee, a ) 


where the subscript 0 indicates a Gaussian 
chain, and if 8 is assumed to be independent 
of 7 and 7 in order to simplify the further 
calculations, then Eq. (5) can be immediately 


rewritten as 
a i<j Ae, 
oe 2 Ris <> 


Namely 8 is a correction factor which would 
represent the amount by which the average 
quantity of <1/Rij> over 7 and j deviates from 
that for the Gaussian chain. Since, however, 
it is almost impossible to evaluate the sum in 
the numerator of Eq. (6), the correction factor 
of <1/R:;>) is assumed to be approximately 
equal to the inverse square root of that of 
<Rij;?>. Then 8 becomes 


c= = i" ae Ri; 
2n? Peele 


a= (Ree) 


Calculating the sums in Eq. (6’), eventually 
we obtain for <1/Ri;> 
44 
“15) Ef: 


Ca>>( ye ama 
(7) 


§3. Kirkwood-Riseman Integral Equation 
and Intrinsic Viscosity 


(6) 


(67) 


According to Kirkwood and Riseman,”? when 
a polymer chain is introduced into a continu- 
ous medium of solvent molecules in a state 
of stationary two-dimensional viscous flow be- 
tween parallel plane boundaries, the force F; 
of frictional resistance exerted on the fluid by 
segment 7 is given by 


im "eS -ey)+ey(Si-es)|—E = T. F, 
at 
(—n<i<+n). 


(8) 
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Here € isa friction constant characteristic of 


the fluid and the segment, € is the velocity 
gradient, and ez, ey, e, are unit vectors defin- 
ing a coordinate system with origin at the 
molecular center of mass with ez parallel to 
the stream lines of the unperturbed flow and 


€y perpendicular to the plane boundaries. And 
the Oseen tensor Tis has the form, 
1 RisRis 
is= 9 
fu aoe Ris” ) j ( ) 


where 7 is the viscosity coefficient of the 
solvent fluid. 

Following the analyses of Burgers and 
Kirkwood-Riseman, the expression for the 
intrinsic viscosity is 


bl=lim go 
c>0 Noc 
myieeltcss Sad (See iat See 
100 Mapé t=-” 


where 7 is the viscosity coefficient of the 
solution, c the concentration in grams per 100 
ml, M(=NM,) the molecular weight, and No 
Avogadro’s number. 

If we define gi; by the relation, 


nat 


«(Sj ez) (Fi: ey)> = Tg eu (12) 


then from Eqs. (11) and (12), [y] may be ex- 
pressed in the form, 


[y= No eM 
3600 noM o? 


(13) | 


For large n, the sum defining F may be re- 
placed by the integral 


r-(" g(x, x)dx , 

r ; (14) 
wiicbane lhgie te) 
n n 


Gij=O(x, y) ’ 
Now, according to Kirkwood and Riseman, 


ignoring the fluctuation of Tis and approxi- 
mating it by <7is>, we obtain 


; J 1 
(ih ee ae 
‘ Be a 

9 


SEE GEE a(x ATA 


(15) | 
and then g;; could be determined as the solu- | 


tions of the following simultaneous equation, 


—_ —~- - 


—- 


re 44 SS Ges 
pis=Sis 30 ani )E ee is) 
et 


—n<j<-+n) (16) 


with 


For large n, Eq. (16) reduces to the integral equation, 


o(x, Y=f(x, Naf — 2x 


where 


F(x, M=f/% (x, yY+tES (x, y) , 
f(x, = (88-+y)—6|x—y] +2} 


af a, u(x, y); 
ih aa x); 


ul, N=35(0 +x)°+(1—y)24 (1-+y)?+ (1—y)*}+ 
+149) +19} 5 (x9) 


— SV 2+ y 42 2 y—ol—2" + 2/2 (y—x(1+y)¥? +2 


If Eq. (19) is solved with respect to ¢(x, y), 
[y] is obtained by Eq. (13) and (14). Although, 
when &=0, Eq. (19) is nothing but the K.R. 
integral equation for Gaussian chain, it is clear 
that the integral equation (19) is of the same 
type as the K.R.’s whenever € is equal to 
zero or not. But, as has been pointed out by 
Zimm® and Kirkwood,” the integral equa- 
tion of this type can not analytically be solved. 

If g(x, y) and f(x, y) are expanded in Fourier 
series of the forms 


v(x, = S gely)ette , 
ar (21) 
ix) y= > flyer ; 


respectively, then Eq. (19) is transformed into 
the following set of linear equations for the 
Fourier coefficients, 
44 +e 

oy) +a{1—2(e—Te) | SS avery) =f) 

(R05 te lyse 24s -)) (22) 
When the matrix elements a are approxi- 
mated by the values which are asymptotically 
valid for large k and /, ax: becomes 


8Y2 , Z=1=0 
pprcnat uc (23) 


AV? yy 82 ays 
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fis= 5" 5S) , (a7) 
a € M 1/2 
é ~ (1273)/2an, taal) se) 
_44 Ds 
as) fina ee 
YX 
y<x, 
(20) 


SV 2 (+ a)ee4 (1a) 
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With the approximation (23), inserting the 
solutions of Eq. (22) in Eq. (21), we find 


Stas a set ee y fh a(x I E | 
S Sly) 


44 5 i; eitke 
*—15)® (ia) 

15 |R| 

(24) 

Since it can be easily shown that f)(y)=0, 
g(x, y) given by Eq. (24), when €=0, reduces 
to the approximate solution obtained by Kirk- 
wood and Riseman.”» Adopting the approxi- 
mate solution (24), we obtain, after laborious 
calculations, 


, 6 Sel 1 
Fo per? Sas 
m2 k=1 k 1+]1 —2(x -) g {alk 
2 SC(2#R) . BO ;2S(Qrck) 
I 1/z> cu A Wide. Memes erate SP 
x| 1+ ; g {1+ LP as cant "sdP Ur Cate I]. 
(25) 


where 


¢ (26) 


(yas Sat 
° 613)V2aM9 ’ 


e= 1/2 A=’ NY? , | 


and Fresnel’s integrals C(y) and S(y) are 
defined as 
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CW) ” cost Table I. Numerical Values of Viscosity Function. 
y= ("ite 
o (2xt)™? Fiz) | FiXa) | Fil) 
(27) x (@. et2 1 
nh sin | aoa | yay | Foe) | Foe) | ™ 
SQ) = OLIN 
o (2nt) ieee 1.276 | 0 1.276 | 1.00 
The higher terms of & than the second have 0.5 0.358 1.26 | 0.11 1.37 1.07 
to be neglected in the expansion of F(x) in 1 Q 0.564 | 1.25 | 0.16 1.41 1.10 
powers of &, as for various average quantities 44 0.800 | 1.23 | 0.22 1.45 1.13 
discussed in §2. [7] can then be expressed 3.0 0,936 1.21 | 0.25 1.46 1.14 
in the form, 4.0 | 1.045) 121-4 oes” | 196 
Nola | Fi(AoN¥?) |: 5.0 | 1,000 | 1.90 1 0.28. | Tae) "tae 
= NFj(A4)N¥2)\ 1+ =. 
Vp 3600%0.Mo ciprie! F(Ao Ni ® 10.0 13260" V0. 18 1 °0-82 “PPT 50 117 
(28) 2070 F 4-400| 1.16 | 0.84 | 1.50 | 41.47 
where 50.0 @l486)")" T.15 0.37 1.52 Pag 
Rie. 4 1 100.0 (1.528) | 1.14 0.38 jal ee 1.19 
ey oe 29 & 
Fu(s)= es 2 lab’ (29) 1.588 | 1.135 0.416 | 1.551 | 1.215 
ae F(x)+ Fx) * From Kirkwood and Riseman. 
‘ = 1 1 and defining the linear intramolecular defor- 
Pa) = > Re? mation @ as 
30) S 134 
Coen S(2k) ( ee ey 
/ 1/2 a= 1+ 32 
ies Qn"? aaa 8 gt pie | 7st, +105 Se (32) 
; 12 44\ 2 1 x we obtain the following expressions for the 
F(x) = = (= aes RP (1+ x [RY * intrinsic viscosity in the two interesting ex- 


F(x) and F;?(x) are associated with correction 
terms which would represent the amounts by 
which <S;-S;> and <1/Rij> deviate from those 
for a Gaussian chain, respectively. Although 
the functions F(x) and F\(x) obtained above 
are not rigorously correct, the hydrodynamic 
behavior of a Gaussian chain could be com- 
pletely understood throughout Fo(x) given by 
Eq. (29), as has been discussed by Kirkwood 
and others.® According to Kirkwood and 
Riseman,” xFo(x)—1.588 as x->0c, but its cor- 
rect asymptotic value is 1.259. Therefore, 
it must be only remarked that some correc- 
tions for the values of Fo(x) and F(x) obtained 
above are required. However, the coefficient 
of &, F,(x)/Fo(x) seems to be correct, because 
such corrections in the numerator and denomi- 
nator might be cancelled out one another. 
F\(x)/Fo(x) has the numerical value 1.276 
(=134/105) in the limit for 7=0, as shown in 
Appendix II. The results of the numerical 
calculations for F\(x)/Fo(«) are summarized in 
Table I with the asymptotic value 1.551 for 
x=0co, Remembering that the mean square 
radius of gyration of a polymer chain is given 
by 
134 
105 ) ‘ 


inc Na* 
(sp=" (1+ (31) 


treme cases: 
(i) in the limit for 2)N 4/20, 


i AINE creas 134 
bl = a5 ng <S(1+ tog EF) | G8) 
= ING ———S2 __ $2 a? (33’) 


6007).Mo 
(ii) in the limit for 2&N¥/2-00, 


ba) =a La Faa))e-e SE 41.5518) (84) 


3/2 2 3/2 
= xFolenn S20 gas (Bu) 

In general, [7] is proportional to a2’, where 
7~105F\(#)/134F)(x) in the vicinity of the @ 
temperature. 7 varies monotonically from 1 
to 1.215 as x increases from 0 to o. The 
values of y for various values of x are also 
given in Table I. 


§4. Comparison with the Flory-Fox Theory 
, and Discussions 


As is well known, according to the empirical 
theory of Flory and Fox,® the intrinsic vis- 
cosity is given by 

({S*)0)¥/? 
where @ is a se ansiain constant for any poly- 
mer-solvent pair, independent of temperature 


1958) 


and the polymer molecular weight. Eq. (35) 
has been derived, based on the Einstein rigid 
sphere model, by introducing the assumption 
that the effective hydrodynamic radius of the 
polymer coil is proportional to the statistical 
one. But, in the following, it will be shown 
what assumptions lead us to Eq. (35) in terms 
of the K.R. theory. 

If <Si-S;> and <1/Rij> are assumed to be 
expressed in the forms, 


(Si-S>>=aSi-'S5>o , 


Serger 


respectively, where @ is defined by Eq. (32), 
then the integral equation for g(x, y) becomes 


(36) 


(37) 


Z +1 
g(x, y=a2f%x, yA [" PLY a, (38) 
a@ }_; |x—t|? 
and it leads us to 
AGa—e 1 a 
Be = 1+ xjake (39) 


Here, consider the limit for x—0o, and [7] 
results in 
_ ml2No (<S2)9)3/2 - 
=~ 700 [«Fo(x) ]e-c cali thoes , 
which is equivalent to the F.F. formula (35). 

The only difference between our formula 
(34’) and F.F.’s (35) or (40) is the exponent of 
a in the limit for x->co. When the coefficients 
of & are compared, the asymptotic values of 
F}(x)/Fo(x) and F\?(x)/Fo(x) are 1.135 and 0.416* 
respectively in the former, and 1.276 (=134/ 
105) and 0.638 (=67/105) in the latter. It fol- 
lows, therefore, that the numerical values of 
F(x)/Fo(x) become smaller without averaging 
the correction factor of <Si-S;>). And the 
difference between the asymptotic values of 
F2(x)/Fo(x) in either theory arises from that 
between Eqs. (7) and (37). When averaged 
in such a way as mentioned in §2, the cor- 
rection factor of <Si-S;>) proves to be a’, 
whereas that of <1/Rij> not to be a1. Ac- 
cordingly, in view of the averaging, Eq. (37) 
might be unreasonable. 

It may be concluded that the exponent of 
a in the expression for the intrinsic viscosity 
is smaller than three, according to our theory, 


[7] (40) 


* Without such averaging as in Eq. (5), it would 
be expected that this value becomes somewhat 
smaller. 
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in the limit where Einstein’s rigid sphere 
model is asymptotically valid, though the 
detailed discussions could not be given because 
of many approximations involved. This im- 
plies that the effective hydrodynamic radius 
is, there, not proportional to the satistical one. 
If we denote the hydrodynamic radius by Sz, 
from Eq. (34’) we obtain 


Six ({S2)p)V/2a% 81 , (41) 


On the other hand, the statistical radius is 
proportional to the first power of a. So the 
degree of expansion of the former is lower 
than that of the latter. This situation may 
be interpreted as follows. For the root mean 
square distance (<S;?>)/2 between segment 7 
and the molecular center of mass, Eq. (35) in 
TPS I gives 


bean ae Natl +0.61£) for i=in, 
2\)1/2— 


arena +0.50£) for i=0. 
(42) 
Hence, 
San? cane 4 
( Ae ) =2(1-+0.11E) . (42’) 


These equations indicate that the excluded 
volume effect has the larger influence on the 
segments near the ends than on the inter- 
mediate segments; those are located, on the 
average, in the skin part of the polymer coil 
and these in the core part. Accordingly, the 
expansion of polymer chain does not occur 
uniformly in the inside of the coil, but mainly 
in the skin part. Therefore, the more the 
polymer chain is expanded owing to the 
thermodynamic interaction between segments, 
the deeper the solvent molecules penetrate 
into the coil. 

When Eq. (34) is rewritten in the form that 
[y] is proportional to a? as in Eq. (35), ® may 
be expressed as 


— (Z/6)"Ao z 
D090 eR ol le-=(1 —0.3638) . 


Eq. (43) shows that Flory’s universal constant 
@ decreases with increasing temperature, 
namely increasing £, in the poor solvent 
system (9>0). 

Finally we discuss the molecular weight 
dependence of the intrinsic viscosity. From 
Eq. (28), it is easy to see that the molecular 
weight dependence of [y] is attributed only to 


(43) 
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NF)(4,N 1/2) at the @ temperature. This mat- 
ter has already been discussed out by Kirk- 
wood and Riseman. But & makes contribution 
to the molecular weight dependence at other 
temperatures, and Flory’s considerations may 
be supported. 

In conclusion, we are indebted to Professors 
Ichiro Sakurada and Akio Nakajima of Kyoto 
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University for their stimulating discussions 
and kind encouragement. Thanks are tender- 
ed also to Dr. Misazo Yamamoto for his in- 
dispensable advice, and to the Ministry of 
Education for a grant-in-aid. 
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Appendix II. lim Fa) 
20 F(x) 


From tables of the Riemann ¢€-function, we 
have 


> tz 
2 rant “etl . . 
C(2)= p> pe et (A.II.1) 
If we consider the functions (1+x)*/? +(1—x)*/? 


and (1+.x)9/?+(1—x)*/* for —l<x<+1, and 
expand them in Fourier series, putting x=1 
with taking account of Eq. (A.II.1) respective- 
ly, then we obtain 


= C(2zk) 1 


“2 1 (70k) 5/2 FopRRE 


: (A.I1.2) 
ty ans ork | 4 
kei (wR)? 315 * 
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The hyperfine structure (hfs) of the spectrum of Nb I was studied by 
means of a liquid air-cooled hollow cathode discharge tube and a Fabry- 
Pérot etalon. The quadrupole moment of Nb was deduced to 
be —0.29 barn and —0.20 barn (1 barn=10-24cm?) from the levels 
4d%5s? 4F'37. and 4d45s °D3;, respectively, in which no shielding correction 
is included. Assuming that the shielding correction in this case is zero, 
we get Q(Nb")=—0.2;+0.15 barn. 

The interval factors of the levels 4d#5s? 4/2, 5/2, 7/2, 9/2 and 4d45s 
®Ds/2, 5/2, 7/2, 92 Were measured and compared with hfs formulas, and a 


small but definite discrepancy was detected. 


$1. Introduction 


The hyperfine structure (hfs) of the spec- 
trum of Nb I was first measured by Ballard? 
(referred to as B), and the nuclear spin of 
Further 
measurement was made by Meeks and Fi- 
sher» (referred to as MF); they studied the 
interval factors of some levels of Nb I and 
compared them with their calculations. They 
expressed the interval factor of the level °D; 
of the configuration d‘s (which was assumed 
to be of LS-coupling) in the form 


ACD i=cU)a’s)+e (Peete (Does), 


in which a(s) is the coupling coefficient of the 


‘s electron, and a(d*) and b(d‘) are (according 


to their definitions) the orbital and spin parts, 
respectively, of the coupling coefficient for 
the d* electron group. 

In order to calculate the quadrupole mo- 
ment, the wave-functions must be reviewed 
more critically, and such an investigation was 
carried out by the author some years ago”. 
The present report will treat the problem 
more thoroughly and will show that the pre- 
sent hfs theory is somewhat inadequate for 
reproducing observed interval factors. 


§2. Experimental Procedure 


The spectrum of Nb I was obtained by a 
liquid-air cooled hollow cathode discharge 
tube that was described previously”. In order 
to resolve the hfs, a Fabry-Pérot etalon was 


used. Some important lines were accompani- 


ed by close lying lines. The most remark- 
able of them is given in Table I, in which the 
wavelength was taken from Meggers and 
King®. In the case of the present investiga- 
tion also such lines appeared on the plate, 


Table I. Group of close lying lines. 


Main line Close lying lines 


5664.70(100) , 5666.86 (9) 
5269.910(6), 5272.48(5) 
4649.255(40) , 4649.622(2) 


4522.545(6), 4523.727 (5), 
4524.127 (20) 


4195.515(4) , 4195.660(15) 


45665.63 (120) 
49271 .526 (60c) 
24648 . 949 (100) 
24523. 409 (200) 


44195. 096 (80) 


and an example is reproduced in Fig. 1. In 
the case of 44523, it is almost certain that 
more lines than given by Meggers and King 
lie close to the main line. It was therefore 
necessary to use thin spacers in the measure- 
ment of the hfs of these lines. 

The result of measurement is shown sche- 
matically in Figs. 2—11, in which Figs. 2, 3, 
4 and 5 can be used for the determination of 
Q(Nb’). The other figures are used only for 
the determination of interval factors. 


§3.. Calculation of the Quadrupole Moment 

The term analysis of the spectrum of Nb I 
was published by Meggers and Scribner, 
and their term notation will be employed 
here. (The multiplet d*s*‘F—d*sp'G was clas- 
sified in the present work on the basis of the 
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hfs.) Of the even terms of Nb I, 4d‘5s*D, 4D 
and 4d*5s?4F are known. For examining the 
quadrupole effect the levels 4d%5s?4F3/. and 
4d‘5s °D3/. seem to be the most suited. 


A4543 mm . 


A4s23 — 


4 mm etalon 


Fig. 1. 
Nb I A52715 NbI A 4523.4 
(4a75s” g ~4a“5s 5p“Dy) (4d?5s2 3 -4d75s 5p ) 
b 


d 
Hae ‘7 


1316 '.1090:087 co? 
( MF: .133° 112 .081 
ME: 126 .121°%.124 .077 wave number —> 


001.003 7.001 
G 3 
fs owe “rere 
abcdefghij 


dsp) 
abcde f 565 \297|585|045 |s773 


10 |185|508| 
5,08\338 |539 itt me 768 awe 


[6 O13 Ig 
5 (0109,) 
“0.0865 


113%g 1.109" 1091086; 
(019° 


F ia 
Fig. 2. Hfs of Nb I 5271.5 and 24523.4. 


The hfs of the level 4d*5s?4F 3). can be ob- 
tained from the line 45271.5 as shown in Fig. 
2. As shown in Table I, two lines lie close, 
so the measurement of the hfs was somewhat 
difficult. The accuracy of the measurement 
is, however, just sufficient for determining 
the order of magnitude and sign of Q. The 
hfs of the level 4d%5s?4F3/. (see Fig. 2) can 
be represented by the interval factor A= 
0.02187 cm~! and the quadrupole coupling con- 
stant B=0.0031 «10-§ cm-4. 

We can calculate Q(Nb**) from B(d?4F%5;.). 
In the case of Nb I, d’s?4F lies higher than 
d‘s*°D, so we will have to take the interaction 
between the configurations d’s? and d's into ac- 
count. Since only the terms d*s?4F, d‘s°D 
and 4D are known, it is not possible to deter- 
mine the interaction accurately, but the fol- 
lowing consideration would be sufficient for 
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a one-digit calculation. 

We shall make the assumption that the 
configurations d’s? and d‘s are of good LS- 
coupling. Let €a denote the spin-orbit inte- 
raction parameter of the 4d- 
electron. We shall use the 
same notations as Condon and 
Shortley”? for the other para- 
meters. We get Ca=475 and 
438 from d’*s?4F and d‘s®*D 
respectively, the mean value 
being €4=450. From the mul- 
tiplet structure of d‘s*D and 
4D, we get G.=1692. The 
parameters Ff, fF, and A), can- 
not be deduced from the data 
published by Meggers and Scribner®, so we 
shall assume that F:, Fy, and H, for Nb Tare 
the same as those for Mo I, namely F,=759, 
y= 5402 ands H>— uaa) ie (ddan as) — soles 
given by Trees and Harvey® for Mo I. 

Center of gravity (c.g.) of d‘s®§D lies at 
634.44, where the ground level d‘s*D,;. is 
taken as the origin. That of d*s?4F lies at 
2120.7. Under the above-mentioned assump- 
tion for F. and Fy, we get 

ds *F*=133820), 
d*s *F° = 27912 . 
Each of these two wave-functions can be ex- | 
pressed as a linear combination of the wave- | 
functions d‘(,F)s and d‘(*sF)s defined by 
Racah®. Putting | 
a'stF=c,(d'@.F)s'Fl+e.ld'esF)stF ] , 
we get 


j 
| 


ci=—0.4516, c.=0.8922 for dis*F*| 
¢:=0.8922,  c»=0.4516 for dts 4k’, | 
The wave-funection d‘(*,F)s*F contained in 
d's‘F@ and d‘s*F® perturbs the wave-function 
a@s?4F, We thus get | 
Gs? *F’ = K,[d°s? 4F + Kald*G.F )s *F], 
Ky?=0.952, K?=0.048 , 
where the prime on the left hand side denotes 
the actual wave-function. 
We shall put w=3cos?@—1 for brevity. 
Then we have 
(d3s?.4F'3 79" |w/r?|d3s? F's )9’) 
= Ky?(d?s? 4F3)2|/r*| ds? *F'372) 
+ Ke(d*C.F)s 4F372|0/r?|d*(GuF)s 4F5/2). 
In this expression, we omit M for brevity, 


| 
: 


a} les 
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since M=/. In the case of Nb I we have 
Ky(ds? *F'32|@/r?|d3s? 4F'3/2)=0.1306 <r-3), 
Kea GF)s *F3;20/73|d*F.F)s 43/2) 
= —0.01207 <r-3). 


We shall show later that the effective 
charge on the d-electron obtained from the 
hfs of various levels is to some extent ambi- 
guous, but Z,*=23.5 that was obtained ear- 
lier? would be a sufficient approximation for 
the present purpose. Putting this value and 
I=9/2, J=3/2 and the above-mentioned value 
of B and (¢F3/2’|w/r3|*F3/2) in the usual for- 
mula we get 


Q’(Nb*%)=—0.29 barn from d's? 4F%3/2, 


where the prime means that no shielding cor- 
rection is included, and 1 barn=10-24 cm?. 

In the hfs of 44523.4 (see Fig. 2) the hfs of 
the upper level is not resolved. Since the 
quadrupole effect of this level is expected to 
be somewhat larger than that of d*s?‘F%3;2, 
no attempt has been made to calculate Q 
from the hfs of 44523.4. 

The hfs of 44648.9 is shown in Fig. 3. The 


NbI A4668.9 Nb I A4616.2 
(sd75s? "f5- 4475859 Gs) a75s* 4 455s 5p fy ) 
= 3 


‘0898 07 75:06 50.052 $94 cri? 


wave number —> 0 


Fig. 3. Hfs of Nb I 24648.9 and 4616.2. 


hfs of the upper level d’sp‘Gs/2 is not re- 
solved. Let A, B and A’, B’ denote the in- 
terval factor and the quadrupole coupling 
constant of the lower and the upper level re- 
spectively. Then we get from the hfs of 
A4648.9: 

A—(7/5)A’=0.02523, 

B—(28/15)B’ =0.0016 x 10-3. 


Since A=0.02187, we get A’=—0.00240. A 
simple calculation shows that B’ should be 
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far smaller than B, so (28/15)B’ can be neglect- 
ed. Then we get B=0.0016x10-%. This is 
to be compared with B=0.0031 x10-* obtain- 
ed from 45271.5. The discrepancy lies with- 
in the experimental uncertainty, and has no 
physical meaning. ad 

From the hfs of 2£4523.4 (Fig. 2) and 


344616.2 (Fig. 3) we can eliminate B(d'sp ‘F 3/2), 


and get B(d's?‘Fs),). This procedure is, 
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Fig. 4. Hfs of Nb I 24195.1 and 24168.1. 
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Fig. 5. Hfs of Nb I £4143.2 and 24116.9. 


however, not so accurate, so no detailed cal- 
culation will be given here. But it is easy 
to show that Q’ calculated in this way is in 
satisfactory agreement with Q’ obtained from 
the level d*s? 4F 3/2. 

The hfs of 24195.1 is shown in Fig. 4. At 
least two lines lie close, and the measure- 
ment is difficult. The hfs of 4143.2 (Fig. 
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5) was measured, assuming that the hfs 
of the upper level is not resolved. On the 
other hand the measurement of the hfs of 
A4116.9 which has the common upper level 
shows that the quadrupole effect in the upper 
‘level is negligible. We get, therefore, from 
the hfs of 24143.2 that B(d*s §&D3;2)= —0.0052 
«105° cmezt; 

The following formula was deduced pre- 
viously; 


(d's ®Ds32|w/73|d*s ® D372) 


2 
= ——— (5 — oo SS 
4375 ‘ 84 R,’—91 R.”’ +132 S2) (7-35 
Putting €4=450, Za*=235, /=3/2) [=9/2 
and the above-mentioned value of B and the 
matrix element of w/v? in the usual formula, 
we get 


Q’(Nb*?)=—0.20 barn from d‘s §D3/.. 


According to the calculations of Sternhei- 
mer!™, the atomic core shields or antishields 
the nuclear quadrupole coupling, so that the 
quadrupole moment Q’ deduced from the 
hfs of atomic spectra must be multiplied by 
the factor 1+4, namely the true quadrupole 
moment Q is given by 

Q=(14+4)Q’. 
(Sternheimer’s 1/(1—R) is our 144). 

Concerning the deep d-electrons, Sternhei- 
mer obtained positive 4 for the state 3d94s? 
of Cu I and negative 4 for the state 5d‘ of 
W I. One would be probably permitted to 
assume that for the states 4d5s“@F and 
4d‘5s*D the shielding correction 4 would be 
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small, based on the interpolation between Cu 
I and WI. We shall, therefore, assume that 
A=0 for the above-mentioned states, till an 
accurate calculation is available. Then the 
true quadrupole moment Q is given by 


Q(Nb°2) = —0.2;+0.1, barn. 


Cotts and Knight™ had previously observ- 
ed nuclear resonance of Nb*? in KNbO; and 
found definite evidence of the existence of a 
quadrupole moment in Nb%*. Speck and Jen- 
kins studied the hfs of Nb I 45271, and 
obtained A=(21.7+0.1)x10-*cm-! and B= 
(—0.0044+-0.0027) x10-?cm-! for the level 
4d*5s?4F3/2, and deduced Q(Nb**)=—0.4+0.3 
barn. It is, however, difficult to see in 
what way a negative value of Q results from 
a negative vaule of B(d*s? 4F 3/2). 


§4. Test of the Hyperfine Structure For- 
mulas 


From the hfs shown in Figs. 6, 7, 8 and 9 
we can deduce the interval factors of d*s? 4F 7/2 


Table Il. Hfs of Nb I 


{ 
| 
| 


lA -1)| -1)| / -1)|A =I 
158 Te ee) 4258 AGT Nee 
a = =. ‘. 3 u ~ i — = 
4Fy/2 0.0092 0.005 | *Dy/z| 0.0226 0.021 
‘Fi/2 0.0099 0.004 = Dj 0.0226 0.022 
4F s/o | 0.0129 0.013 | ®Ds/e| 0.0241 | 0.024 
“Fs | 0.02187 0.021 | ®Ds/a| 0.02871 | 0.028 


| SDyJy 0.06264 | 0.060 


* Our value. 
** Value given in ref. 2. 
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Fig. 6. Hfs of Nb I 45350.7 and 4573.1. 
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and ‘fy/2, and, together with those of ‘F/. and 
‘F's/2, they are listed in Table II. From the 
hfs shown in Figs. 10 and 11 the interval 
factors of d‘s®Ds/2, ®Dzj, and ®Dy/2 were de- 
duced and listed in Table II. The off-diago- 
nal components in 44139.7 were extremely 
difficult to measure, so the measured interval 
factor A(d‘s ®Dg/2) can claim no great accuracy. 

The term d*s?4F will be treated at first. 
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Fig. 7. Hfs of Nb I 44672.1. 
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The following formulas (for LS-coupling) 


were deduced previously”: 
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Fig. 8. Hfs of Nb I 45344.2 and 4713.5. 
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A(@ *Fy):) = 5 (Ba! +a” +8ae"”), 
Ad Fy) = aye (Blea! +34aq””+128a0’”) 
A(d*“Fyp.) = = (7124! +-163a4” 42400’) , 


A(d “Fys) = e~ (69aa! + 663x"” 36820") 


(hie a(ds/2) ; A a(d3/2) ’ ad” = a(ds/2,3/2) . 


(Vol. 13, 


(1) 


In the previous work» the following 


ae 3 / we = A 
theoretical formulas were assumed to be salina cis 1.585( I )xt0 Pa 


valid: 


(2) 


Quadrupole Moment of Nb% 


aa’ -* <1) Fy’ 1.585( 2) xi fer, 
(3) 
ba a =-<Ulr*) G, 1.585( Es )x 10-3cm"!, 
(4) 


In the work concerning the hfs of 3d%4s? 
*Ds/2,3/2 Of Cu I™, the author found that 
he formula (5) obtained by eliminating <7-%) 
rom (2) and (3) is not in agreement with the 
empirical facts. We shall, therefore, aban- 
lon the relations (2), (3), (4) and (5) in treat- 
ng the term d*s?4F of Nb I and consider au’, 
tla’ and aa’’’ in (1) as independent variables. 
mserting the values of A(d?‘F;) given in 
fable Il into the formulas (1) and solving the 


aa 
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simultaneous equations, we get 
da’ =0.0088, aa’ =0.0247, aa’’’ = —0.0016 


In the.case of d°s??.Ds/s,3/2 of .Cu I,..the 
formula (5) was found to be invalid; aa’ was 
found to be too small to satisfy the relation 
(5). In the case of d*4F of Nb I also, the 
discrepancy shows the same tendency. 

On the other hand the relation between aa’’ 
and a@a’’’ is obtained from (3) and (4), and 
is given by 


(6) 


This relation seems to be satisfied by d34F of 
Nb I within experimental error or at least 
approximately. 

We now turn our attention to the term 
d‘s®*D of Nb I. The interval factors (in LS- 
coupling case) are given by: 


A(d's ®Dops)= : Oe 68 Gd’ +2 aa’’ +64 aa'”’), 


hs Di et al sy en 1013 ay 23 dae BOL ae) 


315 1575 


23 


Be 81) ;,)== 
A(d's ®Ds/2) 175 


875 


A(d*s §D3/2)= 3 a(s)+ 375 


a(s)-+ —2—(509 ae’ 129 aa’ +512 ae’) , 


CT) 


| (473 aa! —163 aa’’ +664 aa’) , 


Ald's*D, w= ar ws (98 aa’ —58 aa’ +544 aa”). 


If we assume the relations (2), (3) and (4), 
hen it can easily be shown that the observ- 
xd values of A(d‘s*D;s) cannot be fitted in 
he formulas (7) unambiguously. We shall, 
herefore, try to abandon the relations (2), 
3) and (4) and solve the equations (7) by 
considering a(s), da’, a@a’’ and aa’’’ as indepen- 
lent variables and putting the observed 
malues of A(d‘s®*Dy) given in Table II into 
7). It can easily be shown that the rank of 
he matrix of the equations (7) is 3, whereas 
ve have four independent variables a(s), aa’, 


i’ and aa’. The four variables are, there- 
ore, linearly dependent. For example, we 
et 


Qa’ +aa’”’ = (0020. 


f we assume the relation (6), then we get 
a’ =0.0128, which value is so different from 
hat obtained from the term d’s?4F that it 
an hardly be accepted. 


' 


If we consider all of the relations (2), (3), 
(4) and (7) as approximate, then we get 


a(s)=0.161, aa’ =0.0083, 
aa’ =0.0232, aa’’’ = —0.0015. 


This is to be compared with the previous ap- 
proximation® aa’’=0.0222, a(s)=0.172 (mis- 
printed as 0.217). 

From the above discussions we can con- 
clude that the hfs formulas (2), (3) and (4) 
for the d-electrons do not have a rigorous 
validity. The inaccuracy of the hfs formulas 
for the d-electrons in the case of Nb I is, 
however, not so serious as in the case of V 
I), and we shall consider the effective charge 
on the d-electrons of Nb I Za*=23.5 that was 
deduced previously» as being sufficient for a 
one- or two-digit discussion of Q. 

The hfs of 4d*5s*Doj2, ©Dzj2 and ®Ds/. that 
are published in the present paper are still 
preliminary. The author hopes to be able to 
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improve the experimental set-up and to in- 
crease the accuracy of measurement of these 
hfs in the future. 

The kindness of Professor S. Makishima 
(Department of Applied Chemistry) of elimi- 
nating iron from the niobium sample that 
was used in the present experiment is great- 
ly appreciated. 

Note added in proof. The small discrepan- 
cy between hfs theory and experiment in the 
Nb I levels containing d-electrons has been, 
in the meantime, solved. For example the 
mixing of 4d?5s6s in 4d*5s* can account for 
the observed interval factors of 4d* 5s? 4F. 
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Note on the Information Capacity of a Coloured Picture 


By Hiroshi SATO 
University of Electro-communications 
(Received September 20, 1957) 


The information capacity of a coloured picture is obtained taking 
into account the restriction inherent to the human perception of colour. 
Calculations are made concerning a one-dimensional picture, and the 
result is used as an upper bound for the capacity of a two-dimensional 


picture. 


Introduction 


§1. 

The information capacity)» of a coloured 
picture will be larger than that of a monochrome 
picture as colour enhances infermation. By 
adopting the usual trichromatic theory of 
colour perception, the information capacity 
will increase to a value three times as large 
as that of a monochrome picture. Meanwhile, 
by the recent advances in colour television re- 


searches it is found that we need trichrome 


only for the part of the picture where the 
brightness changes slowly, while for the part 
where the brightness changes rapidly from 
place to place the use of a monochrome is 
sufficient for preception. This roughness in 
colour preception is utilized in the transmis- 
sion of colour television as a principle of 


“mixed highs ” Thus now, the increase 
the information by addition of colour is su 
posed to be very small. 

Seki® tried to obtain the information cay 
city of a coloured picture by dividing it to 
very large number of small picture elemer 
in which all the chromatic property can 
regarded as uniform. In this paper, we sol 
this problem in the case of a one-dimensior 
picture that has an almost rigorous solutic 
and use the result to estimate the capac: 
of a two-dimensional picture. ) 

In §2, 3, the information capacity of a o1 
dimensional picture is obtained and the meth 
is criticized in §4. In §5, it is shown tl 
the result of the one-dimensional case can 
used as an upper bound for the capacity o 


958) 


vo-dimensional picture. 


2. Formulation of a One-dimensional Prob- 
lem 


A one-dimensional picture consists of a very 
irge number WN of picture elements in each 
f which the chromatic properties can be re- 
arded as uniform and each of which can take 
yme definite number of chromatic states. In 
rder to obtain the information capacity taking 
ito account the roughness of our colour per- 
eption, it is more convenient to consider a 
icture as composed of groups of picture ele- 
vents rather than of picture elements them- 
salves. A group of picture elements is a suc- 
essive sequence of picture elements and every 
icture elements in the same groups should 
ake the same chromatic states simultaneously. 
A number of picture elements in a group 
; called the length of the group, and a group 
f length Z is assumed to take 6; different 
hromatic states. When a picture is composed 
f my, Mm2,---, Mm1,---, my groups of length 
,2,--+,1,---, N respectively, the following 
elation holds: 

N 

>} lm=N 


l=1 


(1) 


If we write the total number’ of ene in 
picture as VM, 


N 
DS m=M i 


l=1 


(2) 


‘or a given set of number of groups mj, mz, 
++, my which satisfies Eq. (1), the number 
f ways in which these groups can be ar- 
nged is 

“-M! 

eee 3K 3) 

i} my! ? ( 
nd for every arrangements the number of 
ifferent possible pictures is 


TT (61) ‘ (4) 


ince the groups ie length Z can take b; dif- 
erent states. Therefore for a given mt mz, 
--, mw, the number of different possible pic- 
ures P is the product of (3) and (4), 


M! 
= inte bi)™ , 
1 re (b1)™ 
there MV is defined in Eq. (2). In order to 
btain the total number of different possible 
ictures Py, we have only to sum (5) over all 


Ossible sets of numbers my, mz, ---, mw which 


(5) 


2 
_ 
a 
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satisfies Eq. (1), 
Po=aP. (6) 
(This is not quite correct as will be discussed 


in §4.) The information capacity of this one- 
dimensional picture is then. 
C=losihs.. (7) 

(All throughout this paper we use natural 
logarithm for the sake of convinience.) We 
shall next evaluate this by the usual method 
of maximum term evaluation, since N is very 
large. According to that method, we have 
only to take the logarithm of the maximum 
term of the right-hand side of Eq. (6) to ob- 
tain 

C=log Py x (8) 
so that the expression (5) should be maxi- 
mized by changing the variables mj, mz, ---, 
my under the subsidiary condion (1). For the 
sake of convinience we introduce new varia- 
bles p: defined by 


log Pmax 


mi 


bie J=1, 2,+> (9) 


in place of mu, then Eqs. (1), (2) are reduced 
to 


-,N 


Mx lpi=N (1’) 
pi=l, (2’) 


and the logarithm of the expression (5) be- 
comes by means of Stirling’s formula 


log P~ M > pilog b:—log pi) , (10) 


retaining important terms only. Our problem 
is now to optimize the expressions (10) chang- 
ing variables M, pu, pz, ---, pw under the sub- 
sidiary conditions (1’), (2”). After multiplying 
to the left-hand sides of (1’) and (2’) by —8 
and a, adding them to (10) and putting the 
differential coefficients to zero, we obtain 


& pillog bi—log pi— Bl) =0 (11) 
Mlog blog fi—1—Bl)+a=0, 
PED, VN EZ) 
From Eqs. (11) and (12) we can easily show 
| a=M 
and 
Di= bye OOS 2)! - NY 03) 


so that Eqs. (1’) and (2’) take the following 
forms 


M > lbeP'=N, (1) 


110 
Dd beP'=1. (2”) 
l 


When we assume an appropriate form for 
bi, as is actually done in the next section, we 


can first get B from (2’’), and then p; and M 


from (13) and (1’’). Further, the capacity is 
obtained by putting (13) into (10) and taking 
Eq. (1’’) into account as follows: 


C=BN. (14) 


Therefore, in order to obtain the information 
capacity per picture element, the only thing 
to do is to solve B from Eq. (2). 

Letting v=e-8, Eq. (2) can be written as 


x bya'=1, (204) 


which we call the characteristic equation. 


§3. Calculation of the Capacity of a One- 
dimensional Picture 


We assume here that the number of levels 
of each colour components are the same as is 
usually admitted as a first approximation in the 
colour television case. It is further assumed 
that only monochrome is used for the groups 
whose lengths are less than ,, dichrome for 
those whose lengths are between J, and J,—1, 
and trichrome for those whose lengths are 


above l,. Then the numbers of possible states 
of groups can be written 
bi fOr ol = peel 
=f? , FOG da) Sls 
=[', for ,<1 (15) 


where L is the number of levels of each colour 
components and the distance between succes- 
sive levels are taken as small as possible so 
far as they can be distinguished by human 
perception. 
The characteristic equation in this case can 
be written as 
le ome oe 1 L 
Bee ae 
after a little manipulation letting N tend to 
infinity. For numerical calculation, we take 
here that LZ is of the order of 102, then it is 
shown that for the case  >1,=>3 the ratio 
of increment of the capacity to the capacity 
of an overall monochrome picture is less than 
one percent. Therefore we omit such cases 
and calculate next two cases. The results 
are shown in Table I. Here 8,.=log LZ means 
the information capacity of an overall mono- 


0, (16) 
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chrome picture, r is the ratio of increment : 
the capacity to the capacity of a monochron 
picture defined by r=(8—fo)/Bo. Needless © 
say that for very large lL, l, the capacity 
almost equal to 8) since in this case trichron 
or dichrome is not used for the most part « 
the picture. 

In case we do not use dichrome, 6; can | 
written as follows: 


= fOr == Ors 
F/O Oia) eee, (1é 
and the characteristic equation is 
1 at 
l w— = 1€ 
Citi) LE sig A ee 
The results are tabulated in Table II. Aga 


calculations are made in cases when the rat 
of increment is above one percent. 


Table I. Increment of the capacity when mon 
chrome, dichrome and trichrome are used. 


B-Bo ry for L=100 
0.59 


. x 
| 


h=2p5=3 0.54/Z 0.13 


ha2edesd ly O62/E.. 0s 0.10 


Table II. Increment of the capacity when monc 
chrome and trichrome are used. 


x B-Bo | r for L=1T 
nO ere, eT eae 
L=2 | L-8(1-—L-%) |p los L+ 5-2 0.51 
b=3 | 0.68/L | 0.38 | 


0.08 


§4. Critique of the Method 


In order to check the validity of our metho 
we first consider the case when all pictu 
elements can take trichrome freely. Sin 
every elements can take L states indepen 
ently, the capacity of the picture should be 


C=Nlog L’ . rel 
If we apply our method to this problem, tl 


number of possible states of a group of leng 
lis 


b=L', for all / 
and from (2’’) we obtain 
B=log (L>+1) , 
and 
C= N log (L3+1) . @ 


This result is a little different from the e 
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pected value (17), although the difference is 
very small when L is very large. This comes 
from the fact that by our method some pic- 
tures are counted more than once. In the 
above example, we can get the correct result 
(17) from one term in the right-hand side of 
(6) that corresponds to m=N, m.=m;=::: 
=my=0. In this example all other terms are 
redundant. 

Similar criticism holds in the general case. 
In the right-hand side of Eq. (6), among the 
possible pictures which are composed of the 
groups iy, ls, +++, Us-1, Is, Isai, --+, in, those pic- 
tures whose s’th and s+1’th groups take the 
same chromatic state are counted again in the 
division into the groups h, h, ---, Us, Us’, 
Isao, °-+, lx, where UIs’=Is+Us.1. In this way 
our method gives a larger value as the capa- 
city, but as is seen from the result of the 
above example, the error would be so small 
(of the order of 1/L? in @) that we can safely 
neglect this error. 


§5. Two-dimensional Pictures 


As it seems difficult to solve the two-dimen- 
sional problem in the same line of thought as 
in the one-dimensional case, we will here uti- 
lize the previous result to obtain the upper 
bound of the capacity of a two-dimensional 
picture. 

Let the two-dimensional picture consist of 
picture elements arranged in rectangular way 
N horizontally N’ vertically. We assume that 
the picture is composed of rectangular groups 
of picture elements the number of possible 
states of which are determined by their hori- 
zontal length Z just the same way as Eq. (15). 
So the vertical length of the group is quite 

irrelevant in determining the number of states. 

We restrict the property of the two-dimensio- 
nal picture as above, but it seems that it is 
not too severe a restriction. For example, 
“such a sort of pictures that are composed of 
squares are involved in the above defined class 
of pictures. 

Let the information capacity per picture ele- 


ment of such a two-dimensional picture be P2, ) 


and that of the corresponding one-dimensional 
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picture be 8;, and we can get the following 
relation: 


NN’, < NN’B, , (19) 


or 


B2< pi. (19) 
The above relation is derived from the fol- 
lowing consideration. The right-hand side of 
Eq. (19) represents the capacity of such a two- 
dimensional picture that is an independent 
vertical collection of N’ horizontal one-dimen- 
sional pictures, while the left-hand side repre- 
sents a true capacity of our two-dimensional 
picture that has a statistical correlation not 
only in a horizontal direction but also in a 
vertical one. Therefore, Eq. (19) is the result 
of Shannon’s wellknown inequality. Or we 
may as well interprete it as follows. All the 
pictures considered in the left-hand side are 
involved in the right-hand side. 
We can easily obtain the lower bound be- 
cause for the monochrome picture every b; 
are bounded by those of the coloured picture, 


NN log L < NN’£: , (20) 
or 
logL< Bo. (20’) 
In conclusion we have the result as follows: 
log yb < Bs & By ’ 
or if we write the ratio of increment of the 
capacity to the capacity of the monochrome 
picture 11, r. in one- and two-dimensional 
cases, we obtain 
Ort ri; (21) 
where r, is calculated in §4 to be 0.13 and 
0.10 for the cases h=2, L=3 andh=2,L>4 
respectively. 
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Short Notes 


This section is intended to secure prompt publication of important discoveries 
in physics. The reports should not exceed 800 words in length. A figure of size 


7cmx7cm will be counted as 150 words. 
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Electron Collection and Electron Sheath 


By Takayoshi OKUDA and Kenzo YAMAMOTO 
Faculty of Engineering, University of Nagoya, 
‘Nagoya 
(Received October 15, 1957) 


In this paper, we deal with an anomalous electron 

collection made by positive probe, the mechanism 
of which is to drain off electrons, independent of 
electron sheath. 
'So far we have considered either the electron 
collection limited by the sheath area or the electron 
collection determined by the orbital motion, both 
are also applicable to ion collection made by 
negative probe. 

There is the question now, “What is the rela- 
tion between electron sheath and electron collec- 
tion?” For our answer, we must measure the 
radius of the electron sheath. This can be done 
by using the variable-length probe method, which 
is described in the other paper) in connection 
with measuring radius of ion sheath. With ion 
sheath in high density plasma, there is good agree- 
ment between the measured radius and the theo- 
retical radius when an appropriate space charge 
equation is used. 


Table I. The measured and the evaluated sheath 
radius in Av plasma of discharge current of 50mA. 
Ty=0.075 cm. 

p V sheath radius (cm) 

(mmHg) (V) ii a 

0.003 4 0.077 0.150 

” 10 0.082 0.245 — 
0.02 4 0.076 0.172 — 

” 10 0.081 0.233 — 
One 4 0.094 0.146 0.165 

” 10 0.101 0.183 0.212 
1.0 4 | 0.096 0.187 0.141 

y 10 0.097 0.198 0.155 


In the same way, we measure the radius of the 
electron sheath in various conditions in A» dis- 
charge plasma. In Table I we give the measured 
radius a; as well as the evaluated radii, a, and a3 
corresponding respectively to space charge equa- 
tions in practical units: 


(1) 


3 lL Ko V? 
te = OO Or LO er Fi 
where 7 is electron current (A), J length of cylin- 
drical probe (cm), 7, radius of probe (cm), V 
positive probe voltage (V), p pressure (mm Hg), 
Ky mobility of electron at 1mm Hg (cm?.mm Hg/ 
V.sec) (Kp=3.17.10° for Ar), and A?, Mc geometrical 
factors of function of a/7p. 

By Langmuir’s theory, our experimental condi- 
tion is the sheath area limited because r»>a-—Tp. 
In Table I we see that the measured radius is 
always smaller than the theoretical radius. Further- 
more, anomalous behavior of the radius is readily 
found by plotting the measured radius against the 
positive voltage, as shown in Fig. 1. From this 


(2) 


3 4 
viv) 


Fig. 1. Plots of electron current vs. positive 
probe voltage (solid line) and sheath radius vs. 
positive probe voltage (dotted line). 


figure we can confirm that there is little expansion 
of the electron sheath and that there is no rela- 
tion between the plot of the sheath radius vs. the 
positive probe voltage and the plot of the electron 
current vs. the positive probe voltage. 


Should | 


the collection meachanism be the sheath area 


limited, both slopes would be the same. 


In low pressure where Eq. (1) is valid, the theo- | 


retical slope must be 0.72~0.15 at random electron 


current densities of 0.1~100 mA/cm?, and at 1 mm_ 
Hg where Eq. (2) is valid, theoretical slope must | 
be 0.48~0.15 at random electron current densities | 
Fig. 1 shows the steep rise | 


of 0.1~100 mA/cm:?. 
of the electron current with increasing positive 


probe voltage, far exceeding the theoretical ex- 
pectation. 
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All these experimental results support the re- 
asonable conclusion that electron collection is not 
caused by sheath area limited mechanism, but 
that it is a drainage mechanism which can be re- 
garded as ah increase of plasma density occuring 
close to the boundary of the sheath-plasma. 
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Afterglow of Pure and Mixed Gases 


By Susumu TAKEDA 


Department of Electrical Engineering, 
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The most interesting and remarkable fact in the 
actual counting tube is known to be that the maxi- 
mum counting speed can very much increased by 
adding some amount of Hydrogen to the rare gas 
used), In order to investigate the mechanism of 
the deionization of the discharge tube, the decay 
of electron density was studied here by the micro- 
wave method”). In the present experiment DC pulse 
is added to ignite a post discharge. 


200 


(6) 100 MS 


Fig. Y. 
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Fig. 1 shows the relation of 1/m and t for various 
peak currents in Argon, showing no constant slope 
for t<300 us. When a small amount of Hydrogen 
is added, these become quite linear as shown in 
Fig. 2 and 3 for different peak currents and pulse 
widths respectively, because metastable ions of 
puer gas that will ionize and apparently decrease 
the decay in the early period would be broken by 
Hydrogen molecules. 


200 US 


P= |OmmHg p, 


1 
100 


Pigs oO: 


The difference of slopes in each line in both 
figures is supposed to be due to the different con- 
tent of Hydrogen ion. The small current gives 
a similiar effect as short width as expected from the 
wave form of the voltage as shown in these figures. 

Judging from the voltage form in pure Argon 
and Hydrogen, the time of growth of Argon, ions 
‘may be longer than that of Hydrogen ions, and it 
can be supposed that the latter density would be 
larger in the shorter pulse or the smaller current 
in such a mixed gas. 

The conclusions are follows, 

(4)In the rare gases as Argon where the recom- 
bination predominates over diffusion the decay in the 
early period of afterglow is slower than that deter- 
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mined by their recombination coefficients. 

(2) When mixed with Hydrogen, only a small 
amount of Hydrogen affects very much and makes 
1/n linear even in the early period. 


Short Notes 


(3) 1/m have different slopes for various currents « 


and pulse widths. The reason will be that the 
amount of positive ions of Hydrogen is different 
respectively. 
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Lead titanate PbTiO; is well known to be ferro- 
electric at room temperature. X-ray and dielectric 
studies have revealed that it transforms into an- 
other phase at low temperature)», However, the 
low temperature transition of PbTiO; is very slug- 
gish, a retardation always occurs when a transfor- 
mation point is passed. This may be the principal 
reason why this transition was masked in some 
investigations by others on PbTiO;. Even when 
we could recognize the transformation to occur, it 
was difficult to determine the transition tempera- 
ture exactly because of its Sluggish nature. 

With this in view we studied the polarization vs. 
temperature characteristics of PbTiO; and its solid 
solutions at low temperature by applying strong 
a.c. field, and found that their transformations were 
markedly affected by the applied field. Some results 


> 
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on these natures are reported here briefly. 

We used disk-shaped ceramics as the specimens 
ca 2.3cm in diameter and 0.08cm thick; electrode 
being dried silver paste. Temperature dependencie 
of the maximum polarization Pmax were measuret 
by using Sawyer-Tower circuit and an oscilloscope 
Fig. 1 shows Pmax vs. temperature relations fo 
PbTiO; which were obtained from D-E loops fo 
several different field strengths, the frequency use 
being 50cycle/sec. We can obviously recogniz 
that an anomaly occurs on each curve and thes 
transition points stand out and shift to the lowe 
temperature side by increasing the applied fiel 
strength. 
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Fig. 1. Maximum polarization vs. temperature 
curves for PbTiO;. Field strengths are (a) 


15.7 KV/cm, (b) 11.7 KV/cm, (c) 5.8 KV/cm and 
(d) 3.5 KV/cm. 
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Fig. 2. Maximum polarization vs. temperature 
curves for Pb(0.8Ti-0.2Sn)O3; Field strengths 
are (a) 11.5KV/cm and (b) 4.6 KV/cm. | 


Similar results were obtained for PbTiO; soli 
solutions series. One of them, Pb(0.8 Ti-0.2Sn)O 
for example, is shown in Fig. 2. The effect of th 
applied field on the transition temperatures is show 
in Fig. 3. It is noted that the falling rates of th 
transition point are very large and reach —3. 


x 10-3 °C/volt/cem for PbTiO; and —1:9 3 1G@ 
°C volt/em for Pb(0.8 Ti-0.2 Sn)Os. Then t 
transition temperature for the normal states can 
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obtained by extraporating these curves to zero 
field; —30°C for PbTiO; and —80°C for Pb(0.8 Ti- 
0.2Sn)O3 respectively. If we compare the present 
results on PbTiO; with the former measurement of 


_ dielectric constant”, it is obvious that there exist 
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Fig. 3. Transition temperatures as a function of 
field strength. 
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some discrepancies between them. In our recent 
experiments, however, we obtained dielectric con- 
stant vs. temperature curves, showing the characte- 
ristics similar to (d) in Fig. 1, which corresponds 
to a weak applied field. Therefore we may suppose 
that some of the discrepancies were brought about 
by the sluggish nature of the phase transformation. 

It is concluded that several measurements under 
strong electric fields are effective to determine the 
exact transition point in such materials, PbTiO, 
and its solid solutions that have sluggish transfor- 
mations. 

The details of our results will be reported shortly. 
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Erratum 


Molecular Sound Velocity of Aqueous Sugar Solutions 


Otohiko NOMOTO and Tadashi KISHIMOTO 
J. Phys. Soc. Japan 12 (1957) 311 


The words “sugars” and “saccharides” in this paper must be replaced by “sugars 
and polyhydric alcohols”, and “sugar solutions” by “solutions of sugars and _ polyhydric 
alcohols ”, because erythrite and mannite are polyhydric alcohols. 


Errata (Addenda) 


to 


Application of the Thin-Wing-Expansion Method to the Flow of a Compressible 
Fluid past a Symmetrical Circular Are Aerofoil 


By Saburé ASAKA 


J. Phys. Soc. Japan, Vol. 10, 


No. 6, pp. 482-492 (1955) 


Errata, ibid. Vol. 10, No. 7, p. 593 (1955) 


In equation (5.10) on page 487, 


eleventh line from the bottom 
should be 


seventh line from the bottom 
should be 


(4/3n3){2(1-+ +++: 
(4/3n3){4(1+---- 
see + 6y2 le: 
coe -+16y?}[- Bo 


The author is indebted to Dr. John R. Spreiter for pointing out these errors. They are 
mistakes in printing and the numerial results in §6 are not affected by these errors. 
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Directional Correlations of Gamma Rays in Te™ 
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The directional correlations of the 2.11-0.605 Mev and 1.71-0.605 Mev 
gamma-gamma cascades in Tel24 have been measured by using a coinci- 
dence spectrometer newly designed. Both of the correlation functions 
are compatible with the sequence 3 (D, Q) 2 (Q) 0, where quadrupole 
admixture in the first radiation is expected to be very small. The false 
coincidences occurring in this type of circuit are also described in some 


details. 


Introduction 


§1. 

In early studies the spins and parities of the 
excited states in Te!** were assigned indirect- 
ly on the basis of the informations about the 
spin and parity of the ground state in Sb14 
as well as the degree of forbiddenness of the 
beta transitions from this ground state to the 
concerned excited states in Te. In those 
days, however, the informations concerning 
the first beta ray spectrum of Sb!24 had many 
inconsistencies**, so that no spin and 
parity assignment could be obtained for this 
state. In the following years the internal 
conversion coefficient for the 0.605 Mev gam- 
ma ray in Te! was measured by Metzger®. 
The result of his measurement, in conjunc- 
tion with an empirical rule proposed just 
then concering the first excited states of 
even-even nuclei, seemed to show that the 
Based upon 
these informations Morita and Yamada” have 
shown that the directional correlation®™ be- 
tween the 2.317 Mev beta ray and the 0.605 


Mev gamma ray can be explained theoretical- 


ly by assigning 3- to the ground state in 
Sb‘, and this led to the spin and parity as- 
signments for the excited states in Te!4 by 


taking account of ft values for the concerned 


transitions. 

Now this situation has stimulated the direct 
determination of the spins of the excited 
states in Te!4 by the measurement of the 
angular 
gamma rays. In the early experiments? 1), 
however, no appreciable anisotropy could be 
observed before Kraushaar and Goldhaber! 
investigated the 1.71-0.605 Mev cascade and 


found that the form of the correlation func- 
tion agreed with that of a 3-2-0 cascade. 


: 
4 
4 


correlations between the cascade: 


They also reported that the first radiation 
may be mainly dipole with a small admixture 
of quadrupole. But, since they measured, by 
the use of integral discrimination in their 
pulse height analysis, all the gamma rays 
above 0.1 Mev in one channel and 0.7 Mev 
in the other respectively, their results con- 
tained, besides the main contribution from 
the 1.71-0.605 Mev cascade, unknown part 
due to the 2.11-0.605 Mev transitions. Such 
an ambiguity was removed by Metzger! who 
measured the 2.11-0.605 Mev angular correla- 
tion separately from the contribution due to 
the 1.71-0.605 Mev cascade. However, he 
reported his result only briefly, probably be- 
cause of weak intensity of the 2.11 Mev 
gamma ray. Moreover, the assignment of 37 
to both of the 2.72 Mev and 2.32 Mev levels 
seems to cast some questions on the 3” as- 
signment to the ground state in Sb‘, since 
the ft values of the beta disintegrations be- 
tween the concerned states are much greater 
than the expected value for the 3--3- transi- 
tion. Under these circumstances, therefore, 
it seems worth while to study the 2.11-0.605 
Mev angular correlation more precisely and 
to reinvestigate, at the same time, the 1.71- 
0.605 Mev cascade subject to the correction 
for the contribution from the ascertained 2.11- 
0.605 Mev cascade. 


§ 2. Methods and Apparatus 

The RCA 5819 photomultiplier tubes mount- 
ed with thallium-activated sodium _ iodide 
crystals of 14in.6xlin. were used as de- 
tectors. The source material obtained from 
Radiochemical Centre in England was SbCl; 
in 5N HCl, and since about two months 
had elapsed after its production when the 
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present work was started, the contribution 
from the impurity of Sb!” in the source 
material need not be considered. For the 
purpose of avoiding extranuclear interac- 
tion the source was used in liquid form. 
It was prepared by dropping the solution into 
the 1mm diameter hole of a glass source 
container with thin wall thickness and by 
sealing the top of the hole in order to avoid 
the evaporation of the solvent. The distance 
between the source and the front face of 
each crystal was 5cm. Since the slightest 
asymmetry in the source position would 
seriously change the observed correlation, care 


Takeo HAYASHI 


(Vol. 13, 


was taken for the setting of the source, and 
small setting correction was made to the raw 
experimental data. The protection against 
the spurious coincidence counts due to the 
radiations scattered in the other crystal was 
not necessary, because the discriminator 
windows were placed outside the shifted 
energies due to the Compton scattering. The 
energetic beta rays were slowed down with 
thin absorbing materials and were excluded 
in a similar manner. 

A block diagram of the electronic circuits 
is shown in Fig. 1. This coincidence spectro- 
meter is, in its basic idea, similar to that of 
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AMP. CATHODE 
FOLLOWER 
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CHANNEL 2 


Fig. 1. 


Stanford and Pieper™, but was newly design- 
ed by the present author. In the coincidence 
counting with pulse height discrimieation we 
cannot achieve high resolving power with 
good coincidence efficiency as far as we apply 
output pulses from a pulse height analyzer 
directly to a (coincidence circuit, even when 
the output pulses are shaped into narrow ones 
by a pulse shaping circuit and are then fed 
to the coincidence circuit. The cause of this 
defect is that the process of pulse height 
selection imposes a time delay upon the pluse 
output. Moreover, this delay depends on the 
height and shape of the pulses at the input 
of the pulse height analyzer and it spreads 
over the order of magnitude of the pulse 
rise time. Therefore, the coincidence pulse 
at a photomultiplier output is not always 
in strict coincidence at the input of the 
coincidence circuit. In our circuit, however, 
this difficulty is avoided as follows. The 


GATING 


UNIVIB, 


Block diagram of the coincidence spectrometer. 


pulse from the linear amplifier is divided 
into two parts, the one part of which is, when 
the gate in Fig. 1 is opened, applied to the 
mixing tube of the coincidence circuit through 
the limiting amplifier and the pulse shaper 
without suffering any time delay caused by 
the process of pulse height analysis. While 
the other part is fed to the pulse height 
analyzer, and when the pulse has a desirable 


height, its output pulse, after having been | 


properly shaped through the gating univibra- 
tor, opens the gate circuit. Since the gate 
should have been opened precisely just before 
the one part of the pulse come to the gate, 
a delay-line having suitable time delay 


must be placed between the linear amplifier | 


and the gate circuit in order to compensate 
the delay-time spent 
analyzer. In view of the pulse height attenua- 
tion and the slow-down of the pulse leading 
edge in the delay-line, however, it is desirable 


in the pulse height | 
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that the length of the delay-line should be as 
short as_ possible. Since the conven- 
tional pulse height analyzer has a rather long 
delay-time (1 # sec or more)!®1®©, some devises 
were applied to the pulse height analyzer it- 
self in order to minimize the time delay as 
short as 0.3 sec without deteriorating re- 
liability and rapidity in its anticoincidence 
operation. With this improvement the delay- 
time in the delay-line could be made as short 
as 0.5 42sec, while in the circuit of Stanford 
and Pieper the required delay amounted to 
about 34 sec. Thus the present measure- 
ments were performed in good efficiency with 
the resolving time of 6x10-® sec. The 
measured rise times of the linear amplifier 
and window amplifier in the pulse height an- 
alyzer were 0.08 4 sec and 0.06 4 sec respec- 
tively. A delay-line placed between the 
limiting amplifier and the pulse shaper 
was used for measuring accidentals. It may 
be mentioned here that our coincidence spectro- 
meter can also be used as two independent 
single channel pulse height analyzers by 
changing the grid voltage of the mixing tube 
in the coincidence circuit. Further details of 
this circuit are described elsewhere™. 


§3. Measurements and Results 


The measurement of the gamma _ ray 
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Fig. 2. Gamma ray spectrum of antimony trichl. 
oride source. The brackets represent the posi- 
tions of the windows of the pulse height 
analyzers for the present experiment. 


of Gamma Rays in Te'%4 119 
spectrum was carried out by means of the 
pulse height analyzer described above. The 
result obtained is shown in Fig. 2. According 
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Te 
Fig. 3. Proposed decay scheme for Te! as 
given by Lazar. 
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Fig. 4(B). Coincidence spectrum of the 1,71 
Mey gamma ray in Tel, 


120 


to the decay scheme proposed by Lazar’? 
(Fig. 3) the 2.11 and 1.71 Mev gamma rays 
should be in coincidence only with the 0.605 
Mev gamma ray. This was ascertained by 


measuring the coincidence spectra of both - 


gamma rays. The results are shown in Fig. 
4 (A) and (B). These spectra indicate that 
both of the 2.11 and 1.71 Mev gamma rays 
are coincident only with the 0.605 Mev 
gamma ray and the scheme of Kern et al.’ 
insisting that the 2.11 Mev transition should 
go to the ground level seems to be doubtful. 

The directional correlations of the 2.11- 
0.605 Mev cascade and the 1.71-0.605 Mev 
cascade were then measured. The windows 
of the pulse height analyzers were placed, as 
shown in Fig. 2, so as to include only the 
full-energy pulse spectrum peak of the gam- 
ma ray. The true coincidence counts were 
about 20/min for the 2.11-0.605 Mev cascade 
‘and 200/min for the 1.71-0.605 Mev cascade 
respectively. The result for the 2.11-0.605 
Mev cascade is shown, with its statistical 
errors, in Fig. 5. Since the 2.11 Mev gamma 
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Fig. 5. Directional correlation of the 2.11-0.605 
Mev cascade in Te!#*, The solid curve repre- 
sents N(0)=(8035 +104) —(417-+73)P2(cos 8). 


ray is of the highest energy emitted from 
the source, the measurement of the angular 
correlation of this cascade is a clean one 
and needs no consideration of the interference 
due to the other cascade except for the false 
coincidence event which will be described in 
§4, The most fitted theoretical curve as 
corrected for the finite geometry? is drawn 
by a solid line. It corresponds to the curve 
for a 3-2-0 (D, Q-Q) (d=—0.025), where 0 is 
the ratio of the reduced matrix element of 
the quadrupole radiation to that of the dipole 
radiation. The normalized correlation function 
obtained for this cascade can be expressed as 
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W(0)=1—(0.052+0.006)P.(cos 8), | | 


where the term of P,(cos 0) has been neglect- | 
ed due to the smallness of the value of 6?) 
and only the interference term of the dipole | 
and quadruple radiations has been included | 
in the coefficient of P.(cos@). The result of | 
the 1.71-0.605 Mev cascade is shown in Fig. | 
6. The most fitted curve in this case is also | 
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Fig. 6. Directional correlation of the 1.71-0.605 
Mev cascade in Tel. The solid curve re- 
presents N(6)=(18600 + 160) —(1183+103)P2(cose@). | 


the one for a 3-2-0 (D, Q-Q), in which 6 is | 
estimated to be -0.010. The correlation for- | 
mula for this case is given as 


W(@)=1—(0.064+0.004)P2(cos 8), 


where the term of P,(cos @) has been neglect- | 
ed by the same reason as in the former case. | 
The interference effect of the Compton com- | 
ponent of the 2.11 Mev gamma ray having 
energy of about 1.71 Mev upon the angular | 
correlation of the 1.71-0.605 Mev cascade} 
could be neglected because of similar correla- | 
tion functions for both cascades and the weak 
intensity of the 2.11 Mev gamma ray. The) 
present results are in agreement with those 
obtained by Metzger™ as well as by Krau- 
shaar and Goldhaber™. | 

Recently, Dzhelepov et al.2> have found a 
a few kinds of gamma rays in Te! other | 
than those as reported by Lazar™, Among | 
them the 1.330 Mev gamma ray seems to 
correspond to the crossover transition between. 
the levels A and C in Lazar’s scheme, 
While, from the viewpoint of its energy value, 
the 1.370 Mev gamma ray should be emitted 
in the D-B or F-C transition and if it is 
emitted in the F-C transition, the 1.330 Mev 
gamma ray must be in coincidence with the 
1.370 Mev gamma ray. Thus a measure- 
ment of the coincidence event between the 
two gamma rays was carried out, However, 
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no appreciable coincidence count could be 
found which would be expected from the 
gamma ray intensity given by Dzhelepov et 
al. This result tells us that, unlike Lazar’s 
scheme, at least the main part of the 1.36 
Mev gamma ray as reported by him should 
be emitted in the D-B transition. 


§4. Estimation of False Coincidence Counts 


Next we shall discuss the false coincidence 
counts which will occur in the coincidence 
spectrometer of our type. As described in 
§ 2, the true coincidence counts are obtained 
by subtraction of the counts measured by 
delaying the pulse in one channel with re- 
spect to the other from those measured with- 
out the time delay. Some question is remain- 
ed whether this operation gives us true data 
or not. Consideration on this matter is 
especially necessary for the coincidence 
Measurement of a weak cascade subject to 
the disturbance of strong cascades. The 
trouble peculiar to the circuits of our type is 
caused at the gate or the slow coincidence 
circuit shown in Fig. 1. It will occur as 
described below. 

_ Now, the output pulse of the gating univi- 
brator and that of the linear amplifier des- 
cribed in § 2 are shown schematically in Fig. 
7 (A) and (B) respectively. When the ampli- 


(A) Fig. 7. Occurrence of the false coin- 
cidence in the gate circuit. 

(A) The pulse from the gating 
univibrator. 

The pulse from the 
amplifier. 

Simple coincidence between the 
pulses given in (A) and (B). 
Chance coincidence caused by 
another preceding pulse. 
Chance coincidence caused by 
another succeeding pulse. 


(B) linear 


(C) 


(D) 


an 
(B) 

» (0) 

ag (E) 


tude of the output pulse from the linear 
amplifier falls within the upper and lower 
levels of the window in the pulse heigt analy- 
zer—hereafter this kind of pulse is called the 
selected pulse—the two pulses should be in 
coincidence as shown in Fig. 7 (C). However, 
shown in Fig. 7 (D) and (E), it will pos- 
ibly happen that another pulses, which 
srecede or succeed the selected pulses, are 
ed to the gate circuit within the time interval 
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less than the resolving time of this circuit. 
Among such chance coincidence events the 
one occurred as shown in Fig. 7 (E) has no 
effect upon the true counts because of the 
large dead time of the scaling circuit. Ac- 
cordingly in the fast coincidence circuit 
placed in succession to the gate circuit too, 
the occurrences of another coincidence events 
are expected between the above-mentioned 
gate output pulses which are fed to this 
circuit. Possible cases of these expected 
coincidence events including the true and 
chance coincidences are summarized in Fig. 8 


(2e) 
Fig. 8. Possible cases of coincidences between 
the pulses in channel 1 and 2. Detailed ex- 
planation is given in Table I. 


and Table I. The changes of these coinci- 
dence rates when one channel is delayed by 
0.5 sec with respect to the other are also 
shown in Table I. The total counting rate 
measured by adjusting in such a way that 
both channels should have no delay with each 
other is represented as Nia. Since this rate 
is composed of all cases in (1) and (2) of Table 
I, it can be written as 


Neo =Nia+ Nav Niet Nia 


+ Noat NovtNoet+tNeat Noe. (4.1) 
While the chance coincidence rate Nenanco 
measured as described above is given by 


Nenance = Noa+Noet+ Noa ) (4.2) 


so that the counting rate which is regarded 
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Table I. 
Counting rate 
Assumed | when one chan- 
Possible cases of coincidence counting | nel is delayed 
rate with respect | 
r to the other 
a | Simple true coincidence. My "| 0 
(en) b The selected pulses A and B are preceded by other N 0 
Gein uahich coincidence pulses. 1b | 
a eal The selected pulses are preceded by another pulse N 0 
c z E ee near sat | ie 
in true pair which is in chance coincidence within 2r,. . 
coincidence es ase Seat ae 
a Preceding A (or B) another pluse in chance coinci- N, 0 
dence with B (or A) is fed. la 
a | Simple chance coincidence. Ng, Nas 
b The selected pulses are preceded by other coinci- N, 0 
C25) dence pulses. 2b ) 
Cases in which The selected pulses are preceded by other pulses N. 
the selected € | which are in chance coincidence with each other. con ae Noe 
pluses are se _— - . 
in chance d Preceding A (or B) another pulse which is in chance 
coincidence coincidence with B (or A) is fed. 2d Noa | 
Preceding A (or B) another pulse which is in coin- N. e 
© | cidence B (or A) is fed. 2e 0 | 
— 


nominally as the true coincidence can be re- 
presented as 


N true — N, total — N. chance 


=(Nya+Ni+ Nict+ Mia) + Noo+ Nee. 
(4.3) 


Before going into further theoretical con- 
sideration, notations for some quantities to be 
used and their definitions will be given. 


Ni, Nez: total rates of pulses which come 
out from the linear amplifier in 
channel 1 and 2 respectively; 

rates of the selected pulses in chan- 
nel 1 and 2 respectively; 

rates of non-selected pulses, or of 
pulses whose amplitudes fall outside 
of the given window position in 
channel 1 and 2 respectively; 

rates of the selected pulses which 
belong to Ns; and Ne. respectively - 
and are not in coincidence with the 
pulses in the other channel; 


Nai; Noe: 


Nnsi, Nass: 


Ns1, Ns2: 


Nu=Nsi+Nnsi ? 
Ns1=Ms1+Cs1, s2 +Cs1, ns2 » 
Nnsi=Mnsit+Cns1, ns2+Csa, ns1 ’ 


and in ordinary cases 


Csi, 82° 


Csi, ns2: 


Cnsiy s2: 


Nns1, Mnsz? 


Cnsi, sz? 


2ts5i 


aoe 


It will immediately be seen that the follos 
ing relations can hold: 


Nia=Ns2+Nnso Sie 
Ns2=Ns2+Cs1, s2+Cnsi, 82 , 


Nasz=Nnse +Cns1, nszCs1, rst 4 


rate of the selected pulses ure! 
belong to Ns, in channel 1 and t 
Nsz in channel 2 and are in coine, 
dence with each other; 
rate of pulses which belong to M 
in channel 1 and to Nnsz in channe 
2 and are in coincidence with ea 
other; 

rate of pulses which belong to Ny 
channel 1 and to Ne in channe 
rates of pulses which belong to Ni 
and Nns, respectively and are n 
in coincidence with the pulses | 
the other channel; 
rate of pulses which belong to 
and Nns: and are in  coinciden 
with each other; 
resolving time of the gate (sl 
coincidence) circuit; 


resolving time of the fast coincidenh 
circuit. 


(4 


it Cos a . 
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Csi, 82 5 (Cs1 82)» Cn 
? S1, 282 C 
Ns; > : Ns. > rina > | , Nns2 > ie (4.5) 
Csi, ns2 5 Cnsi, 82 5 


Cnsi, 82 5 Cs1, sz « 


Making use of these notations the counting rates of the output pulses in the gate circuits 
are given by 


Nal —tsNns1) +TsNnsiVs1 


and 


(for channel 1) , 
| (4.6) 


Ns(1—tsNns2) +tsNnezNs2 (for channel 2) , 


respectively. Here the correction for the suppression2”»*) of the pulses due to the dead 
time in the pulse height analyzer has been neglected. The first quantity in (4.6) gives the 
prate of the pulses which come out from the gate circuit without receiving any chance 
, coincidence event, while the second corresponds to that of the pulses which are in chance 
coincidences with Nns; and Nas, pulses. The factor 2 in front of rs has been omitted, since 
.in this case it is sufficient to consider only the case of Fig. 7 (D). 

Now it is expected in the fast coincidence output that the following cases, together with 
the corresponding counting rates, should occur between the two pulses expressed in (4.6). 


Case (1): Cs1y s2{(1—TsMnsi)(1—Tstnsz)—Ts(Cns1, Cnszt+Cnsi, s2tCs1, ns2)}; 

Case (2): Cs1, s2 [Tr{Mnsi(1 —Tstns2) + Mns2(1 —TsMns1)} 

+2rstyNnsiMnsa+Ts (Cnsi, ns2tCnsi, s2-+Cs1, ns2) |; 

Case (3): 2r7(MsitCs1, nsx) L—tsNnsi)(Ms2+Csa, ns1)(1—tsNns2); 

Case (4): {€s1, ns2(1—tsNnsi)ts (%s2+Cnsi, s2)+Cnsi, s2(1—tsNnsz)ts’ (Ms1+Cs1, ns2)} (4.7) 
+{2¢yns1(1—tsNns2)Ts(Ms2+Cnsi, ns2+Cs1, ns2)(Ws2+Cns1, s2) 
+27 7Ms2(1—tsNnsa)Ts(MnsitCnsitCs1, ns2)(%s1+Cs1. ns2)}} 

Case (5): 


20 7Ts*(Mnsi+Cnsi; nso + Cnsi; s2)(Ms1 +Cs1, nsz)(Hns2+Cns1, satCs1, ns2) (Hs2+ Cnsiy s2)} 


Case (6): 


It is to be noticed that in some terms of the 
formulas for cases (2), (4) and (6) the notation 
ts’ has been used instead of ts*. 

In the above formulas (4.7), (1) gives the 


* As described in § 4 some portion of ¢s1, s2 is 
lost in the gate circuit due to the chance coinci- 
dence with the pulses belonging, for instance, to 
Cns1, nsz by the rate of tsCsi, sx€nsi, ns2- Now €ns1, ns2 
as well as ¢Cs1, s, are the coincidence counts, so that 
all of csCs1, s2Cnsi, nsg Should be restored if the 
gates of both channels were opened simultaneously 
without suffering any variable time delay caused 
by the process of the pulse height selection. But 
since the gates for both channels are not always 
opened simultaneously or at least within the time 
difference corresponding to the magnitude of the 
resolving time of the fast coincidence circuit, some 
portion of the lost pulses cannot be restored. 
Therefore, by using the quantity cs/(0<rs’<rs) the 
restored portion can be expressed effectively, for 
instance, aS Ts! Cs2, s2nsi, ns2, While the lost portion 
being rs €s1, s2€nsi, nex. This situtation will be the 


game for Cys, 9; and Csi, ns2- 


Ts Cnsi, nsg(Nsi+Cs1, nsz)(Ms2-+Cnsi, 82) : 


rate of the true coincidence pluse which comes 
out without suffering any chance coincidence 
event. While (2) means the rate of the 
chance coincidence events which will occur 
between the true coincidence pulses and the 
other kinds of pulses and then be recorded 
as output pulses. All of the true coincidence 
pulses lost due to the chance coincidence 
events are not always restored by the pro- 
cess (2), namely (1)+(2) is expected to be a 
little less than Cs1, sx. And (1) corresponds to 
Nia of Table I and the first, second and third 
term of (2) represent Ma, Nic and Ny re- 
spectively. The formula (3) gives mainly 
the chance coincidence rate between the 
selected but non-coincident pulses, while (4), 
(5) and (6) indicate the fast coincidence events 
between the chance coincidence output pulses 
of the gate circuits themselves. The formulas 
(3), (5), (6) and the first and second term of 
(4) correspond to Nea, Noe, Nov, Noe and Nea of 
Table I respectively. Other terms of smaller 
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order, including, for instance, the correction 
for y proposed by Westcott et al.??, have 
been omitted in the above formulas. 

In applying above considerations to the 
error estimation of our data on the directional 
correlations, it seems necessary to discuss, 
first of all, the effect of the false counts upon 
the term (Nja+Nio+ NMiet+ Mia) in (4.3). Using 
(1) and (2) of (4.7) this term can be written 
as 


(Mia t+ Not Mict+ Mia) 
= N){1+XP.(cos @)} 


x [A+ B{1+ YP.(cos 6)+ ZP,(cos )}]. 
(4.8) 


Here N){1+ YP;(cos #)}, being equal to ¢s1, so, 
expresses the true angular correlation, A re- 
presents the sum of all the factors in (1) and 
(2) of (4.7) except for those including (Cnsi, ns2 
+€ns1, 82 + €s1, ns2)) and Bu ae Y P,(cosg) ap 
ZP,(cos 0)} is the sum of the factors including 
(Cns1, nsz-+ Cns1y s2-+ Csi, nso) and expresses the 
angular correlation of (Cns1, nsz+Cns1, s2+Cs1, ns2). 
Thus, to a first approximation (Nia+Niot+tNic 
+Nia) becomes 


NA} 14+(X+ AY )Ps(cos 0) 


% (4.9) 
whose angular correlation differs from the 
true value by (B/A)YP.(cos @) and (B/A)ZP, 
(cos 8). 

Now applying to the formula (4.9) the 
practical values in the 2.11-0.605 Mev correla- 
tion measurement, such as tr=3xX10-8 sec, 
Ts=5X10-7 sec, Ne = Nee = 108/min, ca, 2= 
20/min and other values as calculated from 
these by considering the spectrum shape, in- 
tensity ratios, detecting efficiencies and so 
forth, (B/A) was estimated to be less than 
1/3000. Thus assuming X=Y and Z7<X, Y 
in this case*, it was concluded that for the 
2.11-0.605 Mev cascade the true correlation 
would not be changed by more than 0.03% 
on account of the contribution from the false 
coincidence events described above. Secondly, 
similar estimation was made for No» and Ne 
in (4.3). The results show that Ng, and Noe 


* In the present experiment the disturbing cas- 
cade is mainly consist of the 1.71-0.605 Mev cas- 
cade and its directional correlation is similar to 
that of the 2.11-0.605 Mev cascade. 


+ eS a ; 
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should be less than 0.04% and 0.65% of csi, s2 re- 
spectively. Since more than half of Na» and 
Nz. are contributed from the 1.71-0.605 Mev 
coincidence and its W(@) is nearly the same 


as that of the 2.11-0.605 Mev cascade, the © 


effect of these terms upon the correlation co- 
efficient will become more trivial. 


For the : 


1.71-0.605 Mev correlation the above effects } 


are expected to have smaller values because 
of the strong intensity of the measured cas- 
cade. Thus it is concluded that the correc- 
tion for the abovementioned effect is unneces- 
sary in the present correlation measurements. 
However, it may be noted that this is not 
always the case in other experiments. 


§ 5. Discussions 


A few assignments other than the 3-2-0 | 
experimental | 


fitted with the 
data. However, none of them could meet 
the other requirements. As to the two as- 
signments proposed by Kraushaar and Gold- 
haber!, we could also fit the data with the 
2-1-0 (D, Q-D) combination, in which the 
mixing ratios were assumed to be —1.97 or 
0.17 for the 2.11-0.605 Mev cascade and —1.94 
or 
The 1-1-0 (D, Q-D) in which 6=—7.72 or 
—0.13 for the 2.11-0.605 Mev cascade and 
o=-—8.00 or 
cascade could be fitted with data. But, in 
the latter case some difference from the value 
of Kraushaar and Goldhaber was found in the 
mixing ratio. Moreover, a 3-1-0 (Q-D) com- 
bination nearly fits the data and a better 
agreement will be expected by small admix- 
ture of different multipoles having the same 
parity to both or either of the two radiations. 
However, the assignment of spin 1 to the 
0.605 Mev level is not consistent with the re- 
sults of the internal conversion measurements 


could be 


as well as with the usual assumption about | 


even-even nuclei. 


We have no definite information about the 
parities of both radiations except for an at- 


tempt of Tomlinson for the 1.71 Mev gamma _ 


ray cited by Metzger. However, combining 


his result with the empirical rule?#25) con- | 
cerning the lowest excited states of odd spin | 


in even-even nuclei and other theoretical con- 
siderations, it may be concluded that the 


main component of the 1.71 Mev gamma ray | 


is the electric dipole rather than the magnetic 


—0.19 for the 1.71-0.605 Mev cascade. | 


—0.13 for the 1.71-0.605 Mev | 
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dipole. Thus, it will be seen that 3- should 
be assigned to the 2.32 Mev level. Further 
experiment to determine the parity is neces- 
sary for the 2.11 Mev gamma ray. 

The theoretical foundations for assigning 
spin 3 to both of the 2.72 and 2.32 Mev 
states seem to be rather difficult. In the 
single particle aspects?”-*® it may be expected 
that, as the configurations of the last two 
protons and neutrons, the following ones: 


{(87/2)?(0) }e(Aair/2)?(0) Fn (0), 
{(8:/2)°(2)}e{ ar 2)?O) v2), 
{(S/2)°0) }e (ir2)*(2) }x(2), 
{(87/2)?(2) }p{(As1/2)*(2) }n(O, 2 or 4), 
{(87/2)(An2) (3) }e{(Arr/2)?O) x3) 
{(ds/2)*Mtarj2) (3) }e{ Paar 2)?(O) }(3) 


are reasonable for the levels A, B, C, D, E 
and F in Fig. 3 respectively. Confining our 
discussions to the levels measured by the 
present author, the dipole transition from 
the 2.32 Mev level can be explained by 
the above configurations. But the same 
transition from the higher 3 level will 
become the two particle transition and 
then should be forbidden in these con- 
figurations. This situation becomes worse 
when the beta decays from Sb" too are 
taken into consideration. However, as pointed 
out by Crayson and Nordheim™, the d5/2 
- proton configuration must in this region (Z= 
50—55) be mixed with gi/2 orbits, while on 
_ the neutron side (V=69—80) there is the ir- 
‘regular fill-in of the /y1/2 orbits and the re- 
‘appearance holes in the g;/2 and ds/. shells. 
These will mix the configurations strongly 
and some of the difficulties described above 
- may be dissolved by considering the configura- 
tional mixings for the concerned states. 


and 


ry 
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The excitation curves of the N!(d, 2)O% reaction were measured 
with a thin plastic scintillator and a pulse height analyser in the energy 
range of deuterons from 1.00 to 2.15MeV. Three excitation functions 
were obtained at the directions of 0, 90 and 165 degrees (lab. system) 
with respect to the incident deuterons. 

The curves obtained at 0 and 165 degrees show remarkable peaks at 
the deuteron energies, Hz=1.6 and 1.9 MeV, respectively, while the curve 
obtained at 90 degrees is nearly flat. 


Introduction 


§1. 

In our previous work,” the angular distri- 
bution of neutrons from the N"(d, 2)O™ reac- 
tion leading to O” ground state was measured 
in the angular range of 0 to 165 degrees (lab. 
system) with the deuterons of energy of 1.96 
MeV. The results show the forward peak 
at 30 degrees, which can be fitted well by the 
stripping theory, and a remarkable increase 
of the neutron yield in the backward direction 
was found, the intensity of neutrons at 165 
degrees reaching 2.3 times that of the forward 
peak. 

As it seemed to us that these results gave 
an important information for the analysis of 
deuteron induced reaction, we were interested 
to extend the investigation on this reaction to 
the measurements of the excitation function 
and of the variation of angular distribution 
of neutrons with the deuteron energy. 

In the present work, the excitation curves 
of this direction were measured in the energy 
range of deuterons from 1.00 to 2.15 MeV, and 
in the reaction of 0, 90 and 165 degrees (lab. 
system) with respect to the incident deuterons. 


§2. Experimental Procedure 


The experimental arrangement, except the 
neutron detector, was reported in detail in 
the previous work.” The energy of the 
deuteron beam, accelerated by the Van de 
Graaff Generator at the Kyushu University, 
was calibrated by the resonances of the 
F(p, ay)O reaction and the energy spread 
of the beam was estimated to be less than 
0.5 percent. The deuterons entered into the 
target chamber through a nickel foil of 1.3 mg 
/cm? in thickness. The chamber was 2.0cm 
in depth and was filled with nitrogen gas of 
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pressure of 20.0cmHg. The energy loss of 
the deuterons in the nickel foil and the nitro- 
gen gas was evaluated to be about 250 KeV 
for the deuteron energy of 2MeV, based on 
the data obtained by S. K. Allison and S. D. 
Warshaw.” 

A plastic scintillator, made by National) 
Radiac Co., of 10mm in diameter and 1mm) 
in thickness and a EMI 6097 photomultiplier | 
tube was used as the neutron detector and | 
the pulses from the photomultiplier tube were: 
fed to a linear amplifier and were analysed by 
a twenty channel pulse height analyser. | 

In the case of N'(d,)O” reaction with! 
deuterons of about 2MeV, it was expected} 
that the reaction would be accompanied wit | 
the rather intense gamma-rays of about 5Me 
due to the process leading to the first excited} 
state of O. But allowing for the response 
curves and their range-energy relations in the 
scintillator for proton and electron, we hope 
to be able to make the maximum pulse height] 
for recoil proton much larger than that for} 
the gamma-rays by choosing a suitable thick; 
ness for the scintillator. | 

The pulse height distributions for N“(d,n)O"} 
reaction were measured with plastic scintill] 
lators of 10mm in diameter and of 1, 2 and 
3mm in thickness, respectively, and the result! 
obtained are shown in Fig. 1, in which thé 
angles show the directions relative to tha 
~incident deuteron. From these results, thi 
plastic scintillator of 1mm in thickness wel 
selected as the most suitable one. 

The pulse height distributions from the re 
coil protons in this plastic scintillator due ‘ 
the neutrons from the N!*(d,2)O™ reactiol 
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together with the pulse height distribution 
due to the gamma-ray of 6MeV from the 


F9(, ay)O'® reaction. 


Diameter :|Omm 
Thickness:3 mm 


80 
O° 


{ee 160° 

c 

S 

oS O 1 ee) Ss ee S 

$ 80 Diameter . |Omm 


Thickness :2 mm 
oe 


gle 


Diameter - |Omm 
esac Mice: 1 mm 
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o 
(SE e) 


15 20 25 
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Fig. 1. Pulse height spectra of recoil protons 
from the N14(d,2)O reaction, measured with 
plastic scintillators of 10mm in diameter and 
1, 2 and 3mm in thickness. 
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Fig. 2. Pulse height spectra of recoil protons 
from the neutrons of the N14(d, ”)Ol and those 
of the D(d,m)He® reaction. The pulse height 
spectrum due to the gamma-ray of 6 MeV from 
the F1°(p, ay)O!® reaction is also shown. 


In Figs. 1 and 2, the flat portion of the 
pulse height distribution corresponds to the 
recoil protons, as is expected, and the steep 
rise in the lower energy region in the case 


Nu(d, 2)O Reaction 
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of N**(d, n)O” reaction shows the presence of 
the gamma-ray of 5 MeV. 

The rather gentle slopes at the high energy 
end would be attributed to the end effect of 
the thin plastic scintillator, that is, a proton 
may escape from the crystal before giving up 
its full energy. The corrections for the end 
effect were calculated® and one of the cor- 
rected pulse height distribution is shown in 
Fig. 3. In this figure, the pulse height dis- 
tribution is integrated and the number of 
pulses above a height S is plotted against S. 
It should be noted that the linearity of the 
plot is improved in the corrected curve. The 
extrapolation of the straight portion gives the 
pulse height corresponding to the end point 
and thus allows conversion to an energy 
spectrum. Thus, the pulse height distribu- 
tions were replotted against the energy values 
of protons and then, we took the total counts 
in the pulse height distribution larger than 80 
percent of the maximum energy as a measure 


(A) : with end effect correction 


(B) : before correction 


se height S 
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aS 
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fae) ~ 
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(Number of Counts)j6 above a pul 


7 fae eS Perot —f 
? 10 15 20 
Pulse Height S in Volts 
Fig. 3. Integrated recoil proton energy spectrum 


for neutrons from the N14(d, 7)O™ reaction. The 
curve (A) shows the result of the end effect 
correction. 


of the neutron intensity. These counts were 
corrected for the variation of (n, p) scattering 
cross section with the energy of the neutron. 

The amount of stray neutrons was estimated 
to be less than a few percent of that of the 
direct neutrons, by inserting an iron absorber 
of 10cm thickness between the target and 
detector. 
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The distances between the target and de- 
tector were 5.3cm in the observation at 0 and 
90 degrees and 16.5cm in the case of 165 
degrees. 


§3. Results and Discussion 


The excitation functions obtained at 0, 90 
and 165 degrees (lab. system) with respect to 
the direction of incident deuteron are shown 
as curves (A), (B) and (C), respectively, in 
Fig. 4. The value of the absolute cross sec- 
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Fig. 4. Excitation curves of the N4(d,)O re- 
action obtained at angles of 0, 90 and 165 
degrees. 


tion, shown in the ordinate, was referred to 
the previous work” and is thought to have 
an uncertainty of about twenty percent. The 
errors in the ordinate of each experimental 
points are statistical ones and those in the 
abscissa were estimated from the energy loss 
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of deuteron beam in the target gas. 


In our previous result? obtained with deu- 
terons of 1.96 MeV, the ratio of the neutron 
intensity at 0, 90 and 165 degrees was evalu- 
ated as 1:0.5:3.4 and the value of this ratio 
in the present work, is obtained as 1:0.4:3.1 
from Fig. 4. These ratios are in good agree- 
ment with each other despite the difference 
in the methods of neutron detection. 


It is to be noted that the curves (A), (B) 
and (C) show quite different behaviour; that 
is, the excitation curves obtained at 0 and 165 
degrees show remarkable peaks at 1.6 and 
1.9MeV, respectively, while the curve (B) 
obtained at 90 degrees is nearly flat and simi- 
lar to the curve (A) in its general tendency. 
Moreover, the curve (A) shows minimum at 
1.9MeV, where the curve (C) reaches the 
maximum. It was found from these facts 
that the remarkable increase in neutron in- 
tensity in the backward direction, obtained in 
the previous work, will disappear with a small 
change in the energy of deuterons and the 
angular distribution of neutrons will be sensi- 
tive to the deuteron energy. 


It will be worthwhile to investigate the 
change of angular distribution with deu- 
teron energy in more detail. 


The author wishes to express his cordial 
thanks to Prof. I. Nonaka, Mr. N. Kawai and 
all other staffs of the nuclear laboratory of 
Kyushu University for their support and dis- 
cussions throughout this work. This work 
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Expenditure of the Ministry of Education. 
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Co™(n, 7)Mn® and Mn"(n, «)V” Reactions Induced 
by 14.8-Mev Neutrons 


KUMABE, Eiko TAKEKOSHI*, Hiroshi OGATA, Yoshikazu TSUNEOKA 


and Shinpei OKI 
Department of Physics, Faculty of Science, University of Kyoto 
(Received November 1, 1957) 


The angular and energy distributions of alpha particles resulting from 
Co%(z, a)Mn® and Mn*(2, a)V reactions induced by 14.8-Mey neutrons 
were measured with Ilford C2 nuclear plates. 

As in the case of Al?"(2, a)Na™ reaction, the angular distributions for 
the entire energy region are approximately 90° symmetrical and concave 
upward, and the energy distributions show that the alpha particles with 
energies below the Coulomb barrier are more emitted than has been ex- 
pected. The curves on a semilog plot of the relative level density 
calculated from the energy distributions of the alpha particles cannot fit 
a straight line. 

The total (7, a) cross sections of cobalt and manganese are 84 mb+15% 
and 96 mb+15% respectively. The results are compared with the predic- 
tions of the statistical theory of nuclear reactions. 


interactions. 


Paul and Clarke” carried out an extensive 
survey of (m, p), (m, @) and (m, 2m) reactions 
at 14.5Mev. They have shown that the 
(n, 2m) reaction cross sections are approximate- 
ly in agreement with the evaporation theory. 
However, the cross sections of (m, p) and 
(n, a) reactions for heavy elements have had 
orders of magnitude larger than expected. 
They suggested the existence of the direct 
process in these cases. Experimental data of 


the angular and energy distributions on (7, @) 


reactions may give reliable information on 


these problems. 
In the past few years several attempts” 


_ have been made to measure the dependence 


of the density of energy levels on excitation 
energy, which can be determined from reac- 
tion and inelastic scattering experiments in 


which particles are emitted from the com- 


% pound nucleus 
' with energetic particles. 


produced by bombardment 
However, these ex- 
perimental results have been accompanied by 
ambiguities owing to the presence of non- 
compound-nucleus processes. On the other 
hand, data on (m, a) reactions have been con- 


_ sidered to give more reliable information on 


4 


the level density, since it seems improbable 


that alpha particles are emitted by direct 


* Now at Atomic Energy Research Establish- 


- of Japan. 


In the previous paper®, we have reported 
the angular and energy distributions of the 
alpha particles from the Al?’(z, a)Na*™‘ reac- 
tion induced by 14.8-Mev neutrons. It has 
been found that the angular distribution of 
particles for the entire energy region is con- 
cave upward and approximately 90° symmetri- 
cal, and the curve on a semilog plot of the 
relative level density calculated from the 
energy distribution of alpha particles fits a 
straight line with a temperature of about 


+ 


TARGET 


ASN 
4 Le 


Fig. 1. Experimental arrangement. 
E: Ilford C2 nuclear plates 
Pt: platinum foil 
Target of cobalt or manganese was attached onto 
the shaded regions of both surfaces of the plati- 
num foil’ 


129 


130 


1.45 Mev. 
In this paper the measurements extended 


to the target nuclei of cobalt and manganese 
are reported. 


§2. Experimental Procedure 


The experimental arrangement is shown 
schematically in Fig. 1. The experimental 
method was described in detail in the pre- 
vious paper® cited above. Targets of cobalt 
and manganese were respectively electroplat- 
ed and vacuum evaporated onto platinum foil 
of thickness 60mg/cm?.~ Target thickness 
used was 3.7 mg/cm? for cobalt and 3.3 mg/ 
cm? for manganese respectively. 


§3. Results 


The angular distributions in the center of 
mass system of the alpha particles from 
Co*(n, wa)Mn® and Mn *(n, a)V reactions 
for the entire energy region are shown in 
Fig. 2, and the energy distributions are 
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shown in Fig. 3. The corrections for stopped 
alpha particles and energy loss in the target 
materials were carried out in the same way 
as in the case of aluminium. 

It is assumed that the relation between the 
measured alpha particle energy distributions 
and the energy level densities of the residual 
nucleus is provided by the following formula”; 


n(€)d&E=const Eoe(E)w(Erd€ , 


where n(6)d€=number of alpha particles 
emitted with energy between € and &+dé, 
o-(€)») is the cross section, including the ef- 
fects of barrier penetration for a nuclear 
radius of 1.5x10-" A/3cm, for the formation 
of the compound nucleus in the same state 
of excitation by the reverse reaction, in which 
particles of energy €& strike the excited re- 
sidual nucleus, and w(&,) is the density of 
energy level of the residual nucleus at exci- 
tation €;=€max —&, Emax being the maximum 


energy which the emitted particle may have. | 
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Fig. 2. Angular distributions of alpha particles from Coz, a)Mn® and Mn5(m, a)V®2 reactions. 
The dashed lines show the observed angular distributions, while the solid lines show the correct- 


ed angular distributions, 


| 


ee 


— 
— ——e 


1958) 


20 


a 


(mb/Mev) 


CROSS SECTION 


(0) 5 10 15 
ALPHA ENERGY (Mev) 


Con, a)Mn'* and Mn5(n, «)V8 Reactions Induced by 14.8-Mev Neutrons 


131 


20 


CROSS SECTION (mb/Mev) 


O 5 10 15 
ALPHA ENERGY (Mev) 


Fig. 3. Energy distributions of alpha particles from Co (m, a)Mn®* and Mn®5(m, w)V® reactions. 
The histograms and dashed curves show the observed energy distributions, while the solid 


curves show the corrected energy distributions. 
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Fig. 4. The relative level densities w=m/eoe of Mn and V®. 


Fig. 4 shows the results presented by plotting 
the measured energy spectra divided by 
&0,(€)). The data cannot fit a straight line. 
‘It is found that the curves are both concave 
upward, and for Mn the nuclear temperature 
‘is about 0.85™Mev at the high energy side 
(13 >&€>9Mev) and about 0,55 Mev at the 


low energy side (9>>€>7Mev) and for V 
about 1.0Mev at the high energy side 
(12> &€>9Mev) and about 0.65Mev at the 
low energy side (9 >&€>7Mev). The tem- 
peratures at the further low energy side 
(<7Mev for Mn and <7Mev for V) are 
not included in the present discussion because 
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of the large contribution of the second alpha 
particles from (”, na) events. 

The total (m, @) cross sections of Co and 
Mn are 84 and 96 mb respectively, which are 
fairly large as compared with that obtained 
by other authors»® with activation method. 
However, it must be noted that the cross 
sections obtained by us contain large yield 
from the (m, an) and the (n, na) reactions. 
Combined systematic and statistical uncertain- 
ties are estimated to be roughly 15% in the 
total cross sections. 


§ 4, Discussion 


As in the case of aluminium, the angular 
distributions for the entire energy region are 
approximately 90° symmetrical and concave 
upward, and the energy distributions show 
that the alpha particles with energies below 
the Coulomb barrier are more emitted than 
has been expected. 

The approximate 90° symmetry of the 
angular distributions of the alpha particles 
indicates the fact that most of the reactions 
probably occur through the formation of the 
compound nucleus, although the fairly large 
deviation from isotropy cannot be explained 
with the statistical theory of nuclear reac- 
tions®. However, this may be explained by 
introducting a kind of selection rule for the 
emission of the alpha particles such as the 
isotopic spin selection rule. 

Fig. 3 shows that the low energy alpha 
particles are more emitted than has been ex- 
pected from the conventional statistical theory 
with the usual potential. It is considered 
that this may be explained by introducing a 
diffuse nuclear potential such as used by K. 
Kikuchi» in his recent paper, which can be 
expected to give considerably larger yield at 
the low energy side than the usual square- 
well potential. Indeed he has shown that our 
previous results? which give somewhat lower 
temperature than others’ can be explained 
with the temperature of 2 Mev by introduc- 
ing a diffuse potential. 

It may be considered that the (m, @) cross 
sections larger than expected from the eva- 
poration theory are not due to the non-com- 
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pound processes but the large penetrabilities, 
which are explained by introducing a diffuse 
potential. But these problems should be dis- 
cussed in more detail in future. Further in- 
vestigation on other elements is now in pro- 
gress. | 
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The Thermoelectric, Galvanomagnetic and Thermomagnetic 
Effects of Monovalent Metals 
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A Theory of the thermoelectric effects and transverse galvano- and ther- 
momagnetic effects of monovalent metals is described on a model of 
general spherical energy band. Boltzmann’s equation is solved by a 
variational method, and whence we get a formula of thermoelectric power 
which shows the possibility of positive thermoelectric power at high 


temperatures but not at low temperatures. 


The effect of the Umklapp 


processes on the time of relaxation at high temperatures is also investi- 
gated. Our simple model can derive the negative Ettingshausen and 
Ettingshausen-Nernst coefficients of noble metals at high temperatures. 


Introduction 


Sa 
In the theory of transport phenomena of 
metals, an assumption is usually made that 
the conduction electrons can be treated as 
quasi-free. The theory based on this simple 
assumption gives fairly good agreement with 
experiment for the electrical conductivity of 
monovalent metals, but rather poor agreement 
for the thermal conductivity of noble metals 
at low temperatures». Especially for the 
thermoelectric, thermomagnetic and magneto- 
resistance effects, the assumption of quasi-free 
electrons gives a large discrepancy between 
the theory and experiments. For example 
the magneto-resistance effect is much larger 
than the results given by the theory based 
on the spherical energy surface model. For 
the magneto-resistance effect the anisotropy 
of band structure is essentially important”. 
For the thermoelectric phenomena, the theory 
based on the free electron model gives a 
“hegative value of thermoelectric power, but 
the experiments show that the thermoelectric 
powers of noble metals and lithium are _ posi- 
tive in sign, and those of rubidium and caesi- 
-um change their signs from negative to posi- 
tive as temperature decreases. 
— Jones®» showed that the positive sign of 
thermoelectric power can be interpreted in 
terms of departures of the electronic energy- 
level structure from that postulated for quasi- 
free electrons. In his treatment, the aniso- 
tropy of the band structure is not essential, 
but a large increase of the density of states 
near the Fermi surface which is brought about 
‘by the anisotropy is essential for the occur- 
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rence of positive sign. Thus, the sign of 
thermoelectric power seems to be determined 
from the behavior of state density curve near 
the Fermi level, which should in turn be 
obtained from the electronic band structure 
of metals. But, the full determination of the 
electronic band structure is very complicated, 
and at present the theory does not give so 
reliable informations about the detailed nature 
of energy near the Fermi level. 

Hence, we assume in the first approximation 
a spherical energy surface which is in a cer- 
tain sence an averaged surface of real energy 
surface and is more general than that of 
quasi-free electrons. The same idea was sug- 
gested by Klemens® in his paper on the 
thermoelectric power of monovalent metals 
at high temperatures, in which he showed 
that the thermoelectric power of potassium 
is not anomalous, contrary to the result of 
MacDonald and Roy”. Klemens” has also 
investigated the thermal conductivities of 
monovalent metals on the same model and 
concluded that the thermal conductivities of 
noble metals at low temperatures are not 
interpreted by the spherical energy band 
model. The thermoelectric power of metals 
at low temperatures has never been studied 
on the model, and hence it seems to be worth 
while to study the behavior of the thermo- 
electric power of metals at all temperatures 
by using the model of the spherical energy 
surface. 

In §2 a transport equation for the conduc- 
tion electrons which have a general spherical 
energy-level structure is set up by assuming 
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that the distribution function of lattice waves 
can be replaced by its thermal equilibrium 
value. Since the effect of non-equilibrium 
lattice distribution gives a negative contri- 
bution to the thermoelectric power®, the as- 
sumption of the thermal equilibrium of lattice 
may be allowed for the purpose of a qualita- 
tive investigation of the possibility of the 
positive sign of the thermoelectric power. 
The ‘ Umklapp processes’ are also disregarded 
on the derivation of the transport equation. 
An approximate solution of the transport 
equation by the variational method of Kohler” 
is given and the results are discussed. It is 
shown that there is a possibility of positive 
sign of the thermoelectric power at high tem- 
peratures, but no possibility for pure metals 
at low temperatures on the model of spherical 
energy surface. Hence the model is not 
appropriate to interpret the thermoelectric 
powers of metals at low temperatures. There 
is a reason, however, that we believe the 
model may be a good approximation at high 
temperatures at least semi quantitatively. 


Therefore we further study on the case of 
high temperatures after §3. At high temper- 
atures, the effect of the non-equilibrium distri- 
bution of lattice waves may be disregarded, 
but the effect of Umklapp processes (we shall 
call them U-processes) may become important. 
The effect of U-processes on the electric and 
thermal conductivities were calculated by 
Bardeen® and Ziman”, but their effect on the 
thermoelectric power has never been studied. 
In §3 the effect of U-processes on the time of 
relaxation at high temperatures is considered. 

By using the results obtained in §3, the 
thermoelectric powers at high temperatures 
are calculated and the effects of impurities 
on the thermoelectric powers are discussed 
in §4. It is shown that the U-processes give 
a positive contribution to the thermoelectric 
power. 

In §5 the transverse galvano- and thermo- 
magnetic effects are calculated. An _ inter- 
pretation is given of the observation that the 
Ettingshausen, and Ettingshausen-Nernst coef- 
ficients of noble metals are negative. This 
had never been interpreted theoretically. A 
relation between thermoelectric power and 
Ettingshausen coefficient is derived. The re- 
lation shows fairly good agreement with ex- 
periments. The effects of impurity on the 
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Ettingshausen and Ettingshausen-Nernst ef- 
fects are also considered. 

Our results obtained in §2 are also appli- 
cable to the calculation of the influence of 
exchange and correlation of electrons on the 
transport phenomena of metals. In the ap- 
pendix, we calculate the effects by using Bohm 
and Pines’ curve and correct the errors in 
the calculation of Barrier. 


§2. General Theory based on Spherical 
Energy Surphace Model 


2.1. The Transport Equation 

Assuming that the energy E(k) of an elec- 
tron depends only on the absolute value of 
wave vector k, we expand E(k) at the Fermi 
surface as 


(1) 


E(k) =C +a(k—Ro) +4B(R—Ao)?+:-- 
where k=|k!, k is the value of k at the | 
Fermi surface, € is the Fermi level, and a@ 


and ® are constants independent of &. The | 
frequency »v(g) of a lattice wave is assumed | 


to be related to the lattice wave vector q by 
v(q)=uq/2x, where uw is the (constant) velo- 
city of sound, and the vector qg is assumed to 
lie inside a sphere of radius 


_(3\¥82n 
a=(7-) a ’ 


where a is the lattice constant. 

When the electric field # and the tempera- 
ture gradient grad T are in the x direction, 
the appropriate form of the electron distri- 
bution function f(k) is 


F(k) =fulE)— bo) 2 


Rec) a 
where 7=(E— 
1/(e"+1) and « is the Boltzmann constant. 
The rate of change of f due to the field is 


given by 
Of | — ke dE Ofo/(_, Bot one Roay. 
lar | hk dk aE FHT S TTT x)’ 
(3) 
where —e is the charge of an electron. For 


the scattering of electrons by the impurity 
atoms and the lattice defects, a time of relax- 
ation ¢ exists, and is given by!» 


(4) 


where N; is the number of impurity atoms 
per unit volume and Q is the scattering cross 
section of an impurity atom. Hence the rate 


(2) | 


€)/«T, fo is the Fermi function | 


\ 
q 
| 
} 
i 
| 
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of change of f due to the impurity scattering is given by 


a rs 


ot ct. oR “Ab, OE 
Assuming the scattering potential to be 


Zee 
VO) Ra exp (—7/70) , 
Barrie has calculated the scattering cross section Q and has obtain 


dE A4k27,2 
Inzetk- 242 0 
Q=2r27 etk { eal {in (1+ 4k?7 5?) ered 


(6) 


where z+1 is the valency of impurity atoms. If we expand the term in the bracket in a 
power series of 7, we have 
Q=k ep PO +r T 9+ 1xleT 2)? ++}, (7) 


where P is a constant independent of k. Actually it is sufficient for our purpose to retain 
the right side of (7) up to the second term. 

If we disregard the ‘ Umklapp processes’ and assume that the lattice waves are in thermal 
equilibrium, the term due to the lattice scattering in the first approximation may be written 
in the form! 


[| _p, Of Sn (EN"(ZY 
Ot * OE 2Mu, \ dk @ 


- —c(n+ KTz qo eS ; t] eel de 
1+ _ 4 (TY, ee 
| rs [ew cl” ay k dE/dk Dp rok ere] i |" dz (8) 


where M is the mass of lattice ion, 9 is the Debye characteristic temperature and C is the 
interaction constant between electrons and lattice waves used by Wilson! and is equal to 
2/3 of the interaction constant used by Sommerfeld and Bethe™. Eq. (8) is sufficiently good 
approximation to obtain the leading terms of the electrical and thermal conductivities, but 


not to obtain the thermoelectric powers at low temperatures. 
Eq. (8) is obtained, for example, from Eq. (9.33.7) of Wilson’s text!, by using the approxi- 


mation that 
2 (Ensq— Exthv.)=0(Egsg— Eethv») 


dE 1 as 
: A eERY: iva 
=|, dk (a aha aes hoa |= noel {(cos er a oe gait (9) 


and by integrating over the orientation of g, where @ is the angle between k and q. 
In the higher approximation required, (9) must be replaced by 


dE 1 cap Oe ae +( 9 a ) 10 

eo dk (acosa+ JF) ae tae qg?{ cos 0+ oh Lhver. (10) 

Now to simplify (10), we use the following theorem: If the two real roots of ax’+bx+c=0 
are x, and x2, then 


jee eiete= ae Pa B(e—m) + oe B(x—x) « (11) 


If the region of integration over x does not include x», the second term of right side of (11) 
may be omitted. By using (11) and the relation hy./q(dE/dk) <1, (10) may be rewritten as 


PE_1 dE 
1 dk? k dk q_, hv ye 12 
O(Ex+q—Exthva) = q EEA 1 (dE|dk? - hina} a (cos ar fe aa dE|/dk le) 


TF 
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Then (8) is replaced by 


PE 1 dE 

[e] _ p, oe sae (aE {1— dk? k dk Tal 
Ot “OE 2Mu \ dk 0) Jer (dE/dk)? | 
iti ot Tigre Gok x) “lee 2 dz 13 
| crta){ \ pdEldk ales lem l—e (3) 


From (3), (5), (7) and (13), we may write the equation for the steady state of the electron 
distribution in the form 


i ala, Cb a OME I 
Ga f te: 14 
; soe hig ates) LO), (14) 
where 
3 /dk\-3 
‘OS 2 NPC eT Ok ( aE ne 
PE vil dk, 
dE IP NEE dk? k ‘dk 4 
= — pen Che aed 2 
aa) (@) eed (dE|dhy 
KTz ae (oi aa ett, pide 1 
a spe a ee — ; 5 
x| et otn-+2)f 1+ 7 GEldk Tha GOs dal ores eee (15) 
and A denotes 4Mu/(3hC?). To solve Eq. (14), we put 
= Oo, Gs (1) 10T (2) 
(= (CF +T 5am OM + a gy OPM » a6) 
1 
then c™ and c@ are the solutions of . 
lenis 
Wl See (n) — 
E ner pS (n=1, 2). (17) | 


The electric and heat current densities are given by 


| 

Ss oO e¢ oT | 

J=Ki( CF +eT 5, sp) + Kur ay > (1g) 

JR eh Sr2, ©) est OP | 

w=Kz(—eF -T5. 5.) Kar 5, (19)} 

where . 
Kun= 335. Em thc) eee: (20) 


2.2. Solution of the Transport Equation 
To solve the integral equation (17), we use the variation principle of Kohler. The pricey 
applied to the case of spherical energy band can be stated as follows: 
The solution of (17) is such as to make the integral 
dE 


| 
() (nm) mC ae MM CG(r(™) jan D) | 
(c™, CM) = \" deed: tar ees ee ( ) 


a maximum, subject to the subsidiary condition 


i dE ay OF 7 Bs fo 
k (mn) ?(pr(n) ) = N-1 38 p(n) “YO 
e ‘4 (2 ey cM) 7 (cm) an an=\ HelRS¢ an dn. (22 
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Now we put c™(y) in the form 


1 
CO) = Sexy , (23) 
and put 
co a Of 
pT) N-1 M37 VS 0 
P ("=z Regt 2 a, (24) 
% Gi Na Of, 
dy — ae s\= k4 Sears eZ Cy as f 
aor = | (Eye ran Le a (25) 
Then 


M+ 


1 
(c, c@®) = >> drs Cr Meg 
r=0 


s 


0 


must be a maximum, subject to the condition 
1 1 1 
DD dse-MesM=— ¥ a.Me,M=0 , 
r=0 s=0 r=0 
The current densities are given by (18) and (19), and now (20) becomes 


1 1 
Kana=—— Ya, e,.O 
37°2h = 4 v ; 


By the symmetry relation d,;=d,), we can easily show the reciprocal relation 
Ke = Kee 5 (26) 


The solutions of the variational problem are easily obtained by the usual method™, and we 
obtain the leading terms of the conductivities and thermoelectric power as follows: 


e (a)? 


37?2h doo 


1 (A) Pa, —ayVay™)? 
 37?hT (©)? dy 


kT 


, 


bc & Vay dy,—{a,Pay + (ay®)?} dort a2Va™ doo 
é (ay)? dir 


S=— 
To calculate a,“ and d;s, we use the expansion 
1 
k=ha( 1+——«Ty eesti: -) ? 
aky 


aE _ 1 Ope 3) 
ak a( 1+ re 


in (24) and (25). 
The final results are 
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Ge oS e*Ryta2 ( ) Js li . 
ei yi" (30) 
Kr Ki Ko 
1 _ 9ANP G1) 
Ki, k2 Tako! 
1 27HA7} eh “ft gtd | 32) | 
ae) \| e+(S) : Js «hs 4 } ( ») | 
ae aN ) 
pie 3e | 
NIP { 45% 28°. \y Bef TPZ (BY {4 (2 B ) a 5 a 1] | 
OWE Ose r+ (F)| Gbtht Ba oat 2a) G\ ake of | 
mNP , 1/T TY (am, fl 
3 +4(@) {erer(G) a 3 Is s/s) 
(33) 
where 


Beye. z” dz 

ST y Eas Meg lie) 
and p denotes the electrical resistivity and suffices 7 and 0 denote residual and ideal parts | 
respectively. Using (28) and (29), Eq. (33) can be rewritten in the form 


28 ( 4 i ( 5 28) J: 6 ko? 1 (2)| 
Ee ct a @ o( +28 11) +04 ble 277\ aky ae (ms 72 Qo? aky\ T (34) 


3e ak, 3 ko? / O yt ; 
1—- | 
ort po| Ont fet mane T : 


Now, in the case that pi> 0, the Boltzmann equation can be solved by successive approxi-> 
mation, and then thermoelectric power is obtained as a power series of o/o:. If we expand 
(34) in a power series of p)/o:, and retain up to the second term, the coefficient of the term} 
of J,/Js differs from that of the solution obtained by successive approximation. This is due} 
to the fact that we restricted the function cy) to the form such as (23). However the} 
terms of J;/J; give practically negligible contribution to the numerical results, and so we} 
neglect those terms in (34). Then (34) becomes 


} 
| 
| 


2 2 
sar dat ten )enb death SAS) 
sa eT aky aky a? 7° Qo aky\ T (35)) 
By pton 143,887 7) | | 
mm? go\ T 
2.3. Discussion about the Results of the Simple placing the effective mass m* by h?k)/a, andi 
Theory vice versa, Therefore our model does not} 


Eq. (29) agrees with that obtained by Bloch give essentially different results from quasi- 
as an interpolation formula’, and (32) agrees free electron model. 
with that obtained by Klemens. From Eqs. On the other hand for the thermoelectric 
(27) through (32) we see that the electrical power, we obtain a remarkable result (35) 
conductivity and the thermal conductivity de- which is not deduced from that of free elec 
pend only on a and not on 8. These equa- tron model by the simple replacement of m* 
tions will be obtained from corresponding For pure metals (35) reduces to 

formulae for the quasi-free electrons by re- 
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oie =2(4 ae yer ; 
0 30 bhai 2 (36) 
at high temperatures (TSO), and to 
272K? T 
Soe Gees 
0 Seach (37) 


at low temperatures (T<89). 

For the free electron limit (@=a/ky), aky= 
2), (86) and (37) reduce to the well known 
formulae. Eq. (37) shows that the sign of 
the thermoelectric powers of pure metals at 
low temperatures is always negative contrary 
to the experimental results for noble metals, 
Li, Cs and Rb™. On the other hand, (36) 
shows that at high temperatures 


So<c0 if B+2a/k) >0, (38a) 
and 

So > 0 if B+t2a/ky <0. (38b) 
Experimentally, noble metals and Li have 


positive thermoelectric powers at high tem- 
peratures. Therefore, for these metals the 
condition (38b) should hold. 

Now, near the center of the Brilloin zone 
(energy minimum point), the energy band 
shape may well be approximated by the quasi- 
free electron model and hence d?E/dk?= 
2(dE/dk)/k=h?/m,* (>0). On the other hand 
near the energy maximum point on the zone 
boundary, the band shape may well be ap- 
proximated by the positive hole model with 
@E/dk?=—h?/m.* (<0), and 2(dE/dk)/k~0. 
Here m,* and m.* are the effective masses 
in each region. Therefore, if the Fermi sur- 
face goes from the center to the boundary of 
the zone, the value of 8 changes its sign 
from positive to negative and then its abso- 
lute value becomes larger than 2a/ky). Inthe 
monovalent metals, the Fermi surface lies 
rather near the zone boundary, so that it 
may be reasonable to assume that 8<0 and 

|B|>2a/ky for noble metals. 

- The fact that noble metals should have 
larger negative values of @ than those of 
alkali metals (except lithium) may be inter- 
preted by the fact that the distance between 
the Fermi surface and the zone boundary 
is smaller for the face centered cubic struc- 
ture than for the body centered cubic struc- 
ture. 

Our simple model is not appropriate to inter- 
pret the thermoelectric power at low temper- 
atures, but it is expected that the thermo- 
electric power at high temperatures may be 


The Thermoelectric, Galvanomagnetic and Thermomagnetic Effects 


139 
interpreted by our simple model. The reason 
is as follows. 

For the general case of anisotropic energy 
band, the rate of change of distribution func- 
tion f(k) by the lattice scattering is written 
in the form?», 


Of Sy a 1 7 / / 
Lae |= op | Pee #0) 008) a, 
(39) 

where 

O=—(f—fo)/(Qr/OE) . (40) 
At low temperatures, the wave numbers of 
effective phonons are small compared to those 
of electrons, and so only the states k’ on 
the Fermi surface near the state k contribute 
to the integration of (89). Therefore (0/02), 
depends strongly on the behavior of the energy 
band near the state k, and hence the aniso- 
tropy of band structure gives large effects at 
low temperatures. On the contrary, at high 
temperatures, the wave numbers of effective 
phonons are large, and all states k’ on the 
Fermi surface contribute to the integration 
(39), so that (Of/0f). depends on the behavior 
of the energy band on the whole states near 
the Fermi surface. Hence the anisotropy may 
be averaged out to a certain extent. Accord- 
ingly the averaged spherical energy model 
may be a good approximation at high temper- 
atures at least semi quantitatively. 


§3. Effects of Umklapp Processes 


In the preceding section, we neglected the 
Umklapp processes, but at high temperatures 
they play important role for the transport of 
electrons. Therefore we consider the effects 
at high temperatures in this section. Using 
the interaction parameters C?(q) calculated by 
Bardeen®, Ziman® has considered the effects 
of the U-processes on the electrical and ther- 
mal conductivities of monovalent metals. But 
the effects of U-processes on the thermo- 
electric powers have never been calculated. 
Here we will show that the effect of the 
U-processes on the thermoelectric power is 
considerably important. 

If we use Zieman’s method to calculate the 
time of relaxation of pure metals at high 
temperatures, we have 


sie 4 (ree Cx oeTi¢ >a 
t(k) 4x2M dE/dk QR? 


(41) 
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where 4 is the volume of a unit cell and q= 


k—k’. vy» is given by 
Yp/Yo = NU, ?) 
uluo for V=v7=i, 
oe (42a) 
(u2+b2?—2ub cos p)/?/u) for mu<u<l, 
(42b) 


where vp is the maximum frequency of lattice 
wave, u=q/2k=sin (¢/2), uo=q/2k, b=g,/2k, 
gi being a reciprocal lattice vector (see Fig. 
1), and @ and # are the angles shown in Fig. 
1. For the U-processes (#<uw<1), <1/y»> 
means the averaged value of 1/y»? with the 
orientation of q relative to the reciprocal 
lattice: 


woe i. = Sens “A We RW Ue 


The interaction parameter C?(qg) calculated by 
Bardeen is written in the form, 


Cg) =CG*(U) , 


(43) 


Fig. 1. Geometry of the scattering process. 
Ziman’s paper”).) 


(See 


where “7=q/2k)=2-7/*, and the function G?(z) 
is identical with G?(#) given in (27) of Ziman’s 
paper if we replace wu by uw. (For the calcu- 
lation of the electrical and thermal conduc- 
tivities only, it is not necessary to discrimi- 
nate wu and uw.) Eq. (41) is evaluated in the 
same manner as Ziman’s, and becomes 


aie) 
c(k) To dk @ 


@/T hy 
x \ {orf ter) +1 Guox) ta? an, ~@4@4 


where Uo = o/2ko 5 
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= (45) 
To }63©6 8x?M rv 
and 
= 712 aoe al 4 iG ) ad 46 
I ) = hace” Fy u. (46) 


Ziman’s expression for the electrical resistivity 
at high temperatures is easily obtained from 
(44) by putting R=ky (u=up). 

For the calculations of the thermoelectric 
power, Ettingshausen and _ Ettingshausen- 
Nernst coefficients, we have to obtain the 


values of {(1/c)(dt/dE)}a-¢ which is easily | 


calculated from (44) as follows: 


‘e a) ai a SP: 
t GE Jue ako a ak’ 


_ 6G%(1)5-? log to/(6—1) 
i {G*(y) +19) } 9° dy 


(47) 


A 


where b=g,/2k) (=1.138 for b.c.c. structures). | 


Ziman calculated the numerical values of 


G*(y) and J/*(y) for sodium and showed in | 
We have graphi- © 
cally evaluated the integral in the denominator 
of (48) from Ziman’s Fig. 5, and have recalcu- | 
lated G(1) in the numerator (since it is diffi: | 
Thus | 
we have obtained the numerical value of 4 


Figs. 2 and 5 of his paper. 


cult to read G(1) from Ziman’s Fig. 2). 


for sodium, 
A=18.. 
Bardeen used the quasi-free electron ap- 


proximation in his calculation of C(g), so that | 
the numerical value of 4 given in (49) is not | 
Since it is not easy to evalu- 
ate the numerical values of 4 for all monova- | 


very accurate. 


lent metals with sufficient accuracy, hereafter 
we regard 4 as a parameter. 
value given in (49), we may assume that the 


numerical values of 4 are generally positive 


and order of magnitude of unity. 


$4. Thermoelectric Power 


The relaxation time rt in the case when | 
both thermal and impurity scatterings exist is | 


given by 


whet lanl 


1a Tt an) (60) 
where‘ to is the relaxation time due to the 
lattice scattering obtained in the preceeding 


section (Eq. (44)), and rt; is that due to the 


impurity scattering and, from (10), t is given: 


by 


(48) 


(49) 


Considering the | 
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(51) 


The thermoelectric power at high temperatures is easily obtained from Mott’s formula!” as 


bam ae hag 
s- eT dE dk = 


id OF Oe as 
3e kitac 3e (3+ ae c dE NE ee) 
Eq. (52) was also derived by Klemens. From (51) we have 
1 dt Rae Bee 
Gara ¢ aky! at” a 
Inserting (50) with (47) and (53) into (52), we have 
2 2 
a o( + aon) +oo( +o 
sa_7"* re ak) @ Roe a ako (54) 
3e Oit 0o 
If we put 2=0, (54) reduces to high temper- the numerical values for the constants, we 
ature approximation of (35). Now we will have 
discuss two special cases. aky=1.69 x 10-3/7 , (58) 


4.1. Pure Metals 
From (54) with o:=0, we get the thermo- 
electric power for the Bus metals as 


beef 2B 
ae 3e mea har aky a a? ) pa) 
or 
=—0.0244T (“= =) (55b) 
aky 


in which Sp is in “V/deg. and ak) and a?/B 
are in electron-volts. About the sign of the 
thermoelectric powers, from (55), we have 


Si<f0 if B+7-@-)>0, (56a) 


and 


ie A)<.0. (6b) 


So >0 if oR 


The condition (56b) - ae occurrence of 
positive thermoelectric power is less stringent 
than the condition (39b) where the U-processes 
are neglected. 

In (55) the value of ak, can be obtained 
from the data of electronic specific heat. The 
electronic specific heat C. per mole of a metal 
is given by!® 


Cie T=t hea T , (57) 


where V is the molar volume. From (57) we 
easily obtain 
| akyp=z?Nok?/7 , 


where N) is the Avogadro number. Inserting 


in which a@ky is in electron-volts and y in 
cal/mole-deg?. But, since (55) includes further 
two unknown parameters 8 and 4, we can 
not determine these parameters from the ex- 
periments on the thermoelectric powers only. 

If we neglect, tentatively, the U-processes 
(A=0), the value of 8/a* and 6 are obtained from 
(55). Table I shows the results these obtained 
for noble metals from the measurements of 
Otters! on the thermoelectric power and 
those of Corak et al.2 on the electronic speci- 
fic heats. If the U-processes were taken into 
account, the values of /a? should become 
larger than those given in Table I. (Absolute 
values of B/a@? should become smaller.) 

For alkali metals, since the electronic speci- 


' Table I. 
Metals | Sp at 400°C. | Sy/0.02447 | aky cea Blo? 
(uV/deg.) (ev- 1) “v) “(ev- 1) 
Cul slishyeiaues 0.23 | 10.3 | —0.31 
Ag 4.1 0.25 11.6 | —0.30 
Au 3.25 0.20 9.5 | —0.31 
} — 


fic heats have never been measured except 
for sodium, we make a crude approximation 
that ak) in (55) may be replaced by 2€~ 
hk?/m*. Using the experimental values?» of 
Sy at 0°C and the calculated values? of m*, 
we can obtain a rough estimation of the values 
of B/a?. The results are shown in Table II. 

For sodium, if we use the electronic specific 
heats rT=4.3x10-!T cal/mole-deg.2”, we ob- 
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Table II. 

So at 0°C So/0.0244T ako Bla2 
Metals | (ivideg.) | (eV-) | (eV) | eV-) 
Li 10.0 1.50 6.76 —1.05 
Na owns) —0.80 6.44 0.09 
K —12.5 —1.87 4.40 0.48 
Rb — 8.1 —1.21 (see 1 0.12 
Cs — 1.2 —0.18 3.70 —0.45 


tain ak)=3.9eV and f$/a?=—0.11(eV)-!. It 
has been believed that the band structures of 
sodium and potassium are very well approxi- 
mated by the free electron model. However, 
a recent calculation on the electronic energy 
states of potassium?) shows that there are 
considerable deviations from the free electron 
model, and therefore it is not surprising that 
sodium might have a very small or even a 
negative value of 8.* 
4.2. Effect of Impurity 

Eq. (54) holds for any concentration of im- 
purity atom. But when the valency of im- 
purity atoms differs from unity and the con- 
centration is large, the total number of the 
conduction electrons changes and so the Fermi 
level shifts. Therefore the change of the 
values of a and 8 must be taken into account. 
Here we consider only the initial change of 
the thermoelectric power when the concentra- 
tion of impurity atoms is small. In this case, 
the change of the thermoelectric powers is 
mostly due to the impurity scattering of elec: 
trons and the change of the values of a and 
B may be neglected. 

Let p be the fraction of the impurity atoms 
in a metal. We define the initial increase of 
the resistivity by 


(8) 


and then from (54) the initial increase of the 
thermoelectric power by the impurities is ob- 
tained as follows, 


ee) 2K? T Y1—A/aky 
he ae 59 
ie es car saeslar (59) 


(2) >0, if r1>—Alaky — (60a) 

* Recently L. M. Roberts (Proc. Phys. Soc. B 
70 (1957), 744) has measured the electronic specific 
heats of Li and Na. If we use his values of 7, 
the values of akp in Table II become 4.06 and 5.15 
for Li and Na respectively, and the values of B/a2 
become ~—1.24 and 0.01 for Li and Na respectively. 


Os > 
a, f r1<(—A/ak,. (60b 
(a ? 1 ee / ( ) 


The experiments on noble metals show that 
generally (60b) seems to hold, but in the cases 
of Mn as the impurity in noble metals and 
possibly Ti and Cr in Cu, the relation (60a) 
seems to hold®). 

Domenicali and Otter?» calculated the initial 
increases of the thermoelectric powers of im- | 
pure metals by using the quasi-free electron | 
model. They expanded the scattering cross | 

| 
| 


section Q in the form 
Q=Q)(l+anTy+---). (61) 
Comparing (61) with (7), we have 
Soin Bie 2 | 
ay ake One a (62) 


Domenicali and Otter’s results (their Eq. (22) | 
may be written in our notations in the form | 


(Gs) nl se (acts) Sh a 


Eq. (59) may also be rewritten in the corre-| 
sponding form . 


as Laie a Pee, | 
aa Pol 3e & aky *) So} | 
: 


Pipe ee | 
bi teak) oh ae 


and in the case of quasi-free electrons, (64) | 
reduces to 


(8) = EPEM(a-2)-8}. 


Eq. (63) does not agree with (65). This is} 
due to the fact that Domenicali and Otter | 
assumed erroneously the number of electrons | 
m) to be independent of energy E in their 
Eq. (3). Using (63), Otter™ analysed his ex- 
perimental results on the thermoelectric power | 
and electrical resistivity of dilute alloys of) 


tained the values of @,. Since (63) is not}! 
correct, we have recalculated a, from (64).|| 
If we compare (64) with Eq. (2) of Otter’s}| 


be replaced by a,—2/a@k)—3e So/x*x?T. There-| 
fore if we use the values of ak) determined 
from the electronic specific heats and the ob- 
served values of S)/T, we can obtain the} 
correct values of a, from the values of aj}! 
and a given in Table I and Fig. 7 of Otter’s}! 
paper. Table III (except for the last two} 
rows) shows the results thus obtained. | 
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ee Solute | Temperature | ee | aera So/0.o244T | Correct Sine 

(°C) (e¥-) (eViet) (evet) (eV-1) 
Cu Pd 400 —0.64 itia0.19 0.23 ~0.22 
” Pt i —1.04 Ve Y —0.62 
" Mn 300 0.04 4 Y 0.46 
Ag Pd | 400. | ~1,28 0.17 0.25 —0.86 
” Pt | ” | =1.10 ” ” —0.68 
” Mn | 300 0.15 ” y 0.57 
Au Pd 400 ~1.76 0.21 0.20 ~1,35 
” Pt ” —1.81 ” | ” —1.40 
” Mn 300 | 0.02 ” ” 0.43 
Cu Si S084 0.19 0.23 0.08 
” Zn | 0% ” ” 0.15 


Domenicali and Otter?» analysed the thermo- 
electric powers of Cu-Si alloy and Cu-Zn alloy 
by using their Eq. (17). Using their values 
of a, and a, we can also obtain the correct 
values of a@,. The results are shown on the 
last two lows of Table III. 

If we use Barrie’s calculation (6), the theo- 
retical value of a, is given by (62), and here 
71 is easily calculated from (6) as 


pes DA 
y ee ak,’ 
where 
32k! ro" 
U 


~ (1442702)? In (1 +-4ho°702) —4Bo*ro2(1 +407?) 


and the value of ~ changes from 4 to 0 when 
koro Changes from 0 to infinity. Therefore 
the values of 7; of noble metals should be in 
the range between 0.4 and 0 (eV)-! and, if 


we use the rough estimation of 8/a? given in 


Table I, the values of a, should be in the 
range between 0.8 and 0.4(eV)-! showing a 
large discrepancy from the values given in 
Table III. This discrepancy would show that 
the Born approximation used by Barrie was 
not good. 


§5. Transverse Galvanomagnetic and 
Thermomagnetic Effects 


In our model, the negative value of 8 does 
not mean the “ hole-conduction.” The positive 
hole model gives the positive Hall coefficients, 
but our model gives the negative Hall coef- 


ficients showing the character of “ electronic- 
conduction” irrespectively of the sign of ~. 


ve 


Both the usual free electron and the positive 
hole models give the positive Ettingshausen 
and Ettingshausen-Nernst coefficients at high 
temperatures, but actually these coefficients 
of noble metals are negative. Our model can 
give an interpretation of the negative coef- 
ficients of noble metals. 

The transverse galvanomagnetic and thermo- 
magnetic effects have been calculated by 
Sondheimer? for the two band model com- 
posed of the usual free electron band and the 
inverted band of positive hole. Here we will 
calculate these effects for the general spherical 
band model. Since the spherical band model 
is not good approximation in the case of low 
temperatures, we consider only the case of 
high temperatures in which the time of relax- 
ation t exists. 

We consider a metal strip with its surface 
in the xy-plane, carrying an electric current 
J. or a thermal current wz in the x-direction 
and subjected to a magnetic field HW in the 
z-direction. The Boltzmann equation is 


ke 


h (F+ v <H)- grad, +0: grad, f 


ed nel 
‘ee 


(66) 


where F is the electric field, v the velocity 
of electron and c¢ the velocity of light. In 
(66) F is in electrostatic unit and # is in 


electromagnetic unit. If we put 
» OF 
= FRB! peti} 6 
f= fo kB) a (67) 


(66) gives”? 
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hk 


cara ae c(E)=—eF—T grad (4)-4 grad ‘I (68) 


he 


The x and y components of (68) are 


h dE eH O' “Bier 
pl GS =e ee Saeed 
T a( dc ye ae hc at Wt a8 T Wie On (69) 
eH h JS Say ae I I | 
— H+ kee) arg ely Pe ar 5, | 
where c; and c, are x and y components of ec. 
The electric and thermal current densities are given by 
tebe 3 fo 4 
a ale ta ale 
Jy= < [k,n 
3x h v7) (70) : 
1 Ofo 
a RaEay [Bie —=~—dy , 
sindluil pes bel 0. 2 
Oe Bah Je eat a 


Now we consider only the case of weak field (H->0). After a straightforward calculation 
we find 


i= =Kye(eF-+ ne A Kase Ft ae SSeiiracre , 
y= Kine(eFe+ re O) + Ket a +Kye( oF + Po o\ + Ks i | 
W2= —Ka(eP+ re aa) —Kuz Fe thal eFet ‘A a ON Kae = . 
wy = — Ka oF T 2 s ) Ku 7 oy Kal oF re aS - . 
where 
fee a ee 
Ky=— Saal iy dE, | 
Ky= — oe | e( aye il we 
Ky= 9 jEn( aE) aE. 
From (72), it is seen that Kmn’s satisfy ‘ga Fy y it . rpg 3x renin! 
Onsager’s reciprocal relations. Hz CHK? ocks aia 
Putting grad T=0 and j,=0 in (71), we find (73) || 


the Hall coefficient R as follows: Eq. (73) shows that the Hall coefficient is al- 
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ways negative in our model. 
Putting Jy=0, wy=0, OT/Ox=0, we find the 
Ettingshausen coefficient Ag: 


_OT/Oy __T(KuKu—KKis) 


An= I an 74 
: Ajz eH Ky, (Ki Ko2.— Ky,) mh) 
Putting (72) into (74), we hove 
Std Sg ae ipa s Se Sy 
al ad — aky as a : o 


Putting /;-=jJy=0T/Oy=0 in (71), we find 
the isothermal Ettingshausen-Nernst coefficient 
Be: 

Ce ae Py =n 1 Kuku—Ki.kos 
B= = , 
HO T/Ox HeT ki? 
(76) 


and putting (72) into (76), we have 
Bete eel 8: rhode ) 
ma; REN ak os) edk p 
Putting /;=jJy=w:=0, we find the Righi- 
Leduc coefficient Baz: 
Bex OTIOy_ 
HOT/0x 
Ku? Kost Kyo? K3—2K KK ig 
A Ky (Ka? — Ky Ko») : 
and putting (72) into (78), we have 


(78) 


Bri = (79) 


The electrical and thermal conductivities are 
given by 


wr ere aiaqa hota ; (80) 
er Sa =y (81) 
= kat . (82) 
From (74), (76) and (81), we have 
Aaesietion’ (83) 


Using the second law of thermodynamics, 
- Bridgman derived”® (83), and Callen” derived 
_ (83) from Onsagers’s reciprocal relations. 


vr? 


From (73), (78), (80) and (82) we have 


Ro=Brr , (84) 

and 
poate AE a 95 
oa Sen em (95) 


These relations were also derived by Bridg- 
man by a phenomenological consideration”, 
and by Sondheimer? for the free electron 
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model. It is known that the relations (83), 
(84) and (85) generally hold for many metals 
including noble metals?®), 

Now, from (52) and (75) we can eliminate 
both unknown parameters @ and 4, and we 
have 


1 3e ee .. 
plncdet ais )= = ak» : 


5.1. Pure Metals 
Putting (47) into (75) and (77), we have 


(86) 


af Tea 280 
Ae ar at a) (87) 
layne fA Ne 
AN 3ch? ( ak a her . (88) 
Therefore 


A El oe SSS > cep leg (ee Ss 
0 


(89a) 
and 


As<0, Biy<O0 if B+—--d<0. 
0 


(89b) 


Both free electron and positive hole models 
give negative values of Az and Bry. How- 
ever, noble metals and many other metals 
have negative Ettinguishausen and Etting- 
shausen-Nernst coefficients. No model has 
yet been worked out for which A, and Bhy 
are negative at high temperatures. Now from 
our simple model, A and Bry are negative 
if the condition (89b) holds. 

The condition (89b) is less stringent than 
the condition (56b), so that Ag and Bry are 
negative for the metals which have positive 
thermoelectric powers. Noble metals are in 
this case. For alkali metals (except for Li), 
An and Bry have not yet been measured. 
But from the values of S)/Z and ak) shown 
in Table II and Eq. (86), we see that Li and 
Cs may have negative values of An and Bry 
at room temperatures. The measurement on 
Li) shows, however, the positive Byy and 
make an unfortunate exception. 

Now we will compare (86) with the experi- 
ments for pure noble metals. Our theory is 
applicable for the case of high temperatures 
(T>@), but the available experimental data 
for A, are only the measurements on noble 
metals in room timperature region (T~9). 
Therefore we are compelled to use the room 
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Table IV. 
f ; Lark 
cAy/T x10 T nmx10-% | ncAn/T 3eSp/n22T oh < — 
as from (86) | from (58) 
(erg~1 cm) (°K) Cm) Gui (eV-?) (°K) (eV-*) (eV-}) 

Ag 0.578) 291 | 5.9 | 0.54 | 0.25-0.33 | 500-1000 | 0.10-0.07) 0.086 
0.55 | a1 | 8.59 | 0.75 0.23 | 500-1000 0.17 010 ff 
2 0.48”) 298-358 | 7 0.65 ee PANTS Abe A | anit 


a) reference 31) 
b) reference 32) 


c) taken to be equal to the number of atoms per unit volume 


temperature data of Aw and the high temper- 
ature data of Sp»), and then we have the re- 
sults shown Table IV. 

Considering that the data of Aw are those 
at room temperatures, we may conclude that 
the agreement of the theory with the experi- 
ments is fairly good. Owing to a curious 
exception that A»/T of Au is not constant 
with temperatures”, we have omitted Au 
from Table IV. 

In Table V, we summarized the qualitative 
results on the sign of the thermoelectric 
powers and the coefficients of the transverse 
galvanomagnetic and thermomagnetic effects. 


Table V. 

FR | An |Ban|Brr| S 
Free electron Model ee a Fees 
Positive hole Model | Sees ce en RRs ets 
Present| > ~«/2ho detain Ser T 
Model | ~%/240>8>—2a/ko) - | - | — | - |] - 
—2a/Iko>B a 6 be tues 
Cu, Ag, Au, |=) = ape 
Observation | Na, K e w 
Li (sie hols ais 

| J 9) 


5.2. Effect of Impurity 

Putting (50) with (47) and (51) into (75) and 
(87), we have the expressions of the Etting- 
shausen and Ettingshausen-Nernst coefficients 
for case of any impurity concentration. From 
these expressions, we easily obtain the initial 
increases as follows, 


OAD) i 10 Bears 2 
( Op ihe ooh akg +n) ; Gy 


(a) ae eS ) 
Ob Jpnv  3@enpr®\ aky a bape 
(91) 


Using (59) and (55a), we can eliminate the | 
parameters 4 and 8 from (90) and (91), and | 
thus we find 


3e / aS aA | 
saga jit aah ps 0, (92) 
ASAT OE Seat ao 
sal Sot Altes p=0 
OBiy 6 a 
ey ecno( Ge) | | ce 


From (90), (91) and (87), we have also 


As, 00 bse (5) = 
If Les 77K? Op p=0 Op p=0 j 
(94) | 
Since (92), (93) and (94) do not include the | 
parameters 8, 4 and 71, these equations are ) 


suitable to test the agreement of the theory . 
with experiments. 


In many cases OS/Op is | 
negative, so that we see from (92) that the 
Ettingshausen coefficients should increase by 
a small content of impurity atoms. It is un- 
fortunate that the measurements on the effects 
of impurities on the Ettingshausen and Et- 
tingshausen-Nernst coefficients of noble metals || 
have never been worked out. 


i 
| 
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Appendix 
Influence of Exchange and Correlation 
on Electron Transport in Metals* 
Bohm and Pines have developed a new 


* In the short note reported previously?3), Eqs. 
(4) and (7) were invalid, so that we correct the || 
errors in this appendix. 
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method for treating exchange and correlation 
effects in an electron gas. By their collective 
description of electron interaction, one elec- 
tron energy in a metal is given by*” 


EW) = fe ty m Aa 96 


re \ ko} m* fs 
B?Ro?— Ro? + 3k? ke—k? , (rea 
= rd n “ 
Bko 
(A-1) 


2kRo Rok 
where F is in rydbergs, 7s is the average 
interelectronic distance in units of Bohr radius, 
and @ is a measure of the screening of the 
Coulomb interaction (8=0.35375'/2). In the 
course deriving (A-1), it was assumed that, 
in the Hartree approximation, the one electron 
energy is given by that of quasi-free electron: 


E(k) = 3.68 seta 


rst m* Ro (A~2) 
Blatt® calculated the change produced in 
the conductivity and thermoelectric power of 
metals when one uses Bohm and Pines’ E—k 
curve (A-1) instead of the usual standard 
curve (A-2). Since there were errors in 
Blatt’s paper, Barrie! has corrected these 
errors and has found that the conductivity 
changes markedly. But there are also errors 
in his paper. In this appendix, we correct 
these errors by using the results obtained in 
the text. 
If we assume the validity of the use of 
Bohm and Pines’ curve (A-1) in the transport 
equation (14), we have, from (29), (32), (36) 


and (37), 
fiat -( ze \ (A-3) 
00 Ko 2A ; 
2A(2X+ Xz) 4 
Se Ca ee 
Sa 
ZA at EO si (A=B) 
Xi 


where o, « and S are electric- and thermal 
‘conductivities and thermoelectric power for 
the modified band (A-1) and go, *) and So are 


‘those for free-electron band (A-2), and 
3.68 m 
Se 3" om ? 
Efe di =! tae 

K= (kG, = 2A+B[36?—2+2 In (2/8) , 
dat 

K=(# Gs) =2A+B[3—B?—2 In (2/8)1 , 
dk? B=¢ 

p06 

1s 
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The numerical results are shown in Table 


A-I, 
Table A-I. 
| Li | Na |-K | Rb | Cs 
ses 1.43 | 1.23 1.14 | 1.12 | 1.08 
S/S(TS0) | 0.82 | 0.91 | 0.97 | 0.99 | 1.02 
S/So(T<0) 08 | 0.90 0.94 | 0.95 | 0.97 


If the U-processes are taken into account, 
the values of S/S) shown in Table A-I will 
be slightly modified. 

The values of o/o) are smaller than those 
obtained by Barrie. For thermoelectric powers, 
the influence of exchange and correlation is 
rather small compared to the effect of the 
departure of one electron Hartree energy level 
from that of quasi-free electrons. 


References 
1) P. G. Klemens: Proc. Roy. Soc. A67 (1954) 
194, 
2) L. Davis: Phys. Rev. 56 (1939) 93. 
3) H. Jones: Proc. Phys. Soc. A68 (1955) 1191. 


Handbuch der Physik, Vol. 19, P. 277 (1956). 
4) P. G. Klemens: Phil. Mag. 45 (1954) 881. 


5) D. K. C. MacDonald and S. K. Roy: Phil. 
Mag. 44 (1953) 1364. 
6) I. I. Hanna and E. H. Sondheimer: Proc. Roy. 


Soc. A 239 (1957) 247. 


7) M. Kohler: Z. Phys. 124 (1948) 772, 125 
(1949) 679. 
E. H. Sondheimer: Proc. Roy. Soc. A203 
(1950) 75. 


8) J. Bardeen: 
9) J. M. Ziman: 


Phys. Rev. 52 (1937) 688. 
Proc. Roy. Soc. A 226 (1954) 


436. 

10) R. Barrie: Phys. Rev. 103 (1956) 1581. 

11) N. F. Mott and H. Jones: The Theory of 
Metals and Alloys (1936). 

12) R. Barrie: Proc. Phys. Soc. B69 (1956) 553. 

13) A. Sommerfeld and H. Bethe: Handbuch der 
Physik, Vol. 24/2 (1934). 

14) P. G. Klemens: Handbuch der Physik, Vol. 
14, P2 28371956). 

15) See for instance, A. H. Wilson: The Theory 
of Metals, 2nd ed., Chapter 9, (1953). 

16) See for instance, A. H. Wilson: ibid. Chapter 


10. 
17) D.L.C. MacDonald and W. B. Pearson: Proc. 
Roy. Soc. A219 (1953) 373, A221 (1954) 534. 
See for instance, C. J. Gorter: Progress in 
Low Temperature Physics, Vol. 1, Chapter 11 
(1955). 
Ba Ae Otter: 
W.S. Corak et al: 


18) 


J. Appl. Phys. 27 (1956) 197. 
Phys. Rev. 98 (1955) 1699. 


19) 
20) 


148 


21) Calculated from Bidwell’s data (from Inter- 
national Critical Tables, Vol. 6) and the abso- 
lute thermoelectric power of Pt. 

22) C. Kittel: Introduction to Solid State Physics, 
2nd ed., P. 317 (1956). 

23) D.H. Parkinson and J. E. Quarrington: 
Phys. Soc. A G8 (1955) 762. 

24) J. Callaway: Phys. Rev. 103 (1956) 1219. 
25) C. A. Domenicali and F. A. Otter: Phys. Rev. 
95 (1954) 1134. 

26) E. H. Sondheimer: 
(1948) 484. 

27) See for instance, A. H. Wilson: 


Proc. 


Proc. Roy. Soc. A193 


op. cit. Chap- 


Mikio TSUJI 


30) 


(Vol. 13, 


tered: 
28) See for instance W. Meissner: Handbuch der 
Experimentalphysik, Vol. 11/2 (1935). 
H. B. Callen: Phys. Rev. 73 (1948) 1349. 
A. H. Smith’s measurement (from W. Meis- | 
sner, op. cit. Table 130). | 
31) F. Unwin’s measurement (from W. Meissner: | 
op. cit. Table 137). | 
E. H. Hall’s measurement (from J. Meixner: | 
Ann. d. Phys. (5) 35 (1939) 701, Table 2). 
33) M. Tsuji: J. Phys. Soc. Japan 12 (1957) 828. | 
34) D. Pines: Phys. Rev. 92 (1953) 626. 
35) F. J. Blatt: Phys. Rev. 99 (1955) 1735. 


29) 


32) 


JOURNAL OF THE PHYSICAL SOCIETY OF JAPAN Vol. 13, No. 2, FEBRUARY, 1958 


Thomas-Fermi Function for Impurity Atom Dissolved 
in a Matrix Metal 


By Kwai UMEDA 


Department of Physics, Okayama University, Okayama 
and Shigehiro KOBAYASHI 


Department of Physics, Kagawa University, Takamatsu 
(Received October 26, 1957) 


The scale transformation keeping invariant the TF equation for an 
impurity atom dissolved with infinite dilution in a matrix metal of very 
It enabled us to reduce the double sequence 
of solutions of the TF equation specified by two parameters to a single 

| 
: 
j 


large size was established. 


sequence of master solutions specified by one parameter only. Starting 
from the asymptotic expansion of solution derived here anew the inward 
numerical integration of the TF equation was carried out. 
Coulomb potential was compared with our numerical 
measure its degree of approximation. 


§1. Introduction 

According to Fujiwara’s® notation, the e- 
lectrostatic potential V(r) around a Z)+ Z-valent 
impurity atom dissolved with infinite dilution 
in a Z)-valent matrix metal of very large size 


can be expressed as 
Vin)=(e/1)o(x) (1) 


by means of the Thomas-Fermi (TF) function 


(x), i.e. the solution of the modified TF 
equation 
2 3/2 
i Oe (2) 
subject to the initial and boundary condition 
b(x=0)=Z (3) 
and 


The screened 
solutions to 


d(x 0) Ax 
respectively, where x is the distance from| 
the impurity atom as origin measured in the} 
standard (unit atomic number) TF _ unit} 
Ho(=0.88534 an) | 
(5 jy 


| 


X=] bo 
and A is a constant depending on atomic 
valency Z and atomic radius 7% of solven 


metal 
so) 
4 27 Yo ‘ 


Accordingly V(r) has the normalization V(o)} 
=eA/M . | 

Then, (x) is specified by two parameters} 
Zand A as ¢(x;Z, A). The special natures} 


1] 


(6)} 
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of solute and solvent can be taken into ac- 
count solely through parameters Z and A 
respectively. The solution of Eq. (2) was 
given first by Mott? in the first order ap- 
proximation (linearization of Eq. (2)) of the 
screened Coulomb form which was refined by 
Friedel” in the so-called second order ap- 
proximation and by Sugiyama ef al») with use 
of variational method, and then by Fujiwara” 
and Alfred-March® using the direct numerical 
integration which was carried out outwards 
as usual on starting in accordance with Eq. 
(3) from the point (x=0, ¢=Z) by series ex- 
pansion having the initial slope adjustable to 
satisfy Eq. (4), as shown schematically in Fig. 
1 and accurately in Fujiwara’s Fig. 1. This 
numerical solution is very sensitive to the 
value of the initial slope and besides it is 
fairly difficult to discriminate numerically the 
asymptotic convergence required by Eq. (4). 
In addition, in order to obtain one correct 


2a 


Bio. 1. outward integration 


Customary method: 
of the TF equation, Eq. (2). 


solution we have to calculate a number of 


trial solutions 


in vain. This circumstance 
lets us try to solve Eq. (2) rather by the in- 
ward integration which was previously proved 


by us® to be efficient for the ordinary TF and 
~ TFD equation, as then all of calculated so- 


lutions can be significant ones. 


§2. Derivation of Master Solutions 

For definiteness we take as a master solvent 
the one for which A has a definite value C 
(e.g. in the present work C=0.182044~Aag , 
C3/2=(0).0776723 since we took A=(3/2)#?C¥4 
=().8 sharp to make the computation of the 


asymptotic expansion, Eq. (14), easy). Denot- 


s 


; 


ing ¢ and x by @ and X respectively we con- 
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sider any master solution of the fundamental 
equation corresponding to Eq. (2) 


CaO + @3/ 
Se () = = E3/- 
We ip ee (7) 
subject to the boundary condition 
OX 00) CX (8) 


only. Then @(X) will take on the other 
boundary X=0 its proper definite value, i.e. 
its initial value 

O(X=0)=%) (2 
which represents the excess valency Z in this 
case and specifies the considered master so- 
lution. 

To investigate the asymptotic behavior of 
@(X), we put conveniently @(X) for very 
large values of X in the form 

O(X)=CX+ Y(X) 
Y(X) vanishing asymptotically. 

In the first order approximation, Eq. (7) is 

simplified to a linear homogeneous equation 


(10) 


Y=2Y (11) 
with 
A= (3/2)C¥2 (12) 
or 
C3/2=(8/27)2° . (12a) 
The form of the solution of Eq. (11) 
Y=ae- (13) 


suggests us that, in the higher order ap- 
proximation, Y(X) should be expressed by a 
power series of e~** and followingly the exact 
asymptotic solution should take the form 


O=CX+ Yax(X)e-™ (14) 
4 9 AN: 
=& wX| 4 = peed (14a) 


Inserting Eqs. (14a) and (12a) into Eq. (7) we 
obtain the recurrence formulas for the ex- 
pansion coefficients ax(X) as follows. 

ie Ineorder of e-% : 


a,—24a,=0 , 


a,=const=ca. 


(15) 
(16) 
This reproduces obviously the solution in the 
first order approximation given above, Eq. (13), 
which results with a=@) the Mott potential, 
Eq. (28). 

ii) In order of e-?*: 

9 @ 
1622X’ 


@,—42, +3107 42= (17) 
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| 
3 @ as: \ysbiegg 26 janmiagg nal 

seit regs tape is eee 18) 

"4 oe 3 aX+9 aX 9 AXP” | a8) 
iii) In order of e-*: 
seh voghie 9 aa 27 a 
price Dye a = 19) | 
gi Oe Oe ee ae ee : 
9 @ TOSS Wed GE | 
Ber ae eh al ne eee 20) 
Ae 966 taal eee 12 AX) 12 (ax) ] a | 
: 
It is peculiar that a3 is not of O(1/(A®X2)) but of O(/(AX4)). ) 
iv) In oder of e-*: ) 
Ves sc -hgndwaDag, Bl. fds 729 ti! | 
oes 37 di sted Soe ee te 
Ae Bade t 100 Ue SUGERAX —cr TBA AEX A006, AK ee | 
27 at anh ie & | 
“5120 re 30 aX” |: pees 
v) In order of e-5*: | 

ds—10Ad5+ 242245 
9 dayt+0203 81 dav+@a,, 729 aa, 6561 @& (23 
Suc AaX 128 vex "1024 Axe 99768 auNXE ° ? 
he OE, a" a 
“5163840 ck tf. oo 


Thus, we see that a alone is the only para- 
meter specifying any master solution O(X) 
in such a way that a definite value of a allows 
to evaluate the values of @(X) for several 
very large values of X and followingly it 


bo O62 = eaarnatyt eS ee OK ee “ . 
| Za 3 4 ‘3 
e —-X 
Fig. 2. Present method: inward integration of 


the master TF equation, Eq. (7). 


determines the entire curve of ®(X) which 
will meet finally the @-axis at a finite point 
®,, Eq. (9), as shown in Fig. 2. The finite 
slope at this point 0 makes possible to deter- 
mine @®) very accurately. In this way we 
have obtained for a sequence of values of a 
the corresponding sequence of master solutions 


nae 


2 4 


Qa 


Fig. 3. Relations of @o and A3/2/Z2 versus a, cf. 

Eqs. (9), (27) and (16) respectively. 
O(X) the corresponding 
sequence of values of ® and @) as columned 
in Table I. The basic relation of ®) versus 
a is illustrated in Fig. 3. The full table of. 
values of @(X) over the whole range of X 
will be published in the Memoirs of the’ 
Faculty of Liberal Arts & Education, Kagawa 
University, Japan. 


and particularly 
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Table I. Values of @ and Do of the master so- 
lutions specified by a and values of As/?/Z2 for 
the cases (7, A) reducible to the master solutions. 


a Oo Do | Adl2/Z 2 
0.00 | 0 | + 0.18204 | a 

0.25 0.28060 — 0.15976 | 0.98649 
0.50 | 0.61546 | — 0.72139 | 20505 
0.75 1.0047 = — 1.5028 | 076940 
1.00 1.4466 | — 2.5138 37115 
1.25 1.9447 — 3.7792 20537 
1.50 | 2.5001. | — 5.3200 | . 12427 
1.75 3.1177 — 7.1703 0279910 
2.00 3.8001 — 9.3600 53786 
2.25 4.5487 ~11.9159 37539 
2.50 5.3695 ~14.8829 26940 
2.75" hou 4 6eaeE ~ 18.3157 19757 
3.00 7.2497 — 22.240 14778 
$125"}'| 8.3163 —26.713 11233 
3.50 | 9.4714 ~31.787 0386584 
3.75 10.7256 — 37.528 67519 
4.00 12.0852 —44.010 53181 
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a($,C):dy 


— | 4 
4__2-ry or b-e8584x ° 


Fig. 4. Variation of the screening parameter 
{o),0-(X) of the screened Coulomb potential 
fitted to the master solutions by Eq. (29a). The 
full lines are the curves Eq. (29a) and the broken 
line is the definition curve @err-77=1. The cros- 
sing points determine derr(Qo). 


§3. Reduction of the TF Function for 
General Case to One of Master So- 
lutions 

Eqs. (2) to (4) are obviously invariant for 

the following scale transformation with a 


* scale factor c 
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) ie (1/c)¢ ) 
RG Oy 
, (25) 
A3/2 > (1/c)2A3/2 ; | 
Z->(1/c)Z. 
Based on this, the master solution @(X) 


specified by a value of a or by the correspond- 
ing value of 9) deduced from the @p-a-relation 
(Table I and Fig. 3), i.e. the solution for the 
case (Z=9%), A=C) can afford immediately 
the correct solution for the case (Z, A) satis- 
fying Eqs. (2) to (4) by the following scale 
transformation with c=@)/Z 


(2/0) 0=¢, 
(0/Z)2X=x , 
(Z/O.)*C¥#2= AX? 

(Z/Do) Oo =Z. 


Inversely, the correct solution (x; Z, A) 
for an arbitrary case (Z,A) can be derived 
in turn from the master solution ®(X; @) , C) 
specified by the initial value 


Oy= Z(C/A)§/4= (ZA) V2CH* (27) 


or by the value of @ associated to this value 
of ®) due to the @®p-a-relation (Table I and 
Fig. 3). The needed master solution should 
be obtained by interpolation. The dependence 
of ¢ on x is given by the first two equations 
of Eq. (26), the scale factor ®)/Z being con- 
veniently replaced by (C/A)?/*. 

It should be noted that all cases with identical 
value of A%/2/Z?, i.e. ratio of parameter of 
the TF equation to squared excess valency 
of impurity atom, can be reduced to the same 
master solution specified by the definite value 
of ®) (or equivalently a) given by Eq. (27). 
Thus, a double sequence with two parameters 
Z and A can be simplified to a single sequence 
with one parameter @®) (or equivalently a) 
only. 

The values of A%/2/Z? for general case (Z, 
A) (i.e. the value of A*/? of matrix metal for 
Z=1) reducible to each of master solutions 
obtained above are given in Table I. The 
dependence of A*/?/Z? (or A*’/*(Z=1)) on a is 
illustrated in Fig. 3. 

The practical need for existing metallic 
elements (A2/?=0.01~0.29 and Z=1~4) can 
be sufficiently covered by such ranges of the 
values of ®) and a as given in Table I and 
Fig. 3 (®=0~12 and a=0~4). 


| (26) 
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§ 4. Comparison of the Screened Coulomb 
Potential with the Master Solution 

As Alfred-March® (their Fig. 1) as well as 

Fujiwara” (his Fig. 2) pointed out, the screened 


Coulomb potential (Mott” potential) normalized 
to V(cc)=0 


Vin) =(Ze/n)e” (28) 
or correspondingly 
o(x)= Ax+Ze-aW0* (28a) 


cannot fit over whole range the exact solution. 
It is also clear from that Y(X), Eqs. (10) and 
(14), cannot be represented by single ex- 
ponential term. The degree of approximation 
of Eq. (28) would be measured by the de- 
pendence of the shielding parameter qg on x 
defined by Eq. (28a), #(x) being regarded as 
the exact solution obtained numerically. Then, 
inserting Eq. (26) into Eq. (28a) we can reduce 
the general case (Z, A) to the master case 
(@),C) as 
G4, 4)(X) = Gey, -(X)-(A/C)4 
with 
Jey, 0) X) =[In Oy —In (O—CX)]/mX . (29a) 
Therefore it is sufficient if we investigate 
the dependence of q@,o) on X as given in 
Fig. 4. With Eq. (13), qo, « converges asymp- 
totically as 
Gia), 0X 0) AG + Ht a) Bd. 


Ho 


(29) 


(30) 


which establishes that gce,, c) increases mono- 
tonically with excess valency ®) because ®)/a 
increases monotonically with ®) as seen from 
Fig. 3. From Fig. 4 the constant shielding 
parameter seems to be valid only in the range 
distant enough from the impurity atom. 
Alfred-March® used rather the effective 
shielding parameter def which corresponds to 
the crossing point of the curve Eq. (29a) given 
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(Vol. 13, 
above and the definition curve ge-7=1. It is 
noticeable that 

Gett > q(0°)(= 4/Ho) (31) 


and Gefe increases with excess valency @, in 
accordance with the gef-Z-curve for copper 
given in Alfred-March’s Fig. 2. The values 
Gett(Oo) determined from Fig. 4 were ascertained 
to lie just on their qg.g-Z-curve for copper, 


Gett(Mo) and M) being multiplied with (Acu/C)/* | 


and (Acu/C)*/* respectively. Conversely, their 


| 
. 


Qeff-Z-Curve for copper can be transformed | 
into the one for matrix metal A, the ordinate 
Yeff,Cu and the abscissa Z being multiplied in | 


turn with (A/Acu)™4 
spectively. 


and (A/Acu)?/* re- 


Acknowledgements 


The authors wish to express their sincere 
thanks to Professor T. Sato of Kobe Uni- 
versity for his valuable mathematical discus- 
sion. 
the Grant in Aid for Fundamental Researches 
administrated by the Japanese Ministry of 
Education given to the Research Group for 
the Study of Molecular Structure. 


References 


1) N. F. Mott: Proc. Camb. Phil. Soc. 32 (1936) 
281. 

2) J. Friedel: Adv. in Phys. 3 (1954) 446. 

3) A. Sugiyama, T. Inoue and M. Inagaki: pre- 
sented at the Osaka (1956) and Tokyo (1957) 
meetings of the Physical Society of Japan. 

4) H. Fujiwara: 
339, 727. 

5) L.C.R. Alfred and N. H. Match: 
46 (1955) 759. 


6) S. Kobayashi, T. Matsukuma, S. Nagai and K. i 


Umeda: J. Phys. Soc. Japan 10 (1955) 759; 
K. Umeda: J. Fac. of Sci., Hokkaido Univ., 
Japan Ser. HI 5 (1942) 171 


The present work was supported by | 


J. Phys. Soc. Japan 10 (1955) | 


Phil. Mag. | 


JOURNAL OF THE PHYSICAL SOCIETY OF JAPAN Vol. 13, No. 2, FEBRUARY, 1958 


Defects in Ionic Crystals 
Il. Improvement of the Method of Mott and Littleton 
and its Applications to Simple Defects 


By Tatsumi KUROSAWA 


The Institute for Solid State Physics, University of Tokyo 
(Received October 30, 1957) 


An improvement of the method of Mott and Littleton is proposed, and 
its applications to simple defects are treated. The formation energies of 
Schottky defects in LiF, NaCl, NaBr, KCl, KBr, RbBr and AgCl crystals, and 
that of a Frenkel defect in AgCl crystal are calculated. More compli- 
cated defects will be treated in forthcoming papers. 


Introduction 


§1. 

Hitherto, the calculations of the formation 
energy of defects in ionic crystals have been 
carried out by the method of Mott and Lit- 
tleton”. Although this method is very in- 
genious, it is not such a formulation that con- 
siders the total energy of the lattice to be a 
function of the displacements and the electro- 
nic polarizations of ions. If such a formula- 
tion were developed, it might have two me- 
rits. (1) Since the total energy takes its mini- 
mum value when the displacements and the 
electronic polarizations of ions are in equilib- 
rium, the calculated energy may be a good 
approximation even when the values of the 
displacements or the poralizations are not ex- 
act. This fact would prove of particular value 
in the case of complicated defects. (2) While 
the method of Mott and Littleton is applicable 
only when the lattice around defect is in equi- 
librium, such a limitation does not exist in 
the above mentioned formulation. 

Such an attempt may have also practical 
importance, because knowledge about the in- 
_terionic potentials and the dielectric properties 
of ionic crystals has been increased, and ex- 
“perimental data on the formation energy of 
defects have also accumulated, since the work 
“of Mott and Littleton. 

In this paper, we attempt to develop such 
a formulation, that is, to express the energy 
approximately as a function of displacements 
and electronic polarizations of the ions. Here 
“we apply the method to evaluate the forma- 
tion energy of simple defects. More compli- 
‘cated defects in equilibrium, and such cases 
bas the lattice around a defect not being in 


= 
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equilibrium, will be treated in forthcoming 
papers. 


§2. The Improvement of the Method of 
Mott and Littleton 


We try to express the energy asa function 
of the displacements and the electronic polari- 
zations of ions around a defect. The exact 
description of the energy for an arbitrary con- 
figuration of ions is prohibitively complicated, 
so that we are obliged to introduce an ap- 
proximate expression. For this purpose, we 
divide the crystal into two regions, i.e., (J) 
the region near the defect, and (II) the outer 
region. We write the displacements and the 
polarizations of the ions in the region (I) sym- 
bolically as X24, Xo, ---, X;,°--, and those in 
the region (II) as x1, %2, -+*, %u,--:. We fre- 
quently write them X and x for simplicity. 
We take as the origins of X and x the state 
in which the ions form an undeformed lattice 
and the electronic polarizations are zero. 

When the defect is absent, the energy change 
due to the deformation of the lattice and the 
ions is formally 


E(X, n= A(X) + DS Ome > Santas 
2.1) 


where we assume that x,’s are all small and 
only the terms of the lowest order are re- 
tained. When the defect is present, the fol- 
lowing terms must be added 


Got > buxutO(X) . (2.2) 


These terms represent the energy necessary 
to create a defect with the fixed configuration 
(X, x). For instance, this lis the negative of 
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the interaction energy between an ion which 
is to be removed from the lattice to infinity 
and its surrounding ions. The first two terms 
come from the region (II), and the last term 
from (I). If the forces between ions are the 
two-body type, ¢, is independent of X; we 
make this assumption. Now, the total energy 
is 


W(X, n=+ 3 dusts Do ful Xe A(X) 


+¢o+> buxp+ OX) : (2.3) 


Since it is prohibitively difficult to compute 
the energy for an arbitrarily given value of 
X and x, we substitute for this expression 
the following approximation. 

Let us consider the equilibrium state of the 
defect, which is given by the following Eqs.: 


(BM) | a Bewntt gab flX—0 
Xu J x=x9,2=29 5 
oral ay, (2A) 
and 
OW sg 
eaters iy (for all 7). Og) 


If we put x° into Eq. (2.3), in virtue of Eq. 
(2.4), we have 


W(X, 2) bot Df ful X)— 5 fal X)+ bu bee 


+A(X)+0(X) . (2.6) 
If we take the region (I) sufficiently large, 
x.’s may rapidly approach the values which 
are determined by the continuous model of 
Mott and Littleton. Practically we have to 
choose the region (I), such that the values 
determined by the continuous model are a 
comparatively good approximation of x° and 
the calculation of fu(X), A(X) and @O(X) of 
Eq. (2.6) for a given value of X is not too 
cumbersome. If we minimize W(X, x) with 
respect to X, we obtain the energy of the 
defect in the equilibrium state, so far as x,°’s 
are exactly given. 
On the other hand, when the defect is com- 
plex and the values of X°® and x° are known 
only approximately, we are obliged to sub- 


stitute these approximate values X¥=X°+0dX 
and *°=x°+ 0x for X, X° and x® in Eq. (2.6). 
This procedure is equivalent to substituting 
X° and ¥° in the following expression: 


W(X, )=bo+5 2 {but SX) 


+A(X)+0(X). (2.7) 
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(Woleis; 


And the result of this substitution is: 
W(X, 2) = W(X?, +55 {ful X)+ bu} xn 
1 
4p8i Of u(X°) 
2, Ba J OX; 
-+(the second order terms of 6x and 6X), 
(2.8) 


where we used Eq. (2.5). The linear terms 
of dx and 0X can be transformed into 


Kn OX 


fle . a ee) 
ene hace a> A 

(2.9) 
where x.(X) is given by 


2s Auyt(X) +X) + Gu=0 , (2.10) 


that is, the equilibrium value of x, for an X. 
Compared with the present technique, the 
method of Mott and Littleton is nearly equi- 
valent to using the following expression in- 


stead of W(X, x): 
WilX, x)=¢0+0(0) 
+> buate +5 {O(X)—(0)} 
we 


And the result of the substitution, 
and x° for x, is 


ae X9)~ W(X, x°) 


1 = 6X0) 
eos 5: PudXu+ > Ae ps i a 


a second order terms of dx and 6X). | 


(2.12)* 


The main error comes from the term 


(00/0X)dX, since both 00/0X and dX are | 


large. On the other hand, we can expect that 
the coefficient of dX in the expression (2.9) 
may be much smaller than 00/0X comparing 
their physical meanings, especially when the 
region (I) is large, 
W(X, x) for Wui(X, x). In the case of. the 
complicated defects for which the exact de- 
termination of X° is cumbersome, our method 
may be useful. 

“As the simplest example, we calculate the 


energy of a point charge e located on a lat- || 
simple || 
cubic lattice, « (dielectric constant)=4 and the |) 


tice point (000) of a fictitious crystal; 


atoms being fixed at their equilibrium posi- 


% Genbiatty Worn X°, 0) +W(X, a) by the rea- 
son which is explained at the end of this chapter. 


(2.11) | 


X° for X 


For this reason, we use | 
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tions. This example was treated by Mott and 
Littleton in detail. We consider the six (100) 
ions as the region (I), and the others as (II). 
In this case x.° means the dipole moment of 
the wth atom. According to Mott and Littleton, 
we take x,° as (ea*/4zr2)(1—1/x), where 7 is 
the distance of the “th atom from the origin 
and a is the lattice constant. Then, ¥ ¢ux,2 
be 


is the potential at the origin created by these 
dipoles: 
a‘ 


1 geal) yee. © 
yout =—— 5, T= 5,266, (2.13) 


where the unit of energy is (e?/4za)(1—1/r). 
@(0) and @» are trivial and we neglect them. 


> Fu(X)xu® is the interaction energy between 
vs 


the electric field at (100) created by the di- 


poles in the region (II) and the dipoles on the 


(100) atoms. The former is: —(2.353e/4za?) 
x(1—1/«), and the latter is; m=(ea/4z) 
x(1—1/«)X. Thus we have: 


S ful Xocul — D ful X x. =0.843X—0.421.X. 
im im 


(2.14) 


Next, A(X) is the sum of the polarization 
energy of the (100) atoms and the interaction 
energy between the dipoles on (100), that is, 
6(m?/2a+2.371m?/2a*), where a@ is the polari- 
zability; or in the above unit it becomes: 
A(X)=1.500.X2+0.425X2 . (2.15) 
Finally, ®_.X)—@(0) is the interaction energy 
between the extra point charge at (000) and 
the (100) dipoles 
0(X)—O(0)=—6X . 
Then, we have: 
me (X, x°)=1.925.X2—5.157X—5.266—0.421X°.. 
3 QA7) 
If we determine X° from the condition 


(2.16) 


Ox 
we obtain 


7 ae | =3.850X°—5.157=0, (2.18) 
X=X 


: Ae SAN 
Substituting this value into Eq. (2.17), we ob- 
tain 
WOO”, F)=—9.29 . 
This procedure gives exactly the same value 
as that of the Mott-Littleton’s first approxi- 


mation. 
- Next, if we regard X° as unity, which cor- 
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responds to the Mott-Littleton’s 0th approxi- 


mation, and substitute this into W(X, x°), we 
have 


WA, x°)= —8.92. 
The Oth approximation of Mott and Littleton 
gives, however, —8,27, and the most exact 


value (the fourth approximation of their com- 
putation) is —9,25. In Fig. 1, we show 


II 2 


i3x2.'4 eS 


Fig. 1. W(X, 2°) and Wi(X, 2°). 

W(X, x°) (in the solid line) and Wax(X, x°) 
=-—3X—5.266 (in the broken line), for the 
values of X near X°. Evidently our formula- 
tion gives much better values as compared 
with the energy form due to Mott and Lit- 
tleton, when X® is not exact. 

Moreover, if A(X) has terms higher than 
X?, or fu(X) and ®(X) have those higher than 
X, and in fact this is the real case, the method 
of Mott and Littleton is not very accurate, 
that is, such a simple procedure in which we 


Table I. Comparison of the present method and 
the method of Mott and Littleton using the same 
repulsive energy and polarizabilities. 


| Mott-Littleton | From Eq. (2.6) 
W+ 4,62ev 4,54 ev 
wW- | 5,18 5,05 
Wr 7,94 7,94 
Ws 1,86 1,65 
W.:; Work necessary to remove a positive ion. 
W_: Work necessary to remove a negative ion. 
Wr; Lattice energy. 
Ws; Formation energy of Schottky defect. 
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regard the deformation energy of the sur- 
rounding medium as one half of the potential 
energy at the center due to the surrounding 
polarization, is rather crude. For instance, 
we recalculated the energy of the Schottky 
defect in NaCl by Eq. (2.6) with the same 
repulsive energy and polarizabilities as Mott 
and Littleton had used. The results are given 
in Table I. The differences come from the 
above mentioned reason, but are rather small 
in this simple example. 


§3. The Formation Energy of a Schottky 
Defect 


The interionic potentials, the polarizabilities 
and the sohrt range effects of the electronic 
polarizations are given in the Appendix. We 
take the six (100) ions as the region (I), and write 
the displacements of these ions a& and the 
electronic polarizations eay. Each term of 
Eq. (2.6) for NaCl type crystal with lattice 
constant a is as follows 


A(X)= (2 Ds TE ee 
e? 
2 aes 
GAAS Ase ya fal OY. 
grea a +3n( 2) 


+6[u(a+a€)+u(a—ak) +4ulay'] +) —6u(a)] 


= 21.56 Geary A xe-0/0(e00/£ 0-4/8 —AE) ’ 


(S51) 
and 
ad, 1+& viele: 1 
HOM aap taps 27 FOTER 
1 1 
Hae werk 2) 
where the first three terms in Eq. (3.1) re- 


present the change in the coulomb interaction 
energy due to the displacements and the po- 
larizations of the (100) ions, the fourth term 
is the deformation energy of the ions, @ is 
the polarizability of the (100) ion. The fifth 
is the change in the short range potential, 
u(r) being the short range potential between 
different ions and we have neglected those 
between ions of like sign. The sixth term 
comes from the crystalline field. The last 
term represents the short range effect of elec- 
tronic polarizations, which is explained in the 
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Appendix, where +A~- stands for the case 
that the (100) ions are negative and vice versa. 
The energy required to remove a (000) ion 
from the lattice to infinity with the fixed con- 
figuration X=(E, 7) and x=0, is given by 
He = AOE aie ee 
sO (Kya es i 
dot O(X) ee, LE 
—6u(a+aké) bean Ase lr) OF® , 


(3.3) 
where the first three terms are the coulomb 
energy (and ay is the Medelung constant). 
Finally, 
1 il - sf 
Te ee ye hn 
mille 2 
al e? 
= 5 (4.198 Ms +6.335M .) = 


+6(0.388M=+1.965M)(E-+—5"— to) 


u’(a)—u’ (a—aé) 
+6Maa| n 
— e oe. 1-é€_, : 

+V Bu (a) Vine avi+e) }| 
—3M, nat renee —a&») 

4 

1—£ 
al an aw (a) — sarees re” {| 


(3.4) 


where M., M_ and Ma have been introduced 
by Mott and Littleton, and are explained in 
the Appendix. When the (100) ions are nega- 
tive, we take the upper part of the double 
suffix, and vice versa. The first term comes 


from the polarization in the region (II), and | 


the last three terms are due to the interac- 
tion between the region (I) and (ID). 


The no- | 


tations &) and 7) mean the equilibrium values | 


of & and 7 respectively. We have neglected 
in Eq. (3.4) the terms which involve A, or 
A_, because they are very small. 

We sum up these three Eqs. (3.1), (3.3) and 
(3.4), differentiate with respect to & and y, 
and put the results equal to 0: 

: OW(E, n)_OWEE, 7») -0 

OE On ‘ 
These equations give &) and y, and this pro- 
cedure is formally equivalent to that of Mott 
and Littleton. The values of & and w are 
given in Table II. 

If we substitute these &) and 7 into Eq. 
(2.6), we obtain the energy required to remove 


(3.5) | 
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an ion from the lattice to the infinity. The 
values are listed in Table III, and the forma- 
tion energy of the Schottky defect in several 
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§4. The Formation Energy of a Frenkel 
Defect in AgCl 


The formation energy of the Frenkel defect 


Table II. in AgCl crystal has been calculated in paper 
(GE Sele tS Tit SARA Dee ORE A. The main differences between the pre- 
| wh | sent calculation and the previous one are the 
es at hag S- s taking account of A, and A_, and the adop- 
LiF ees aiiasalawtoe ee a oe of a a aeons for the energy. 
NaCl 0.049 0.049 0.073 | 0.008 ve Ete Fate, : ee 1 pe e a 
Retr eek G.p80 0.072 | 0.007 ions, we ee ee whee pies ae ie 
KCl 0.049 | 0.036 | 0.062 0.023 : ai Sion 
KB hue beak eeeeay le noe 
r : ‘ : . 
| Da-*=0, —0. —0. jas 
RbBr | 0.044 0.040 0.059 0.028 tA ae ee 
AgCl 0.036 | 0.052 0.050 | 0.058 On the other hand, according to Mayer’s es- 


ieee Bh timation, 


Table II]. Energy of Schottky defect (in ev). Da-*=—0.145 x10- erg . 


| 


> | ist into the interstitial site. 


| | w, Ws. As W(X) is only slightly dependent on X 
Ws | W- | Wr | hes | (experi- 0 
| (theory) | mend) near X°, we calculated the energy for three 
| values of D with the same X°, which is the 
me pe PG 9-76 E09), 28h) 2. cequilibritini "position “of “ions“wfien © Da- 1s 
NaCl 5.03 | 5.11 | 7.95 | 2.20 —0,100 x 10" erg. 
» (MLL) | 4.62/5.18| 7.94! 1.86 2.02) The results are in Table IV. The recalcu- 
| woh 
NaBr 4.71 4.837.541 2.01 " ech, Table IV. Energy of Frenkel defect (in ev). 
KCl 4.77 | 4.68 | 7.20| 2.25 [2.49 ely ae | ee 
| | = 
f (M.L.) | 4.47 | 4.79 | a | 2.08 Zee) WwW. 5.58 5.58 5.58 5.50 
KBr 4.53) 4.49 6.88) 2.14 Wr 2.35 | —2.72 | —3.09 | —3.66 
» (MLL.) | 4.23| 4.60 6.91 1.92 | Wr 3.23 2.86 2.49 1.83 
ie | j —_— — ——— ager ? 
RbBr | 4.46 | 4.36 6.72! 2.10 i ea ihe 
: / . | | ™— ile Il) Da-'=—0,100x10-erg. 
AgCl | 5.58 | 5.31 | 8.92 | 1.98 Ill) Da-*=-—0,200x10-erg. 
7 (A) 5.50 | 5.35! 8.89! 1.96 Wr; Work necessary to bring a positive ion 


crystals is also shown. For the purpose of Wavigcdi tngtion one" aol Ereulgh dice’. 
comparison, we show the experimental values, 
- the computed values due to Mott and Littleton 
(denoted by M.L.) and in our previous paper”? 
(denoted by A). Generally, the present values 
are larger than those of Mott and Littleton, 
mainly because of the presence of A, and A-. 
For the positive (negative) ion vacancy, A-(A+) 
_works to decrease (increase) &) and 7 and to 
increase (decrease) W.(W-~), and the effect 
of A_ is generally larger than that of A,. 
It may be expected that our values are some- 
what better than those of M.L. and A, be- 
cause of the more careful determination of 
interionic interactions and of the more exact 
formulation of the energy. The adoption of 
the ionic model, however, will limit the ac- 


curacy. 
‘ 


; 


lated energy is again larger than that of A. 
It is to be noted, that the Ag*-Ag* potential 
has little effect on the properties of the per- 
fect crystal, and then does not affect the de- 
termination of the short range potential treated 
in the Appendix, but has a large effect on the 
energy of a Frenkel defect. 

The observed value of the formation energy 
of lattice defects in AgCl seems to be 1,0~ 
1,3ev. In the case of the alkali halides the 
calculated formation energies of Schottky de- 
fects are reasonable, so that we may expect 
the same to hold true for AgCl. On the other 
hand, for the Frenkel defect, the calculated 
energy may have large error. That is, our 
interaction energies which are determined in 
the Appendix may not be reliable for such 
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small distances as we meet in the case of the 
Frenkel defect, and the Agt-Agt potential can 
not be determined either empirically or theore- 
tically with reliable precision. Moreover the 
energy difference between the 5s level of the 
interstitial Ag+ ion and the 3p level of the 
nearest Cl- ion is small and a sort of coval- 
ency may be expected. So that we may con- 
clude that the predominant lattice defect in 
AgCl at low temperatures should be of the 
Frenkel type as concluded in A. 

The author is greatly indebted to Professor 
J. Yamashita for his helpful discussions. 


Appendix The Determination of the 
Interionic Potentials and others 


For the determination of the interionic po- 
tentials, the polarizabilities of ions and the 
short range effects of the electronic polariza- 
tions, we use the data which have been ala- 
lysed in §5 and §6 of A. In this analysis, 
we have assumed the energy change of a po- 
larized crystal as follows 


AE=a4sp.2+a_p?+ cp (ps a ecie Dee 


+0+-p+p-+bspsipetb_p_pe ’ (per ion pair) 
(A.1) 
where pz is the polarization due to the dis- 
placement of ions, being equal to ex, and x 
is the relative displacement of ions. p, and 
p- is the electronic polarization of a positive 
ion and a negative ion respectively and v is 
2a*. The fourth term is the so-called Lorentz 
correction term, and the last three terms are 
due to the short range interaction between 
the polarizations. 

From the experimental data, i.e., high fre- 
quency dielectric constant «9, static dielectric 
constant « and infra-red absorption frequency 
w, we have estimated the above coefficients. 
Using these results, we determine the values 
necessary for the calculations in §3 and §4 
in the following manner. 

a) Electronic polarizability 

In paper A, we have suggested that it is 
reasonable to take a@,-~0, and a, and a_ are 
only dependent on the ion itself but independ- 
ent on its partner. This is apparently equi- 
valent to the additivity rule of the crystal 
polarizability, which had been suggested by 
Shockley and others”. The polarizability a 
of an ion is given by 
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(BR 1 and 7 hi 


a A.2 
20+ 2G" ( ) 


and the values of @’s are listed in Table V. 


Table V. Polarizability (10-24 cm’). 


Ions a Ions | a 
Lit | 0.05 Agt | 2.14 
| | 
Nat | (0.28 F- | 0.86 
K+ 1.13 cl- 2.92 
Rb+ 1.79 Br- 4.12 


b) Interionic potentials 

The procedure used to determine these po- 
tentials is similar to that in §7 of A. We 
neglect the short range interaction between 
ions of like sign. We assume the interaction 


form as 

u(r) = Ae-*/° for Alkali Halides , (A.3) 
and 

u(r) = Ae-*/°+Cr- for AgCl. (A.4) 


For the determination of A, o and C, we have 
four data; lattice energy Wz, lattice constant 
a, compressibility xy and c in Eq. (A.1). As- 
suming appropriate probable errors for these 
data, we determine A and o by the least 
square method. For AgCl, we have assumed 
three values of C, i.e., Ca“*=—0.14, —0.18 
and —0.27x10-"erg, and determined A and 
o for each case. The sum of two terms is 
almost the same in three cases for 0.8a<7r< 
1.la, although each term differs case by case. 
Thus, as pointed out in paper A, the separa- 
tion of the interionic potential into the repul- 
sive energy and the van der Waals energy 
has no definite meaning, at’ least empirically. 
In the practical calculation, we used the last 
C. In Table VI, we listed A, o and C deter- 
mined in such a way, and the data which are 
used (denoted by Exp.) and are calculated us- 
ing the above-determined potential (denoted 
by Cal.) too. We can determine two para- 
meters A and oe from four data consistently, 
although the consistency is somewhat poor for 
AgCl. This fact seems to be an indirect con- 
firmation of our assumptions. 


c) The short range effects of the electronic 
polarization 

Let us take a pair of ions, the interaction 

energy between them is —e?/r+u(r), when 

the polarization is absent. When the ions 

polarize, the interaction energy changes, and 
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Table VI. Interionic potential 
Cir nec A Nee KC) KBr | RbBr - AgCl Unit 
Ae-4le 0.376 0.267 0.247 0.215 0.204 0.169 0. 365 | 1deisere 
alo 7.86 8.77 8.92 | 9.938 | 10.05 11.16 10.85 
Ca-5 —0.273 10-2 erg 
Wr (Exp) | 256.4* 182.8 173.3 164.4 156.2 15323 205.7 eames 
ase cee) ADO a | 183¢3 173.8 ss 166.0 158.6 154.8 205.5 ” 
ee Ee [hc | Eee cng a: ; “a 
ae 2.01 | 2.81 2.97 3.14 3.29 3.42 | 2.77 10-&cm 
a (Cal.) 1.99 2263) {2299 Bia lky Sean 3.44 Zale ” 
x (Exp.) 1.54 | 4.20 5.08 5.63 6.70 7.94 2°96 | 10-0 ener 
x (Cal.) | 1.48 425 5.18 5.52 6.41 7.42 Pa 13 te y 
i — — = — = | — cami a —_ = = = — —s ——s = ———o. 
arerc an | 16.8 17.0 16.0 18.6 18.2 18.6 22.0 10-2 erg 
atee (Cal.) | 17.3 | 15.9 15.2 16.9 16.5 12.3 26.6 ” 
M, | 0.059 0.051 0.046 0.059 0.054 0.060 0.078 Ss Ze oe 
M_ | 0.083 0.080 0.086 0.066 | 0.072 0.067 0.068 
eas | 0.056 | 0.045 0.041 0.040 0.038 0.036 0.034 | 
* Pared Font rhe. recent Rte: on the affinity by Pritchard®), 83 ,0+2 Kcal/mole. 
the change consists of that of the coulomb 1 
= P=7e-lF. (A.9) 
7 


energy and of the short range energy. The 
latter may be written generally in the follow- 
ing form: 

p+ cos 0+Bs(7) + p- cos 3-B_(r) . 


where #,(9_) is the angle between p.(p_) and 
the vector from the positive (negative) ion to 
the negative (positive) ion. Since B,(r) and 
B_(r) result from the overlap between ions, 
we may assume a form 


Tae) = Ae ot (A.5) 


and 
B_(r)= —A_e7”/" , (A.6) 


and the same p as in u(r). From these, we 


~ can derive 
eb. =— A+e™' ( : ) 
i 0) 
and 
eb_= A_e-*/r( 24) (A.7) 
pon 


Moreover, we have suggested the following 

relations in A, 

0-086 b-~0.9c . (A.8) 

We can determine A; and A-, from Eggs. 
(A.7) and (A.8). 

d) M., M- and Ma 

The polarization P and the electric field I 
- are connected by a relation 


The dipole moment per ion pair is 


pepe iggeyyp ; 
4r 


(A.10) 


p consists of three parts: the electronic dipole 
moment of the negative ion p-, that of the 
positive ion p+ and the dipole moment due to 
the displacement fz. According to paper A, 
they are given by 


o.. k— hp. eo 


‘asi Ar rot 2e*(0)- : em) 
b4—b_- 
pr={ oe 1)F— = A seen pepe 
(A.12) 
and 
2 b,—b- 
Lom alae i cr mal eer oh cag td (Goat ee a 
(A.13) 
where 
hee: Una S I) eg aia 
e*(0)2= Powel (k—Ko) , (A.14) 


and y is the reduced mass of ions. 
Due to the definition of Mott and Littleton, 
M,, M- and Ma are given by 
4 De 


pie 
dry /‘ iit 24 
= (1 (A.15) 


a2 roe 
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and 


Ma (A.16) 


mite a 
An « )pstp-tbe 

The values of M,, M- and Ma are shown 
in Table VI. 
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On Solvent Effects in Dipole Moment Determinations* 


By Kisaburo SHOGENJI** 
Faculty of Engineering, Nagoya University, Nagoya 
(Received November 6, 1957) 


A new theory of the solvent effects is presented in this paper, in which 
the solute molecule is assumed to have a spheroidal form and have an 
electric dipole moment directed in the axis of rotation at its centre. 
The cavity field and the reaction field, etc. are calculated as the functi- 
ons of the shape of the solute molecule and the dielectric constant of 


the solvent, and the molecular polarization is also calculated. 


The- 


oretical curve, expressing the molecular polarization vs. the dielectric 
constant of the solvent, obtained from this theory shows a fairly good 


agreement with the experimental results. 


The curve shows that the 


molecular polarization has a maximum value for a small dielectric cons- 
tant of the solvent and its value decreases for larger dielectric constants. 


Introduction 


§1, 

In measuring the dipole moment of a mole- 
cule by using its solution, the solvent effects must 
be taken into consideration. There are many 
theories for the solvent effects. Higasi cal- 
culated an additive moment, which was due 
to the polarization of the medium surrounding 
the molecule: this polarization was induced by 
the dipolar field of the molecule. Ross and 
Sack,” on the other hand, calculated in detail 
the effects of the electric field acting on the 
molecule, which depended upon the shape of 
the molecule and the dielectric constant of the 
solvent. In these theories the shape of the 
molecule and the dielectric constant of the 
solvent determine the magnitude of the 
solvent effects. 


* This paper was published in Japanese: Bus- 
seiron Kenkyu No. 70 (1954), 1. 

** Present address: Hitachi Central Research 
Laboratory, Kokubunji, Tokyo. 


Here we consider carefully the effects of 
the induced moment and of the electric fields 
acting on the molecule. As for the electric 
fields we calculate cavity field, reaction field, 
etc. for a spheroidal molecule as Onsager” 
did for a spherical molecule, and we adopt 
Higasi’s calculation” for the induced moment. 
After the calculation of the interaction energy 
between the dipole and the fields, the mole- 
cular polarization is obtained. Thus the solvent 
effects are calculated as the functions of the 
shape of the dipolar molecule and of the 
dielectric constant of the solvent. 

‘The assumptions, on the basis of which 
this calculation is made, are as follows: (i) 
The dissolved dipolar molecule is of spheroidal 
shape,. whose semi-axes are a and b respec- 
tively, the former being the axis of revolu- 
tion. (ii) The molecule has a point dipole 
moment at the centre of it, and the direction 
of the dipole is the same as the axis of revolu- 
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tion and the magnitude of the moment in 
vacuum is 4. (iii) The molecule can be con- 
sidered as a continuous medium with the 
dielectric constant m?, where m is the refrac- 
tive index. (iv) The solvent can be thought 
as a continuous medium with the dielectric 
constant ¢, and it surrounds the dissolved 
molecule tightly. (v) The solution is suffici- 
ently dilute so that the mutual interaction 
between dissolved molecules can be considered 
as negligible. On the basis of the above as- 
sumptions the potentials inside and outside 
the molecule are calculated electrostatically 
by using the spherical functions in §2. The 
approximate expressions for the fields derived 
from the above potentials are given in §3. 
These expressions have convenient forms 
common to both prolate and oblate, while the 
exact formulae have different forms for two 
spheroids. The expressions contain, as a 
special case, the well-known expressions for 
the sphere obtained by Onsager». Using the 
results obtained and Higasi’s theory”, we 
calculate the polarization of molecule in 
a given direction relative to the external field, 
then obtain the molecular polarization in § 4. 
This result is compared with the experiments 
in §5. The experimental values used in the 
comparison are those of chlorobenzene and 
tert-butyl chloride. 


§2. Calculation of Potentials 

The electrostatic potentials, ¥’s, in space 
free from charges are expressed as the solu- 
tions of Laplace’s equation, aside from constant 
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factors, as follows:— 
Y=LMN, (2.1) 
where 
ae jel EE ma{Pro 
pote eso ae Quin)” 
Net: (2.2) 
sin mg 
and 
X=CV EF1V1—7? COS & , 
Y=CVEFIV1I—-yvsing , z=c&y, (2.3) 
e=-+(a?—}?) (2.4) 


&, 7 and ¢ being spheroidal coordinates, x, y 
and z ordinary rectangular coordinates. For 
brevity’s sake, notation « is used, which we 
make to express unity for prolate and imagi- 
nary unit for oblate, namely, 


1; 
p= 
1 


and the upper sign (+ or —) in the above 
equations refers to prolate and the lower one 
to oblate. These notation and convention are 
used hereafter. 

Extensions of Onsager’s theory® to spheroi- 
dal molecule have already been done by 
several authors, e.g. Fujishiro”, Abbott and 
Bolton® and Buckingham®. Also a similar 
attempt is made in this section. 

(a) Potential due to dipole. Let the dis- 
tance between two points 7:(€1, 71, ¢1) and 
r(E, 7, v) be d, the former being nearer than 
the latter to the origin of the coordinate. 
Then 


for prolate 
for oblate 


? 


td = ue] =. (2+ 1)(1)"0?"*!Pra(eE1)Pn(71)Qn(E) P(x) 


a 2B, > (2n+1) By Giec irtes| 
n=1 m= 


as given by Neumann and Heine”. 


Caen | Pam(oé 1) Pr (41) Qu"(KE)Pn™(7) COS M(Y1—-¢) » 


(2.5) 


When there is a dipole at point 7, the magnitude of whose moment is # and the direction 
of whose axis is z-direction, the potential at point 7 is, in general, given by (0/0z)(1/d). 
Therefore assuming that there is a dipole y» at the origin 7; pointing to z-direction, the 
potential % due to the dipole is obtained by differentiating Eq. (2.5). Thus 


Va= (n/c?) E eprt*P nt 1)Pa()Qn(e£)Pala) é 


P,,(0) expressing the value of first derivative 
‘of P, at 0. Differentiations used here are 
‘/c)(0/O7:)d/d) at &:=1 and y=0 for prolate 
‘and (1/c)(0/0&:)(1/d) at &:=0 and =1 for 
‘oblate. It is clear that Eq. (2.6) is a solution 


b- 


(2.6) 


of Laplace’s equation by referring to Eq. (2.2). 

(b) Potentials inside and outside spheroid. 
(i) We assume that dissolved molecule is of 
spheroid and the ratio of its two semi- 
axes is k=a/b and the dielectric cons- 
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tant inside the spheroid is m? and that of 
solvent outside ise. If there exists an electric 
field E in z-direction, which is the direction 
of revolution of spheroid, the potential is —zE 
at a large distance from the spheroid. Let 
the potentials outside and inside the spheroid 
be #; and Vi, respectively. Then we may 
put 


Pou=Feck Pi (e€)+BriQiKE)Pi(y) , (2.7) 
Foy =teCuPi(e&)Pily) . (2.8) 
Using 
(Voe-a/e=(i)z~a/e » (2.9) 
and 


—€ (OV (/0E),-a/e= —nWO¥ i/0E).-a/c , (2.10) 


as boundary conditions, we get 

_ (e—n?)PsPicE, 
eP,Q, —m P,Q 

—#(PiQi—P,Q)) eck 
eP,Qi—n?P1Qy 


Bu 5 (2.11) 


C= 


; (2.12) 


where P,, Q; and P, etc. represent the values 
of spherical functions and its first derivatives 
at a/c or talc. 

(ii) When the electric field is directed in 
x-direction, being perpendicular to the axis of 
revolution, we get the potentials in a similar 
way as made in (i) as follows:— 


F o=FKckrP (KE) te By Qi (K&)Pi(y) cos ¢ , 


@als) 
ig = CaP (eE)P (7) COS¢@. (2.14) 
From the boundary conditions 
By =e Picks (2.15) 
ePQi}—n? P!Q,! 
ae AY Te BEV Aya! 
Cu= K(Py Qu P, Q: ee Ex ‘ (2.16) 


eP1Q,1—2?P}Q)! 


(iii) When there exists a dipole at the 
centre of the spheroid pointing to z-direction, 
we may put 


Yos= a £”*1 Ban Qn(rE)Pn(y) ; (ALT) 


Y ig= 3D {(ee)"ConPn (eb) +" DinQu(rE)Pnl)} : 
(2.18) 


From Eq. (2.6) we can see 
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De = Cnt Duele" Po(O) 
ve ? 


ite Oe 
Dw=0, Du=",  Du=0, — @.19) 
21u 
Perl ayes 
Using the boundary conditions mentioned 
above we get 
Fives n*(PrQn—PnQn) Dan (2.20) | 
4 ePrQn—n?PnQn : : 
Co =e 2.20 


€PnQn—Nn?PrQn 
§3. Approximate Formulae 
Fields 


In this section we get approximate expres- 
sions for the results of the preceding section. 
These approximate expressions are simpler _ 
than the preceding results, and from them we | 
may easily derive those of fields. Using these 
approximate formulae, we calculate cavity 
field, self field and reaction field, whose ex- 
pressions include, as a special case, the well- 
known formulae for sphere®. 

(a) Approximate expressions for results of 
the preceding section. If we expand the | 
spherical functions in the formulae of the} 
preceding section in the series and keep the} 
main terms only, neglecting others, we obtain | 
approximate expressions for the potentials by 
using Eq. (2.4) and the ratio k of semi-axes | 
as follows:— 


Expressing | 


memencienguea—saasens 


(e—n*)a®E. cos 8 


Pore Ale ts ie 3.1))} 
H i {(3k?—l)e+n?}7? ’ 3 oI 
3k°E.z 
F(a 2))) 
i (3 —let+n® ’ (3.2) 


corresponding to Eqs. (2.7) and (2.8), and 
2(¢—n?)a°Ez cos 0” 


mete 3)| 
f : {(3k?+1)e+(8k?—1) n?}7? ’ (3 Ii 
6R2eh Xx | 
P i= ~ (3R?-+ Le+(3k?—1)n?? (3.4) 
w= dh u cos 8 
03— 


{(3k?—1)e+n?}7? ° 

(eam )(Sk? 1) 
{(3k?—l)e+n?} n?a3 
In the above equations 7 expresses the dis! 
tance from the origin, @ the angle between) 
z-axis and the line connecting the point under 
consideration to the origin, and & the angl 


ee 


Vyu=— : 
ny? 
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between x-axis and the line. These approxi- 
mate equations have the same expressions for 
both prolate and oblate, privided that is k 
greater than 1/2. For the values of k 
smaller than 1/)/ 2, the approximate expres- 
sions, which are obtained by expanding the 
spherical functions in the series, are different 
from those for the values of k greater than 
1/Y 2, so that the above approximate expres- 
sions are not applicable. 

(b) Cavity field. (i) When we put 2?=1 
in Eq. (2.8) or (3.2), we get cavity field Fy. in 
z-direction since no self field and no reaction 
field act inside the spheroid, there being no 


dielectric. Its approximate form is as fol- 
lows:— 
3R2ekz 
z a 4 ex iy . . 
hence: REN We 
Gi) For x-direction we get similarly 
2 
pscepipe ss i nGheks (3.8) 


*—~(3k?+1)e+3h2?—1 ° 


(c) Self field. (i) When there is no die- 
lectric outside the spheroid and no permanent 
dipole inside, and the external field is E, then 
the field inside the spheroid, which we denote 
Ex, is obtained from Eq. (2.8) or (3.2) by 
putting e=1. In this case the cavity field is 
obtained from the same equation by putting 
e=1 and m?=1, then this becomes in accordance 
with the external field. Thus self field Frys is 
considered as the difference between the 
above two fields, because the reaction field 
does not act in this case. This field and its 
approximate form are as follows:— 


0G? Sail) PiQuE: 


Fe= Ext’ —E, 
P,Qi> —n 2P,Q: 
__ (=D Es (3.9) 
3k?—1+7? © 


On the other hand the polarization P. inside 


. 


the spheroid is 


1) Ea 


2 10 
Loe Ar Gey 
Therefore 
AnP,Q,P. 4rP: 
ee Be py (3-11 
4. PG, — PG, 3k? 


For x-direction we get similarly 


(ii) 
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Fius= De —E,= (w3— PQ. Ex 
PQ, —n? PQ)! 
ake Le 1)E- iatee 
 3R?-+1+388— 1)n? ; ae 
P.10.1 bys 
Biot qo ory ee dS eae 
P7'Q:7—Pi7Q/ 6k? 


(d) Reaction field. (i) When the molecule 
has a dipole, the reaction field acts on the 
molecule, which is due to the polarization of 
the surrounding dielectric induced by the 
original dipole. 

At first the reaction field, when a molecule 
has a dipole due to homogeneous polarization 
P, in z-direction, is calculated. As the field 
derived from Eq. (2.8) can be considered as 
consists of the cavity, self and reaction fields, 
the reaction field F., is obtained by subtracting 
the cavity and self fields from the field men- 
tioned above. Thus we get 


Fiis— Fe 
4P,Q,P,Qi(e iia DP: 
(P,Q, —P,Q,) (e PQ —P,Q:) 


using Eqs. (3.10) and (8.11), where mz is the 
dipole moment. An approximate expression is 


— 3kh?—1)(e—l)m 


~ {(3k?—l)e+1}a?’ 


Ewx=Emz= Eu— 


(3.14) 


Pa (3.15) 


where 


4ra®P: 
3k?’ 


M=VP2= (3.16) 


V being the volume of the spheroid. 
(ii) For x-direction we get 
Fyar=22M2= En— Fes—Frre 
: 4 PQ PQu'(e—1) Px 
~ (PQy —P3Q,1)(ePQu! —P,1Q,) 


(3h? +1)(3k?—1(e—L)me 
=" 2{(3k?-+ le + 3k?—1}a? 


(3,17) 


(iii) When a dipole 4 exists at the centre 
of the spheroid and points to z-direction, the 
reaction field is obtained from the first term 
of Eq. (2.18) putting m?=1. The approximate 
expression for the reaction field, which is 
obtained from Eq. (3.6) by putting ?=1, is 
the same as Eq. (3.15), although the first term 
of the series expressed in Eq. (2.18) alone is 
not rigorously the same as Eq. (3.14). 


164 


§4. Molecular Polarization 


The molecular polarization is calculated in 
this section. At first the polarizability of 
molecule is calculated, using the approximate 
expressions of the preceding section, and this 
is easily seen to be in accord with that of 
sphere in the case of k=1. Next we cite the 
results of Higasi’s theory briefly, as it is 
needed for the following calculation. Then 
the statistical mean of the component parallel 
to the external field of permanent and induced 
dipole moment is obtained. The value of this 
is easily, though not very simply, calculated 
numerically, and is to be compared with ex- 
perimental values. 

(a) Polarizability. The polarizability of 
molecule may be gotten from equation 
(4.1) 
where m is the dipole moment induced by 
the field F acting on the molecule, and @ the 
polarizability of the molecule, which is calcu- 
lated in this section for the cases where F is 
directed in z- and x-directions respectively. 
When no permanent dipole exists, the field 
acting on the molecule is given by 


F=ryE+gm , (4.2) 


E being the external field. With Eqs. (4.1) 
and (4.2) we obtain 


m=aF , 


mare | (4.3) 


(i) For z-direction, using Eqs. (3.10), (3.16), 
(4.3) and the approximate expressions for y: 
and gz, we get 


—la’ 


(4.4) 


Figgas 
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Polorizability calculated by Eq. (4-4) and (4-5). 
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2(n?—1)a* 
(3k2-+1)+ (32? — 1)n? ~ 
Fig. 1 shows the polarizability as a function 
of R. 

(b) Higasi’s theory». According to Higasi 
the reason that the apparent moment of mole- 
cule in the solvent differs from the moment 
in vacuum is as follows: When a dipolar 
molecule is put into solvent, the surrounding 
solvent gets polarization due to the field of 
the diople. If the molecule has a spherical 
form, this polarization has no effect on measur- 
ing the dipole moment. In other cases, this 
polarization between the molecule and the 
sphere circumscribing it affects the dipole 
moment determination as if the induced mo- 
ment of this polarization were a part of the 
original dipole moment. Thus the apparent 
moment in the solvent depends not only on} 
the original moment but also on the shape of} 
the molecule and the dielectric constant of} 
the solvent. The additive moment due to thet 
solvent for the spheroidal molecule is 


A 
A’? 


(4.5) 


ay = 


paa={(e—1)/ie+ Da] (4.6 


tt Sh PUI: Ss 
A=—9°5|1- ypc met VPA 
(4.77 
EE hol 1 1VRe—1 
A a VRAE 7 sin a ae —1i 
k’=1/k (4.85 


where A is for prolate and A’ for oblated. | 
(c) Statistical mean of dipole moment. In | 
order to obtain the molecular polarization, the 
statistical mean of the dipole moment paralles 
to the external field should be calculated, be} 
cause the dipoles point to various directiond 
even under the external field. 
The component of the dipole in 
direction is given by 


U+aeks . 


Combining Eqs. (4.2) and (4.9) mz ma 
be solved as 


mz: = 


= ( 
M:= ek (4.10) 
And also we get 
ahs, ORE pal ahs | 
Mx Pte ; (4.1 


Tas If the axis of revolution of the sphero ) 
makes an angle @ with respect to 
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external field &, then the components of the 
external field are E-=Ecos0 and E,.=E, sin @ 
respectively. Substituting these and Eqs. (4.10) 
and (4.11) into Eq. (4.2) we obtain 


F — ugar rE cos 0 


me (4,12) 
faahen ee , (4.13) 


The torque acting on the molecule is given 
by the vector product of F and m. By inte- 
grating it with respect to the angle, the 
potential energy w(@) may be obtained as a 
function of @. It is, however, necessary that 
the torque to the additive moment calculated in 
$4 (b) should be included in the total torque. 
It will not introduce any serious error if the 
field acting on it is assumed to be a Lorentz 
field. Then the torque is {(¢—1)/3}AwE sin 0. 
By integrating the total torque, the above 
term being included, we get 


1 
(1—ag)(1—azgz) 
+(@2—az)7272E? cos? 0} 

e—l 

é 
When the angle between the axis of revolu- 
tion and the external field is 0, the component 
of dipole moment parallel to the external field, 
including the additive moment calculated 
above, is given by 
{1+(e—1)A/(e+2)}u+a.7-E cos 0 
1—a@z 22 


w(9) = {(@rg:—1)rzpE cos 0 


ApE cos @. 


ae (4.14) 


Ma()= cos @ 


By Laurel Tins g (4,15) 
1—Qz x 
The statistical mean of it is obtained from 


[me(o) on eee EE 


= (4.16) 


[exp (—w/RkT) sin 6 dO 
0 


This calculation is rather complicated, but in 
ordinary conditions the terms of higher order 
With respect to E can be neglected. The 
procedures employed in the calculation of the 
numerator are as follows: after integration 
by parts, exp(—w/kT) contained in the 
resultant is expanded in a series and then the 
terms proportional to E are only picked up, 
the others being neglected, and they are 
rearranged. For the denominator the first 
term alone is also kept. Then 
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pin~[QHe—DAle OYA acer 
ee A ete eae 
(4.17) 


Of course this becomes accord with the 
formula for the sphere”, when a, 7 and g are 
taken for sphere and A is put equal to zero. 
That the first term in Eq. (4.17) is more 
complicated than that for the sphere is mainly 
due to the fact that the magnitude and direc- 
tion of dipole and the field vary in a com- 
plicated way as the functions of kande. The 
factors A in Eq. (4.17) is caused by the ad- 
ditive moment and the consequent torque. 
The molecular polarization Pn is given by 


_4rmaLl 
(e+2)E’ 
where L is Avogadro’s number. 


m 


(4.18) 


§5. Comparison with Experiments 

The experimental values for chlorobenzene 
and tert-butyl chloride are shown in Figs. 2 
and 3, respectively. The values used in the 


E fe, 
S % 
N 90 
- ae 
3 ‘ = 
a 

85 aK 
5 Z 
3 % 
2 80 “x Z. 
eo < 
£ x . 

SO 
75 NS 


Sra 


Qed 


65} eX 

ih ats constant" e 

Fig. 2. Comparison between theoretical and ex- 
perimental values P», of molecular polarization 
of chlorobenzene. 


calculations are as follows: T=300°K; “=1.70 
for chlorobenzene and #=2.13 for tert-butyl 
chloride in Debye unit; m?=2.34 for chloro- 
benzene and u?=1.91 for tert-butyl chloride. 
The lengths a’s of semi-axis of revolution 
used here are shown in Fig 4, which are 
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Fig. 3. Comparison between theoretical and ex- 


perimental values P,, of molecular polarization 
of tert-butyl chloride. 
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Fig. 4. The value of semi-axis used in calculation 
molecular polarizability. 


determined so as to make the _ theoretical 
value of Pm calculated from Eq. (4.18) with 
e=1 and uw mentioned above equal to the ex- 
perimental value at e=1. 

The features of these theoretical curves are 
as follows: As the dielectric constant of 
solvent increases from unity, the molecular 
polarization generally increases at first and 
reaches its maximum and then decreases. The 
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slope of this decreasing curve is steeper than 
that of Higasi’s theory so that agreement 
with experiments becomes better. In general 
the smaller the ratio k becomes, the larger 
the maximum of the curve becomes and the 
larger the value of dielectric constant of 
solvent becomes, at which the curve reaches 
its maximum. Thus the apparent moment 
in the solvent can be larger than the true 
moment for small dielectric constant of solvent 
even for prolate. On the other hand for 
larger dielectric constant of solvent the ap- 
parent moment becomes smaller even for 
oblate. These features seem to represent the 
experimental characteristics. 

It should be noted that Eq. (4.17) is only 
approximate formula. And the more k differs 
from unity, the worse the approximation be- 
comes. That the calculation given here is 
made on the basis of the assumptions given 
at first should be noticed also. In spite of 
these approximation and simplifying assump- 
tions, this calculation can show a fairly good 
agreement with experiments. 

The writer should express his sincere thanks 
to Professor K. Higasi, Hokkaido University, 
for his kind guidance and encouragement, 
without which this work might have been left 
unfinished. He was also encouraged by 
interest shown to this work by Dr. J. W. 
Smith, University of London. 
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One-dimensional anti-phase domain structure of the ordered alloy Ag;3Mg 
has been confirmed by X-ray diffraction study using a single crystal as 
well as polycrystals and by electron diffraction study with evaporated 


thin films. 


The measurements of specific heat and electrical resistivity 


have also been done, and these results have been qualitatively discussed 
in connection with the structure of this alloy. 


Introduction 


$1. 

The existence of the superlattice Ag;Mg in 
the face-centred cubic a@ phase of silver- 
magnesium alloy system was first suggested 
by Clarebrough and Nicholas and confirmed 
by Kachi’s investigation?» mainly from the 
electrochemical properties of this alloy. As 
to the atomic arrangement of this super- 
structure, however, nothing was known. In 
1954, from the results of the X-ray diffrac- 
tion study, Schubert, Kiefer, Wilkens and 
Haufler® concluded that the ordered alloy 
Ag;Mg has a one-dimensional anti-phase do- 
main structure like Cu;Au in the partially 
ordered state. They came to this conclusion 
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Fig. 1. Silver-rich side of the phase diagram 
of silver-magnesium system. (After Amer. Soc. 
Metals, Metals Handbook (1948)). 


+ Now at the Institute for Solid State Physics, 
Tokyo University, Tokyo. 


only by using powder specimens. It seemed, 
therefore, to be desirable that this result was 
examined with a single crystal. In the pre- 
sent work, the anti-phase domain structure 
of Ag;Mg has clearly been confirmed by X-ray 
diffraction study using a single crystal as 
well as polycrystals and also by electron dif- 
fraction study with evaporated single-crystal- 
like films. Measurements of electrical resis- 
tivity and a series of calorimetries on the 
alloys in the a phase and the a+ 8 two phase 
region (see Fig. 1) were also carried out, in 
order to elucidate the relation between these 
physical properties and the peculiarities of the 
structure. No quantitative conclusion, how- 
ever, has been obtained in the present work. 


§ 2. The Model of Superstructure of the 


Present Alloy. 


As mentioned above, Schubert and his col- 
laborators adopted the concept of a one- 
dimensional anti-phase domain structure in 
order to explain the result of their X-ray 
diffraction study with powder specimens. 


i | 
— _ Ma, a Ma, ——+} 
] i i 


t 
OAg , @ Mg 
Fig. 2. Illustraction of a one-dimensional anti- 
phase domain structure (M=2). 


Fig. 2 illustrates such a structure. The 
fundamental lattice of this structure is con- 
sidered to be a face-centred tetragonal lattice 
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with the atomic arrangement similar to that 
in perfectly ordered Cu;Au. An _ out-of-step 


vector in atomic arrangement, (a2-+as) /2, 
however, exists at every M cells along the x 


direction, where an as and ae represent three 
fundamental vectors of face-centred tetragonal 


lattice, the tetragonal axis being at. Nothing 
particular occurs in the atomic arrangements 
along the y and z axes, and so a unit cell of 
this structure must be taken as outlined by 
the thick lines in the figure. The intensity 
distribution in reciprocal space corresponding 
to such a structure is illustrated in Fig. 3-(a), 
where the splittings of the superlattice reflec- 
tions having odd k+/ are shown. The indices 
of these split spots are (h+1/2M, k, 1) and 
(h—1/2M, k, 1) in terms of the fundamental 
face-centred tetragonal lattice. In the actual 
crystal, however, the tetragonal axis will 
distribute not only along x but also along y 
and z directions, and the superposed intensity 
distribution is illustrated in Fig. 3-(b). 


Fig. 3. 
(a) 
(b) 


Intensity distributions in reciprocal space 
corresponding to Fig. 2, 
corresponding to the superposition of three 
orientations, where tetragonality is neglect- 
ed, since c/a~1 in Ag3Mg. 


§3. X-ray Diffraction Study 

a) Experimental Methods 

A single crystal specimen was prepared by 
sawing out a relatively large grain from a 
specimen for calorimetry. The powder speci- 
mens whose compositions range from 9 to 
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33 per cent* were prepared by sucking up 
the melt into silica capillaries. It is disad- 
vantageous for annealing that the vapour 
pressure of magnesium is considerably high. In 
all annealing process, therefore, specimens 
were enclosed in small glass tubes filled with 
argon. This procedure was effective to pre- 
vent the evaporation of magnesium to a 
large extent. After annealing the specimens 
were always etched in nitric acid in order to 
remove the surface layers from which some 
quantity of magnesium might have been lost 
by evaporation, and then their compositions 
were determined. The method of chemical 
analysis was inexpedient, as it required the 
consumption of considerably large amount of 
specimen in order to obtain high accuracy in 
composition determination, and so it was 
applied only to several specimens in the a+ 
B two phase region. The compositions of the 
alloys in the @ phase were determined by 
measuring the lattice constants in disordered 
state quenched from 500°C and comparing 
with the standard curve illustrated in Fig. 4. 
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4070 
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Fig. 4. Variations of lattice constants with com- 
position. 
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The preparation of this standard curve was 

made by using the specimens for calorimetry, 

and the details will be described in § 5-(a). 
A 7cm oscillation camera and an 11.46cm 


* In the present paper, mere ‘per cent ” will 
be used in place of ‘atomic per cent of magnesium’. 
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powder camera were used for the single 


1000 
crystal specimen and the powder specimens 


respectively. All photographs were taken 0:999 
with copper radiation on the Fuji industrial 
high speed films. The lattice parameters 0-998 
were determined from Debye-Scherrer photo- 
graphs by means of the graphical-extrapola- § 0-997 
tion method. 3S 
0:996 

b) Experimental Results AC 

The lattice variation caused by ordering 8 0-995 
were first noticed. The results obtained from of 
powder photographs are summarized in Fig. 4. 0-994 
In this figure, the full curve depicts the dis- 
ordered state quenched from 500°C _ into 0:993 
water, while the dotted curves depict the ZO: 22) (2426 28 50 
almost completely ordered state induced by Atomic % Mg 
slow cooling from 400°C to 250°C in 22 days. For Fig. 5. Volume ratio of ordered to disordered 
the ordered specimens containing magnesium state. 


i230) | ~~ ne 


oe (b) . 
Fig. 6. (a) A portion of oscillation photograph of 25 per cent single crystal, [001] being vertical. 
(b) Intensity distribution in reciprocal space corresponding to (a). 
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less than about 23 per cent the lattice re- 
mains in the face-centred cubic form, although 
the lattice constant contracts a little. The 
transformation to the face-centred tetragonal 
form** accompanies ordering, however, in 
the alloys containing magnesium more than 
about 23 per cent. The tetragonality, c/a, 
increases monotonously with composition un- 
til the boundary between the a-phase and 
the a+ 8 two phase region is reached, where 
it has the maximum value 1.006. The cor- 
responding volume change is illustrated in 
Fig. 5 in terms of the volume ratio of order- 
ed and disordered state. 

The single crystal specimen containing 25 
per cent magnesium was slowly cooled from 
390°C to 250°C in 14 days. Fig. 6-(a) shows a 
portion of an oscillation photograph. Un- 
filtered copper radiation was used, [001] 
being vertical and oscillation angle being 15°. 
The cross-like splits of three superlattice re- 


flections, (231), (230) and (231)***, are clearly 
shown. The observed intensity distribution 
in reciprocal space corresponding to Fig. 6-(a) 
is illustrated in Fig. 6-(b), and accords well 
with Fig. 3-(b), the existence of a one-dimen- 
sional anti-phase domain structure being con- 
firmed. Besides the primary split spots, 
(h+1/2M, k, 1) and so on, the faint secondary 
splittings, e.g. (4+3/2M,k,1), are also ob- 
served in Fig. 6. The value of the period 
of out-of-steps, M, can be calculated from the 
separation of split spots, and is 1.77 in this 
specimen. In Fig. 7, the values of M observ- 


»™M 


Period 


Atomic % Mg 


Fig. 7. Period of out-of-step, M, versus composi- 
tion. 


** It should be noticed, however, that the face- 
centred tetragonal cell can no longer be a unit cell 
in the ordered lattice. 

*** Miller’s indices of the superlattice reflec- 
tion are used in terms of the fundamental face- 
centred tetragonal lattice, as described in § 2. 


(Vol. 13, 


ed mainly from powder patterns are plotted 
against composition. 


§ 4. Electron Diffraction Study 
a) Experimental Method 


The specimens were prepared in the follow- 
ing way. Single-crystal-like films of silver 
were first formed by evaporation im vacuo 
onto cleavage surfaces of rocksalt heated at 
180~210°C, and then they were detached 
from the substrata in water and mounted on 
nickel supporters. Magnesium was evaporat- 
ed in vacuo onto these silver films at room 
temperature, and then the films were quickly 
heated up to 300°C and slowly cooled in the 
apparatus for homogenization. High vapour 
pressure of magnesium, however, hindered 
the formation of the alloy films having ex- 
pected composition. The amount of magne- 
sium to be evaporated was, therefore, always 
increased by a few times as much as that 
corresponding to the desired composition. 
The thickness of the alloy films estimated 
from the evaporated quantities was 600-700A. 


Fig. 8. (a) Electron diffration pattern from a 
film containing about 25 per cent Mg. 
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Fig. 8. (b) Intensity distribution in reciprocal 
space corresponding to (a). The difference in 
size between (a) and (b) should be noticed. 
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Since a precise determination of the lattice 
constants such as in the X-ray study was not 
expected in the electron diffraction study, the 
compositions of films were estimated by com- 
paring the observed values of the period of 
out-of-step with the X-ray data as shown in 
Fig. 7, although such procedure is undesira- 
ble from the view point of structure analysis. 
Annealing of specimens was carried out in 
flow of argon, and this attempt brought 
fairly good results to avoid the evaporation 
and oxidation of magnesium during annealing. 

A diffraction camera made by the Hitachi 
Co. was used, the applied voltage being about 
50 KV. All diffraction photographs were 
taken at the normal incidence. 


b) Experimental Results 


Alloy films which were not completely 
homogenized before annealing exhibited un- 
known complex spot patterns as well as body- 
centred cubic rings due to the § phase, 
besides face-centred cubic spots with split 
superlattice reflections. As the annealings of 
specimens advanced, however, the extra spots 
and rings disappeared gradually. On the 
other hand, the superlattice reflections due to 
the a phase grew more intense. Fig. 8-(a) 
shows a diffraction photograph of a specimen 
annealed at 150°C for 18 hours, and Fig. 8-(b) 
shows the corresponding intensity distribution 
in reciprocal space in terms of the funda- 
mental face-centred tetragonal lattice. Cross- 
like splittings of superlattice reflections can 
be clearly observed, and thus the one-dimen- 
sional anti-phase domain structure of Ag,;Mg 
is confirmed also by electron diffraction 
method. The composition of this film is 
estimated to be about 25 per cent from the 
observed value of M, 1.79... Further anneal- 
ing of this specimen did not bring any es- 
sential change to the diffraction pattern, 
though the background intensity increased 
perhaps by contamination of the specimen. 


§ 5. Calorimetric Study 

a) Experimental Methods 

An adiabatic calorimeter of the Nagasaki- 
Takagi type was used to measure the speci- 
fic heat. The specimens were made of ingots 
which had been homogenized by annealing at 
750°C. Each of the specimens has three 
holes, one of which is for heating coil and 
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the other two are for thermocouples, and its 
mass is about 30gr on the average. In an- 
nealing processes the specimens were enclos- 
ed in glass tubes filled with argon, and all 
measurements were carried out under one 
atmospheric pressure of argon. The rate of 
heating of specimens was about 2°C per min. 
in the region of normal specific heat. The 
compositions of specimens in the @ phase 
were calculated by using the measured values 
of their specific gravities and lattice constants 
in disordered state quenched from 500°C into 
water. The effects of vacancy, other lattice 
defects and grain boundaries were all neglect- 
ed in this calculation. The results were 
plotted in Fig. 4 and used as the standard 
curve for the specimens for X-ray diffraction 
study, as already described. For the speci- 
mens in the a+ two phase region, the 
chemical analyses were employed. 


b) Experimental Results 
A series of calorimetric experiments was 
carried out on the alloys whose compositions 
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Fig. 9. Specific heat versus temperature curve of 
25.4 per cent alloy. (I) 
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Fig. 10. Configurational energy versus tempera- 
ture curve corresponding to Fig. 9. 


O 
100 


172 


range from 15.6 to 33.0 per cent. Figs. 9, 
10 and 11 depict the results on the 25.4 per 
cent alloy as an example. The full curve in 


Temperature °C 


Fig. 11. Specific heat versus temperature curve 
of 25.4 per cent alloy. (II) 


Fig. 9 illustrates the specific heat versus 
temperature curve. In this case the specimen 
was initially in a highly ordered state by 
slow cooling from 400°C to room temperature 
in 24 days. A typical 4-type transformation 
with anomalous residual specific heat above 
the critical temperature can be seen in this 
figure. The corresponding energy versus 
temperature curve is drawn in Fig. 10. 
Latent heat is observed at 393°C between 
two arrows in the figure, and it amounts to 
about 150 cal/mol. Fig. 11 depicts another 
specific heat versus temperature curve of the 
same specimen, the initial state in this case 
being a disordered state attained by quench- 
ing from 500°C into water. The decrease of 
specific heat due to the development of order 
begins at about 100°C, and the most highly 
ordered state of this alloy in the course of 
this measurement is realized at about 320°C, 
where the specific heat comes back onto the 
normal value indicated by the dotted line. 
The endothermic value in the disordering 
process was a little higher than the calorific 
value in the preceding, ordering process. 
_ This fact suggests that a perfectly disordered 
state of the specimen was not obtained by 
quenching. Latent heat at the critical tem- 
perature could not be observed in this mea- 
surement. The variations of the critical 
temperature and the configurational energy 
with composition are summarized in Figs. 12 
and 13, respectively. Here, the data obtained 
from 15,6 and 18.1 per cent specimens have 
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Fig. 12. Critical temperature versus composition. 
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Fig. 18. Configurational energy just above 7e 
versus composition. 
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relatively low accuracy, as they showed only 
broad peaks in the specific heat measure- 
ments. 


§ 6. Measurement of Electrical Resistivity 


A wire of 24.8 per cent alloy was used as 
a specimen, whose dimensions were 8.5 cm 
in length and 0.8mm in diameter. This 
specimen was initially quenched from 500°C 
into water, and then the variation of electrical 
resistivity with temperature was measured at 
the hedting rate of about 100°C per hour 
under one atmospheric pressure of argon gas. 
Fig. 14 depicts the result. It should be 
noticed that the anomalous increase of re- 
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Fig. 14. Electrical resistivity versus temperature 
curve of 24.8 per cent alloy. 


sistivity can be detected bewten 100°C and 
260°C prior to the decrease in 260~400°C. 
This fact will be discussed in the next para- 
graph in comparison with the specific heat 
versus temperature curve. 


§ 7. Discussions 
a) Discussions on the Diffraction Experi- 
ments 
Recently, Hill and Axon® measured the 


lattice spacings of the a@ solid solution of 
silver-magnesium alloy system. The present 
result on the lattice spacings of the disorder- 
ed @ phase, as shown in Fig. 4, agrees well 
with their results within the experimental 
error. On the other hand, the values report- 
ed by Letner and Sidhu®, who failed to dis- 
cover the superlattice Ag;Mg, are considerably 
smaller than those of the present work, pro- 
bably owing to the formation of order to a 
certain extent in their specimens. As to the 
lattice spacings in the ordered state, the 
results of Schubert ef a/. are in good qualita- 
tive agreement with those of the present 
work shown in Fig. 4. The slight difference 
in composition is, however, found between 
these two works, but the origin is not clear 
at the present stage. 

The X-ray oscillation photograph of a single 
crystal specimen and the electron diffraction 
pattern of an evaporated thin film, as shown 
in Fig. 6 and Fig. 8 respectively, can well be 
explained by the one-dimensional anti-phase 
domain structure model. Thus, the result of 
Schubert ef al. has been confirmed. The 
values of the period of out-of-step, M, de- 
creases gradually from 2.0 to 1.7 as the con- 
centration of magnesium increases (Fig. 7). 
Such a result is also in accord with that of 
Schubert ef al. qualitatively. An attention 
should be paid, however, to the fact that the 
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observed values of M are generally not inte- 
gral in spite of the sharpness of split super- 
lattice reflections. This fractional property 
of M has already been discussed by one of 
the present authors (K.F.)?. That is to say, 
the fractional value of M can be interpreted 
by considering a model in which a few, dif- 
ferent periods of anti-phase domain are mixed 
uniformly but probably with some irregularity. 
For details reference may be made to the 
original paper. 

Schubert et al. reported that several, faint, 
additional lines were found in their powder 
photographs of the alloy containing magne- 
sium more than 26 per cent. In the present 
work, however, no additional pattern could 
be observed. In the electron diffraction pat- 
terns of CuAu II®, CusPd® and Au;Mn?2, 
which have also anti-phase domain structures, 
the strange satellites flanking normal spots 
have been observed. The appearance of such 
satellites may be expected in the case of 
Ag3Mg, too. They were, however, not ob- 
served even in the highly ordered specimen 
which had been annealed at 150°C for 106 
hours. 


b) Discussions on the Calorimetries and the 
Measurement of Electrical Resistivity 

The values of the’ critical temperature 
determined by calorimetries agree quite well 
with those of Clarebrough and Nicholas» and 
of Kachi® deduced with different experi- 
mental methods. The present work has, 
however, failed to reveal the quantitative re- 
lationship between configurational energy and 
period of out-of-steps owing to the com- 
plexity of the phenomena and the relatively 
low accuracies of experiments. The peak of 
configurational energy versus composition 
curve, as shown in Fig. 13, seems not to lie 
just in 25 per cent but to shift to a little 
higher concentration of magnesium. This 
slight shift is not thought to relate to the 
value of M which decreases monotonously as 
the concentration of magnesium increases. 
Such a phenomenon may be considered in 
connection with the degree of volume con- 
traction in ordering process which increases 
with composition as shown in Fig. 5. 

It is unfortunate for the results of the 
present calorimetries that all extant theories 
can-tell nothing about the anti-phase domain 
structure. Nevertheless, some comparisons 
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between theories and experiments were made 
in Table I, where E(Tct+), 9(Tc+) and @ 
represent the configurational energy and 


Table I. Comparison between theories and 
the data of calorimetry. 
Experiment meee CEP 
(25.4% alloy)| Bragg- i 
| Williams | Peierls 
Le 666°K | — = 
% 560425 a tape 
fat tives vert) Galfmabely My so. shock 
0.94+0.05 mn 
ee) cal/deg. mol Pi 
Q 150+10 ba ye 
cal/mol : 
RTc/E(Tc+) 2.37+0.11 Pests) 2.38 
O(Tc+)/R 0.47 +£0.03 0.562 0.46 
Q/RTc 0.11+0.01 0.100 0.27 


entropy just above the critical temperature 
and the latent heat, respectively. Fairly good 
coincidence exists between them, and thus no 
singularity due to the existence of anti-phase 
domains could be detected. 

It is interesting to compare the specific 
heat versus temperature curve of 25.4 per 
cent alloy, as shown in Fig. 11, with the 
electrical resistivity versus temperature curve 
of 24.8 per cent alloy, as shown in Fig. 14. 
Both specimens were initially quenched from 
500°C into water, and then they were heated 
up at the almost similar rates. Owing to 
the development of order, the decrease of 
specific heat appears at about 100°C, while 
the electrical resistivity begins, on the con- 
trary, to increase anomalously at the similar 
temperature, and then turns to decrease at 
about 260°C. Such an anomalous increase of 
electrical resistivity in the initial process of 
ordering can be seen also in the data of 
Clarebrough and Nicholas”, though they did 
not point it out. Similar phenomena have 
been observed in other superlattice alloys such 
as CuzAu™ and Cu;Pd™, and they seem to relate 
to the anti-phase domain structure in the follow- 
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ing way. The development of order in a 
domain may induce the decrease of electrical 
resistivity, while the formation of anti-phase 
domain boundaries may, on the other hand, 
induce the increase. If the latter effect is 
thought to overcome the former at the early 
stage of ordering, such a curious phenomenon 
may be expected. 
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Paramagnetic susceptibilities of some nickel salts were measured in 
the temperature range between 1.40°K and 290°K. The flat behavior of 
the susceptibility vs temperature curve in the lowest temperature region 
was especially prominent in NiCl,-6H,O. The paramagnetic susceptibility 
of a powdered specimen of the nickel salt was calculated with the low 


field approximation. 


The characteristic behavior of a nickel ion in vari- 


ous salts was explained as due to the Stark splitting of the lowest spin 


triplet. 


The measured values of susceptibility were analysed and con- 


sistent results were obtained. Especially in NiCl,-6H,O, the crystalline 
field was expected to be much deformed from cubic symmetry and this 
is consistent with the fact that the paramagnetic resonance could not be 
detected at 9800 and 18000 Mc/sec in this salt. 


§ 1. Introduction 

The development of the microwave techni- 
que makes it facillitate to determine the 
energy splitting of the paramagnetic ions in 
crystalline field. Numerous investigations 
have been made on various salts. However, 
there are also a number of salts in which 
the paramagetic resonance is not detected. 
The reason for the failure to detect the 
resonance is attributed to too short spin- 
lattice relaxation times in some cases or to 
too large energy splittings in some cases. 
Thus, in these salts, an alternative procedure 
is necessary to determine the energy levels 
of the salts; the determination of the para- 
meters in the energy splitting expression by 
comparing the calculated susceptibility with 
the experimental values in a wide temperature 
range, is yet a very useful method now. 

Some measurements have been made on 
the susceptibility or on the magnetic aniso- 
tropy of hydrated nickel salts in the tempe- 
rature range mostly from 14°K to 290°K,” 
and these results have been interpreted using 
Schlapp and Penney’s theory” or more care- 
fully in some cases.» As is well known, the 
orbital levels of divalent nickel ions in a 
cubic field split like those of trivalent chro- 
mium, leaving an orbital singlet lowest. So, 
a rather long spin-lattice relaxation time is 
expected. In fact, paramagnetic resonance 
has been detected in many nickel salts at 
room temperature. If the crystal structure 
is also known, a theoretical analysis can be 


made in detail. However, there are also 
some nickel salts of which the crystal struc- 
ture are not known exactly in addition to the 
failure of paramagnetic resonance data. The 
analysis of susceptibility data in these cases 
give only ambiguous results. Notwithstand- 
ing these unfavourable conditions, it may still 
be worthwhile to get a qualitative informa- 
tion about energy levels in these cases. 
From this point of view, the expression of 
susceptibility of a nickel salt in powdered form 
especially at very tow temperatures is given 
in this paper. It is intended to account for 
the nature of the susceptibility of NiCl,-6H,O 
under the hypothesis of considerable distor- 
tion of the crystalline field from cubic sym- 
metry. 


Experimental 


§ 2. 

Susceptibilities of powdered samples of 
NiCl,-6H,O, Ni(NH,).(SO,).-6H2O, NiK2(SO,)2: 
6H.O and NiSiF,-6H,O0 were measured in the 
temperature range from 1.40°K to 290°K. 
The method used was a usual a.c. bridge 
method. The frequency used was 90 c/s. 
The effective measuring field was about two 
or three gauss. 

The experimental results are given in 
Table I and Fig. 1. Susceptibility of NiNH« 
Tutton salt was measured by Jackson down 
to liquid hydrogen temperatures, and the 
Weiss constant was given to be about —4°K.” 
However, as can easily be seen from Table 
I, the Weiss constant is almost zero in two 
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Table I. Molar Susceptibility of Nickel Salts 
NiCl,-6H,O NiK.(SOz)2-6H2,O Ni(NHy,)2(SO4)-6H2O NiSiF,-6H,O 
T°K a os pee en eee 
l FER: | 
Xyr | 1/% (T+) Xr 1/Xm | Xu-T Xu | 1/Xm Rewer Xm | 1/Xm | Xw-T 
290 40.110-4250 |1.19| 41610-4240 | 1.21 | 41.810-#240 | 1.21 | 42.210-4237 | 1.22 
| 
78 142 GOS ieee: 160 62.5 | {25 I Lop | 64.7 | 1.21 | 160 | 621-26 
20.4 | 413 | 24.2 | 0.84 | 590 16.0 1.20 592 | 16.9 | 1.21 | 610 16.4 | 1.24 
18.1 | 445 22.5 0.80 660 | 15.2] 1.20} — p— |} Spe a 
14.6 | 511 19.6 0.75 | 820 t2om Teo eee | 12.2 | 1.20 | 835 | 12.0 | 1.22 
4.20 | 670 | 14.9 | 0.28 |2570 3.90) 1.08 |2600 3.85 1.09 |2860 3.50} 1.20 
2.50 | 678 | 14-7 | 0.17 |3950 2.53 0.99 4270 2.35' 1.06 4880 | 2.07).1.21 
1.54 | 678 | NOS 0) 5310 1.88) 0.82 5920 1.69 1.01 8000 | 1.2511 298) 
aot 
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Fig. 1. Reciprocal of molar susceptibility of 
nickel salts. 
@ NiCl,-6H,O 
O Nik.2(SO,)2-6H:0 
LJ Ni(NH4)2(SO4)2-62HO 
x NiSiFs-6H,O 


Tutton salts and in fluosilicate. The reason 
for so large @ can not be found out theo- 
retically even if the exchange interaction is 
taken into account. 

A characteristic feature is distinct in NiCl,- 
6H,O at very low temperatures. % is quite 
flat below about 5°K. Measurement on para- 
magnetic resonance was undertaken at 9800 
and 18000 Mc/sec, but any resonance line was 
not observed. ‘This will be accounted for 
naturally from the discussions described in 
the following section. 

In Fig. 2, susceptibilities of the former 
three salts at liquid helium temperatures are 
shown. It is evident that the characteristics 
to be flat at the lowest temperature are com- 
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Fig. 2. Reciprocal of molar susceptibility of 
nikel salts at very low temperatures. 
© NikKs(SO,)2-6H2O 
[e] Ni(NH,y)2-6H,0 
x NiSiFs-6H,O 


mon in two Tutton salts. Fluosilicate, as is 
well known, has a trigonal crystalline field 
and there remains spin degeneracy at the 
lowest temperature. Values obtained do not 
show any tendency to be flat at the lowest 
temperature. These facts are consistent, 
indeed, with the consideration mentioned 
below. 


§ 3. Calculation of the Paramagnetic Sus- 


ceptibilities 

As is described in the preceeding section, 
the deviation of the susceptibilities of NiCl.- 
6H,O from the Curie law is remarkable at 
low temperatures. This deviation of Ni** 
ion was investigated by Schlapp and Penney 
who pointed out the importance of tempera- 
ture independent part which is called high 


frequency term. This is important for the 


analysis of the susceptibilites at high tempe- 
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ratures because the susceptibility following 
the Curie law is small at high temperatures. 
However, Schlapp-Penney’s calculation is not 
so important in the low temperature region 
and our experimental result cannot be ex- 
plained by their theory. In this section, it is 
shown that this low temperature anomaly can 
be explained by the crystalline Stark separation 
of the lowest spin triplet. We used the spin 
Hamiltonian which is familiar in the analysis 
of the paramagnetic resonance. As Schlapp- 
Penney’s term is not so important at low 
temperatures as described before, we will 
neglect it except the analysis of the experi- 
mental data at high temperatures observed in 
our experiments. 

As is well known, the ground state of Nt+ 
ion is °F and the degeneracy of *F is remov- 
ed by the cubic crystalline field. Under 
these conditions, the lowest state is spin 
triplet that is perfectly degenerate. In most 
crystals, however, the crystalline electric 
field have lower symmetries such as trigonal, 
tetragonal or rhombic. In general, this can 
be described by the following spin Hamilto- 
nian: ©) 

H=DS2+E(S2—S,)+g8HS , (1) 
where D and E are axial and rhombic cry- 
stalline field constant, respectively, and the 
last term represents the Zeeman energy. 
The solution of Eq. (1) can be represented as 
follows: 

—W?+2DW?2+(E? 
a 292 2{ Dd? — 


— D?+ g?B?H”) WwW 

m’)— E(?—m*)}=0 , 
(2) 

where, /, m, m represent the direction cosine 

of the angle between magnetic field H and 

principal axis. Eq. (2) can easily be solved 

when H is parallel to the principal axes, 


(a) H//x 
D+E PD PAVED F, tts 
eae a 
W.=D-—E, (3) 
pee E+ BH? , | 
(b) H//y 
W,=D+E, 
Speen. dec, 
Eis “E, /(DcE y+ gtBeHl? | 
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(oe) Bie 
Wi=D-VE+ee'F , 
Wi=D+VEP4+2° 2H? , (5) 


wWe= 0. 


These results are illustrated in Fig. 3. 


rhombic Hyx Hy H/z 


Fig. 3. Energy level splitting of Nit? ion (not to 
scale). 


As is well known, the general formula of 
the magnetic susceptibility is 


(6) 


where Z is the partition function and N is 
the number of magnetic ions. 

Forming the partition function from Eqs. (3), 
(4) and (5), and using the relation (6), we can 
get the principal susceptibilities as follows: 


tie 
: _2Ne8" sinh ORT 
a Ty ye Ge? DEE 
2 exp( ORT )+ 2 ORT 
Ge) 
y _2Neret eae Sere 
- 3 
D-E 3E+D ey ou 
ere oD conn as 
Five ee ee )+ CORO one 
(8) 
sino 
y. 2NerB kT 
ene 3 


D E 
a ere ) + 2 cosh 7, 
(9) 


To get the equation (7)~(9), the low field 
approximation is used. The results in the 
case of NiNH, Tutton salt are shown in 
Fig. 4. 

The energy levels can also be obtained for 
the arbitrary directions with the low field ap- 


proximation. The results are as follows: 
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Then, using Eq. (6) and averaging for all 
directions, we get the susceptibility for 
powdered samples, 


Fig. 4. Molar susceptibility of nickel salts. Yeurie 
shows the susceptibility of D=H=0, g=2.25. 


E sinh RT 


SE e EN exo(—2.) 
| +2D cosh> 7, exp( PT 


At T=0, Eq. (11) becomes 


(3B) 
6E(D+E) * 


X», r>0=2Ng"8 (12) 

It must be noticed that the powder sus- 
ceptibility becomes temperature independent 
at sufficiently low temperatures and the ex- 
ample is illustrated in Fig. 4 in the case of 
Ni(NH,)2(SO,)2-6H,O which has been investi- 
gated by means of paramagnetic resonance®®) 
and D, E and g are well known (D=—2.24, 
E=—0.39, g=2.25). Though the deviation 
from Curie’s law is small, the theoretical re- 
sults show a satisfactory coincidence with 
experimental ones. Then let us consider the 
anomaly of NiCl.-6H,O. This can be ex- 
plained if we assume D and EF, about twenty 
times greater than that of NiNH, Tutton 
salts. This means the presence of a large 
deformed electric field on Nit*+ ion in the 
crystal. The precise results may be obtain- 
ed by paramagnetic resonance which could 
not be observed in the usual microwave 
region. Submillimeter wave may be neces- 
sary for this purpose. It must also be notice- 
ed that, D and FE are assumed to be large 


ee - Z . (11) 
1e#2 exr( Fr) cosh—— 


kT ae 


compared to the Zeeman energy and there- 
fore our results are not used in the case of 
NiSiF,-6H.O in which Nit* ion is subjected 
to a crystalline field of trigonal symmetry and 
E=0. 

It may also be interesting to investigate the 
effect of the exchange interaction, especially 
on NiCl.-6H,O, concerning the above men- 
tioned behaviour. 
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As reported in previous papers (J. Phys. Soc. Japan, 9 (1954) 702; 
ibid. 10 (1955) 794), single crystals of solid solutions NaCl-CaCl, contain 
two kinds of plate-zones extending parallel to {111} and {310} planes of 
the matrix. The present study concerns with the change of these plate- 
zones by heat treatments at various temperatures. Single crystals of 
solid solutions NaCl-CaCl, containing 10 mole per cent CaCly, which have 
been made uniform solid solutions by pre-heating at 400°C (being slightly 
above the solid-solubility limit of the phase diagram of NaCl-CaCl, sys- 
tem), were aged at room temperature or heated at higher temperatures. 
It is found that the {310} plate-zone is stable only at low temperatures, 
while the {111} plate-zone is more stable at higher temperatures. As 
the heating temperature is raised, the {111} plate-zone gradually tends 
from a coherent structure to an incoherent structure. Rotating-crystal 
X-ray photographs for the crystal heat-treated at 300°C (being slightly 
below the solid-solubility limit of the phase diagram) reveal that the 
final products of the precipitation have the crystal structure of CaCla, 
with an orientation favouring the structure model of the {111} plate-zones 


proposed in Part II. 


§1. Introduction 

In previous papers,» it was reported 
that single crystals of the solid solutions of 
NaCl with a few mole per cent of CaCl, give 
the characteristic diffuse reflexions of X-rays 
corresponding to a rod-like distribution of the 
intensity around reciprocal-lattice points for 
the matrix. These diffuse reflexions were 
interpreted as being due to precipitation of 
small plate-like structures (called the plate- 
zones), parallel to {111} or {310} planes of the 
matrix lattice. In order to explain the fact 
that the rods in reciprocal space appear only 
at the normal reciprocal-lattice points of the 
matrix but not at any super-reciprocal-lattice 
points, it was assumed that each of the plate- 
“zones was composed of smaller regions (called 
platelets), which possess a quasi-crystalline 
structure with super-lattice periods and are 
clustered together rather compactly with anti- 
phase relations among themselves (Part I). 

In Part II of the paper, the structure of 
the platelets were proposed by anticipating 
that the arrangement of ions around a Ca** 
ion in each platelet is somewhat similar to 
the crystal structure of CaCl,, and a good 
agreement was obtained between calculated 


and observed intensities of the rods, especially 
for the <111), rods. 

In the present paper, the influence of the 
heat treatments of samples on the diffuse 
scattering is reported in more detail than that 
briefly described in Part II. It was confirmed, 
in particular, that at higher temperatures the 
patterns due to the <111>, rods change to 
spotty patterns due to the crystallites of CaCl, 
with orientations favouring the proposed 
structure model in Part II for the {111} plate- 
lets. 


§2. Experimental 


Single crystals of solid solutions of NaCl 
containing 10 per cent CaCl,* are used for 
the specimen, because these can give intense 
diffuse reflexions. The procedure of heat 
treatment of the samples is as follows. The 
crystal suitably shaped by cutting and etching 
according to the processes described in Part 
I is put in a small vessel made of thin nickel 
plate (0.07 mm thick), and heated in an electric 
furnace kept at a desired temperature. After 
heating for about 1 hour, the vessel is quickly 


5 As ‘to the “implication of the percentage of 
Cais cia Part. Irsizta): 
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cooled by placing it on a copper plate kept 
at room temperature (about 15°C). Because 
of small heat capacity of the vessel as well 
as of the specimen, it is conceived that the 
high temperature states can be quenched suf- 
ficiently well to the room temperature by the 
above procedure. 

The specimens heat-treated as above were 
studied at the room temperature by the 
stationary-crystal or the rotating-crystal X- 
ray methods, using Ni-filtered Cu radiation. 
The distance from specimen to film were 4 
cm. 


Influence of Heat Treatments on the 
<111), and <310>, Rods 


The present study on the influence of heat 
treatment was made by starting from the 
crystals which were pre-heated at 400°C for 
1 hour followed by quenching to a room 
temperature. As seen in Fig. la, the dif- 
fraction photograph taken with this crystal 
shows almost no extra reflexions, indicating 
that Ca** ions and vacancies are almost uni- 
formly distributed at the atomic sites of NaCl 
crystal.** It is supposed that the heating 
at 400°C for the crystal ‘used corresponds to 
the point “A” in the phase diagram, and it 
is brought to the point “ B” by the quenching 
(Pig..2). 

The specimens thus treated were subjected 
to two kinds of treatments; i.e., i) the aging 


§ 3. 
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Fig. 2. Part of the phase diagram for NaCl-CaCl, 
system at lower CaCl, compositions. 


** The patterns contain no diffuse reflexions 
except a faint diffuse reflexion located at (444). 
This reflexion suggests a new type of imperfection 
to exist in the matrix lattice at this stage (cf. 
Part I §3 a)). 
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at room temperature, and ii) the heating at 
higher temperatures. 
i) Room-temperature aging 

Fig. 16 shows the diffraction photograph 
taken when the preheated specimen was kept 
for 3 days at room temperature. The photo- 
graph was taken with the [001] axis vertical 
and y=23°. @g is the angle between the in- 


cident beam and the horizontal [010] axis. In 
this photograph the diffuse reflexions due to 
<310>, rods can already be seen around the 
(200) point of the matrix. The diffuse re- 
flexions due to <111), rods are, however, not 
yet appearing. Fig. lc corresponds to the 
specimen kept for a month, in which we can 
see that the diffuse spots due to the <310>, 
rods grew intense still further, and at the 
same time, those due to the <111), rods began 
to appear. 

ii) High-temperature treatments 

The influence of heat treatments was studied 
in the following way. A pre-heated crystal 
was heated at first at a temperature, say 50°C, 
and quenched to room temperature and then 
examined by X-rays. The same sample was 
next heated at a higher temperature, say 
100°C, and quenched to room temperature 
and again examined by X-rays: and so on. 
The pre-heat treatment of the specimen was 
not applied at the stage between two suc- 
cessive heat treatments, because the crystal 
became imperfect when the specimen was 
subjected to many cycles of heat treatments 
across the solid-solubility limit of the phase 
diagram. 

Figs. 3a~f show examples of the stationary- 
crystal photographs. The orientation of the 
crystal with respect to the incident X-ray 
beam is nearly the same as in the case of 
Fig. 1. By the heating at 50°C, there occurred 
no appreciable changes as compared with the 
case of Fig. la. When heated at 100°C (Fig. 
3b), both the <111>, and <310>, rods began to 
appear. Diffuse spots due to the <310), rods 
were, however, considerably weaker than 
these due to the <111), rods. When heated 
at 150°C, diffuse spots due to the <111), rods — 
became very strong, although the length of 
the rods became short; on the other hand, 
those due to the 310), rods were completely 
disappeared (Fig. 3c). 

In the same photograph there appear many 
sharp and strong extra spots, and also streaks 
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(a) 


(b) 


Fig. 1. 


being pre-heated at 400°C and quenched to a room temperature. 
Filtered Cu radiation, 40kV, 10mA, 8h. Flat films. 


Q=23". 


Stationary-crystal X-ray photographs for the single crystal of NaCl-CaCl, solid 
solution containing 10 % CaCl, at several stages of aging at room temperature after 


[001] axis vertical, 
(a) Immediately after 


the heat treatment; (6) 3 days after the heat treatment; (c) 4 weeks after the heat 


treatment. 


which are either passing through or lying 
between the spots. Though it appears at first 
sight that some of the spots due to the <111>, 
rods (indicated by arrows) are stronger than 
the rest of the spots due to the same rods, 
these are overlapped by weak extra reflexions. 
When the temperature of heat treatment is 
raised, the reflexions overlapping at the <111), 


rods increase their intensities and sharpness, 
and are gradually separating from the <111), 
rods. At the same time, the streaks change 
gradually to sharp spots as seen in Figs. 3c~e. 

At 300°C (Fig. 3f), the reflexions due to 
the <111>, rods and also all the streaks were 
perfectly changed to sharp spots. The ar- 
rangement of these spots is rather complex 
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Fig. 3. Stationary-crystal X-ray photographs for the pre-heated single crystal of NaCl- 
CaCl, solid solution containing 10% CaCl, at several stages of heat treatments. 
Photographs were taken at room temperature. [001] axis vertical, g=24°. Filtered 
Cu radiation, {40kV, 10mA, 4h. Flat films. (a) After 1 hour’s heating at 50°C; (6) 
after 1 hour’s heating at 100°C; (c) after 1 hour’s heating at 150°C; (d) after 1 hour’s 


heating at 200°C; (e) after 1 hour’s heating at 250°C; (f) after 1 hour’s heating at 
300°C. 


Fig. 4. Rotating-crystal X-ray photograph for the single crystal of NaCl-CaCl, solid 
solution containing 10 % CaCl, which has been quenched to room temperature 


after heating at 300°C for 1 hour. [001] axis rotation. 


Filtered Cu radiation, 35 kV, 
13mA, 6h. Flat film. 
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but symmetric with respect to the Laue dif- 
fraction pattern due to the matrix lattice, 
indicating preferred orientations of a certain 
kind of precipitated particles in the matrix. 
By taking rotating-crystal X-ray photographs 
as described in the next section, these pre- 
cipitates are found to be CaCl, crystallites. 


$4. Crystal Structure of Precipitates and 
their Arrangement relative to the 
Matrix Lattice 
a) Rotating-crystal X-ray photographs 
Rotating-crystal photographs were taken for 
the specimen heat-treated at 300°C, which 
gave the Laue diffraction pattern of the type 
as shown in Fig. 3f. The crystal was rotated 
around either [001] or [101] axis of the crystal. 
On Fig. 4 corresponding to the [001] axis 
rotation there appear weak but sharp re- 
flexions superposed on the strong reflexions 
due to the matrix lattice. The weak reflexions 
are grouping on several rings of different 


spacings. In the first column of Table I, the 
Table I. Lattice spacings, d, of the precipitates 
and those of CaCl, . 
precipitates CaCl, 

d(A) d(A) (hkl) 
4.46 

ALod : 4.49 (110) 
4.51 

3.42 3.46 a) 
3.02 Ou 
3.02 3.05 (111) 
3.03 

2.84 9.85 veo 
2.85 (120) 
Beds 

Pe | 

2.32 . 2.33 | ae 
2.34 . (121) 
2.34 

2.35 | 

ae tsi bee (220) 
2.24 | 


spacings corresponding to the observed spots 
are given. The spacings of lattice planes of 
CaCl, crystals? are also tabulated for com- 
parison. We see that the lattice spacings of 
the precipitates coincide with those of CaCl, . 
b) Orientation of CaCl, particles 

In analysing the rotating-crystal photograps, 
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it is convenient to use the cylindrical co- 
ordinates &, € and w for representing the 
positions of the reciprocal-lattice points (Fig. 
5). For the photograph shown in Fig. 4, the 
€-axis is taken parallel to the [001], axis of 
the matrix, while the &-axis is lying in the 
(001), plane. When the crystal is rotated 
around [001],, each reciprocal-lattice point 
moves on a circle with the radius &. The 
crossing points of these rings with the sphere 
of reflexion determine the conditions for the 
Bragg reflexions. In the case of the flat-film 
method, & and € are given by 


D?+x 2D” 38 
as Ae EE ie 
a jit D+r Tet 4 
G13) 
ae oe 
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where x and y are the co-ordinate values of 
each reflexion spot measured on the film, re- 
[OOll, 


L100}, 


Fig. 5. Cylindrical co-ordinates for a reciprocal- 
lattice point P. 


z 


@x* 


Fig. 6. (, ¢)-diagram corresponding to weak re- 
flexions in Fig. 4. Crosses which are enclosed 
by circles show the reflexions explained by Fig. 
8; those not enclosed show the reflexions ex- 
plained by Fig. 10. 
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spectively parallel and perpendicular to the 
equator line; D is the distance between the 
crystal and the film, and r=(x?+y?)¥?. 

Fig. 6 shows the (&, €)-diagram for the weak 
reflexions appearing in Fig. 4. After some 
trials, we could find that at least some of the 
reflexions in Fig. 6 are explained by assuming 
that the precipitated crystallites of CaCl, 
structure (C) take relative orientations with 
respect to the matrix (M) as follows: 

(100)o or (010)¢//{111}» , (2) 

(001]c//<110>» . 

Fig. 7 shows the projection of reciprocal- 
lattice space for CaCl, crystal and that for 
the matrix related by the condition (2); the 
plane of projection is (110)m,,* which is parallel 
to (001)c,,. The (2k0) points of CaCl, (/=0) 
lies on the plane of the projection, whereas 


LOOM my 


cilzie 


CS 


Fig. 7. Projection of reciprocal space for CaCl, crystal to the 

(110), plane of the matrix which are related by the con- 
Open circles correspond to reciprocal-lattice points 
of CaCl; which is oriented according to the relation [010]a, ,.// 


dition (2). 


[111 Jar, +3 filled circles correspond to those of CaCl, which is 


oriented according to the relation [100]¢,,// [111lw,,. Indices 
Reciprocal space for thé matrix 
its reciprocal-lattice points are 


are referred to open circles. 
is represented by solid lines; 
indicated by “M”. 


* (hkl)w,r and [hkl],, denote the lattice planes 
and lattice rows in reciprocal space of the matrix 
respectively, and (hkl)o,, and [hicl]o,, denote those 
in reciprocal space of CaCl,. Cf. Part I, p. 705. 
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the points with /+<0 are aligned on the line 
perpendicular to the plane of the projection 


NWO Oli 
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Fig. 8. (&, ¢)-diagram of the reflexion spots cor- 
responding to the rotation of the reciprocal 
lattice of Fig. 7 around [001]y,,. 


passing through the correspond- 
ing (hkO) point. The open and 
filled circles correspond respec- 
tively to the two alternative 
cases of the first relation in (2). 
Because of the smallness of the 
difference of the length of a- 
and b-axis of the CaCl, struc- 
ture (a=6.24A, b=6.43 A), the 
two kinds of points are almost 
overlapping except for higher 
indices. 

The (&,€)-diagram of the re- 
flexion spots corresponding to 
the rotation of the reciprocal 
lattice of Fig. 7 around [001]y,> 
is shown in Fig. 8. The spots 
explained by Fig. 8 are enclosed 
by circles in Fig. 6. The spots 
remain unexplained can be in- 
terpreted as follows. Though we 
have considered so far only the 
case where [001]c is parallel to 
[110]~, it is possible to occur 
the cases in which [001]o is paral- 
lel to [101]y or [011]4. We can 
equally construct the (&, €)-dia- 
gram for the latter cases, although 
the process of construction is 
rather complex and some elementary geo- 
metrical considerations are needed because 
the axis of the rotation, [001],,-, is not con- 
tained in the (101)w,, or (011)m,, plane (Fig. 9). 
Fig. 10 shows the result of the construction. 
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We can see that all of the observed spots 
indicated in Fig. 6 are explained in this way. 

As seen in Fig. 4, some of the reflexion 
spots due to the precipitates are broad and 
some are sharp. Moreover, some of the spots 


COO! wr 
COO] yr 


as 


Fig. 9. Reciprocal space of the matrix showing 
two kinds of orientational relationship between 
the [00l]w,, axis and the {110}w,, planes. 
(011),, plane is not shown since this is equiva- 
lent to (101)a,,. 


Fig. 10. (&, ¢)-diagram of the reflexion spots cor- 
responding to the [001]z,, axis rotation of the 
reciprocal lattice of CaCl, being in the relation 
(001)¢, -//Q01)ar, with respect to the matrix. 


are long and some are short. These features 
are explained as follows. As seen in the Fig. 
8 or 10, each reciprocal-lattice point is com- 
posed of two kinds of crystallites represented 
by open and filled circles, orienting according 
to the relation (010)c//{111}m and (100)o//{111}-w, 
respectively. Some of such paires of the 
reciprocal-lattice points are closer, and some 
are apart. Besides, some of the reciprocal- 
lattice points in Fig. 8 are situated at positions 
very close to those to those in Fig. 10. Super- 
posing the both figures results in the various 
features of individual reflexion spot ovserved 
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in Fig. 4, 


$5. Discussion 

As was stated in Part I of the paper, the 
diffraction patterns due to the single crystals 
of solid solutions NaCl-CaCl, which are 
characterized by the rod-like distributions of 
the intensity weight in reciprocal space have 
analogous features with those due to many 
age-hardenimg alloys such as Al-Cu, Al-Ag, 
etc. Moreover, many analogous features with 
the case of the alloys can be found also with 
respect to the change of pattern with the 
heat treatments as described in §3. These 
analogous features are expected to take place 
because of similar thermodynamical conditions 
on the phase diagram of the solid solutions 
NaCl-CaCl, and of the age-hardening alloys. 

Since the crystals were pre-heated at 400°C 
and then quenched to the room temperature, 
each crystal was initially in a state of unstable 
super-saturation at the room temperature. 
Thus the precipitations of the {111} and {310} 
plate-zones took place by the aging at this 
temperature. Rate of precipitation of both 
kinds of plate-zones are, however, different. 
When the crystal was kept for 3 days at room 
temperature, precipitations were composed of 
{310} plate-zones only, and the {111} plate- 
zones scarcely appeared after a month. This 
fact suggests that at room temperature the 
activation energy for the formation of the 
{310} plate-zones is lower than for the {111} 
plate-zones. 

As seen in the series of photographs in 
Fig. 3, the rate of precipitation of the both 
types of the plate-zones is considerably pro- 
moted by heating the crystal at higher temper- 
atures. When the crystal was heated at 150°C, 
however, the <310>, rods which had appeared 
by the heating at 100°C were perfectlydisap- 
peared, while the <111>, rods became very 
strong. This fact suggests that the {310} 
plate-zone is stable only at relatively low 
temperatures, and the {111} plate-zone is more 
stable at higher temperatures, although as 
mentioned above the activation energy for 
the formation of the latter seems to be higher 
than that for the {310} plate-zone. 

At 150°C, the extra spots also began to 
appear superposing on some of the <111>, 
rods, and these became gradually strong and 
sharp as the heating temperature was elevated 
(Figs. 3>~d). We can infer from this fact 
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that at 150°C the {111} plate-zone, which has 
been coherent with the matrix when it was 
formed by the heat treatment at lower temper- 
atures, have considerably grown up, and are 
now tending to an incoherent structure. 
Though the degree of incoherency seems to 
be still quite small at this stage, it is con- 
ceived that the incoherency becomes larger 
as the heating temperature is elevated further, 
and finally, to the extent that the particles 
of CaCl, crystals are deposited in the matrix. 

Summarizing the above observations it is 
concluded that the features of the change of 
the diffraction patterns at relatively low 
temperatures are characterized by the existence 
of unstable plate-like regions or the plate- 
zones. Such unstable regions are well known 
in the case of age-hardening alloys by the 
name of Guinier-Preston zones. 

In the case of the age-hardening alloys, the 
coagulation of vacancies in the quench-annealed 
alloys is considered to be an important factor 
for the formation of the Guinier-Preston zones.» 
As was stated in Part I, when CaCl, is dis- 
solved in NaCl at higher temperatures, a Nat 
ion at a lattice site of NaCl is replaced by 
a Cat* ion, and at the same time, another 
Na* ion is removed from the crystal to satisfy 
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the requirement of the neutrality of electric 
charge, leaving a positive ion vacancy. So 
that at least as many positive ion vacancies 
as the number of the Ca** ions dissolved are 
frozen-in in the matrix lattice of the NaCl- 
CaCl, solid solutions. The fact that the plate- 
zones are formed at room temperature sug- 
gests that such vacancies can migrate in the 
interior of the matrix at this temperature, 
and they aggregate so as to form planar 
layers. Therefore, it is likely that in the case 
of NaCl-CaCl, solid solutions also the vacancies 
play an important role in the formation of 
the {111} and {310} plate-zones. 

In conclusion, the author wishes to express 
his hearty thanks to Professor S. Miyake for 
his valuable discussions and helpful advices. 
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Here is studied the relative magnetization (()) at absolute zero of tem- 
perature of ferromagnetic alloys composed of the first transition metals 
(except manganese). Based on Stoner’s representation of the reduced 
inverse susceptibility vs reduced temperature curves, ¢) values are found 
from the measured values of saturation magnetization at absolute zero 
(eo), of the Curie temperature (@) and of the mass susceptibilities above 
the Curie temperature (x). With the estimated values of ¢), the number 
of carriers of ferromagnetism is plotted against the number of outer 
electrons. It is found from experiments on some body-centered cubic 
alloys of iron that ¢9 is not much less than unity for these alloys, and 
hence it is concluded that for body-centered cubic alloys the lower half 
of the d band is not responsible for ferromagnetism. A similar analysis 
for face-centered cubic alloys shows that ¢) values of face-centered cubic 
cobalt-iron and nickel-iron alloys decrease gradually as the iron content 
increases, and the number of carriers of ferromagnetism becomes greater 
than 2 per atom near the composition of the body- and face-centered cubic 
boundary. Some other examinations are also made on the band theory 
of ferromagnetism in relation to the neutron diffraction experiments made 


by Shull and Wilkinson. 
$1. Introduction 

Collective electron theory of ferromagnetism 
has been successfully applied to some of the 
cobalt alloys? as well as to quite a number 
of nickel alloys.»* And it has also been 
emphasized that it is much more difficult to 
interpret the experimental data on iron alloys 
with the theory. There are many theories 
concerning the ferromagnetism of iron and 
its alloys with other elements, both on the 
side of the localized electron and on the side 
of the band picture, but none of them seems 
to have been accepted as being preferable to 
the others. 

As for the band picture, there are two 
categories: one of them which has been sug- 
gested by Coles and Hume-Rothery®® assumes 
a fairly low value of € of 0.76 for iron, as- 
signing + spins for 4.65 d-electrons per atom 
and—spins for 2.45 d-electrons per atom (na, 
the total number of d-electrons, being assumed 
to be 7.1 per atom). The magnitude of the 
exchange energy of the electrons has been 
regarded as insufficient to align all the spins 

* This work has been supported in part by the 
Grant-in-Aid of Fundamental Scientific Research 
of Ministry of Education. 
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in one direction. And further, they attribute 
the departure of €» from unity to the broaden- 
ing of d band, which would be expected to 
occur along the series nickel—cobalt—iron. 
The other, put forward by Pauling,” assumes 
two types of d-functions, one responsible for 
ferromagnetism, the other for cohesive energy. 
With this picture the value of €) should be 
close to unity for iron provided that the 
electrons of the latter type are excluded from” 
the carriers of ferromagnetism. 

The primary purpose of this paper is to get 
experimental informations concerning €) from 
the measurements of paramagnetic suscepti- 
bilities above the Curie temperature, and of 
the saturation magnetization at absolute zero 
of temperature (o)) for body-centered cubic 
iron alloys, as well as for face-centered cubic 
alloys, and to interpret the magnetic properties 
of alloys composed of the first transition ele- 
ments on a unified basis. 


§2. Experimental Procedure and Results 


As is well known, alloys rich in iron crystal- 
lize in body-centered cubic structure, but, in 
general, they are apt to be transformed into 
face-centered cubic structure at high tempera- 
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tures, the susceptibility undergoing thereby 
an abrupt change. In order to avoid this 
tranformation we have added a few percent 
(approximately 5%) vanadium to all of the 
samples studied in order to suppress this 
transformation. 

Experimental results are shown in Figs. 1 
and 2. In Figs. la and b, inverse mass sus- 
ceptibilities of iron-cobalt-vanadium and iron- 
chromium-vanadium alloys, respectivety, are 
plotted against temperature. The suscepti- 
bilities were measured with a pendulum 
magnetometer and an electromagnet. The 
samples were put in a small vessel, and were 
evacuated and sealed off. The measurements 


A Heating 


We FO nA IASO be 7, 


a Cooling 


This was the only specimen, which showed thermal hysteresis. 


showed no thermal hysteresis for the samples 
studied here (cobalt content less than 20% 
for iron-cobalt-banadium alloys, and chromium 
content less than 30% for iron-chromium- 
vanadium alloys). 

In Fig. 2a and 6, the saturation magnetiza- 
tion at absolute zero and the ferromagnetic 
Curie temperature of both of the alloy sys- 
tems, respectively, are plotted against com- 
position. For comparison, data of vanadium- 
free alloys are taken from other author’s 
measurements and are also shown in the 
figures by the dotted lines (the saturation 
magnetization of the iron-cobalt alloys are due 
to Weiss and Forrer,® that of the iron-chro- 


aah i) ea 


1958) Collective Electron Ferromagnetism, III 189 
PeiS8) r + — ~ . = 
3 at é ‘ ©1000 ; r T 
ae tal ® 
o WY 
a a & 
ro) & 2 
ts 2° an 
© / FS 
N a —— 3 
2 o% ve Se ° aa | 
$200} —- | 3 
a é 
2 / 2 
°o = 
- 2 700 } 
12) ie) 
5 e 
= © 
8 s 600; 
> w 
Cc 
8 SOr | 4 4 Se Ee ee ee 
: SOS TsO 20 0 0 10 20 30 40 
§ Atomic % Cr in(Fet+Cy)~— + Atomic% Coin(Fet Co 
be 
Ss Fig. 2b. Ferromagnetic Curie temperature vs 
i composition of Fe-Co-V and Fe-Cr-V alloys 
(A), together with that of V-free alloys (VY). 
100 : A As ‘ Experimental points of Fe-Co alloy are due to 
40 30 20 10 O 10 20 30 40 


Atomic %Cr in (Fe + Cr)~— Atomic % Coin (Fet Co 


Fig. 2a. Saturation magnetization vs composition 
of Fe-Co-V and Fe-Cr-V alloys (A), together 
with that of V-free alloys (VW). Experimental 
points of Fe-Co alloys are due to Weiss and 
Forrer,» and those of Fe-Cr alloys due to 
Fallot. 

w Additional measurements on V-free alloys 
by the author. 


Forrer,) and those of Fe-Cr alloys due to 

Fallot. 
mium alloys due to Fallot,» the Curie tempera- 
ture of the iron-cobalt alloys due to Forrer,}” 
and that of the iron-chromium alloys due to 
Fallot). Saturation magnetizations were 
measured after Weiss and Forrer’s method® 
at room temperature, and were extrapolated 
to absolute zero referring to the known tem- 
perature dependence of vanadium-free alloys 


Tes 


Fig. 3a. Theoretical reduced inverse susceptibility vs reduced temperature curves for 


some postulated electronic structures, in the temperature range 9 < 7 < 1.300 


A: Single parabolic d band. 


B: Overlapping parabolic bands, d band being closed on the high energy side. 
C: Overlapping parabolic bands, d band being closed on the low energy side, 
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Fig. 3b. The same as Fig. 3a, but the temperature range is wider: 90< T< 2.58. 


and iron-vanadium alloys. 

In Fig. 3a, we have given a few computa- 
tional results of reduced inverse susceptivility 
against reduced temperature. Curve A is the 
original Stoner curve’, obtained by assuming 
a single parabolic band. Other curves will 
be explained in the next section. We have 
summarized our data in Figs. 4a and 40 in 
a similar representation. The comparison of 
points in these’ figures with curve A in Fig. 
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Fig. 4a. Experimental reduced inverse suscepti- 
bility vs reduced temperature relation for Fe- 
Co-V alloys. Symbols of points are the same 
as those in Fig. la. 


3 readily gives an estimation of €) values of 
the measured alloys. Then we find that the 
values of €) of these alloys are within the 
range of values between 0.95 and 1. 


We should have extended our measurements 
to the alloys containing chromium more than 
30 percent if there had been no complications 
as to the phase diagram’, but it was given 
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Fig. 46. Experimental reduced inverse suscepti- 
bility vs reduced temperature relation for Fe-— 
Cr-V alloys. Symbols are the same as those 
in Fig. 10. 


up for the present since a test measurment 
revealed that the added vanadium had little 
power to reduce these complications. 

A similar comparison of the experimental 
data due to other authors of iron), iron- 
chromium (3:1 at.) and iron-vanadium™® 
and iron-vanadium"™) (3:1 at.) given in Fig. 
4c can be made with Fig. 3b. Here also are 
the values of &) between 0.95 and 1. 
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bility vs reduced temperature relation, due to 
other authors, of 
x bec Fe, due to Sucksmith and Pearse, 
@ bee Fe, due to Nakagawa,}!) 
+ Fe-Cr (3:1 at) due to Nakagawa,1 
A Fe-V (3:1 at) due to Nakagawa. 


§3. Criticism of the Estimation of the 
Relative Magnetization 


The procedure of the estimation of &) value 
from Stoner’s curve is based on a single 
parabolic band model, while the band structure 
of actual alloys, of course, can by no means 
be described by such a simplified picture. So 
their remains a questions that the estimated 
value of €) would not be a good approxima- 
tion to the actual alloys. Probably, we should 
take into account the band overlap effect, and 
also more general form of the relevant bands. 
The former effect can be treated analytically 
with a few assumptions which may be re- 
garded as reasonable. Such a calculation has 
been made by Wohlfarth for nickel and nickel- 
copper alloys” and reavealed that the value 
of €) is changed only slightly from that de- 
rived from the single band model. We made 
a similar calculation in the case of iron, as- 
suming the degree of overlapping of the s 
band to be roughly equal to that in the case 
of nickel, and taking the exchange transfer 
effect* of electrons from d to s band into 
account. The result of the calculation is 
shown by curve B** in Fig. 3a, and it is seen 
that €) value to be obtained by referring to 
curve B is not changed by over 2% from that 
to be obtained from curve A. Further, the 
result does not change materially if we take 
a model in which the carriers of ferromagnet- 
ism are not holes but electrons. Curve C** 


* Cf. Appendix I. 
Cf. Appendix II. 
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in Fig. 3a is the result of a calculation based 
on such a model, again with the assumption 
of overlapping s and d bands. 

To summarize, the effect of band overlapping 
is not of primary significance for the evalua- 
tion of €) value. 

It is more difficult to solve the problem of 
the band shape. It is almost impossible to 
manage the general case of band structure in 
an analytical form. Some calculations have 
been made for several cases other than that 
where the band form is parabolic or rectangu- 
lar by Elcock e¢ al‘, but their studies are 
restricted to paramagnetics, and it is not easy 
to see how the results would come out in the 
case of ferromagnetics. At least, however, 


/ -spin 


Fig. 5. (a)-(e): Some representative curves of 
band structure discussed qualitatively in 3. 
(f): The detail of case (e). The shaded regions 
are occupied levels. 
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we may say that in our case the estimated 
values of €) would not be changed appreciably 
if the band form does not differ considerably 
from the standard one. For instance, if we 
take the band form to be rectangular, the 
result is €)=1 wherever (0<6)<1 being 
inhibited in this case), and the conclusion is 
substantially unchanged. A further qualitative 
discussion can be made with the help of our 
previous work on the condition of the occur- 
rence of ferromagnetism”. Some representa- 
tive cases were treated there: In the first 
case where the state density vs energy curve 
is a decreasing function of energy near the 
Fermi level (Fig. 5(a)), the minimum exchange 
energy required for fo to be unity should be 
an increasing function of the electron concen- 
tration. If in the actual case of ferromagnetic 
elements, €) takes the value 1 for nickel or 
cobalt, while it takes a value less than 1 for 
iron, the exchange energy should be definitely 
smaller for iron than for nickel or cobalt. 
This case corresponds to a slight generalization 
of the standard band form (the case of curve 
A in Fig. 3a), and we may expect a smaller 
slope of the reduced inverse susceptibility vs 
reduced temperature curve for iron than for 
nickel or cobalt, which is contradictory to the 
experiment. This conclusion may not be 
changed appreciably if the band is closed on 
the low energy side (Fig. 5(b)). The second 
case is that shown in Fig. 5 (c), in which the 
band has a low state density range in the 
middle. If the position of the Fermi level of 
iron were like what is given in the figure, 
and €, for iron were appreciably smaller than 
unity, then ferromagnetism would be observed 
for elements of lower electron concentrations, 
say for chromium or vanadium, as far as the 
band form and the exchange energy are re- 
garded not to change appreciably with con- 
centration. This does not seem likely to be 
true. The third case is one that represented 
in Fig. 5 (d), in which the state density curve 
is an increasing function of energy at the 
Fermi level (Fig. 1 of reference 4). In this 
case the slope of the state density curve is 
essential for the slope of the equi-exchange 
interaction curve as given in that figure; in 
order to explain the slope of the saturation 
magnetization vs electron concetration curve 
for iron-chromium alloys on the assumption 
of constant exchange interaction, the slope of 
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the state density curve around the Fermi level 
of iron should be taken to be fairly steep that 
the state density in the region of non-ferro- 
magnetic alloys is very small. This is what 
we have assumed in calculating curve B in 
the previous section. The remaining possi- 
bility that our estimation on €) would fail is 
one shown in Fig. 5 (e), where the band has 
a long tail in the low energy part. In this 
case, the relative movement of the + and — 
spin bands would be such as is indicated in 
Fig. 5 (f), unless the exchange integral takes 
an extremely high value in the region of low 
state density. Then €) would be less than 
unity while the reduced inverse susceptibility 
vs reduced temperature relation is not altered 
essentially from the case (d). The difference 
between cases (d) and (e), however, may be 
trivial as far as ferromagnetism is concerned, 
since we are not inquiring as to whether the 
electron spins in the low energy part of d 
band have positive or negative interaction. 
We shall call that part of the d band is not 
resposible for ferromagnetism. 


§ 4. Discussion 


Based on the experiments described in 2 
and on the considerations sketched in 3, we 
may make some inquiries on the band struc- 
ture of body-centered cubic ferromagnetic 
alloys. We can also make similar inquiries 
if we utilize the experimental results of other 
authors of face-centered cubic or hexagonal 
alloys. Such a discussion will be given below. 
In Fig. 6 are summarized the necessary data 
of the saturation magnetization at absolute 
zero, and the number of carriers of. ferro- 
magnetism deduced from the estimated value 
of Co. 


(1) Body-centered cubic alloys. 

As stated above, €) value is not much less 
than unity as far as the experimentally in- 
vestigated alloys are concerned. We assume 
this is also true of other alloys. Then there 
are two cases which fit this fact according as 
the carriers of ferromagnetism are considered 
to be holes or electrons. The one is that the 
number of d electrons is equal to 10 minus 
the observed magnetic moment per atom (for 
iron, for instance, mz=10—2.2=7.8, ns=8—7.8 
=0.2); this possibility does not seem to be 
probable, since, for alloys with total number 
of outer electrons less than 7.9 per atom, we 
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would have 
values of ms. 

The other is that the 
maximum number of 
carriers of ferromagne- 
tism of body-centered 
cubic alloy is roughly 
equal to 2.5 per atom, 
since this is the maxi- 
mum observed value of 
saturation magnetization 
at absolute zero in Bohr 
magnetons  forbody-cen- 
tered cubic alloys. From 
this standpoint, the num- 
ber of energy levels of 
the band responsible for 
ferromagnetism — should 
be equal to 2.5x2=5, 


negative 
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which leads to a separa- 
tion of d band into two 
halves: 


d=d,+dz ’ 
where d, and d, are sub- 


Fig. 6. 
and number of 
ferromagnetic a 


bands not responsible and v and V 
responsible for  ferro- @ and © 

3 z and [e 
magnetism, respectively, 

A&A and A 
each sub-band  accom- dnd @ 
modating 5 electrons per 
atom.* 


Now let us compare our result with the 
picture of Coles and Hume-Rothery referred to 
in the introduction. In view of our measure- 
ments and of the discussion given in the pre- 
ceding section, the only case where €) becomes 
appreciably less than unity should be that 
indicated in the diagram (e) of Fig. 5; the 
small value of €), however, is not caused by 
the broadening of the band width with the 
decrease of electron concentration as they 
imagine, but is caused by the increasing 
significance of the low-state-density part of 
the d band.** 


(2) Face-centered cubic and hexagonal alloys. 


Nickel and its alloys with copper are the 
most fully investigated ones of this group. 


* This conclusion is the same as that given 
by Bader et al! , though the agreement is merely 
accidental. 

** A part of Coles’ earlier concept presented 
in the discussion of electronic structure of titanium 
alloys is rather closer to our picture. 

Cf. J. Inst. Met. 80 (1951) 702. 


Saturation magnetization 


8 9 On 
Number of outer electrons /atom 


black points) in Bohr magnetons 
carriers of ferromagnetism (open points) per atom of 
lloys of elements of the first transition group against 


the number of outer electrons per atom. 


Fe-Co-V and Fe-Cr-V. 
Fe-Cr, Fe-V, and bcc Fe-Co. 
fcc Co-Fe. 

fec Ni-Fe. 

fcc Ni-Co. 


According to Wohlfarth’s analysis» of the 
experimental data of them, €» value for nickel 
is just equal to unity, whereas it decreases 
with addition of copper at first slightly but 
more rapidly as the copper concentration be- 
comes appreciable, falling to zero at about 60 
at % copper. Although no detailed analysis 
has been given for nickel-zinc alloys, we may 
expect a similar situation for them. 

Nickel-cobalt alloys have also been analysed 
by Wohlfarth!® with the conclusion that €» is 
close to unity over the whole concentration 
range. According to a recent measurement 
of susceptibilities up to the melting point of 
cobalt made by Nakagawa, the value of fo 
is 0.95. 

If we look at the range from cobalt to iron, 
the data of saturation magnetization due to 
Weiss and Forrer® and those of susceptibility 
due to Nakagawa” are available. Nakagawa 
measured the high temperature susceptibilities 
of cobalt-iron (3:1 at.) alloy. This alloy lies 
near the composition of the boundary between 
body- and face-centered cubic phases at room 


194 


temperature, and Weiss and Forrer’s data for 
face-centered cubic alloys can easily be extra- 
polated to this composition, giving the moment 
of 2.0 Bohr magnetons per atom. Analysing 
these data, we find that €)>=0.89 for this alloy. 
The number of carriers of ferromagnetism is 
then estimated to be approximately 2.3 per 
atom. 

Other data giving informations concerning 
the face- acd body-centered cubic phase boun- 
dary are those of nickel-iron alloys. This 
system has been studied in great detail by 
Peschard,! and we can take out necessary 
data from his measurements.* The result of 
the analysis for this alloy system in the face- 
centered cubic range is that € is still less 
than that in the system of face-centered cubic 
cobalt-iron alloys. At the phase boundary, 
which lies at the composition of 34.1 at % 
nickel, €)=0.72, and the estimated number of 
carriers of ferromagnetism is approximately 
equal to 2.5 per atom.** 

The author believes that the mechanism 
proposed by Coles and Hume-Rothery for 
body-centered cubic iron alloys should be really 
called for to explain the fall of €) value with 
increase of iron content in face-centered cubic 
iron alloys. 


(3) Chromium or vanadium added to face- 
centered cubic alloys. 

The saturation magnetization of nickel-chro- 
mium and nickel-vanadium alloys deviate from 
the so-called Slater-Pauling curve?***, To ex- 
plain this deviation, it has been proposed by 
Carr?», in connection with the Zener theory 
of antiferromagnetic coupling between d eclect- 
rons of adjacent atoms”, that the moments 
of chromium or vanadium align antiparallel 
to those of solvent atoms. His proposition is, 
however, doubtful, since the neutron diffrac- 
tion experiment of cobalt-chromium by Shull 
and Wilkinson? does not support such a spin 
configuration. 


* Y. Nakagawa”) has also reported the sus- 
ceptibility data of this system up to 1600°C, which 
are in good agreement with Peschard’s in the solid 
state. 

** This value is apparently greater than the 
maximum number of carriers of ferromagnetism 
predicted by Bader et al., viz. 2 per atom. 

*** Cf., for instance, R. M. Bozorth, Ferro- 
magnetism (D. van Nostrand Company, Inc., New 


York 1951) p. 441. 
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A model much more consistent with the 
neutron diffraction data can be obtained by 
assuming that the outer electrons of chromium 
enter the unoccupied levels of nickel or cobalt, 
leaving no appreciable moment on chromium 
atoms. Such an idea has long been proposed 
by Hirone?® and Wohlfarth” for nickel alloys, 
and by the author” for cobalt alloys. The 
neutron diffraction data give two possible con- 
figurations of spins, and no one can decide 
which is the correct one. In the case of 
cobalt-chromium, one gives small absolute 
values of chromium moment, while the other 
gives moment of 1.5-2 Bohr magnetons per 
atom which is parallel to the cobalt moments. 
Either configuration gives for cobalt atoms a 
decreasing moment with increasing chromium 
content. The above picture is compatible with 
the former configuration. We do not know, 
however, the precise number of electrons per 
chromium atom which enter into the d band 
of nickel, viz. the valency of chromium in 
this case. We have drawn the diagram in 
Fig. 7 on a somewhat arbitrary assumption 


Z 


BD 


Co Ni Cu 
05 10 l 
Number of outer electrons /atom 


Fig. 7. Saturation magnetization (black points) in 
Bohr magnetons and number of carriers of fer- 
romagnetism (open points) per atom of 

@ and © CO-Cr, 

& and A Ni-Cr, 
against the number of outer electrons per atom. 
Here a Cr atom is assumed to throw all of its 
outer electrons to the d holes of Co or Ni. 


that all of the 3d and 4s electrons of chromium 
enter into the d band of nickel or cobalt 


(Saturation magnetization data of cobalt alloys | 


are due to Farcas,? and susceptibility data 
due to our previous work”). The points do 
not lie on a clearly defined straight line, but 


» is boksneeech dein 
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the discrepancy may partly be due to the am- 
biguity mentioned above of the valency of 
chromium, and partly to the change of band 
structure with addition of chromium. 


(4) Number of s electrons, ns. 

As can be expected from the general 
grounds, the s electrons of nickel have the 
tendency to be transferred to the d levels to 
fill them up. Naturally this tendency is 
counteracted by another effect which is com- 
mon to transition elements 7.e., that some of 
the s levels lie lower than the d levels. The 
actual feature of electronic structure will be 
dependent on the relative magnitude of these 
competing factors. If we go from nickel to 
cobalt, and from cobalt to iron, it is expected 
that the former effect should be weakened, 
and hence, that overlapping of s and d bands 
should be strengthened. The increase of ms 
along this series indicated in Fig. 8 (ms being 
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cubic alloys, which is caused by the effective 
smallness of the exchange integral or of the 
density of energy states. 

Finally a brief discussion will be made of 
the collective electron theory in the light of 
the results of neutron diffraction experiment 
obtained by Shull and Wilkinson.2*) The col- 
lective electron theory, in its original form, 
does not distinguish between moments of dif- 
ferent kind in an alloy, which is not consistent 
with the result offered by the neutron diffrac- 
tion experiment that atoms of different kind 
have, in general, different moments. It may 
be noted, however, that the moments of con- 
stituent atoms are comprehensible by the 
theory. 

A possible revision of the theory which 
takes account of the above situation may be 
made by considering the bands of constituent 
atoms separately,* an electron in one band is 
subjected not only to the molecular 
field due to the magnetization of 
the band to which it belongs but 
also to that due to the magnetiza- 
tion of the other band. In dilute 
alloys, the effect of the solute atom 
is determined primarily by the 
interaction. between solvent and 
solute bands. In the case of face- 
centered cubic nickel-iron alloys, the 
interaction between nickel and iron 


1 
7 8 9 
Number ot outer electrons/atom 


Fig. 8. ms, the number of s electrons per atom against the 
The symbols are 


number of outer electrons per atom. 
the same as those in Fig. 6. 


calculated from the estimated number of car- 
riers of ferromagnetism) is in agreement with 
the expectation from the above consideration. 


§5. Conclusion 


By analysing the experimental results of 
susceptibility and saturation magnetization of 
ferromagnetic alloys, we have observed a defi- 
nite distinction between the band structures of 
body- and face-centered cubic alloys. Among 
the current views on the electronic structure 
of such alloys, the Pauling picture is the best 
approach to the experimental results as far 
as body-centered cubic alloys are concerned. 
On the contrary, we encounter very low values 
of relative magnetization in some face-centered 


f bands may be estimated from the 
initial rate of increase of the Curie 
temperature with increasing iron 
content, while thedecrease of the 
Curie temperature at higher iron 
concentrations may be attributed 
to the broadening of the iron band and to 
a consequent decrease of £p iri the same band. 
In the case of face-centered cobalt-iron alloys, 
the interaction between electrons in cobalt 
and iron bands is expected to be weaker than 
that between electrons in the cobalt band, as 
is indicated by the initial decrease of the 
Curie temperature with addition of iron to 
cobalt. The data for y-iron itself are rather 
less conclusive; Wilkinson and Shull?” studied 
coherent and incoherent magnetic scattering 
in iron at high temperatures and found magne- 
tic diffuse scattering corresponding to ferro- 
“* A similar picture has been proposed by Coles? 
for the interpretation of the properties of copper 
rich nickel-copper alloys. 
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magnetic short range order in y-iron, while 
Weiss have suggested that y-iron is antiferro- 
magnetic by extrapolating the neutron dif- 
fraction data on iron-manganese alloys’ to 
y-iron. The disagreement may be reconciled 
by considering that the lattice expansion due 
to heating changes the antiferrogmagnetic 
coupling into a ferromagnetic one, but further 
experimental studies will be necessary before 
the problem is settled. 
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APPENDIX I 


The Exchange Transfer Effect 

When there are two overlapping electronic 
bands, and the exchange integral in each of 
the bands is different in magnitude from each 
other, the electron distribution among these 
bands may be different in general from the 
case where no such difference exists. We 
shall call this effect the exchange transfer 
effect. We shall evaluate the magnitude of 
this effect in the simple case of overlapping 
d and s bands, both assumed to be parabolic, 
in which it is assumed that s electrons have 
no exchange integral with one another. An 
additional assumption will also be made, which 
is not really justifiable in the strict sense, 
that the total exchange energy of d electrons 
is proportional to the square of the net mo- 
ment.* This case has been treated mathe- 
matically by Wohlfarth” and the result of the 
analysis has been applied to the interpretation 
of magnetic properties of nickel-copper alloys 
by the same author, without including this 
effect in his calculation. 

It can easily be shown from the considera- 


* One may carry through the calculation with 
a better approximation by ommitting this assump- 
tion. It is doubtful, however, if the result so 
obtained would be really improved in describing 
actual state of affairs, since there are many other 
factors which should be taken into account to this 
approximation. 


Hiroshi WATANABE 


(Wollis; 


tion of energy relation at absolute zero that 
the quantities related to the Fermi level of 
each band in Fig. 9 are connected by the 
following relationship: 


Loree ee 
5 Ga +6) =E-& 


with E=€a,t€sy ’ 
where &4, and &s, are € values corresponding 


d band 
+ spin 


Fig. 9. Relative movement of d and s bands in 
an overlapping band model. 


to the case with no exchange integral in the 
d band. With the same assumptions as Wohl- 
farth’s of the value of y,=€s,/€a,, and the 
interaction constant 0’ satisfying the relation 
RO’ Ea,=273 for nickel, we may ask how his 
results would be modified. 

The main feature of the modification is 
summarized in the following two points for 
the nickel-copper series of alloys. One is that 
the critical composition at which the d band 
is filled (and 0#’ falls to zero) is shifted to 
a slightly lower concentration of copper, viz. 
Cerit= 0.6728, from the value Coit=0.6922 given 
by Wohlfarth.** The other is that the number 
of s electrons at absolute zero is increased by 
the exchange transfer effect, since the addi- 
tional kinetic energy will be more than offset 
by the gain in exchange energy due to the 


*K 


The composition at which ferromagnetism 
vanishes has been considered to be approximately 
60 at % copper, from the measurement of satura- 
tion magnetization due to Alder,2 Marian, &c.30) 
A recent report by Ahern and Sucksmith®) sug- 
gests, however, a slightly steeper slope of the 
saturation magnetization vs composition curve. 
This might be due to the general trend of the 
relative movement of s and d bands. Since the 
above analysis neglects this effect, a more detailed 
discussion of Corit would be superfluous. 
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increased number of d holes. This effect is 
the more significant the lower the copper 
concentration. In the analysis, we fix the 
number of d holes at absolute zero Na, at 
0.6 per atom for nickel, so that, as the tem- 
perature is raised from absolute zero, the 
exchange transfer effect will decrease, and 
this will have an effect to reduce the value 
of Na. If the temperature is raised further, 


_ the normal transfer effect as treated by Wohl- 


farth becomes predominant. Fig. 10 is a 


0-08 2 * : 


40 60 80 
Atomic % Cu 


fo) 20 


100 


Fig. 10. Increase in the number of d holes as 
the temperature is raised from absolute zero to 


T= faust against 


copper concentration. 
Dotted line: Wohlfarth’s calculation.» Solid 
line: Present calulation including the exchange 


transfer effect. 


manifestation of such a modification plotting 


Na-Na, against concentration of copper, where 

Ea,) ni 
Na is the value at the temperature T= S —_ 
(=773°K in our analysis). As can be seen 
from the figure, the modification as a whole 
is not serious in this case. The same can be 


- said for the susceptibilities, and the qualitative 


aspects of Wohlfarth’s results are not in error. 


APPENDIX II 


Specification of Models in Figs. 3a and 3b. 
As for curve A of the single parabolic band 
model, the reader is referred to Stoner’s origi- 


: nal papers!» and also to Wohlfarth’s.» The 


} 


calculation for curves B and C of overlapping 


‘band models was made for iron with the as- 


sumption that the ratio 7)=&s)/Eay) , which is 
a measure of the degree of overlapping of 
the two bands, is equal to 2. This value was 
chosen because this gives for case B approxi- 


; mately the same degree of overlapping as 


“ 
r 


-addopted for nickel by Wohlfarth. This can 
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easily be seen from the relations: 


4 g 
Na= 3 a6; N= Lae, 
The following formula may be obtained pro- 
vided aa and as are the same for nickel and 
for iron: 


(rore= Ol ead (an) i 


If we put the values (7,)ri=10, (a 
Ni 


0.6 Na \3 VAI 
= =1 and ae 
e es fe as 


3 
and 


0.6 
tain (7))re=2.14, which was substituted by the 
round number 2. For the analysis of case C, 
the same value of aa/as as in B has been 
adopted, since we have no information of its 
accurate value. Naz and N; for the calculation 
of the case of &)=1 were chosen to be equal 
to 2.22 and 0.78, respectively, in accordance 
with the postulation suggested in the text of 
dividing the d band into two halves. 


)i=4.67, we ob- 
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On the Effect of High Energy Radiation to Polymers 


§1. 


Introduction 


I. Cross-linking and Degradation 


By Osamu SAITO 
Faculty of Engineering, Chuo University, Tokyo 
(Received October 28, 1957) 


Integro-differential equations are obtained, which describe the variation 
of molecular weight distributions in a polymer substance caused by ir- 
radiation. The solutions of these equations give the gel point and the 
average molecular weights. In the case of cross-linking without cycli- 
zation, the results agree with those obtained by other authors. The pro- 
blems involving cyclization and branching are also solved, showing that 
the gel formation is retarded by cyclization and that the weight average 
branching number diverges at the gel point, while the number average 
branching number does not. As for degradation, the molecular weight 
distributions for an arbitrary radiation dose are obtained, and it is shown 
that for any initial distribution the final molecular weight distribution 
becomes Poisson-like. The problem which deals with the case where 
cross-linking and degradation coexist is also discussed, and it is shown 
that for any initial distribution the gel formation occurs only when the 
ratio of the two probabilities concerning degradation and cross-linking 
is smaller than 4. 


ly produced by scission are active, they may 


It is well known that when long chain 
polymers are irradiated by high energy radia- 
tion, new chemical bindings between molecu- 
les and also molecular scissions are produced. 
These effects are classified into cross-linking, 
degradation and end-linking. Cross-linking is 
the chemical binding by which two molecules 
are combined at their side bonds. Degrada- 
tion results from the scission of molecular 
main chains. When the molecular ends new- 


combine with other molecules at the side 
bonds. This type of linking is called end- 
litking. On the other hand, when links are 
formed between monomers which belong to 
the same molecule, they are called cyclization. 
For larger radiation doses, the links become 
numerous resulting in the formation of gel 
part which is insoluble in any solvent. This 
part is composed of macromolecules and the 
instance when the gel part appears first is 
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called gel point. Theories of the cross-link- 
ing without cyclization were given by 
Flory!®, Stockmayer®®, and Charlesby’-®. 
Flory obtained the gel point and the average 
molecular weights for uniform initial distri- 
bution and Stockmayer obtained those for 
arbitrary initial distribution. These theories 
are concerned with the polymers before the 
gel point. On the contrary, Charlesby’s 
theory deals with the polymers after the gel 
formation, giving the gel point and the sol 
fraction. Charlesby!*™ also developed similar 
theories about degradation and end-linking, in 
which cyclization was likewise neglected. 

The author develops a new theory concern- 
ing the variation of molecular weight distri- 
bution induced by cross-linking and obtains 
the gel point and the average molecular 
weights, which are the same as those already 
published by other authors. A similar equa- 
tion is given in the appendix of Stockmayer’s 
paper, in which he uses discrete degree of 
polymerization and obtains only the solution 
for the most probable distribution, not for an 
arbitrary initial distribution. The theory in 
this paper is concerned with the most general 
cases and gives solutions for arbitrary initial 
distributions. Moreover, this theory can be 
extended to cases including cyclization and 
branching, which have not yet been treated. 
When degradation occurs, the distribution of 
polymerization is given by a formula in a 
closed form. The case where cross-linking 
and degradation coexist is also discussed. 

The variation of viscosity of irradiated 
polymers have been measured by many re- 
searchers. However, no sufficient use of these 
results has been made to understand the be- 
haviours of irradiated polymers, because 
there has been no exact theory concerning 
the variation of viscosity of irradiated poly- 
mers. The theory given in this paper gives 
a direct method to obtain the viscosity aver- 
age molecular weight, so that experimental 
results are compared with it and interesting 
results are obtained, which will be described 
in later papers. 

It is known that many irradiated polymers 
suffer at the same time two or all of the ef- 
fects of cross-linking, degradation and end- 
linking. However, the details are not well 
established. To accomplish this each effect 
must be separately and accurately studied, 
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and a theory in which these three effects 
coexist must be established. These details 
will also be discussed in later papers. 


§2. Cross-linking without Cyclization 


Let us consider the case where an exposure 
to high energy radiation gives cross-linkings 
to long chain polymers, while no cyclization 
occurs. For the sake of simplicity, the fol- 
lowing assumptions are made: (1) cross- 
linking takes place at random (all monomer 
units being equally likely to become cross- 
linked), (2) the number of cross-links is small 
compared with the number of monomer 
units available for cross-linking, (3) cycliza- 
tion does not occur, (4) degree of polymeriza- 
tion can be treated as continuous (from zero 
to infinity). 

Let a polymer be exposed to radiation with 
total dose R and the number of molecules 
having the degree of polymerization p be 
n(p, R). When the radiation dose increases 
from R to R+dR, the number of molecules 
which have only one active centre and whose 
degree of polymerization is p is pn(p, R)cdR. 
In this expression ¢ represents the probability 
that a monomer, irradiated by unit radiation 
dose, has an active centre. Any molecule is 
assumed to have only one active centre, the 
number of those molecules which have two 
active centres at the same time being pro- 
portional to (dR)? and accordingly neglected. 
Those molecules which have active centres 
are cross-linked with other molecules, result- 
ing in the increase of the degreee of polymeri- 
zation. Therefore, m(p, R) decreases by the 
amount given above. Furthermore, those 
molecules whose degree of polymerization is 
p and which have no active centre may be 
cross-linked with molecules with an active 
centre. The number of such molecules is 
given by 


Pa) Wace R)tdRdp 
| pnp, R)dp 2° 
0 


=pn(p, R)écdR. 
This effect also contributes to the decrease 
of n(p, R). 

The number of those molecules, which are 
formed by cross-linking between two molecu- 
les, one having the degree of polymerization 
J and an active centre, and the other having 
the degree of polymerization p—/ and no 
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active centre, is 
(P—In(p—l, R) ig R)édR 
pnp, R)dp 
0 
= (b—Dnll, Ryn(p—1, Rar , 
where N denotes the total number of mono- 
mers. This contributes to the increase of 


np, R). 
From the foregoing induction, we obtain 
the following relation 


dnp, R)=—2pn(p, R)édR 
+ ay), co—Dnl R)n(p—l, R)dRadl. 
0 


Putting cR=t and n(p, R)/N=m(p, t), it 
follows: 


Om(p, t) 
Ot 


= |". t)m(p—l, Dadi. 
0 


Multiplying this equation by p* and integrat- 
ing it with respect to p from zero to infinity, 
we obtain 


k 
BBN lop Kt fisrSn—t41 » 
dt i=0 


+2pm(p, t) 


(1) 


(2) 
where 
f=)" pim(p, dp 


and & is integer. When k=1, if follows 


thi opp — 
dia als 


fi represents the total number of monomers 


devided by WN, and has a constant value 
unity. When k=0, 


Co casruh teil. 
dt =filfi—2)=—1, 


therefore 
to =fo,o—t ’ 


where 
foo=\"m(o, O)dp . 
0 


The number average molecular weight Mn 
is given by 
Mn=Mhn,ofo,0/(fo,0—t) ) (3) 
where Mn,o is the number average molecular 
weight before irradiation. If we use the no- 
tation « for the number average degree of 
polymerization of polymers before irradiation, 
we obtain 
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Mn=Mn,o/(1—ut) . (4) 
This does not depend on the initial form of the 
distribution except through w. When k=2, 
Eq. (2) gives 


dfe _ 10: 
dt 2fs? . 


The solution is 
So=f2,0/(1 —2tf2,0) , 


where 


fao=\" bomb, Odp . 
0 


The weight average molecular weight M, is 
given by 
Mw=Mw,o/A—2tfe,0) , ( +) ) 

where M.,,o denotes the initial weight aver- 
age molecular weight. 

If the initial distribution is Poisson-like, i.e. 
m(p, 0)=(1/u?) exp (—p/u), it follows 

fo=2u/(1—4ut) . 

And if the initial distribution is uniform, it 
becomes 


fo=u/(1—4ut) . 


Therefore 
uM a fee nae for Poisson distr., (6) 
” (Mw,o/(1— 2at) for uniform distr. 


These results are the same as those deduced 
by Flory, Stockmayer, and Charlesby, if we | 
put y=2ut, d= 4ut. 

We can obtain higher average molecular 
weight M:, M211, etc. from Eq. (2). How- 
ever, the viscosity average molecular weight 
My, is not deduced from the equation. For 
this purpose we must resort to other method 
to solve Eq. (1). 

If we apply to Eq. (1) the Laplace transfor- 
mation 


Ss, H= " m(p, the-*dp, 


we obtain 


cee | 


Os Os 


The characteristic equation is easily integrat- 
ed and the solution under f=0, s=sp and __ || 


faao=|" m(p, 0) exp (—sop)dp 
0 
is given by 


F=E(S0) {8 (So) PE 5 | 
s=So—- 2{1 +g’ (So) }¢ 4 


“ih intitle) in 
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When s=0, Eq. (8) gives 

of 

as 78 (0) = ae 
On the other hand, we obtain from the defi- 
nition of f the following relation 


Gr) 


Therefore, we know that sy» must be zero at 
s=0. Other fx’s are given as follows: 


fax(— by Gs se 


and the average molecular weights are given 
from these /fix’s. 

When the initial distribution is Poisson-like, 
it follows 


&(So)= 1/u(1+usp) . 


For s=0, we obtain 
f=1/u-t, 
of/Os=—1, 


02f/0s?=2u/(1—4ut), etc. 


These are the same as the preceding results 
for fi ke 

For the uniform initial distribution, we 
must use g(so)=(1/u) exp (—sou), and then we 
can obtain the same results as fx and the 
average molecular weights, described before, 
for the uniform distribution. 

For the viscosity average molecular weight, 
we need the formula 


\" pertmc, Aapies ea 
5 Je 


lA 


1, 


which can be calculated by integration if we 
know m(p, tf). m(p, t) is given from fx, as 
follows”: 


m(p, f)=e-2!" >; ola( 2) 4 


{GHD fe 
= 24 Ri(i—k)! wets’ 
where Li(x) is Laguerre’s polynomial. 

This method of calculating m(p, t) is very 
complicated and fx cannot be obtained easily 
for large k. More simple method may be 
desirable, which will be discussed in forth 
coming papers. 

The argument of this section shows that 
the solution of Eq. (1) gives the same results 
as those obtained by other authors. In fol- 
lowing sections we will extend the argument. 


(9) 
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$3. Cross-linking with Cyclization 


When long chain polymers are irradiated 
by high energy radiation, both inter- and 


intra-molecular cross-linkings occur. In this 
section both linkings will be considered. 

The assumptions mentioned at the beginning 
of section 2 are accepted in this section ex- 
cept assumption (3), which is replaced by ‘‘(3) 
cyclization occurs’’. The probability that an 
active centre in a molecule composed of p 
monomers may cross-link with a monomer 
unit of other molecules is assumed to be, on 
the average, a function of p and N, say 
(bh, N). 

When radiation dose increases from R to 
R+dkR, the number of molecules whose 
degree of polymerization is p, each of which 
has an active centre, and which will cross- 
link with other molecules with no active 
centre is 


ob, N)pntp, t)dt. 


And the number of molecules with no active 
centre whose degree of polymerization is p 
and which will cross-link with other molecules 
with an active centre is 


pnp, i g(l, Nyntl, t)dldt , 


Putting (p, t)/N=m(p, t), we obtain 


Om(p, t) 
ot 


+9(b, N)pm(, t) 
= \ot. Ny p—lmt, t)hm(p—l, t)dl . (10) 
0 


+pm(p, 1) |; Nyim(, Hdl 


For the simplest case we may assume ¢(p, NV) 
=1—p/N. In this case the integral in the 
right hand side of Eq. (10) can be modified 
into a symmetric form as follows: 


ake — 5 oD, hin(p—l, Bal 
-\"0 Pb \(p—Dim( pI, Dm(l, ddl 


2N. 
Then Eq. (10) becomes for p< N 


Om(p, t) fag. Uy, 
dontg bmp, 0), (1 wim t)dl 


. I=(1 2 Fh. to —Dome tm(p—I, tdl 


+ (2 — 5 Jb. t) 
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=(1 — Fede. a 


2N. 
(11) 
for p>WN: m(p, t)=0. 
Eq. (11) may be solved by PLK method™, 
Assume 


mp, th=md(p, x) +Em(p, x)+-+- (12) 
t=x+&g,(x)+:--- 

where €=1/N, and the unknown functions 
Mo, mM, and ¢; are determined from the fol- 
lowing relations. Substitute Eq. (12) into Eq. 
(11), multiply (11) by p*, and integrate it 
with respect to p from zero to infinity, then 
we obtain the following equations by equat- 
ing the coefficients of each powers of € to 
zero: 


De _ops 
ie =2f2*, (13) 
dgs _ dei _ 
oo = Maga t 2fa{ fs oA fs) (14) 
where 
w=" pm, xdp . 
From Eq. (13), we get 
F2=f2,0/(1—2xf2,0) . (15) 


Assume that 9, satisfies the relation 
d 
te 


Pi 

—f;=0, 
dx fs 

and that ¢,=0 at x=0, then g. always vani- 

shes. From Eq. (2) we obtain 


F3=fs,0/(1—2xf2,0)°, 


(16) 


(17) 
where 


foo= |" p(t, O)dp . 
0 


Inserting Eqs. (15) and (17) in Eq. (16) and 
solving it, we get 

¢i(x) =f3,0%/f2,0(1 —2xf2,0) : (18) 
Finally, 


\ pimp, Ddp=fooll—2xfs9)+| gy 


t=x+&f3,0%/fo,0(1 —2%f2,0) « 
The weight average molecular weight is then 
given by 
Mw = Mw,o/(1—2xf2,0) . 

In the preceding section where cyclization 
does not occur, we assume that the value of 
t at the gel point is given from the condition 
that f. diverges at the point. The value of 
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f, being unable to exceed N, this condition 
for the gel point is not correct. However, if 
we calculate the value of ¢ at the gel point 
by using the correct condition that fz has the 
value of the order of N at the gel point, we 
can easily obtain the result that the discre- 
pancy between the true and the approximate 
value of ¢ at the gel point is merely of the 
order of 1/N, which is negligible. We can, 
therefore, obtain the correct result by assum- 
ing the approximate condition. On the con- 
trary, in the case of cyclization we must as- 
sume the correct condition as follows. 

If we consider that at the gel point the 
number of monomers contained in the largest 
molecule is RN, where 0<(k<l, then 


ae Ndp=kN . 
0 


The value of ¢ at the gel point is given by 


iL 1 1 F350 
SK Kes VG So) 
i ica sal " oe 


Being k2N>1, t, is expressed in good ap- 
proximation by the following formula: 


1 2 Tyo ) 
tg= 1+? : 
4 ie ae Fr,0" 


This shows the fact that the gel formation is 
retarded by cyclization. k may depend on 
the method of measurement. For instance, 
the value of k determined from the measure- 
ment of melting point may be larger than 
that from the measurement of viscosity. The 
value of ¢, for the both kinds of initial dis- 
tributions are: 


(20) 


me +5%) for Poisson distr., 
ie 4u 2 
7= 


1 (21) 
—(1-+-k?) 
2u 


for uniform distr. 


On the same way, we can obtain the number 
average molecular weight as follows: 
Mn=Mn,ol(fo,o—*); 
t=x—€ log V1—2xfo,0. 

The value of k in Eq. (21) may be small, 
so that the retardation of the gel formation 
due to cyclization may be negligible. We 
may estimate the value of k by the following 
experiment. 

Let two polymers of the same species whose 
number average degrees of polymerization 
are wu, and uw, and both of which have the 
Poisson distribution, be solved in some sol- 


(22) 


| 


ve —- = 
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vent. Then evaporate the solvent and make 
the polymers solid. The distribution of poly- 
merization will be 
m(p, 0)=<4 exp (see a Ee aed 
Uy Uy 2 Us 

where ¢1:C2, (ci: +¢.= 
concentration ratio. 
the following value: 


1), represents the weight 
At the gel point ¢ takes 


es 1 3(Crtly? + Catla*) at. (23) 

A(C 11+ C2ttz) 2(C1U1 + C22)” 
If we plot 1/t, to ci:cs, the curve is straight 
when & is negligible. In case where k cannot 
be neglected, it may be determined from the 
deviation from straight line. 


§ 4. 


In this section we consider the case where 
cross-linking without cyclization takes place. 
The number of end points of any molecule is 
always even. Let us call one half of the 
number of end points branching index. In 
the polymers irradiated by radiation dose R, 
the number of molecules which have the 
degree of polymerization p and the branching 
index g, both treated as continuous, is (fp, 
q, R). Putting n(p, g, R)/N=m(p, g, 1), we 
obtain the following equation which represents 
the variation of distribution: 


Branching of Cross-linked Molecules 


Om. gf) +2pm(p, q, t) 


it [rasa entre Dit Beal ane Dal. 
0 0 
(24) 


Multiply this equation by p’q and integrate 
it with respect to p and gq from zero to in- 
finity, then the following formula is obtained: 


OS 4 Of 


nag 3 iCn jCefn+1 kf t-h+1 Gok’; 


h=0kK=0 


(25) 
where 
f=\"\" pam, q, t)dpdq . 
Making :=0, j=1, we get 
Mo. = 2F54( fr-1)= 


By eee 

fu=l/u. 
Accordingly, the number average branching 
index Bn becomes 


On the Effects of High Energy Radiation to Polymers 


203 


Bn=forlfoo=1/A—ut) . (26) 
On the other hand, inserting 7=1, j=1 in 
Eq. (25) and integrating it, we obtain the 
following formula: 

Fu= VW — 2tf 2,0) ’ 

where fs,o is given in section 2. Therefore, 
the weight average branching index By is 

Bw =fulfio=1/(1—2tf2,0) : (27) 
Eqs. (26) and (27) indicate that the weight 
average branching index diverges at the gel 
point, while the number average branching 
index does not. 


§5. Degradation 


We consider in this section the case where 
linear polymers are degraded by irradiation 
and the molecular weight distribution is 
altered. Assumptions made are: (1) degra- 
dation takes place at random (all monomer 
units being equally likely to be ruptured), (2) 
all polymers. are linear, (3) degree of poly- 
merization can be treated as continuous (from 
zero to infinity). 

We use the notation 7 to indicate the pro- 
bability of the event that a monomer is 
ruptured by unit radiation dose. When radia- 
tion dose varies from R to R+dR, the num- 
ber of molecules which have the degree of 
polymerization p and are newly ruptured is 
pn(p, R)rdR and the number of molecules 
which have the degree of polymerization p 
and are formed by the rupture of molecules 
which have degree of polymerization greater 
than p is 


2” nt RyrdlaR . 
p 


Therefore, the variation of distribution is re- 
presented as follows: 


Onl? + pnp, 2)= al” n(l, r)dl, (28) 
where t=7R. The solution is 


‘nbs = {n(b, 0)+ ae" np, 0)dp 


+l" ap |" nto, Odp heres (29) 
Pp p 


where n(p, 0) represents the initial distribu- 
tion. 

When + is large enough, the first two terms 
in the brackets of Eq. (29) can be neglected. 


Then this formula becomes approximately 
np, t)oct?e-#", 
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This is the ‘Poisson distribution. We know 
that whatever the initial distribution may be, 
the distribution of polymerization becomes 
Poisson-like for large radiation dose. This 
feature was discussed by Charlesby, but his 
discussion was only about the behaviour of 
Sr. 

When the initial distribution is Poisson-like, 
i.e. n(p, 0) = (Nu?) exp(—p/u), the solution 
(29) gives 


np, )=M + npererge : 


This shows that when the initial distribution 
is Poisson-like, the distribution conserves the 
same type. We obtain also the number and 
the weight average molecular weight as 
follows: 
Mn=Mn,o/(A-+ut) , (30) 
Mw=Mw,o/A+ut) . 
When the initial distribution is uniform, 
i.e. 2(p, 0)=(N/u)d(p—u), Eq. (29) gives 
np, T) 
= (N/u){O(p—u) +20 +(u—p)r?}e-"" , p<u, 


0, pou, 
where 
0 x<-€/2, 
O(x) = hue —é/2<x* <é/2, 
0 hy i 


And the average molecular weights are 
Mn=Mn,o/(1+ut) ’ (31) 
Mw=2Mw,(e7%* —1+ut)/(ur)? 3 

These results are the same as those obtained 

by Charlesby. 

The viscosity average molecular weight for 
an arbitrary initial distribution has not yet 
been obtained, but we now easily find it out 
as follows: 


MoKA" pein, aph™, 


where a@ is constant and w is the mass of a 
monomer. For the Poisson and the uniform 
initial distribution, it becomes respectively 


My,o/A +ut), 


M»v,o {ta + Hera ut) 


yorh 


(32) 


My= (33) 
a) 1/@ 
x| pre-wap| 


where My, means the initial value of the 
viscosity average molecular weight, 
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§6. Cross-linking with Degradation 

In this section we consider the case where 
irradiated polymers are cross-linked and de- 
graded, but cyclization may be neglected. 
Basic assumptions are the same as those in 
sections 2 and 5. In addition to these, we as- 
sume that cross-linking and degradation occur 
independently of each other. This assump- 
tion may be permissible when the densities 
of cross-linking and degradation are small. 

Now we consider two molecules A and B 
whose degree of polymerization are pa and 
pe, and a third molecule with an active cen- 
tre C. Generally speaking, the probability 
that an active centre cross-links with a mole- 
cule is proportional to the degree of polymeri- 
zation. Now suppose that after the centre C 
cross-links with the molecule A or B, the 
molecule A is ruptured into two molecules 
A, and A, whose degrees of polymerization 
are pa; and pas, respectively. Then the 


probabilities that C cross-links finally with | 


A;, A, and B are pa;/N, pa2/N and pas/N 
respectively, where N=piy+pa.tps. Next 
suppose that after A is ruptured into A, and 
Az, C cross-links with A,, A, or B. Then 
the probabilities that C cross-links ultimately 
with A,, A, and B are similarly p.i/N, pao/ 
N and pz/N respectively. Therefore, the 
statistical result is independent of the order 
of cross-linking and degradation. When they 
coexist, we may treat them as if degradation 
‘occurs first and then cross-linking follows. 
Let us consider the case when a polymer 
substance the molecules of which are all 
linear and distributed initially as given by 
n(p, 0) is irradiated, and cross-linking and 
degradation occur. First, the consideration 


of degradation will lead to a new distribution || 
function n(p, t) given by Eq. (29), and the || 
consideration of cross-linking will then give || 


the average molecular weights given by Eqs. 
(4) and (5). 


For example, when the initial distribution | 
is Poisson-like, the average molecular weights 


afe given by 


= Mn,o = Mayo 
l+u(r—t) 14+(G—AuR’ 


n 


and 


oe Mw,o = Mw, 
l+u(r—4t) 14+(7—40)uR~ 


w 


From the last formula, we know that the gel | 


(34) | 


(35) | 
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formation occurs only when +/¢<4. This 
condition of gel formation holds for any initial 
distribution (cf the appendix). 

When the initial distribution is uniform, we 


obtain similarly the average molecular 
weights: 
fs Mn,o — 
l+u(c—t) ’ 


(36) 


aes 


Q(e-™™—1 ur) 


Mua" |} 
Uu 


§7. Discussion 


21 | 


There may be considered three effects of 
high energy radiation to long chain polymers. 
They are cross-linking, degradation and end- 
linking. In this paper the effects of the first 
two are discussed. Among several possible 
methods to investigate these, the author uses 
the one in which integro-differential equations 
for the variation of molecular weight dis- 
tributions are solved. First, in the case of 
cross-linking the same results as those obtain- 
ed by Flory, Stockmayer, and Charlesby are 
given. This fact may be an indirect evidence 
that this integro-differential equation is valid. 
Further, by extending this equation to the 
case including cyclization, it is shown that 
the gel formation is retarded by the presence 
of cyclization, but this retardation may not 
be remarkable. However, the probability 
g(p, N)=1—p/N used in this case is the 
simplest one, so that it may be necessary to 
consider steric hindrance of molecules and to 
use some more practical formula for ¢(p, N). 
As for branching index, some experimental 
facts may be obtained by chemical measure- 
ment of the end groups, and compared to 


the theory. Although the effect of degrada- 


tion has already been discussed by Charlesby, 


the distribution function 2(p, t) was not given 


_ in his theory. 


assumption is considered. 


In this paper it is obtained in 
a closed form, from which many important 
quantities can be calculated. In the case 
where cross-linking and degradation coexist, 
it is assumed that correct statistical results 
are obtained by considering that degradation 
occurs first and then cross-linking follows. A 
mathematical proof of the validity of this 
The treatment 
developed in this paper gives the result that 


whatever the initial distribution may be, the 


gel formation occurs only when 7/¢ is smailer 
than 4. This may show the fact that the gel 
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formation depends only on 7 and ¢, but not 
on the initial distribution. 

It is in viscosity that the experimental ef- 
fect of radiation to polymers appears for 
rather small radiation dose. Theoretical de- 
duction of viscosity average molecular weight 
has not been done. It may, however, be 
possible to obtain it by the author’s theory. 
The details will be described in part II, 
where the effect of end-linking will also be 
discussed. 
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Appendix 
The result that, when cross-linking and de- 
gradation coexist, whatever initial distribu- 
tion may be, the gel formation occurs only 
when 7/é is smaller than 4 is verified as 
follows: 


The gel point is given by the equation 
1—2tfr,0=0, (37) 


where 


Sr,0= |, emt, t)dp 
=|" pmb, O)e-rrdp-+2e|pre-rrdp 
e 0 


. J" mil 0)dl 
p 


+e" premap\ dl J mh, O)dh . 
0 p U 


By changing the order of integrations we 
obtain 
2 


2; 
Sa,0=—— a ce 


|, me, 0)1—e- "dl . 
0 


Inserting this formula in Eq. (37) and con- 
sidering t=cR and t=rR, the value of t at 
the gel point is given by the following equation 


4 


wile ip lm, 0)\1—e*)dl=0. 
C T Jo 


This leads to the condition 7/c <4. 
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Paramagnetic Resonance Absorption in Two Copper Salts 
at Wavelengths of 5.4 mm and 6.6 mm 


By Kazuo ONO and Mieko OHTSUKA 
Institute for Solid State Physics, University of Tokyo 
(Received October 30, 1957) 


Paramagnetic resonance absorption in single crystals of CuSO,-5H.O 
and K,CuCl,-2H.O has been investigated at wavelengths of 5.4mm and 
6.6mm. The shapes of absorption lines vary remarkably with orientation 
of the crystal in the magnetic field. 
change interaction between copper ions. 
with result calculated recently by Anderson. 
quencies are estimated to be 1.0x10" and 1.1x10 for CuSO,-5H2,O and 


K,CuCl,-2H.O respectively. 


Introduction 


§1. 

Paramagnetic resonance absorption of CuSO,: 
5H.O has been investigated in great detail at 
the range of centimeterwaves. The crystals 
contain two dissimilar ions in a unit cell, If 
there is no exchange coupling between copper 
ions, two absorption lines would be observed 
corresponding to the two dissimilar ions. Ex- 
perimentally, only one line has been observed 
at longer wavelengths. At the shorter wave- 
length, 4=8.5mm, however, two lines were 
found under the appropriate condition. But 
the result is a very brief one. Similar cir- 
cumstances have been observed in single cry- 
stals of K,CuCl,-2H,0.» 

In the present experiments the shapes of 
absorption lines in single crystals of CuSQ,: 
5H,O and K,CuCl,-2H,O were studied for vari- 
ous orientations of the crystal in the static 
magnetic field. All of these measurements 
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This is interpreted in terms of ex- 
The line shapes are compared 
And then the exchange fre- 


. 
| 
| 
| 
| 
: 


were done at room temperature and wave- | 
lengths of 5.4mm and 6.6mm, 

Recently, Anderson,» and Yokota and Koide”? 
have quantitatively calculated the line shapes | 
of resonance absorption in two inequivalent 
ions under strong exchange coupling. The 
comparison between the calculated and ob- 
served line shapes with orientation of the 
crystals is made in the present paper. 


§2. Crystallographic Data 


The X-ray analysis of the crystal arene | 
af CuSO,-5H.O given by Beevers and Lipson® | 
shows that there are two inequivalent ions in 
a unit cell, with parameters (0 0 0) and (3 3 0). 
Each jon is surrounded by a nearly octahedral 
arrangement consisting of four water mole- 
cules and two oxygen atoms; the angle be- 
tween the planes of water molecules of the 
two ions is calculated to be about 82°. The 
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Cu** ion may be acted by a crystalline elec- 
tric field of tetragonal symmetry and its g 
tensor must be also tetragonal. Since CrSQ,: 
5H:0, which may be isomorphous with CuSO,- 
5H:0, has a very small value of fine structure 
parameter due to a rhombic symmetry com- 
pared with that due to an axial symmetry,” 
then the assumption mentioned above may be 
reasonable. That of K,CuCl,-2H.O given by 
Chrobak® shows that two inequivalent ions 
are situated at (0 0 0) and (4 4 3) respectively. 
Each ion is surrounded by four chlorine atoms 
forming a rhomb in the a-a plane and by two 
water molecules located on the normal of this 


i] 


788A 


745A 


. Fig. 1. Atomic arrangement of K;CuCl,-2H,O. 


plane passing the ion as shown in Fig. 1. 

Two rhombs in unit cell are rotated each 
other by 90° about the c-axis, the line of the 
two water molecules. Then the Cu** ion may 
be affected by a crystalline field of rhombic 
symmetry. 


§3. Apparatus and Experimental Results 


The experimental method consisted in de- 
tecting the change in @ value caused by the 
absorption in the specimen and the detailed 
description of this apparatus has been given 
elsewhere.®” 


a) CuS0O,-5H.O 

The resonance absorption curves observed 
in CuSO,-5H,O at 4=5.4mm with orientation 
for H in the plane containing the two tetrago- 
nal axes 7; and 72 are shown in Fig. 2. 

Great variation of the line shape was found 
in the Figure. For H parallel to 7’, the ex- 
ternal bisector of 7; and yz, the width is very 
small (4H=100 gauss) and seems to be in- 
dependent of wavelength. The line width 
increases rapidly with 0, the angle between 
H and y’, until the two lines are resolved at 
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Gi pecan See ns 
Oma! eee 0 
Fig. 2. Variation of line shape of CuSO,5H.O in 


the 71-72 plane at 42=5.4 mm. 


G=15°: 

The two separated lines have a remarkable 
feature. That is; the intensity of the absorp- 
tion observed at the higher magnetic field is 
always stronger than that at the lower one. 

The line widths at 6=45° are 740++50 gauss 
and 650-50 gauss for the higher and lower 
magnetic field respectively with 2=5.4mm. 

The line width to be expected from magne- 
tic dipolar interaction alone is about 450 gauss 
and is narrower than that observed. The ef- 
fect of broadening the line is caused by the 
exchange interaction between inequivalent 
Cutt ions. Thus the exchange energy may 
be determined reliably from the line width. 


g aa an 
24+ 
Ay fa 3 c™, 
. Aw, 
21F ead 
2 oL a5, eh re 1 =a Se 
O 30 60 90 [20m [50 180 


Fig. 3. Variation of g values of CuSO,5H,0 in 
yi-72 plane at A=6.6mm. Solid curves are 
obtained from the experimental results. Dash- 
ed curves are calculated with the assumption 
that there is no exchange interaction. 


Fig. 3 shows the observed g-values in the 
y1-T2 Plane at 2=6.6mm. The determination 
of g-values was performed by comparing the 
magnetic field for absorption peak of the sam- 
ple with that of a-diphenyl #-picryl hydrazyl 
(g=2.00 4H=several gauss). The directions 
where the g-values are maximum coincide 
So the 
angle between 7: and 7: is observed to be 
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86°+2°. In the figure, dashed curves indicate 
the calculated g-values with the assumption 
that there is no exchange interaction and g- 
values are assumed to be g//=2.46 and gi= 
2.06.2 It is noted that difference between 
observed and calculated g-values at the higher 
magnetic field is always smaller than that at 
the lower one. 


b) K,CuCl,-2H,0 
The resonance absorption curves at 4=5.4 
mm in the a-a plane are shown in Fig. 4. 


wheat Ae 
oni 
@=14 aes 


Fig. 4. Variation of line shape of K,CuCl,-2H,O 
in the a—a plane at 4=5.4 mm. 


The features are qualitatively the same as 
those in CuSQ,-5H,O. The line widths are 
about 100 gauss with A parallel to a-axis and 
1150 gauss and 920 gauss with H parallel to 
y’, the bisector of the two a-axes. The cal- 
culated dipolar width is about 380 gauss. 


Estimation of Exchange Frequency 


§ 4. 
The effect of exchange coupling in reson- 
ance absorption was first qualitatively discus- 
sed by Gorter and Van Vleck” and Kumagai 
et al. Recently, Anderson and Weiss,'? 
Anderson,® and Yokota and Koide’ have qu- 
antitatively investigated this problem and An- 
derson has given some simple formulae for 
the widths and shapes of the absorptions. 
According to Anderson, the intensity of the 
spectrum can be represented to be 
8ae3x? 
si w +20 0,_2(2 — 2) +wetx! 
- 8O,Wy” 
~ 03 +202(2Qae2— a2) + wo! 


(1) 


where --w,) are two possible frequency shifts, 
we is an parameter specifying the rate at which 
jumping takes place back and forth between 
two frequencies, and x is @ /w.. Then we 
take 
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oy SU=8) B77 sin 26 sin a 
2h 

where @ is the angle between the direction of 

the external magnetic field H and 7’, and a 

is the angle between two tetragonal axes. 

We can calculate »,. from the absorption 
curves in Fig. 1 and Fig. 3 and equation (1). 
For example , is calculated as follows: 

A) At certain angle where one resonance 
line is near being resolved into two lines, ow, 
is 

Oe= WolV 2. (2) 


B) The actual maximum frequency shift 
observed is not wp» but dw, which is 


Gur soa 2oe (3) 
C) Neglecting the line width due to the 


dipolar interaction, the widths of resolved line 
can be asymptotically represented to be 


Aw=20¢ ( + ) 
aS We/wWo goes to zero. 
The estimated values of w. from A), B) and 


C) are summarized in Table I. 


Table 1. The values of we estimated from experi- 
mental results with 24=5.4mm and 4=6.6mm 
using Eqs. (2), (3) and (4). 


We in 1010 
CuSO,-5H,0 ‘K,CuCly-2H,0 
| 4=5.4mm | 4=6.6 mm | 4=5.4mm 
Cy hia Tog ee 
es fae | Ns 
| 
082 eet dearest 98 


In the calculation, we assume the crystal- 
line field to have a tetragonal symmetry. 
Then g-values are calculated from the results 
with the longer wavelengths» to be gi =2.06 
and g7/=2.46 in CuSQ,-5H.O and gi =2.06 and 
£//=2.38 in K,CuCl,-2H,O. This is reasonable 
in copper sulphate considering the crystalline 
field may have tetragonal symmetry. 

The values of w. in Table I show no large 
divergences from each other. Comparing the 
resonance absorption curves measured at 2= 
5.4mm and A=6.6mm with Eq. (1) we can 
ultimately estimate the exchange frequencies 
to be 1.010" and 1.110" for CuSO,-5H.O 
and K;,CuCl,-2H,O respectively. 

For copper salts, an estimate of the ex- 
change frequency can be made from the Curie- 
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Weiss law x=c/(T+@), with @ obtained from 
the Weiss molecular field equation as 


2kO= Jz 


where z is the number of nearest neighbours. 
The exchange integral J can be expressed” 
for a simple cubic lattic structure,” 


We=2.12(J/h)? 


From the results of the static susceptibility 
measurements, @ is found to be 0.6°-0.05°K 
in CuSOQ,-5H.O by Benzie and Cooke” and we 
is calculated to be 3.8x10". Accordingly, 
these two estimates of the exchange frequ- 
ency are fairly consistent. 
The reasons for the minor differences may 
be attributed to the following considerations. 
1) In the calculation, g is not treated as a 
tensor. 
2) The dipolar interaction between copper 
ions is neglected. 
3) The exchange interaction between simi- 
lar and dissimilar ions may be different. 
4) Crystal structure may not be a simple 
cubic lattice structure. 
5) The crystalline electric field of tetrago- 
nal symmetry is assumed. 
6) The exchange interaction may be a func- 
tion of the temperature. 
On the other hand, in the case of K,CuCl,- 
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2H,O, the susceptibility does not obey the 
Curie-Weiss law exactly.™ So the exchange 
frequency can not be estimated from the sus- 
ceptibility measurements. 
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A Hydrodynamical Model for the Sedimentation 


By Mitutosi KAWAGUTI 
Institute of Science and Technology, University of Tokyo 
(Received October 14, 1957) 


The flow of a viscous fluid past a sphere in a frictionless circular pipe is 
investigated by using Faxén’s procedure and the results are applied to the 


problem of sedimentation. 


Thus we obtained a formula for the sedimen- 


tation velocity V in the form: V/Vo=1—1.6493(dy/M?)/3 +-0.7968(dy/M®*), 
where Vo is the terminal velocity of a particle, d, the volume concen- 
tration and Ma constant of order unity which depends on the distribution 


of sedimenting particles. 


Although our model is rather rough, it gives 


as good results as those given by other theories. 


§ 1. Introduction 
Recently H. Noda® measured the sedimen- 
tation velocity of tiny particles of polystyrene 


in a medium of salted water. On the other 
hand, J. Happel and N. Epstein” measured 
the pressure drop in a flow of water through 
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a circular pipe in which an assemblage of 
smooth spheres of equal diameter is mechan- 
ically suspended and immobilized. 

It is also interesting to consider theoretical- 
ly the relationship between the sedimenta- 
tion velocity and the concentration of particles 
inamedium. On this problem, many theoret- 
ical investigations have been published (e.g. 
Burgers,» Uchida®), but so far as the author 
is aware, no satisfactory solution is known 
even in the Reynolds number range where 
Stokes’ approximation is valid, owing to 
mathematical complexity. 

Thus, in order to take into account the 
interaction between neighbouring particles, 
we consider the flow past a sphere in a 
fictitious frictionless circular pipe as a model 
flow for the sedimentation. The ratio of the 
radius of the pipe to that of a particle will 
be determined on a geometrical ground. 

To deal with the model flow mentioned 
above, we shall use Faxén’s procedure. It 
is to be noted that the same problem but 
with different boundary conditions on the 
surface of the circular pipe has recently been 
studied by Wakiya.” The interaction effects 
between the wall and the obstacle in the 
flow of a viscous fluid have also been studied 
by Wakiya” and Takaisi.” 

In § 2 we shall study the flow of a viscous 
fluid past a sphere in a frictionless circular 
pipe, with a view to applying it to the prob- 
lem of sedimentation in § 3. 


§ 2. Viscous Flow past a Sphere in a Fric- 
tionless Circular Cylinder 


2.1. We consider a sphere of radius a 
whose centre is on the axis of a circular pipe 
of radius ™a. The flow in the pipe is as- 
sumed to have uniform velocity U far up- 
stream and downstream. ‘Thus the flow will 
be axisymmetrical. We make the problem 
non-dimensional by choosing a, U, p as the 
units of length, velocity and density, respec- 
tively. 

For an axisymmetrical flow, Stokes’ ap- 
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proximate equations of motion and continuity 
can be written in non-dimensional forms as 


Ob tale a al 
are hy Abita oe 
ae 2 29 : 
Oz Re VUz , (2.2) | 
0 0 

——(rvr) + —(rvz)=0, 223 
ay (rvr) + az r) 0 (2.3) 


with cylindrical polar coordinates (7, ¢, 2), | 


where 
O2 


02 
+ az’ 


ae 
and vy, vz are the v- and the z-components of 
velocity, » the pressure, and Re=2aU/» is the 
Reynolds number, » being the kinematic 
viscosity. 

The equations (2.1)~(2.4) can be transform- 
ed in the spherical polar coordinates (R, 0, 
gy) as 


Ae, 
y Or 


7 ie (2.4) 


Dib =0, (2.5) 


where 

_ _ 1 cos@ 0. Bi 
OR? R?sin@ 060. R? 06?’ 
and # is Stokes’ stream function from which 


the R- and 6-components of velocity vr, ve are 
given as 


lcos@ 0 Li # 


D?= + 


(2.6) 


1 Ow 1 


"Pind 00’ "  “Rein@ OR © 
The boundary conditions appropriate for our 


problem are 


(2.7) 


Poa g of 88 4a (2.8) 
Vr— 0 
i.e. pie? sin?d as z>+ 0, 
and 
Vz=vr=0 at R=, (2.9) 
v= O0n,/07=0 at “r= 79): (2.10) 
Putting 
V=Uptuit+ua+:::, m= > i (2.11) 
where 
ge 1, top = Oy, (2.11’) 
i.e. do=sr? sin? 6 , 


we shall obtain the velocity v iteratively. 


2.2. .It is well known that Stokes’ solu- 
tion for the uniform flow past a sphere: 


Peay pal y= aes Pi ah 
n=(QRr Rt 


= in2 
; Rp) sine, (2.12) 


cA A a A Sh te 
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satisfies the boundary conditions (2.8) and 
(2.9) but not (2.10). The velocity components 
are given as follows: 


YE <I E R 
meo(iebps aed Bae 
(2.13) 
eye 
te= AG e —ja)sin Acos 0. (2.14) 


Thus we have for the perturbation quantities 


Eviestlg tel) Sf Py 
t= (- eT i 3a) 
15) 
dye ude/ esi) bNize 
Uir= iG: Rs) R2 (2.16) 
ae 4-fo1\ 2 ; 
p= as = ee (2.17) 


We shall modify the expressions (2.15)~ 
(2. 7) into forms which are convenient for the 
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consideration of the boundary conditions 
(2.10). To this end, we note the formula 
(Ref. 8, p. 388) 


Le i? ACHR eT (2.18) 
0 


ear 
Differentiating (2.18) with respect to 7 and z, 
we have 


ae 


a. fi HAG) Acasa iN (2.19) 
7 
Z 2 , 
aie Fae Ko(va) Asin zad2 , (2.20) 
3rz 2 : 
aes ” Kira) 22 sin zad2 , (2.21) 
IRD GON 
2 3r? Dale 
eat hae \ Ko(ra)A2cos zhdda . (2.22) 


Introducing (2.19)~(2.22) in the expressions 
(2.15)~(2.17), we have 


2a2 i 
men ol | preKalra) _ ies +7") ora) cos zhda , (2.23) 
vag Wal 1 ; 
typ i ri Kora) ~~ BK, (r2)}sin zadd , ce! 
™ Jo 
A TZAh 2 13 ; 
si ead, 2.25 
1 Re x ( i AK (rd) sin zada . (2.25) 
2.3. It is easily shown that 
2 
Uoz= i [F(A)rah (ra) +{2 F(A) + G(A) }o(r)] cos 24d2 , (2.26) 
twat [F(A)ralo(ra)+G(ayh(ra)|sin zrda , (2.27) 
Perens 2.28 
p= — Fayaddr’) sin zadd (2.28) 
Rex 


are a set of solutions of Eqs. eas where F(A) and G(A) are arbitrary functions of fies 
As a next step, we shall determine uw, so that w,-++u, will satisfy the boundary conditions 


CALE 
UrrtUor = 0 ) 
0 
“ap eet Uz) =4() 


(up satisfies the conditions (2.10)). 
(2.30), we have 


fa LF(A)roAle(roa) + GAL (rod) — “ rpKo(rod) +5 FK(rd)| sin zada=0, 
0 


[| Parrett) + BRO+E@) AN | 


(2.29) 
(2.30) 


at r=7 


Substituting (2.23), (2.24), (2.26) and (2.27) into (2.29) and 


(2.31) 


Since (2.31) and (2.32) must be satisfied for an arbitrary value of z, we have 


rodAlo(roa) F(A) + Li(rod)G(A) = 


“vettKolrod) +(G rg 2 mina) | cos eid 
(2.32) 
a a relKe (rod) — PKL), (2.33) 


2\2 


{7 h*Ig(7od) + 3AT (70d) } F(A) aie AL (7%4)G(A) = 2 rya2Kol(7od) = 7 +7%) AK (7A) . 
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Solving these equations for F(A) and G(A), we have 


_ _ 3 Ki(%4) 
F(A)= PUT a pe (25o0) 
3704T (704) Ka (704) 
Mant Ser 
3roAKo (7A) _ PEA) ‘ 
4T,(70A) AT(roA) ° a 


Although the solution thus obtained satisfies 
the boundary conditions (2.10), it cannot 
satisfy (2.9) exactly. Then we shall be con- 
tent with the approximate condition that (2.9) 
may be satisfied by our solution on an average. 
Putting 


Vz=1+C(Uye+U2z) , (2.37) 
Vr=  — C(Urrtuar), (2.38) 
b= c(pfitpez), c: const, (2.39) 


we shall determine the constant c by the 
condition that the mean velocity over the 


Ls [wz|e-1 sin ado= =|" FA) dae ak {2F()+G(a)}d 


using the formula (Ref. 8, p. 376) 


i (x2— 2)?” cos t Iy(1/ x? — t?)dt = 
0 


for the calculation of (2.45), 
constant c as 


pb eee \ [FQ 42F(2) +6] a . 
Tg 3 


: (2.34) 
surface of the sphere (R=1) vanishes: 
| sit 0d0=0 , \» sin 6d0=0 . 
0 
(2.40) 
It is easily seen that 
vl —one-—0) » on R=1, (2.41) 


so that second equation in (2.40) is auto- 
matically satisfied, and the first one reduces 


to 
a/ 
| “vssin0d0=05: (oneREL. Ming@igg) 
0 
We can easily show that 
/ 
\. “ten @d0 = 1 (2.43) 
0 
[2 : 
| [Urz]e=1 sin dd#=—1, (2.44) 
0 
(2.45) 
AE (2.46) 


2+ '(p+3) ’ 


Substituting (2.43)~(2.45) into (2.42), we can determine the 


(2.47) 


Using the explicit forms for F(A) and G(A) as given by (2.35) and (2.36) respectively, we 


have 
\" FAS di = bs 
0 


["eraheajaa = —4 it Relays) 8 
Mi 0 


dA+— 
ry Keay eons 


These integrals can be evaluated numerically. 


Wee odi= — 0.62580 79-8 , (2.50) 
0 


|" [2F(A)+G(Aa)] da =2.59072 ry-!—0.62580 7973. 
0 


(2.51) 
Substituting (2.50) and (2.51) into (2.47), we 
finally have 


c-1=1—1.64931 79°-!+0.79680 79-3 . (2.52) 


tel 
4 73 


ae Pau A, (2.48) 
Lee AKA) Io(A) 
al pp ae’ A)+— I (A) —2K(A) kd 
(2.49) 


Thus we have 


2.4, - For determining the drag D, we e first 
consider the pressures far upstream and 
downstream. Clearly we have [p;].+4.=0 and 
from (2.28) and (2.35) we have 


en 6 : Ka(r0A) 
[Pole 400 Bik lim (a Lira) AIo(rd) sin 2zdda 
6. oval. 
er ae ' (2.53) 
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applying Dirichlet’s integral theorem. Hence, 
in order to maintain the total flux through 
the pipe in the presence of a sphere at a 
value corresponding to the undisturbed uni- 
form flow, a pressure difference 4p must be 
applied such that 


Ap Sa : oa , 


ea (2.54) 


between the upstream and downstream ends 
of the pipe. 
Thus the drag coefficient can be given as: 


Cat Dis _ 24 
so0U?xa?_ Re 
2 : ae? SSR 
Re 1—1.64931 79-!+0.79680 79-? 
(2.55) 
§3. Application to the Problem of Sedi- 


mentation 


It is interesting to relate the solution thus 
obtained with the problem of sedimentation 
or the flow past many particles. 

In the course of sedimentation, the distri- 
bution of the particles in the medium becomes 
random so that we may consider that the 
effects of particles far upstream and down- 
stream of the particle under consideration 
will be cancelled on an average and we may 
assume that the flow is uniform there. But 
we cannot neglect the effects of the particles 
in the neighbourhood of the particle consid- 
ered, because of the fact that the existence 
of these particles leads to the increase of ef- 
fective mean velocity near the particle, and 
hence to the increase of the drag of the 
particle under consideration. These effects 
will be roughly taken into account by assum- 
ing the existence of a fictitious frictionless 
circular pipe around the particle under con- 
sideration. Then the solution obtained in 
the preceding section may be used as a 
model for the problem of the sedimentation. 

We consider a system of equal spherical 
particles whose radius and density are @ and 
Op respectively in a medium of density ops. 
Then the force acting on a particle due to 
the gravitational accelaraction g is given as 

4 
(0p— 0s) 4 MOS : (3.1) 
On the other hand, the drag of one sphere 
can be given from (2,55) as 
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D=6raUp(1—1.6493 7971+ 0.7968 7973)-? . 
(3.2) 
Thus the terminal velocity V can be deter- 
mined, by equating the force (3.1) and the 
drag (3.2): 


2 
V=(1-1.6493 1977+ 0.7968 ro-*) 5 (O00) <8 : 


(3.3) 
The effective radius of smooth pipe can be 
determind in the following manner. Let the 
mass concentration of the particles (the ratio 
of the total mass of the particles to that of 
the medium and the particles) be dm and the 
number of the particles in unit volume be m, 
then we have 


din Os 


i (3.4) 


41a" oy — (Op =a 0s)dm} 


If we assume the simple cubic and the body- 
centred lattice configuration of the particles, 
the relations between mz and b} are found to 
be 

(a) ei) (3.5a) 

(b) b=(n/2)-¥%, (body-centred) (3.5b) 
respectively where b is the distance between 
neighbouring particles. Then we assume 


(simple cubic) 


O ° Q 
Gnl4e, © 
v Gee 
O86 'O 
(a) 
b 
6 ie 
> O ie 3 
Se © 
Gan Cy 2 
ena 6 
enous: 
(b) 


Fig. 2. Lattice configuration; a) simple cubic 
lattice, b) body-centred lattice. 
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that the effective radius of frictionless circular 
pipe 7o@ is given by the relation: 


2(roa)? = 26? , (3.6) 
From (3.4)~(8.6), we have 
y= Myf” (Op—s) dn ; (3.7) 
Ams : 


M being 0.9095 and 1.1458 for the cases (a) 
and (b) respectively. 

In the formula (3.7), we can neglect the 
term (P»—0s)dm compared with pp», consider- 
ing that (op—os) and dm are both small in 
the problem of sedimentation. Then we have 


r= My/ ft. (3.8) 
mes 


~ where dy is the volume concentration of the 
particles. Thus we have for the velocity of 


=M ao)? , 


sedimentation 


Wis 
v=| 11.6493 ites 
dy» yy ag 
+0.7968 - is [gore ee. 
When there is a single particle, its terminal 
velocity Vo is given as 


(3.9) 


2 
Vo= “(Or mes , 
LU 


(3.10) 
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by making 7 in (3.3). Thus we finally 


have 
V wis dy 
-=1—-1.64933/ © + 0.7968 
6493 5/ e+ 0.79687, (3.11) 
where 
(a) M=0.9095 , 3.12) 
(b) M=1.1458 


for the simple cubic and the body-centred 
lattice approximations respectively. 

Comparison with the Experiments. In 
Fig. 3, the relation between the sedimenta- 
tion velocity V/V, and the concentration dy» 
is plotted, and is compared with other 
theoretical and experimental results. Noda’s 
experimental data® were obtained from the 
measurement of sedimentation velocities of 
the spherical particles of polystyrene (Dow 
polystyrene latex 580 G lot 2584), whose radius 
and density are @=134my and op=1.052 re- 
spectively, in a salted water (os=1.0042). On 
the other hand, Happel and Epstein”) measur- 
ed the pressure drop in a flow of water 
through a circular pipe of diameter 10cm in 
which an assemblage of smooth cellulose 
acetate spheres of equal diameter (4.90 mm) 
is mechanically suspended and immobilized 
at simple cubic lattice points. 


+— simple cubic 


= x xX 


+-.— body-centred 
~os Uchida 

—-- Burgers (lattice) 
Burgers (random) 
x Noda 


o Happel &Epstein 


x 
x 
= 


0:0| 


Ol 


Fig. 3, Sedimentation velocity vs. volume concentration, 
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Although our model for the problem of 
sedimentation is rather rough, yet it gives as 
good results as those of other calculations)» 
based on the assumption that particles are 
situated at lattice points. It is also note- 
worthy that our data agree well with Happel 
and Epstein’s experiments of the flow 
through pipe past spherical particles in lattice 
configurations. As for the origin of the dis- 
crepancy between our theory and the experi- 
ments of the sedimentation, it seems to the 
author that although in the theory all the 
distances between the neighbouring particles 
are assumed to be nearly equal, the distribution 
of the sedimenting particles will not be uni- 
form but rather completely at random as to 
the distances between the neighbouring 
particles, and this fact may lead to the re- 
duction of the drag of each particle and con- 
sequently to the increase of the sedimenta- 
tion velocity. 


$4. Summary 


The flow of a viscous fluid past a sphere in 
a frictionless circular pipe is investigated by 
using Faxén’s procedure and the results are 
applied to the problem of sedimentation. 
Although our model is rather rough, it gives 
as good results as those given by other 
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theories. 
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On a Theorem for Estimating Eigenvalues 
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Elementary proof is given for a theorem estimating eigenvalues of 
linear transformations with the form 7*7, which was used elsewhere in 
calculating the fundamental frequency of a square plate with free edges. 


Introduction 


§1. 

Some time ago one [3] of the authors of 
the present note proposed an approximation 
method for the eigenvalue problem of a self- 
adjoint transformation of the type T *T ina 
Hilbert space. This method is based on the 
theorems stated in Section 3 and Section 4, 


which were proved with the aid of the 
Neumann-Murray theory [5, 7] concerning 
transformations 7*T, TT* and a generali- 
zation of the Temple formula [2] [4, p. 103- 
105]. The purpose of the present note is to 
give elementary and direct proofs of these 
theorems, For simplicity we shall treat the 
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problem in the case of finite-dimensional vector 
spaces, though the application of these theorems 
lies mostly in systems with infinite degrees 
of freedom. The generalization of the results 
to the latter cases is straightforward and does 
not offer any essential difficulty. 

Section 2 is devoted to a brief exposition of 
some known results regarding transformations 
T*T and TT*. In Section 3 and Section 4, 
we state and prove the theorems. Section 5 
contains some remarks for the application of 
these theorems to continuous systems. 


§2. Preliminary Remarks 


Let and 9’ be two (possibly identical) real 
Euclidean vector spaces with the inner products 
and the norms defined and denoted in the 
ordinary way. We consider a linear trans- 
formation T from 9 into ’. T™*, the adjoint 
of T, is a linear transformation from ’ into 
§ and satisfies, by definition, the identity 

(Tm, v)=@, T*v) Gi) 
for any 4€ and any ve’. T*T and TT* 
are symmetric transformations in and ’ 
respectively. The obvious relations 

Cet, Uh Lary kr Pu, v= NT vlPe0 
(2) 
show that the symmetric transformations 
T*T, TT* and therefore their eigenvalues 
are non-negative. If we designate by % the 
zero point set of T*T, i.e., the set of w such 
that 7*Tu=0, (2) shows that It is at the same 
time the zero point set of 7: 


ru=0 for any uen. Con) 
Similarly, it holds that 

T*y=0 for any ven, (4) 
where %t’ is the zero point set of T7*. 0 is 


an eigenvalue of T*7 (TT *) if and only if 
dim M0 (dim Pt’ 20), i.e., Na< {0} (MM %~{0}). 
Let 33, As?, «**) Ac?, (Ae 0, R= yds ao) 
be the totality of the positive eigenvalues of 
T*T and let 
By < Me? Ses Sn? S++ <M’, 

(Un > 0, n=1,2,-+:,p), (5) 
be the arrangement of {2:2} in the ascending 
order, where any degenerate eigenvalue is 
to appear repeatedly in comformity with its 
multiplicity. It should be remarked that 
p=dim S—dim%. We introduce a system 
{gn; n=1,2,+++, Pp} of eigenvectors of T*T 
such that 
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T*T n=l? Pn , 


(Qn, On) —= Onn (n, m=1, Zs oe 2) . (6) 
Evidently {gn} is complete in HOX. Further- | 
more, if we put 

yard ry (n=1,/2)"*+; Dp)’, (7) : 
Ln 


then ~, is an eigenvector of T7* with the 
eigenvalue sn? and the system {dn} is ortho- 
normal, for the relations 


TT * dn, ae 2 hag Beg Ten =Ln Ten a LUrPPn ’ 


PMU e mE ae aim is as (8) 


=(T*T gn, Gm) = Ln (Gn, Pm)=Onmbn? 
are true for u,m=1,2,---,p. Moreover, 
{gn} is complete in H’ON’. In fact, let v be 
an eigenvector of T7* with a positive eigen- 
value p(n’ >0), i.e., 
i v= ane a’ O07 vSvat 
Then, || T*o]/?=(TT*v, v)=%|\v|/?3<0 and 
LTTE 0) =TT CET #2) =e ae 
which means that 7J*v is an eigenvector of 


(9) 


T*T with the positive eigenvalue “”?. Hence 
T*v is to be expressible as 
t ) 
Lp > Ann ; (10) . 
n=s ) 


where “s= /ts41.=**+=/e=/. Thus, by means 
of (9) we obtain 
1 s Loe sae \ 
Da A Bs = >; AnTon= ae es AnYnr 
pee Le? nas Le nas 


(11) 
showing the desired completeness of {dn}. 
Summarizing the results obtained above, we 
conclude:* The multiplicities being taken into 
account, the set of the positive eigenvalues 
of 7*T is identical with that of T7*; we 
can choose a pair of orthonormal systems 
{gn}, {dn}, n=] es Se a): such that {gn} 
and {¢%p} are complete in HON and H’ ON 
respectively (thus, p=dim —dim N=dim H’ — 
dim 9’) and are connected with each other by 
the relations 


Leon= Lenn ’ T* dn = Ungn ’ n= ile 2, 7 aay Dd) . 


(12) 


* These results correspond to Schmidt’s theorem 
[8] conterning “ pairs of adjoint eigenfunctions ” of 
nonsymmetric integral equations. Also the Neu- 
mann-Murray theory can be regarded as a generali- 
zation of these results to general transformations 
in Hilbert spaces, : 
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§3. Estimation of Eigenvalues 


For any ~€ and ve’ subjected to the 
conditions 


llel|@=1, — lloljt=1, (13) 
(Tu, v)>0, (14) 
we define the following quantities 
7=(Tu, v)=(u, T*v) , (15) 
1 
= [lTult+lT*vle]—2, (€=0). (06) 


The use of the notation €2(€>0) is seen to 
be legitimate in virtue of the relation 
267= || Tu —yv||?+ || T*v—yull? , (17) 
which is an easy consequence of (15) and (16). 
Also (17) implies that €=0 occurs if and only 
if both of the equalities 
USO , fey (18) 
are satisfied, i.e., if and only if uw and v are 
respectively eigenvectors of 7*T and TT* 
with the eigenvalue 7?. 
Making use of gn, ¢n (n=1, 2, -+-, p) intro- 
duced in Section 2, we can write 
U=Up +Q191td2G2+--++Apedn , 
V=Vo tbid1+bab,++--+dpd , 
where mE, ve are the projections of 
u,v on Jt, Jt’ respectively, and where 


} (19) 


Gn=(U, Qn) , bn=(v, Pn) , 
(2=1,2,.**=, p) « 420) 
In view of (3), (4) and (12), we observe 
Tu = ry), + Modohot +++ +MpArhn 1 (21) 
T*0=nbigit Lebog2 + +--+ Habogr . 
If we put 
I|2¢o||=ao , \|vol| =5o (22) 
and introduce 
o=0, (23) 


by convention, (13), (15) and (16) are reduced 
to the following forms: 


> Gn? =1, > bn2=1, (24) 
n=0 n=0 
D Dp 
y= os nnn 2 enon ; (25) 
n=1 n= 


Pp 


28-4 99)= D tnX(dn? +n?) = 3 tn%(an? + bn?) 
(26) 
We now prove the following Lemma. 
Lemma 1. Let 7 and € be as given above. 
Let p be a positive number and set 


r=r(p)=V &+(p—7)? . (27) 


On a Theorem for Estimating EFigenvalues 


217 


Then under the condition €>0, each of the 

half-closed intervals (o—r, o+r] and [o—r, 

o+r) contains at least one of “0, /4,°**, Lp. 
Proof. Multiplying both sides of 


(Un — 0)? —7? = Un? —2 0 pn +(0?—7) 


by @n?+bn? and then summing up both sides 
with respect to 7, we have 


Pp 
[40 0)? 1 (an? + dn?) 
p Pp 
= 2 Ln?(An? + bn) —4o aa, enanor 
+ (0°79) 3: (an?-+bn?) 2p 3 senldn—bn)? 
=2(67-+9°)—407+2(09—19)—2p > ten(dn—Bu)? 


= 2[67-+-(0—7)?—1"|—20 yy Ln(an—bn)? , 


by means of (24), (25) and (26). Thus, by 
virture of (27), 
Pp 
es [(4n— 0)? —7?] (Gn? +bn?) 
+2p 3) n(@n—b)*=0. (28) 


Suppose now that the interval (o—7, 0+7] 
does not contain any of so(=0), 41, --°, 4p. 
(The other interval can be treated similarly.) 
Then each term in (28) is non-negative and 
therefore must vanish. Noting that “)=0 and 


Zn >0 (n=1), we should conclude that 
an=bn for, pt, 2,.%*, Dp 
and that 


Gn=),=0 


(29) 


(30) 
If “n-<o—r for every n, (30) evidently con- 
tradicts (24). On the other hand, if “s=ps41 
=---=m=p—r (0<s<t<p) and the other 
Ln>==o—r, (29) and (30) yield y=o—,r and 
2(62+9°)=2(0—r) 

by means of (24), (25) and (26). In con- 
sequence we are led to €=0, which again 
contradicts the assumption and complete the 
proof. 

We are now ready to proceed to the follow- 
ing Theorem. 


if Pn2<o-7r. 


Theorem 1. Let 7, 7* be as above. For 
0<a< 8, let the open interval (a?, 8”) contain 
at most one eigenvalue of 7*7. For a pair 
of ue, ve H’ subjected to (13) and (14), let 
the inequality 
(y—a\(p—7) >< (31) 
be satisfied, where 7 and € are given by (15) 
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and (16). 
Then there certainly exists a positive elgen- 


value 22 of T*T in the interval (a?, 8?) such 
that 


F212, (32) 
where 
& & 
=7—-———_ , =7+——.. 33 
a) 3 Ny) ree (33) 
Proof. First we remark that (31) implies 
(eS AE oh (YON (34) 


The two cases €>0 and €=0 are dealt with 

separately. In the case €>0, we determine 

a positive number o’ in such a way that 
o’—r(o')=a. 

Then Lemma 1 asserts that the interval (a, 

oe’ +r(o’)] contains at least one uw» (n=0, 1, ---, 


p). 0° is determined by noting that o’—7 
—r(o’)=a—y and r(0’)?—(0’—y)?=E2. The 
result is 
xt 
o= Jute+— |, 
2 N—a 
2 
eee =5[r-et oe | 
2 a 
Hence 


acai & 
DEH B) Spee 
n—-a 


Evidently the interval (a, €] excludes “)=0 
so that (a, €?] contains at least one positive 
eigenvalue 4’? of T*7T. On the other hand, 
if another positive number 0” is chosen in 
such a way that 
0° +70" )=8 , 
we get similarly 
€2 
ph dp) he pe G 
Meret 
and see, according to Lemma 1, that the 
interval [E, 8) contains at least one “mw (v= 
0,1,--:,p). Since [&, 8) cannot contain “)=0 
by virtue of 0<&, there exists at least one 
positive eigenvalue 4’? of 7*T included in 
(ers) 

It follows from these results, combined 
with the assumption that (a@?, 6?) contains at 
most one eigenvalue of 7*7T that the above- 
mentioned 4’ and 4” are both unique and 
mutually identical. Thus the validity of the 
Theorem has been established for the case 
é>0. 


If €=0, 7? itself turns out to be an eigen- 


H. FusgiTa and T. Kato 


(Vol. 13, 


value of T7*T as shown near the beginning 
of this Section. On the other hand, we have 
clearly, £=7=€. Hence the Theorem is also 
true on account of (34). 
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Theorem 2. In Theorem 1, let 22 be non- 
degenerate and let z be the eigenvector of 
T*T with the eigenvalue 22 nomalized as 

le]2=1 , (u, u)>0. (35) 
Then, 0=const. Tu is an eigenvector of T7* 
with the same eigenvalue 2. If dis normal- 
ized as 
(v,v=0, (36) 
we have 


ii 2 mia) G2fqu \e2\7? 
qlle—aP+ jo—BP1< E(I-S) 


provided that €<(d=min (y—a, B—7) . 
Proof. Let all notations be as before. The 
fact that » is an eigenvector of T7* with the 


eigenvalue 22 was already proved in Section 


2. Also we may assume without loss of 
generality that 


d= 4yssthe other 4m, 


=o, 


u=¢r ) 
Thus we have 
(u, U)=(U, Gr)=ar=0, (v, d)=(v, dy =b-=0. 

(38) 
We further suppose that y—a<f—y7, i.e., 
O=y—a, since the other case can be treated 
quite similarly. According to Theorem 1, 4, 
and only yu, is contained in the open interval 
(a, B’) among all “rn (w=0,1,2,---,p) where 
B’=7+0, for 


& GC / 
€=9t+—=74+ <7 tose’. 
ya 


for some r>1. 


If we introduce the quadratic expression f(x) 
=(x—a)(x—f’), it follows that f(u,)<c0 and 
Sum) =0 for ner. Also f(—“n)=>0 holds for 
n=0,1,-+:,p by virtue of 0<a, 0<m. 
Hence we have 


SF (uo)(dn $n)? 


+ — F (=Ln)(Qn— bn)? = F (pr)(Qr-+b,)? ‘ 


(39) 
By means of (24), (25) and (26), the left side 
of (39) is reduced to 


2 3 Ln? (An? + bn?) 
n=0 
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Pp 
+2ap’ > (Gn? + bn?) —4(a+ B’) Sy LnAndn 
n= n=0 


=4(& +4) +4ap’—4(a+ B’)y 

=4[&+ f(7)] 

=4(€2— 62), 
where at the last step use is made of f(7)= 
—06?. On the other hand, 

F (Ur) = min f(x)=f (w= —0? . 
In this way, we are led to 
4(€8—84) > —8%a, +b.) , 

namely, 


(40) 
Since, by (35), (86) and (38) 

Lite tile lio —dy2}s0(1—22 te 

5 lle tel? + ho—a)-}=2(1- 2") | an 


we arrive at the desired inequality (37) with 
the aid of (40) and the elementary inequality 
mea) (2 ie 0) 


Remark. In theorem 2, the assumption 


of non-degeneracy of 22 is essential. For 


example, if 4,= Yt Wg it may occur that 
UH Oc, U=Or21,.0= 0, V=Prs3.. Then the left 
side of (37) is equal to 2, while the other side 
vanishes owing to €=0. 


§5. Concluding Remarks 


Remark 1. Our results stated in Theorem 
1 and Theorem 2 can be generalized to more 
general cases in which , ’ are complex 
Hilbert spaces and T is a closed linear (in 
general unbounded) transformation from 9 
into ’ with its domain Dz dense in [3]. 
Then 7* exists and turns out to be a closed 
linear transformation from §’ into with its 
domain ®D7x dense in ’. In such cases, 
Theorem 1 and Theorem 2 retain their va- 
lidity, if uw, v are subjected to the additional 
conditions 
UueEDr , vEDr , (42) 
so that 7, €? given by (15), (16) are meaning- 
ful. 
Remark 2. From the view point of practical 
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application, our Theorems, in _ particular 
Theorem 1, can be regarded as an appromi- 
mation method of variational character. Ac- 
cording to Theorem 1 we can calculate an 
approximate value, with error estimation, of 


the eigenvalue 2? in question as soon as we 
can construct suitable “admissible vectors ” 
u,v and also are provided, in one way or 
another, with a? and §?, i.e., a rough upper 
bound for the next lower eigenvalue and a 
rough lower bound for the next upper eigen- 
value. Thus the scope of application of our 
Theorems is rather wide, for most eigenvalue 
problems differential systems in mathematical 
physics can be reduced to the form T7*7Tu=22u 
by a suitable choice of ©, ©’. Though some 
of the conveniences of this method was illus- 
trated by a simple example in [3], as typical 
examples of this application we refer the 
readers to papers by us and our collaborators 
on the vibration problem of an elastic plate 
with free edges. One [6] of them gives rather 
rough approximate values by using simple 
admissible vectors, while the other [1] adopts 
more complicated admissible vectors and gives 
much improved approximate values as the 
result. Also some detailed prescriptions of 
auxilliary procedures needed for good esti- 
mation and brief discussions of the relative 
advantages and disadvantages of this method 
in comparison with other methods can be 
found in [1]. 
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Anomalous g-shifts of Excited States 
of Cr°* in Ruby 


By Ikuji TSUJIKAWA 


Research Institute for Iron, Steel and Other 
Metals, Tohoku University, Sendai 


and Satoru SUGANO 
Department of Physics, Tokyo University, Tokyo 
(Received December 5, 1957) 


In the previous note, Tanabe and one of the 
present authors” tried to explain the Zeeman effect 
of the characteristic doublets R, and R, of ruby 
observed at 83°K by Lehmann” and found that the 
thoretical results contradicted with his odservations 
only in quantitative aspects. 

Under these circumstances, we have repeated 
studies of the Zeeman effects?) on the same ab- 
sorption lines at 20°K and 4.2°K, using a concave 
grating of dispersion 2.5A/mm (lst order) and a 
magnetic field Hjp=24000¢. As it was found in 
preliminary experiments that the spectral widths 
were broad at high Cr’* concentration (a few per 
cent), we have used synthetic ruby of 4mm thick- 
ness which contains 0.28 weight percent Cr,03. 

Our results show that the quantitatively strange 
points in Lehmann’s results are removed and Zee- 
man levels of the ground states which are observed 
directly in the Zeeman patterns of Ai, R2 when 
Hy 1C3 (since gp1~0Y) agree well with those ob- 


Ri aan 
x 


Qo: 9 —value 

5 : natural wer of the ground state (@ Hounit) 
O52, §40:3, A+O.2 

Fig. 1. The observed Zeeman patterns of Ry and 
FR, absorption when #1C3 and A)//C3. 
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served by the paramagnetic resonance method.” 
However, the ge//-shifts of the excited states of Ry 
and R, are found to be anomalous; ge//(f1) + 2+24, 
Ge//(R2) = 2—24(4 = 0.2) and so ge//(Pi) +9e//(R2) ~ 4. 

One of our results which shows these anomalies 
is schematically described in Fig. 1. While the 
main three Zeeman components are completely re- 
solved on our photographic plates, the central two 
lines closely located each other appear as a some- 
what broad line. The superposition of these central 
lines is only found from its apparent shift relative 
to the side components when temperature is varied 
from 20°K to 4.2°K. This apparent shift is due 
to the decrease of the electron population of the 
upper Zeeman levels of the ground state at 4.2°K. 
The other strong evidence which confirms the 
anomalous behavior of ge,/-shifts is seen in the 
observed separations of the side components which 
are ~2(2+4) for both f&, and R», when the electric 
vector # of the incident light is parallel to the 
optic axis C3. 

The observed remarkable relation ge//(R1) +ge//(R2) 
~ 4 and the shift d4ge//(721) = 0.4 can be explained 
by the dominant effect of the third order perturba- 
tion Lz-V-V-BHp (V is the trigonal field) which 
is linear in Hp and involves no term of spin-orbit 
interaction Hso. In these excited states of ruby 
none of the second order perturbations contributes 
to the g-shift and the contributions from the other 
types of the third order’s which involve Hso 
are all small because Ho < V.© 

The Zeeman effects on the other lines B, and 
By, located at ~ 21000 cm-! have also been studied 
and the remarkably large splittings were found in 
one of them. The experimental details and other 
results will be published soon. 

One of the authors S. S. should like to express 
his sincere thanks to Prof. E. Kanda and other 
members of Research Institute for I.S.0O.M. for 
their hospitality. 
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Theoretical Considerations on Radiation- 
Induced Reactions of Saturated 
Long-Chain Hydrocarbons 


By Mitio INOKUTI and Tsutomu WATANABE 


Department of Applied Physics, Faculty of 
Engineering, University of Tokyo, Tokyo 
(Received November 2, 1957) 


Proposed mechanisms of radiation-induced cross- 
linking of saturated long-chain hydrocarbons, based 
on the observed linear dose-dependence of both the 
amount of evolved hydrogen gas and the number 
of crosslinks, require the following process as an 
essential step. 


—CH2-CH,- + H —> -CH;-CH- + H, (ads) 


Using a semiempirical method of bond-eigenfunc- 
tions, the adiabatic potential of the ground doublet 
state of the reacting system was calculated by 
perturbation procedure, taking as bases the wave- 
function % describing the hydrocarbon and the 
hydrogen atom infinitely separated from each other, 
and ¥, describing the hydrocarbon radical and the 
hydrogen molecule infinitely separated from each 
other. The Hamiltonian matrixelements were then 
reduced to linear combinations of two-body inter- 
actions, neglecting higher-order permutations and 
many-center integrals: 


GF 1 = E(CoH) + E(HoH) + U (29) 
AF 2='E(HoH) + (3/4) §H(CoHo) 
— (3/4) 12(CoHy) +E(QOH)+U (3) 
GPF 19=(1/2){ (HoH) +2E(CoH) + U} (4) 
U=E(Hy'H) +2 S (GH) 
+23 {E(HH)+E(H'H)} (5) 


1#(XY) and %EH(XY) are the adiabatic potentials for 
the lowest 15 and 33> state of the molecule XY, 
E(XY) being their multiplicity-average. We re- 
mark, however, that 1#(CH) or ##(CH) means the 
potential, not of the real CH molecule, but of 
a virtual one bonded by an electron in 1s hydrogen 
AO and one in the tetrahedrally hybridized carbon 
AO directed to the hydrogen. Suffixes and primes 
refer to the atoms in hydrocarbon as seen in Fig. 
1. The non-orthogonality (¥%2) turns out 1/2 in our 
approximation. The perturbed energy is shown to 
be lowest when the hydrogen atom lies on the 


straight line along a CH-bond so that (2), (3), (4) ° 


and numerical work refer to this case. ‘#(HH) 
and 3EH(HH) were obtained by good approximate 
formulas by Hirschfelder and Linnett®. 44(CH) was 
approximated by a Morse function, parameters 
determined by spectroscopic and thermochemical 
data of lower hydrocarbons. An approximate for- 
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mula for °#(CH) was established by a semiempirical 
Heitler-London type calculation. 
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Fig. 1. (After Bunn®). 


> Co +HoH 


8 6 
Distance between <— —=> Distance between 


Anas. 4 6 8 a.u. 


Co & Ho Ho 
a) .CHy+H_ b) 
c) -CH,CH,-+H 

Fig. 2. 


Sor 
-CH.CH3+H, 


Our results are given in Fig. 2, with the cases 
-CH:-CH;+H and CH:i+H, obtained by proper 
modifications in (5). The calculated activation 
energy for (1) seems rather high. But in solid 
hydrocarbon samples the reacting hydrogen atom 
is originally not at zero-potential, but at a finite 
potential; moreover there may be some attractive 
polarization forces and changes of hybridization 
in ¥, not taken into account here. These situations 
may reduce the activation energy appreciably in 
solid state. The reaction of hydrogen atom with 
a chain-end methyl group requires much lower 
activation enrgy than with a mid-chain. The cal- 
culated activation energy for CH,+H, 0.79 ev, may 
be compared with the observed value, 0.40~0.56 ev,” 
Our treatment should be superior to Gorin at al’s,») 
resulting in too low activation energy and a doubt- 
ful prediction of a stable complex CHs;, because of 
their adoption of a too short-range potential as 
3#/(HH), which contributes to U remarkably. 

We are grateful to Prof. A. Amemiya for helpful 
discussions throughout the work. 
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Liquid-Like Layers in the Adsorbed 
Film of H,O on Glass 


By Koji KAWASAKI, Kyoichi KANOU 
and Yoshiyasu SEKITA 


Hlectrotechnical Laboratory, Nogatacho, 
Tokyo, Japan 


(Received November 11, 1957) 
The adsorption isotherm of water vapour and the 


d.c. surface conductivity were measured for some 
kinds of glass as given in Table I. The isotherms 


Table I. 


Material No. SiO, | Al.0; | CaO | Na,O 
4 | 62.34| 98.48] 7.80 | 21.38 

Glass-A_ |———,--—__| == Sal 
trang 59.75 | 11.82| 7.97 | 20.46 
ScheTsCaeT 7 18.91 

Glaio gh a ee es oe es 
| 5 | 67 15 | 16.86 

of ee 37RD oi: in wot % 


were obtained by the gravimetric method using 
powdered specimens; the d.c. conductivity was 
measured on glass plates by means of a galvano- 
meter.) The samples had been cleaned with NaOH 
aqueous solution, chromic acid mixture and dis- 
tilled water. 

The surface conduction current 7 divided by %, 


the current for g=0, is plotted in Fig. 1 versus 
@ oO 
abo smnee/;s 


O 2 4 6 8 
No. of Absorbed Layers, 9 


10 


Biigieed, 


the number of the adsorbed layers @ as determined 
by the BET method. It can be seen that 4/7) linearly 
increases with @ when @ exceeds some critical value 
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which is characteristic to the specimen. This 
could be explained if one assumes that the lower, 
or the inner, adsorbed layers are immobile being 
under the influence of the strong attraction field of 
the glass surface, while the upper, or the outer, 
layers are mobile: the conduction current would 
increase materially only when the mobile or the 
liquid-like layers are present. 

The above assumption is supported by the follow- 
ing consideration. 

The calculations by Hill® and others show that, 
for the case of the liquid-like adsorbate, in which 
the effective molecular interaction is supposed to 
be exclusively of the van der Waals type the ad- 
sorption isotherm is represented by 

Ine =In( p[po)= ~ Ke (1) 
where @ is the number of layers at a pressure p, 
and pp is the saturation pressure. K is a certain 
constant which depends on various parameters 
characterizing the molecular interactions. Eq. (1) 
is a special case of the more general equation 
proposed by Halsey*: 


In(p/po)= — K/e* . (2) 
Now, the adsorption isotherms we obtained ex- 
perimentally for Glass-B are plotted in Fig. 2. The 


Glass—B 


an No 
Fig, 2. 
curves are, at Ingh relative pressures, in good 
agreement with the theoretical isotherms with s=3 
in Eq. (2), suggesting that the adsorbed layers are 
liquid-like. The values of s for representing the 
experimental isotherms at high relative pressures 
for Glass-A, Nos. 4 and 6, by Eq. (2) are 2.0 and 
372 respectively. 

In conclusion, we would like to point out that 
our adsorption isotherms are qualitatively in good 
agreement for p/p) < 0.93 with the one obtained 
by Garbatski and Folman® for a well defined glass 
plate. Investigations on the adsorption at very 


high relative pressures when capillary condensation 
may have pronounced influence are wanted. 
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Current Amplification by Electron Bom- 
bardment in the Semiconductor 
Barrier Layer 


By Kenichi TAKEYA and Keiichi NAKAMURA 


Technical Research Laboratory, Broadcasting 
Corporation of Japan, Tokyo 
(Received December 4, 1957) 


The experiment described in this paper is in- 
tended to find how much excess current will flow 
when a semiconductor barrier layer is bombarded 
by high energy electron beams. It is expected 
that the characteristic features of these excess 
current are closely related with those observed in 
a p-n function photo-diode, since the phenomena 
arise from the separation of free electron-hole pairs 
excited near the barrier field region. No one has 
hitherto tried experiment of this sort so extensively, 
except that W. Ehrenberg and his co-workers (1) 
carried out the measurement of electron voltaic ef- 
fect of some selenium and cuprous oxide cells. For 
Se photo-cells, under best conditions, they obtain: 
ed a max. current gain of about 500 when bom- 
barding electron energy was in the vicinity of 
50 KV. and for Cu,0, about 150 at 90 KV. 

Using similar Se photo-cell, and giving proper 
reverse bias voltage to the barrier layer, we 
obtained very large current gain under electron 
bombardment. In the experiments, the Se photo- 
cell was bombarded by electron beam perpendicu- 
lar to its barrier layer. Furthermore, these 
experiments were performed for alloyed Ge- and 
grown and diffused, Si p-2 junctions. In these 
cases, except for Si diffused junction, electron 
beam was directed so as to strike bare p-m junc- 
tion region nearly parallel to its junction layer. 
For Si diffused junction, the arrangement was the 
same as that of Se photo-cell. 

Excess currents were measured potentiometri- 
cally. The current gain § was defined as the 
ratio of excess current 72 to bombarding current 
4;. The observed 6 versus reverse bias voltage 
Vs» characteristics were shown in the figures 
(1-4). The energy of bombarding electron is in- 
dicated on each curve. For Se photo-cell, no rea- 
sonable explanation for the observed properties 
has yet been found. Probably, expotential rise of 
6 as Vz increases will be the increase in collec- 
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tion efficiency of charge carriers released by 
electron bombardment. For Ge and Si p-x junc- 
tions, these characteristics are just those expected 
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from the rectifying I-V characteristics and analo- 
gous to the photo-diode properties. 

These results indicate, as Ehrenberg et al. sug- 
gested, a new method of measuring electron beams 
and of multiplication of electrons created in vac- 
cum. 
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Fading of Coloration of Irradiated Glass* 


By Sohei KONDO 
National Institute of Genetics, Misima, Japan 
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Schulman, Klick and Rabin” found that changes 
in absorption coefficient of phosphate glass provide 
a simple method of measuring radiation doses up 
to 2x10® réntgen which 5% accuracy. If has also 
been found that ordinary slide glass? and window 
glass plates) are surprisingly homogeneous with 
respect to y-ray induced absorption changes. For 
further improvement of the accuracy of glass 
dosimetry, correction for fading must be taken 
into account. The fading of coloration of gamma 
irradiated phosphate glass was studied by Rabin 
and Price, They found the following fading for- 
mula. 

p(t) oc £-9-087, (1) 
where p(t) is the change in absorption coefficient 
of glass measured at ¢ hours after short exposures. 
A similar relation holds for fading of coloration of 
ordinary window glass irradiated by Co® gamma 
rays as shown in Fig. 1. 

It has been found that the following equation 
for fading gives a very good agreement with ob- 
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Fig. 1. Fading of irradiated window glass. These 


specimens were exposed to Co™ ;«rays for about 
one day at various dose rates. 5 
served data over wide temperature ranges, 
w(t) ot, 
A= 67s. 


(2) 
(3) 
where A and B are constants dependent only on 
glass and the used wavelength**, and T denotes 
the absolute temperature. A comparison of (3) 
with the experimental data is shown in Fig. 2 for 
ordinary window glass. Integration of (2) shows 
that the change in absorption coefficient p/(c, t) in- 
duced by r hour irradiation fades with time ¢ after 
cessation of the irradiation as follows (see also 
reference 4): 


u(t, t)=m(e, to) (1+t/z)1-4 — (f9/z)2-4 ) 


The relative fading (zc, t)/u(c, 0) depends only on 
t/c and 4. Then, it is convenient to express the 
fading in terms of t/r. A comparison of (4) with 
observed values is given in Table I where numeri- 
cal values of 4 are taken from Fig. 2. It may be 
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Table I. Fading of relative absorption coefficient, y(c, t)/u(c, 0), with time ¢ for r=16hr 
at 22°C with dose rate about 3 Kr/h. 
oS Saal £4. eS ae ee oe 
Oe ee ais BB 4 (+5) (+10.5) | (+25) | (+48) | C471) 
162.€ | calculated 0.973 0.926+ 0.891+ 0.838+ 0.795* 0.766* 
A= 0m, observed (ES) 0.930+ 0.909 Fee ais (OU8aS* le On ceo 0.746+* 
— =| as 52 Dads eat OE =a te a5 ee = 
36°C calculated | 0.947 0.880 | 0.826 0.729 0.666 0.608 
A=0.18 obsetved | (F*) 0.854 | 0.798 0.706 0.659 0.582 
58°C calculated 0.875 0.750 0.657 | 0.519 0.428 pai } 0.376 , 
A=0.35 obsetved =) 0.732 0.625 Lb 0.0a2 0.442 0.391 


** adjusted to equal the observed values. 
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Temperature (°K) 
Fig. 2. Relationship between fading index 4 given 


in (2) and temperature 7. 
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concluded that equations (2), (3) and (4) hold, in 


general, for fading of coloration of irradiated 
glasses. The detailed discussion will be presented 
elsewhere. This work was supported in part by 


a Grant-in-Aid for Radiation Research from the 
Ministry of Education. 
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Surface Area Variation of Evaporated 
Barium Film by Oxidation 


By Yutaka TuzI and Hiroaki OKAMOTO 


Matsuda Research Laboratory, Tokyo Shibaura 
Electric Co., Kawasaki 


(Received November 6, 1957) 


It seems that the surface area determination of 
an evaporated barium film” by the B. E. T. method 
has never been tried, probably because of its high 
activity and its small size. We tried it successfully 
using ethylene as the adsorbate.» 

In the experimental procedures, special attentions 
were paid to the following points: (1) Prior to the 
experiment, the sample chamber was thoroughly 
evacuated (baked out at 360°C, 8hr.). (2) No grease 
cocks were used in the high vacuum side of the 
liquid oxygen trap. The details of the experi- 
mental device have been published elsewhere.®) 

The barium film was evaporated uniformly on to 
the inner wall of a spherical glass bulb (ca. 50 cm?) 
at room temperatures and 10-!~10-3yHg. The 
results of the repeated measurements of the surface 
area of a barium film are shown in Fig. 1. We 
can infer from this curve as well as from the 
hysteresis of the adsorption isotherms at the liquid 
oxygen temperature that the ethylene is chemi- 
sorbed on fresh barium surfaces even at —183°C”. 
Let us assume that the difference between the first 
and the third measurement is due to chemisorption, 
and adopt the steady value obtained after the third 
measurement as the real surface area S,-S, is 
again decreased if the film is annealed for 30 min. 
at 105°C or higer temperatures (Fig. 1); a similar 
decrease can be observed when the high tempera- 
ture annealing is carried out immediately after the 
evaporation. It is supposed that, in these cases, 
a few monolayers of barium oxide are formed on 
the evaporated film. 

Further variation of S. was pursued allowing 
the film to absorb oxygen. In Fig. 2, the surface 
area S, as well as the rate of absorption of oxy- 
gen (determined by the constant volume method) 
are plotted versus the amount of oxygen absorbed. 
The weights of the films examined and the tem- 
peratures at which the annealing or the measure- 
ment was carried out are also jotted in the figure. 

The following points would be worth mention- 
ing: (1) S,. is 4~10 times as large as the geo- 
metrical area of the film. (2) S, decreases as Q, 
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the amount of oxygen absorbed, increases, reaches 
a minimum value at Q=10~20 1 »Hg (3~10 layers 
of BaO), and then increases almost linearly with Q. 
(3) The rate of increase of S, depends on the 
thickness (i.e. weight) of the film. 

Our experiment also gives a suggestion to the 
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ed. 
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surement. Weight 
Ofenilm = 2:9 mg. 


mechanism of the increase in the rate of absorp- 
tion of oxygen at the beginning. This has been 
explained assuming that the oxidation starts ex- 
clusively at some specific points on the barium 
film.) Fig. 2 suggests, however, that the change 
of the rate of oxygen absorption has something 
to do with the variation in the physical nature 
(e.g. S,) of the oxide film. 


The authors are indebted to Dr. S. Asao for his 
kindness in reading the original manuscript, and 


Mr. H. Oda for his helpful aid. 
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Crystal Growth of CdS by the Vacuum 
Sealed Method 


By Hirosuke YAMASHITA and Sumiaki IBUKI 


Engineering Laboratory, Mitsubishi Elec. Mfg. 
Co., Amagasaki-City, Japan 


(Received November 1, 1957) 


Last year we reported a method of growing CdS 
single crystals utilizing the condensation of sub- 
limated vapor from polycrystalline powders heated 
in nitrogen gas flows.) As results of our trials, 
we could obtain fairly large single crystals and 
some interesting informations about the growth of 
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Fig. 4. Conical terraces. 


lel to the c-axis in the case of lower temperature, 
but at higher temperature they grow keeping a 
definite oblique angle and spirally around the c-axis. 

On the surfaces of these crystals, furthermore, 
several types of terraces and pits are observed. 
Some features of the surfaces etched by HCl sol. 
are shown in Fig. 3and 4. On (001) surfaces there 


Short Notes 


ccoteneal 
Le re 


Grown crystal. 


(Vol. 13, 


single crystals,” neverthless it was too difficult to 
get thick crystals. We describe here about the 
CdS single crystals being recrystalized in a vacuum 
sealed vessel at high temperatures. 

Putting chemically purified CdS powders into 
a-quartz container, we seal it off at high vacuum 
after sufficiently outgassing the powders. The 
sealed vessel is kept at a temperature from 1,000°C 
to 1,200°C for several hours in an electric furnace 
having a proper temperature gradient, is thereafter 
slowly cooled at the rate of about 10°C/hr. Thus 
we can obtain several large single crystals having 
the sizes of about 10x8x5mm. 

Some interesting samples grown at 1,2000°C are 
shown in Fig. 1 and 2. We can observe that 
crystals are used to grow along the direction paral- 


Bigs 3: Spiral terraces. 


are found pretty number of conical terraces, and 
some of them are spiral terraces as shown in Fig. 
3. There are also observed some spiral pits having 
similar appearances as those on Ge and Si sur- 
faces,*) which indicate the presence of spiral dis- 


locations. Several terraces of trigonal prisms are 
found on (110) surfaces, those of hexagonal half- 
piramids on (010) surfaces. 

Orange crystals which are grown at lower tem- 
perature emit weak green fluorescence at the room 
temperature when irradiated by 3650A_ ultra- 
violet rays. 

Details of the above-mentioned report will be 
published later. 
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Asymmetry of Proton Resonance Signals 
in Some Hydrates of Iron Group Salts 


By Syukuro YANO and Sdji SASAKI 


Department of Applied Physics, 
Kyoto University, Kyoto 


Tunahiko SIDEI 


Department of Nuclear Science, 
Kyoto University, Kyoto 


(Received October 30, 1957) 


We have observed many asymmetric proton reso- 
nance signals from hydrated salts of iron group 
elements in powdered form at room temperature. 
The typical line shapes are shown in Fig. 1. - Table 
I shows the asymmetry of the resonance lines and 
their apparent shifts which mean the difference of 
magnetic field in gauss between maximum point of 
the absorption signal and the normal free water 
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Fig. 1. A record of proton resonance derivative 
in powdered CoCl,6H,O at 20°C. 
resonance field. This results show the parallelism 
between shift and asymmetry. 
To confirm that these asymmetric lines come 
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Fig. 2. Second moment of proton resonance in 
powdered CoCl,6H,O at room temperature in 
different external fields. 


from paramagnetism of iron group ions, we mea- 
sured the lines of CoCl,6H,O in several different 
magnetic fields. The lines showed marked field 
dependence in their shapes and second moments. 
The variation of second moment with external 
magnetic fields are shown in Fig. 2. These values 
were calculated from the center of gravity of the 
integrated absorption curve which nearly fell on 
the point 1 gauss higher than the zero point of 
absorption derivative. The values of (kHo)? in Fig. 
2 are in agreement with (u/r?)2 in order of magni- 
tude, taking r=2.5A and p=5y,y for about 4000 
gauss and room temperature, where pz represents 
the effective magnetic moment of cobalt ion and 
fp represents the magnetic moment of proton. 
Field independent part of the second moment of 
about 30 gauss? comes from nuclear dipole-dipole 
interaction. 

The line shapes of CoCl.-6H,O can be decomposed 
into three displaced parts. The shifts of these 
component lines originating from electronic para- 
magnetism contribute to the second moment of the 
composed curve and this term corresponds to teh 
field dependent part of Fig. 2. 

Theoretical line shapes for a pair of single nuclear 


Table. 


Apparent shift 


~ Second moment 


Asymmetry* auss) at about (gauss?) at about 
ae i : : 4200 gauss _ 4200 gauss” 
CrF; 3 H,0 (+) ~+1.0 
CrCl; 6 H,O (+) 
Ly lta 8 33.041.0 (-+21°C) 
CoCl; 6 H,O (+) -0.8~—1.0 Bhd Oi — 202°C) 
CoBr, 6 H,O (+) ~-2.5 
CoSO, 7 H,O (+) ~-1.0 ” 
NiCl, 6 H,O (—) <0.5 4 
NiSO, 6 H,O (+) +0.3 
CuCl, 2 H.O** (-) <0.5 : 
CuSO, 5 H,O (—) —0.6~-1.3 a 
ZnSO, 7 H,O** (—) <0 al 


* (+) indicates the line has asymmetry and (—) no asymmetry. 


** 


For both paramagnetic CuCl, 2 H,O and diamgnetic ZnSO, 7 H,0 as a reference sample, 


line shapes were those of two spin system. 
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spin and an electronic spin of a magnetic ion, are 
easily calculated assuming that the electronic spins 
are parallel or antiparallel to the external field. 
This result does not give a gaussian shape but an 
asymmetric and displaced line. When three spin 
system which is composed of a pair of nuclear 
spins and an electronic spin is treated,” the cal- 
culated lines have an asymmetry which is in nearly 
agreement with experimental curves. 

Another origin of assymmetry may arise from 
the anisotropy of g-factor of the magnetic ion, 
which may well be large for the cobalt salts. The 
order of magnitude is nearly equal to the anisotropy 
of the paramagnetic shift above stated. 

It is interesting to note that some information 
about the states of paramagnetic ions and crystalline 
field will be obtained by proton resonance further, 
when these experiments are carried out at low 


temperature. 
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Magnetostriction Constants of Nickel- 
Copper and Nickel-Cobalit Alloys 


By Mikio YAMAMOTO and Takuré6 NAKAMICHI 


The Research Institute for Iron, Steel and Other 
Metals, Tohoku University, Sendai 


(Received November 28, 1957) 


We have determined, for the first time, the 
magnetostriction constants, Ayo and 244, of Ni-Cu 
and face-centered cubic Ni-Co alloys at room tem- 
perature, using single-crystal specimens and the 
strain gauge technique.’ The specimens used are 
disks with (110) or (100) plate surfaces, cut out 
from single crystal ingots prepared from nickel 
and copper or cobalt, all of electrolytic origin, by 
the Bridgeman method in a vacuum Tammann 
furnace. Ni-Cu crystal disks containing 0, 7.0, 
16.4, and 25.8 at.-%Cu are 15mm in diameter 
and 1.5mm in thickness, and Ni-Co crystal disks 
containing 10.5, 21.3, 32.8, 44.7, and 54.2 %Co 
are 10mm in diameter and 1.0mm in thickness. 
The out-put unbalanced voltage of a Wheatstone 
bridge formed by a strain gauge cemented along 
a certain crystallographic direction on the plate 
surface of the specimen together with other three 
similar gauges, which was proportional to the 
strain of the specimen, was detected directly by 
a galvanometer. The strain sensitivity was 0.53 
x10-® per mm of the scale. The specimen was 
placed in magnetic field of some 4000 Oe, strong 
enough to saturate it, as produced from a rotable 
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Fig. 1. Concentration dependence of the magne- 
tostriction constants of Ni-Cu alloys. 


electromagnet and its magnetostrictive strain along 
the fixed direction was measured as a function of 
the direction of the magnetic field. 

The two principal magnetostriction constants, 
Aioo and 213, thus obtained are plotted against the 
alloy composition in Figs. 1 and 2 for Ni-Cu and 
Ni-Co alloys, respectively. Values of Aioo and aii 
for nickel are —54.1 and —22.4x10-°, respectively, 
which are in good agreement with available data». 
In Ni-Cu alloys, both constants are negative irre- 
spective of the composition and their absolute values 
decrease monotonously with increasing copper con- 
tent, vanishing at some 35 at.-%Cu, as may be ex- 
pected from the magnetostriction vs. magnetic field 
curves for polycrystalline specimens.*? The absolute 
values of saturation magnetostriction, |4s|, for isotropic 
polycrystals as calculated from our single crystal con- 
stants according to the formula 4s=(1/5)(2A100 +34an) 
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Fig. 2. Concentration dependence of the magne- 
toriction costants of Ni-Co alloys. 
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are somewhat higher than the measured data for 
polycrystalline specimens.3) This discrepancy 
may be due mainly to the non-uniformity of domain 
distribution at unmagnetized state in polycrystalline 
specimens. 

In face-centered cubic Ni-Co alloys, the concen- 
tration dependence is quite different for 219 and 
Au; 4: is negative irrespective of the composition, 
showing a flat minimum centered at about 30%Co, 
while Ajo) increases almost linearly with increasing 
cobalt content and, passes through zero at about 
20%Co, reaching to the large value of 116x 10-8 
at 55%Co. The present data agree qualitatively 
well, but quantitatively not so well, particularly for 
high-cobalt alloys, with the data obtained previously 
by one of the authors and Miyasawa) from the 
analysis of the magnetostriction vs. magnetic field 
curves of polycrystalline specimens (cf. Fig. 2). 
This discrepancy may due mainly to the’ lack of 
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saturation of the magnetostriction vs. field curves 
measured by them. The values of saturation 
magnetostriction for isotropic polycrystals calcu- 
lated in the same way as in the above-mentioned 
case of Ni-Cu alloys are in good agreement with 
the measured data by Went# who used magnetic 
field strong enough to saturate specimens. 


References 


1) J. E. Goldman: Phys. Rev. 72 (1947) 529. 

2) R. M. Bozorth and R. W. Hamming: Phys. 
Rev. 89 (1953) 865. W. D. Corner and G. H. 
Hunt: Proc. Phys. Soc. A68 (1955) 133. 

3) Y. Shirakawa and K. Numakura: Nippon Kin- 
zoku Gakkaishi 18 (1954) 73 (in Japanese). 

4) J. J. Went: Physica 17 (1951) 99. 

5) M. Yamamoto and R. Miyasawa: 
RIDU As" @953) is! 


Sci. Rep. 


Errata 


Studies on the Radial Distribution Analysis in Diffraction Methods 


II. Effect of Non-nuclear Scattering and Analysis of 
the Radial Distribution Curve 


By Kinya KATADA 
J. Phys. Soc. Japan 13 (1958) 51 


Page Column Place (should be read) 
SL right line 3 in the footnote*** r(D)r rD(r) 

Be left denominator of Eq. (3) rig Zirh i?(8) ry Ds Zi2pi2(8) 
52 right Eq. (6) rd(r)ij) rdiis(7) 

$ 

52 right Eq. (8) rdii(r) rd(ij)(7) 
53 left Eq. (10) Mcajz)S mcaj)(s) 

53 left Eq. (13) Acci,2=9.23 Acci,2= 9.13 
5S right lines 2 and 3 in the 

note for Fig. 2 rd(r) rd(r) 

56 right line 4 AriyD°? (rig) ArigD*(rij) 
56 right line 6 r=2.9.0A ro=2.9A 
56 right column 4 in Table I 2.0 9.0 
Eq. (15) should be in the place following right column, line 22 in the same page. 
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Using 5.7 Mev protons from the cyclotron, the angular distributions 
of protons elastically scattered from Fe, Cr and Ti were investigated 


by means of nuclear emulsion technique. 


The angular distributions of 


the elastically scattered protons by these nuclei were similar to that of 
Ni, that is, the differential cross sections in the ratio to those of the 


Rutherford scattering increase linearly at large angles. 


Some qualitative 


arguments are given about this characteristic feature of these nuclei, 
together with previously measured elements Ni¥2 and Zn. 


Introduction 


§1. 

As was pointed out in Bromley and Wall’s 
paper» and our previous works”:*®, the dif- 
ferential cross sections of the elastically scat- 
tered protons from even-Z nuclei in the medium 
weight region were expected to show the cha- 
racteristic feature in comparison with odd-Z 
nuclei. According to the previous measure- 
ments»,»), the behaviours at large scattering 
angles were very different between even-Z and 
odd-Z nuclei; i.e., the differential cross sec- 
tions in the ratio to the Rutherford cross sec- 
tions for even-Z nuclei (Ni and Zn) increase 
linearly with the scattering angles, while they 
do not rise for odd-Z nuclei (Co and Cu). 
Bromley and Wall” suggested, based on their 
experiments using 5.25 Mev protons, that the 
difference seemed to be depending on target 
spins, and we” concluded, from the experi- 
ments of 5.7 Mev protons, that the behaviour 
“was not sensitive to the incident energy for 
Ni and Cu. 

Kliucharev, Bolotin and Lutsik® have inves- 
tigated the elastic scattering of 5.4 Mev pro- 
tons by some elements in light and medium 
weight region, and have obtained the angular 
‘distributions in the ratio to the Rutherford 
“cross sections having similar form for all cases 
‘of Zn, Cu and Ni, and these angular depend- 
ences are quite similar to our previous result 
for Cu. They pointed out the qualitative si- 
‘milarity in the form of the angular distribu- 
‘tions from neighboring nuclei, but it is con- 
‘trast with the above mentioned Bromley and 
Wall’s suggestion and also with our expecta- 


tion. Therefore, in order to obtain the fur- 
ther informations, it is required to accumulate 
the many experimental data for the elastic 
scattering of protons at various energies and 
from a number of nuclei in such medium 
weight region. 

In the present work, we have extended these 
investigations to adjacent even-Z nuclei, Fe 
(Z=26), Cr (Z=24) and Ti (Z=22), by the use 
of 5.7 Mev proton beam from Osaka Univer- 
sity cyclotron» and the nuclear emulsion tech- 
nique. 


§ 2. Experimental 


The experimental arrangement and proce- 
dure were same as our previous experiments”. 
In the present investigation, the used nuclear 
emulsions were Ilford C2 and Fuji ET-6B, and 
their thicknesses were 100 4 and 70 yu, respec- 
tively. 

The Ti target was a rolled foil of 1.2 mg/cm? 
thickness. The Cr foil of 3.7 mg/cm? thick 
was prepared by electroplating method. The 
thickness of Fe target was 3.8 mg/cm? and it 
was also a rolled foil. All these targets were 
self supporting and set at 45° with respect to 
the beam direction. 

The beam current was collected by the Fa- 
raday cup connected to 0.025 uF polystylene 
condenser and was measured by electrometer. 


§ 3. Results and Discussions 


In order to check the experimental arrange- 
ment and the geometrical accuracy of the ca- 
mera, the differential cross sections for Au 
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were measured and satisfactory results were 
obtained as was shown already in our prelimi- 
nary report». As the targets were rather 
thick in the both cases of Cr and Fe, the com- 
plete separation of the inelastically scattered 
proton groups from low lying levels of each 
isotopes were not expected, but the amounts 
of the target impurities were negligible. In 
Fig. 1, the typical range distribution of the 
scattered protons from Fe target is shown. 
The experimental errors causing from the 
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Fig. 2. Ratios of measured cross sections in the 
center of mass system to the Rutherford for Ti, 
Cr and Fe. Errors were only statistical ones. 
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various parts of the experimental arrangement 
and procedure were described already in pre- 
vious paper”. 

The angular distributions in the ratio to the 
Rutherford cross sections are shown in Fig. 
2. The overall tendencies of the angular de- 
pendences for these elements are similar to 
the case of Ni. Fig. 3 contains all these cur- 
ves together, with the previous results of Ni» 
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Fig. 3. A composite presentation of the experi- 
mental curves obtained in the scattering of 5.25 


Mev (Zn) or 5.7 Mev (Ti, Cr, Fe and Ni) pro- 
tons from the even-Z nuclei. 
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and Zn” to compare the angular distributions 
from even-Z nuclei. From Figs. 2 and 3, one 
may point out that there are two characteris- 
tic features in all cases of elements; one is 
the appearence of a remarkable valley at 80° 
~90° and the other is monotonous rise at 
large scattering angles. Comparing these five 
curves for even-Z nuclei in Fig. 3 with the | 
résults)»» for odd-Z nuclei, the behaviour at 
large scattering angles seems to be charac- 
teristic property of even-Z nuclei in medium 
weight region for incident energy of few Mev, 
though with exceptions of Kliucharev, et al.’s | 
5.4 Mev results for Ni and Zn. 

The appearence of a valley at 80°~90° in. 
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all cases may be interpreted in terms of cloudy 
crystal ball model, since according to this 
model, the pattern in the differential cross sec- 
tion is expected to be quite similar for neigh- 
bouring elements. For the behaviour at large 
scattering angles, the effect of the potential 
edge may be important, because the situation 
in backward direction is affected strongly by 
incident waves with the higher angular mo- 
mentum which are determined mainly at the 
edge of potential well. Then, the different 
behaviour between even-Z and odd-Z nuclei at 
large angles may be explained by the use of 
the different shape of the potential edge for 
even-Z and for odd-Z nuclei. 

For the Kliucharev, ef al.’s 5.4 Mev data on 
Ni and Zn which differ from Bromley and 
Wall’s (5.25 Mev) and our (5.7 Mev) results, 
we cannot give the reasonable interpretation 
but one may speculate that in this energy 
region the scattering may be affected by elas- 
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tic contribution from the compound nucleus. 
We have an attempt to continue the investi- 
gation with various incident energies. 
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By bombarding a natural calcium target with 5.7 MeV protons, gamma 
rays of energy 3.7 MeV and 3.9 MeV were observed with a Nal(T1) three 


crystal pair spectrometer. 


The intensity of 3.7 MeV gamma ray is 
about 25% of 3.9 MeV gamma ray. 


Angular distribution of these gamma rays was measured with a single 


crystal scintillation spectrometer. 
lows: 1+1.90 cos?@—1.03 cos‘. 


The result can be expressed as fol- 


From comparison with theory it is highly probable that 3.90 MeV 


state has spin 2. 


§1. Introduction 

40Ca is a nucleus with doubly magic nucleon 
number. In the shell model the first excited 
‘state of a doubly magic nucleus should lie 
relatively high. The removal of one nucleon 
from the closed configuration implies the break- 
ing of a pair, and the pairing energy can be 
estimated to be 2 to 3MeV at Z and N=20. 
‘An excited state brought about by the re- 
‘moval of two nucleons from the d3;2 level into 


Fry, level should therefore lie not much higher 
than a single particle excitation state, because 
for two nucleons the pairing energy in the 
fry. level can even overbalance the energy 
which is required for raising the second par- 
ticle from the d3/. into the f7/2 level. The 
configuration (d3/2)-1(f 7/2)! has odd parity and 
spin>2, while the configuration (d3/2)-2(f 7/2)? 
has even parity and most probably zero spin 
in its lowest state. 
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On the other hand the experimental result 
of the magnetic analysis of protons inelasti- 
cally scattered by “Ca showed that the level 
energies of the first, second and third excited 
states are 3.35, 3.73 and 3.90 MeV respectively. 
These energies are in general accord with the 
above considerations. 

R. D. Bent, T. W. Bonner and J. H. Mc- 
Crary”? showed that the first level is followed 
by no gamma transition but nuclear pair emis- 
sion. The spin and parity of this state is, 
therefore, 0+ and the configuration is inferred 
as (d3/2)-2(f7/2)?. 

In our present experiment the higher ex- 
cited states were investigated by the analysis 
of gamma rays in the inelastic scattering of 
protons by *Ca. 


§2. Experimental Methods 


Molecular ion beam of hydrogen accelerated 
by Osaka University 44 inch cyclotron was 
focused onto calcium target located at about 
7 meters from the cyclotron by a wedge type 
focussing magnet through concrete shield wall 
of 1.5 meters in thickness. The energy of the® 
proton was estimated to be 5.7+0.1 MeV from 
the measurements of range in air and in nu- 
clear emulsion. The beam defining slit was 
made of a gold plate with a circular hole one 
centimeter in diameter. Proton current was 
about a few hundredths of a microampere. 

A thin target of natural calcium of a few 
mg/cm? in thickness was prepared by evapo- 
rating the metal onto a thick gold backing. 

We have used a Nal(T1) three crystal pair 
spectrometer» to observe gamma ray spec- 
trum. The energy resolution of this spectro- 
meter was about 6% for 4.43 MeV gamma ray. 
For the measurement of the pulse height dis- 
tribution a 20 channel pulse height analyzer 
was used. 

We have also used a single crystal spectro- 
meter with Nal(T1) 14 inches in diameter and 2 
inches in length for the measurement of an- 
gular distribution. 

To avoid the background gamma rays, the 
spectrometers were surrounded by lead blocks 
ten centimeters in thickness, and moreover 
the beam was lead onto the target through 
lead wall ten centimeters in thickness. 


§3. Results 
Fig. 13shows the gamma ray,spectrum ob- 
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served with the three crystal spectrometer 
placed at right angles with the proton beam 


3°73Mev 390Mev 
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Fig. 1. Three crystal pair spectrum: calcium+ 
proton at 5.7 MeV and 90° with respect to the 
proton beam. 
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Fig. 2. Three crystal pair spectrum: polyethylene 


+-proton at 5.7 MeV and 90° with respect to the 
proton beam. 
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when the thin calcium target was bombarded 
by 5.7 MeV protons. 

Fig. 2 shows the spectrum of well known 
4.43 MeV gamma ray in “C(p, p’r)”C reaction 
by the same spectrometer with a polyethylene 
target. 

In these observations these two targets were 
bombarded alternately many times in order to 
ensure the determination of the gamma ray 
energies. The energy shift of the detector 
was less than 3% throughout the measure- 
ment. 

By comparison of these two spectra, the 
peak is estimated to be at 3.90MeV. Sub- 
tracting the spectrum of 3.90 MeV gamma ray 
whose shape is deduced from the 4.43 MeV 
gamma ray, we may get the residual gamma 
ray spectrum. It is inferred that this spec- 
trum is due to 3.73 MeV gamma ray and the 
intensity is about 25% of the 3.90 MeV gamma 
ray. These results are consistent with the 
experiment by Braams on the inelastic scat- 
tering of protons by *°Ca. 

Fig. 3 shows angular distribution of the 
gamma rays whose energies are greater than 
2.5MeV. This angular distribution is due for 
the most part to the 3.90 MeV gamma ray but 
includes the influence of 3.73 MeV gamma ray. 
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Fig. 3. Angular distribution of the gamma rays 
higher than 2.5MeV. The curve shows W(@)= 
1+1.90 cos? 9— 1.03 cos‘ 6. 


§ 4. Discussions 

The angular distribution in Fig. 3 has the 
form W(@#)=1+Acos?@+Bcost#@. The mea- 
sured values of these coefficients in W(@) are 
1.90 and —1.03+0.09 respectively. 

Further analysis of the distribution con- 
sisted of an attempt to compare the measured 
values of the coefficients with those calculated 
_ for the inelastic scattering process. 
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By the aid of the formula for the angular 
distribution of a two stage particle reaction 
followed by gamma emission as given by A. 
A. Kraus, J. P. Schiffer, F. W. Prosser, and 
L. C. Biedenharn”, one can calculate these 
coefficients for every case. The expansion 
coefficients of P.(cos @) for 1, l’<3, j7<3 and 
except for interference term are given in Table 
I, where / and /’ are the incoming and out- 
going proton angular momenta, J is the spin 
of the compound state, j is the spin of the 
gamma emitting state, and P.(cos@) is Leg: 
endre function. These coefficients were cal- 
culated. by Dr. S. Takagi and Mr. S. Yama- 
zaki in our University. 

According to Kraus et al.”, if the outgoing 
particle is not observed incoming 7 values and 
channel spins add coherently and incoherently 
respectively, while outgoing / values and chan- 
nel spins add incoherently and coherently re- 
spectively. Moreover, since 4 is only even 
for sharp angular momentum /, there are no 
interference terms between states of opposite 
parity. In other words, the cross section can 
be broken into two parts, one part for even 
parity compound states and the other for odd 
parity states. 

As a probable case for this energy of pro- 
tons, we assumed a process due to the absorp- 
tion of a d-wave proton followed by emission 
of a s-wave proton. If the gamma emitting 
state has spin 2+, only one channel spin is 
possible for either angular momentum for the 
compound state and therefore coherent inter- 
ference does not exist. 

The angular distribution is as follows: 

o(9)=1-+ cos? 6 for jJ=3/2+- 
o(@)=1+6cos?6—5cost@ for J=5/2+ 
Compounding these two distributions in the 
ratio of 4:1, one can get as follows: 
1+2 cos? 6—cos‘ 0 
in conformity with the experimental result. 

As another case, we may consider a process 
due to the absorption of a p-wave proton fol- 
lowed by emission of a s-wave proton. If the 
gamma emitting state has spin 2—, the an- 
gular distribution is as follows: 

o(9)=1-+cos? 8 for J=3/2— 
If the absorption of a f-wave proton is fol- 
lowed by emission of a s-wave proton and the 


gamma emitting state has spin 2—, the angu- 
lar distribution is as follows: 
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Table I. The coefficients of Py(cos @) in the angular distribution of the gamma ray in the inelastic 
scattering of proton by even-even nucleus. / and J’ are the angular momenta of incoming and 
outgoing proton respectively, s’ is outgoing channel spin, J and j is the spin of compound and 
gamma emiting state respectively, and Ps(cos¢@) is Legendre function. 


J=3/2 (l=1, 2) J=5/2 (l=2, 3) ; 
i y, 
j s! we 0 2 4 j s! per 0 2 4 
oe is Ks 2 1 0 0 
: 1/2 . 
1/2 1 1 0 0 3 1 0 
2 i v 2 1 1 bah 216 0 
1 0 1 a2i)/2 0 3/2 2 1 2/35 0 
Bs 1 1 Si00t sO 3 # W088 0 
2 1 3710 210 i Be F 
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1 1 1/5 0 eo 1 1/35 —1/14 
5/2 2 1 ar er lead 1 -0.118 0.0646 
5 3 1. <s0ndiGtetaniO Sark ag et ah 5 - 
0 Y y 1 25/98 9/98 
2 1 5/28 ae 
3 1 —0.059 0 3 1 tev ee 
4 | 1. —0.0339 —0.0408 
o(0)=1+6 cos? 6—5 cost 0 for [=5/2— 


Same result can be obtained in this case as 
above described. 

These calculated coefficients show good 
agreement with the measured values within 
9%. The curve in Fig. 3 shows this calcu- 
lated angular distribution. For other proces- 
ses, we can not get good agreement even if 
we consider interference terms. From the 
estimation of barrier penetrability it is reaso- 
nable that the incoming and outgoing 7 value 
is assumed to be <3. 

Then it is highly probable that the gamma 
emitting state, whose energy is 3.90 MeV, has 
spin 2. 
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The angular distributions of protons inelastically scattered from Mg”4 
(Q=-—1.368 MeV) were measured from 22.5° to 165° in the laboratory 
system at incident proton energies of 5.1 and 5.4 MeV. The 44’ Osaka 
University cyclotron was used to provide a proton beam, and the scat- 


tered protons were detected by nuclear emlusion technique. 


Both distri- 


butions obtained show an asymmetry about the center of mass scattering 
angle @2=90° and a strong dependence with the energy of primary protons. 


Introduction 


§ 1. 

Up to the present time, the angular distri- 
butions of protons inelastically scattered from 
Mg*‘, being left in the first excited level (1.368 
MeV, 2, +), have been measured at various 
proton energies from 4.7 MeV to 18MeV»-». 
All these data indicate the asymmetry about 
the center of mass scattering angle #=90° 
without any exception. 

From the compound nucleus picture, it may 
be plausible that at such energies of the in- 
cident protons the compound states are in an 
intermediate region of the two extreme, that 
is, the region where the reaction proceeds 
through a single level of the compound nu- 
cleus —-resonance region— or through the 
continuum region of the compound nucleus 
— statistical region—, in both cases the angu- 
lar distributions are predicted to be symmet- 
ric about 0=90°.- But the range of the 
~ excitation energy of compound state produced 
by protons of energies from 4.7MeV to 18 
MeV, is so large that it cannot be attributed 
only to this circumstance. 

Fischer has interpreted his 10MeV data 
by combining the statistical theory of the 
compound nucleus and the direct interaction 
proposed by Austern, Butler and McManus’. 
Besides the direct interaction proposed by Au- 
stern, et al., Hayakawa and Yoshida” have 
shown theoretically that the other possibility 


may be considered as the excitation of the 
rotational level of the nucleus. 

Greenlees, et al.” suggested an interfer- 
ence effect between the processes of compound 
nucleus formation and of direct interaction to 
explain the rapid change of the angular dis- 
tributions with the incident proton energies 
in their experiments of 8~10 MeV region. 

In this paper the angular distributions of 
inelastically scattered protons from Mg‘ are 
studied at proton energy 5.1 MeV and 5.4 MeV 
by means of nuclear emulsion technique. 


§2. Experimental Arrangement and Proce- 
dure 


The 44” Osaka University Cyclotron’ was 
used to provide a beam of 5.70.1 MeV pro- 
tons, and nuclear emulsion was used to detect 
the scattered protons. The experimental de- 
tails concerning the scattering chamber, the 
collimator system, and the current integrator 
were same as mentioned in the previous pa- 
per!®»17) of Osaka University plate group. 

In Fig. 1 the schematic arrangement is 
shown. The foil changer box, contained ten 
sectors of aluminium foil, was inserted in 
front of the collimator system to reduce the 
primary proton energy by a step of about one 
hundred keV. Two plate cameras were con- 
structed, the one (No. 1 camera) was for the 
study of angular distributions, the other (No. 
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2 camera) was for the study of excitation func- 
tions. The grancing angles of the plate were 
increased to 15° for both cameras in order to 
reduce the background track due to elastic 
portion which escaped from emulsion and had 
the same range in emulsion as inelastic group. 

No. 1 camera had plate-holders at an inter- 
val of 7.5° from —7.5° to —75° and from 15° 
to 165° with respect to the incident beam di- 
rection in the laboratory system, and was set 
in the scattering chamber in the case of the 
measurement of angular distributions. Since 
the numbers of the elastically scattered pro- 
tons at small angles were very large, the ex- 
posure of the plates at small angles was made 
about one-fifth of that of the plates at large 
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Fig. 1. The schematic illustration of experimen- 
tal arrangement. 
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Fig. 2. The experimental arrangement for ob- 
taining the excitation function. 
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angles by the shutter in front of the camera, 
and the normalization in angular distribution 
was done at 75° both from the ratios of the 
integrated current and of the intensities of 
elastically scattered protons. 

No. 2 camera also had ten plate-holders at 
an interval of 7.5°. The experimental proce- 
dure obtaining the excitation function is shown 
in Fig. 2. The camera could be rotated in 
the horizontal plane around the axis of the 
scattering chamber. The plates were blinded 
by the aluminium blinder in front of the ca- 
mera. This blinder had a slit at 90° with re- 
spect to beam direction, and the exposures of 
the plates were done one by one with the ro- 
tation of the camera. The proton energy could 
be changed by aluminium foil in front of the 
collimator system, thus the excitation func- 
tions could be obtained. 

The target was a self-supporting Mg foil 
1.2 mg/cm? thickness, and was prepared by 
vacuum evaporation onto a glass plate and 
was peeled off by a blade of a safty razor. 
Though the target was stored in vacuum, a 
small amounts of contaminations of hydrogen 
and oxygen could not be removed. The used 
emulsions were Ilford C-2 (200, 100) and 
Fuji ET-6B (70 4) nuclear emulsions. 


§3. Result and Discussions 


In order to check the experimental proce- 
dure for No. 2 camera, preliminary run was 
made for the excitation function of the elastic 
scattering of protons from Au at 90° in the 
laboratory system. Incident energies of pro- 
tons were changed from 5.7 MeV to 4.8MeV 
by a step of 100keV. The results are illu- 


5-2 5.3 54 5.5 5.6 5.7 
Ep (MEV) 

Fig. 3. The excitation function of the elastic scat- 
tering of protons from Au at 90° in the labora- 
tory system. Ordinate indicates the product of 
the differential cross section and the square of 
incident energy in arbitary scale. 
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strated in Fig. 3. It is a plausible estimation 
that in these energy region the differential 
cross sections for Au are approximately equal 
to Rutherford cross sections, so the product 
of the differential cross section and the square 
of incident erergy of protons must be con- 
stant. The result obtained here is very satis- 
factory. 

The excitation function obtained for Mg” 
(Q=—1.368 MeV) is illustrated in Fig. 4 toge- 
ther with the previous results of Greenlees®), 


—e— present result 
6Las. =9 0° 


- Greenlees 
OLas. =70 


o 
ie) 


40 


Milli Barns per Steradian 


20 


4849 5.051 525354555657 
E, (MEV) 


Fig. 4. The excitation function for Mg*4(Q= 
— 1.368 MeV) together with the previous results 
of Greenlees. 


The uncertainty in the absolute cross section 
were estimated to be about 20% both for the 
excitation function and the angular distribu- 
tion. There is a resonance feauture at the 
incident proton energy of 5.1MeV, which 
agrees qualitatively with the previous result 
and the distributions were measured at 5.1 
MeV and 5.4 MeV. 

The typical range distribution is shown in 
Fig. 5 and the angular distributions obtained 
are shown in Fig. 6. These curves show ap- 
parent asymmetries about 90° and the shape 
changes with variation of incident proton 
energy. In the present case, the excitation 
energies of compound states of Al?® were con- 
siderably low, so it would be expected that 
so many levels were not excited. Then the 
asymmetry and the energy variation of the 
angular distribution might be explained by 
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the interference of levels of different parties. 

To obtain further information about the 
mechanism of the reaction the experiment for 
the angular distribution at other bombarding 
energies is now undertaking and then the de- 
tailed discussion will be given. 
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Fig. 5. The typical range distribution (1 div= 
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Fig. 6. Angular distribution of protons inelasti- 
cally scattered from Mg* measured at 5.1 MeV 
and 5.4 Mev. 
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Magnetic Moment of the First Excited State of ,.Sm” 


By Kenzo SUGIMOTO 


Department of Physics, Faculty of Science, 
Osaka University, Osaka 


(Received November 28, 1957) 


The first excited state (122-keV) of the even-even nucleus Sm? was 
excited by the Coulomb excitation with 2-MeV protons. The angular 
distribution of the de-excitation radiation was investigated. The at- 
tenuation factor of the angular distribution G,~0.6 was obtained using 
a samarium oxide target. The rotational change of the pattern in the 
angular distribution was examined under the condition of applying an 


external magnetic field vertical to the incident protons. 


The apparent 


g-factor for this state obtained was g(Sm12, 2+)=+(0.3640.16) nm. A 
brief discussion about the effect of nuclear surroundings affecting the 


present determination was given. 


$1. Introduction 


A possibility of the determination of the 
magnetic moment in the nuclear excited state 
was pointed out by Brady and Deutsch”, by 
investigating the influence of an external 
magnetic field on the angular correlation of 
successive nuclear radiations. This method 
was successfully applied to the determination 
of the magnetic moment of the first excited 
state of Cd‘ by Ziirich group». Recently, 
this method was also applied to the (p, p’ 7) 
reaction and the magnetic moment of the 
second excited state of F'® was determined 


by several investigators. 

The determination of the magnetic moment 
depends on the nuclear precession in the 
magnetic field during the life of the excited 
state, and if one investigates the rotational 
change of the pattern in the angular correla- 
tion of radiations, one may hope to determine 
the magnetic moment of the short lived excited 
state in the range of 10-’sec. The so-called 
fast E2-transition from the first to the ground 
state in the rotational spectrum of the strongly 
deformed nucleus lies in this range of life, 
and one may hope to get a direct information 


1958) 


about the g-factor of the strongly deformed 
even-even nucleus. The first excited states 
of these nuclei can be excited by the Coulomb 
excitation, and the angular distribution of the 
de-excitation radiation can be predicted theo- 
retically®. As the first example of the strong- 
ly deformed nucleus, Sm? was investigated 
in the present work, because of its very 
marked position of neutron number 90 from 
which a distinct group of nuclei having the 
rotational spectrum arises. 

§2. Instruments and Experimental Proce- 
dure 


2MeV protons accelerated by the static 
generator of Osaka University were used to 
initiate the Coulomb excitation. 


25 


20 


— Kio Gauss 


O 


4 8 12 


16 


Fig. 1. Electro-magnet and its excitation curve. 
The pole pieces are made of cobalt-iron alloy. 
The pole face is 18mm in diameter and the 
pole gap is 12.3mm wide. The winding of the 
coil is 2400 turns, and the maximum dissipation 
is 1.6 kilo watts for producing the field of 
23000 gauss. 
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An electro-magnet was specially designed 
for this work. The pole pieces of the magnet 
were made of cobalt-iron alloy. And the 
magnetic field up to 23000 gauss can be pro- 
duced. The schematic drawing and the ex- 
citation curve of the magnet are shown in 
Fig. 1. 

The target assembly is shown in Fig. 2. 
The target was prepared by depositing the 
natural samarium oxide* on a copper foil of 
7-microns in thickness, and mounted in an 
aluminium container. The thickness of the 
target was thick for protons and thin for 
gamma-rays. 

A magnetic shielding for the incident protons 
minimized the deflection of the beam by the 
stray magnetic field. In order to determine 
the deflection of the beam, a photograph was 
taken by exposing a photographic plate to the 
proton beam at the target. The photograph 
by the magnetic field of 23000-gauss is shown 
in Fig. 3. The deflection angle of the incident 
protons was measured as 10.4°-£0.5° for 23000- 
gauss. 
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Fig. 2. Target apparatus and magnetic shield for 
incident protons. 
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Fig. 3. Photograph of the beam path around the 
target. 


* This sample was produced by Johnson, Mat- 
they & Co., Limited (Hatton Garden, Lendon), and 
the nominal purity was 99.95%. 
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The detector arrangement is shown in Fig. 
4. Gamma-rays were detected with a Nal (Tl) 
scintillation spectrometer 1.5-in. in diameter 
and 1.5-in. in length. The effect of the 
magnetic field on the spectrometer was exa- 
mined utilizing a gamma-ray source of Cs}, 


Ep = 2.0 Mev 


K X-Ray 
Sm,O, — Tarcet 
3 82 Kev 
ff I22Kev 
2 
ie 
z 
re) 
o 
O 
| 
) 20 40 60 
Pucse Heicut.in.Votts 
Fig. 5. Pulse height spectrum obtained by bom- 


barding the samarium oxide target with 2 MeV 
protons. The 122keV and 82keV peaks were 
identified with the de-excitation radiation from 
the samarium isotopes of Sm? and Sm! respec- 
tively. 
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and the variation of the pulse height spectrum 
was reduced within 2% with the magnetic 
shielding of heavy iron plates on the photo- 
multiplier. The geometrical centering of the 
arrangement was checked by measuring the 
intensity of gamma-rays from the source of 
Cs187 placed at the target, and the centering 
was corrected within 1%. 

The pulse height spectrum of the scintilla- 
tion spectrometer obtained by bombarding the 
samarium oxide target with 2-MeV protons is 
shown in Fig. 5. Radiation from a tantarum 
target was used to calibrate the energy scale. 
When the angular yield was measured, the 
net yield for the 122-keV radiation was deter- 
mined from the count of the peak portion of 
the spectrum by subtracting the back ground 
which was estimated by extrapolating the just 
upper part of the spectrum. 


§3. Experimental Results and Derivation 
of g-factor 
The observed angular distributions of the 
122-keV radiation at the magnetic field of 
+22000-gauss are shown in Fig. 6. 


@+22 K.Gauss 
@— 22K.Gauss 


120° 


seo 30) af 6 30u 2608 -90: 


Fig. 6. The angular distribution of the 122 keV 
radiation at the magnetic field of +22000 gauss. 
The solid curves are least-squares fits of the dis- 
tribution to the form W(¢)=a-+-b-cos 20+e-sin 29. 
The angular deflection of the pattern includes 
the deflection of the incident protons. 


The theory of the Coulomb excitation predicts | 
the angular distribution of the 122-keV radia- | 
tion following the excitation by 2-MeV protons || 
as, follows, | 


W(@)=1+4+0.142-cos 26+0.002-cos 44 . 


When the analysis of the observed distribution 
was done, the term of cos4@ was neglected. 
And the experimental points were fitted by || 
the method of least-squares. The apparent 

angular shift of the pattern thus obtained was || 
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subtracted by the deflection angle of the 
incident protons, and the angular shift 40 
due to nuclear precession was obtained as 
2AG=8,7° *3-6.., 

The relation between the nuclear precession 
and the angular shift of the pattern in the 
angular distribution for the present case, by 
neglecting the influence of nuclear surround- 
ings, can be given by® 


240=tg-\(2wrt) , 


and where rt is the life time, @ is the Larmor 
frequency, g is the nuclear g-factor, and sy 
is the nuclear magneton. Using the value of 
the half life TY /2=(1.40-+0.10)-10-% sec. ob- 
tained by Sunyar®, the apparent g-factor was 
obtained to be 
g(Sm?*?, 2+)= +(0.36-+0.16)- sy . 

The present value is in good agreement in 
magnitude with the value obtained by Scharen- 
berg and Goldring”. 

Though the effects of the nuclear surround- 
ings affecting the present determination are 
complex, the effects can be estimated from 
the attenuation factor G, of the coefficient in 
the angular distribution when the external 
magnetic field was not applied. G, can be 
determined by comparing the observed dis- 
tribution with the theoretical one. G,.~0.6 
was obtained by the present measurement in 
agreement with the result obtained by Sim- 
mons, et al.® using a samarium oxide target. 
Scharenberg and Goldring” have observed the 
distribution using a metallic samarium target 
and also a target in liquid form, and obtained 
G.=0.65 and G,=0.95 respectively. 

The effects of the surroundings which cause 
the attenuation of the angular distribution, 
especially for the solid target, are considered 
as follows. Because of the recoil energy up 
to 50-keV, the recoil atom will find itself at 
a strange position of the lattice, so that the 
excited nucleus will be exposed to a strong 
electric field gradient. The effect due to the 
atomic hyperfine structure must also be con- 
sidered, because of the special character of 
the atomic 4f electrons of the samarium atom. 
But this atomic moment is believed to fluc- 
tuate very rapidly (<10-™ sec.) relative to the 
nuclear precession (~10-* sec.) above the room 
temperature. It is, therefore, reasonable to 
consider that the difference between the at- 
tenuation factor G, for the solid targets and 


where o=g-uy-H/h, 
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the liquid target is attributed to the difference 
in electric quadrupole interaction, so that the 
apparent g-factor may be increased at most 
by 40% from this cause. 

Another cause which is due to the strong 
paramagnetism will strengthen the effective 
magnetic field at the nucleus, because the 
atom is partially polarized along the external 
magnetic field. This effect was estimated by 
considering the behavior of the atomic 4f 
electrons”, and the effect on the determina- 
tion of the g-factor was calculated to be 20% 
at 300°K and 10% at 700°K, so that the ap- 
parent g-factor must be decreased about 10% 
from this cause. 

In spite of these uncertainties, the sign of 
the g-factor could be conclusive. It is interest- 
ing to remember that the uniform model 
predicts the g-factor g~Z/A~0.41 irrespective 
of the deformability of the nucleus. 
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Optical Study on the Resultant Movement of Many Walls 


Rochelle Salt 


By Ryuji, ABE 
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(Received September 24, 1957) 


A new optical device to study the resultant movement of many walls 


in rochelle salt was constructed. 


of the optical plane is nearly in proportion to the spontaneous polariza- 


tion. 


from the information of the rotating angle. 


Some characteristics of the resultant wall motion were studied 


results we are inclined to conclude that the fatigue effect will be caused 
by either the displacement of dislocations or neutral vacancies. 


Introduction 


§1. 

Recently the domain structure and the wall 
motion in rochelle salt have been observed by 
several investigatorsY-») by means of polariz- 
ing microscope. These direct observations are 
very useful to investigate the mechanism of 
the individual motion of every wall. They 
are, however, not sufficient to study the es- 
sential mechanism of wall motions as a whole, 
because the observed motion of a wall is sen- 
sitively influenced by the local stresses in the 
vicinity of the wall. This influence of local 
stresses can be excluded in the measurement 
of the resultant movement of many walls, be- 
cause the influence on every walls are ave- 
raged over. Therefore such a resultant mea- 
surement is also important to study the me- 
chanism of the wall motion. 

In the present experiment we have inves- 
tigated various characteristics of the resultant 
movement of many walls by means of the 
high sensitive optical system. It was found 
that this optical method is very useful to study 
the characteristics of wall motion at very low 
frequencies. The measuring device is given 
in §2 and some experimental data on the fa- 
tigue effect and the other phenomena are given 
in §3. 


§2. Experimental 


Specimen. The crystal used in the present 
experiment was thin slab normal to a-axis, of 
which dimension is about 3x2x0.2cm3._ Sil- 
ver electrodes were evaporated in vacuo on 
both sides of the slab. The thickness of the 
electrodes was limited within a few hundred 
A so that a measurable intensity of light pas- 
ses through the crystal. 


in 
It was found that the rotating angle 
From these experimental 
Chamber that contains specimen. To keep 


the temperature and the humidity constant 
during an experiment the crystal was set in 
the closed chamber (Fig. 1). The tempera- 
ture was controlled by circulating water which 
was kept at a constant temperature, while the 
humidity was controlled by changing the con- 


Fig. 1. Specimen chamber. 
A: Glass plate B: Brass chamber 
C: Water bath D: Specimen 
E: Sulphuric acid F: Bevel-gear 
G: Shaft 


1ioM 


67-5V 


Fig. 2. Diagram of circuit 
A: Light source B: Lens 
C: Polarizer D: Specimen chamber 
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centration of sulphuric acid in the chamber, 
The crystal was placed on a disk which rota- 
tes around its center by operating the outer 
dial. 

Circuit. The diagram of the circuit is shown 
in Fig. 2, where the polarized light falls in 
parpendicular onto an a-plate crystal and the 
light which has passed through the crystal is 
introduced into photo-electric tube. The in- 
duced photoelectric current is amplified by 
electrometer tube and the amplified current 
is detected by high sensitive galvanometer. 
The area of the crystal surface which was 
irradiated by the polarized light was about 
2.5201.5 cm*. 


§3. Experimental Result 


Rotation of optical plane versus temperature. 
Rochelle salt crystal is orthorhombic in its 
paraelectric region and its optical axes exist 
in (010) plane®. If the polarized light is thrown 
in parpendicular to a-plane, it is divided into 
two extraordinary rays i.e. the one ray which 
oscillates in b-plane and the other ray which 
oscillates in c-plane. These two rays are re- 
combined when they have passed through the 
crystal and a certain component of the re- 
combined ray passes through the analyzer 
which is crossed to the polarizer. Then the 
intensity of the light which has passed through 
the crystal is given by 


T=7rly sin? 20= 5 Tho —cos 46) (1) 
where J) is the intensity of incident polarized 
light, @ is the angle between b-plane and the 
plane of the polarization of the incident light. 
y is a certain constant which becomes 
sin (2774/4) if the wave length of polarized 
light is a constant 2) and the crystal surfaces 
are prefectly flat, where 4 is the optical path 


_ difference between the two extraordinary rays. 
In the ferroelectric region the crystal becomes 


x} 


“monoclinic and the optical plane differs from 


the b-plane*. Therefore the previous Eq. (1) 


must be modified to be 


[t= rlo(1—c0s 4(@—s)) (1 
for the state (a) (Fig. 3), and 


[r= --rIg—c0s 4(0+-s)) C20)” 


* Here the b-plane denotes 6-plane in the para- 


electric state. 
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for the state (b), where gs is the angle be- 
tween the optical plane and the b-plane when 
the polarization of the crystal is saturated in 
one direction. If the state of the crystal 
changes from (6) to (a) by applying electric 
field, then the intensity of the light which has 
passed through the crystal changes by 


(2) 
(@—g¢gs) in Eq. (1)’ and sin4gs in Eq. (2) are 
approximately equal to @ and 4¢s respectively, 
because ¢s is smaller than 1° as proved later. 
Hence, from equations (1)’ and (2) gs is given 
by 


Ta=7Ip sin 46 sin 4¢s¢ . 


(b) 


crplane 


(1): b-plane for orthorhombic phase 
(2): b-plane for monoclinic phase 
fFig. 3. Two polarizing states of rochelle salt. 
P.P.: Plane of polarized light 
O.P.: Optical plane 
The broken line indicates 6-plane in the para- 
electric state. 


O 10 20 30 40 50 60 70 80 90 100 II0 120 
6 degree 


Fig. 4. 
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Fig. 5. Dependence of rotating angle on tempera- 
ture. 
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gex Looms 

A(T )o-n/s 
Therefore if the relative intensities of both 
(Ia)o=a/3 and (I)o.2/, are measured, the absolute 
value of vs for every temperature* can be ob- 
tained. The dependences of gs on tempera- 
ture and on spontaneous polarization are shown 
in Fig. 5 and Fig. 6 respectively, and some 


(3) 


values of gs are given in Table I. These 
TKO! 
a3 
12>) 
(2) 
oa 
20 304050 ~——*1cO 


Fig. 6. Rotating angle versus spontaneous polari- 
zation. 


Table I. 
Temp. (°C) DPD. 2 Sa: 11.9114.6l17.8119.2 
gs (min) 58.058 .9/53.6/45.8'43 .0387.4/32.5 


figures clearly show that ¢s is proportional to 
Ps**, The value of is determined to be 
1.25+0.2 from the experiment data. 

It will be noted here that gs is nearly pro- 
portional to spontaneous polarization, because 
the value of m nearly equals unity. In the 
following experiment, accordingly, we use the 
resultant rotating angle gy as the measure of 
the resultant displacement of many walls. ¢ 
is given by gp=Vigs—V-¢gs, where V, and V- 
are the volumes of positive and negative do- 
main respectively. 

Dependence of ¢ on electric field. Under a 
constant temperature and a constant humidity, 
y increases with the increase of applied field, 
as shown in Fig. 8. It is clearly seen from 
this figure that in the ferroelectric region ¢ 
increases abruptly at a certain field. This 
“critical field” will correspond to the coercive 
field in the hysteresis loop obtained by Sawyer 
and Tower method. The “crytical field”, 
however, is much lower than the coercive field 


* Tt is really ascertained that the simple rela- 
tions (1) and (2) are satisfied for the persent cry- 
stal (Fig. 4). 

** Temperature dependence of spontaneous pola- 
rization is a little affected by humidity. Here we 
use the data of spontaneous polarization obtained 
from the hysteresis loop at 60% humidity (Fig. 7). 
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given by Sawyer-and-Tower-hysteresis loop 
and the slope near the crytical field is fairly 
steeper than the slope in the hysteresis loop. 
The same conclusion has been obtained from 
different experimental measurement by a few 
investigators»-©. This conclusion indicates 
that the coercive field is dependent on the 
changing rate of field with time. An expla- 
nation for this dependence is given in our 
previous paper®. 


xO? 


coulomb/cm2 


ho 


thickness : 3 mm 
humidity :60 % 


0.5 


oO 


=20-16 -12 -8 4 0 4 8 12 16 20 24 
Cc 


Fig. 7. Dependence of spontaneous polarization 
on temperature. 
Sy 
02 
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O 1020 3040 5060 70 80 90 IO00II0 120 
volts/cm 


Fig. 8. Rotating angle versus applied field. 


As shown in the following, g changes with : 


time remarkably, and shows a marked fatigue 
effect. Hence it was necessary to apply static 
fields to a crystal successively, as shown in 
the upper part of Fig. 8 in order to avoid the 
influence of the fatigue effect. 

Change of ¢ with time. 
ches the equilibrium value soon after the ap- 


plication of field if the field is higher than the | 


critical field mentioned above. However, it 
does not reach the equilibrium value within 
20~30 sec after the application of field if the 


The angle 9 rea- | 
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field is lower than the critical field (Fig. 9). 
This phenomenon corresponds to the pheno- 
menon found by Takahashi and Hara® by 
electrical means, although the present satura- 
tion frequency is about 3~4 times higher than 
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their saturation frequency. 
Fatigue effect. 


is applied to a crystal for a long time. 


O 10 20 30 40 50 60 70 80 90 IO00II0 
seconds 

Fig. 9. The change of ¢ with time after the ap- 
plication of field. 

(I) 50 volts/cm 

(Il) 40 volts/cm 

(V) 30volts/em 


(II) 
(IV) 
(VI) 
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55 % 
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10 minutes (2-1) 
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30 se 0-2) tp 
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Fig. 10. 


‘the origin of this effect, however, no satis- 
factory explanation has yet been proposed, 
because the experimental data on this effect 
are very complicated and fluctuated. There- 
fore for the study of this origin a more con- 
centrated and detailed experiment must be 
done. 

In the present experiment we have inves- 
tigated various features of this effect by means 
of the present optical method. This method 
‘was very advantageous to study the displace- 


\ 


It is well known that ro- 
chelle salt comes to fatigue when a static field 


About 
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ment of walls at very low frequencies, be- 
cause the measurement is not influenced by 
the existence of surface leak and ionic cur- 
rent. Fig. 10 gives an example of the re- 
covery of g with time after the removal of 
applied field which is high enough to saturate 
the polarization of crystal in one direction 
(150 volts/em). The ordinate is ¢ in arbitrary 
scale and the abscissa is the time ¢y that lapsed 
after the removal of field. The duration of 
field t is given by the figures near the every 
curve and the quasi-equilibrium value* of 9 
is given by the figures in the parentheses. 
Though the result is not shown in this figure, 
the crystal almost recovers its original state 
after a sufficiently long time has lapsed. In 
Fig. 11 the change of the initial value of re- 
covering velocity is shown as a function of 
the duration of field. The ordinate is the ini- 
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ae The quasi-equilibrium value means the value 
of g when the same period as the duration of ap- 
plied field has lapsed after the removal of applied 
field. 
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tial value of recovering velocity which is de- 
termined by the gradient of g-tp curve at 
tp=0, and the abscissa is the duration of ap- 
plied field tr. In Fig. 12 the change of ¢ is 
shown when the reverse field is applied for 
30 sec after the removal of the forward field. 
The ordinate is g in arbitrary scale and the 
abscissa is the time that lapsed after the re- 
moval of the reverse field. The strength of 
field equals in both direction (150 volts/em) and 
is high enough to saturate the polarization of 
the crystal. These experimental results are 
almost reproducible for the same crystal and 
the characteristic features of each curve are 
similar respectively for another crystal with 
the dimension, 3.5x2.5x0.5 cm’. 

Now from these experimental results we 
can obtain some informations useful to discuss 
about the origin of the fatigue effect: (1) the 
crystal does not recover its original state for 
a few hours if the duration of field is longer 
than about 10 minutes, although it recovers 
the original state after the sufficiently long 
time. This fact suggests that a certain change 
of internal structure such as the dislocation 
or the movement of ions or vacancies is caused 
in the crystal. This suggestion is also sup- 
ported by the result that the recovering velo- 
city in the reverse direction increases with 
increase of duration of the forward field (Fig. 
12). (2) the recovering velocity of wall be- 
comes the order of 10-° cm/sec, if we assume 
that the crystal is composed of equivalent la- 
mellae of 180° domains with the breadth of 
10-8~10-4cm (according to our observation) 
and the walls move only sideways (Fig. 11). 
This velocity is much lower than the velocity 
of wall at low fields observed by Mitui and 
Furuichi?. (3) the fatigue begins to appear 
abruptly when the duration of applied field is 
longer than about 30sec (Fig. 11). This fact 
seems to mean that the velocity of the im- 
perfections which cause the fatigue is the 
order of d/30cm/sec, where d is the distance 
between the imperfection and the source of 
the recovering force. (4) the recovering velo- 
city changes a little with the change of sign 
of the applied field. Therefore, it is likely 
that the source of the recovering force is re- 
lated with the secondary structures of the 
crystal or the surface states of the electrodes. 
(5) the initial value of recovering velocity in- 
creases a little with the increase of tempera- 
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ture (Fig. 13). The recovering velocity, ac- 
cordingly, seems to be independent of spon- 
taneous polarization. Refering these experi- 
mental results a few discussions on the origin 
of the fatigue effect will be given in the fol- 
lowing section. 
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experiments, to avoid the appearance of true} 
charge both electrodes were shortcircuited} 


when the applied field was removed. On thes 


contrary, if both electrodes are left open whe i 
the applied field is removed, it will be ex-4} 
pected that all domains little recover thei 4 
original volumes for a short time, because the 
true charge induced in the electrodes prevent} 
the movement of every domain. Actually at} 
10°C and at 55% humidity no change of ¢g| 
removal of applied field which was high enoug ! 
to saturate the polarization of crystal, althoug jl 
eS ‘ 

the fairly rapid change of g was observed} 
* The drastic increase of the recovering velocit 
may be due to the increase of the surface conduc} 
tivity of the crystal. 


Effect of surface charge. In the foregoing f 
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| 


was observed at least for 2 minutes after the 
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at the temperatures higher than about 20°C} 
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(Fig. 14). This fact indicates that the rochelle 
salt crystal is a good insulator even at rela- 
tively high humidity. 


$4. Discussions 


1) The surface-charge layers due to ionic 
current will influence the recovery of crystal. 
This mechanism may be proposed as a pos- 
sible explanation of the fatigue effect. This 
explanation seems to be adequate, because it 
reminds us the fact that surface space-charge 
layers exist in BaTiO; crystal». Rochelle 
salt, however, is a good insulator as proved 
by Takahasi and Hara’, and therfore the 
ionic current in the crystal is very small. For 
example if the resistance of the crystal is 
10%Q (refering to the Takahasi and Hara’s 
data) and the applied field is 500 volts/cm, 
the charge caused by ionic current is smaller 
than about 1x10-" coulomb/cm? for 10 min- 
utes. This charge is much small than the 
charge caused by spontaneous polarization. 
Therefore the surface-charge layers in rochelle 
salt will little affect the recovering velocity 
of every domain. This fact seems to suggest 
that the fatigue of the crystal may be due to 
either the movement of dislocations or neutral 
vacancies, and independent of charge move- 
ment. 

2) In the recent paper Kinase and Taka- 
hasi!® pointed out that the defects in elec- 
trodes may cause the nucleation of new do- 
mains because depolarizing charges appear at 
the defects. For the present specimen such 
defects may also be the important sources of 
new domains because the evaporated elec- 
trodes are very thin, and therefore many de- 
fects may be contained. As discussed in 1), 
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however, the depolarizing charge on the crys- 
tal surface is little neutralized by true charge 
for a short time. Therefore to explain the 
observed fatigue effect i.e. the decrease of 
the recovering velocity, it is rather favorable 
to consider that the other origin of the re- 
covering force exists in the crystal besides 
the surface defects. Screw dislocations! or 
impurities in the crystal may be the impor- 
tant causes of the recovering force. 

Finally the author wishes to express his ap- 
preciation to M. Y. Fuzishiro and Mr. K. Ichie 
for their helpful assistances. This work was 
suported by the Scientific Research Fund of 
the Ministry of Education. 
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By using a newly proposed model, in which the positive charges of 
bare nuclei of an impurity atom and the matrix atoms are put at the 
lattice points and all the electrons, valence electrons as well as core 
ones, are treated by Thomas-Fermi method, the deviation of the poten- 
tial from the periodic one for the pure matrix metal due to the presence 


of an impurity atom has been calculated and compared with the screened 
Coulomb potential obtained in previous papers. 

In the case of pure metals, a similar treatment was made by Slater | 
and Krutter, so that our model may be regarded as an extension of 
theirs to the case of substitutional impurity. 

Our obtained potential is nearly proportional to AZ, where AZ=Z;—Z, 
Z, and Z being atomic numbers of the impurity and the matrix atom 
respectively and in this paper, we have treated the cases of AZ=+2 


and +1. 


§1. Introduction 


As one of the applications of the Thomas- 
Fermi (to be referred to as T.F. hereafter) 
approximation, we have been investigating the 
screened potential around an impurity atom 
in the dilute solid solution which consists of 
two metals with different valencies. 

Up to date, we have treated the case where 
a trace of di- or trivalent metal is disolveds 
as a substitutional impurity in a monovalent 
metal; for example, Zn or Ga in Cu. 

Our previous studies?, as well as most of 
the work done by other investigators, were 
based on the following model: i.e., only the 
valence electrons of atoms of matrix and im- 
purity metals were treated in T.F. method; 
the charge (4Z)e, where 4Z is the excess of 
the valency of the impurity over that of the 
matrix, was concentrated at the position of 
the nucleus of the impurity atom and the re- 
maining charges due to core electrons and the 
nuclei were smeared out so as to form a uni- 
form positive charge distribution. 

On this model, the problem was rather easy 
to treat and it reduces to the construction of 
a spherical symmetric solution of the T.F. 
equation. 

This model has, however, several unsatis- 
factory features; (a) In the first place, because 
of the smearing out of the charge, the lattice 
structure of the matrix metal is completely 
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lost in our model, so that, e.g., the crystal| 
symmetry of the matrix metal cannot be taken} 
into account. (b) Secondly, the impurity atom) 
is characterized by a single parameter 4Z, so} 
that this model cannot distinguish betweenj 
the different impurity atoms of the same val 
ency, e.g., Zn and Cd or Ga and In. As ta 
the matrix, it is characterized by the average 


| 
density of valence electrons, which determines} 
the Fermi energy. (c) In the case when 44 
is negative, a negative point charge (4Z)e id 
to be put at the position of the nucleus of thal 
impurity atom. In this connection, we en 
counter a further difficulty when we want tal 
treat impurity atoms of transition metals. Le} 
us consider, for example, the case of dilute 
solution of Coin Cu. According to our mode 
negative charges of 28 electrons per aton 
(corresponding to (1s)?(2s)?(2p)°(3s)9(3p)®(3d)4} 
configuration) and the positive nuclear charg#| 
29e (corresponding to Cu nuclei) are smeared! 
out uniformly so as to yield a constant pos 


| 


quires that Co impurity atom must exist 4 
least as singly ionized negative ion Co-, whic 
does not seem to be physically plausible. 
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mally in (3d)'(4s)? configuration, to contribute 
two 4s electrons to valence electrons which 
are to be included in our T.F. treatment, we 
have to locate +e at the position of Co nuc- 
leus; in this formulation, however, we could 
not distinguish between Co and Zn cases. 

From a somewhat different point of view, 
this difficulty may be considered as due to the 
ambiguity of assignning the number of val- 
ence electrons in transition metals. 

In view of these unsatisfactory features of 
the simple model, we propose here a new 
model, in which the positive charges of bare 
nuclei are put at the lattice points and all the 
electrons, valence electrons as well as core 
ones, are treated by T.F. method. In the case 
of pure metals, the similar treatment was 
made by Slater and Krutter® some twenty 
years ago, so that our model may be regarded 
as an extension of theirs to the case of sub- 
stitutional impurity. 

Assuming the concentration of the impurity 
to be so small that the interaction between 
impurity atoms is negligible, we may treat 
the case in which at all lattice points are lo- 
cated the positive charges Ze except a single 
lattice point where a point charge Zie is lo- 
cated. Hereafter we denote the atomic num- 
ber of matrix atom and that of impurity atom 
by Z and Z; respectively. We expect that in 
the vicinity of the impurity atom, electron 
distribution will adjust itself so as to screen 
the excess charge (Zi~Z)e, and as we go 
farther and farther from the impurity atom, 
electron distribution will tend more and more 
closely to the periodic one characteristic to 
the pure matrix metal. This electron distri- 
bution, as well as the corresponding potential 
distribution, will be determined by T.F. 
method. 

This is nothing but the most straightfor- 
ward and consistent way of applying T.F. 
method to our problem, and no ambiguity is 
left, for instance, about the choice of the 
number of electrons to be treated. 

In this model, |Z:—Z| may be quite large; 
in fact, we could treat the case of vacancy 
simply by putting Z:=0. And the lattice 
structure can be fully taken into account. 

Further our calculation may be of some in- 
terest from the mathematical point of view as 
an application of cellular method to crystals 
containing an impurity atom. 

d 


q 
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We do not believe, however, that our model 
is completely satisfactory. Since, T.F. method 
cannot account for the shell structure of elec- 
trons in atoms, the concept of “valency” is 
almost completely lost in our present model. 
The observed trend of the residual electric 
resistance, for instance, seems to show the 
significance of the concept of valency, at least 
as a guide to rough estimation. 

In order to preserve the concept of closed 
shells, valency, etc. and at the same time, to 
take the lattice structure and other properties 
about individual element of the periodic table 
into account, it seems to us desirable to re- 
present the distribution of core electrons by 
the use of Hartree and Hartree-Fock field, 
and to treat the electrons outside these cores 
by T.F. method. We are now proceeding 
this way and we hope to report the results 
in a near future. 


General Considerations about Our New 
Model 

We consider the introduction of a single 
foreign impurity atom (hereafter abbreviates 
as i-atom) by substituting one of the solvent 
matrix atoms (hereafter abbreviates as m- 
atoms) which are arranged in a face-centered 
cubic crystal. 

The lattice point thus substituted by an 7- 
atom is denoted by &y, while those occupied 
by m-atoms are Rn (m3<0). 

In order to remove the deficits in the former 
model as stated in the introduction, all the 
electrons in the crystal are taken into con- 
sideration and we assume that the bare nuclei 
with positive charges +Ze and +Ze of m- 
atoms and an 7-atom are located at Rn and 
Ro as point charges. 

The fundamental problem in obtaining the 
crystal potential is to find the solution of the 
T.F. equation which is appropriate for this ar- 
rangement of positive point charges. Now 
let u(r) be the electrostatic potential at the 
point r valid over the entire impure crystal 
in which every atom is supposed to be at rest 
at its lattice point. Then, u(r) is given from 
the solution of usual T.F. equation: 


§ 2. 


(1) 


Pu(r)=aus? 
where 
_ 3277 


“© (2me)*/? 


On 3h “a 
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under the following conditions in the vicinity 
of each lattice point, due to the presence of 
bare nuclei 


u(r): (= 1) = fnite terms) 
near Ro (3a) 

(=Un)= — +(finite terms) 
near Rp (20) (3b) 


In order to solve this problem, we use the 
“cellular method”, i.e., we subdivide the cry- 
stal into polyhedra of equal size and form 
neglecting the distortion of the lattice due to 
the presence of an impurity atom. Each poly- 
hedron, except one in which the bare nucleus 
of an i-atom is located at its center, has the 
bare nucleus of m-atom at its center. 

We shall denote, hereafter, the polyhedron 
belonging to an z-atom or its neighboring m- 
atoms by Py or Pn and the solutions of (1) in 
Py and Py, by uw and uw, respectively. 

Then, w# and uw, must be smoothly connected 
over the surface of each neighboring poly- 
hedron, i.e., the continuity of the potentials 
and their derivatives must hold. 

Rigorously speaking, the boundary conditions 
must be satisfied at all points on the surface 
of the polyhedron. In the case of the face- 
centered cubic lattice, the surface consists of 
twelve planar polygons, and the distance 7 of 
the surface points from the center falls in the 
range (1/2Y 2 )a<.r<(1/2)a, a being the lat- 
tice constant. Since we introduce only a finite 
number of adjustable parameters in the actual 
calculation, we impose the boundary conditions 
only at the centers of polygons, which are 
midpoints between A) and Rn. We replace, 
however, in this calculation the distance 
(1/2V 2 )a by the radius 7-=(3/167)/3¢@ of the 
atomic sphere whose volume is equal to the 
atomic polyhedron; since 7, is an average of 
the distances of the surface points from the 
center, we hope to be able thereby to take 
account, to some extent, of the fact that the 
distances of the surface points from the cen- 
ter are not constant. 

Therefore, we replace the polyhedra Py and 
Pn, by the spheres of Sy) and S» of equal 
volume, and, instead of at the midpoint be- 
tween the centers of two polyhedra, apply the 
boundary conditions at the points where the 
line RoR, intersects with the atomic sphere, 
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on the surface of the atomic sphere. Then 
our problem reduces to solving the T.F. equa- 
tion within these spheres Sp and Sn. This ap- 
proximation seems to be particularly good for 
cubic metal which has very symmetrical ato- 
mic polyhedra. 

While Slater and Krutter solved T.F. equa- 
tion by using the cellular method for pure 
metals, our new model may be regarded as 
an extension of theirs to the case of impure 
metals. 

Hitherto, for pure metals*, the potential in 
each atomic sphere has always been assumed 
as spherically symmetric. But, in our study 
of impure metals, we have to take account of 
the deviation of the potential in the atomic 
sphere from the spherical symmetry. Of 
course, the potential in the distance from the 
impurity must be the same as in the pure 
matrix metal, which we assume as spherical 
symmetric in each atomic sphere. On the 
other hand, in the atomic sphere S) for the 
impurity atom, the potential must have octa- 


hedral symmetry, and the deviation from the | 


spherical symmetry appears only in the 4th 
degree spherical harmonics, so that we may 
safely neglect this deviation. 
spheres Sn neighboring to Sy, however, the 


potential has much lower symmetry, and we | 
take into account of the lower symmetry by 


writting: 
Un= U(r) +fnalr, a, ¢) (4) 
where U(r) is the potential for undisturbed 


n=<0 


matrix metal and the small term f, depends || 
not only on ry but also on the direction 0, ¢|| 


(rv, 8, g are the spherical polar co-ordinates 
with its origin at the center of S,). 


The potentials w# in Sp and wp in its neigh- || 
boring spheres S, obtained by integrating T.F. || 
equation involve a certain number of para-|| 
meters, which we shall determine by virtue|| 
of ah appropriate set of boundary conditions. || 


* Even for the case of pure metals, when the | 
symmetry of the crystal is low, the cellular poly- | 
hedron is not well approximated by a sphere, for || 
Therefore, the }| 
angular terms in the potential within the polyhed- 
From this side || 
of thenon-spherical properties of crystal potential, || 


example in diamond-type structure. 
ron may be of some importance. 


recently Bell et al.” investigated on lead ‘sulphide, | 


and March®), using T.F. method, has made an at-|| 
tempt to estimate the size of the angular terms for || 


silicon. 


In the atomic | 


| 
| 
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The details will be described in the following 
section. 


§3. Equation in Each Atomic Sphere and 


the Boundary Conditions 


(i) Let us first consider the solution 2 of 
T.F. equation within the atomic sphere Sy of 
the impurity atom. wm, being spherical sym- 
metric due to the consideration stated in § 2, 
satisfies: 

A @(uor) 
j De 


(5) 


=AU9/2 


Near the center, 2m) is given as follows: 
Uy=Zie/r+ey+-:: (6) 


If the screening of the excess charge (Zi~Z)e 
is complete in Sp itself, the total charge con- 
tained within this sphere must be zero, i.e., 
the neutrality condition (@/0r)=0 is to be 
satisfied at vce, as is the case for the pure 
metal. But, in the actual case, the screening 
will be more or less incomplete and the dis- 
tribution of the excess charge has its tail out- 
side of Sp to some extent, so that the neu- 
trality condition does not hold. Therefore, we 
have to leave c; in (6) as an adjustable para- 
meter, and determine its value in such a way 
that #) may be smoothly joined to mw, in the 
nearest neighbors. 

(ii) As to the potential uw, within the 
spheres of m-atoms in the neighborhood of 
i-atom, we assume, in the first approximation, 
as follows: 

(a) the deviation f, does not vanish within 
the spheres of the nearest and 2nd neighbors. 

(8) wun does not deviate from spherical sym- 
metry any longer within the spheres of fur- 
ther than 2nd neighbors and is equal to U(r) 
of the pure matrix metal. 

Both potentials #, and U satisfy the T.F. 
equation: 

(Un = Aun?!” (4) 
y?U=al3? (8) 


U(r), the potential for pure matrix metal, was 
already obtained by Slater and Krutter® from 
the solution of equation (8) subject to the 
boundary conditions: 
U—Zelr 
(OU/Or)=0 


In order to show the geometrical relations 


(9a) 
(9b) 


as r-0 


at 7f=Tfe 
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about neighboring atoms to an impurity 7- 
atom, we use such projection for face-centered 
cubic crystal as is shown in Fig. l(a). In this 
projection, open circles denote those atoms 
located on the plane of the paper and the solid 
circles are on a plane at the (+a) height 
from the plane of the paper. In this figure, 
we assume 7 to be an impurity atom, then 


Fig. 1 (a) The projection to show the geome- 

trical relations about neighboring atoms to an 
impurity 7-atom in the face-centered cubic 
crystal. 
Open circles © denote those atoms located on 
the plane of the paper and the solid circles @ 
are on a plane at the (+3a) height from the 
plane of the paper. 


Ray 
aie oe) 
' 
— Ra,! 


wo 


Ro plane of 


the paper 
Fig. 1 (b) 


the atoms m,; (1.€., 71,1, 1,2, 1,3, 1,4, 
etc.) are the nearest neighbors to z-atom, mz, x 
(i.€.,. 2,1, Ms,2, ete.) are the 2nd neighbors, 
and so on. Hereafter, the lower suffix n, ex- 
pressing the matrix m-atom, is substituted by 
the double suffixes (k, j). First suffix k is the 
order of neighborhood and second one / is the 
number for m-atoms. And the atomic spheres 
corresponding to the atoms 71,1, 711,2,, °*+ etc, 
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are denoted as Sj,1, Si,2, °°: etc.. 

The potentials in the twelve atomic spheres 
corresponding to the nearest neighbors have 
the same form and are different only in the 
orientation in space. Therefore, we pay our 
attention to one representative m-atom 1,1 
among the twelve nearest neighbors my, ;. 
Twelve nearest neighbors to this 1,1 consist 
of one impurity atom, four m,,; atoms, two 
M2z,x atoms, four m3,n atoms and one 4,1, as 
is shown in Fig. l(a). 

The boundary conditions to be satisfied by 
our solutions are constructed between twelve 
pairs of atomic spheres, i.e., between the 
central sphere S,,; and each one of its twelve 
nearest neighbors. 

According to the discussions in §2, the 
boundary conditions concerning each of the 
above pairs can be imposed at one representa- 
tive point Q», on the surface of the sphere 
Si,1 and there are twelve these points. But, 
due to the symmetry properties of uw» in each 
sphere, there are only five independent points 
(five independent pairs) among these twelve 
pairs. 

As is shown in Fig. l(b), the polar co- 
ordinates 7, 0, » in S,,; are constructed in 
such a way that its origin is at mj,1, i.e., the 


center of S;,1, 9 is taken from the line LR, 
and ¢ is the angle from the plane of the pa- 
per. ’ 

Thus, our boundary conditions are formu- 
lated at five points Qo(7c, 90, Go), Qil%e, Ai, 1), 


Qal7e, O2, G2), Qs(7e, Os, vs) and Qulre, 4, G4) 
corresponding to five independent pairs of 
spheres, i.e., (S:,1, So), (Si,1, Si,2), (Si,1, Sa, 1), 
(Si,1, S3,1) and (Sj,1, S4,1) respectively. 

These circumstances are also shown in Fig. 
l(a). Since the line R1,1R) is two-fold sym- 
metry axis, the term fn, expressing the de- 
viation from the spherical symmetry, can be 
expanded in spherical harmonics as follows: 


Slr, 9, P)=Aoxo(r) +ax(7)Pi(cos A) 
+a2%2(r)P (cos 0)-+ +++ 
+bixx(7r)P2?(cos 8) cos 2¢ 
+b3x3(7)P32(cos 0) cos 29+-:° 
(10) 
In this expansion, the coefficients a, a, --- 
and 0:,--- are adjustable parameters which 


should be determined by the boundary condi- 
tions and it depends on the number of our 
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boundary conditions that how many terms we 
can take into our consideration. 

On these preparations, our boundary condi- 
tions can be formulated as follows: 


(1) at Qo: A)=0 
Un(Ye, Ao, Qo) =U 7c) (11) 
(Oun/Or)r,+(Ouo/Or)r, =0 (12) 


(2) at Qi: A= 


a at 1 

He PPA C98 (-5) 
As the potential within S,,. is the same one 

as in S;,1, except the orientation, the continu- 

tiy condition for the potential itself is automa- 

tically satisfied. The condition for the deri- 

vatives is 


(Oun/Or) =0 (13) 


(3), caveQir = 


According to our assumptions, an in Ss, 1 will 
deviate from U(r) to some extent, and its 
form is not known in advance. In order to 
utilize the boundary condition at Q., we have 
to treat uw in Si,1 and in Ss, simultaneously 
and this would complicate the calculation con- 
siderably. Under these circumstances, it may 
be a reasonable approach to our problem to 
drop the boundary condition at Q, in the first 
approximation, and on finding 2m in S;,3, to 
determine w#» in S2,; in the next stage. Fur- 
ther , the facts that there are only two points 
of @: whereas there are four points of Q, and 
Qs, and that 10 points of Qo, Q:, Qs; and Q, 
are distributed rather uniformly over the sur- 
face of S;,, may be considered as suggesting 
that the neglect of the boundary condition at 
Qs is not so serious. 


(4) at Q3 and Ox: 


y2.=0 


Op= x A 


3 erc0s-( — =.) O.=7 


2 


From the assumption (8) in this section, 
both potentials within S;,, and Sy; are taken 
as equal to U. Therefore, we can obtain the 
condition of the same form for these two 
cases, i.€., 


Un(7e, O3, o3)= U (re) 
(Oun/Or),,=0 
Un(¥e, A4, Ps)= U (re) (16) 

(Outn/Or)r,=0 (17) 


With these seven conditions from (11) to 


a4) | 
(15) 
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(17), six adjustable parameters @, a1, G2, Gs, 
b, and 6; in fn can be determined, besides the 
remaining parameter c; in (6). 

The equation which the term f/f, should 
satisfy, is obtained as follows: We substitute 
the formula wrz=U-+f, into (7) and, assuming 
Jn to be small in comparison with U, expand 
the equation in powers of fx. Then we obtain 
the following differential equation: 

Pfx= = aVvU fn (18) 
by taking the equation (8) into account and 
neglecting the terms higher than the second 
order in fn. 

Then inserting the expression (10) as to fn 
into (18), we find that the radial function y.(7) 
satisfies the following equation: 


Pa 2 de (MAD Bayz) y= 
dey dns, ee 2 %VU ied 
(19) 
If we put: 
wi(r)=r- Ri(r) (20) 
the equation (19) reduces to: 
os ts 3 avU )R (21) 
dr? jee 2 


From (11), (12) and the condition (9b), the fol- 
lowing relations between uw and uw, are ob- 
tained. 


[@o%0 + @1X%1 + A2%2 + 3X3] r=r,=Uol%e, C1) — U(re) 
(22) 
[@oxo +a1x%1 +2%2/ +43%3' |r-r,= —(Ouo/O7),, 
(23) 
On the other hand, each of the five conditions 
(13) to (17) is written as a linear homogeneous 
relation for a, @1, G2, a3, b, and 63, so that 
by solving these simultaneous equations, we 
can express d:,--- and 6; as definite mul- 
~ tiples of a. Therefore, the ratio of left-hand 
- sides of (22) and (23) is completely determined 
in terms of x:(7e) and y1/(7e). This ratio, which 
we denote by Ap, is to be equated to the ratio 
of their right-hand sides: 


ig Uo(Le, C1)— U(re) 
= (00/07) rg 


And the parameter c, is determined by this 
implicit equation. With this value of ci, the 
function w% is completely determined, and fur- 
_ ther the explicit value of a can be determined 


Ao (24) 
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from either (22) or (23). 


The Solutions of the Thomas-Fermi 


Equations 


§ 4. 


First, we have to find the solution U(r) of 
T.F. equation for the pure metal. The method 
is essentially the same as that of the Slater 
and Krutter, and is briefly described as fol- 
lows: 

By the substitutions, 


Un== -¢ (25a) 


(25b) 


(here, #n=0.8853a;/Z/3, a, being Bohr radius), 
the Poisson equation is transformed into di- 
mensionless form: 


T= UmX 


Pd 6 
LENE / ay oe 

with the boundary condition: 
g=1 at _.s=0 (27) 


In the region where x is small, ¢ is expanded 
in powers of x/? with an adjustable initial 
slope C: 


B=14Cxt 5 +2 Cail se 


(28) 

Then, the numerical integration is performed 
from the origin to large x for several different 
values of C. We determine the value of C 
corresponding to the correct solution in such 
a way that the boundary condition (9b) is 
satisfied, which is expressed in our notation 
as: 


# (eo) = 22) (29) 
Xe 
at Lo= Pol ptm: 
Secondly, we construct the function mo(re, ¢1) 
valid in S). By the substitution similar to 
(25a) and (25b), i.e., 


uy= pa po, v= [ix 
Y 
i =0.8853an/Zi/3 (30) 
we obtain the same equation: 
abo _ ho°” (31) 
de Vo x 
by=14 Con toto (32) 


we carry out the numerical integration for 
different values of Co, for the interval x which 
corresponds to the interval (0, 7c) of vr. The 
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value of x which corresponds to 7. will be 
denoted by x:, which is different for different 
choice of the z-atom. 

The equation (21) is expressed in (x, ¢) co- 
ordinates as follows: 


PRin TUE OS ys 
=| i z,/ # Rien (33) 


dx? re 


with the value of ¢ previously obtained above. 
Ri(x) is obtained by performing the numerical 
integration of the differential equation (33) 
from the origin to large x starting with the 
initial condition R:(x)=x'*!- The amplitude 
of Ri(x) may be taken arbitrary, because the 
product a:Ri(x) is independent of the change 
of normalization of FR:(x). 


§5. Calculations 


In this paper, we take Cu as the matrix 
metal and Ga, Zn, Ni and Co as the impurity 
atoms. These impurities are chosen as ex- 
amples for the cases of 4Z=+2, +1, —1l and 
—2 respectively. Hereafter, (¢9, Co) corre- 
sponding to the impurity atom Ga or Zn or 
Ni or Co and (¢, C) corresponding to the ma- 
trix pure metal Cu are denoted as (Ga, Coa) 
or (zn, Czn) or --- and (¢cu, Ccu) respecti- 
vely. The numerical integration of the dimen- 
sionless T.F. equation (26) and (31) are per- 
formed on the electronic computor “Fujic” of 
Fuji Photographic Film Co. Ltd. 

The (x, ¢) tables thus obtained may be use- 
ful for the investigations of metals or complex 
ions besides atoms or molecules, so the full 
tables, including those of ¢@ which have not 
been used in this paper, will be published in 
separate paper. 

From these tables, the initial slope Ccy cor- 
responding to the correct solution ¢cu for the 
pure metal Cu is found to be —1.587855. And 
by using this ¢cu for ¢ in (33), R(x) is ob- 
tained by numerical integration with previ- 
ously stated procedures. Further xy, and x’ 
are calculated. 

Thus, the adjustable parameters aj, d2, ds, 
b, and b; are obtained as multiples of a and 
a itself is also calculated from (22) for each 
choice of the impurity. 

These values for the coefficients are tabu- 
lated in Table I. 

The value of Apo calculated from y(7-) and 
x1 (re) is 0.48. The correct numerical values 
of Cy) as a quantity characterizing the solution 
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Table. I. 
(A) The values of the coefficients in f, (expres- 
sed as the multiples of ap). 
ay 0.533 || ba — 0.044 
az 0. 048a0 b3 —0. 003a9 
| 


a3 0. 001lao 


The values of ao for different choise of im- 


(B) 


purity. 

Impurity atom AZ Qo* 
Co —2 —0.000032e 
Ni —1 —0.000011le 
Zn +1 +0.000014e 
Ga +2 +0.000029e 


* The values of ap are the average of the two 
values corresponding to two values of Cy which 
are tabulated in Table II. 


o:5 A=0-48 (=Ae) 


-|:58780 -158790 


-1'58785M 


=O 


Zn in Gu 


case; 


Fig. 2. The curve representing the relation be- 
tween A and (). 
The figure in the abscissa indicates the 5th 
place of decimals, i.e., for example, — 1.58787 
corresponds to figure 7. 


¢» for each impurity z7-atom is obtained from 
¢@o with which the right-hand side value (to 
be denoted as A) of (24) is equal to Ap. 

As to the numerical values of ¢ or @ in 
the vicinity of xe or xi, there is about 1% 
difference between those two values of 4, 
which correspond to their C’s having unit dif- 
ference at their sixth place of decimals. 

The curve representing the relation between 
A and Cy are of the hyperbolic form and is 
shown in Fig. 2 for the case of Zn in Cu as 
an example. 


; 
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Table II. The values of the initial slopes Cy and Co, v- 
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Impurity aot | AZ Cy Co, ; 
Co | —2 oe { He 1.587821" seiaesh { sit 587827 
Ni a between { ~1-587838 1.587842 
Zn +1 between { Bie ene — 1.587867 
Ga +2 | between { as Slag between { pel 


79 


* The figure, for 


between { 


shows the following affair; 


example as to the case of Cy of Co, 


—1.587821 
22 


— 1.587821 > Cp > —1.587822 . 


Similarlity is referred to other figures 


Certainly, the potential 2) within S) for the 
z-atom which is introduced into the m-atom, 
should be different from that of pure 7-metal 
(to be referred to mp (pure)). wp (pure) is ob- 
tained in the same way as for pure Cu. The 
values of Cy) corresponding to mw and that of 
Wy (pure), denoted as Co, », are listed in Table 
II. 


§6. The Screened Potential around an Im- 
purity Atom 


From our present model, the screened Cou- 


10 
0-5 
| (1) Ga in Cu 
a.u. (2) 
Zn in Cu 
ee 


25 


3:0 


05 LOT, fFSx FED 
—r (a.u) 


Fig. 3. The curves of the values in the bracket 


of (34), 
Z 
ere acai ere, 


impurity Ga (¢o=¢ea)- 
impurity Zn (d0=¢ zn). 


Li ie 
= 
Curve 1: 


Curve 2: 


1.63, 


concerning other Cy and Cp, p. 


lomb potential is expressed as follows: 


V(r) =—e(uy— U) 
—ef Fm (Z) Fee ()| eo 
4 hee Lim 
where ¢) for the four kinds of impurities 
(i.e., dca, zn, Oni and ¢co) and ¢cu are ob- 
tained numerically. 
Then it is found that the numerical values 
in the bracket of (34) are proportional to 4Z 
and V(r) can be expressed as: 


if 
Li 


i cu 
Vi 


(Or | | 
case Zn in Cu 
05) 
a.u. 
fo) 05 io) 5 20. 25 30 


——r (a.u) 


Fig. 4. The behavior of the potential due to the 
methods of treatment. 
Curve D;: present result. 
Curves Ds, D3 and Dy: results in the previous 
work and stated in the sentence. 
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Vir)= -= -AZ-F(r) (35) 
within the limit of 1% error. 

The curves for the cases of Ga in Cu and 
Zn in Cu are shown in Fig. 3. 

To compare V(r) in this paper with those 
obtained in the previous work, four curves are 
plotted in Fig. 4. The case of Zn in Cu is 
taken as an example. 

In this figure, the curve D, corresponds to 
that of (34), D,, D3 are those obtained in our 
previous work (D;: with exchange”, D;: with- 
out exchange®) and D, is the usual one ob- 
tained analytically from the linearized T.F. 
equation i.e., V(v)=—(e?/r)-4Z-exp (—qr)): 

As stated in the early part of § 3, the degree 
of the screening of excess charge (4Z)e will 
be incomplete within Sp itself. 


Table III. 


(A) The variations of o due to the method of 
treatments (the case is Zn in Cu, i.e., 47 


The values of 0. 


= +1). 

Case 0 
D, (present one) 0.03e 
Dz 0.12e 
D3; }(previous ones) 0.2le 
Dg 0.28¢e 


(B) The variations of o due to the choise of im- 
purities according to the present model. 
Impurity AZ 0 
Co —2 —0.06e 
Ni -1 —0.08e 
Zn +1 +0.08e 
Ga +2 +0.06e 


The remaining charge p which can not be 
screened completely within the sphere Sp is 
calculated from the following formula: 


1 (A@—U) 
Z| Or e 


° O(uy— U 
=— (1 as le e 
Ye ( Or i e 


We take the case of Zn in Cu as an ex- 
ample and the calculated values of o for the 
four cases from D, to Dy, just stated above, 
are tabulated in Table III. 


And in this Table, also those o’s for the 


o=|o'(r)aV= ae 


(36) 
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cases of 4Z=-+2 and +1 in this paper are 
listed respectively. 


§7. Results and Discussions 


_The work reported in this paper, is done 
for the purpose of removing the deficits in 
the previous model that we could not take the 
lattice distortion of the matrix metal into ac- 
count and so on, as stated in the introduction, 
and the following results are obtained. 

(i) The convergency of the values of co- 
efficients in fn, is comparatively fast and the 
deviation from spherical symmetry is small 
even at Qo, where fn may be largest. 

The magnitude of fn(7e, 0, go) is estimated 
about 1% or less of U(re). And since the cor- 
responding value at Q. is very small, it is not 
serious that the boundary condition at Q. has 
been neglected. 


400: 

300a¢ 

200. 

100: 
Qo Center Qa 
su ot Sis we 
to Re (Rid to Rez 

Fig. 5. The variations of f, in the atomic 


sphere Sj,; along the line RyR4,1. 


The behavior of the variation of f, within 
Si,1 is shown in Fig. 5 as the multiples of a. 
fn is calculated along the line R:R,,i. It is 
found from this figure that the deviation f, 
from the spherical symmetric one U, almost 
vanishes at the center of S,,,. This fact 
may be regarded as a justification of our as- 
sumption that the potential a» within the 
sphere of higher than the 2nd neighbors to 
an jimpurity atom equals to U(r) of pure 
metal. 

(ii) As is indicated in Table II, the values 
of Co, » corresponding to the pure 7-metal sub- 
ject to the neutrality condition on its atomic 
sphere, are, to some extent, different from 
Cy for i-atom when it is present as an impu- 
rity. |Co| is larger than |Co,»| for the case 
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of Ga or Zn and the opposite result is obtained 
for Ni or Co. This is conformity with the 
situation that Ga or Zn atom (i.e., 47>0) is 
positively ionized to some extent when it is 
introduced into Cu and Ni or Co atom (4Z<0) 
exists as a negative ion in Cu. 

(iii) The two curves in Fig. 3 for the cases 
of Ga (4Z=+2) and Zn (4Z=+1) in Cu, coin- 
cide almost exactly with those of Co (4Z= —2) 
and Ni (4Z=—1) with each other, except their 
signs and the perturbed potential V(r) can be 
expressed in the form (85). This result shows 
that the change of the potential due to the 
introduction of an impurity atom is very nearly 
proportional to 4Z=Zi—Z, at least for —2< 
4Z<+2. In a certain sense, this result is 
what we may expect from the beginning, 
provided that the change of the potential is 
small compared with the potential itself and 
may be treated as a small perturbation to the 
potential of the pure metal. In fact, our po- 
tential u(x, y, z) is determined by the equation 
(1) valid throughout the crystal under the 
boundary conditions (8a) and (3b) near the 
lattice points as stated in § 2. 

On the other hand, the potential U of pure 
matrix metal satisfies the following condition. 


peu=au? 


throughout the crystal 
U~Ze/|r—R\+--- 


near the lattice point R 

(37) 
Now, if the change due to the impurity is 
small, we should be allowed to treat f defined 
by u=U+/ asa small quantity compared with 
U. Thus the differential equation satisfied by 
f is found to be 


pf=s-avU-f (38) 
and the conditions at the lattice points are 
tee t r~kR 
fice id te at r~kR) (39) 
finite at all other Rn 


Taking into account that the differential equa- 
tion (38) is linear, we can see quite easily that 
if f is the solution of (38) with the condi- 
tions (39) for 4Z7=1, f=(4Z)f™ satisfies all 
the conditions for f in the general case. 
Hence the solution has the form: 


f=(42Z)-f™ 


where ff‘ does not depend on 4Z. 
The above argument does not make use of 


(40) 
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the cellular method. If we use the cellular 
method, however, w—U in each cell is pro- 
portional to 4Z: 


up —U=(4Z)- Fir) 
un—U=(AZ)- Fir) 


In our calculation, we employed the linea- 
rized equation (38) only in the atomic sphere 
of m-atom and. we solved the equation nume- 
rically. The results shows, however, that we 
might make use of the linearized equation (38), 
even in the impurity cell itself. 

(iv) As to the case of 4Z>0, the potential 
falls off more rapidly than those obtained in 
the previous work advancing from D, to D; 
as is shown in Fig. 4. It indicates: that the 
screening radius becomes smaller and smaller 
in accordance with the case advancing from 
D, to D,. They are also found from Table 
Ul concerning the remainning charge which 
is not screened off. 

As was found from our previous investiga- 
tions, these results seem to diminish the dis- 
agreement between the calculated and experi- 
mental values of residual electric resistance 
of binary alloys. 

The perturbed potential —(4Z/r)e?-exp(—qr) 
which was obtained by Mott from linearized 
T.F. equation, is also’ proportional to 4Z, but, 
our present one (33) falls off more rapidly as 
is shown in Fig. 4. March et al.! have found 
that the potential obtained from numerical 
integration is represented by the asymptotic 
form —(4Z/r)e?- A-exp (—qr) at some distance 
from the origin for the case of 4Z>0. And 
Alfred and March! also obtained the values 
of A for the cases of negative 4Z. Their re- 
sults were that the obtained values of A were 
larger than those corresponding to positive 4Z 
(same |4Z|), show that the screening of the 
excess charge (4Z)e is weak for the negative 
AZ in comparison with that for the cases of 
positive 4Z. 

As stated before, our present calculations 
show that the obtained potential (35) for the 
cases of 4Z=—2 or —1 coincides almost ex- 
actly with that of 4Z=+2 or +1 respectively. 

But, due to the experimental results of the 
residual electric resistances which are related 
directly to the dimensions of the potentials, 
of binary alloys, the resistances for the cases 
of 4Z<0 are comparatively larger than the 
corresponding values for 47 >0. 


in So 


in Sn 


ta) 
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Therefore, there remains some ambiguity 
in our results for the cases of 4Z<(0, and we 
hope to solve this point in our further inves- 
tigations by using our improved model stated 
in the following sentence. 

(v) As stated in the latter part of §1, our 
present model is not completely satisfactory, 
since T.F. method cannot account for the shell 
structure of electrons in atoms. 

We are now taking into account, in our model 
of this problem, the distribution of core elec- 
trons by the use of Hartree or Hartree-Fock 
fields and treating the electrons outside these 
cores by T.F. method. We are now proceed- 
ing this way and we hope to report the re- 
sults in a near future. 
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The energy band structure of the 6- (zincblende-type) SiC crystal is 
worked by the orthogonalized plane wave (OPW) method. Since this 
crystal will be the typical one of the IV-IV compounds, the results of 
calculation for its electronic structure will be useful for systematic 
understanding of the transitions of the electron-behavior from the group- 
IV valence-crystals to the III-V compounds etc.. Our results show that 
the conduction band-minima occur at X-point or its immediate neighbor, 
while the valence band-maximum perhaps at /’-point. Hence the indirect 
interband-transitions in the long wave limit will be expected to occur 
between these two states with the energy difference of 2.2ev, and the 
direct interband-transitions at X-point will take place at a photon energy 
of 6.3ev. Further the approximate charge-distribution in the crystal 
is worked by making use of the obtained /’-valence eigenfunctions, which 


result seems to show that the electrons in its k=0 levels of the B-SiC 
will be approximately a covalent-like distribution as far as /’-eigenfunc- 


_ group, for the following reasons. 


tions do concern. 


Finally, an idea is proposed to improve the slow- 


convergence of the OPW method for conduction bands of insulators. Its 
practical application is now in progress for the 8-SiC. 


Introduction 


§1. 

Recently, many efforts have been made to 
calculate the detailed energy-band structures 
for the diamond-type group-IV valence-crystals 
(diamond, silicon, and germanium)!?. Fol- 
lowing these investigations, the speculation of 
rough features of the energy band structure 
in zincblende-type crystals has been attempt- 
ed by Herman” on the basis of his own 
treatment of diamond and germanium”, and 
recently the elaborate programs for InSb”, 
ZnS® and others® have already been started 
by some workers. 

There would be two appreciable differences, 
however, between the general nature of the 
energy band structure for Ge-group and InSb- 
In the first 
place, the space group of the latter” is re- 
ferred to as the point space group Tu?, while 
that of the former, O,’, is not a point space 
group. Secondly, for binding property, the 
latter may be supposed to be of partly ionic 
and partly covalent character, while the for- 
mer will naturally be pure homopolar. 

Between these two groups, there seems to 
lie IV-IV compounds, in which the typical 
one will be the #- (zincblende-type) SiC 


crystal. The B8-SiC has a similar symmetry 
property to that of InSb-group, while the for- 
mer crystal seems to have close resemblance 
to the Ge-group rather than the InSb-group, 
for the reason that the constituent atoms be- 
long to the group-IV and have the similar 
electron configuration. 

Thus, a knowledge of the electronic struc- 
ture of the IV-IV compounds will be useful 
for the systematic understanding of the tran- 
sitions of the behavior of electrons from the 
monatomic crystals of diamond-type to the 
zincblende-type compounds. 

In a preliminary investigation», we have 
already computed the rather rough picture of 
the band structure in the B-SiC by the tight- 
binding method. The main results were as 
follows. The minimum separation between 
the valence and the conduction bands occur- 


red at k =0, and was about 6 ev. The valence 
bands were divided into two branches with 
the minimum separation of 10 ev, at the Bril- 
louin zone-edge along [1, 0, 0], and hence in 
the preceding paper we conjectured that this 
fact would be the characteristic difference 
between the valence band-shape of the zinc- 
blende-type compounds and that of diamond- 
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type monatomic crystals, the valence bands 
of the latter giving no separation”. 

Of course, the mentioned results of the 
tight-binding computation were not sufficient 
quantitatively, especially in the conduction 
bands which became very flat compared with 
the valence bands, probably because of the 
too much simplified assumptions in which no 
excited Bloch wave function was included and 
all energy-integrals were neglected except for 
those between the neighboring two kinds of 
atoms of the crystal. 

Next we have attempted to go a step fur- 
ther by making use of the orthogonalized 
plane wave (OPW) method”. As well known, 
the OPW method has already been applied 
successfully to the several metals! and to 
the nonmetallic diamond-type valence crystals 
mentioned above’. This is the reason why 
the OPW method was adopted in our present 
computation. 

According to the present results of the B- 
SiC given in Sec. 2, the conduction band- 
minima occur at X-point (=(2z/a) [1, 0, 0]) 
or its immediate neighbor; @ is the edge 
length of the cube which contains four unit 
cells, and the valence band-maximum perhaps 


at I’-point (R=0). Hence the indirect inter- 
band transitions in the long wave limit will 
be expected to appear near the band edge, 
its energy difference being 2.2 ev correspond- 
ing to the transition from the valence /’j5- 
state to the conduction X3- (or its neigh- 
boring-) state. Besides, the direct transitions 
connected with the energy difference of 6.3 ev 
may be anticipated to occur at the X-point. 
Regarding these aspects of the absorption 
spectra of the B-SiC, Herman*™ and Choyke 
and Patrick!» have so far given some similar 
speculations. 

Further, as shown in Sec. 3, we have esti- 
mated the charge distribution corresponding 


to k=0 levels of the valence bands by mak- 
ing use of the four computed /’-eigenfunctions 
of the valence bands. The results show that 


the electrons in the k=0 levels of the B-SiC 
is approximately of covalent-like character. 
It is well-known that in nature there are 
the two distinct crystalline-species of silicon 
carbide; i.e., the cubic one named as a #-type 
with which we now concern, and the hexago- 
nal varieties, grouped as an a-type which is 
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so called carborundum. Many experimental 
investigations of the actual SiC crystals have 
been made so far, regarding the electronic 
conductivity!” ?, the Hall effect!, the inject- 
ed light emission™, the radiation damage, 
and the ultraviolet absorption of light near the 
band-edge"!®), But every specimen used for 
these experiments was the ‘‘a@’’ one, probab- 
ly because of the reason that rather large 
size of the a-type single crystal could be 
synthesized far more easily than that of the 
B-type one!. In view of the above situations, 
the experimental studies on the $-type speci- 
men in place of the ordinary @ ones, are 
highly required in order to compare with our 
results. 

Finally, concerning one of the computational 
difficulties; i.e., of the slow-convergence pro- 
blem in the OPW method when applied to 
non-metals, a revised procedure will be pro- 
posed in Sec. 4 which may be useful for 
computing the conduction bands of such 
valence crystals and insulators. 


§2. Potential Construction and the Obtain- 
ed Energy Band Structure 


The primitive translation vectors in the re- 
ciprocal lattice (Fig. 1 (i)) are given by 


ae ~b(E2/a)-+4 
(i) 


(ii) 

Fig. 1. Dimensions of the 8 (zincblende-type) SiC 
crystal. (i) The primitive translation in reci- 
procal lattice. a=4.348A=8.2l17ay (@g=Bohr 
radius). (ii) The first Brillouin zone. 


> 


b=(Va[-1, 1, 1], 6:=(/a)[l, —1, | 7B 
b3=(1/a)[1, 1, —1], 

where a denotes the edge length of the cube 
which contains four unit cells, being a=4.348A 


=8.217an® (au=Bohr radius). From (1) K- 
vectors are defined as 


and 


~*~ 


(2) 


The first Brillouin zone can be taken as a 
truncated octahedron shown in Fig. 1 (ii) toge- 


Ee 3 
Kn=27 Dy mib; = 
t=1 
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ther with the symmetry points and lines. 


The crystal potential U(r) can be expanded, 
by making use of (2), as follows: 


U()=3 U[Km] exp (—iKm-7). (3) 
The appropriateness of the assumed crystal 
potential can effect on the final result decisive- 
ly. According to Howarth’s results™, even 
the relative order of the electronic levels at 
asymmetry point depends often upon the de- 
tailed behavior of the potential form. How- 
ever, there seems to be no convincing crite- 
rion for setting up a suitable crystal potential 
except for the comparison of the final results 
with the experimental values, of which, at 
present, we have little knowledge for the ~- 
SiC crystal as mentioned in Sec. 1, in spite 
of the abundant informations for the a-type 
ones. 

In view of such unsettled situations, the 
crystal potential was constructed in the fol- 
lowing conventional form 


CS: 


Un)=S ViG—R) +S ver—Ry), (4) 
y a 


where U(r) is determined through the assump- 
tion that a sort of cutting-off of the tail-part 


in each constituent atom-potential Vir) is in- 
troduced in the following way. In (4) » and 
yw refer to the lattice-sites in the entire crys- 
tal, and 


V8) =(2/r)- Zp5"(r) 


on (5) 
V(r) =(€7/r)- Zen) 


and 


are the contribution to Ur) from the individu- 
al atoms which have spherically symmetric 
charge distributions corresponding to the 
valence state °S of each constituent isolated- 
atom. In (5), Z»)(r) includes the contributions 
from the nuclei, from the Coulomb interac- 
tion between the electrons on the same 
atoms, and from the exchange interaction 
which is represented by Slater’s average ex- 
change potentials due to the free electron ap- 
proximation”, where only the contribution to 
the exchange potential from the intra-atomic 
charge-overlap is included. The radial eigen- 
functions of the valence electrons around C 
and Si atoms are taken over from the Har- 
tree?» and the Hartree-Fock?” data, respec- 
tively. 

~ Now the evaluation of numerical values of 
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the expansion coefficients of (3); i.e., 
UlKal=2-"| UG)expGRm-7dr (6) 
Q 


is required, where the integrations are to be 
taken over the unit cell with volume Q. In 
the case of the @-SiC, (6) is given by 


U[K]=(4ne2/OK) 
x {exp GK-RB,) ie ZW Gt Ree 


+ exp (iK- R,) Ve Zy°(r) sin (Krdr} ; 
(7) 


and 
U [0]= (47e?/Q) 


é be Z(n)rdr+ | x Ze(rvrdr, (8) 


where ys: and 7c are defined by the simul- 
taneous equations: 
(47/3)rsi2+(42/3)ree =O. , 
rsilro=Krsi>|<rep . 


Here 

Crsid=f | WP P43 a Dr 
and 

Cro= Fr lPae +1 Pdr 


are the average radii of both atoms, whose 
values are, by simple numerical integration, 
given by 
<rsi)>=2.06ax and <reo>=1.8lanz : 
Then it follows, 
tw=2.l lan and ro=2,3taz - 


In (7) and (8), the integrations extend from 0 
to rs; around the Si-nucleus and 0 to ve aro- 
und the C-nucleus, respectively, according to 
our cut-off procedure mentioned before. The 
reason for such procedure is the following. 
In Slater’s average free electron approxima- 
tion of exchange potential adopted here”, its 
contribution to the crystal potential is relative- 
ly appreciable in the tail-part of the assumed 
atomic orbitals of the valence electrons. On 
the other hand, as mentioned above, the as- 
sumed atomic orbitals adopted in our case 
are the solutions?» of Hartree (not Hartree- 
Fock) equation in the valence state of the 
isolated carbon atom, and those of Hartree- 
Fock equation of the isolated Si** ion (not of 
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Si-atom). Hence, concerning the tail-parts of 
both the atomic-functions, there are con- 
siderable unbalances, as anticipated in advan- 
ce. For this reason, we used a sort of the 
cut-off procedure of the tail-parts of P(7)’s, 
in order to avoid the unfavorable part of the 
mentioned unbalances. 

In this connection, Woodruff? has recently 
proposed a procedure regarding the construc- 
tion of potential and the corresponding deter- 
mination of ion-cores, and has obtained the 
I’-solutions with very rapid convergence for 
silicon crystal. Further, Herman® has pro- 
posed to form the crystal potential by try- 
and-error method through comparing with the 
X-ray term values. At any rate, the men- 
tioned difficulty in the construction of crystal 
potential remains unsettled yet, in spite of 
its decisive importance in the calculation of 
the energy band structure. 


On ore DS 
mo) Be O 


° 
fe) 


Ocho 
& om 


Atomic Units: eau) 


at our disposal. (Further, the lowest valence- 
levels for the mid-points along the 4- and A- 
axess ie. 20r (1/2, 0,0] and [1/4, 1/4, aa} 
have been calculated. These values are also 
written in Fig. 2, though they seem to be not 
in good convergence owing to the same reason 
asain 23) 

Hence, we could not fully investigate the 
convergence of the eigenvalues, especially 
for the lower-symmetry points and_ lines. 
The obtained energy contours are shown in 
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Fig. 2. Energy band structure of the @-SiC crystal obtained in the present OPW-calculation. 
numbers at the upperside of the figure represent those of the OPW-terms involved. 
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Thus the energy band structure of the ~- 
SiC has been calculated. The wave functions 
associated with the irreducible representations 
of the wave-vector group of a given symme- 


try point in k-space may be easily obtained 
in the same manner as in the case of sym-_ 
metry-molecules?®» by making use of Parmen- | 
ter’s group-theoretical consideration”. : 
Thus we have computed the energy values 
on the following several symmetry-points and 
lines; I’, [0, 0, 0]; X, [1, 0, 0] Gn the unit 
of 2z/a, and so forth); .W; {1,0, 1/2];.£, Wy; 
1/2, 1/2]; a point along the S-axis, [1/2, 1/2, 
0]; among which the energy values of the 
»'-point have been less precise than those at 
the other points. The reason for this result 
is that »' has rather low symmetry compared 
with the others, hence we are forced to in- 
clude only small number of the OPW-terms 
for this point as far as the desk-calculator is | 


2M ot 
Aio4| 


The 


Fig. 2, together with the convergence be- 
haviors for X and SX in Figs. 3 and 4, re-}} 
spectively. The numbers at the upperside¥ 
of the Fig. 2 represent those of the OPw-| 
terms involved. The spin-orbit coupling effec 
is neglected in view of the present degree oft 
approximation. The terminology of BSW*4 | 
is used to denote the group representatio i 
and the points and lines of symmetry. 

As mentioned in Sec. 1, the present resultg) 
seem to show that in the B-SiC the conduc4| 


| 
| 


| 
| 
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tion band minima occur at the X-point or in 
its vicinity, and the valence band maximum 
perhaps at the zone-center (J’-point), so that 
the indirect interband transitions in the long 
wave limit will be expected from the valence 
band-top (1y5) to the conduction band bottom 
(Xs) with a photon energy of 2.2ev, while 
the direct transitions connected with the 
smallest energy 6.3ev will occur from X; of 
the valence band to X; of the conduction 
band, within the accuracy of the present 
computation. These results seem approxi- 
mately to agree with Herman’s*® and Choy- 
ke and Patrick’s™ speculations. 


06 
0-4 


6 > “© 
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Energy (Atomic Units) 


Number of OPW - Terms 


Fig. 3. Convergence-behaviors of the X-eigen- 


values, showing comparatively good conver- 
gence. 
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Fig. 4. Convergence-behaviors of the }>'-eigen- 
values. (The example of insufficient conver- 


gence.) 
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§3. Additional Numerical Computation 
Since the convergence of the eigenvalues 


for each symmetry point in k-space may be 
supposed to be not sufficient enough as seen 
from Figs. 3 and 4, then we have further at- 
tempted to solve the secular equation for 
I’ involving 27 OPW-terms. The convergence- 
behaviors are shown in Fig. 5. (But, in Fig. 
2, we have chosen the J’-eigenvalues corres- 
ponding to 15 terms rather than to 27 terms, 
in order to keep balance in the whole contour 
of the energy bands.) The noticeable facts 
in Fig. 5 will be as follows. First, the con- 
vergence in the lowest valence band /’; seems 


0-6 aie 
0:4 12 
Te 
O:2 3 
~ Tee 
— i} 
= 0-0 iT 
= 
6 -O€ : 
5-04 Ms 
aa 
x 
ee 
S 
o -0:8 
J 
Ww le 
O45 27 
Number of OPW- Terms 


Fig. 5. Further examination of convergence-be- 
haviors of /’-eigenvalues when 27 OPW-terms 
are involved. The convergence in the lowest 
valence band (J) seems to be extremely 
sufficient. The two lowest conduction bands, 
Iys (triplet) and J; (singlet) are reversed with 
each other in this case. 


to be extremely sufficient, and secondly, the 
two lowest conduction bands J/;, (triplet) and 
I’, (singlet) are reversed with each other and 
7’, is turned down to be the lowest as shown 
in Fig. 5. In diamond” and silicon® the 
lowest conduction bands in J" are both the 
triplet 1s, while in germanium” it is the 
singlet 7,’ (it corresponds to 7, of zincblende- 
type crystal). Since the B-SiC is a com- 
pound of silicon and carbon, it would be 
natural to suppose that the lowest conduction 
bands in /’ would be triplet. But carrying 
through the computation beyond the present 
one “will be prohibitibly laborious without 
automatic machines, 
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Fig. 6. Charge density according to the lowest 
valence-eigenfunction ¥”~ (/’;) normalized in the 
unit cell. (i) The component along the line 
connecting Si- and C-sites ({1,1,1] direction). 
(ii) The component along [1,0,0] direction 
through Si-sites alone. (iii) The same as (ii) 
but through C-sites alone. In (ii) and (iii) of 
this figure the charge distributions along [0,1,0] 
or [0,0,1] directions are quite same as that for 
[1,0,0] . 
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Fig. 7 The similar figure as in Fig. 6, for 
[yu T45)|?. (i), Gi), and (iii) of this figure 
correspond to (i), (ii), and (iii) of Fig. 6, re- 
spectively. The components along both [0,1,0] 
and [0,0,1] directions through Si- or C-site 
vanish. The situations are quite similar for 
JY7etas))® and |Y"2r('s5) 
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Next, in order to obtain some knowledge of 
the behaviors of crystal electrons, for illust- 
ration, the charge density of J’-electrons has 
been worked by making use of the obtained 
valence-electron wave functions. These wave 
functions are ¢”@(1,), ¢2”@((1s), Pu” *" (15), 
and #."@"(I"y5), normalized in the unit cell. The 
behaviors of |/”#(J";)|? in the unit cell is 
drawn in Fig. 6 (i), (ii) and (iii). And 
\b.”4(I"y5)|2 are shown in Fig. 7 (i), (ii) and 
(iii), along the similar directions as in Fig. 6. 
The apparent difference between |¢"%’(11)|? 
and |¢2”@(I'ss)|2 is that the former is s-like, 
while the latter is p-like. The situations are 
quite similar for the cases of |#,"*’(I"15)|? and 
|b."*4(I"45)|2. Thus we have 

[ht |2 = |p" 4(T",)|2+ |e" (Iss) |? 

+ | by? (M35) |? + [fe *" (P15) |? (95 
which represents the charge distribution of 
T electrons. The [1, 1, 1] component of (9) 
is drawn in Fig. 8, which seems to show 


that the charge density in the space region 
between the Si- and the C-site as well as in 
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Fig. 8. The componentalong [1,1,1] direction of 
the charge density according to the total dis- 
tribution belonging to [y?e"(13) [2+ [YT 45)|2+ 
lwVar(D5)|2-+-9" 2 T35) |. 


the vicinity of both the atoms will be con- | 
large compared with the other — 


siderably 
parts, representing the covalent-like distribu- 
tion, 
from the standpoint of ionicity, the rather 
rough estimation shows that the charges cor- 
responding to the /’-valence electrons around 
the Si- and the C-position seem to be approxi- 
mately —3e and —5e, respectively, in spite 
of the ‘present starting potential correspond- 
ing to —4e and —4e, respectively. Then, in 
the ionic-viewpoint, 8-SiC may be considered 
to be described approximately by Sit+*C-*, 


However, if (9) or Fig. 8 is looked over | 
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where x~1. This result seems to agree 
with the semi-empirical values of electronega- 
tivity: 1.8 and 2.5 for Si and C, respective- 
ly. But, after all, it will be rather right to 
imagine that the charge distribution in Fig. 
8 is covalent-like, for the reason of the large 
charge-density in the mid-parts between the 
nearest Si and C. 

At any rate, in order to obtain the binding 
mechanism of the @-SiC crystal, it is essen- 
tially required to work the total charge dis- 
tribution of valence electrons which is given 


by > |¢r@(k, A), and which calculation is 
k 


now in progress. 

In the present paper, we omitted the 
minor details of the calculation. These will 
be described in the Journal of Science of 
Hiroshima University, Ser. A, later on. 


§4. A Revising Method of the OPW Ap- 
proximation for the Conduction Bands 
of Insulators 


In this section we shall propose a new 
procedure for obtaining the better variation 
functions for conduction bands of insulators. 

For simplicity, let us now consider a crys- 
tal whose unit cell contains only one atom. 
us(r—Rn) are the ion-core atomic-orbitals 
which belong to the m-th atom and the cor- 
responding Bloch sums are written as 


b:(k, r)=N-¥2 S exp (ik-Rn)us(r—Rn) , 
ASE eis ae (10) 


where m is the number of the so called ion- 
cores, and WN is the number of the unit cells 
in the crystal. Then the variation functions 
(OPW-terms) for the valence bands, which 
are orthogonalized to all the ion-cores (10), 
are 


*, mM, 


YR, 1) =(NO)-¥? exp (ik-7) 
—N-¥2 ¥ exp (ih: Rn) 
-As(R)us(r—Rn) ; (11) 


of which the valence-band eigenfunctions are 
made up as 


grat, => BR+K)V(R+K, rv), (12) 
B(k+K:) being determined by group-theoreti- 


cal consideration and by solving correspond- 
ing secular equations. 
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Then, the Wannier functions of the 
valence bands will be constructed from the 
Bloch orbitals (12) as follows: 

av (ke, n= Ra) 

=N-¥2 Sy exp (—ik-Rn)pV(k, 7). (13) 
k 


The 
park, y) are represented by 


Fourier transforms of (13); ie., 


prank’, r) 
= N-¥2 S exp (ik’-Rn)a”*(k’, r—Rn). (14) 


Now we suppose that pr ar(R, r) have been 
obtained by applying the usual OPW method. 
prar(k, r), of course, are orthogonal to all the 
os(R, r) in (10). Hence, a(R, r—Rn) for the 
valence bands play a similar role as those of 
the atomic orbitals in the lower ion-core 
bands. Then, the variation functions (OPW- 
terms) for the conduction bands can be con- 
structed by includung the Wannier-functions 
of the valence bands in addition to the usual 
atomic orbitals belonging to the ion-core 
levels: 


Yk, r)=(NQ)-¥? exp (ik-7) 
—N-1/25)>) exp (ik: Rn) As(R)us(7—Rn) 


— N-¥23°5) exp (GR- Rn) A.” @"(R) 
tn 


-a®*(k, r—Rn) . (15) 


In the conventional OPW method, the valence 
bands and conduction bands of insulators have 
been solved at the same time, so that the 
convergence in the upper-iying conduction 
bands may be in general anticipated to be in- 
sufficient compared with that of the lower- 
lying valence bands, because the solutions for 
the higher energy levels can not be obtained 
until the secular determinants of rather high- 
order are solved. This fact is shown in 
Fig. 3 and 4. Then, we now propose that in 
the first step, the valence bands are calculat- 
ed on the basis of (11) by the usual OPW 
method, secondly, the Wannier functions (13) 
of the valence bands are set up through the 
Fourier transform of the obtained #$7%'(k, 7), 
and in the final step, the conduction bands 
are computed on the basis of (15), instead of 
(it), by the usual OPW method. Then, this 
procedure would lead to more rapid conver- 
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gence for the conduction bands than usual. 

After all, according to the present proposi- 
tion, the labor for solving the higher-order 
secular-equation is replaced by that for gett- 
ing the Wannier functions of the valence 
bands. For practical application, it is neces- 
sary that the labor for obtaining these Wan- 
nier functions must be rather simple and easy 
in the actual problem. Application of this 
method to the conduction bands of the f-SiC 
crystal is now in progress. 
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The Crystallographic Aspect of the Mechanical Twinning 
in Ti and a-U 


By Hiroshi KrHo 
Department of Physics, Kyoyo-bu, University of Kyoto 
(Received November 15, 1957) 


A crystallographic study on the mechanical twinning in Ti and a-U 
is made by a method similar to that in a previous paper, allowing more 
kinds of atom movements, and the twin elements, Ki, Ko, 71 and 12, 


are determined. It is found that {1122} and {1124} twins in Ti are 


reciprocal to each other and that the elements of {1121} twin are in 


agreement with Hall’s result. 


It is also found that a general result that 


a plane having the smallest shear S is liable to twin in order nearly 


holds in Ti and a-U. 


Introduction 


& 1. 

In a previous paper”, the present author 
carried out, the crystallographic calculations 
on the atom movements of mechanical twin- 
ning, under several assumptions, and the 
twin elements, Ay, Ko, 7: and 7, have been 
determined. There 7: was denoted by [uvw] 
and 7.2 by [mofo]. It has thus been shown 
that the observed twins have the smallest 
shear S among crystallographically possible 
twins. 

Recently, the same problem was treated, 
independently of the present author, by M. A. 
Jaswon and D. B. Dove®!™, who introduced 
the concept of homogeneous shear for a simple 
lattice and semi-homogeneous shear for a 
multiple lattice, and determined the atom 
movements. They used the inequality theorem 
in order to find a plane having the smaller 
twinning shear, thus obtaining the results 
similar to those of the present author. But, 
twins in Ti and Zr were not accounted for 
by them. 

The assumptions used in the previous paper 
cited above are as follows: 

I. There are only a few atom movements, 
-U, and these appear alternatively when the 
twin boundary moves; 

Il. The atom which comes in a twin lattice 
site is at the nearest matrix lattice site to it. 
This is justified by the fact that the twin 
dislocation is movable; 

Ill. An atom movement U consists of the 
Burgers vector 6 of a twinning dislocation and 
a shuffle. Since the two parts divided by the 
path of the twinning dislocation shift each 


other by 6 on a average, the vector sum of 
the shuffles diminishes to zero. 

Now, the 7th lattice site is denoted by 
Ri=ma,+na,+paz3, where a, a, and a3 are 
primary lattice vectors. If atoms at the origin 
(000) as well as at (momcfo) undergo the same 
movement U, so that the atom at (moMopo) 
comes to the twin origin (0’0’0’) and the atom 
at (000) comes to (mo'Mo'fo’) of the twin lat- 
tice, we may have 
Po=bo' ; (1) 
where (%fo) belongs to the same Bravais 
lattice as (000). By Eq. (6) in the previous 
paper, [o%ofo] is equal to 7%. 

The atom movements are conveniently 
investigated in the modified lattice in which 
the twin shear magnitude or 6 of the twin 
dislocation diminishes to zero. Using the 
above assumptions, it can be determined how 
apart (moMofo) is from (000). Twin planes are 
classified into three types as follows: 

Type I: All atom movements are equal to 
6 and shuffles are zero. 

Type II: There are two atom movements, 
U1, in which shuffles are perpendicular to 
the twin plane, which are of the same magni- 
tude but opposite to each other. 

Type II: In addition to Type II, there are 
two more atom movements, Uj, in which 
shuffles are parallel to the twin plane, so that 
the number of the atom movements is four 
in all*. 


Mo = Mv ) No= Ny r) 


* Type I corresponds to the homogeneous shear 
in Jaswon and Dove’s treatment, while Types I 
and Til correspond respectively to Y and X modes 
of the semi-homogeneous shear. 
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Based upon this method, mechanical twins 
of Ti and a-U are examined, and to this end 
it becomes necessary that more atom move- 
ments are to be allowed. 


§2. Generai Treatment 


In the previous paper, it was considered 
that when the distances between (hk/) planes 
parallel to a twin plane are all equal, each 
plane is quite equivalent as for the atom 
movement, and the atom movement is only of 
one kind (Type I). As will be shown below, 
the observed twin planes of Ti and Zr come 
under this case, but in applying the atom 
movement of Type I, the assumption II is 
not satisfied. Thus, also in the case where 
the distances between (hk/) planes are all 
equal in a multiple lattice, the twinning is 
allowed to have a few atom movements (i.e., 
Type II or Ill). Then, in the case in which 
f=1/2 is contained in Type II, while the case 
in which f=0 or f=1/2 is contained in Type 
Ill, fd being the minor fractional distance be- 
tween (hl) planes. 

Types IV. In the above treatment, the 
number of atom movements is only four. But, 
twinning types having more movements are 
possible geometrically and one way to obtain 
them stepwise is as follows. 

If, in Type II, there is (myn;py), nearer to 
(0'0’0’) than (momopfo), on the (hk) plane apart 
from (mofo) by fd, this Type II is converted 


OUAWANY matrix lattice site 
@BAYV twin lattice site 
Fig. 1. The atom movement of Type IV. (f=0) 
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to Type III by the assumption II. Again, | 
similarly, when, in Type II], (mgngpz) is on | 
the (hkl) plane apart from (momo) by fad, it 


|T+b|<|U1il, (2) 


where U, and 7,+6 are respectively the dis- 

placements from (mofo) and (myNghg) to 

(0’0’0’), and 7, is the component of R, parallel — 
to the (hk) plane. Then, an atom at (mgngfq), | 
instead of that at (sooo), should come to | 
(0'0’0’). Since (mgnghz) does not belong to. 
the same Bravais lattice as (000), (mgmghq) 

does not take the same atom movement U as | 
that of (000) and the new (mo%ofo) lies on 
the sixth double plane. Then, if N denotes 
a unit vector normal to the twin plane, we | 
have, as shown in Fig. 1, 


UL. =b+fdN , 

U=b(T;+6) , ays | 

U\ =b4(T,+2b) , . 
b=—T)/3 : 


Here, when (mo%ofo) on the sixth double | 
plane is not the nearest neighbour to (0’0’0’), 
the atom movement U of (mofo) is not equal 
to U of (000) as in the above and Type IV 
is converted to another type, and soon. How- 
ever, the twin origin (0’0’0’), to which an) 
atom at (moMofo) Comes, has the mirror-image 
relation with the matrix origin (000), so that 
it is not likely that (smomofo) is far distant 
from (000). Thus, only Type IV is taken up 
in addition to Types I, II and III. | 
When (mynspy) Or (MgNghz) does not lie on 


the plane apart from (soo) by fd, the atom | 
movements are not of the above types, but! 
are rather complex. 
obtained similarly. 
Reciprocal twin. The modified lattices of} 
a twin and its reciprocal one are identical with! 
each other and the atom movement of the 
latter is similar to the former, excepting the | 
case where the assumption II does not hold | 
for the reciprocal twin, because their shear | 
directions are perpendicular to each other. 
A pair of {hk/} planes of the same magnitude} 


However, these can be 


* 6 is reasonably the smallest one and does not 
always mean the Burgers vector of a real twin 
dislocation, because it is possible for dislocations 
of 6 to be combined, in consequence of alternative 
appearance of the different structures of the twin 
boundary. 
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as shown in Fig. 2 are reciprocal to each 
other, while the reciprocal of a single {hkl) 
plane in it is the {hk/} plane itself, or it can- 
not exist. 


§3. Applications 

Case of Ti and Zr 

The mechanical twins in Ti (h.c.p.) were 
reported by C. J. McHargue and J. P. Ham- 
mond”, J. D. Rosi et al.”, and A. T. Church- 
man», while those in Zr (h.c.p.) were reported 
by E. J. Rapperport®. The observed twins 
are {1012}, {1121}, {1122}, {1123} and {1124}. 
These, except for {1012}, are not contained in 
Table V in the previous paper*. 


S 
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Fig. 2. Twinning shear. 
Table I. Twin elements in Ti and Zr 
(7) being the distance between the nearest 
neighbours) 
Ky Ke N1 Ne S b/ro Type 
(1012) (1012) [1011] [1011] 0.175 0.10 III 
(1121) (0001) [1126] [1120] 0.630 0.31 II 
(1122) (1124) [1123] [2243] 0.218 0.094 IV 
(1123)t 
(124) (1122) [2243] [1123] 0.218 0.069 IV_ 


t When another complex type oe the atom move- 
ment is considered, the elements of {1123} twin, 
for which the assumption II holds, are AKq= (1123), 

Ky= (1122), y1=[1122], H2=[1123] and S=0.514, and 
its reciprocal twin cannot exist. 


eee —(ll2), K,=(302) in Table V in the previous 
- paper must be abandoned, because (729 % Po) does 
not belong to the same Bravais lattice as (000). 
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The twin elements as determined by the 
above method are given in Table I and the 
geometrically possible twins are shown in Fig. 


2. The {1123} twin rarely observed cannot 
twin and is exceptional in the present treat- 


ment. The {1122} and {1124} twins are 
reciprocal to each other, in contradiction to 
E. O. Hall’s results that both of these twins 
are reciprocal to themselves respectively. It 
may be thought that the former is more liable 
to twin, since its shear magnitude S is smaller. 
Next, the twin elements determine the 
stress in favour of twinning. Since the values 
of y: of (1124) are [2243] and [2243] respec- 
tively, they have different orientation depend- 
ence: the (1124) twin having 7,=[2243] 
operative in the case where the axis of exten- 
sion is nearly parallel to the basal plane, while 
the (1124) twin having 7,:=[2243] is operative 
in the case where the said axis is nearly 
perpendicular to the basal plane. Referring 
to the experimental result”, which shows the 


(1124) twin for extension of (1120) pole, the 
former may be profitable for twin element, in 
spite of the absence of direct determination 
of twin element by measuring the tilt of twin 


surface. Elements of the {1121} twin coincide 
for both treatments, and do not contradict 
to the observed orientation to twin. Experi- 
mental data about the orientation dependence 


of the {1122} twin are not only scanty but 
also scattered*}**), so that they are not suffi- 


cient to discuss its reciprocity to {1124}. 


Case of a-U 

As already pointed out by many authors, the 
crystal structure of a-U resembles to that of 
h.c.p., so that probable twin planes is a-U 
also resemble to those in h.c.p. However, 
the difference of the crystal structure reveals 
that, as shown in Fig. 2, the order of shear 
magnitude S of some planes does not agree 
with each other. The results for the twin 
elements of {130}, {112} and ‘{172}’ agree 
with those of Cahn® and Hall”, while the 
results for the twin elements of ‘{176}’ agree 
with Lloyd and Chiswick's results”. Our re- 
sults agree also with those obtained by Jaswon 
and Dove in their recent paper™. However, 
the {121} twin as reported by Cahn, which 
was not observed by Lloyd and Chiswick, is 
not conceivable in the present treatment. 
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It was pointed out in the previous paper 
that the observed twins have the smallest S 
in order. Such a result holds also in the cases 
of a-U and Ti, and, as shown in Fig. 2, the 
shear S of the observed twins is small enough. 
However, the twinning is not so simple that 
the present crystallographic analysis cannot be 
considered to be conclusive, and probably the 
dislocation theory of twin nucleation and the 
evaluation of the energy of the twin boundary 
should be necessary for the complete explana- 
tion of the twin phenomena. 

In conclusion, the author expresses his cor- 
dial thanks to Professor Kenzo Tanaka, 
University of Kyoto, for his encouragement 
and discussions. The auther is also indebted 
to Mr. Saiyu Maruyama, Osaka Women’s 
University, for his useful discussions. 


Hiroshi KIHO 


(Vol. 13, 


References 


1) H. Kiho: J. Phys. Soc. Japan 9 (1954) 739. 

2) M. A. Jaswon and D. B. Dove: Acta Crystal- 
lographica 9 (1956) 621. 

3) C. J. McHargue and J. P. Hammond: Acta 
Metallurgica 1 (1953) 702. 

4) F. D. Rosi, C. A. Dube and B. H. Alexander: 
J. Metals 5 (1953) 257; 
F. D. Rosi: Ibid. 6 (1954) 58; 
F. D. Rosi, F. C. Perkins and L. L. Seigle: 
Ibid. 8 (1956) 115. 


5) A. T. Churchman: Proc. Roy. Soc. A226 
(1954) 216. 

6) E. J. Rapperport: Acta Metallurgica 3 (1955) 
208. 

7) E. O. Hall: Twinning (1954) p. 56. 


8) R. W. Cahn: 
9) L. T. Lloyd and H. H. Chiswick: 
4. (1955). 1206: 

M. A. Jaswon and D. B. Dove: 
lographica 10 (1957) 10. 


Acta Metallurgica 1 (1953) 49. 
J. Metals 


10) Acta Crystal- 


JOURNAL OF THE PHYSICAL SOCIETY OF JAPAN Vol. 13, No. 3, MARCH, 1958 


Ferroelectricity of NaNH,-Tartrate 


By Yutaka TAKAGI and Yasuharu MAKITA 
Tokyo Institute of Technology, Oh-okayama, Tokyo 
(Received December 6, 1957) 


Below the transition point 109°K a crystal plate of NaNH,-tartrate 
shows a domain structure under a polarizing microscope if viewed in 


the direction parallel to the 0 axis. 


The polarization in each domain 


lies parallel to +b or ~0 axis, and can be reversed by shearing stress. 
The spontaneous polarization is 0.21 Coul/cm? at 92°K and it is probably 
constant below the transition temperature. 


§1. Introduction 

As known well NaNH--tartrate and its iso- 
morph NakK-tartrate can form a continuous 
series of solution. The series were investigat- 
ed first by Kurtschatow et al.” and afterward 
by Melmed et a/®. Substitution of very small 
amount of NaNH--tartrate reduces the tem- 
perature range of ferroelectric activity in 
Nak-tartrate very rapidly. Substitution of 
about two per cent eliminates the spontaneous 
polarization entirely. The ferroelectric acti- 
vity, however, reappears in the crystals con- 
taining more than about eighteen per cent of 
NaNH,-tartrate. These mixed crystals show 
a single Curie point at low temperatures, the 


exact position of the transition depending 
upon the concentration. The Curie point- 
composition curve goes down linearly from 
about twenty per cent to about sixty percent | 
and then bends downward steeply at about 
eighty per cent. NaNHy,-tartrate thus seems 
to have no Curie point or, if any, one at ex- 
tremely low temperature. In fact, Kurtscha- 
tow et al. reported that NaNH,-tartrate did | 
not reveal any dielectric anomaly from room | 
temperature down to 83°K. 

Howéver, Jona and Pepinsky® have recently | 
foundt hat NaNHy,-tartrate shows a_ small 
anomaly in the dielectric constants at 109°K, 
so small that there is no wonder why Kurt- 


- treatments. 
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schatow et al. overlooked it. The anomaly 
was detected along its three crystallographic 
principal axes. The Curie-Weiss law does not 
hold in any of these axes. The dc biasing 
field of 10 Kv/cm super-imposed on an ac field 
of 10 v/em does not change the value of di- 
electric constant. All these characters are 
very peculiar if compared with the well es- 
tablished properties of the NaK-tartrate and 
of the mixed ferroelectric crystals derived 
from them. Hoping to make clear the nature 
of the above mentioned transition in NaNH,- 
tartrate, we have made a pyroelectric test of 
this crystal along its three principal axes and 
found that this crystal yields a pyroelectric 
charge along its crystallographic b axis. The 
details will be given in the following sections. 


§ 2. Pyroelectric Study 


Pyroelectric charge developed on the crystal 
surface during the temperature variation 
through the transition point has been measur- 
ed by means of a Shimizu type electrometer”. 
The sensitivity of about 5x10-" Coul/division 
can easily be attained by this device. 


10 Scoul./ent be 


° 
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° 
° 
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Pyroelectric charge 


1D 4 
1e) es 1 io—o fon | 
80 90 100 =—«110 120 130 140 290 300°K 


Temperature 


Fig. 1. Pyroelectric charge developed on the 
crystal surface cut perpendicularly to the b 
axis. 


It has been observed that an electric charge 
occurs abruptly on the crystal surface cut 
perpendicularly to the 5 axis just when the 
_ crystal passes through the transition point. 
The charge remains constant below the tran- 
sition point. One example is shown in Fig. 1. 
The amount of the charge turned out to be 
different from specimen to specimen, covering 
the range 2.5 to 15x10-" Coul/cm?. More- 
over the charge developed on the same surface 
of the same specimen varied after various 
The effect of field cooling is 
clearly demonstrated in Fig. 2. Prior to each 
run of the measurements, the specimen was 
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cooled from 118°K to 85°K under various dc 
field strength. At 85°K the electrodes were 
short-circuited for a few seconds and then 
immediately connected to the electrometer. 
Then the temperature was raised very slowly. 

The figures beside each curve denote the 
dc field strength. Plus or minus sign means 
that the field was applied in the direction 
parallel or inverse to the sign of the charge 
observed in the virgin state. The figures in 
the circles denote the order of experiments. 


-9 
10 coul./cm? 
we ze : 


+0-2 at + 
o-O—_0—_o— 0-9 
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= © o a8oky/em 
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oO 
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> 
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=< Op 4 oe! ot ah = 
80 90 100 10 120 130 140 150°K 
Temperature 
Fig. 2. Effect of field cooling on the pyroelec- 


tric charge. The number enclosed in the circle 
denotes the order of the experiment. The 
figures beside each curve denote the field 
strength under which the crystal was cooled 
from 118° to 85°K. 


The diversity of the amount of charge sug- 
gests strongly that the crystal is made up of 
many tiny domains, each being polarized 
parallel to the +5 or the —d direction. It is 
to be noted, moreover, that the crystal has a 
self bias; a slightly positive charge was ob- 
served in the second run even after a strong 
negative field had been applied throughout 
the cooling period. The specimens cut per- 
pendicularly to the a or the c axis did not 
show any trace of pyroelectricity at their 
passage through the transition point. 


§ 3. Observation of Domain Structure 


Above the transition point NaNH,-tartrate 
belongs to the orthorhombic symmetry class 
P2,2,2 and is therefore optically biaxial. The 
acute bisectrix is the c axis, the plane of the 
optic axes is (100) plane, and the crystal is 
optically negative. This fixes the position of 
the indicatrix with respect to the crystallo- 
graphic axes: 
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Gorm 5 b ono 24 C ortho =X, 
where X, Y and Z are the indicatrix axes. 
A b-plate therefore shows straight extinction, 
and the extinction positions correspond to the 
axes X and Y of the indicatrix. 

If it is true that the crystal below the 
transition point polarizes spontaneously in the 
direction of the orthorhombic 0 axis, the 
symmetry must become monoclinic P2, owing 
to the spontaneous shear strain z:°. This 
means that in a single domain crystal one of 
the monoclinic axes deviates from the original 
orthorhombic axis by an angle equal to 22°. 
Of course this angle itself may be very small, 
but it is probable, as is so in the case of 
Rochelle salt, that the indicatrix axes rotates 
by an angle far larger than z-°, for neither 
X nor Y is required to coincide with the 
monoclinic c or a axis. Only one condition 
necessary for this crystal symmetry is the 
coincidence of the Dmono axis with Zmono (Fig. 


_ 


+ Domain 


+ 
a Ze 


>109°K < 109°K 


Fig. 3. The relation between the crystallographic 
axes and the optical indicatrix axes (schematic). 
Left, Orthorhombic phase; Right, Monoclinic 
phase. 
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Fig. 4. The angle between the extinction posi- 
tions of neighboring domains. 
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3). If the angle between the Cmono axis and 
the Xe ne 


a polarizing microscope, if viewed 
direction parallel to the 6 axis (Fig. 3). 

Fortunately this turned out to be the case. 
Parallel stripes with alternately bright and 
dark appearence were actually observed if 
the 6 plate was kept below the transition 
temperature. The stripes were long in the 
direction of the c axis, and the width of them 
was about a few hundred microns. The 
angle between the extinction positions of the 
neighboring domains is constant below the 
transition point (Fig. 4). 


Hysteresis Curve Induced by Shearing 
Stress 

We tried many times in vain to get the 
electric displacement vs. electric field hyste- 
resis loops characteristic of normal ferro- 
electric crystals, 


§ 4. 


there exists spontaneous polarization along 
the 6 axis below the transition point of 
NaNH,--tartrate. The D-£ relation was linear 


up to the maximum electric field of 20Kv/cm | 
which we could apply without destroying the | 


crystal. 

There remains however another way of in- 
fluencing the polarization, for the crystal is 
strongly piezoelectric. The shear stress Zz 
can as well affect the electric polarization as 
the electric field can. We made a 45°-cut 
of the crystal of which one edge bisects the 
a and the c axes and thickness of the plate 
lies along the } axis. The slab was set be- 
tween the cross nicols of a polarizing micro- 
scope, and a normal stress P was applied on 
one pair of narrow surfaces. The result of 
observation is shown in Fig. 5. 


stripes decreases, 
comes dark at the pressure of about 95 Kg/cm?. 
As the stress is reduced, bright stripes re- 
appear in most cases, but in a few cases the 
crystal remains dark even after the external 
stress is completely removed. The fractional 
decrease of bright stripes roughly estimated 
from two sets of photographs is shown in 
Fig. 6. 

If these stripes really represent the +5 or 
the —b domains, the cycle of the area frac- 


axis happens to be sufficiently | 
large, the domains will be observed through : 
in the | 


though all the evidences | 
thus far obtained indicate unambiguously that | 


As the stress 
is increased, the fractional area of bright | 
until the whole area be- | 
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(a) 


Fig. 5. Photographs showing the effect of shearing stress. 
b: Pressure=62.5 Kg/cm?2, 


a: Pressure=0, 


tion such as shown in Fig. 6 should be ac- 
companied by a cycle of the net polarization 
of the crystal slab. It turned out to be the 
case as shown in Fig. 7. The stress was in- 
creased and decreased step by step and the 
charge developed on the crystal surface was 
measured by the electrometer. Each pair of 
points connected by a short vertical line shows 
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Fig. 6. Decrease in bright area vs. mechanical 
stress. Circles: at 98.4°K, Triangles: at 
96.0°K, Hollow marks: for increasing stress. 
Solid marks: for decreasing stress. 
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(b) (c) 


(at 98.4°K). 
c: Pressure=98.7 Kg/cm?. 


the value of charge immediately after the re- 
spective stress was applied and the value of 
charge when the electrometer deflection 
attained a steady value after a few minutes 
had elapsed under the constant stress. As 
known well in NaKk-tartrate, we have here 
also the two components of electric polariza- 
tion, one of which responds very slowly. It 
took 44 minutes to perform the stress cycle 
shown in the figure. 


10 ‘coul./em? 
25 r 


Polarization 


fo) 40 80 120 160 200 ka/em™ 
Pressure 
Fig. 7. Polarization vs. mechanical stress.  Cir- 
cles: at 92°K. Squares: at 126°K. Hollow 
marks: for increasing stress. Solid marks: 


for decreasing stress. 
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The same experiment was carried out at 
126°K, above the transition point. The coin- 
cidence within the limit of accuracy of the 
measurements of the back and forth branches 
obtained in the stress cycle which took as 
long a time as 26 minutes assures that there 
is no appreciable leakage of electricity through 
the specimen and the measuring apparatus. 
The large hysteresis observed at 92°K is, 
therefore, a real effect due to the domain 
re-orientations. The spontaneous polarization 
estimated from this curve is 21 x 10-* Coul/cm?. 
The spontaneous polarization may perhaps be 
temperature independent as the pyroelectric 
charge remains constant below the transition 
point. 


§ 5. Discussion and Conclusion 


As is generally accepted, the mere existence 
of a spontaneous polarization is by itself in- 
sufficient to justify one in calling a certain 
crystal ferroelectric. Besides, we must have 
at least one way of reversing the direction of 
the spontaneous polarization. Of course the 
ferroelectricity is usually tested by applying 
the electric field; but in a wider sense of 
terminology the ferroelectricity may be tested 
by any means which can affect the electrical 
polarization. We feel, therefore, we are justi- 
fied to call NaNH--tartrate a ferroelectric 
crystal with its spontaneous polarization along 
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Fig. 8. Dielectric constants in the direction of 
three crystallographic axes. 


the 5 axis, in spite of its very peculiar be- 
haviors as compared with other normal ferro- 
electrics. The most striking feature from 
the theoretical point of view is surely the 
failure of the Curie-Weiss law above the tran- 
sition point (Fig. 8). 

When we took up the stress experiment 
we were led by the following reasoning. The 
shear stress is related with the electric field 
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through the piezoelectric constant d,; and the 
dielectric susceptibility «.. But the maximum 
stress at which the crystal breaks mechanical- 
ly does not necessarily coincide with the 
maximum field strength at which the crystal 
breaks down electrically. There is, at least 
in a fortunate case, a possibility to give a 
stronger influence by mechanical means than | 
by electrical means without destroying the © 
specimen. After the experiment performed | 
along this line proved to be successful, we 
came to realize that our original idea was an 
over-simplification. In fact, if translated into 
the electric field necessary to induce the same 
polarization, the pressure of about 100 Kg/cm? 
on a 45°-cut slab should be equivalent to the 
electric field of about 14 Kv/cm, far less than 
the maximum amplitude which we applied of 
20 Kv/cm. The situation must be analysed 
in more details. 

We have for a piezoelectric crystal the 
equations, 
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Le=CosZet+fosPy 

E=foszz2t 2Py - 
We need therefore a plane to represent a 
given state of the crystal since there are two 


independent variables. For the electric field — 
experiment, we have the solutions 


Z2=0, 


a= 


S2s_p 
Gua Vo 


> ; 
bd 
a 
. 
£& | 
ie} | 
u 
ae : 
ip) 
t= 
ie} 
ib) 
hax 
wo 
] 
6) At 
200 400 600 
= (e.s.u.) 


Polarization (Py) 


Fig. 9. The two different paths on which the 
crystal proceeds. a: the electric field experi- 
ment, b: the shearing stress experiment. The 
curves are obtained by using the Mason’s 
values): dos5= —95.0x10-8 e.s.u., 
Sis=33x10-Pcigis., ey=8.9. 
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and 
Ey=( oe) Py, 
C55 


and similarly for the stress experiment, we 
have the solutions 


Ey=0, tee Py 
and 
Za=( fas eee Ds = 


As clearly shown by the second relations of 
the above two sets of solutions, the crystal 
proceeds on the different paths in the above 
two experiments (Fig. 9). That is, if we had 
translated into the electric field necessary to 
produce the same strain, instead of polariza- 
tion, the same pressure of about 100 Kg/cm? 
should have been found equivalent to an 
electric field of about 500 Kv/cm. This situa- 
tion may be the reason why we have observ- 
ed different coercivities. 

It is of some interest to note here that, 
below their transition points, LiNH,-tartrate 
monohydrate® has its spontaneous polarization 
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along the b axis while LiTl-tartrate mono- 
hydrate® has its spontaneous polarization 
along the a axis, though they are isomorphous 
above the transition temperature. 


Finally we wish to thank Professor H. 
Takahasi for his invaluable advice and Mr. 
H. Maniwa for his helpfull discussions. This 
work was partly supported by the Scientific 
Research Fund of the Ministry of Education. 
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On the Temperature Diffuse Scattering of Electrons 
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The perturbation theory of the temperature diffuse scattering of elect- 
rons is presented taking account of the fact that each of the primary 
and secondary waves in the crystal consists of many plane waves. For- 
mulae for the intensity of the diffuse scattering from a monatomic crystal 
forming a primitive lattice are obtained for each of the perturbation 
potentials due to Bloch and to Nordheim. When each of the primary 
and secondary waves does not excite any Bragg reflexions and can be 
given by a plane wave, the Nordheim potential gives the same result 
and the Bloch potential gives practically the same result as that of the 
current X-ray diffraction theory applied to electron diffraction. The 
result may be applied to explain the formation of the Kikuchi pattern 
by the temperature diffuse scattering and the anomalous intensity vari- 
ation of the diffuse spot from some single crystals. 


§ 1. Introduction 


According to the dynamical theory of 
electron diffraction developed by Bethe,” the 
position of diffraction spots formed by refle- 
xion from a perfectly smooth surface of a 
stationary crystal is determined completely 
by the surface lattice of the crystal. Mi- 
yake, Kohra and Takagi» have pointed out 
that circular arrays of sharp spots which 
appear in the reflexion patterns from cleavage 
faces of crystals (Fig. 1, a, b) arise from this 
dynamical effect, although previously several 
authors ascribed them to the two-dimensional 
diffraction from uppermost layer of the Fig. 1. (b) 
crystal on account of strong absorption of gee ea 
electrons.2”)©) Fig. 1. (a) Electron diffraction pattern from a 
cleavage face of zincblende. Incident beam, 
nearly parallel to [111]. (b) The sketch of the 
pattern. Broken circles indicate that the sharp 
spots lie on circles. Small hatched circles show 
the diffuse spots. 


Incident spot 


Besides these sharp spots there appear 


actually a number of diffuse spots at positions 
which are approximately in accordance with 
the conditions of ordinary three-dimensional 
diffraction. Co-existence of diffuse spots and 
arrays of sharp spots is observed on many 
kinds of crystals and is regarded as a general 
phenomnon not peculiar to a particular kind 
of crystal. As the the reflexion pattern from 
a smooth surface of a perfect crystal should 
be composed of only these arrays of spots 
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besides the patterns resulting from the 
secondary scattering such as Kikuchi patterns, 
the origin of the diffuse spots may be at- 
tributed to some kinds of lattice distortion. 
Miyake® has pointed out that they may be 
the temperature diffuse scattering. 

The present paper treats the theory of the 
temperature diffuse scattering taking account 
of the dynamical effects. There are some 
experimental evidence that Kikuchi patterns, 
which are believed to be due to the inelastic 
collision of an electron with lattice elect- 
rons?®)), may be partly attributable to the 
temperature scattering. According to the 
investigations of Watanabe™ and Hashimoto, 
Yoda and Maeda,!» the energy spectrum of 
Kikuchi patterns contained parts correspond- 
ing to electrons with energy loss of less than 
1~2ev. They have pointed out that these 
electrons cannot be considered as ones in- 
elastically scattered.* The theory of the 
temperature diffuse scattering may also be 
necessary for the detailed explanation of 
Kikuchi patterns. 


§ 2. Basic Formulation of the Theory 


The quantum mechanical theory of the 
temperature diffuse scattering of X-rays was 
developed by Born and Sarginson™ and Born. 
The result is practically the same as that of 
the classical theories of Waller™, Laval!” 
and James.’ In these theories each of the 
incident and thermally scattered waves is as- 
sumed to be a single plane wave. So far as 
this assumption holds, the result of the 
theory can also be applied to the case of 
electron diffraction with appropriate substitu- 
tion of the atomic scattering factor. When 
dynamical effects are observed, however, 
many plane waves having wave vectors re- 
lated by 


kn = Kot 07 GA) 


“are excited with a definite phase relation- 
ship, where kn and k, are wave vectors and 
baz is a reciprocal lattice vector. These co- 
existing waves should be taken into account. 

A solution of the Schrédinger equation for 
an electron in a periodic potential is given by 
a Bloch function 


* In this paper the term “inelastical scatter- 
ing” means the scattering accompanied by a change 
in the electronic state of the scatterer. 
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Pe= wie Ck,h EXP (2rtkn-r) , (2) 


where © is the volume of the crystal and the 
summation is over all the reciprocal lattice 
points. For convenience, cz, is normalized 
in the whole crystal, i.e. 


2 | cen? = 1. (3) 


Putting (2) into the Schrédinger equation, we 
obtain an infinite set of linear homogeneous 
equations or the fundamental equations of 
the dynamical theory.?®! In practical cal- 
culations, only a finite number of component 
wave with appreciable amplitude are consider- 
ed, so that the number of equations becomes 
finite. Possible values of ko are obtained by 
solving the secular equation and are designat- 
ed by ky). The wave field in the crystal 
is expressed by a linear combination of (2). 


>a > Ck,h EXD (Qrikr™- r) ( 4 ) 


1 

jase 
which satisfies appropriate boundary condi- 
tions. Each of the vacuum waves outside 
the crystal has a wave vector with tangential 
component coinciding with that of one of the 
component waves in (4). These vacuum 
waves are the only waves observed so long 
as the atoms are at rest. However, when 
the crystal is set in thermal motions, the 
electron in the state (4) will make transitions 
to other states. The vacuum waves having 
the tangential component of the wave vectors 
corresponding to the end states constitute the 
temperature diffuse scattering. 


Interaction Between an Electron and 
Lattice Vibrations 


§ 3. 


In the ordinary perturbation theory of the 
interaction between an electron and _ lattice 
vibrations, the perturbation potential is as- 
sumed to be the difference between the 
potential energy of an electron in the vibrat- 
ing crystal V(r) and that in the stationary 
crystal V;(r)!®. However, a better approxi- 
mation will be obtained by replacing Vs(r) 
with the time average of V(r), so that the 
perturbation potential U(r) is put as 

Un=Vir)-<V(r)> 
where < > means the time average. 

There are several methods of getting V(r). 
One, originally due to Bloch, assumes 


V(r) = Vs(r—u(r)) ’ 


(5) 


(6) 
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where u(r) is a continuous function whose sional Fourier series 
value at the position of an atom describes Vs(r) = Ve exp (2ribg-r) ; (8) | 
the displacement of the atom as the result g 
of lattice vibration. Another, due to Nord- 
heim,” replaces (6) with 


where be is the reciprocal lattice vector. Sub- 
stituting (8) into (6) and using the relation?» | 


Vin)=>i vr(r—(rn tun) , C7) <exp(277 bg-u)>= exp (— 27 (bg -u)>) , 
where v,(r) signifies the contribution of the we obtain 
nth atom to the potential energy of an elec- <Vir)>=>Ve" exp (27ibg -r) , (9) 
tron at distance r from the centre of the wire ¢ . 
atom, and rn and um, the mean position and V2, apem, (10) 


te aca eae as he ROM: beapectively: and WM is the Debye temperature factor given _ 
As it is not easy to decide which of the ap- 


proximations is more appropriate for the Be 

present purpose, we shall first adopt (6) M=2n?((bg -u)?> = 207 |bg |? ug? >, (11) | 

which is simplar and treat (7) in the appendix. mug being the component of u along bg. Thus | 
Vs(r) can be expanded in a three-dimen- we obtain as the first approximation 


U(r)= > Ve exp (2ribg -r) [exp (—27ibg -ut 272% (bg -u)?>)—1] 
: 
=—27i >) (bg -u)V ¢' exp (27, -r)* (12) 
: & 
=—(u-grad<Vir)>) .* (12°) | 


§ 4. The Transition Probability 


For the sake of simplicity, let us assume a monatomic crystal composed of N unit cells, 
each of which contains only one atom. The displacement of an atom uw» can be expressed | 
by the normal coordinate as!® 


Seq, (dq, + EXP (277 q-Tn)+ ay ,2 EXP (—2zi q-Tn)} , (13) 


1 
~VmaN at 
where ma is the mass of the atom, g, the wave vector of a lattice wave, ¢(=1, 2, 3) dis- | 
tinguishes directions of polarizations, eq,:, a polarization vector for the mode (q, ¢) and agq,:, 


the normal coordinate. The magnitude of q is restricted within the first Brillouin zone. 
Substituting (13) into (12), we get 


OE oe Vv" 2 bia, t{@q, « exp (271(bi-+q)- 1) + aq,.*exp (271(be—@)-1)} , (14) 
where (6y)q,+ is the component of & along egq,+. 
The Schrédinger equation for the unperturbed state of electrons is written as 


Ady+ a m (Fy, — (Vin) >) de =0, (15) | 


where Ex, m and h have usual meanings and ¢ is given by the Bloch function (2). We _ 
now calculate the transition probability from the state (%%, Ng.) to the state (hy, N’q,1) | 
where k’ signifies the wave number vector of the electron in the final state, Ng,: and N’q,:, | 
the quantum numbers of the vibrational mode in the initial and final states, respectively. 
If only the first power term in u(r) is retained, the transition probability has non-zero value | 
only when the quantum number of one vibrational mode changes by 1 or —1, those of the 
other modes being constant. The matrix element of U(r) is then written as 


* Within the limit of the approximation (12), we can replace Vg’ in (12) by Vg so that <V(r)> in 
(12’) by V;(r). We, however, adopt (12’) in order to compare the result with that of X-ray diffraction © 
theory. The adoption of <V(r)> instead of V;(r) as the unperturbed potential in (5) is significant for : 
the calculation of. unperturbed wave functions. 
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(k’. N’qi|U(r)|k, Nat) 


TF 3 Vi bat {|e “dx exp (2700 (bu +q)- 1) ar} a 87?12(q) ay Ne 7 
% when N’ge=Nat—1 i 16) 
Tar 73 Ve (buat {|e “Px exp (21 (bi—q)-r r) ar| V setae "u4(@) Wert D | 
when Nqt=Nat +1 


where v:(q) is the frequency of the mode (q, i). The integral in (16) which is over the 
whole crystal is given by 


ded. exp (27i(bi-t-@)-r dr = p > Chr tear | exp (277 (—ko’ +k) — bn +bn+b1-4+q)-r) dr 


i. 
OQ 
> Dew Crp Of’ 9, kot bgt , 

where g=—h’+h+l. When ko’ and k) are given, the reciprocal lattice vector bg which 
satisfies ko’=k)+bs+q@ is uniquely determined, as the magnitude of q is restricted in the 


first Brillouin zone. So, in the summation over J in eq. (16), only a term remains which 
satisfies I=g+h’—h, and (16) becomes 


(k’, N’qe|U(r)|k, Nat) 


Z 
bs VmaN ay Nat Y = Cyne Cry (Dest —h)gt Veuh’—h , 
when NV’ gt = Ng—1 and ko’ =kj)+be+q 
= i h ' (17) 
enw stay Neth > Di Carw*C yx(Beeh hat V grh’—-h , 
when N a=Natl and ko =ky + be—q 
0 otherwise . 
The probability per unit time of the transition is then given by 
/ 7 ! 0 i 2 
Fale’, N’ee| UC) |B, Neo wet! : (18) 


where 


E= {Ex — Ex+(N’ qt —Nat) hvi(q)} , 


a 


E, being the energy of electron in the state k. Integrating (18) over the end states, as in 
the ordinary procedure,” we get 


2 Go\(K, NalU)| ky Nol? 2 \( sin &¢ ye ee 
hn at}, 


E 
= 78 A101 (k’, N’qe |UG) |, Nge) [22 aoe (19) 
We can assume, for fast electrons, 
hi? 
RK, 
Bi 2m 


The probability (19) then turns out to be 


mQOk dw 


anh? \(k’, N’qe| U(r) | ke, Nat)|? « 
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Since Ex > hy:(q), the electrons scattered by the transitions 


(k, Nat) —> (k + bg + @, Nat—1) 
and 
(k, N-«t) a (k +bs—(—@), Nog 1) 


which differ in energy by the amount 2h/y:(q) can not be practically distinguished. Summing 
up for these two transitions and also for ¢, and considering that »ve(q)=»x(—q) and <Ngt>= 
<N-@t>={exp (hyi(q)/kT)—1}-1, we obtain the transition probability per unit time P,,,.dw for 
which the wave vector of the scattered electron lies in the solid angle dw in the direction of 
k’ as 

i h 


ma, ,, 
2h i maN = 201(q) 


mA / =I * : 7 ¢ 2 L { 1 fi 
7) k ~ | 2 Cyn Cry Bern —n)at Vg+n’-n | Gen aaeT tg dw , 
(20) 


Pyrdo= Neely | # 2 Cy Cyn (Bern —h)at V’ gen’ -n|? do 


where 0,=Q/N is the volume of the unit cell. 


§ 5. The Intensity Formulae for the Diffuse Scattering 

Let us calculate the intensity of the diffuse scattering when the primary wave in the 
crystal is given by a single Bloch function (2). When the intensity of the incident electron 
is designated by J), its density o is given by?” 


0=f/v = Jym[hKo , 


where v is the velocity of the incident electron and Ky is its wave number in vacuum. In 
the calculation of the preceding section, the wave function of the primary wave is normaliz- 
ed in the whole crystal so that the electron density is 1/OQ. The intensity /s,12- of the com- 
ponent plane wave of the secondary wave in vacuum having the wave vector K’n is conse- 
quently given by 

dw 
dw, 


where R is the distance from the crystal to the point of measurement, t is the transmis- 
sivity of electrons at the exist surface, and dw/dw,) indicate the effect of refraction at the 
exit surface, where the solid angle dw of the secondary ray in crystal changes into dw, in 
vacuum on passing the surface, as shown schematically in Fig. 2. Substituting (20) into (21) 
and remembering that k’~K, we obtain 


Ts,n = (Parr|Crrne|?/ R?) {( Jom[hKo) / A/Q)} ¢ (21) 


N 9 / 9 
Jha sts ——| Cen |? | Cyne * Can Osen’ nat fe’, gen’ —n |? 
R Ma t hh 


h a; EE £ Bed dw 
‘ ee (hve(q)/kT)—1 aa rr (22) 
where 
Fer = fenexp(—M) , fit aie : (23) 


27h? 
If the electron distribution around each atom is the same as for free atoms, Va is given by 
Va = — 2? (Z— fen) / TO | bn |? , (24) 


where Z is the atomic number, /fx,,, the atomic scattering factor for X-rays and e, the 
electronic charge. Putting (24) into (23), we get 


2e2m 


Se,h= 11Bal? 


(Z> We sh) 5) (25) 


1 
| 
| 


| 
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which States that f. is the atomic scattering factor for electrons. 
If Nordheim’s potential (7) is assumed instead of Bloch’s (6), we obtain following intensity 
formula of the temperature diffuse scattering (see Appendix). 


*2 | > py Oxia Ckh (be+n r+ Qt Sc (Be+i’-n+q) [2 


Au c 
finite nips | Crh: 
h 1 1 dw 
x a) Se ae , 
¥4(q) exp (hy: (q)/RT)—1 ae dae 
hag Crystal 
sox Vacuum 


(a) 


(b) 

Fig. 2. (a) Showing the effect of reflexion and 
refraction at the exit surface. (b) Illustrating 
the relation between dw and dwo in terms of 
the dispersion surface. H is the reciprocal 
lattice point, d,; and dz, two branches of the 
dispersion surface, Sy, a sphere of radius Ko 


— —>- 

with H as centre. AH and A’/H are the wave 
— —> 

vectors of the crystal waves, AgH and A)’H, 


those of the vacuum waves. AAg and A’A' 
are perpendicular to the surface. 


The difference between (22) and (26) is that 
the reciprocal lattice vector Obgsa-n and the 
atomic scattering factor fe'gin—-n in (22) is 
replaced by besw-nratq and fe’(berw-n+q), re- 
spectively, in (26). The difference is un- 
important when |g] is negligible compared 
with |be+n—n|- 

In general, the primary wave in the crystal 
is given by the combination of Bloch func- 
tions (4) where ky)“ (¢=1,2,----) has the 
same tangential component as that of the in- 


Vacuum 


Crystal 


Vacuum 


Fig. 3. Showing the relation between the wave 
vectors of crystal, vacuum and lattice waves. 
6; is the reciprocal lattice vector. K’s, k’s and 
q’s are the wave vectors of crystal, vacuum 
and lattice waves, respectively. Those with 
dash refer to the secondary or scattered waves, 
and without dash to primary or incident waves. 


cident wave, and many Bloch functions with 
the wave vectors having the equal tangential 
component can be connected to a single 
vacuum wave exp (27iK’1-r). So, in calculat- 
ing the intensity of the vacuum wave, we 
should take account of many transitions 
Pode 7G, 7=1, 2, ----). As these tran- 
sitions are related to different modes of 
vibrations which are mutually independent, 
the intensity of the vacuum wave is given 
by the sum of the intensities of the component 
wave resulting from each of the transitions, 


Jew = 2 ~ lay? Janes (Zi) 
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where i and j are the suffices for Bloch functions 
in the primary and secondary waves, a is 
the coefficient of the component Bloch func- 
tions in the primary wave (4), and Js,n‘J is 
given by (22) with q replaced by qij which 
is given by 


Qis = ky P-kyO—6 . (28) 


The relation between the wave vectors of 
crystal, vacuum and lattice waves is shown 
in Fig. 3, where the case that each of the 
primary and secondary waves is given by the 


sum of two Bloch functions and that bg=0 
N ; 
Jo, = Ae © Set Oat Se be+ @) 
ei —0 (h’ == 0). 


This is exactly the same result as that of 
scattering. On the other hand, (22) gives 


ews 
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is illustrated. 


§ 6. Case of Plane Waves 


When each of the primary and secondary 
waves in the crystal does not excite any 
Bragg reflexions, each wave is given by a 
single plane wave, i.e. 


Ck,h= On, 0 and Chih’ = On, Oo: 


Let us further assume that the effect of re- | 
flexion and refaction at the exit surface can 
tdw/dwoj=1. Then (26) 


be neglected, i.e. 


becomes 


1 =i 
a9 > 


the current theory of the temperature diffuse 


Js, OTR mo (bg)"at Sc, @ 


(h’ ==0). 


h 
ve(q) 
Js, h’ =a) 


which will be obtained by replacing bg+q 
and f.’(bg+q) in (29) by bg and /f.’,¢, respec- 
tively. This difference is caused by the 
adoption of different perturbation potentials. 
In Nordheim’s method, it is assumed that 
each atom vibrate with the electron clould 
rigidly fixed to the nucleus, as in the current 
theory. 


Discussions 


§ 7, 

In this paper we have treated the tempe- 
rature diffuse scattering of electrons by the 
perturbation theory. The treatment is kine- 
matical so far as the diffuse scattering is 
concerned, since we have neglected the double 
diffuse scattering. On the other hand, we 
have taken account of the Bragg reflexion by 
the dynamical theory. The influence of the 
Bragg reflexion on the temperature diffuse 
scattering may be important when the Bragg 
reflexion is much more intense than the dif- 
fuse scattering. Eq. (22) and (26) shows, 
however, that in general the intensity of the 
diffuse scattering is the same, at least in order 
of magnitude whether the primary or second- 
ary waves in the crystal satisfies the Bragg 
condition or not. In the latter case which 
we have treated in the preseding section, 


1 ih 
exp (ivg/kT)—1 | 2 


the ratio of the intensity of the diffuse scat- 
tering to that of the Bragg reflexion is the 
same as for X-rays for which, as is well | 


(30) 


known, this ratio is very small. | 

The diffuse scattering obtained in the present 
study is only the first order diffuse scattering / 
produced by the emission or the absorption 
of one quantum of a vibrational mode. This 
result is obtained by the adoption of the 
perturbation potential (12) in which we have 
neglected the higher power terms in wz(r). 
If we take account of higher terms, we shall 
have higher order diffuse scatterings which 
result from the transitions accompanied by 
simultaneous emission or/and absorption of 
more than one quantum of vibrational modes, | 
even if we neglect the double diffuse scatter- 
ing. Higher order diffuse scatterihg of X-rays 
has been studied by Laval. According to 
his result it is important at large scattering 
angles and at high temperatures. This 
may be also valid for electron diffraction. 

It is worth noticing that there is a slight 
difference between the intensity formulae 
given, by Nordheim’s potential and by Bloch’s 
potential. In the case of a single plane wave 
these formulae are given by (29) and (30). 
The iso-diffusion surfaces around a reciprocal 
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lattice point have centre of symmetry at the 
reciprocal lattice point for (80), but not for 
(29). Lack of centre of symmetry in the 
case of the X-ray diffuse scattering from 
sylvine has been demonstrated by Laval.2® 
It is possible to decide which of the perturba- 
tion potentials (6) or (7) is more appropriate 
for the present purpose by careful measure- 
ment of the intensity, provided that the re- 
latively high background caused by the 
inelastical scattering and by the scattering at 
lattice imperfections could be eliminated. 
However, this elimination especially the eli- 
mination of the scattering at lattice imperfec- 
tions may be difficult in the present stage of 
development. In this connection it must be 
noted that in detailed comparison of the 
calculated and measured intensities, the effect 
of weak waves must be taken into account 
which we have neglected in deriving (29) 
and (30). 

We have assumed in this paper that the 
crystal is monatomic and a unit cell contains 
only one atom. When the unit cell contains 
more than one atom, a similar treatment 
holds for scatterings near a reciprocal lattice 


U(r) = — 271 | x (6-un)u'(b) exp (27ib-(r—rn)) db , 
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point which constitute most part of the tem- 
perature scattering at low and moderate 
temperatures. Because for these scatterings 
for which long lattice waves are concerned 
the acoustical mode is significant, since the 
frequency of the acoustical mode is much 
smaller than that of the optical mode for long 
waves. The result in the preceding sections 
are valid for long acoustical waves, if we 
replace the mass of an atom by the mass of 
a unit cell, since for long waves atoms in a 
unit cell oscillate almost in phase. 

Application of the present theory to some 
simple cases of practical importance will be 
given in the next paper. 


The author wishes to express his thanks to 
Prof. S. Miyake for his valuable discussions. 
The work was partly supported by a resarch 
grant of the Minstry of Education. 


Appendix 
Intensity Formula Derived from 
Nordheims’s Potential 
If Nordheim’s potential is assumed, the 
perturbation potential becomes 


(31) 


for monatomic crystals, where 6 is a vector in the reciprocal space and 


u’(b)=u(b) exp (—M)=u(b) exp (— 22 (b-un)*>) , 


u(b) being the Fourier tranform of u(r) defined by 


u(b)= ee exp (—2z7b-r)dr . 


Substituting (13) into (31), we obtain an expression for U(r) and the matrix element becomes 


(k’, N’ge | U(r) | k, Nat) 


VmaN 


when 


h 


— i | w OI exp (201 (b—a)-r){ [dut(rigulr) exp @nid-rdrbdby/ 5 Ne. 


mv4(q) 


No = Nal. (32) 


Replacing —q and Ng by q and Ng+1, respectively, we get the expression for Nqge=Ng+1. 
The summation over ” has non-zero value N, only when b—q=8g, where bg is a reciprocal 
lattice vector. The second integral in (32), over the whole crystal, becomes 


{ dart alr) exp (Onib-) dr= = © Ecew* Con 86 ('w—Ia)) 


. Thus the matrix element turns out to be 
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(k’, Ng | U(r) | k, Net) 


— . oe elit as iam * (6 Pie =2 ul b oh ar , . 
avecny 2v:(q) Nat > > Cen Ckh SOsth’-h Dat ( eth’ -h TQ 
when Nat m3 Ng—1 and k/o=k)+6e+@ : | 


Salant ee Fr rh: “Bern_-nr+q) , ' 
Were EWEN (Natt 1) py 2 Cen Cyn (Bosna t qat U’(be+n-n+q) 
when Ng = Na+l and k’o=k)t+be—q . 


It is easily shown that 


2am 
h2 


f(b) = — 


is the atomic scattering factor for electrons. 


derivation of the intensity formula, we obtain (26). 


10) 


13) 
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The results of the perturbation theory of the temperature diffuse scat- 
tering of electrons developed in the preceding paper are applied to 
practical problems with the assumption of two plane waves. 

It is shown that the intensity of the diffuse scattering does not become 
infinite at a reciprocal lattice point as it does in the current theory but 
remains finite, that the temperature diffuse scattering gives rise to 
Kikuchi patterns, and that the intensity of diffuse spots changes ab- 
ruptly when the incident wave excites a Bragg reflexion. The anomalous 
intensity variation of the diffuse spots from the surface of some single 
crystals may be due to this effect. In the Bragg case the direction of 
the diffuse scattering can be obtained by the modified Ewald construc- 
tion which replaces the Ewald sphere by the equi-energy surface in the 
reciprocal space. 

The possibility of treating the Kikuchi pattern due to the inelastical 
collision of incident electrons with lattice electrons by the present method 


is also discussed. 


1. Introduction 


In part I of the present paper?* we have 
developed a perturbation theory of the tem- 
perature diffuse scattering of electrons and 
have derived the intensity formulae taking 
into account the circumstance that each of 
the primary and secondary waves** may -ex- 
cite Bragg reflexions. The general formulae 
for the intensity of the first order tempera- 
ture diffuse scattering from monatomic crys- 
tals are given by (27-I)* with J’, given by 
(22-1) or by (26-I), respectively, according as 
the Bloch or the Nordheim perturbation poten- 
tials are assumed. The formulae will now be 
applied to some simple cases of practical im- 
portance. The simplest case is that each of 
the primary and secondary waves does not 
excite any Bragg reflexions and is given by 


* In the following, Part I is referred to as 
[I]. Equations, sections and figures in Part I are 
cited by adding I, such as (27-I), Section 6-I etc. 

** In this paper the primary or the second- 
ary wave means the wave expressed by a Bloch 
function (2-I) and not a single plane wave contain- 
ed in this function. The primary wave gives rise 
to the secondary wave by the process of tempera- 

ture scattering. 


a single plane wave, as has been treated in 
Section 6-I. In this case the same result as 
that of the current X-ray diffraction theory 
applied to electron diffraction was obtained 
by the Nordheim potential, and also by the 
Bloch potential with a sufficient approxima- 
tion except for small scattering angles. 

In the following we consider the case in 
which each of the primary and secondary 
waves is given by a combination of at most 
two plane waves, disregarding the simultane- 
ous Bragg reflexions and the effect of weak 
waves. 


2. Application to the Laue Case 


Let us consider the case of transmission 
through a thin crystal bounded by two paral- 
lel planes and assume that each of the wave 
vectors of the waves contained in the primary 
and secondary waves makes a small angle 
with the surface normal. In this case the 
effect of reflexion and refraction at the en- 
trance and exit surfaces can be neglected. 
The parameter W introduced by Bethe” (Se- 
lektionsfehler) describing the deviation from 
the Bragg condition is then given by (see 
Appendix I) 
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(K+6n/2)-bn x, is given by 
W ware amy, ’ ( 1 ) -3ni3. 
\VUh Ce Ch = —2 W+V W241 ** 
where bn is the reciprocal lattice vector and : be eh iat = fort=25, Ce 
on’ =(2m/h) Vi’ 5 (2) where the superscript i Cn 2) indicates the 


Vw being the Fourier coefficient of <V(r)> or branch of the dispersion surface on which 
the time mean of the potential energy of an the wave point lies. If we put 

electron in the crystal. K is the wave vec- W=cot B, 0<f=x, £30 
tor of the primary wave in the mean poten- 6 have W+V Wai =cot (6/2), W-Y Wel 


tial Vo). The magnitude of K is given by : : 
= —tan (8/2), and since c’s are normalized by 


SK 05 }** (3) (3-1), we get 
where v is given by vo=(2m/h?)Vo, the tan- c®=sin (6/2), ci, =cos (8/2), (6) 
gential component being equal to that of the c®,=cos (6/2), c@,=—sin (B/2) . 


incident wave. { 
Subject to these assumptions, the ratio of @’s in (4-1) then become 
the amplitude of the two component waves a,=sin (8/2), @,=cos (8/2), 


and the wave function of the primary wave is given by 
de=(1/V [sin (8/2){sin (6/2) exp (27iko - r)+c0s (8/2) exp (271k, - r)} 
+-cos (8/2){cos (8/2) exp (27k) r)—sin (8/2) exp (2zikn™-r)}] 


which is to be connected to the incident wave of electron density 1/2. We now consider the 
transition to the state designated by W’. Putting W’=cot p’ (0< <=), we get similar 
expressions as (6) for the secondary waves and obtain from (27-I) and (22-D) 


Jon= sie & IB, + T2)+ cos? Et JED : 


roe — cos? > : = {e0 S (F-F)Odah, : 
+sin Bi tg ohh (bg—n)a,t fo n+ COS Higineae esrdaS eent Qu) - 
ze 2 2 2 y¥?(qi1) 
B= sint & 5: sin ta ae 
+cos s cos 2 bg dae fe g-0—sin- sin F eetlafeern ‘ —= ‘ (7) 
Pa=Z a cos? > |-sin($ mags F \OedaeS, 8 
—sin & sin 3 (Be-n)a,tf oa ,t00s-& cos & be. OesnaFoarn | aac 


~ 


fAy= a "sin? =5 B FS 4e08 ( B 5 Ooh oe 


2 
p’ 


. B De - 
—cos — sin 5 (Be-nasttoe-n sin : cos 


te Qu(qzs) 
barna,t 2 
2 (benoit o exh Yi2(Qoa) ” 


* Bethe’ s first approximation is used through- where 

out this paper. i.e. we put Vi=Vo2=0, Viz=vn in 

Bethe’s notations (Reference 2, p. 78). Q:(q)= hyvi(q) 1 =. 1 
** , is real and negative. See (24-I) ™ lexp (hve(q/RT) -1 
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and Js, is the intesity of the scattered wave 
in vacuum which is connected to the waves 
exp (271k,/™-r) and exp (2zik,’@-r) in the 
crystal at the surface. k,’“ is given by 


kr’ = key’ O +8, 
=hoO+berntqis (,j=1, 2). (8) 
The relation between q’s, k’s and k’’s, in the 
case that be=0, is illustrated in Fig. 3-I. 


3. Intensity of the Temperature Diffuse 
Scattering Extremely Near a Recipro- 
cal Lattice Point 


We assume now that the Ewald sphere 
passes near the reciprocal lattice point de- 
signated by H. The primary wave then 
satisfies closely the Bragg condition concern- 
ing H, and we can obtain the intensity of 
the diffuse scattering around H by putting 
bg=0 in (7). Particularly interesting is the 
case when 

B=7/2(W=0) and &’ >7/2(W’ > 0). (9) 
Then (7) gives the intensity of the diffuse 
scattering extremely near the Bragg spot 
when the incident wave exactly satisfies the 
Bragg condition. According to the current 
theory the intensity tends to infinity at the 
reciprocal lattice point®), while the present 
theory gives a finite value as is shown 
below. 

For the sake of simplicity, the reciprocal 


lattice vector 6, is assumed to be parallel to 


the surface. 


In this case, (9) means that 


Qu, G2 0 and qi, —@21— @, (10) 


where q» is the vector in the reciprocal space 
drawn from the vertex of a branch of the 


. re 


direction of the reciprosal 
lattice vector ba 


Fig. 1. Showing the relation between the wave 
vectors q:j concerned in one transition. The 
reciprocal lattice vector 6, is parallel to the 
surface. A; and A», are the wave points of the 
primary waves and Aj’ and A,’ are those of 
the secondary waves. Dotted lines are normal 
to the surface. 
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dispersion surface d, to that of d, (Fig. 1). 
Since the magnitude of q’s are sufficiently 
small, we can put 

Qi(qi)=kT (11) 
and 


Y(Qis)=Crqis (12) 
where c:(t=1, 2, 3) are the velocities of elas- 
tic waves in the crystal. Putting (9), (10), 
(11), (12) and bg=0 into (7), we obtain 


eee & oe 2 Bie =sin #* 
aby pee, Fo,kT cos Pe 
xa (Brac? etc. (13) 
t Oe 


O M H 
Fig. 2. Showing the relation between k,, 6, and 
qg in the case that 6, is parallel to the surface. 
O and H are the origin and the point of the 
reciprocal lattice, respectively and M is the 


middle point of OH. 


When B=7/2 and q’s are very small, qu and 
@2, are nearly parallel to, and qi, and qs are 
nearly perpendicular to br. We see by Fig. 


2 that 
= —(K’ +6; /2)-bn/ lon’ |= +l qui||bnl/lon'| 
(14) 
and we obtain 
i-singe W2_ lbxl?. 
na? 2G ie 2lon 


We now further assume that the crystal is 
elastically isotropic so that three vibrational 
modes associated with a wave vector are a 
longitudinal and two transverse waves. Then 
we get 
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ee Cee 


; +I2,4T8) 


oo de 
ee |On/? 703,27 
i ix 1 
x ‘ 15 
17 Vpn ACi fe Ge Cx? Se 


where c, and c, are the velocities of the 
longitudinal and transverse waves, respective- 
ly. The result of the dynamical theory gives 
Qo=\vn |\/K * and since b;,/K=2sin 6, where 0 
is the Bragg angle, is of the order of 1/100 
in ordinary conditions, the first term in the 
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(16) means that the transition probability to 
the state on the same branch of the disper- 
sion surface as that of the initial state is 
negligible compared with that to the different 
branch and that the intensity corresponding 
to the latter is equal to a half of the inten- 
sity, calculated by the current theory, at the 
vector distance go from the reciprocal lattice 


point H. This conclusion is also valid for 


the Nordheim potential (see Appendix II). 


4. Kikuchi Patterns 
We now consider the case when 8 > 0: i.e. 


curly bracket of (15) can be neglected. (15) when the primary wave does not excite any 
then becomes Bragg reflexion and the secondary wave does 
Niet il LM pp balk Ticee*laol? (16) excite a Bragg reflexion (hk). In this case (7) 
2 R2 m becomes 
Jsn=JentSon 
Ji N 3 my i 7 : i 
B= pe Beast 5 sin? 5 Gale fae t cos! & Benne faen 
orep Be , , Q:(q21) 
+2sin os cos’ oa Onda OenaS cal oasn} vay 


Peu=pe © S{cost & sint Fog, Saertsint © ean fBeen 


B° 


—2sin® 


Since qo, the distance between the vertices of the dispersion surface, 
we can put @2=@2=q, when q’s are not too small. 


A-!, for Va=1--volt’ and .2=6.06A), 
Then we get a more simple expression 


COS Fea (Obg+h)q, me hes nts 


Qe(@a2) 
(oa) 


2 aif Qa) —(beot)2 FBgun] 2D 
Jd Rama 1 (be+n)g, ae Sth (Da, 2( W?+1) 7 =X (b8)3 g— (bgih)e S evg+h] ce) 

ate oe i (be)q(berh att eh oerh mo aq | 

by utilizing the relations 2 cos? (@”/2) sin? (8’/2)=1/2(W?+1), cost (8’/2)+ sin*(@’/2)=1 


—1/2(W?+1) and 2 sin (8’/2) cos? (8/2) —2 sin’ (@’/2) cos (8’/2)= W’/( W”?+1). 


hold, (17) becomes 


A N kT yr £08? Verh 
Js, h= = Ma ia {Bacal oh ie weh rie we 
me COS? Pe +hat We 
|Bg+n|? Te. gin ae Ce x “wt Ww ae 


where v¢,q is the angle between bg ant ece. 
Js,n in (17) and (18) signifies the intensity of 
the diffuse scattering in the direction kn’ 


* Baal footnote * on p. 288. 


bel |besnl t, of sean = COS Bg,q: COS Pg +h,gt 


COS Yg.ar 
2 


1 2 
Pesaran Ae Foe 


Ce 


which is given by (8)**, 


is very small (~ 10-4 


The relation between | 
the wave vectors of the primary, the second-}| 
ary and the lattice wave is shown in Fig. 3. | 


2K 


superscript (¢) is insignificant in the present case. 


The difference of k,’’s designated by the | 


When (11) and (12) || 
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This result is analogous to that of Kainu- 
ma’s theory® which treat the Kikuchi pattern 
as the result of the inelastical scattering*. 
The variation of the functions 1/2(W’?+1) and 
W’/(W?+1) in (17) or (18) with W’ is shown 
in Fig. 4. The first term in the curly 
bracket of (17) or (18) correspond to the 
ordinary temperature diffuse scattering, the 
second term to the Kikuchi line and the third 
term to the Kikuchi band. The Kikuchi line 
is black or white according as the coefficient 
of 1/2(W’2+1) is positive or negative, which 
is the intensity of the ordinary temperature 
diffuse scattering in the direction ke’ minus 
that in the direction k,,,. The factor |bg|? 
-f2, which is important in determining the 


intensity of the temperature diffuse scattering Fig. 4. 
is shown in Fig. 5. 


Ww 1) 


Fig. 5. 6b=2sin0/A. 
f(b): atomic scattering factor for electrons. 


The intensity given by (17) or (18) will con- 
tribute to the intensity of the Kikuchi pattern 
actually observed. However, the intensity 
distribution is considerably different from the 
total intensity of the ordiary Kikuchi pattern. 
Js given by (18) is inversely proportional to 
qg?, so that it has a significant value only when 
qg is small or only at points close to the re- 
ciprocal lattice point (g+h). The same is 
valid for Js, given by (17). Thus the first 
order temperature scattering contributes to 
Kikuchi lines the- intensity of the Kikuchi line only at points 
near a diffuse spot. The remaining part of 
the line is due to the other kind of scatter- 
ing, mostly to the inelastical scattering. The 
intensity of some Kikuchi line is actually en- 
hanced when they pass near a diffuse spot. 
The first order temperature scattering may 
~ * See footnote * on p. 279 of [I]. actually contribute to the enhanced part. In 


Fig. 3. Showing the relation between the wave 
vector of the primary wave k,, those of the 
secondary wave k,’ and k,’, that of lattice 
wave q and reciprocal lattice vectors. The 
direction of the Kikuchi line is also shown. 
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this connection, it must be noted that Hashi- 
moto and his collaborators» have studied the 
energy loss of diffracted electrons, from 
molybdenite, forming Kikuchi patterns and 
Kossel-M6llenstedt (K-M) patterns, by eliminat- 
ing electrons with energy loss of more than 
a certain value, 4v, and observing the fading 
away of the patterns. On decreasing dv, they 
observed that a part of Kikuchi lines far from 
the K-M pattern faded away, but a part 
near a K-M pattern remained even for 4v= 
2ev. This observation is consistent with the 
present result. This point may be further 
clarified by measuring the energy loss of 
electrons along a Kikuchi line. 

Higher order temperature diffuse scattering 
which we have not treated in the present 
papers may also contribute to Kikuchi pat- 
terns. According to the approximate calcula- 
tion for X-rays®, the intensity of the second 


Joo=sine £ J, + cost 72, 
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Fs0= Fa Jo X= {sin 8 —(baathe et COS ~- E Gia wash: a af ee (19) 
22M & feos FOnaihig Sin 5 Ox-dasSogat tte) 
When qi. and qx. can be put equal as before, we get 
Jo = B13 Ot Foe tay Tle MeFaaa~ Ooh Le LO 
= eT BOs wes OileFa. gee (20) | 


The results (19) and (20) predict that when 
the primary wave excites a Bragg reflexion 
the intensity of the diffuse spots generally 
varies abruptly. The variation with the W- 
value of the primary wave is similar to the 
intensity variation across a Kikuchi pattern 
discussed in the previous section. This effect 
is not yet observed in the transmission ex- 
periment. However, Miyake” has pointed 
out that the intensity of the diffuse spots 
from a cleavage face of zincblende is enhanc- 
ed when the specular reflexion spot or the 
regular reflexion of the incident beam by the 
surface comes on a Kikuchi line which impl- 
ies the occurance of a Bragg reflexion in the 
crystal, as has been pointed out by Miyake, 
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order scattering is inversely proportional to q 
instead of g? in the case of the first order 
scattering. Higher order temperature scat- 
terings are less dependent on g. The intensi- 
ty variation of the Kikuchi pattern with qg 
may be slower for the higher order scatter- 
ing than for the first order scattering. 


5. Variation of the Intensity of Diffuse 
Spots with Change of the Direction of 
the Incident Wave 


In this section, we shall treat the inverse 
case of the preceding section: i.e. the case 
when the primary wave excites a Bragg re- 
flexion and the secondary wave does not, so 
that 8’ 0. The secondary wave is compos- 
ed only of a plane wave with the wave vec- 
tor ko’=Ko+be+q and the intensity of this 
wave Js. is obtained by exchanging sin? (@’/2) 
and cos?(@’/2) in (7) and putting p’=0. The 
result is 


Kohra and Takagi®. 
spots are shown in Fig. 1-I. 


the surface, the normal component of its 
wave vector being either positive (Laue case) 
or negative (Bragg case). This effect may 


be attributed to the same effect as predicted |} 
since the present argument|| 
in the case of normal incidence can also be} 
applied with a slight modification at least to} 


by (19) or (20), 


the Laue case with oblique incidence. 


Particularly interesting is the case when|| 
the specular reflexion spot deviates slightly || 
This case is shown|| 
in Fig. 6 a, b. The diffuse spots are more 


from the Kikuchi line. 


: 


~The enhanced diffuse || 
The effect is|| 
most remarkable when the reflected beam|| 
(Bragg reflexion) makes a small angle with|| 
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intense in (a) than in (b), while the deviation 
of the specular reflexion spot from the Kiku- 
chi line is equal in magnitude but opposite in 
direction. This may be explained by the 
third term in the curly bracket of (19) or 
(20). The problem of enhancement of the 
diffuse spot will be treated in more detail 
elesewhere. 


(b) 


Fig. 6. Electron diffraction patterns from a 
cleavage face (110) of zincblende. The incident 
beam satisfies closely the Bragg condition con- 
cerning (260). The azimuth of the incident 
beam is slightly different in the two photographs. 
The specular reflexion spots are indicated by 
arrows. The incident spots are not shown. 


6. Comments on the Bragg Case 


In the Laue case, when the primary wave 
can be expressed by a combination of two 
plane waves, the wave field in the crystal 
which is connected to the incident wave is 
composed of two primary waves. In the 
Bragg case, however, only one primary wave 
out of the two is permitted in the crystal 
when the crystal is sufficiently thick, so that 
the incident electrons can not _ penetrate 
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through the crystal. It is well known that 
in the range of selective reflexion, the crystal 
wave has a complex wave vector that it suf- 
fers absorption even if the crystal is non- 
absorbing in the ordinary sense. The absorp- 
tion coefficient of one of the crystal waves is 
negative, i. e. the amplitude increases on 
penetrating into the crystal. The wave with 
negative absorption coefficient is not permitt- 
ed in the crystal with sufficient thickness. 
Kohler® has pointed out that the same is 
valid for incidences outside the range of se- 
lective reflexion, if the true absorption is 
taken into account. In this case also, one of 
the primary wave has the negative absorption 
tion coefficient and it is not permitted even 
if the absorption is very weak, provided that 
uD is large, where yu is the absorption coef- 
ficient and D, the thickness of the crystal. 

In the range of selective reflexion, the 
wave vector of the crystal wave is complex. 
These waves can not be treated by the pre- 
sent theory, because we have assumed that 
the wave field in the crystal can be expressed 
by a combination of plane waves with real 
wave vector. Outside this range, however, 
we can assume that the waves in the crystal 
have real wave vector (negligible absorption) 
but that there is only one primary wave 
permitted in the crystal. Then we can treat 
the problem in the Bragg case in the similar 
way as that given in the preceding sections. 
However, we shall not discuss the problem 
in detail but only comment some qualitative 
results. 

(1) In deriving (17) and (18) for the intensity 
of the Kikuchi pattern, we have assumed that 
the primary wave in the crystal is a plane 
wave. (17) and (18) can therefore be applied 
to the Bragg case if the effect of reflexion 
and refraction at the entrance andexist sur- 
faces is taken into acccount. 

(2) The variation of the intensity of diffuse 
spots with change in the direction of the inci- 
dent wave in the Laue case which is given 
by (19) or (20) is composed of two contributions 
from two primary waves. So, the variation 
in the Bragg case is different from that in the 
Laue case, though the variation itself will be 
observed in both cases. 

(3) It is shown that in order to obtain the 
position of the diffuse spot, it is sufficient to 
consider only one transition from the state 
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represented by a wave point corresponding 
to a primary wave to the state represented 
by a wave point on the different branch of 
the dispresion surface from that of the initial 
state. The position of the diffuse spot is then 
obtained by the ‘‘ modified Ewald construc- 
tion’’ which replaces the Ewald sphere in 
the ordinary Ewald construction by an equi- 
energy surface which is the locus of the 
terminus of the wave vector of the crystal 
wave, drawn from a point, corresponding to 
the energy of the incident wave and which 
is congruent to and equally orientated as the 
dispersion surface. The detailed procedure is 
is given in Appendix III and illustrated in 
Fig. 7. The position of the diffuse spots 
obtained by this method is approximately 
equal to that obtained by the ordinary Ewald 
construction ‘or by the kinematical theory, 


Fig. 7. The modified Ewald construction. 


while the position of the sharp spots (given 
by LH’ in Fig. 7) is given by the dynamical 
theory and is such that they were produced 
by the two-dimensional diffraction from the 
surface lattice of the crystal, as has been 
pointed out by Bethe” and by Miyake, Kohra 
and Takagi®. 


7. Conclusions and Discussions 


In this paper we have presented the results 
of the theory of the temperature diffuse scat- 
tering of electrons developed in [I] in some 
simple cases. The main results are the fol- 
lowing. 

(1) The intensity of the temperature diffuse 
scattering at a reciprocal lattice point is finite 


Satio TAKAGI 


(Vol. 13, 


and is equal to a half of the intensity, given 
by the current theory, at a point which is 
the vector distance q» apart from the recipro- 
cal lattice point, where q) is the smallest 
‘vector distance between two branches of the 
dispersion surface. 
(2) Temperature diffuse scatterings give rise 
to Kikuchi patterns. The characteristic in- 
tensity variation across the Kikuchi line or 
band is the same as that given by Kainuma’s 
theory. However, the intensity varies con- 
siderably along a Kicuchi line. Observed 
Kikuchi line becomes intense when it passes 
near a diffuse spot. The increased portion 
of the intensity may be due to the tempera- 
ture scattering. ) 
(3) When the incident beam excites a Bragg’ 
reflexion, the intensity of a diffuse spot: 
changes abruptly. The variation of the in- 
tensity with change in the W-value of the: 
incident wave is similar to the intensity vari-: 
tion across a Kikuchi pattern. This result: 
may explain the anomalous intensity variation) 
of the diffuse spots from the surface of some 
single crystals observed by Miyake”. 
(4) In the Bragg case, the position of diffuse: 
spots are different from that of the sharp: 
spots which appear on circular arrays. The: 
positions can be determined by the ‘‘ modifi- 
ed Ewald construction’? which replaces the 
Ewald sphere by the equi-energy surface i i 
the reciprocal space. The position of the dif} 
fuse spots in vaccum is approximately equal] 
to that obtained by the ordinary Ewald con- 
struction. . 
We have obtained the Kikuchi pattern by 
the perturbation method without the rather} 
complicated notion of ‘‘ reciprocal waves’ ‘| 
used in the theories of von Laue and of| 
Kainuma. The Kikuchi pattern resulting/ 
from inelastical scattering* may also bel 
treated by this method. The interaction o} 
an incident electron and a lattice electror 
has been treated by several authors in the 


grant of the Ministry of Education. 


* See footnote * on p. 279 of [1]. 


; 
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Appendix I. ‘“ Selektionsfehler’’ W in the 
Case of the Transmission though 
a Parallel-sided Crystal 

In the notation of the present paper, W is 

given by!) 
Rub TW Fhe deme 
lon’ |V cos 82/cos a; 

Here v;’ and K is given by (2) and (3), re- 

spectively, #; and #, are the angle between 

the surface normal and ko and kp, the wave 

vectors of the component waves of the pri- 

mary wave, and € is the ‘‘ Resonanzfehler ’’ 

defined by €=LO—LH, where L is the Laue 

point, O and H are the origin and the point 

of the reciprocal lattice, respectively. As 


-LO=K and LH=|K+6:|, we have 
€=K—|K+6,|=—(K+56;/2)-b2/K . 


: When 2; and #3, are small, 
-and we get Eq. (1). 


COs ¥,/cos &) + 1, 


_ Appendix II. Intensity of the Tempera- 
ture Diffuse Scattering Extremely Near 
a Reciprocal lattice Point, in the 

Case of Nordheim’s Potential 
Putting bg=0, B=z/2 and f’ 7/2 in (27-1) 
and (26-I), we get, in the case of two plane 

waves, 
Ion = TES. at ay ek ae ew) 


| 5 1 J N 
. Se 2 = if a 
Jen= Jon 2 R* ma 


|! xf fe wes ie 7 ie a} /er 
: Pn= P= > AN bi2f 2,RT|q0%Cx? 


; 


where we put 
fe (b)=fe’ (On) =f on (6=bn+Qo) , 


ie |go| is small. This can also be written 


2 


c.-é oa bof 2,kT 
A a 
lana Oy 72 rt |/° 


2a [e.s| : 


Jalues of f.(0)/f.(G@,) and 0,?/|v,| for Ni are 
isted in Table I. /.(0)/f-(é,) is at most of the 
me order of magnitude as, and in general 


(21) 
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much smaller than 0;2/|v,|. So the first term 
in the curly bracket of (21) is at most of the 
same order of magnitude as the first term in 
the curly bracket of (15) which can be neglect- 
ed. Thus (16) is also valid in the present 
case. 


Table I. 
hkl Fe(0)/fe(On) bn?/| vh| 
111 4.02 TS 
222 9.7 20.4 
333 1732 85.5 
444 26 259 


Values of v;, are obtained from the values of Vaz 
given by Bethe). Values of fe(b,) are obtained 
by interpolation from those given by Mott and 
Massey”). 
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Appendix III. 
Construction 


The procedure of obtaining the position of 
the diffuse spot by the modified Ewald con- 
struction is shown in Fig. 7. In this figure 
S is the equi-energy surface corresponding to 
the energy of the incident wave, L is its 
centre and O is the origin of the reciprocal 


lattice. The tangential component of LO is 
—> 


equal to that of the incident wave. LO gives 
the wave vector of the primary wave in the 
crystal and if S passes near a reciprocal lattice 
point H, the primary wave contains also a 
plane wave with wave vector LH which cor- 
respond to a sharp diffraction spot. The 
wave vector of the crystal wave correspond- 
ing to the centre of the diffuse spot is given 


by LD, where D is the point on S being 
nearest to H or more exactly the point of 
contact of S with an iso-diffusion surface 
around H. The directions of the correspond- 


— 
ing vacuum waves are given by LH’ and 


= 
LD’ as in the ordinary procedure, where H’ 
and D’ lie on S’, a sphere of radius K drawn 


around L, HH’ and DD’ being normal to the 
surface. 

Though the position of the diffuse spot 
obtained by the present method is approxi- 
mately equal to that obtained by the ordinary 
method as is mentioned in the text, the direc- 
tions of the diffuse scattering in the crystal 
obtained by the two methods are somewhat 
different from each other. 


296 


References 


1) S. Takagi, J. Phys. Soc. Japan, 13 (1958), 

2) H. Bethe, Ann. Physik, 87 (1928), 55. 

3) See for example: R. W. James, Optical 
principles of the diffraction of X-rays, G. 
Bell Sons, London, 1954, p. 210. 

4) Y. Kainuma, Acta Cryst. 8 (1955), 247. 

5) H. Hashimoto, E. Yoda and H. Maeda, J. Phys. 
Soc. Japan, 11 (1956), 464. 

6) G.N. Ramachandran and W. A. Wooster, Acta 
Cryst. 4 (1951), 335. 


Satio TAKAGI 


.10) See for example: 


(Vol. 13, 


7) S. Miyake, private communication. 

8) S. Miyake, K. Kohra and M. Takagi, Acta 
Cryst. 7 (1954), 393. 

9) M. Kohler, Ann. Phyisk, 18 (1933), 265. 

D. E. Wooldridge, Phys. 
Rev. 56 (1939), 562. 

11) G.P. Thomson and W. Cochrane, Theory and | 
Practice of Electron Diffraction, McMillan, _ 
London, 1939, p. 292. : 

12) N. F. Mott and H. S. W. Massey, Theory of | 
atomic collisions, Oxford, 1949. p. 190. 


JOURNAL OF THE PHYSICAL SOCIETY OF JAPAN Vol. 13, No. 3, MARCH, 1958 


Optical and Electrical Properties of Tin Oxide Films ) 


By Kozo IsHiguro, Taizo SASAKI, Toshihiro ARAI 


and Isamu IMAI 


Department of Physics, College of General Hducation; 
Institute of Science and Technology, 
University of Tokyo 
(Received June 29, 1957) 


The electrical and optical properties of the transparent conducting 
tin oxide films were studied experimentally. The observed Hall effect 
and Seebeck effect show that the present specimens are 2-type conductor 
whose carrier density is 10/~102cm-%. The optical measurements 
made it clear that the fundamental energy gap was about 4ev and the 
plasma frequency of the conducting carriers lied in the near infrared 
region. By comparing the observed optical transmission and reflection 
with the theoretical values which can be calculated with the electrically 
measured constants, the effective mass of the carriers was determined 
to be about 1/5 of the free electron mass. It will be discussed in con- 
clusion that, to satisfy the thermoelectric power relation with this small 
effective mass, we must assume that the Coulomb scattering of im- 
purity ions is the predominant scattering mechanism in the transparent 


conducting tin oxide films. 


Introduction 


§1. 

Since the interesting properties of trans- 
parent conducting coating on glass surface 
were discovered, a large number of experi- 
mental works in this field have been reported”. 
But these have been confined almost exclu- 
sively to the refinement of. the method of 
preparation and very few papers have refered 
to the analysis of their physical properties. 
The object of the present paper is to report 
on the experimental results carried out in our 
laboratory to make clear the optical and 
electrical properties of the typical transparent 
conducting coating, tin oxide film. In parti- 
cular, the contribution of the free carriers, 


whose nature can be estimated from _ the}} 
electrical measurements, to the optical proper- }| 
ties in the near infrared region will be discus-}} 
sed in some detail. 


§2. Preparation of Samples 


Among the various methods of preparation, 
the simplest one was adopted. Namely, one 
component solution of SnCl,5H,O crystal or 
SnCl, liquid in distilled water or in ethyl || 
alcohal was sprayed by a small atomizer on|| 
the glass, fused silica or rock salt plates. The} 
effect of mixing the impurities of III or V 
valency according to Verwey’s principle of] 
controlled valency” will not be discussed in | 
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the present paper. 

As shown in Fig. 1, the substrate was held 
downward ina main cylindrical electric furnace 
and the solution was sprayed onto it from the 
underlying atomizer. After passing through 
the preheating furnace, the atomized fog of 
SnCl, was poured upon the heated substrate. 


The adequate temperature of the main furnace 
was 500~600°C. 


——  WIOG —— +-WOO07J— 


be 
je) 
= 
~ 
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Arrangement for preparing samples. 


Fig. 1. 


According to the electron diffraction observa- 
tion, the main pattern coincides with that of 
SnO, and the rings are fairly sharp, indicating 
that the film is composed of crystallites not 
so small as to be interpreted as amporphous 
state. 


§3. Electrical Properties 


The experimental arrangement used for the 
conductivity measurement is shown schemati- 
cally in Fig. 2. Knowing the film thickness, 
the conductivity of the sample can be cal- 
culated from the potential difference between 
the fixed points A and B, if a constant current 
is maintained in the sample from left to right 
in the figure. The potential difference was 
measured by the usual potentiometric method 
whose sensitivity was ca. 5 micro volts. To 
assure the ohmic contacts in the arrangement, 
careful pre-examinations had been repeated 
until the result was satisfactory. Table I 
summerizes the measured values for several 


different samples. 


The Seebeck E.M.F. 9 was also measured 
by giving a temperature difference of several 
degrees between the point contacts A and B. 


Optical and Electrical Properties of Tin Oxide Films 


297 


Potentio- 
meter 


Fig. 2. Schematic diagram of circuit used for 
measurements of electric properties. 


Since the Seebeck E.M.F. of tin oxide is much 
larger than that of copper which was used as 
point contact probes, the direction of thermo- 
electric power directly suggests the type of 
the free carriers in tin oxide. The conclusion 
is that our specimens are n-type carriers in 
accordance with Aichison® and Bauer”. 

The temperature dependence of 9 is given 
by the formula” 


E48 Gee Ty 
ils cara gt 1 Jw / 
(in the degenerate case) 


(1) 


= e a 3 -—£ )e 
(in the non-degenerate case) 
where 
E=C/kT , 


€=Fermi energy , 


p=scattering index defined from the pro- 
portionality of relaxation time tr to v?. 


p is an adjustable parameter chosen so as 
to give the best representation of +r. The 
limiting values of p are —1 and 3. The 
former corresponds to the scattering by the 
acoustical lattice vibrations and the latter to 
the Coulomb scattering by ionized atoms. In 
our specimens, the number of free electrons 
is such that they cannot be treated as a non- 
degenerate gas and it is necessary to consider 
them a transition case from classical to 
quantum statistics. 

The correct Fermi energy and effective 
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Table I. Electrical constants of tin oxide films 
4 a5 es ee ; Tey, oe 15 16 18 
Bilis Waletenedaot (ann) 2 110 | 42 | 82 
a o (a em) 1 t (room temp. ‘a j 430 63 155 
Conductivity | | 
do/dT ~0 pe >9 
Hall eoath Ae (em*/cou!) (room iste) 0.075 | 0.145 y Oe Ll : 
ede (room temp.) 70 122 95 
Seebeck E.M.F. (uV/deg) dT 
aca 0.18 ~0.00 — 
| a Be ae rise time (nin) 2~3 1~3 1~3 
Photo conductivity decay time Guin) | ~7 | 5~10 tye 3~4 
Aclo (%) | 4043 oe te2 
Sample Niuaaber 15 | 18 
Carrier density » (cm-*) 8.4% 1019 | 5.8x 1019 
(room temp. di | | 
“Hall mobility pu ti i 39 ; | 17 
(cm2/volt. sec)(room temp.) 
sediveriie iidex 4 far 2 -1 0 ; 3) > —1 | 0 
Fem Ne, Ip! (ev) 0.12 0.18 0.36 0.08 0.12 | 0.23 
Effective mass mtn 0.59 0.39 0.20 0.71 ; 0.47 ; 0.24 
Degenerate temp. Treg ( K° ) 1400 =| = 2600 «| «4100 =| =—(900 1400 2700 
Relation time t (sec) ie Ey 7.1x 10-1 3.6x 10-9 fase 710% % | 4.5x10-4 | 2.2x10-% 
Mean fc ga 294 | 13A 
Fin Gein 1 1.0710 | 1.3210" to 1.8 1,84 10M | 0.82% 10M | 1.00% 10" | 1.42x 104 
ae | 1.48108 [2.24% 10l 4.875108 "2.88% 101 | “Sear | 7.25% 108 
“vp (sec2) Seca dt ael Meine) Tl 1,559 x 1016 " 
: 7,(sec“}) 1) ’ 2, 2, 802 x 1018 Bastin ‘ies Lao, 
(1/0) (em~%) ‘4 “ae Aadx 10 ion odbel | hx 100 i 


+ It may be ae to notice wie n=(1/l)3 in the araeni case. 


mass of carriers may be estimated from (1) by 
appropriate interpolations. However, as it is 
generally admitted that the effective mass m* 
determined from the Seebeck effect gives too 
small value, we did not adopt the calculated 
value itself but assumed that the upper and 
lower limits of the effective mass were the 
free electron mass m and 1/10 of it respec- 


“tion calculated assuming these limiting valu 


tively. The optical transmission and refl 


of the effective mass are compared with t 
measured values which are to be given in t 
next’ section. 

The samples of relatively high electr 
conductivity change their conductivity neith 
by temperature variation nor by evacuatio 
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But the low conductivity samples were rather 
unstable and the results obtained were similar 
to those of G. Bauer, who investigated the 
temperature dependence of conductivity, 
Seebeck E.M.F. and Hall coefficient of tin 
oxide films prepared by the oxidation of Sn 
films evaporated on fuzed quartz plates. As- 
suming that the temperature dependence of 
the low conductivity specimens is given by 


o=aexp(—e/kT) , 


the activation energy ¢ is estimated at 
0.01~0.04ev. By evacuation, however, the 
conductivity increases to about 10 times 
this value under the normal condition. It 
may be concluded, therefore, that the 
low conductivity samples are typical re- 
duction type semiconductors, the excess 


Sn atoms supplying the conduction elec- 
trons. 


A ceramic specimen with dimension 
10x2x2mm_ showed the resistance of 
about 10% ohms, which remained un- 
changed even after the bombardment with 
2 Mev deuterons of ca. 10!‘ per cm? density 
generated by the cyclotron of Inst. of 
Science and Technology*. When the same 
specimen was evacuated, however, the 
resistance was found to decrease remark- 
ably. This may be due to the escape of 
oxygen atoms from the surface layer. 

The Hall constant Ry was obtained with 
some difficulties, since the effect was fairly 
small, especially for high conductivity samples 
whose constants were about Ra=0.075cm?/coul. 
_ The measured constants indicates that the 
_ specimens are m-type in accordance with the 
Seebeck effect measurement. From the Hall 
constant of the typical sample No. 15, we 
- estimate the carrier concentration N and Hall 
mobility “a as follows: 


N=8.4 x 1019 cm? 
/a= 32 cm?/volt-sec . 


$4. Optical Properties 

The transmission and reflection in the wave- 
length region from 0.25 to 4.0 were mea- 
sured by a small quartz spectro-photometer,. 
and the transmission of the longer wavelength 
region was recorded by a Parkin Elmer 


‘spectro-photometer and a rock salt double 


* The bombardment was darried out by the 
courtesy of Prof. K. Ono. 
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monochrometer, Koken Type 301. As the 
substrates, fuzed quartz and rock salt plates 
were used. Fuzed quartz is superior than 
rock salt in the durability for the humidity 
and the mechanical impinging. Since it does 
not transparent for longer wavelength region 
than 4, however, we must use rock salt 
plate for the mersurements in the region 
from 4 to 15y. Fig. 3 shows transmissivity 


2 8 


wah oauaonn ® 
O_O, 1) iSn OF © 


20) 
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0-8 
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Fig. 3. Observed transmissivity and reflectivity of 
tin oxid films as a function of wavelength. 
A: fuzed quartz substrate. 
B: rock salt substrate. 


represent different specimens 


versus wavelength curves. The substrate of 
sample A was a fuzed quartz plate and that 
of sample B was a rock salt plate. The 
specimens sprayed on rock salt plate generally 
show very low D.C. conductivity. Microscopic 
observation revealed that many cracks are 
present on these specimens, however, and 
the A.C. measurement proved that the con- 
ductivity remarkably increased already at 
10k.c. Therefore, these low D.C. conductivity 
is not the intrinsic nature of the film on rock 
salt substrate but is caused only by a macro- 
scopic boundary effect of the cracks. Then 
the apparent low D.C. conductivity will not 
have any important influence on optical pro- 
perties, if the scattering loss of the incident 
light by these cracks is corrected to give a 
smooth transmission curve connecting the 
values for the quartz and rock salt substrates. 

A general survey of the curves shows that 
the specimens are almost perfectly transparent 
in visible region and the fundamental absorp- 
tion begins at about 0.3 ~ extending to shorter 
wave length. In the infrared region, the 
transmissivity decreases gradually whereas 
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the reflectivity begins to increase*. 

The absorption coefficients at the funda- 
mental absorption edge are shown in Fig. 4. 
The correlation between the absorption coef- 
ficient and the D.C. 
detected. 

The refractive index in the transparent 
region and the film thickness were obtained 
from the determination of the wavelengths 
corresponding to the interference maxima and 
minima and the reflectivities at these wave- 
lengths. The film thickness was also checked 
by Tolansky’s multiple beam interference 
method, and the refractive indices measure- 
ment was supplemented by Abelés’ reflection 
method”. 
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Fig. 4. Absorption coefficient at the fundamental 
absorption edge as a function of photon energy. 


Some measurements were also made of the 
photo-conductivity. The photo current of 
about 1% of the dark current was observed 
when the specimen was exposed to light from 
a high pressure mercury lamp with a filter 
transmitting only ultra violet light. This ob- 
servation confirms that the fundamental 
absorption edge corresponds to the energy 
gap between the valence band and the conduc- 
tion band. But it should be noticed that the 
rise and decay time of photo-conductivity of 


* Aitchison reported that tin oxide was trans- 
parent from 0.2 to 14 microns). But our observa- 
tions do not support his results. He adopted 
reflection method and the sensitivity of the reflec- 
tion method is high only when the absorption is 
very large and this may explain the cause of his 
neglect of absorption. 
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the present specimens are several minutes 0 
more. Since the correction of the thermo 
electric effect induced by the temperature ris 
of the specimen by illumination of intens 
light has been considered, these slow tim 
response cannot be explained by the therma 
effect. It is not clear at present why such 
slow time response should occur in the speci 
mens with so many dark free carriers eee 
will immediately fill up the holes made by, 
photo electrons. 
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Fig. 5 (a), (b). Time dependency of photo-con- 


duction. 
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§5. Unified Discussions of Electrical and 
Optical Properties” 


E. Kanai® proposed to adopt the well known 
optical theory of metals to explain the charac- 
teristics of tin oxide. He attributes the dif- 
ference between the usual metals and tin 
oxide to the difference of the free carrier 
concentration. Though the plasma frequency 
of metals of high carrier concentration lies in 
the ultra violet region, that of tin oxide lies 
in the near infrared owing to the low carrier 
concentration. In his opinion, this is the cause 
of the optical transparency of tin oxide in 
spite of its metallic conduction. If this is the 
case, the measurements of optical properties 
may afford a supplemental method to deter- 
mine effective mass and the scattering mecha- 
nism of free carriers even when the specimen 
is unstable for temperature change. This will 
be discussed below. 

In germanium, the plasma frequency lies 
in the far infrared region owing to the low 
concentration of carriers, which makes its 
study very difficult. But in the case of semi 
metallic conductor such as tin oxide, we can 
investigate the optical anomalies expected at 
the plasma frequency without large experi- 
mental difficulty. 

Let us suppose that the refractivity of tin 
Oxide is caused by the combined effect of the 
intrinsic absorption continuum lying in the 
ultra violet region corresponding to the excita- 
tion of oxygen ions and the infrared absorp- 
tion by the ohmic conduction of free carriers 
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and, therefore, that it is not necessary to 

consider the absorption by lattice vibration. 
The dispersion of refractive index, then, is 

given by the usual Drude-Kronig-Fujioka’s 


formula 
F Vp? 
n?—k?= A,——_?— 
vaya 
2 
Pp vin eal 
2 k= By 
ye-byat yp 
where 


n—ik=complex refractive index , 
vp=plasma frequency 
= (e?N/m*r)'/2 
=(a/ar)/? , 
va=1/2rr , 
Ay= ¥p?/(vp?—v?) , 
By= Vpvo/(vp?—v?)? 
and vg, vp, vo represent the mean effect of 
the fundamental electronic transitions in the 
ultra violet region. 

For the longer wavelength region than the 
visible, one may put B,=0, since the experi- 
ment shows that no absorption is present in 
the visible region. vg and yg can be calculated 
from the observed refractive indices in the 
visible region, and yp and va are determined 
from the electrical measurements. With these 
values, one can calculate the complex refrac- 
tive index at any given frequency in the infra- 
red region as shown in Table II. 

If we assume that the film thickness is so 
large, say 10, that the interference effect 


Calculated refractive index and extinction coefficient as a function of wavelength 


Table II. 
| m*=m Me) SOT / m*=0,1m | experiment 
A(z) | n | k | n | k | n | k | e | 0 k z 
0.5 1.943 0.000 1.934 0.000 1.900 0.000 | 1.96 | 0.00 
0.7 1.860 0.000 1.843 0.000 | 1.774 0.020 1.85 0.00 
0.9 1.822 0.000 1.792 0.000 | 1.675 0.046 
1.0 1.811 0.000 1.774 | 0.000 1.633 | 0.062 | 
2-0 1.708 0.000 1.565 | 0.042 1156 0.567 
3.0 1.604 0.022 1.227 0.177 1.187 1.414 
4.0 1.433 0.050 0.786 | 0.627 1.479 2.012 | 
5.0 1.186 0.1141). 0.696 1.311 1.792 2.448 
10.0 0.508 1.991 1.504 | 3.307 | 3.072 3.756 
15.0 0.905 3.435 2.471 4.652 W31907 4.599 
20.0 1.421 4.609 3.350 | 5.544 4.746 5.280 | 
50.0 8.986 6.965 | 8.647 7.840 8.188 
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may be neglected, then one can write the Tapa 16mon2(n? +k?) fl? 
reflectivity R and transmissivity T ((n+n2)? +k? }{ (10 +Mo)?+k?} 
and 
ee lag 
(M,+n)?+k? ’ out 
16n0n2(n? +k?) — a1 tt M, M,\? MM, l 
- One ae 5 abl eA pe th ty, fo 2) D+YV 
~ {(n+1y)?-+R2}{(n-+ 0)? +2} {e save 4 ( 5 cos (D+ dy 


where 7 is the refractive index of the sub- where 
strate and wm, is that of the incident side a 
medium. (Fig. 7) n3—m=M;expi¢; = Mj? =(nj—n)? +k? 
Nj +n, =N; exp 10; ° N;?=(n;+n)?+R? 
(7=0 or @ 
M0 35m (M,M.N,N;2) cos, 0 
= (n? +R?)? + 1972? — (Mo? + N22)(n2 +R)? +4 pnt 
(M)M.N,N;) sin © = 2k(71)—1»)(n? +k? + non») 
toe (M,M.N)N:z) cos Vv 
; = (2? +k?) + 19702? — (mo? + 2?)(n? +k?) —4Anonak , 
ae coer Se or oA (M)MLN)N:2) sin V =2k(no-+n2)(n?2 +k? none) : 
050710 20 30 SO7-010 |520 30 4050 


Wavelength (4) In Fig. 8, the results of the calculations fo 
the effective mass m*=0.1m, 0.35m and m ar 
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Fig. 6. Transmissivity and reflectivity calculated 
as a function of wavelength with the assumed 


effective mass;7m*=0.1 m, 0.35m and m. (film = 100, Film thickness = O-ll a 
ox 
thickness=10}z). : = 90 ; 
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Fig. 8. Comparison of the observed transmis- 


sivity and reflectivity of tin oxide film with 
the calculated values with the assumed effective 
mass of free carriers: m*=0.1m, 0.35m and 
m. Full line=calculation, Dotted line=observa- 
tion (film thickness=0.11 ,). 


Fig. 7. Schematic explanation of transmissivity 
and reflectivity of film. 


The calculated values are shown in Fig. 6. 
It is expected from them that the reflection 
increases remarkably for wavelengths longer 
than the wavelength corresponding to plasma aie 
frequency, and that the transmission decreases 
rapidly at the same wavelength region". 
However, the actual specimens do not have 
such a large thickness and are only 0.1~0.3 
thick. Then one cannot neglect the inter- 
ference effect and must use the exact formula 
which involves the interference effect™: 

‘I RIE PS Oa ORO PTO 


roel (MJa( ihe“ salen 
3 ® Fig. 9. Calculated wavelength corresponding to 


Tele cos (D+ OIF transmissivity 70% of tin oxide film of 0,11, 
thick as a function of m*/m, 


Wavelength (pe 
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compared with the experimental values (No. 
15) where m is the free electron mass. To 


~ make the calculated one coincide with the ex- 


perimental value, one may be inclined to adopt 
m*~0.15m. (Fig. 9) Then, if the equation 
(1) is valid for the present case, the scatter- 
ing index p must be 3 in order to give such 
effective mass in the degenerate case (Table 
I). Then it may be concluded that, in the 
present specimens, the Coulomb scattering by 
ionized atoms is the rather predominant scat- 
tering mechanism. 


§6. Discussions 


The electrical and optical properties of tin 
oxide films mentioned above don’t have the 
remarkable differences from the other oxides 
such as In,03, CdO, ZnO etc., except the fact 
that the density of the free carriers are easily 
increased by the simple method and the films 
are strong and durable. Furthermore, it is 
reported by several authors!” that the trans- 
parent electrodes are also made by In,O; and 
CdO films prepared by sputtering method in 
an atmosphere of the adequate oxygen pres- 
sure and the mobilities of electrons are also 
in the range of 1~100cm?/volt-sec. When 
these oxides are heated above 200°C, complex 
irreversible change due to adsorption, dissocia- 
tion and diffusion of oxygen occurs and the 
interpretation of conductivity versus tempera- 
ture curves must be cautions of these effects 
and the details of our experimental results of 
conductivity change with temperature of SnO 
and SnO, films will be reported later in an- 
other paper. Considering these circumstances, 
one of the interesting points of the study of 
SnO, films is to determine the source of the 
free carriers of such large density and our 
conclusion that the impurity scattering of free 
carriers is the predominant process in the 
conduction mechanism may be _ suggestive. 
But it must be noticed that the conclusion 
was derived by applying the well known usual 
theory of metals and only the scattering of 
lattice vibration of the acoustical mode was 
considered and the effect of optical vibration 
was neglected. But if the ionic character of 
the binding of SnO, crystal is large, such ap- 
proximation may not be allowed. 

Percentage ionic character P of SnO_ bond- 
ing is given by! 

P=16|xsn —%o| +3.5|%sn—Xo|? 
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= 37.3% 


where %gn~1.8 and x=3.5. This is fairly 
small comparing with the values of alkali 
halides. However, considering the fact that 
SnO, crystal is rutile type and Madelung 
constant is very large, the ionic character in 
bonding might be the considerable amount and 
the neglection of the interaction of the 
electron wave with the optical vibration of 
lattice may not be good approximation. On 
the other hand, however, the fact that the 
effective mass of our sample is small and 
same order with the homopolar crystals such 
as Ge and Si support the opposite stand point 
that the effect of optical mode is small. Be- 
cause, with the increasing ionic character of 
the lattice, the free electron will be afforded 
the nature of polaron and the mass must be 
increased. The measurements of the absorp- 
tion of infrared radiation in the residual ray 
region are desirable to make this problem 
clear. Finally, it will need some explanation 
that whereas the carrier density changed 
easily in order of 10% by thermal treatment, 
the change by deuteron bombardment could 
not be detected. The number of the displaced 
atoms per unit volume from their regular 
sites by deuteron bomberdment are given ap- 
proximately by o(Z/M)oN, where o, Z and M 
are density, atomic number and mass number 
respectively and o is the cross section of col- 
lision of the atom with deuteron and WN is 
the number of irradiating deuterons per cm. 
In our experimental condition, if the carrier 
density change is proportional to the deficient 
number of oxygen atoms, it is anticipated that 
to obtain the possitive results the cross section 
of collision must be larger than 0.1 barns. 
Our negative result may suggest smaller cross 
section of collision between oxygen atom and 
deuteron. 


§6. Summary 


The electrical and optical properties of tin 
oxide films prepared by the spraying method 
were studied. The experiments carried out 
so far show that tin oxide is a conductor 
with m-type carriers and the optical proper- 
ties in the near infrared region is influenced 
strongly by the properties of free carriers. 
In order to unify the optical and electrical 
measurement, the effective mass of the car- 
riers must be taken as 1/5~1/7 of the free 
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electron mass and the scattering index of the 
carriers p equal to 3. Compared with metals, 
tin oxide has some advantages in investigating 
the electric conduction mechanism and optical 
properties of free carriers, since the samples 
are transparent for wide frequency region 
and the specimens with the different carrier 
concentration can be prepared easily. 

The authors wish to express their thanks 
to Mr. Kin’ichi Nakamura of N.H.K. for the 
presentation of the problem, to Mr. T. Kurachi 
and Prof. K. Kudo for their help in the infra- 
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Prof. S. Takagi for the identification of the 
diffraction pattern and also to Prof. K. Taka- 
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A large number of creep rupture tests on OFHC copper wire have been 
carried out at stress levels of 24.0~25.0 Kg/mm?2 and temperatures of 8~ 
40°C. The F-test was made for the differences in variance between time 
for initiation of accelerating creep and time for rupture measured from 
the initiation of accelerating creep, and the regression analysis between 


these times was carried out. 


The scatter observed for these times ap- 


pears to be an inherent characteristic of the material itself associated 
with a Markoff process—dynamic statistical process— as a rate process. 


$1. Introduction 


The scatter of the time for creep fracture 
under assumedly identical conditions is much 
larger than has generally been believed»-». 
The recent studies indicate that the most of 
the scatter observed in creep life of metals 
appears to be an inherent characteristic of the 
material»-»., The statistical variations were 
interpreted as a Markoff process—dynamic 
statistical process—which are explained as a 
kind of rate process)». In order to obtain 
more detailed knowledge on the problem, the 
creep fracture process was divided into the 
following two stages in the present study. 
These are Stage 1, from the instant of the 
application of the load till the initiation of ac- 
celerating creep, the period of which is de- 
noted by #,; and Stage 2, from the initiation 
of accelerating creep till fracture, the period 
of which is denoted by f.. In the preliminary 
study on commercial copper by one (T. Yoko- 
bori) of the authors, there was no correlation 
between /¢; and ¢, at the 10% level of signi- 
ficance at the stress of 28.8 Kg/mm? and 28°C. 
In the present paper, the authors have at- 
tempted to verify the validity of independency 
of ¢, on ¢; at any stress level and tempera- 
ture, and the validy of interpreting the Mark- 
off process—dynamic statistical process—as a 
kind of rate process. While in the previous 
study)»®, commercial copper wire as cold- 
drawn was used, in the present study the 
specimens of OFHC copper as annealed were 
tested. 


§2. Material and Treatment 


The OFHC copper was obtained by vacuum 
melting. It is spectroscopically fine having 
the chemical analysis as shown in Table I, 


Table I. Result of gas analysis. 


Element 


Content (%) 
Oz | 0.00033 
Hy | 0.00003 
Nz | ties 


and was cold drawn to wire of 0.5mm dia- 
meter from 10mm diameter without inter- 
mediate annealing. The wire was cut into 
130 specimens, the length between two chucks 
being kept at about 90mm. The test speci- 
mens were annealed for 30 minutes at 300°C. 
The grains obtained are shown in Fig. 1. 


§3. Procedures and Testing Equipment 


The general arrangement of test equipment 
is shown in Fig. 2. The two similar equip- 
ments were used. The elongation of the test 
specimens was not magnified, but was re- 
corded by a pen using a string. The ends of 
specimens were inserted into grooves of two 
chucks respectively, and tighted with small 
bolts. The temperature of atmosphere around 
the specimen did not vary throughout the test 
by more than +0.5°C by regulating it at the 
room temperature. Applied stress and tem- 
perature are 24.0Kg/mm?, 24.5 Kg/mm?, 25.0 
Kg/mm? and 8°C, 20°C, 30°C, 40°C as shown 
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Table II. Eight to twenty specimens were 
tested at each of stress levels and tempera- 
tures. The data of specimens which fractured 
near (at the distance less than 4mm from) 
the chuck were excluded. 


Fig. 1. Microstructure of OFHC copper. x80. 
alarm 
for fracture test specimen 
recording pen 


ecording drum 
reduction gear 


§4. Results 


The type of fracture at the tested range of 
stress and temperature was necking type as 
shown in Fig. 3. The following notations are 
used in accordance with Fig. 4. 

t;=the time period for the initiation of ac- 

celerating creep measured from the in- 
stant of load application, 

t,=the time period for fracture measured 

from the instant of the initiation of ac- 
celerating creep, and 

tz,=the time period for fracture measured 

from the instant at load application, that 
is, ti: +¢s. 

t,, te and ts; were determined from automa- 
tically recorded strain versus time curve (creep 
curves). t; was determined from automatically 
recorded strain versus time diagrams (creep 
curves). In the case of short value of #3, the 
results were checked with stop-watch and the 
agreement was satisfactory. ¢,; was determin- 
ed from the same diagrams by trying to draw 
tangential straight lines to the curves and 
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obtained by several trials in one curve show | 


VW 


tz—t,. t, determined in this manner seems | 
rather slightly arbitrary because of always in- | 
volved visual effect. The results, however, | 


Fractured area of the specimen. x 245. 


Fig. 3. 
fracture—___ 
initiation of 
accelerating creep 
f : 
<< | 
i) 
= | 
mo 
2 | 
5 | 
id | 
| 
| 
es ee 
— 
time 


Fig. 4. Definition of t, ft and fs. 


that the scatter (error) of ¢, determined in 
this way was smaller than 15% of ft, of 
the curve. Since the coefficient of variation 
of ¢, itself was almost 100%, the following 
treatment and conclusions in this articles may 
not be affected seriously by this method of 
determination of #, tf: and ¢t;. The rawtest 
data are summarized in Table II. 


§5. Statistical Analysis 


The scatters of ¢; and f, were very remark- 
able and the frequency distributions appear to 
be’ roughly exponential type in all cases. Ex- 
amples of the histograms are presented in Fig. 
5. The F-test was applied to determine whe- 
ther the differences in variance for ¢; and ft, 
are significant at the 5% level of confidence. 
The logarithms of ¢; and t, were used, since 


exponential distribution is approximated with 
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644 1525 
Q 


x10 min. 0 2 4 6 84107 min. 


(24:5 kg/mm 8°C ) 
Fig. 5. Histogram of &, t and és. 


Table IJ. Summary of statistical analysis of test data. 


An unbiased | An unbiased 


Result of 


Tempera- _ Stress | Number of Result of : 
ne | * | specimens been Pe ae F test at areas 
° <5 a s nalysis o 
crm Te Pa cerlogn | of ort, SUP SNEL | teganaae 
24.5 18 0.108 0.245 igni Not Significant 
6 | | Not Significant (a*=50%) 
25.0 19 0.161 0.156 Not Significant | Not Significant 
| | | | (a=5%) 
24.0 | 17 ten 0.448( 01” “0.042 igni Not Significant 
| | | Significant (a=60%) 
20 24.5 14 fP 2005342 w tel plore Os055 igni Not Significant 
| Significant | (a=10%) 
| 
| . _ i... | Not Significant 
25.0 1 0.18 0.1 | UE 
6 | 24 Not Significant (w=0.5%) 
; : | Siaet | Ui ari ee ay 
coe yy 10 0.115. | 0.191 .| Not Significant | Not Significant 
an | a. 
= | wer Not Significant 
xe ) gnifican 
5.0 8 0.068 0.019 vee Significant (a=80%) 
24.0 20 / 0.198 0.169 | Not Significant pay eae at 
40 | is : i 
24.5 16 | 0.147 0.176 | Not Significant ene sete 


* a@=The level of significance. 


log normal distribution. In all cases except 
two, the differences in variance for #, and ft, 
are not significant at the 5% level of confid- 
ence as shown in sixth column of Table III. 
Hence we may be justified to conclude that 
the scatter of ¢, and ¢, are of the same order 
of magnitude and very large. 

Next, the regression analysis® was applied 
_to determine whether the period ¢, of Stage 
2 is dependent on the period ¢#; of Stage 1. 
~The results of the analysis are summarized 
in Table III. An examples of corresponding 
values of ¢, and ¢, are presented in Fig. 6. 
In five cases of nine tested the ¢-values were 
within the critical region corresponding to the 
level of significance larger than 10% as shown 
in Table III. 

Consequently it can be concluded that there 
is no correlation between /; and f2, and creep 


fracture process may be assumed as at least 
two successive events of Stage 1 and Stage 2. 


te min. 


3) 4 5 | art 8 9 10 t Min. 
(24:5 kg/mm?, 40°C) 


Fig. 6. Scatter diagram of t; and ty. 


§6. Physical Interpretation of Statistical 
Nature of Creep Fracture 


The problems of the initiation of fracture 
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or yielding appéars to have been interpreted 
as a Markoff process—dynamic statistical pro- 
cess)>?),5),6),7),8). Let us take this approach 
in the present case and consider the physical 
nature of the statistical aspect. Let us denote 


the probability that the accelerating creep will 


initiate in the next interval of time dt, pro- 
vided it has not initiated already, as 


Ly(t)at Ga.) 
If P(t) is the probability that the accelerating 
creep has not initiate at time ¢, the probabi- 


lity that it will initiate between times ¢ and 
t+dt is 

Edt—=—dkew (2) 

P, can be obtained using the frequency dis- 

tribution curve gq,(t)dt or approximately by the 
relation 

Teepe) Werrced 

3 : n+1 

Eq. (3) is the mean frequency of the yth of x 

observed observations. When /; is plotted as 

abscissae and the logarithm of P; as ordinates, 

then “, is given by negative tangent of 

log Pi—z, plot. On integrating Eq. (2) we get 


P,(t)=exp (—\aw)ae ms 


(3) 


(4) 


If , is independent of time, Eq. (4) reduces 
to 


P,(t)=exp (—nt) . (5) 
In this case the frequency distribution curve 
is written as: 
—dP, 
mace 


Next, let us take the same approach for Stage 
2. The treatment is quite similar as for Stage 
1 except the following notations instead of 
/1, q, and P; respectively and time is mea- 
sured from the initiation of the accelerating 
creep. 

vx(t)dt=the probability that the crack will 

occur in the next interval of time dt, 
provided it has not occured already, and 

P,(t)=the probability that the crack has not 

occurd at time ¢. 

The same formulae are obtained as Eq. (1), 
(2), (3), (4), (5) and (6) with sm, g. and P, in- 
stead of /1, gi and P; respectively. Logari- 
thms of P, and P, were plotted against ¢, and 
tz, respectively, for each applied stress and 
temperature. Examples of log P, versus #,, 


dt= 4 exp (—sutdt . (6) 
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7. Inall cases, log P—t plots may be approx} 
mated with straight lines except the initial 
portion corresponding to larger value of Ff 


=— = 


1s —_i— 
(0) 2 4 6 8 row te 14 16 min. 
(Q) 24.5 kg/mm?, 40°C | 


150 200 850 300 350) 


min. 
24:5 kg/mm%20°C 


| 
| 
| 
() 


0.06 = on hr ee Pe Sa SS 7 
fe) 100 200 300 400 500 600 700 Som 900 
24:5 kg/mm? 8°C 
(c) 
Fig. 7. The curve of log P—t. 


O, @ and @ denote 4, tf, and ts, respectively. 
P=the probability of non-fracture. 


mined asuming the linearity of log P,;—t, anc 
log P,—tz plots respectively. The values o 
4/4 and 7 obtained were plotted against reci 
procal of absolute temperature T for each con 
stant stresses as shown in Fig. 8. It appear 
that 1, “#2 and T may be approximately re 
lated by: 


/u=C, exp (—U,/RT) (7 
and 
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Fig. 8. The relation of 1/T to py and py. 
T=absolut temperature 


J2=C, exp (—U,/RT) (8) 
where FR is gas constant, C,, C., U; and U;, 
are constants. Eqs. (7) and (8) are of the 
same type as the rate in rate process, and U, 
and U, are regarded as activation energy. U; 
and U, can be determined from the tangent 
of the straight line in Fig. 8. In the range 


40 


ol 
(e) 


U Keal/mol 
th 
fe) 


) “10 


20 
S  kg/mm*® 


Fig. 9. The relation between activation energy 
U and stress level. 


of 24.0 Kg/mm?~25.0 Kg/mm?, U, and U, are 
22.5~24.0 Kcal/mol. and 20~21 Kcal/mol. re- 
spectively. If U, and U2 are plotted against 
stress as shown in Fig. 9, it appears that there 
is linearity between activation energy and 
stress. It is interesting that the straight lines 
can be extrapolated to pass through the value 


of 39.4 Kcal/mol., which is nearly equal to the 
activation energy of the creep of the same 
material obtained by one (Ohara) of the au- 
thors”, or of the other pure copper™. 

The same approach was also applied assum- 
ing a whole process including Stage 1 and 2 
as a Markoff process—dynamic statistical pro- 
cess. In this case, 4, g and P are used in- 
stead of sy (or 2), gi (or gz) and P; (or Pz). 
log P—t plot appears also to be linear as shown 
in Fig. 7. 7“ determined by the same _ pro- 
cedure has also approximately the same type 
as the rate in rate process as shown in Fig. 
10. That is, we get: 


p=C exp(—U/RT) (9) 


where R, T, U and C have the same mean- 
ing as Eqs. (7) and (8). Hence it can be seen 
that a whole process may be at least formally 
well explained as a single rate process. This 
may be due to the fact that each of Stage 1 
and 2 is arate process and activation energies 
and stress dependence in both prosecess are 
almost equal respectively as seen from Fig. 
9. If @ is assumed to be approximately al- 
most independent of time, then frequency dis- 
tribution curve, gdt, of fracture time fs is 
given by the same type of equation as Eq. 
(6). On the other hand, Eq. (6) if approxi- 
mated with log normal distribution function. 
In this sense, the scatter of creep fracture 
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time may assume log normal distribution. It 
can be seen from Eq. (9) that the scatter of 
time for fracture is smaller, the higher the 
temperature for constant stress and the higher 


WAr 


T. Yoxoport and H. OHARA 
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(6) Since in the present case activation 


energies and the stress dependence in both | 


rate processes are almost equal respectively, 
the whole process can approximately be ex- 
pressed by a single rate 


In 107? process with the same 
oe activation energy. 
(7) ~The following 
3.5 +e characteristic of scatter 
in creep life may be 
24 iy explained. 
'/<(iy~ The’ seatter off! 
creep fracture time is of 
oSi a log normal type of 
distribution, and 
3.2 (ii) the scatter of creep 
life becomes smaller, the 
ic | | higher the temperature | 
ee 194 1073 io2 for constant stress and 


i 
Fig. 10. The relation of 1/T to p. 
the stress for constant temperature, since the 


variance D? of time for fracture is expressed 
by 1/2 in this case. 


§7. Conclusion 


Creep fracture tests on OFHC copper wire 
at 24.0 Kg/mm?~25.0 Kg/mm? and 8°C~40°C 
have been carried out and the results were 
statistically analysed. In the present case 
creep fracture process was divided into the 
following two stages: Stage 1, from the in- 
stant of load application to the initiation of 
accelerating creep, the period of which is de- 
noted by #,; and Stage 2, from the initiation 
of accelerating creep till fracture, the period 
of which is denoted by ¢,. Then, 

(1) Both of Stage 1 and 2 appear to be of 
statistical nature. 

(2) Creep fracture process may be assumed 
as statistically at least two successive events 
of Stages 1 and 2, each of which is regarded 
as a Markoff process—dynamic statistical pro- 
cess. 

(3) Creep fracture is not accurately de- 
scribed as a single process as usually treated. 

(4) Each of Stage 1 and 2 is considered as 
a kind of rate process. 

(5) The scattering of ¢, and ¢, can be inter- 
preted as associated with a Markoff process— 
dynamic statistical process which is identified 
with a rate process. 


the higher the stress for 
constant temperature. 
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A Method for Measuring the Dynamic 
Viscosity & Dynamic Rigidity of 
Visco-elastic Liquids I. 


Ali Abdel Kerim Ibrahim 


Physics department, Faculty of Science, 
The University, Alexandria, Egypt 


(Received November 19, 1957) 


Consider a viscoelastic liquid of dynamic viscosity 
Qp in gm. cm.-! sec.-! dynamic rigidity N in dyne 
cm.~? is filling the annular gap between two coaxial 
cylinders. The outer cylinder (of inner radius 0} 
incm.) 1s oscillating through very small angles 
about 1° at various frequencies 2 in sec.~!, the 
inner cylinder (of radius a@ in cm., length of im- 
mersion Z in cm. and moment of inertia J in gm. 
cm.) is suspended by a delicate wire of torsion 
constant r in gm. cm.? sec.~?2. 

If 6 is the angle of deflection of inner .cylinder 
and gp is that of the outer, then”, 


vl2= eal dake an 
e4/R| 9|2 4.4 72n2d2—A dN [p( 1+3d/R) +pd] 
GL) 
where, 
nP=( 3)" +00" 
Ue oa Phe 
b-a 
d= 9 
‘ b+a 
n= 9 
wo=2rn 
2 Lw?=t 
Kw? 
K=2rLa' 
and, 
W=60/do - 


After some rearrangement equation (1) becomes, 
_ 664/R[p-2—1]|y\2= —4dN[7(1 +3d/R)-+dp|+472w'd? 
(2) 
Then, if w is kept constant while the dimensions 
of the apparatus were varied then, ¥ also varies 
and two equations are obtained. From these two 
equations the dynamic rigidity and dynamic vis- 
cosity can be-determined. 
A calculation of data on the rheometer as used 


The reports should not exceed 800 words in eebbkehyes 


A figure of size 


for viscoelastic liquids follows. .Using the symbols 

defined previously, the constants (Using Oldryed 

apparatus and results (2)) have the following values. 
i) First case apparatus dimensions. 

F=2.1462 cm. d=0.025 cm. 
T=2677 gm.cm.2 
y=1.294 gm.cm.>2 W—2 1) SCCim 

L=25.4 cm. 


With a mixture of poly (methyl methacrylate) 
and pyridine at 25°C (density 0.98 gm./ml.) in the 
rheometer, the value of w is 0.91. 

Now equation (2) becomes, 


1.902|7 |2=0.5853 N+ 19.87 
ii) Second case of apparatus dimensions. 
= 2200 em: d=0.0505 cm. 
T=2468 gm.cm.? 
y=1.2445 gm.cm.~? 


t=2.79 x 10° gm.cm.? sec.-2 


(3) 


n=2.o'secs=} 
t=2.79X 108 gm.cm.2sec.-2 2=25.4 cm. 

With the same liquid in the rheometer the value 
of ¥ is 0.39 and that equation (2) becomes, 

6.411|y|2=1.316 N +94.17 (4) 

From equations (3) & (4), the value of N & yp 

can be determined, the results are, 
N=41.33 dyne cm.~2 
Yo= 4.03 Poise. 

Table (I) gives the values of the dynamic vis- 
cosity and dynamic rigidity of a mixture of poly 
(methyl methacrylate) and pyridine at various fre- 
quencies. 


Table I. 
wee os N 
in sec.71 in Poise in dyne cI 
GEN hae (Olli 03 41.33 
3 3.606 54.68 
4 Su224 59.17 
10 2S 80.55 
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Magneto-resistance Effect 
in Cadmium Sulphide 


By Shoji TANAKA and Taiz6 MASUMI 


Department of Applied Physics 
University of Tokyo, Tokyo, Japan 
(Received December 27, 1957) 


At present, a little knowledges'!~5) have been 
given about the electronic energy band structures 
in cadmium sulphide single crystals, though the 
photoconductive properties have been largely in- 
vestigated. Kroeger et al.15) have measured the 
Hall effect in several impurity-doped conducting 
crystals and photoconducting crystals for the tem- 
perature range from 20°K to 700°K. The present 
work reported here is the measurement of magneto- 
resistance effect in impurity-doped cadmium sulphi- 
de single crystals at several temperatures. 

The samples used for the experiment are the 
conducting flaky CdS single crystals doped with 
Ga or -Cl or with excess-Cd that have hexagonal 
crystal structure being of Wurtzite lattice type. 
The c-axis of the crystal lies in the flaky surface 
and the surface is perpendicular to one of the three 


a-axes. The sizes of thin flake specimens are the 


order of 4mmx2mmx0.1mm and the electrodes 
are indium-melted ones forming good ohmic con- 


Pf, 


(COO) * 
(O10) 


Magnetic Field 
H(Killo gauss) 


10°\ 33-87 10 © in degrees 
Fig. 1 Fig. 2 
Fig. 1. (40)n/p versus H in CdS-Ga at 160°K for 


the fixed direction of I [0110] and H [2110]. 
Fig. 2. (40)n/o0H? versus @ in CdS-Ga at 160°K for 
the fixed direction of Z[0110] with H=7500 gauss. 


tacts. Measurements have been made of relative 
changes of resistivity due to magnetic field H, 
(0— 0o)/0vx=(40)a/0, as a function of magnetic field 
strength H and the angle @ between the current I 
(or the direction of the fixed axis in some cases) 
and H at several temperatures. Some examples 
of the experimental results, the relation between 
(4p)u/o and H for the Fdirection [0110] (perpen- 
dicular to the a-axis said above and also to c-axis) 


and H-direction [2110] (parallel to the a-axis said 
above and perpendicular to c-axis) at 160°K and 
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~ the angle between the direction [0001] (parallel to 
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curve (a) in Fig. 2, while, on the curve (b), 
H 


c-axis) and H-direction with the rotation axis [0110].|| 
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Fig. 3. (40)u/0H? versus @ in CdS-Cd at 180°K 
for the fixed direction of 7 [0001] with H=4900 | 
gauss. 
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Similar example for the 7-direction [0001] in a crys- 


tal with excess-Cd at 180°K is shown in Fig. 3, No) 
appreciable differences between the results obtained 
for the CdS-Cd crystals and those for the CdS-Ga 
and CdS-Cl crystals have been observed. The ab-: 


; 
i 


solute values of (40)y/o0H? in this case are oad 


smaller than those for the J-direction [0110], and! 
the angular dependence in Fig. 3 presents different} 
appearences from that in Fig. 2 (a). 

The general features of the (40)z/0 versus 
H? relation shows good proportionality below 
8x 108 gauss in both cases. Temperature de- 
pendence of (40)”/0H* for the fixed configu- 
ration and the results of Hall effect measure- 
ment® also support that the impurity scattering 
for electrons has not always a predominant 
effect in our observations.. The angular de- 
pendences in Fig. 2 and 3 suggest the existence 
of anisotropic energy surfaces of conduction 
band in hexagonal cadmium sulphide although 
the correction of (40)z/0H? for the transverse 
magneto-resistance effect in short samples” also 
must be considered in the case of the curve (b) in 
Fig. 2. 

Further investigations are now in progress and 
they are likely to give some informations about 
the problem. 
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Absorption Lines in the Antiferromagnetic 
States of MnCl.-4H.O and MnBr,-4H,.0 


By Ikuji TSUJIKAWA 
The Research Institute for Iron, 
Steel and Other Metals 
Tohoku University, Sendai 


(Received January 13, 1958) 


When paramagnetic salts become antiferromagne- 
tic, we can expect polarization and energy shift of 
the absorption spectrum. We have chosen the 
monoclinic crystals of MnCl.-4H,O and MnBr.- 
4H,O as the Néel temperatures of these salts are 
easily attainable (1,6°K and 2,2°K respectively!.»), 


Table I. Relative intensities of V, and V3». 


Furthermore the Mn?2+ ions have line shape ab- 
sorptions. We measured the violet doublet ab- 
sorption between 20°K and 1,4°K with a grating 
spectrograph with 2.5A per mm dispersion. 

We ascertained that there is no phase change at 
Ty by observation with parallel light and crossed 
Nicols. In Table I, the relative intensities of Vi 
and V, (designated from the longer wave length 
side) at different temperatures are shown. There 
are anisotropies in both salts, especially in bro- 
mide. In the case of Z (incident light)//a, H (elect- 
ric vector of Z)//c’(c’1 a,b) and in the case of L//b, 
E//c', we obtain similar polarization so that these 
absorptions are caused by electric dipole. 

The measured oscillator strength is the order of 
10-8. Above and below Ty, we find remarkable 


oon MnCly- 4H;0 - MnBry-4H,0 
ODM iy dP 1h te eS ae Re row ity vee F 
eke ein ae We weteW: | Yaak iMagt dan Vad@om tees) 
Pi mi i es a | eel a | 2 | Morrie odd rabuendd biteaods 15 
Fi | Cyl a DR ee eee tee 
Lila, BIjb eg BE SOA bishondaiemGink Acion biel wubor and 
Like, BRP es et BN GS io Pemerhiyeand wires. (iat lapaad| ety 


changes of polarization. In the antiferromagnetic 
state V». becomes very weak relative to Vi. This 
should not occur, if the excited state consists 
of two orbital components originating from 4H 
and it is probable that these are the crystalline 
Stark components +3/2, +1/2 of 4A. In Fig. 1, 
temperature dependence of the wave number of 
Vi and V2 is shown. Both lines shift to the shorter 
wave length when temperature lowers in the neigh- 
bourhood of Ty. 

Below Ty, both the ground and excited states 
should be in the molecular field which causes the 
splitting of spin components in each state. Firstly 
we assume that the +3/2 component is lower. in 
the excited state and the g-value is 2. From 
Henry’s magnetization data, the measured mole- 
cular field at 1,4°K in chloride is 9,000¢ and at 
1,6°K in bromide is 16,500¢. These molecular 
fields cause splittings 0,84cm-!, 1,54cm7! respec- 
tively between two neighbour components M;, Ms; 
+1. From these considerations, we can expect 
that Vi and V2 shift to shorter wave length by 
0,84cm-1 or 1,54cm-!. The measured shifts are 
in good accordance with such expectation. For 
the polarization, if we assume the 6 axis as the 
preferred axis and that transition moments do not 


vary above and below Jy and take into considera- 
tion the electron population for each spin compo- 
nent, the calculated intensities qualitatively ex- 


MnCl,4H,0 Vv, EC’ 


cm 


Number 


Wave 


20 
MnBrg4H,O Vp EC! 


10 20 
Temperature °K 


Fig. 1. Temperature dependence of wave number. 
plain the experimental results in bromide but 


quantitatively there are some discrepancies. 
The conclusion that the preferred axis is the 6 
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axis is in accordance with the antiferromagnetic 
resonance experiments. However, in chloride, 
augmentation of intensity of V2 at 1,4°K in the 
case of L//a, E//b is anomalous and we cannot ex- 
plain this fact. 
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Magnetic After-Effect Due to Quenched- 
in Vacancies in Nickel 


By Yoji NAKAMURA 
Faculty of Science, Kyoto University 
and Jin-ichi TAKAMURA 
Department of Metallurgy, Kyoto University 
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The purpose of this note is to describe the contri- 
bution of non-equilibrium point defects to the 
magnetic property of metals. For detecting the 
effect, the magnetization intensity measurements 
were made with astatic magnetometer in the magne- 
tic field corresponding to the range of initial per- 
meability. In order to introduce point defects into 
a metal, quenching from high temperatures was 
done, since it. has some merit in creating in 
abundance only one kind of point defects, i.e. va- 
cancies. If the magnetic property is influenced by 
quenched-in vacancies, it may be expected that the 
magnetization intensity in the quenched specimen 
would change its magnitude in the recovery process 
which tends to maintain thermodynamical equili- 
brium by eliminating excess vacancies. 

The specimen used for the experiment was nickel, 
which is most stress-sensitive due to its large 
magnetostriction. Quenching was done by the me- 
thod of allowing the nickel wire (99.98% of purity, 
2mm dia) to drop into the iced-brine bath of 
—10°C. Specimens were set in the earth magnetic 
field in such a way that the torque due to the 
quenched specimen was compensated by the tor- 
que of well annealed specimen. The change in 
the magnetization intensity of the quenched speci- 
men was measured at room temperature. 

Some of the results are shown in Fig. 1. The 
rate of the change is maximum initially, and then 
decreases with continued recovery. The change 
went to completion at room temperature in about 
ten days or more. With increasing the quenching 


cess vacancies and it was deduced from the contrac-} 
tion in length). 


nealed specimens. 
that the magnetic effect would be ascribed to the. 
elimination of excess vacancies and not to the after-. 
effect of thermal fluctuation). 
large increase of the magnetization intensity we 
observed: may not be understood by the change in| 
intrinsic: magnetization due to. the volume change 
obtained during the recovery, but it is to be inter- 
preted in terms of domain ‘boundary displacements. 
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temperature, the amount of the change increased, 
as expected from the concentration of frozen-in) 
vacancies. | 

The observed change of magnetization intensity) 
with time runs in parallel to that of volume du-, 
ring the corresponding period (Fig. 2). The volume: 


} 


change is attributable to the disappearance of ex-- 
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Fig. 1. Increase”in magnetization intensity, 4J, | 

in Ni as a function of rocovery time, after | 

quenching. To is the quenching temperature, | 


Tr the recovery temperature. 
*o 
x 
2 
= 2 
5 
a 
oa } 
= Ta= 1000°C 
3 it r= 23:140-1°C 
w 
= 
> 
3 
aie 5° 6D 90 120. | 
RECOVERY TIME (hr) , 
‘Fig. 2. Volume change as a function of recovery | 


. . . . | 
time in Ni, after quenching. 
. 


These effects could not be observed in well an- 
Hence it may. be safely said 


i 


In conclusion, the! 
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the astatic magnetometer and gave valuable dis- 


cussions. 
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Ag2Se has similar electrical properties to those 
of AgeS or Ag»,Te about which we have already 
reported!,»). Using the same experimental method 
with that described there, the electronic conduc- 
tivity, oe, ionic conductivity, o;, Hall constant, R, 
thermoelectric power, @, and Nernst coefficient, Q, 
can be measured as functions of the e.m.f., EH, of 
the galvanic cell Ag|AgI|Ag.Se|Pt or the deviation 
from the stoichiometric composition. 

Now, Fig. 1 shows log oe, log Ree, @e/k, and Q vs 
eH/kT in the aAg.Se (stable above about 140°C). 
Since the values of eH represent the position of 
the Fermi level relative to that in an Ag-satura- 
ted composition, these plots can be compared with 
the theoretical curves; log F,, log (Fy;-1,F.-}), 
(2+7)Fy411+7)-LF,.-1-7, and ke-lRoe((r+2)F 41 
(r+1)-LP-1— (2r+-3/2) Fer 41/o(2r+1/2)- LF o,-1/2) vs 
7») respectively, where 7 is the reduced Fermi 
energy and related to eH/kT by 7=75(T)-eEH/kT 


(ns(T) is 7 in Ag-saturated AgoSe.), F, =i a” (1+ 
0 


exp (w—7))-1dx, and the mean free path of conduc- 
tion electron, J, is assumed to be expressed as J/= 
l(e/kT)"(e is the kinetic energy of conduction elect- 
ron). Adjusting the origins of the experimental 
and theoretical graphs, the fitness between them 
is tested. Fig. 1 shows that the theoretical curves 
for r=O fit fairly well with experimental plots ex- 
cept @. Thus, assuming 7=0, we obtain lJ) and 
the effective mass of conduction electron as 244A 
and 0.174m at 170°C, 227A and 0.174m at 220°C, 
and 202A and 0.184m at 280°C respectively. 

Further, the concentration of the excess Ag re- 
lative to a certain composition, N, is known from 
the quantity of electricity sent across the galvanic 
cell Ag|AgI|Ag.Se|Pt. The R-! vs eN plots show 
that they are related to each other by a simple 
equation; R-1=eN-+const. Adjusting the additive 

constant, we have R-1=eN, where Nz can be re- 
garded as the concentration of excess Ag over the 
stoichiometric composition. Since R-! is equal to 
en (m: carrier concentration) in a highly degene- 
rate case like the present one, we have n=Nq. 
The numbers added to the equi-Ag/Se ratio lines 
in Fig. 1 are such eN,-values in Ccm-%. By the 
way, the contribution of hole is not too large even 
at the maximum of # where the evaporation of Se 
begins to take place. 

On the other hand, the ionic conductivity, o;, is 
obtainable from the relaxation time, c, of the io- 
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nic polarization effect with the use of the equation; 
oj=L?/(n°c|d H/d(eN)|)» where ZL is the total length 
of the specimen. The measurements of r show 
that o; is independent of the composition since 
tdH/d(eN) is independent of H. Thus we obtain 
oj as 3.60-1cm-1 at 220°C and this value slightly 
increases with increasing temperature. 


Q (om? sec'ded 


x 
(o} 


Fig. 1. logoe, log Roe, @e/k, and Q vs eH/kT in 
a-Ag»Se. The degeneracy is high as shown by 
the positions for 7=2 on the upper abscissa. 


Finally, in the 8 Ag»Se (stable below about 130°C), 
Foe decreases slightly with increasing H (it in- 
creases if »=0 and does not change if r=1/2.), 
where the accuracy of EF’ is poor since the o;’s 
in AgsSe and AglI are very small in this tempe- 
rature range. Moreover the potential from the 
Nernst effect, Vy, is far smaller than that from 
the Righi-Leduc effect, Ve (Vyw/Vr=1/2 if r=0 
and Vy=0 if r=1/2). These facts suggest that 
the scattering mechanism in the @ phase is diffe- 
rent from that in the a phase and 7 may be rather 
near to 1/2 than to 0. Assuming 7=1/2, the mo- 
bility and effective mass of conduction electron 
are obtained as 810cm?sec-! volt-! and 0.1llm at 
130°C respectively. By the way, such a change of 
ry at the a—f transition takes place also in AgyTe 
and will be reported in near future. 
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The Effect of G-P (1) and G-P (2) Aggre- 
gates on the Plastic Deformation of 
an Age-Hardenable Al-Cu 4% Alloy 


By Keisuke MATSUURA, 
Hokkaido Gakugei Univ. 
Séichi IzUMI and Shigeyasu KODA 
Hokkaido Univ. 


(Received December 3, 1957) 


The authors previously reported that the effect 
of G-P (2) or G-P (1) aggregates on the plastic de- 
formation was different from that of the precipi- 
tates of 6’ phase according to the experiment on 
Al-Cu 4% alloys aged at 160°, 200° and 240°C, 
respectively). To clarify the effect of G-P (1) and 
G-P (2) more particularly the authors have examined 
the stress-strain curves and slip patterns of the 
specimens aged at 130°C. At this temperature of 
ageing, the age-hardening occurs in two stages 
separated by a flat plateau of constant hardness. 
The initial rise and flat plateau are attributed to 
the formation of G-P (1) aggregates and the second 
rise is mainly due to the formation of G-P (2)». 
At the peak hardness, besides the G-P(2) aggre- 
gates, about 5-10% of the total possible 9’ phase 
may be formed, however its contribution to the 
hardness seems to be negligible. 


In the present experiment, polycrystalline wires 
of 1mm. diameter for tensile testing, and strips 
of 1mm. thickness for the*observation of slip pat- 
terns were prepared. They were solution-treated 
for 30min. at 530°C, air-quenched on a sheet of 


Photo. 1. 
(840 x 4/3) 

Photo: 15.25 3: 

several % extension. 


aged for 9 days which is hardened with G-P (2). 
However, the slip lines in the specimen aged for 
9 days seem to be a little longer and straighter 
than those of the air-quenched specimen. 

These results suggest that the mechanism of 
plastic deformation of the specimens hardened with 
G-P (1) or G-P (2) is almost the same as that of 
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Air-quenched Photo. 2. Aged tor 12 
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iron and then aged at 130°C for various periods. 
To eliminate the effect of the formation of G-P (1) 
during plastic deformation»), the tensile testing 
was carried on in liquid nitrogen (Fig. 1), however 
the specimens for the observation of slip patterns 


_were stretched at room temperature (Photo. 1, 2 


and 3). 


In Fig. 1, the following characteristics are re- 


cognized. Although the yield strength increases 
appreciably with ageing, the rate of strain-harden- 
ing changes only a little during the second rise 


$ Oo 
ie) 2) 


Stress (kg/mm?) 
QO 
iS) 


air- quenched 
20 


2 4 6 8 10 
Strain (%) 
Fig. 1. Variation of stress-strain curves 


—196°C with Ageing at 130°C. 


of hardness. 
no distinct difference in the slip patterns among 
the air-quenched specimen, the one aged for 12 
hrs. which is hardened with G-P (1), and the one 


Photo. 3. Aged for 9 
hours at 130°C (840x4/3) days at 130° (840 x 4/3) 


Sliplines on polycrystalline Al-Cu 4% alloys after 


the air-quenched one. Therefore, the avarage in- 
ternal stress due to the formation of G-P zones, 
as proposed by Mott and Nabarro), is considered 
as an‘important cause of age-hardening, since the 
mode of plastic deformation is not necessarily af- 
fected by such hardening. This idea assumes that 
dislocations can pass through G-P (1) or G-P (2) 


at | 


Corresponding to this fact, there is 


1958) 


aggregates on the plastic deformation. From a 
calculation of Kelly and Fine»), it seems that this 
assumption is reasonable. 
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Some Observations on Germanium 
Bi-crystals 


Makoto KIKUCHI and Sigeru IIZIMA 
Electrotechnical Laboratory, Tokyo, Japan 


(Received January 11, 1958) 


It has been tried to make germanium bi-crystals 
with two single crystal seeds. A pulled bi-crystal 
is show in Fig. 1. In this case, the seeds are 
[111] and [100], one of whose <110> edges are ar- 
ranged to be nearly in parallel. 

The crystal was sliced into wafers of 2mm in 
thickness perpendicular to the axes. Fig. 2 and 


an a - _ mye 


Fig. 1. A pulled bi-crystal. 
3 show the slices after being etched with superox- 
ol. The same slices are shown in Fig. 2 and 3 
with different angles of illumination, since it is 
not possible to make all regions to be apparent 
by only one illuminating condition. The slices 
from the top towards the bottom of the crystal 
correspond to the slices of upper-left to lower- 
right in the figures. 

In the crystal illustrated, unexpected third crystal 
originated at the joint of the [100] [111] grain boun- 
dary and the crystal periphery, as shown in Fig. 

4. Though the direction of this third crystal is 
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not yet defined, it is seen from the figures that 
this axis becomes predominant as the crystal is 
grown up and finally pushes out the [100] region. 
It has been observed in other [100] [111] bicrys- 
tals, that the relative predominance of [100] and 
[111] in the growth of bi-crystals depends on the 
relative orientation of these two crystal axes. 


4 


Fig. 2. Slices of bi-crystal. 


y & ed 
Fig. 3. Slices of bi-crystal. 


unexpected 
‘third crystal 


Fig. 4 
til 
A 
AK A 
tools oCn” 
Oo 
Fig. 5 


When [111] and [100] are contacting with <110> 
edge at the boundary, and the etched pattern is 
as shown in Fig. 5, [111] crystal becomes predomi- 
nant over [100] as the crystal is grown. On the 
other hand, in the case of Fig. 6, ({111] axis is 
rotated 180°) [100] crystal becomes predominant 
over [111]. 
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The Consecutive Observations on the 
Twin Intersections 


By Hiroshi KIHO 
Department of Physics, Kyoyo-bu, 
Kyoto University 
and Saiyu MARUYAMA 
Department of Physics, 
Osaka Women’s University 


(Received December 7, 1957) 


Differing from the intersections of slip lines, it 
is not easy to distinguish between the crossing 
and the crossed twins, because the misfits of the 
twin bands are not the direct result of the shear 
of the crossing twins. The interpretations of the 
intersections in a—UY, in Zn”, in B—Sn® and in 
TiY have all been made on the pictures already 
intersected. In our previous work*®), to decide be- 
tween the crossing and the crossed twins and to 
determine the modes of strain accomodation, we 
took up all the possible cases of intersection satis- 
fying our criterion, and classified the pictures into 
these cases. Here, instead of the said method, 
we carried out the consecutive observations on the 
course of twin intersections in Bi, and observing 
directly the crossing and the crossed twins, con- 
firmed our criterion on the modes of strain accomo- 
dation. 

The specimens were prepared in the form of a 
thin strip (1x1.5x15mm) by cleaving off from 
mother Bi single crystals. Their axes were in the 


direction of [110]. 
consecutively by pressing the specimen on the outer 
surfaces of metal rings with varying curvatures, 
or by pressing the centre of the specimen by a 
screw keeping the ends fixed. 

When a twin band (110) crosses another, (101), 
which was formed prior to (110), it sometimes 
splits into two secondary twins, (110), and (011);, 
in the crossed twin (101) (Plate 1). (Here subsc- 
ript ¢ means that the indices are referred to the 
crystal axes within the crossed twin.) The former 
(110); is a mirror-image of the crossing twin (110), 
and the trace of (110); coincides with that of the 
said crossing twin in the Ky plane of the crossed. 
While the latter (011); is the other secondary twin, 
and the trace of which does not coincide with that 
of the crossing twin (110) in the Ky plane of the 
crossed. Each of them contributes to the strain 
accomodation. It is understandable by adding the 
effect of the surface to our previous criterion»), 


The twin lamellae developed 


Several facts were disclosed in addition by the 
consecutive observations on the cleavage surfaces. 
The following A and B show, respectively, the 
crossing and the crossed twins. 
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(1) When the angle between the crystal surface 
and B is acute (Plate 2, ‘‘X’’ region), A is stop- 
ped by B and it grows with tapering. The ac- 
comodation kink appears above the intersection line 
of A and B. This, together with the tapering of 
A, accomodates the strain. On the other hand, 
when the angle between them is obtuse (Plate 2, 
“YY” region), A broadens without tapering, the 
accomodation kinking does not occur because of 
the lack of the intersection line of A and B in 
““Y”’, but the secondary twin (110); and sometimes 
the secondary twin (011), and basal slip (111); ap- 
pear in Bto accomodate the residual strains (Plate 
iD); 

RAS Yaa 


ae Xe 


x 200 Plate 2. 
<--> Specimen axis 


Plate 1. x 220 


A B 


Plate 3. 


x 240 


Plate 4. 


x 180 


(2) The broadness of the twin bands has nothing 
to do with the determination of A and B. In 
Plate 3, one might recognize the slender twin to 
be A, but the consecutive observations show it to 
be B having the secondary twins in it. 

(3) The apparent penetration of A into B by a 
short distance is due to the result of the boundary 
movement of Bafter A has been stopped (Plate 2). 
This mechanism often results in the misfit of B. 

(4) When the specimen is unbent in a reverse 
way, untwinning of A accompanies untwinning of 
the secondary twin, and untwinning of B does not 
accompany that of the secondary twin (Plate 4). 

The authors express their cordial thanks to 
Prof. K. Tanaka, Kyoto University, for valuable 
advices and constant encouragement. 
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Microwave Spectrum of Hydrazine 


By Takeshi Kojima 
Depariment of Liberal Arts, 
Toyama University, Toyama 

Hiromasa HIRAKAWA and Takeshi OKA 
Department of Physics, Tokyo University, 
Tokyo 


(Received January 16, 1958) 


The microwave spectrum of hydrazine NH; was 
observed in the frequency range from 4.7 to 30 
kMc/sec. About two hundred lines were found, 
all exhibiting quadratic Stark effects. Their fre- 
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quencies f and intensities I were listed in Table 
I. The spectrum is complicated by the internal 
rotation of one NH, group with respect to the other 
and further by the inversion of each NH, group 
similar to that occurring in ammonia and methyl- 
amine. For some lines the hyperfine structures 
due to the electric quadrupole coupling of two N 
nuclei with the overall and internal rotation of the | 
molecule were found. 

Stark effects were observed for stronger lines 
and the numbers of resolved components 2 are 
shown in the last column of Table I. Fairly large 
number of lines were found to show no splitting 
in spite of the Stark shift of about 10 Mc/sec at 
the electric field of 2000 volt/cm. 


Table I. Microwave spectrum of hydrazine. (in Mc/sec) 
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On the Low Lying Levels of Mn® 


By Sadaaki YANAGAWA 


Department of Applied Physics, Faculty of Engineering, 
University of Tokyo, Tokyo 


(Received December 24, 1957) 


In this calculation of the low lying energy levels of Mn, the same 
treatment as in our previous note” is extended from the standpoint of 


the configurational mixings. 


One assumes that the potential between 


nucleons is V(712)[1+a(o1-c2)]: V(7)=Vie-"2/"07, and the wave functions 


are the harmonic oscillator type due to Talmi. 


4 is the ratio of the 


potential range 7) to 1/,’y which determines the extension of the wave 


function, 


data of the energy splittings of the J=0, 2 and 4 levels for Fe®®. 


The values of @ and 4 are determined from the experimental 


And 


for these values of parameters, the competition of the low lying levels 
J=7/2, 5/2 and 3/2 for Mn* is discussed. 


Introduction 


§1. 


In a previous note”, we have discussed about 
the difference of the ground state spin of 
Mn*® and Ti‘. In this case, the important 
feature is the fact that the ratio of the energy 
splitting of the lst to the 2nd excited state 
measured from the ground state for Fe® and 
Ti‘® are abnormally small. We have assumed 
that the ground configuration for protons of 
Fe®® and for neutrons of Ti‘* are (f;/2)? and 
the states of neutrons of Fe®*® and of protons 
of Tit* are frozen to the {(7)?: 0} states. The 
configurations for protons of Mn and for 
neutrons of Ti‘? are taken as (f;/2)*. Other 
kinds of nucleon group can be handled simi- 
larly. As is shown in the reference (1) the 
J=5/2 state is the lowest one. But the fact 
that the /=3/2 state lies at the position just 
above 7/2 level, is not in good agreement 
with the experiments. Some improvement is 
necessary. 

It is questionable whether the freezing one 
kind of nucleon group in even-even nuclei to 
the seniority zero state is good or not. How- 
ever, we have here tried to improve the 
results quantitatively from the standpoint of 
the configurational mixings, and examined to 
see how far this treatment is near the truth. 

The method of the configurational mixing 
for Fe* is completely analogous to the one 
used in the calculation for Ca‘? by Komoda 
and the author®. We assume as in the refer- 
ence (3) V(ri2)[1+a(o1-02)] for the two body 
nuclear potential, where V(r) is Gaussian 
potential (= Vo xe-"/°0, ry the potential range 


parameter). We used as before the harmonic 


oscillator wave function for the nucleon state 
function, the radial part of which is defined by 


21. 
Railr)=Nme Ol? r' ag oh age (v7*) . 


Nni iS a normalization factor and L is an asso- 
ciated Laguerre polynominal. v=wm/h where 
m and w are the constants contained in the 
Hamiltonian of the harmonic oscillator 
OP) tas : 
2m 
The explicit expression for Li*i/?./, 
in Talmi’s paper®. The excitation energies 
of a single nucleon from f;/. to fs. and p3/2 
are taken from the experimental values of the 
Ist and 2nd excited states of Co”. They are 
1.4 and 1.5 Mey. respectively. 


is given 


§2. Calculation for Fe 

For Fe the proton configurations are as- 
sumed to be the mixings of (f7/2)?, (f7/2f5/2) 
and (f7/2$3/2) configurations. Especially for 
J=0 state, (fs/2)? and (3/2)? configurations are 
taken into account. And the part of neutrons 
are disregarded as in the previous note. 

For several fixed values of parameters a 
and 4 (=7%)/ y ), the secular equations are 
solved for /=0, 2 and 4 energy states for Fe, 
of which dimensions are all 3. 

The ratio of the experimental energy value 
of /=2 state to that of /=4 for Fe is about 
2.46. We can determine the values of a and 
4 so as to make the theoretically calculated 
ratio coincide with the experimental one 2.46. 
For these special parameters a and 4, the 
pairing energy E,» is determined from the ex- 
perimental energy value of /=2 state; 0.845 
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Mev. for Fe®®. The results out of our calcula- 
tions which seem suitable are tabulated in 
Table I. 


Mablest: 

. P | By 
ba 0.66 | 3.4 
0.2 0.45 3.0 

(EH, is the pairing energy in Mev.) 
Xn 


Fig. 2. 


For a=0.1 and 0.2, the energy diagrams are 
plotted against 4 in the figures. If a becomes 
large (for example a=0.3), 4 and E>» decrease 
(A~0.3, Ey ~1.5), and conversely as a becomes 
smaller than 0.1 (for example a=0: Wigner 
force only), 4 and Ey increase rapidly (A~1.5, 
Ey~9). 


§3. The Calculation for Mn 


For Mn the proton configurations are as- 
sumed to be the mixings of (f7/2)3, (f¢/2)?f6/2 
and (f;7/2)’p3/2, and the group of neutrons are 
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frozen. The state functions are {(/7/2)*:/}, 
{(fir)*J"); fora: J} and (fray), Papi J}, I= 
0,2,4and6. Then the dimensions of secular 
equations for energy matrices are 6 for /=7/2 
and 5/2 and 5 for 3/2. For the above para- 
meter values, we have solved the equations 
by the usual perturbation method and obtained 
the lowest root of the secular equations. The 
results are tabulated in Table II. 


Table II. 
x | E(7/2) | E(3/2) 
shes cai se se 0.23 | 1.27 
0.2 0.33 | 1.25 


(measured from the ground state J=5/2 in Mev.) 


§ 4. Discussions 

As shown in the Table II the state /=5/2 
is the lowest. The fact that the /=3/2 state 
lies at the position of about 1Mev. above the 
ground state 5/2, is the remarkable result, 
considering that among the present experi- 
mental data, there is no level up to about 1 
Mev. from the ground except the 7/2 level. 
The nucleus radius parameter Ry is determined 
roughly from the equation 1/1/ »y =2.21Ry) by 
demanding that the root mean square radius 
of the nucleus Fe® should agree with the 
usual formula R=R,A*. In this way we 
obtain Ryo>=1.41x10-"cem. for 42=0.45 and Ro= 
0.96 x10-"% cm. for 4=0.66, if the parameter 
of potential range 7 is taken as 1.4x10-%cm. 
For the nucleus Ti‘ too, we can treat com- 
pletely in the same manner as for Mn°®, 

Our fundamental assumption that the neu- 
tron’s group is “frozen” to the lowest seni- 
ority state, might not be tenable in the theory 
of the shell model. Nevertheless, our calcula- 
tion shows that the method of the configura- 
tional mixings gives fairly correct results. It 
would be of interest to see how far the results 
are improved by taking the higher seniority 
states into account. 
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Alpha Particles from the Interaction of 14.8-Mev Neutrons 


with Medium Weight Nuclei 


By Isao KUMABE 
Department of Physics, Faculty of Science, University of Kyoto 
(Received December 25, 1957) 


The angular and energy distributions of alpha particles resulting from 
Vl(m, a)Si® and S32(z, a)Si2? reactions induced by 14.8-Mey neutrons 
were measured with Ilford C2 nuclear plates. It was found that the 
angular distributions for the entire energy regions in the center-of-mass 
system are concave upward and approximately 90° symmetrical, and the 
energy distributions show that the alpha particles with energies below 
the Coulomb barrier are more emitted than expected. Also the curve 
on a semilog plot of the relative level density calculated from the energy 
distributions of the alpha particles fits a straight line which would cor- 
respond to Maxwellian distributions with the temperatures of about 
0.9 Mev for Sc and about 1.5 Mev for Si. 

The total cross sections of V and S are 126mb+15% and 109mb+ 
15% respectively. Experimental data on (m, a) reaction so far obtained 


by us are summarized and discussed in detail. 


§1. Introduction 


The angular and energy distributions of the 
alpha particles emitted, when various nuclei 
are irradiated by fast neutrons, yield infor- 
mation concerning the basic mechanism of 
such interactions. 

The activation cross sections were measur- 
ed for many elements bombarded with 14.5- 
Mev neutrons by Paul and Clarke. They 
have shown that the (n, p) and (”, a) reaction 
cross sections for large mass number are too 
larger than those predicted by the evapora- 
tion theory, but the (m, 2m) reaction cross 
sections are approximately in agreement with 
the theory. They suggested the existence of 
the non-compound process in the cases of 
(n, p) and (n, a) reactions. Experimental data 
of the angular and energy distributions on 
(mn, @) reactions for various nuclei may give 
more reliable information on these problems. 

Several experiments?“ have been perform- 
ed to measure the density of energy levels 
on excitation energy. In those experiments, 
measurements were made of the energy dis- 
tributions of neutrons and protons from re- 
action and inelastic scattering on various 
nuclei. The presence of non-compound-nucleus 
processes throws serious doubt on the inter- 
pretation of the results of those experiments 
and prompts a search for new experiments 
which might provide less ambiguous informa- 
tion about the energy level density. On the 


other hand, experimental data (nm, w) reactions 
may give more reliable information on the 
energy level density, since it seems improba- 
ble that alpha particles will be emitted by 
direct interaction. 

Brady has measured the angular and 
energy distributions of the alpha particles 
resulting from the (pf, a) reactions for several 
elements at 18 Mev. However, the detailed 
data have not been reported. 


Except for light nuclei, angular and energy 
distribution of the (7, a) reaction have been 
measured so far only for zirconium,® for 
which the angular distribution above 120° 
has not been measured and the energy dis- 
tribution has not been reported in detail. 

In previous papers”!, we have reported 
the angular and energy distributions of the 
alpha particles resulting from Al?’ (n, a)Na*‘, 
Co? (n, w) Mn** and Mn® (mz, aw) V° reactions 
induced by 14.8-Mev neutrons. It has been 
found that the angular distributions for the 
entire energy region of particles are concave 
upward and approximately 90° symmetrical, 
and the energy distributions show that the 
alpha particles with energies below the 
Coulomb barrier are more emitted than has 
been expected by the evaporation theory. 

In this paper the measurement extended to 
the target nuclei of vanadium and sulphur 
are reported. Since the target nuclei of the 
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so far measured (nm, a) reactions were Al’, 
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Co®® and Mn®* and resultant residual nuclei 
were limited to odd-odd, sulphur was chosen 
for the target element in spite of 95.06% 
abundance of S%, 


§ 2. 


The experimental arrangement is shown 
schematically in Fig. 1. Neutrons were pro- 


Experimental Procedure 


T 


q' \ 
XN 
N 

7 

en a2 


Experimental arrangement. Al: aluminum 
Pt: platinum 


late ls 
backing holder (thickness 1 mm). 
backing (thickness 60mg/cm?), t: target. S: 
celluloid spacer (thickness 0.1mm). E: Emul- 
sion. G: Glassi~ “Por “[’*" trittum®™ target: 
When the tritium target is placed in the position 
T, the emulsion detects alpha particles emitted 
in the forward direction, and when the tritium 
target is placed in the position T’, the emul- 
sion detects alpha particles emitted in the back- 
ward direction. 


vided by the d-T reaction, employing magnet- 
ically analyzed molecular deuterium of 220 Kev 
from a Cockcroft-Walton machine. The tri- 
tium target consisted of 0.5 curies absorbed in 
a 0.2mg/cm? zirconium foil and was bombarded 
with a steady beam of about 100 uA. Neut- 
ron production was ~5x10*® neutrons/sec. 
Neutron flux was monitored by a modified 
Mc Kibben'!? BF; proportional counter which 
had been calibrated by an argon-filled propor- 
tional counter counting the accompanying 
alpha particles from the T(d, n)a reaction. 
The argon-filled counter was placed at 90° 
direction with respect to the beam. 

The targets of vanadium and sulphur were 
vacuum evaporated onto halves of platinum 
foil of thickness 60 mg/cm? which were used 
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to reduce the background. Target thicknesses 
used were 2.54 mg/cm? for V and 2.43 mg/cm? 
for S respectively. 
(thickness 200 4) were used. 


1.5’ x1” Ilford C2 plates || 


An incident angle of 45° for the neutrons | 


was chosen. Advantages of incident angle 
45° are as follows. 

1. If neutron incidence is normal or paral- 
lel to the plane, on account of large absorp- 
tion loss of particles emitted parallel to the 
plane, the errors arising from the correction 
of absorption loss increase near 0=90° or 0° 
and 180°, and then the uncertainty of the 
angular distribution increases. However, if 
an incident angle of 45° is chosen, the 


particles which are emitted parallel to the | 


plane and suffer a large absorption loss dis- 
tribute between #0=45° and 135° 
the errors arising from the correction are 
averaged and decrease. 

2. There is a possibility that a part of 
tracks emitted in the direction normal to the 
plane may be missed in scanning, but in the 
case of the incident angle of 45° for the neu- 
trons, these contribute to only a small part of 
the angular distribution near 6=45° or 135°. 

3. The errors arising from the estimation 
of the shrinkage factor in the case of an in- 
cident angle of 45° is averaged over all 
angles and become smaller than in the case 
of parallel or normal incidence to the plane. 
The disadvantage of incident angle of 45° is 
that the complicated calculation is needed for 
the angular distribution. 

In order to discriminate alpha particles 
from protons in the emulsion, the plates were 


processed by the temperature method’ using | 


low pH (6.6) amidol developer’, and for the 
hot stage, we chose the values of 15 minutes 
and 18°C for the suitable time and tempera- 
ture respectively after several trials, And 
the soaking of the emulsions in a glycerine 
solution to prevent their shrinkage after 
development significantly improved the ac- 
curacy in the measurement of the alpha 
tracks, 

The processed emulsions were secanned 
using “ Tiyoda” microscope and “ Nippon 
Kogaku” microscope at magnification of 1350. 
Acceptance critera required for tracks is to 
begin at the emulsion surface. The shrinkage 
factor (2.3) was obtained by measuring the 
horizontal and vertical components of the 


and then . 
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lengths of Polonium alpha tracks. 


displayed the same general features. 


without the target material of the emulsion. 


The range-energy relation in C2 plate used 
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Data were 
obtained by two different observers, working 
in different areas of the plates. The data 

- were analyzed separately and combined only 
after it was established that the two sets 

The 

_ background tracks were measured in the half 
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was obtained from the range-energy curve of 
Rotblat™ corrected with Po-a. 


§ 3. Results 


The anglar distributions in the center-of- 
mass system of the alpha particles from the 
interaction of 14.8-Mev neutrons with vana- 
dium and sulphur for the entire energy 
region are shown in Fig, 2. The uncorrected 
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Fig. 2. Angular distributions of alpha particles from the V® (m, a) Sc‘® and S% (m, a) Si reac- 


tions. 
the corrected angular distributions. 


angular distribution is divided into two energy 
regions, namely, a high-energy region (>6 
~Mev) and a low-energy region (<6 Mev), and 
it was found that the angular distributions 
for these two regions are nearly similar to 
each other. Therefore we assumed that the 
angular distributions for various energy re- 
gions are all the same. Thus the correction 
for the energy loss of alpha particles in the 
target material was carried out for the un- 
corrected energy distribution in Fig. 3, using 
the angular distribution. Then, making use 
of this corrected energy distribution, the cor- 


The dashed lines show the observed angular distributions, while the solid lines show 


rection for the absorption loss of alpha 
particles stopped in the target material was 
carried out for the uncorrected angular dis- 
tribution. The final results obtained by the 
successive corrections are shown by the solid 
line in Fig. 2 and by the solid curve in Fig. 
3. The procedures of the correction are pre- 
sented in Appendix. The errors in Figs. 2 
and 3 are the statistical errors derived from 
the track counts of the target and background 
data. 

It is assumed that the relation between the 
measured alpha particle energy distributions 
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and the level densities of the residual nucleus 
is given by the following formula”: 
n(€)d& =const. Eac(E)w(E,-)d€, 

where n(&)d€=number of alpha particles 
emitted with energy between € and &+d6, 
o-(€)) is the cross section, including the 
effects of barrier penetration for a nuclear 
radius of 1.5x10-3A1/3 cm, for the formation 
of the compound nucleus in the same state of 
excitation by the reverse reaction, in which 
particles of energy € strike the excited re- 
sidual nucleus, and (&,) is the density of 
energy level of the rediual nucleus at ex- 
citation €-=E€max—E€. Emax is the maximum 
energy which the emitted particle may have. 
Fig. 4 shows the results presented by plotting 
the measured energy spectra divided by 
€0-(€). Except for low energy side, the data 
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fit a straight line which would correspond to a> 
Maxwellian distribution with the temperatures _ 
of about 0.9 Mev for Sc and about 1.5 Mev | 


for Si. The temperatures at the low energy 


side (7 Mev for Sc and 7 Mev for Si) are not © 
included in the present discussion because of | 


the contribution of the second alpha particles 
from (”, na) events. 


The total cross sections of V and S are | 


126 and 109 mb respectively. Combined 
systematic and statistical uncertainties are 
estimated to be roughly 15% in the total 
cross sections. 


§ 4. Discussions 


(1) 


Angular distributions 


As in the cases of Al, Co and Mn, the | 
angular distributions for the entire energy | 
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Fig. 3. Energy distributions of alpha particles from the V°1(m, a) Sc‘® and S% (m, a) Si?® reactions. 
The histograms and dashed curves show the observed energy distributions, while the solid 
curves show the corrected energy distributions, 
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Fig. 4. The relative level densities w=n/eoe of Sc and Si2, 
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Fig. 5. Summary of the (m, a) angular distributious. 
to Ap+A2P2(cos @)+A,Pi(cos 6) weighted according to statistics 


These were obtained by a least-squares fit 
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region in the cases V and S are also approxi- 
mately 90° symmetrical and concave upward. 

The (n, @) angular distributions measured 
by us are summarized in Fig. 5. These 
were obtained by least-squares fit to Aj +A2P» 
(cos 0)+ AP, (cos @) weighted according to 
statistics. As shown in Fig. 5, all the angular 
distributions are concave upward and show 
the simillar shape to each other. Thus it 
may be concluded that the angular distribu- 
tions of the alpha particles from the interac- 
tion of 14.8-Mev neutrons with light medium 
weight nuclei show the above-mentioned 
shape. : 

Rosen and Stewart! have measured the 
energy and angular distributions of neutrons 
from 14-Mey neutron interactions with heavy 
elements, while Ahn and Roberts! have 
measured with Zr. Allan® has measured the 
angular distribution of protons from the inter- 
action of 14-Mev neutrons with Cu. Their 
results indicated that the angular distribu- 
tions of the high energy particles are strong- 
ly peaked in the forward direction and those 
of the low energy particles are isotropic. A 
marked contrast between those results and 
the results of the (m, w) reaction should be 
remembered. 

Our results are, expected to contain the 
alpha particle group from the (”, ma) reac- 
tion. Since the inelastically scattered neut- 
rons from the (”, mq@) reaction are of low 
energy, the angular distribution of these 
neutrons seems to be isotropic as the above 
data and consequently the angular distribu- 
tion of the corresponding alpha particles 
seems to be also isotropic. Therefore it is 
considered that most of the observed devia- 
tion from isotropy are due to the contribu- 
tion from the (, @) reaction. 

The appoximate 90° symmetry of the 
angular distribution of the alpha particles 
indicates the fact that most of the reactions 
probably occur through the formation of the 
compound nucleus although the fairly large 
deviation from isotropy cannot be explained 
by the statistical theory of nuclear reactions™, 
The observed deviation from isotropy may 
be explained by introducing a kind of selec- 
tion rule for the emission of the alpha 
particles such as the isotopic spin selection 
rule or by furthur development of an inter- 
mediate coupling model such as proposed by 


18 Mev were observed by Brady”. 
ed that the particles 
low energy show almost isotropic angular 
distributions and the angular distribution of 
emitted fast particles is always in the forward 
direction. 
ours might be due to different incident nu- 
cleons and energies. 


energy distributions show, in the cases of V 
and S too, that the alpha particles with ener- 
gies below the Coulomb barrier are more 
emitted than expected. 


us are summarized in Fig. 6, and the nuclear 


temperatures in Table I. 
Co (n, a) and Mn (n, @), values averaged over 


Fig. 6. Summary of the relative level densities. 
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Lane, Thomas and Wigner”. 


The (p, a) reactions of several elements at 
He show- 
“evaporating” with 


The disagreement of Brady’s and 


(2) Energy spectrum and level density 
As in the cases of Al, Co and Mn, the 


The relative level densities measured by 


In the cases of 


Density 


Relative Level 
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The dashed curves show the regions which are 
expected to contain the second alpha particles 
from (”, ma) events, 


- 
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energy interval between 2 and 7.5 Mev of the 
excitation energy are listed. Gugelot*) ob- 
tained the nuclear temperature 2.7 Mev for 
Al (p, p) and 2.6 Mev for Fe(jp, p), respec- 
tively. It is remarkable that the temperatures 
obtained by us are always lower than Guge- 
lot’s values. 


Table I. Summary of the nuclear 
temperatures in Mey. 
Nucleus | Na* | Si | Sess you | ‘Manse 
Temperature | 1.45) 1.5 | | OR? 


The shape of the energy level distribution 
determined from the 40-Mev (a, p) experi- 
ment® was compatible with the Fermi gas 
model density formula o(&-)=const exp Y@6&,. 
On the other hand, the parameter a@ was 
found to have the same value for Cu, Ag, 
and Au. According to the Fermi gas model 
a should increase linearly with the atomic 
number. 

The results of our experiment, when 
analyzed in terms of the statistical theory, 
are not compatible with the Fermi gas model 
for the nucleus. The experimentally mea- 
sured level density increases much less 
rapidly at low excitation energies than the 
Fermi gas level density. On the other hand, 
in contrast to the (a, p) result, the rate of 
increase of level density with the excitation 
energy measured in our experiment increases 
with mass number as can be seen in Fig. 6. 
This is a general prediction of most nuclear 
model. 

Ribe2» has observed the energy spectrum 
of disintegration particles produced by 14-Mev 
neutrons in argon-gas counter fillings which 
has two peaks. It is considered that a low 
energy peak is due to (, p) reaction and a 
high energy peak is due to (, a) reaction. 
The position of the high energy peak is about 
5 Mev which is in fairly good agreement 
with our data in the cases of V and S. 

Brady?” has observed the energy distribu- 
tion of the alpha particles resulting from the 
Ni(~, @) Co reaction. The curve on a semi- 
log plot of the relative level density calculat- 
ed from this energy distribution fits a straight 
line which would correspond to Maxwellian 
distribution with a temperature of about 
0.6 Mev. This temperature is in fairly good 
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agreement with our value of Mn calculated 
from the Co(m, a) Mn reaction. 

Allan® has measured the energy distribution 
of protons from the interaction of 14-Mev 
neutrons with several medium weight nuclei 
and suggested that the large low energy 
proton excess might come from the (n, np) 
reaction because of the reason that the emis- 
sion of a second neutron is energetically 
impossible over most of the range of target 
nucleus excitation and proton emission (”, 2p) 
is in competition only with y-emission. In 
our cases, however, as shown in Table II 


Table II. Binding energies in Mev. 
These binding energies were derived from 
the table of Martin.2” 


Target 


nucleus neutron | proton a particles 
Al 13.73 5.96 8.05 
S# 14.88 9.13 7.02 
NEE 10.73 7.68 7.35 
Mn 10.96 7.18 6.64 
Co? 11.14 6-65 6.06 


alpha particle emission (7, 7@) is in competi- 
tion with proton emission (”,p) because of 
the small difference between the alpha par- 
ticle and proton binding energy, and the 
large low energy alpha particle excess cannot 
be explained by the (m, ma) reaction only. 

The evaporation of charged particles is 
favoured by depression of the Coulomb bar- 
rier due to the expansion of highly excited 
nuclei, but this effect is negligible at the 
temperature concerned here. Further, by in- 
troducing a choice of large nuclear radii, we 
may interprete the larger yield of low energy 
alpha particles well, but nuclear radii larger 
than 7=1.5x10-cm is in disagreement with 
other experiments. In view of above con- 
siderations, it may be probable that the actual 
boundary of the nuclear potential is not a 
square well with sharp boundary but rather 
has a diffuse nuclear surface because the dif- 
fuseness of nuclear surface makes the pene- 
tration of the potential barrier easier. Re- 
cently, Kikuchi? has reported in this connexion 
that the energy distribution of the alpha 
particles of the Al?’ (m, a) Na** reaction, 
which gives somewhat lower temperature 
than those of others, can be explained with 
the temperature of 2 Mev by introducing a 
diffuse potential. 
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Considerable modification of the theory of 
Coulomb barrier penetrabilities or of the 
level density function of the residual nuclei, 
would be required to explain our (n, p) results. 
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(3) Cross sections 


The total cross sections obtained by other 
authors and by us are shown in Table III. 


Table IIJ. Comparison of cross sections (mb) 
rm } | Present experiment Activation methods (m, a‘) *Theeretical 
arge = a ee cs Th a : z = 

(n, pe Osa (m, a’) Paul and Clarke) Hughes* Yasumi (m, a) 
Al 92-15 82.0417 78.9+16 110+20 120+14.4 PAs 
S 109+16 38.2+7.6 
V 126+19 43.24+8.6 28.6412 30410 4.6 
Mn 96+14 39.448.0 52.5+7.9 30412 Deas 
Co 84413 25.0+5.0 39.1+47.8 52+ 8 SHE 


* These data are summarized by Hughes and Harvey. Theoretical cross sections were derived 


from the calculation by Paul and Clarke”. 


Column I gives the cross section of (n, ay) 
+(n, an)+(n, na) reactions, while column II 
gives the cross sections of (m, ay) reactions 
only which are compared directly with those 
obtained by other authors??® with the activa- 
tion method. When the emission of the first 
alpha particles leaves the residual nucleus in 
states with an excitation energy below neutron 
binding energy, only y-ray emission can occur. 
Therefore when the energy distribution of the 
alpha particles is cut off at 14.8+Q—Bn)x(A 
—3)/(A+1) Mey, it is possible to attribute the 
high energy part of the energy distribution 
to the (m, ar) process, where @ is the Q 
value of (m, aw) reaction, By, the neutron bind- 
ing energy and A the mass number of target 


nucleus. @ and B, were derived from the 
papers of Martin?®, Segre?” and Endt et al??®. 
Our (m, ar) cross sections are in fairly good 
agreement with those obtained by other 
authors??), Except in the cases of Al and 
S, the experimental cross sections are higher 
by a factor of about 10 than those expected 
from the evaporation theory. 

The approximately 90° symmetrical angular 
distributions and the low energy alpha _ parti- 
cle excess might suggest that the large ex- 
perimental (m, a) cross sections are not due 
to the non-compound processes but rather to 
the large penetrabilities which are explained 
by introducing a diffuse potential. 


Table IV. The relation between o(@) sinede and o(¢) sin gd¢g. 


10° 
| o(v) sin gdg is the value of the sum of each column. 
¢ 


P 
0° 10° 20° 30° 40° 50° 60° 70° g0° 90° 100° 110° 120° 130° 140° \, 7@)sin eds 

7 0.18a/0.62a/0.20a a 
~ 0.09b0.27b0.22b10.32b0.11b b 
ib 0.05c|0.17c)0. 14c/0.14c)0.16cl0. 25c10.08c ic 
sy (.30d(0.12d(0. 10d. 0. 10d 0.100. 1140. 14d'0.234 0. 06d d 
6 ue 0.07e0.08e0.08e0.08e0.09e0.09e0.10e(0.13e0.19¢0.06e e 
my 0.02f0.11£0.08£0.08£0.08£0.08£0.09£0.10£0.12£0.19£0.06f f 
a 0.03g/0. 12g 0.09g'0.08g 0. 08¢ 0. 08g 0.08¢:0.09¢ 0.11210. 1880. 05g g 
in 0.03h0.14h0. 09h 0.08h0.08h/0. 08h'0. 08h 0.09h0.11h0.17h0.08h h 
a 0.04 10.15 10.09 10.09 10.08 i0.08 10.08!10.0910.1010.1710.04i i 
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Appendix 

The relation between o(@)sin@d0 and 
o(y) sin edge 

Assume that the target is placed on the 
emulsion as indicated in Fig. 1. Let @ be the 
angle between the lines of flight of the incom- 
ing neutron and of the alpha particle, and ¢ 
the angle between the inward drawn normal 
to the plate and the alpha particle direction. 
When an incident angle of 45° is chosen for 
the neutrons, o(g)sin gdy must be calculated 
from o(@)sin @d0, since the energy loss and 
absorption loss are functions of gy, where o(@) 
is a differential cross section per unit solid 
angle in the laboratory system, and o(g) sin 
gdg is the cross section of alpha particles 
emitted in the direction between g and g+dg. 

The relation between o(@)sin@éd@ and 
o(¢g)singdg is shown in Table IV obtained 
by graphical calculation. Using Table IV we 
can calculate o(v) sin gdg from o(A) sin 6dé. 


(1) 


(2) The correction of energy loss for energy 
distribution 

The alpha particles resulting from the (n, a) 

reaction are produced uniformly in the target, 
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since the absorption of the neutron in the 
target is negligibly small. If R(£,) represents 
the range in the material of the target of 
an alpha particle of energy Ey, a particle 
emitted in the direction g at the upper sur- 
face loses the energy E,)—f[R(E,)—T sec ¢] 
before emerging from the target, where /(R) 
is the inverse function of R(E)) and T is the 
target thickness. If we assume that the 
energy loss per unit length between /, and 
F(R(E\)— T sec vy] is constant, the emerging 
particles distribute uniformly between E, and 
F(R(E))—Tsecy]. When the number of 
particles emitted in the direction between ¢g 
and g+dg with an energy between Ey and 
E,+dE, in the target is NM Ey, v) dEodg, the 
number of particles emerging from the target 
with an energy between E and E+dE is 
given by 

NE, g)dEvdy (1) 

Ey—f[R(Eo)—T sec ¢] 

where the function F(F, £, ¢) is defined by 


FUE, Eo, ¢) ’ 


F(E, Ey, v)=1 
for Ey >E>f[R(Ev)—T sec ¢] 
=() 
for E>E), Ex. f(R(£o)—T sec ¢]. 


If the number of particle emitted with an 
energy between Ey and E)+d£, in the target 
is n(E))dEy, NUE, v)dE,\dg can be written as 
N (Ep, @)dEgd gn (Ey) ROS OOO 
tota 
(2) 
using the assumption that the angular dis- 
tribution for various energy regions are all 
the same. 
Then we get, from (1) and (2), the energy 
distribution M(E£)dE for the particles emerg- 
ing from the target in the form: 


nunae=(™ max ie n( Ey) F(E, Eo, v) 2x0(¢y) sin odoin dE 


0 


0 {Ey—f[R(Eo)—T sec 9] } 4 tora 


If, for convenience of calculation, we divide the energy and angle into 1 Mev and 10° 


intervals, respectively, we have 


NEWdE= > fea n(Ey) dE | > 
By=1,2. J Bo 


FUE, Ey.) 2n i o(y) sin ode 
ge -5° 


(3) 


y= Beats 7 85° 


|e. 


{E,—f[R(Ey)— T sec ¢] }o tora 


Using this equation, we can calculate the corrected energy distribution n(E£,)dE, from the 


observed energy distribution ME)dE. 


(3) Correction of absorption loss for angular distribution 
For a particle leaving the target with energy / and at angle gy, the following relation 


holds 
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(T—T’) sec g=R(Ey)—RE) 
where 7” is the depth and £, the energy of a particle at the point of generation. Assuming 


that we omit the particle of E<1Mev from scanning, the absorption rate A’ is expressed 
by 


Ate lites Sec Onn (Eo) “ROS pr, E, 
ie T sec @ 


where the function F’(E, Ey, ¢) is defied by 
FUE Eo: @)=1 for Tsecg>R(E,)—R(Q), 
==() for Tsecg<R(E,)—R(). 
Therefore, when the particles generated with the energy distribution »(/)dE and angular 
distribution o(v) emerge from the target, the absorption rate A is expressed by 


ae eae max a 1— ed ae sin. dy IY(E, Eo, 


~) , 


g). 


0 0 Nrotal (8 Sec @ Ototal 


If, for convenience of calculation, we divide the energy and angle into 1 Mev and 10° 
intervals, respectively, we get 


° 


2x \s o(¢) sin gde 
g-5° 


+1 (Ey)d Es ( Rey) : 
AS sa epnoa (ae F'(E, Ep, 9) . 
: ate ee i Ntotal T-sec ¢ Ototal 
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Some Studies on the Ternary System (Ba-Pb-Ca)TiO,* 


By Takuro IKEDA 
Kobayasi Institute of Physical Research, Kokubunji, Tokyo . 
(Received December 19, 1957) 


The phase relation and the dielectric and mechanical properties of 
ceramic samples on the ternary system (Ba-Pb-Ca)TiO; are studied. 
The ferroelectricity of the solid solution (Ba-Pb)TiO; decreases with in- 
creasing Ca concentration and disappears at about 50 mole percent of 
CaTiO3; and then the structure changes to cubic, pseudocubic and or- 


thorhombic. 
(Ba-Ca)TiO; side. 


decrease with increasing concentration of PbTiO; and CaTiOs;. 


A certain insoluble region exists in the vicinity along 
The dielectric and piezoelectric constants of BaTiO; 


The di- 


electric and mechanical Q’s vary in parallel with composition. 


$1. Introduction 

It is well-known that dielectric and mechani- 
cal properties of BaTiO; are varied by the 
addition of PbTiO; or CaTiO;. Especially, 
ceramics of solid solutions of these materials 
are used for electromechanical transducers 
and show better properties than pure BaTiO; 
ceramics. 

Structural studies on the binary system 
(Ba-Pb)TiO; have been performed by G. 
ShiraneY and other authors. With concentra- 
tion of PbTiO;, Curie point becomes higher, 
and the tetragonality increases. 

The system (Ba—Ca)TiO; was investigated 
by R. C. DeVries and R. Roy”, and M. 
McQuarrie and F. W. Behnke®, The Curie 
point decreases gradually with increasing con- 
centration of Ca, and there is a wide insoluble 
range of concentration. 

E. Sawaguchi et a/* reported phase relations 
of (Pb-Ca)TiO; system and indicated that the 
tetragonality of PbTiO; decreases with increas- 
ing mole percent of CaTiO; and disappears at 
about (Pbo.e—Cao,4)TiO3. The phase of solid 
solution containing more than 40 mole percent 
of CaTiO; is prescribed as pseudocubic. 

Properties of CaTiO; were investigated by 
~L. W. Coughanour, R. S. Roth and others”, 
and M. McQuarrie? and H. F. Kay ef al”. 
Kay’s previous paper (which is quoted in 
McQuarrie’s report®) reported that CaTiO; 
has a pseudomonoclinic structure at room 
temperature and transitions occur at 600° and 
1000°C. Roth et al performed complete X-ray 


* The summary of the present report was read 
at the Meeting of the Physical Society of Japan, 
on llth, April, 1957. 
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study and indicates that CaTiO; has an 

orthorhombic structure at room temperature; 

lattice parameters are @=5.381 A, b=7.645 A, 

c=5,.443 A and pseudomonoclinic angle is p’= 

90°40’. Recently, Kay” determined the atomic 

position in CaTiO; and it was shown to be 

antiferroelectric. McQuarrie studied the phase 
relation of system (Ca-Sr)TiO;. He concluded 

that the orthorhombic structure of CaTiO; 
changes into tetragonal at 1100°C and cubic 
at 1200°C. Granicher® studied also the sys- 

tem (Ca-Sr)TiO;, and showed the existence 
of some other phases. But, as for the phase 
transition of CaTiO;, there are some ambigui- 
ties. In the present paper, so far as CaTiO; 
is concerned, the phase transition temperatures 
reported by McQuarrie and the structural 
investigation by Roth ef al are quoted. 

As materials for electromechanical trans- 
ducers, mechanical and piezoelectric properties 
of this system have been investigated by some 
authors. W. P. Mason” showed that the ad- 
dition of PbTiO; to BaTiO; increases coercive 
field and decreases the temperature depen- 
dence of various properties. D, A. Berlincourt 
and F. Kulcsar™ examined the effect of ad- 
dition of PbTiO; or CaTiO;. Mason!» 
reported subsequently the better quality of 
the solid solution (Ba-Pb-Ca)TiO;. Their 
experiments, however, have been restricted 
to the vicinity of BaTiOs;. 

The present studies were begun chiefly for 
two purposes: of examining the phase relation 
from the ferroelectric range to the antiferro- 
electric CaTiO;, and of obtaining the syste- 
matic information on the electromechanical 
properties of the system. 


Recently, M. McQuarrie! reported the 
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structural study on the same system. He 
measured dielectric properties, showed the 
complete phase diagram, and emphasized the 
evaporating loss of PbO. 

The present author has independently 
studied this system and. obtains similar dia- 
gram. Furthermore, the mechanical and 
piezoelectric properties of ceramics of the 
system are measured and systematic results 
are obtained. 


§2. Experimental Procedure 


(a) Preparation of Samples 

The c.p. grade of BaCO3, CaCO3, PbO and 
TiO, are mixed with various mole concentra- 
tion and calcined at 1200°~1050°C. They 
were crushed and pressed in the disc shape 
with diameter of 30mm and thickness of 2~ 
4mm, and then sintered at 1420°~1250°C. 
Porosities of the samples are mostly 10~20% 

In the sintering process of those with larger 
Pb concentrations, the evaporation loss of PbO 
are not ignorable. Then, some lumps of PbO 
are laid in the crusible and the sintering is 
done in the atmosphere of PbO at lower tem- 
perature (less than 1300°). None the less, 
some part near surface of piled up discs of the 
same composition appear to be a little deficit 
of Pb, and so inner parts are used for samples. 
‘The compositions of samples after sintering 
are not examined. 

In Fig. 1, the compositions (before sintering) 
of the tested samples are indicated by points. 


PbTiOs 


BaTiOs CaTiOs 


Fig. 1. Tested samples of the system (Ba-Pb-Ca)TiO3. 


(b) Temperature Dependence of Dielectric 
Constant. 
On the small square plates are glazed silver 
electrodes. They are immersed in the silicone 
oil bath and temperature is varied. The 
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dielectric measurement is done at 550 Kc/s by 

the resonance-substitution-method with a 

precise variable air-condenser. The tempera- 

ture corresponding to a peak of dielectric 

constant is taken as Curie point. 

(c) Dielectric and Electromechanical Measure- 
ment of Prepolarized Sample. 

The ceramic discs with silver electrodes 
(diameter of ca. 26mm) are prepolarized by 
field cooling precess with d.c. fields of 5~15 
KV/cm, and aged at 60°~80°C for one or 
two days. The resonant frequencies of most 
of them in radial mode vibration are about 
120 Ke/s. 

Their dielectric quantities are measured at 
50Kc/s by the Radio Frequency Impedance 
Bridge of Yokogawa Electric Works at room 
temperature. A measured impedance is the 
capacity C” and resistance R, in series (Fig. 
2(a)). From them, free dielectric constant ¢3¥ 
and dielectric Q value @, are computed by 


the following formulae: 
&3"(za*) rR, - + 
ou and oC Kes O. ° 


where a=radius and d=thickness. 


oe 
ie 


Cr= (2.1) 


Cc 


Fig. 2. Equivalent circuit and admittance diagram. 


The piezoelectric and elastic properties are 
measured by the resonance curve method and 
admittance loop method in the radial mode 
vibration. By denoting the frequencies corres- 
ponding to maximum and minimum admit- 
tance as fm and fn, the electromechanical 
radial coupling coefficient k, is calculated by 


hi?hs HP! Syl este alee 
Fm l+o 


(2.2) 


1958) 


where the factor R,;=2.03 and K=2.51 for 
a value of Poisson’s ratio o=0.27* (cf. Mason’s 
book”), &,? is 


2 | nds, 


b= ys) 
P l—o Sues” , ( ) 
where d;,=transverse piezoelectric constant, 
Su”=elastic compliance coefficient for constant 
electric field. The resonant frequency of the 


radial vibration is 


wh 
2ra 


pa pid or 
0s" l1—o? 3 


to (2.4) 


where op=density. In ordinary case, fin=&fo. 
From the measured values of fm, fn and C*, 
the piezoelectric constant d3, is obtained. 
The mechanical Q factor Q» of the vibrator 
is measured from the admittance circle: that 
is, by denoting the quadrantal frequencies as 
ff, and f2 (in Fig. 2(c)), the value of Qm is 
given by 
Qm=ho/ (fe =f) : (2.5) 
In the case of the vibrator with small electro- 
mechanical coupling or low Q factor, the 
resonance curve method is unsuitable for ob- 
taining the value of k,?. Then, 
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have not piezoelectricity, and so the tempera- 
ture variation of elastic modulus and dissipa- 
tion are measured by the composite-bar 
method. That is, the resonant frequencies and 
the minimum to maximum admittance ratio 
of the composite bar, which consists of the 
X-cut and Y-long quartz rod and the specimen 
being cemented endwise, are observed with 
varying temperature. The anomalies of these 
quantities vs. temperature curve are con- 
sidered to correspond to the phase transforma- 
tions. (cf. an earlier report on the elastic 
properties of lead zirconate and other solid 
solutions), 
(e) X-ray Measurement 

Debye photographs are taken by the Weis- 
senberg camera with a goniometer, using 
Cu-Ka@ radiation. Its diameter is 57.3 mm. 
The lattice parameters and _ superstructure 
lines are examined. 


§3. Experimental Results 
(a) Ferroelectric Phase 
In Fig. 3, the temperature variations of the 


(Bapzex = bos Ca, iliO; 


from the admittance diagram, POT ta) 
C/Co=1/Qm- Yino/(@oCo) 6 aeib0. 
where Cy=clamped capacity, joel! 
C=capacity in the piezoelectric 
branch, Ymo=diameter of ad- ao 
mittance circle=reciprocal of 2 ° 
internal friction resistance Ri 83600 os 
and wo=2zfy) (Fig. 2(b) and ° ‘ 
(c)). Using this value of C/Co § pace 
instead of (fn—fm)/fm in eq. : 
(2.2), more certain value of ol 
k,? can be obtained. 
(d) Elastic Measurement of ob £208 
Non-piezoelectric Ceramic 
Sample. Fig. 3. 
As described later, the 


samples in the region near 

CaTiO; show no anomalies in the curve of 
dielectric properties vs. temperature. Then, 
the elastic measurements of them are adopted 
here for ascertaining phase changes. They 


* The factors A, and K are different correspond- 
ing to various values of o. Namely, R,=2.03, 
2.07 and K=2.51, 2.55 for «=0.27, 0.33, respectively. 
But these differences are not important in the 
_ present paper. 
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Sretipetature 
Temperature variation of dielectric constant. 
(a) (Bao.7-2-Pbo,3-Car)TiO3 
(b) (Bao.gs-z—Pbo,2-Caz)TiO3 
dielectric constants of (Bao,7-z-Pbo,3s-Caz)TiOs 
and (Bao.s-2-Pbo.2-Caz)TiO3 are shown. The 
temperature of maximum dielectric constant 
is considered as Curie point 7;. The distribu- 
tion of Curie points is indicated in Fig. 4. 
Under these temperatures, the samples are to 
be of the same phase as that of BaTiOs, 
namely ferroelectric and of tetragonal struc- 
ture. X-ray pattern of (Pbo,.-Cao.4)TiO3, as 
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an example, is analyzed and proved to be 
tetragonal as in BaTiO3. 


(b) Insoluble Region 

Ordinarily, Curie point of the solid solution 
shifts smoothly with composition. When the 
composition enters the insoluble region, Curie 
point jumps or becomes unchanged. The in- 
soluble limit in Fig. 4 is thus determined. 
The limited boundary near CaTiO; is drawn 
according to the X-ray measurement; for 
example, the pattern of  (Bao,125—PDo.125- 
Cao.75)TiO; is analyzed as that of mixed 
crystal. 


PbTiO3 


Pat 
7 \nsoluble 
7 . 


\ \ 


BaTiOs CaTiOs 


Fig. 4. Curie point in the ferroelectric phase 


(c) Phase of the Sample in the Vicinity of 

CaTiOs. 

In the case of the sample with concentration 
of CaTiO,; more than 50 mole percent (the right 
side of the solid line in Fig. 4), the dielectric 
constant goes on decreasing and tan 0 increas- 
ing. With rising temperature no anomalies 


are found. The neighbouring region to tetra- 
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(a) Elastic measurement by the compositebar method. 
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gonal phase is of cubic structure, but CaTiOs 
is known to be orthorhombic. According to 
the previous paper of McQuarrie, orthorhom- 
bic CaTiO; transforms to tetragonal and then 
to cubic. A tetragonal region, therefore, may 
exist between the cubic and orthorhombic 
phases in the diagram. Debye photographs 
of several samples in this region are analyzed. 
Those in the nearest vicinity of CaTiO; can 
be indexed by assuming same structures as 
that of CaTiO; reported by Roth et al and are 
orthorhombic. That of (Pbo,.-Cap.¢)TiO; may 
be considered to be cubic. It cannot be com- 
firmed if the structures of intermediate com- 
positions are tetragonal or not. Nevertheless, 
the Debye patterns show a little deviation 
from cubic. So they are indicated as pseudo- 
cubic rather than tetragonal. 

The phase boundaries cannot be definitely 
determined by X-ray measurements, and, there- 
fore, the elastic properties are examined versus 
temperature by the composite bar method. 
When the phase transition occurs, any ano- 
malies may appear at the transition tempera- 
ture. For example, the resonant frequency 
and the minimum to maximum current ratio 
(a measure for internal friction) vs. tempera- 
ture of the composite bar (of (Pbo,2;—Cao.zs) TiO3) 
are shown in Fig. 5 (a). The measurements 
are done to about 400°C. In Fig. 5(b), the 
temperatures thus obtained are plotted by 
circles. The transition temperatures, 1100° 
and 1200°C, of CaTiO; are those in the previ- 
ous report of McQuarrie. The dots in Fig. 
5 (b) are the temperatures corresponding to 
peaks of dielectric constant curve, or the 


| 
( Bags-x- Poos-x-- Cay) TIOsh 
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(b) Determination of phase boundaries. 
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Curie points, under which the phase is ferro- 
electric and tetragonal. That of PbTiO; is 
490°C by Shirane?. Combining these points, 
the phase boundaries are located. These 
results thus determined are not inconsistent 
with X-ray measurements. 


(d) Phase Diagram 

From above results, the phase diagram of 
the whole system is obtained in Fig. 6. This 
result resembles, but is a little different from 
McQuarrie’s recent report. 


PbTiOs 


Wa 


BaTiQs 
Fig. 6. Phase diagram of the system (Ba-Pb-Ca)TiO. 


CaTiOs 


PbTiOs 


Fig. 7. Dielectric, piezoelectric and mechanical 


properties. 
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(e) Dielectric, Piezoelectric and Mechanical 

Properties. 

In Fig. 7, the maps of dielectric constant 
(¢ in (a)), electromechanical coupling coefficient 
(Ry in (b)) and transverse piezoelectric constant 
(dj, in (c)) of the ceramic sample at room 
temperature are shown. The indicated values 
of the dielectric constants are those of e3;” for 
the prepolarized ceramics and e) for the un- 
polarized one. The electromechanical coupling 
of ceramics decreases with concentrations of 
PbTiO; and CaTiO3. 

The mechanical and dielectric Q values (Qn 
and Q.) are shown in Fig. 7(d)(e). Certain 
regularities are found in them. 


§4. Discussions 
(a) Phase Diagram 

It is well-known that the solid solutions of 
BaTiO; with PbTiO; have higher Curie points 
and with CaTiO; lower ones, and it has been 
discussed from standpoints of ionic radius 
and polarizability. In the system (Ba—Pb- 
Ca)TiOz, it may be comprehensible to some 
extent that Curie points becomes lower from 
the binary (Ba—Pb)TiO; side towards CaTiOs. 
The ferroelectric to paraelectric phase bound- 
ary lies near the composition of about 50 mole 
percent CaTiO;. But, the present boundary 
lies a little nearer to CaTiO; than those of 
Sawaguchi? and McQuarrie’. This is pre- 
sumably due to lower purity of CaCO3 used 
here. As for other, phase boundaries in the 
vicinity of CaTiO; there may be any suspicion. 
The pseudocubic phase in the present diagram 
corresponds to tetragonal of McQuarrie’, but 
tetragonality cannot be confirmed by the Debye 
patterns. Furthermore, the location of these 
boundaries are a little different from his report. 

The insoluble region is narrower than 
McQuarrie’s. His earlier paper® on the sys- 
tem (Ba—Ca-Sr)TiO; reported smaller insoluble 
range along Ba-Ca binary than his recent re- 
port and the result is rather close to the 
present one. The samples in his recent data 
are sintered at 1250°C on account of avoiding 
evaporation loss of PbO, and it is lower than 
that in this study. The discrepany between 
the present and his insoluble limit may be 
caused by the difference of sintering tempera- 
ture or of the purity of chemicals used. 


(b) Dielectric and Electromechanical Proper- 
ties 
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With concentrations of PbTiO; and CaTiOs, 
the Curie points rise or only a little decrease, 
and on the other hand, the second transition 
temperatures fall rapidly. Then, the proper- 
ties at room temperature tend to keep away 
from any influence of the transition. Although 
the properties of single crystals of the solid 
solution have never been studied, the diminu- 
tion of dielectric constant and piezoelectric 
constant may be supposed to be caused by 
these effects; particularly, by the lowering of 
the second transition temperature. Further- 
more, the addition of PbTiO; increases the 
coercive field, and makes the prepolarizing 
operation more difficult, and so the piezoelectric 
constant of the ceramics tends to decrease. 
The increasing of dielectric constants near 
the ferro- to paraelectric boundary is due to 
approach of the Curie point. 

Mason has measured the mechanical and 
dielectric Q factors of this system, particularly, 
in relation to the aging phenomena. In the 
present result, the systematic variation of the 
Q values with composition is observed. Ac- 
cording to the author’s previous study’, the 
internal friction of BaTiO; ceramics is mainly 
the dissipation in the single domain crystal. 
It may be the case also in the present study. 
In the samples with higher Qn, however, the 
dissipation due to ceramic form will become 
no longer ignorable. It is not yet revealed if 
the dissipation in the single crystal has a 
mechanical origin or a dielectric one. As the 
piezolectric properties of the single crystals 
of the solid solutions are not known, further 
detailed discussions are impossible. Neverthe- 
less, the solid solution with larger dielectric 
Q has higher mechanical Q in this system. 

When the piezoelectric ceramics are used 
as ultrasonic transducers, the higher mechani- 
cal Q@ and Curie point are necessary for avoid- 
ing the influence of heat generation by the 
internal loss and the larger piezoelectric con- 
stant is required for low impedance at re- 
sonance. These requirements, however, are 
often incompatible. Which must be taken up 
depends on the intention. 


§5. Conclusion 


The following results are derived from the 
present studies: 
(1) -The phase diagram of the ternary sys- 
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tem (Ba-Pb-Ca)TiO; is indicated. The ferro- 
electric and tetragonal phase changes to the 
orthorhombic structure of CaTiO; through 
cubic and pseudocubic phases. 

~(2) Some systematic results on the dielect- 
ric, piezoelectric and mechanical properties of 
this system are obtained. 

In conclusion, the author wishes to express 
his sincere thanks to Dr. O. Nomoto, Mr. M. 
Marutake and Mr. A. Takeda for their useful 
discussions. He is also grateful to Dr. H. 
Hagihara and Mr. H. Yamashita for X-ray 
measurement by the Weissenberg camera and 
to Mr. Y. Kanda for his help to some part of 
this experiment. 
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Scientific Expenditure of the Ministry of 
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The electronic conductivity, o,, Hall constant, #, and thermoelectric 
power, ©, in a Ag,Te are measured as the Ag/Te ratio is varied by the 
use of the galvanic cell Ag|AglI|Ag.Te|Pt, where the e.m.f. of the cell, 
FE, represents the position of the Fermi level relative to Ag-saturated 
Ag»Te. According as Ag is removed across the cell, starting from the 
Ag-saturated composition, o¢ decreases at first, and then increases. © 
changes its sign at the minimum of o, although FR is always n-type, 
duing to the large mobility ratio (~100). The energy gap is, therefore, 
as narrow as several kT. When Ag is removed further, o- decreases 
again, keeping H constant. This is a mixed state of AgsTe and a new 
phase mentioned below. After a minimum of co, is attained, co, and # 
increase again, suggesting a new phase, Ag~i.93fe. The energy gap of 
this phase is fairly larger than that in Ag,Te phase and the mobilities 
of electron and hole are far smaller than those in AgyTe. When Ag is 
removed still further, o- and EH become to be independent of the com- 
position, indicating the precipitation of Te or Te rich compound. Those 
experimental data are compared with the Lorentz-Sommerfeld theory, 
proving a good accordance between them. On the other hand, ionic 


conductivity is estimated from the ionic polarization effect. 


§1. Introduction 


AgzTe is one of the Ag.S group in which 
electrons and Ag ions are mobile. The author 
has been engaged in the researches of “ ion- 
mobile semiconductors ” and the present paper 
is concerned to one of such series of ex- 
periments. Now, recently, Appel” has car- 
ried out the detailed investigation of the elec- 
trical and optical properties of this substance. 
Regarding the electrical properties, our data 
are similar to his one in many respects, 
although our interpretation is considerably 
different from his one. In particular, the 
galvanic cell Ag|AgI|Ag.Te|Pt has been used 
in our present research and it has made the 
interpretation very easy. The reason is as 
follows: With the use of the cell, Ag content 
in Ag,Te can be varied easily and moreover 
the e.m.f. of the cell represents the position 
of the Fermi level relative to that in the Ag- 


saturated Ag»Te. In this respect, the ion- 


mobile semiconductors are very convenient to 
research only if a proper ionic conductor for 
the cell exists, like AglI in our present case. 


§2. Theoretical 

To begin with, let us summarize the theo- 
retical formulae which will be used in the 
later sections. 


(a) The galvanic cell Ag|Agl|Ag.Te|Pt®® 

AglI is a purely ionic conductor and hence 
the amount of Ag supplied to or removed 
from the Ag.Te across Agl is equal to the 
amount of electricity sent across the cell 
divided by e, Q/e. Moreover, AgeTe is an 
average crystal and hence the chemical 
potential of Ag ion in Ag.Te is independent 
of the composition (Ag/Te ratio), resulting in 
the conclusion that the e.m.f. of the cell, E& 
represents the position of the Fermi level in 
the Ag,Te relative to that in the Ag-saturated 
Ag.Te. 
(b) Formulae for o, R, and 9 

The concentration of carrier, m (or p), the 
electronic conductivity, o-, Hall coefficient, FR, 
and the thermoelectric power, 9, are given 
by®7®) 


n=An(Qm*kT hPa 7 NaF , th) 


oo= l6xm*e?kRT1(3h?) (r +1)F; , (2) 
Weg +(1/2) FipFor-c/2) ; (3) 
me 2 (r+1? F,? 
hk (2+7r Frei ) (4) 
j= — |.—=_—_ ~——— .— 9}.} 4 
g é ae F, 
s Xx 
ule dx , (5) 
Pal’ 1+ exp (x—7) 
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where vy is the reduced Fermi energy (Fermi 
energy/kT), the mean free path, /, is assumed 
to be expressed as /=1,(€/RT)” (€ is the kinetic 
energy of a carrier), m* is the effective mass 
of the carrier, and e,k,h, and T are usual 
notations. By the way, 7 will be assumed as 
1/2 in the present paper. 

When there are both electrons and holes, 
o-, R, and @ are expressed as 


Oc=On+0p 9 (6) 
(ae (2)R +(2) Rp (7) 
ex (%*)on +(2)o, (8) 


where the suffices m and p represent the elec- 
tron and hole components of the quantities 
concerned respectively. 


(c) Ionic conduction 

The ionic conductivity, o:, can be obtained 
by the “ polarization method” which we have 
already reported.*?!) We shall review it in 
brief for the later reference. 

When a direct current of a constant in- 
tensity is sent to a specimen through the 
platinum electrodes (see Figs. 1 and 7), mobile 
Ag ions move toward the cathode, and ac- 
cumulate there. If the applied voltage is not 
so large as the condition of deposit is fulfilled, 
that is, if the chemical potential of Ag atom 
at the cathode is smaller than that in an Ag- 
saturated specimen, ionic current decreases 
with time and at last vanishes, leaving 
electronic current only. Such a state will be 
called a stationary state (Polarization process). 
When the current is switched off after such 
a stationary state is attained, a _ residual 
potential is left and decays according as the 
polarization decays (Decay process). 

For such processes, the electronic and ionic 
components of the current density, J, and J; 
can be given respectively by 


ae! ee 
l=ot( © 0), (9) 
Jee (10) 


dx ’ 


where €,. is the Fermi energy of electron and 
® is the electrostatic potential. Eq. (10) has 
not the diffusion term of ions since Ag,Te is 
an average crystal like Ag.S. For the station- 
ary state, putting 4=0, we have 
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I=L=0.4-(*) : @y) 


dx 
When o, is a known function of €., Eq. (11) 
can be integrated as 


¢ 
Olea (203: 
$0 


which gives the stationary potential distri- 
bution Vs(x)=(€(x)—Co)/e, where €o is o- at 
one end of the specimen. In particular, if €. 
can be expressed as AXF;(y), then Eq. (12) 
is expressed as 

” Tex 

F, d — . 

\" (a)dn ART 

Next, at the instant of switching off, we 
have the relations as 


Vr | 0; Ve _ Oe 
Vs oitoe’ Vs oitoe’ 


where V;, Vr and Ve are the potential dif- 
ference between two probes in the stationary 
state, that at the instant of switching off, 
and the potential difference between two Agl 
cells arranged near the two electrodes at the 
instant of switching off, respectively (see Fig. 
4 in the reference (4)). Thus, o: can be 
obtained from V,/Vs if it is not too small 
(Residual method). Further, the relaxation 
time of the polarization and decay processes 
is deduced from the following consideration: 
The equation of continuity for mobile ions is 
given by 


(12) 


(13) 


(14) 


(15) 


where JN is the concentration of the excess 
mobile ions. When the applied voltage is 
sufficiently small (In our present work, ~10 mV 
has been used usually), Eq. (15) can be reduced 
with the use of Eqs. (9), and (10) to 


ON Gide 0%(E-/e) 
Ot e(oitoe.) Ox? ~ 


(16) 


If €. is a known function of N, Eq. (16) can 


be expressed as 


ON _ Fe ON . 
Of. Gi-to.0x 


where s is defined as 0/(€./e)/0(eN) and soa 


known, function of € or N. Then Eq. (17) 
can be integrated with the boundary condition 
that there is neither supply nor removal of 
ions at the electrodes. Thus, the relaxation 
time, t, is obtained as 


(17) | 


1958) 


nf =(F)s OiGe Ju 

ec 1s Oitde 
where L is the length of the specimen. From 
the measurement of t, therefore, we can 
obtain o; if s is known (t-method). When 
di/oe is so small that the residual method is 
not available, the t method can be _ used, 
where t is the relaxation time of the potential 
difference between two AgI cells AgI (probes) 
as shown in Fig. 7. 


eae : 
(F) se if oi<o-, (18) 


§3. Experimental 


(a) Arrangements 

The samples are prepared as follows: Ag 
(reduced from AgNO;3) and Te(Merck) are 
put in a hard glass tube in a proper pro- 
portion. Then the tube is evacuated, sealed 
and then heated up to 600°C. Duing to the 
large ionic mobility in Ag.,Te, the reaction 
takes place rapidly and so the compound can 
be prepared easily. The sample obtained in 
such a way is cut and ground to a proper 
size. The method of measurements of o., R, 
and 9 is as usual (Fig. 1). Those electrical 


Specimen 
Glass holder Furnace 


a}! a. LL (b) 
for measurement of R for measurement of G 


Fig. 1. Schematic diagram of the experimenta 
method for measurements of o-, R, and @. 


quantities are measured as functions of the 
e.m.f. of the cell, E, or the composition, N, 
and the temperature, 7. 


(6) Results 

(1) General comments. Ag.,Te has two 
phases; a phase (stable above about 150°C) 
and £ phase (stable below). In the @ phase, 
the ionic conductivity is fairly large and hence 
the galvanic cell Ag|Agl|Ag,Te|Pt is very 
effective. We shall, therefore, begin with 
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the description of the electrical properties in 
the a Ag.Te. Fig. 2 shows the change of 


oO 
Ag,Te 


Aa, Tece- d =(2~Ag/Te) 


Fig. 2. (a) The change of o, and H vs. d=2—Ag/Te 
ratio by removing and supplying Ag at 225°C. 
(b) oe vs. d in the range of small d in a dif- 
ferent scale. The value of eN (upper abscissa) 
is related to d by d=eN/2400, where WN is the 
concentration of deficit Ag, and the density of 
AgeTe is assumed as 8.5 g/cm’. 


o, and EF when Ag is removed from and then 
supplied to an Ag,Te specimen across the cell. 
The figure shows that, starting from the Ag- 
saturated composition: designated by S in the 
figure, o- decreases and E increases rapidly 
at first according as Ag is removed, and then 
oe increases after passing a minimum (A) and 
attains a maximum (B). From this point, o- 
decreases remarkably and reaches the second 
minimum (C), while FE is kept constant. At 
further removal of Ag, both E and o, increase 
again and o. reaches the second maximum 
(D). At still further removal of Ag, E and 
o. do not show any remarkable changes. Let 
us divide the whole range into four regions; 
ECO eS ton, NETtONC, w Omton LD) awand: tomer: 
For convenience, they will be called a, 
mixture a,, and precipitation regions re- 
spectively. In the following sections, the 
electrical properties in each region will be 
described in proper order. 

(2) a, region. Fig. 3 shows logo. and log R 
vs. E. The Hall constant is always n-type 
while the thermoelectric power, 9, changes 
its sign near the minimum point of o.. From 
the figure, the following conclusion will be 
easily deduced; the energy gap is as narrow 
as several RT and the mobility ratio n/p is 
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very large. 
tried in §4. 

(3) Mixture region. As mentioned in (1), 
o. begins to decrease when Ag is removed 
further. In this region, the uniformity of the 
specimen is not held, as illustrated by Fig. 4, 
which represents the potential distribution 


— E(mV) 


Fig. 3. logo. and log R vs. HW at three temper- 
atures. The broken lines represent the equi- 
compositions with the values of eN(C cm-%) 
relative to a certain composition near Ag-satu- 
rated. 


! | Lae 


eN(C.cm) = EX* 


20F| Remov. Suppl. (8mm) 

@ 40 © 147 | -0.28AcHe 
@ 108 © 108 sy40¢ 

@ 135 @ 64 

@ 185 @ 30 


Fig. 4. Potential distribution along the specimen 
whose Ag content is varied by the Ag|AglI 
arranged at the right end. Each curve is re- 
garded as composed of two straight lines of 
different inclinations, indicating o, changes sud- 
denly at a certain point. 
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The detailed analysis will be along a specimen in the mixture region when 


a constant current is sent. That is, when 
Ag is removed at an end of a specimen, 
decreases at this end and such a small o 
region extends according as Ag is removed, 
until the whole specimen becomes small o. 
This ununiformity does not disappear by a 
heat treatment of a fairly long period and so 
the state in this range of composition is 
regarded as a mixture of a, and a different 
phase from a@,, that is, @. The constancy 
of E also supports this view-point. (see also 
Fig. 5) 


Rem.Sup. Temp. 
163°C 


2 
240 200 160 12Q E (mV) 0 
Fig. 5. logoe vs. EH at various temperatures. 


The broken lines represent the equi-composi- 
tions with the eN values attached on them. 


(4) a, region. After the whole specimen 
becomes to be of small o,., o increases again 
together with E at further removal of Ag. 
Fig. 5 shows logo, vs. E at various temper- 
atures. In the a, phase, R is comparatively 
small but still -type, while @ is p-type. 
Therefore, the mobility ratio will be very 
large and the energy gap is comparatively 
small just as in the a, phase. 

(5) Precipitation region. When Ag is re- 
moved still further o. and E become to be 
independent of the composition. This  in- 
dependence may be due to the precipitation 
of Te or Te rich compound, where the pre- 
cipitation may be formed not to disturb the 
conduction of electrons. By the way, there 
is no indication of Ag;Te, as shown in Fig, 2. 

(6) onic conductivity in the a phase. There 
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are two methods to obtain the ionic con- 
ductivity, o:; One is the residual method and 
the other is the t method as mentioned in 
§2 (c). The former is not available without 
correction in the a, phase since o/c. is so 
small that the residual potential is masked 
by the potential due to the Peltier effect, 
while the latter is not available with ease 
since s in Eq. (18) can not be easily deter- 
mined. Fig. 6 shows logt and log (1/s) vs. E 


Fig. 6. The 1/s 


log Oe, T10 and 1/s vs. E. T19=2.3r. 
and rio curves are parallel to each other, in- 
dicating a constant ionic conductivity. 


in the a, region, where t is the relaxation 
time of the potential difference between two 
cells. They are parallel to each other, in- 
dicating that o; is independent of EF and ac- 
cordingly the composition. Further, Fig. 7 
shows the stationary potential distribution 
along the specimen. The feature of curves 
is just as expected. 

On the other hand, Fig. 8 shows logo, and 
o: vs. the composition in the mixture and a, 
regions, where o; is obtained by the residual 
method. As mentioned above, s is not so 
definitely determined in these ranges as in 
the a, range, since o. does not attain its 
equilibrium value instantly after Ag is removed 
or supplied, and so the residual method is 
preferable although the c« method gives a 
similar value of o; to that from the residual 
method. For instance, L=0.7 cm, E=145 mV, 
6e=3.Q-1cm-!, t=13sec, s=4.4mV C-1cm', 
resulting in o:=0.90-!cm™! at 165°C with 
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the use of Eq. (18). Thus, as far as the ionic 
conduction is concerned, there is no remarkable 
difference between the a, and a, phase. 

(7) a—B transition. Fig. 9 shows E and 
log og vs. temperature including the transition 
point, {where o; of Agl below about 140°C 
and o; of 8 Ag.Te are very small and hence 
the measurement of E is not too reliable. 


coll__|_[etnvil eeimvi | 
138 160-180 
fol "se [S218 


Direction of 
Current 


Temp. 275 °C 


0:8 | 
EUAN 

Fig. 7. Stationary potential distribution. FH, is 
H in the initial state and H’; is #7 of two cells 
in the stationary state. The inclination of curves 
is proportional to l/ce. It is most steep at the 
anode in the case of (b), while it is at the 
middle in the case of (a) as expected from the 
respective values of HF. 


140 100 60 


<— eNM(C cm?) 


Fig. 8. logo, and o; vs. eN, where «; is obtained 
by the residual method. 
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Now, o- decreases at the transition Ba. 
This decrease is not due to the change of 
mobility but to the decrease of the concent- 
ration of electrons owing to the sudden in- 
crease of the energy gap at the transition, 
as seen later. In the case of the a, phase, 
the transition temperature for a,— is lowered 
remarkably with increasing deficiency of Ag 
while that for 8 >a, is not too much changed. 
Moreover, the change of o, at the transition 
a,—B8 is very slow. This may be due to 
the precipitation of Te at the transition. On 
the other hand, at the 8— a, transition, it is 
necessary to heat the specimen to somewhat 
higher temperature in order for the precipitated 
Te to re-enter the matrix. 


50 100 
Temp(°C) 


100 150 200 
Temp(°C) 

Fig. 9. (a) logoe vs. temperature, and (b) H vs. 
temperature corresponding to (a). The numbers 
attached on them are the values of eN (C cm~-3). 


(8) B phase. As shown in Fig. 9, o. de- 
creases with increasing deficiency of Ag and 
there is no indication of another phase at 
least in the range of composition under con- 
sideration. Further, when eN is larger than 
about 10Ccm-*, EF is almost independent of 
eN, suggesting the mixed state like that in 
the a phase. Thus the decrease of o¢ may 
be attributed mainly to the decrease of the 
mobilities of electron and hole in the mixed 
state. 


§4. Analysis of Data and Discussion 
(a) a, phase 

Fig. 10 shows logo, log Re.2 vs. eE/kT at 
300°C and Fig. 11 shows o and eE/kT vs. eN 
(relative) at 300°C and 220°C. These figures 
can be analyzed graphically as follows: First 


Shin-ya MIYATANI 


(Vol. 13, 


let us separate on from o.. Now, the hole 
component, op, will be negligible in a small 
E region. Ro. is more suitable for such 
neglection since Ro2=enln—Op/tp and fn/ Lp 
will be large. Therefore, log Ro? vs. eE/kT 
plot is at first compared with the theoretical 
graph, log F} vs. 7, assuming r=1/2 in Eqs. 
(2) and (3). From such a comparison (over- 
lapping two graphs to each other), the position 
of 7=0 is obtained. As seen in Fig. 10, the 
experimental plot of Ro.2 shows a remarkable 


2 2 
Fig. 10. logoe and log Ro, vs. eH/kT in the 


a, Ag,Te. The oy, and oy are obtained graphi- 
cally as described in text. 


Pad 


de(Q"'cm) pO, 


lO. eN(Ccom) 5 O 
Fig. 11. (a) oe and eH/kT vs. eN (relative) at 220° 
and 300°C. The cy obtained from Fig. 10 is 
also plotted against eN. From the inclination 
of thé o» curve, the mobility of holes is esti- 
mated as shown in the figure. (b) em and ep 
vs. eN in the composition range in which en 
and ep are comparable order of magnitude, 
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deviation from the theoretical curve in a large 
E range. This deviation is opposite to what 
would be expected from the contribution of 
holes, and it is negligible at 165°C and in- 
creases with increasing temperature, The 
cause of such a deviation is not certain (a 
change of #» or of the energy gap with in- 
creasing Ag ion vacancies?) and we shall 
neglect it in the present paper. 

Using the zero point of » determined as 
mentioned above, the logon vs. eE/kT curve 
can be drawn so that it coincide with the 
experimental log o, vs. eH/kT plot in the range 
of small &. Further, subtracting on from a 
we have the hole component of o., 6», which 
can be expressed as 

eE 


Op Cp 
log Va RT OPT -+-+const. 
Thus both oy and oy» are obtained. The mobility 
and effective mass of conduction electron can 
be obtained with the use of the position of 7, 
Rand on as listed in the table at the end 
of this section. 

Next, although the mobility of hole, sp, 
can not be obtained from R, it can be estimated 
as follows: As shown in Fig. 11, oy» obtained 
by the procedure mentioned above is pro- 
portional to eN except in the small E region, 
indicating that the number of holes changes 
by just the amount of Ag ions removed or 
supplied. That is, the number of hole, p, is 
far larger than that of electron, um, and ac- 
cordingly the change of m is negligible. This 
view is supported by the fact that eN can be 
expressed as log (eN)=eE/kT-+ const. only if 
a small additive constant for eN is adjusted 
as also shown in Fig. 10. Thus, the mobility 
of hole, 4», can be obtained from the inclina- 
tion of the co» vs. eN curve. On the other 
hand, ~ and p become comparable in the 
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small /£ region, and then we have 
ep—en=eN, , (20) 


where JN, is the absolute concentration of the 
deficit Ag. Fig. 11 (b) shows that this is in 
fact the case. 

Now the distribution of holes in the valence 
band is classical and hence the position of 
the top of the valence band can not be deter- 
mined as in the case of the conduction band. 
In order to determine it, the thermoelectric 
power is available. Fig. 12 shows an example 


Fig. 12. The graphical deduction of theoretical 
curve of thermoelectric power, where the energy 
gap is determined so that the theoretical rever- 
sal point of @ coincides with the experimental 
one. The potential probes are Nichrome wires 
whose @ against Cu is about —3.3uV/°C (@=0.04). 


of graphical construction of the theoretical @ 
given by Eas. (4) and (8). The energy gap, 
Eg, can be determined so that the theoretical 
reversal point of 9 coincides with the ex- 
perimental one. Then we have the effective 
mass of hole. The several quantities obtained 
so far are listed in the following table. 


Kg 


Tem B pe * 
(eC) (em?v-!see=2) Mn | (em?v—-Isec-2) mp™/m (mV) 
7 165 1440 0.054 18 1.0 55 
220 1100 0.059 16 1.4 95 
300 750 0.069 13 2.0 140 


Here, we don’t intend to insist that these 
values are accurate, but we can say with 
confidence that the energy gap is as small as 
several RT and the mobility ratio is very 
large. 


(b) a, phase 

Fig. 13 shows an example of analysis at 
165°C. As shown in the figure, when Ag is 
removed from the specimen in the mixture 
region, o. decreases, R (n-type) increases to 
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some extent, and 9 (p-type) increases until 
the whole specimen becomes the a, phase. 
At supplying Ag, they changes in the op- 
posite direction although there is a hysteresis 
effect, particularly at a comparatively low 
temperature (see also Fig. 5) duing to the 
large relaxation time of such a phase change. 


Temp, 165°C 


(a, 


al 


Fig. 13. logoe, log R, log Ro, and © e/k=60 vs. 
E at 165°C. 


Now, in the a, phase, on and oy» can be 
determined by trial and error so that both is 
expressed as classical as shown in the figure. 
Since Ro,” is considered to be equal to onftn 
as in the a, phase, we have the mobility of 
electron as 300cm? v-!sec-!, The mobility of 
hole can be also estimated from ¢» vs. eN 
curve just as in the a, phase as follows: Fig. 
14 shows o. vs. eN plot. Since p seems to 
be far larger than m, we may consider that 
p is equal to the concentration of ionized Ag 
ion vacancies. If it is assumed that every 
removed Ag ion forms Ag ion vacancy, then 
the majority of Ag ion vacancies should be 
neutral, that is, the Ag ion vacancies should 
have acceptor levels, the majority of which 
are occupied by holes. This view can not, 
however, account for the behavior as shown 
in Fig. 14, We suggest, therefore, an alter- 
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native models as follows: In the a, phase, 
a complex compound Ag,-z Te may be formed, 
where x is about 0.071 at 165°C, and 0.067 at 
240°C, for example, Ags7Te1u~AgsiTeis, and 
the deviation from such a complex composition 
supplies ionized vacancies, the number of which 
is equal to the hole. Further, according as 
the temperature is raised, the crystal changes 
its form so that the number of Ag ion vacan- 
cies increases, resulting in the increase of 
the number of holes and accordingly the in- 
crease of og. This model may not be con- 
clusive but it accounts for theZdata at least 
phenomenologically. 


Oe(Q@'cm’) 


160 190 200 


eN (C cm?) 


210 


Fig. 14. (a) oe vs. eN in the az phase. They 
are straight lines of the almost same inclination. 
(b) eNo vs. temperature, where eNp is the eN 
value corresponding to o.=0. 


Thus, the mobility of hole is estimated as 
0.3~0.4cm? v-!sec-!, which is almost  in- 
dependent of the temperature. With those 
values of on, Op, fm, and “yp, theoretical O 
vs. E curve can be drawn so that it fits to 
the experimental plot as shown in Fig. 13. 
Frem such a comparison, the effective mass 
of electron and holes and the energy gap can 
be estimated as mn*=0.024m, mp*=6m, and 
Ec=190.mV. At higher temperature, the ac- 
curacy of analysis becomes poor because of 
the smallness of ¢n/o» (e.g. at 240°C, wrn=125, 
Mn*=0.036m, 4yp=0.33, mp*=7m, assuming the 
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energy gap is equal to that at 165°C ie. 
190 mV), 
(ec) B phase 

As mentioned above, oai’s of AgI and 8 
AgeTe are very small and so the Ag content 
can not be varied at a fixed temperature in 
the 8 phase, and moreover, the accuracy of 
the measurement of F is not too well. There- 
fore, the reliability of analysis is not so large 
as in the @ phase. 

Now, 8 Ag.Te can be divided into the pure 
state and the mixed state as described in 
§3 (8). Fig. 15 shows log o., log Ro.?, and O 
vs.eE/kT in the pure region. The mobility 
and effective mass of conduction electron are 
obtainable by the procedure mentioned in (a) 
as shown in the figure. Fig. 16 shows E vs. 
eN in the B Ag.Te, and a similar plot in the 
@ phase (188°C) is also shown for the refer- 


5xI0] 5x10 


T(°C)ma/mM pn 
125 0:05 2000 
95 004 2600 


Fig. 15. (a) logoe, and FR o,? vs. eH/kT at 125°C 
and 95°C. (b) @e/k vs. eH/kT at 125°C. The 
energy gap is very narrow (might be negative). 


3 


1 2 
enV(C.cm) 

Fig. 16. H vs. eN (absolute) in 6 Ag,Te. The 
stoichiometric position is determined in the a 
phase (183°C). Besides, «» obtained from Fig. 
15 is also plotted against eN. 
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ence. The origin of the abscissa is fixed 
from an analysis in the a@ phase. Now, dp 
can be obtained by subtracting o» from «o, 
although the accuracy is not very well because 
of the smallness of o». Then 4» is estimated 
as 1lcm? v~'sec"! from oy» vs. eN plot as shown 
in Fig. 16. Thus ep and en are obtained, and 
accordingly the value of E corresponding to 
the stoichiometric composition is obtained as 
86mV at 125°C. This value is in accordance 
with that obtained from Fig. 16. supporting 
our analysis in the ® phase. The energy gap 
obtained from @ is very narrow as shown in 
the figure. 


20 50 100 [5020 50 100 150 
Temp(°C) Temp (°C) 
Fig. 17. (a) logo, and log(R o,?)!” vs. tempera- 


ture, and (b) © e/k vs. temperature corresponding 
to (a), where (2-3) and (4-5) represent that their 
oe are in the middle between No. 2 and 3, and 
No. 4 and 5, respectively. 


In the mixed region, the precipitation of 
Te(?) takes place very slowly and the uni- 
formity of the specimen is not too well, and 
so we shall only discuss it qualitatively. Fig. 
17 shows log o., log (Ro.?)”/? and @ vs. temper- 
ature when the temperature is raised from 
the room temperature. From the figure, it 
is seen that o, and o» decrease but o>/o, in- 
creases with increasing deficiency of Ag. 
The decrease of on and op» seems to be due 
mainly to the decrease of the mobility. More 
detailed discussion will be left to the future. 


(d) Remarks 

In the present analysis, the energy de- 
pendence of the mean free path of conduction 
electron has been assumed as /=/)(€/RT)?, 
This assumption may be, however, not neces- 
sarily allowed. In fact, other dependence, 
J=constant, can account for our data with 
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almost same extent of fitness, resulting in 
somewhat different values of effective mass 
and the energy gap, although the essential 
features so far mentioned are not changed. 
More detailed experiments and consideration 
will be necessary in order to determine which 
dependence is right. In collaboration with 
Mr. Yokota, the author wishes to discuss this 
subject in the future. 
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On the Backward Leakage Current in the Alloyed 


Germanium p-n Junction 
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It has been observed that the ‘‘creep’’ phenomenon often found in the 
backward direction of the alloyed germanium p-n junction occurred in 
the so-called ‘‘leakage current component’’. It has also been found 
that in some of the alloyed junction transistor samples, the characteristics 
of the collector junction was influenced by the creep in the emitter 
junction. The experimental procedures and results are described. 

Although we have no complete theory to explain these experimental 
observations at present, some essential remarks are given from theoretical 
consideration. In the last section, an experimental result which might 
be an evidence for the correlation between the creep phenomenon and 


the surface field effect is given. 


§1. Introduction 

It is often observed that the electrical 
characteristic of —m junctions, either alloyed 
or grown, does not obey the Shockley’s for- 
mula». One of the most serious discrepan- 
cies is the non-saturable backward current, 
which is often encountered in the physical 
experiments and technical procedures. 

In general, the backward current of the 
p—n junction consists of three components, 
i.e., the saturation current, the leakage cur- 
rent, and the breakdown current. In these 
components, the saturation and the breakdown 


components can be treated theoretically at 
present, while the leakage current component 
has been kept rather untouched from the 
theoretical point of view. Some works on 


the leakage current» have been published, 


which considered its dependence on the hu- 
mjdity and its correlation with the channel 
conduction, but the theoretical current-voltage 
characteristic has not yet been derived satis- 
factorily, 

Another characteristic behavior found in 
the “real” junction is the “creep” phenome- 
non®, The creep is defined as the variation 
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of the current under a fixed applied voltage. 
In the transistor and diode technology, this 
undesirable phenomenon is to be avoided by 
rinsing the specimens in the distilled water 
and baking them in vacuum or dry atmos- 
phere. These treatments are expected to 
take off any ions from the surface. Hence, 
it may be thought that the ions on the sur- 
face are playing important role in the creep. 
Nevertheless, simple theory based on _ the 
model of the ions on the surface can explain 
straightforward neither the i-v characteristic 
of the leakage current nor the creep phenome- 
non. We have been performing transistor 
lifetest for about three years, and it has come 
out very difficult to explain the electrical 
characteristics, such as collector cutoff cur- 
rent, collector impedance, current amplification 
factor, etc., of the deteriorated transistors 
from simple channel theory. 

Recently, Plummer has reported that the 
creep of the backward current occurred in the 
saturation current component. He adopted 
such an experimental procedure that the cur- 
rent-voltage characteristic can be taken for 
the same surface condition. Moreover, he 
observed the growth of channel during the 
drift and its rapid disappearance after the 
cessation of the applied voltage. 


#7.T- 13 


Current 


(a) 


Voltage 
(a) 


Current 


Voltage 


(b) 


Fig. 1. Examples of the two typical creeps. 
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We have really observed the creep of the 
saturation current component but do not belive 
that is only the case. In the course of analy- 
sis of the transistor lifetest results, we found 
two types of creep as shown in Fig. 1, one 
is the increase of saturation current under 
the applied voltage (Fig. 1 (a)), and the other 
is the increase of leakage current (Fig. 1 (b)). 
These experimental results were obtained by 
an X—Y recorder varying the bias voltage 
more slowly than the time constant of the 
recorder but fast enough to prevent the creep 
during the voltage variation. The creep was 
observed keeping the junction under the bias 
voltage for three minutes, as shown in Fig. 
1. When we observed these two types of 
creep, i.e., the creep in the saturation and 
the leakage current component, we tried to 
attribute the former to the formation of the 
channel conduction and the latter to simple 
surface ohmic leakage. To check these 
models, photocurrent was observed at the 
same time as the creep was going on. Fig. 2 
shows the experimental results, where (a) and 
(b) correspond to the saturation and the leak- 
age component creep, respectively. As are 
shown in the figure, the photocurrent (which 
was observed by a weak chopped light) varies 
in parallel with the current for the case of 
leakage creep. This might be thought to be 


8 min. 


O | 2 3 min. 


Time 
Fig. 2. Results of the simultaneous measurement 
of the photocurrent and the creeping current. 
(a) the saturation creep, and (b) the leakage 
creep. 
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an evidence for the above mentioned models, 
but it soon turned out to be very difficult to 
explain all of the characteristics of the de- 
teriorated transistors on the basis of such a 
simple model”. 

In this paper, experiments especially on 
the drift of the leakage current component, 
and on the correlation between the surface 
conditions and the leakage current are de- 
scribed. Typical present theories are survey- 
ed in trying to explain these experimental 
results. In the last section, a possibility that 
the drift phenomenon has correlation with 
the surface field effect is suggested with the 
help of the experimental results of time vari- 
ation of the current. 


§2. Creep Phenomena 


(2.1) Experimental apparatus 

As mentioned above, the creep phenomena 
can be observed with an X—Y recorder. 
Strictly speaking, however, the time constant 
of the recorder can not be neglected. A 
simple measuring circuit has been devised to 
avoid the effect of measuring operation on 
the creep effect. The circuit is shown in 
Fig. 3. The key switches in the figure which 
are encircled by dotted lines are being set 
under a purely mechanical pendulum. Setting 
the pendulum free, it opens these switches 
in the order of No. 1, 2 and 3 with desired 


to B 


Fig. 3. Circuit for measuring the instantaneous 
characteristics. 
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time lags of the order of milliseconds. At 


first, these three switches are closed and the | 


junction is forced to creep under the applied 
valtage of Vi. 
opened, the creep stops, and the junction is 
subjected to no bias. At the next instant, 
the switch No. 2 is opened, therefore is the 
switch S closed, and hence the current flows 
through the junction by virtue of the battery 
voltage V2. This current continues to flow 
until the switch No. 3 is opened at the next 
moment. In this way, the current voltage 
characteristics of the junction for the junction 
conditions just at the moment of the cessation 
of the voltage Vi. (At least within some 
milliseconds after that moment.) 

The current was measured using the galva- 
nometer ballistically, and with the aid of 
calibrated data. The result of calibration of 
the relation between the current and the 
deflection of ballistic galvanometer is shown 
in Fig. 4. The linearlity is fairly good as 
shown. The arrangement shown in Fig. 3 


is for the case of measurement of the effect | 


of the emitter creep on the collector character- 
istic of junction transistor about which men- 
tioned in the next section. 


D 
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Current 
Fig. 4. The result of the calibration of the ballis- 


tic galvanometer. (ballistic use of usual galvano- 
meter 


(2.2) Experimental results 

A typical example of the negative creep is 
shown in Fig. 5. The sample #A-1 is a 
deteriorated alloy junction transistor. There- 
fore, the initial current at the reverse voltage 
of 16 volts is above 100 microamperes. As 
the negative creep goes on, however, it de- 


When the switch No. 1 is | 
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creases to about 30 microamperes in 70 
seconds. In general, the decay of the current 
can not be expressed by a simple exponential 
function, as in the case of the same kinds of 
phenomena”. If the result of Fig. 5 is re- 
plotted in a semi-log scale, it is usually noticed 
that the apparent decay time constant in- 
creases as the time goes on. 


#A-| 
\ negative creep at |6 volts 


2075240 SO “60 70 “80 
Time in sec. 


Fig. 5. Negative creep observed in a deteriorated 
alloy junction transistor. 


The fact that the negative creep occurs in 
the leakage current component will be seen 
in Fig. 6. The variation of the current volt- 
age characteristic by the creep as shown in 
the figure is quite typical in the creep phe- 
nomena observed in this experimental work. 
As is seen in the figure, the saturation cur- 
rent component is not altered, while the leak- 
age current component is remarkably reduced 
by the creep. The characteristic curves in 
the figure do not contain cumulative creep 
effect by virtue of the circuit in Fig. 3. It 
is noticed that the ratio of the leakage cur- 
rent before and after the creep is nearly 


# A-| 


emitter creeping 
collector observation 


(arb. unit) 


iS) 


(a) before 


(b) after } creeping 


bya 
* 


Collector Current 


volts 


ite) 
Collector Voltage 
Variation of the current voltage char- 
acteristic of a junction by the creep effect. 


Fig. 6. 
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independent of the bias voltage. The leakage 
currents (total current minus saturation cur- 
rent) are plotted in semi-log scale in Fig. 7. 
Though, apparently, the currents are nearly 
exponential for the bias voltage, it is not 
exactly the case for the wider range of volt- 
age. It is noticed, however, that the two 
lines are nearly parallel, which means that 
the ratio of the currents does not depend on 
the voltage. 


(a) before 
(b) after 


} creeping 


(arb. unit) 


Leakage Current 


fe) 2 4 6 8 lon i2 
volts 


Fig. 7. Semi-log plot of the leakage currents 
before and after the creep. 


The effect of the emitter creep on the col- 
lector characteristic has been observed by the 
circuit arrangement as shown in Fig. 3. A 
typical result is shown in Fig. 8. At the time 
0 in the figure, reverse voltage of 35 volts is 
applied to the emitter of the alloy junction 
transistor #A-5, which is one of the detrio- 
rated transistors after about 10000 hours’ 
lifetest, and the collector current is observed 
for 30 seconds. At that moment, the emitter 
is opened, and then the recovery of the col- 
lector characteristic is observed for 60 seconds. 
As is shown, the collector characteristic is 
remarkably changed by the emitter creeping. 
Fig. 6 shows the change in the current volt- 
age characteristic of the collector correspond- 
ing to this kind of measurement. It is ob- 
served that very similar change in the current 
voltage characteristic of the collector junction 
as shown in Fig. 6 is caused both by the 
emitter creep and the creep of the collector 
itself. The interaction of the collector and 
emitter creep on each other has been observed 
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not in all of the samples investigated. The 
probability of finding this effect was about 30 
percent. 


emitter creeping (35 V) 
collector observation 


(arb. unit) 


Collector Current 


O 10 20 30 10 20 30 40 50 60 
(creeping) (recovery) Time in sec 
Fig. 8. Negative creep observed in the collector junction of an alloy 


transistor forced by the emitter creep. 


In general, it may be concluded that the 
time constant of the creep is considerably 
less than that of its recovery. This has been 
already pointed out by some of the workers” 
and also by the author®. For instance, owing 
to our previous (unpublished) work, the time 
constants in the two types of creep mentioned 
in the introduction, (Fig. 1), were found to 
be as shown in Table I. 


Table I. Time constants of the creep and 


its recovery. 


| time constants of the 


creeping | recovery 
saturation current creep | 294 min. 10.4 min. 
leakage current creep 9.5 min. 6.5 sec. 


In both cases, the time constants of the 
recovery is smaller than that of creeping. It 
will not be so worthwhile to compare the 
absolute values of the time constants found 
in the different experiments, since they are 
believed to be sensitively dependent on the 
surface conditions. 

It must also be noticed here, that these 
experimental results of the creep phenomena 
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can not be attributed to the thermal effect in 
the junction. This may easily be verified 
from the fact that the saturation current is 
not altered. In fact, tem- 
perature rise in the junc- 
tion was sometimes ob- 
served when the creep 
was forced by relatively 
high reverse’ voltages. 
This effect, however, was 
small and turned out to 
be negligible. 


§3. Effect of Glow Dis- 
charge on Germani- 
um Surfaces 

On the course of the 

work to investigate the 
effect of ambient atmos- 
phere on the transistor 
characteristics, it has been 
found out that the collec- 
tor characteristic was re- 
markably changed by the 
discharge in the Geisler 
tube connected between 
the rotary pump and the 
glass bell jar. The effect occurred only 
when the vacuum was rather low and there- 
fore the glow discharge could be observed 
extending to the bell jar from Geisler tube. 
The change in the collector characteristic was 
the remarkable increase of the leakage cur- 
rent. Experiments on the effect of glow dis- 
charge in low vacuum on the junction charac- 
teristic and on the surface recombination 
velocity was performed. 


(3.1) The effect on diode characteristics 


(b) 
(a) before 
(b) after 


} glow discharge 
treatment 


volts 
Fig. 9. The effect of glow diacharge on the back- 


ward characteristc of a junction. 
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The junction diode specimens were mounted 
in a bell jar and kept at the earth potential, 
and the jar was evacuated by a rotary pump. 
The diode characteristic was measured by an 
X—Y recorder, the results are illustrated in 
Fig. 9. 

The curves (a) and (b) correspond to before 
and after the discharge, respectively. As is 
shown, the leakage current component is 
increased about one or two orders of  magni- 
tude, while the saturation current component 
is increased only about three times or so. 

The increase in the saturation current could 
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easily be understood on the basis of the in- 
creased surface recombination velocity by the 
glow discharge, It seemed, however, to be 
difficult to explain the change in the leakage 
current by the change in the recombination 
velocity. Therefore, another model which 
took into account the local surface breakdown 
was imagined. 

This model was checked by the following 
experiment using the local photocurrent tech- 
nique”, As is shown in the right-hand side 
of Fig. 10, a small light spot is moved along 
on the periphery of the alloyed In dot of the 


in reverse 


after successive glow 
discharge treatment 


Q __light spot 
fy 


270 90 
180 


"360 
(O) 


240 280 320 


Dot Periphery 


Fig. 10. Result of the local photocurrent measurements to check the occurrance of surface breakdown. 


junction. The local photoresponse is measured 
and plotted in Fig. 10. From the previous 
experimental results”, it has been established 
that if a small breakdown region is formed 
on the periphery, a sharp peak comes out at 
that point in the photoresponse curve. The 
curve (a) is the photoresponse before the dis- 
charge, and (b) and (c) are after the discharge. 
As is seen from the figure, no peak appears 
after the discharge, while the response is 
reduced at every point. These results compel 
us to believe that the local breakdown model 
is not the case and to go back to the surface 
recombination velocity model again. 


(3.2) The effect on surface recombination 
velocity 

To confirm the effect of glow discharge on 

the surface recombination velocity, the local 

photoresponse along on the germanium rod 


was examined. For constant geometry, the 
photoresponse is a unique function of the 
surface recombination velocity, provided that 


Photoresponse (arb. unit) 


glow into 


ald * vacuum 
into high . glow 
vacuum humidity 


original 


into 
vacuum 


after 
48 hrs! 

glow 

Fig. 11. The effect of glow discharge on the 
surface recombination velocity measured on the 
rod of germanium single crystal. 
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the temperature is kept constant. The. ex- 
perimental results are shown in Fig. 11. 
Germanium rod of 0.2 x3 x20 mm in dimension 
is etched and the photoresponse is measured. 
The photoresponse shows no change after 
five minutes exposure to vacuum of 10-2— 
10-? mmHg. When the surface is subjected 
to the discharge in the vacuum, however, the 
photoresponse is reduced drastically as shown 
in the figure. The response recovered its 
initial value after 48 hours’ exposure to the 
room air. In the next run, recovery occurred 
by high humidity. From these results, it will 
be concluded that the discharge affects the 
surface in enhancing the surface recombina- 
tion velocity. Therefore, a question remains 
that how the large increase in the leakage 
current be explained from the increase of 
surface recombination velocity. 


§4. Effect of Alcohol on Germanium Sur- 
faces 


juaaang <— 


#Uue4iNg = 


Fig. 12. Effect of alcohol on the current voltage 
amp. per div., voltage; 5 volts per div. 
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It has often been experienced in the course 
of experiments on germanium diodes and 
germanium surfaces that the characteristics 
of the diodes and surfaces are considerably 
affected when they are subjected to alcohol. 

Since it is difficult to treat the effect of 
alcohol quantitatively, only the experimental 
results are mentioned here and qualitative 
considerations are postponed to the following 
section. 

(4.1) The effect on diode characteristics 

The effect of alcohol on the current voltage 
characteristic has been observed on an oscil- 
loscope as shown in Fig. 12. In the pictures 
of Fig. 12, units of the current and voltage 
are as follows, 


current....50 microamp. per div. 
voltage.... 5 volts per div.. 


When the diode is wetted by alcohol, the 
initial characteristic as shown in (a) is changed 
to that shown in (b). Because of the long 
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characteristic of a junction. current; 50 micro- 
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persistance of the cathode ray tube, the 
characteristic corresponding to the intermedi- 
ate state (or transient) can be seen in the 
figure. As the alcohol vaporizes in the room 
air, the characteristic recovers gradually as 
shown in the figures (c) and (d), 

It must be noticed that when the surface of 
the diode is wet, considerable creep (hyste- 
resis) appears as seen from (b) and (c). This 
hysteresis disappears when the surface is 
dried again. Another point which must be 
noticed is the fact that the alcohol induces 
leakage current remarkably. By rough esti- 
mation, the characteristic of (b), which cor- 
responds to the most wetted state, may be 
understood as the result of shunting the diode 
by ohmic resistance of the liquid alcohol. 
The intermediate state characteristics, how- 
ever, can not be understood by such a simple 
model, since they are not of ohmic character 
and have rather complicated shapes as shown 
in (c) and (d). For instance, when the alcohol 
begins to evaporate, the corresponding change 
in the characteristic occurs for higher volt- 
ages, while the current for lower voltages 
are kept almost unchanged, as shown in (c). 
The drift of the characteristic curve is illus- 
trated schematically in Fig. 13. These in- 
stantaneous current voltage characteristic 
curves can not be fitted by any existing 
theories. 


Voltage 


jua4ing 


a 


Fig. 13. Schematic representation of the recovery 
of the characteristic curve. 


The effect on surface recombination 
velocity 

The effect of alcohol on the surface recom- 
bination velocity has ever been observed in 
many kinds of minority carrier lifetime meas- 
urements. For instance, in the Morton-Haynes 
method, the output signal is increased by 


(4.2) 
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wetting the surface by alcohol. This signal 
recovers its initial value as the alcohol evapo- 
rates. In the Haynes-Shockley method, similar 
increase in the collector signal by alcohol is 
observed. When a germanium slab of 0.2 
mm in thickness is used in this kind of 
measurement, as shown in Fig. 14, the signal 
on the oscilloscope is changed from (a) to (b) 
when the surface is wetted by alcohol. 


E C 


—R 


Fig. 14. Effect of alcohol on the lifetime measure- 
ment. (Haynes-Shockley method) 


These experimental observations seem to 
show that the surface recombination velocity 
is reduced by alcohol. There is, of course, 
another possibility that the alcohol enhances 
the collectivity (or intrinsic alpha) of the point 
contact, but it has not been tried to ensure 
or rule out this possibility. At any rate, the 
reduction of the surface recombination velo- 
city by alcohol was confirmed by the experi- 
ment using germanium rod in the same man- 
ner as mentioned referring to Fig. 11. 

It is an open question that in spite of the 
opposite effect on the surface recombination 
velocity, glow discharge and alcohol show the 
the similar influence on the leakage current 
component of the junction diode. 


§ 5. Discussion 


Summarizing above mentioned experimental 
results, problems may be picked out as fol- 


lows; 
(1) What is the nature of the creep phe- 


nomena ? 
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(2) Through what kind of mechanism do the 
creep of emitter and collector of a tran- 
sistor correlate ? 

(3) Have we any junction rectification theories 
which involve the leakage current com- 
ponent that may creep under the influence 
of applied voltage ? 

Since it is quite difficult to answer these 
questions and explain all of the experimental 
results mentioned above, it is intended here 
to make a critical survey on some existing 
theories in the following at first, and then a 
discussion on the correlation between the 
creep and the field effect is given. 


(5.1) The leakage current 

Eriksen™® has presented a theory of junc- 
_ tion characteristics taking channel conduction 
into account. According to his theory, leak- 
age current which flows in the channel may 
be expressed in the form; 


1=1/2,0(|" avydv’) 


where jo is the saturation current across the 
surface p—mn junction, C the length along the 
periphery of the junction on the surface, g 
the surface conductivity. He assumed that 
jo is constant and independent of the position 
along on the channel. It has been observed 
that the surface conductivity g is roughly 
inversely proportional to the applied voltage 
across the surface junction (V’ in this case), 
Therefore, it is not so crude to substitute 
this voltage dependence into Eq. (1), which 
results in the following equation; 


(1) 


T=1/27,Ca log Vo (2) 
Vo 

where Vy is a constant introduced to avoid 

the divergence of the integration, and a is 

the proportionality constant. 

As is seen from the equation, the leakage 
current calculated in this way does not repre- 
sent the characteristic of the actual diodes. 
The leakage current observed in the actual 
diodes shows steady growing up, or strictly 
speaking, has positive second derivative with 
respect to the voltage, while Eq. (2) gives only 
negative second derivative. It can also be 
shown that this discrepancy has occurred not 
because of the assumed special voltage de- 
pendence of g. 

Eriksen has already pointed out that the 
geometry must be taken into account when 
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this theory is applied to the alloyed junctions, 
since above equation is the result for the 
grown junction. It has been found by rough 
estimation, however, that even if the geometry 
is considered, the above mentioned discrepancy 
would not disappear, as long as the usual 
voltage dependence of g is assumed. 

Cutler has calculated independently the 
leakage current in Si fused junction on the 
similar channel model’. In this case, g was 
assumed to be independent of the voltage dif- 
ference across the surface junction, while the 
theoretical junction current was used for the 
surface junction instead of the simple satura- 
tion current jy in the Eriksen’s formula. The 
result is expressed as follows; 


2. Ry ieee qV _y yal 3 


where the notations are rearranged for the 
convenience of the comparison with Eq. (1). 
In this calculation, geometry was considered 
only for the grown junctions. 

As is seen from Eq. (3), the leakage current 
derived in this way has negative second de- 
rivative,as was the case of Eriksen’s result. 

A remark which has been given independ- 
ently by these authors, is the invalidity of 
assuming jp to be independent of the position 
along on the channel. We believe this is one 
of the most important factors that must be 
considered hereafter, since it involves the 
correlation between the leakage current and 
the surface recombination velocity. One dif- 
ficulty occurs in this model when the experi- 
mental results of the creep phenomenon are 
considered. Since the result show the inde- 
pendentness of the change in the leakage 
current on the bias voltage, as mentioned 
referring to Fig. 7, the factor which is changed 
by the creep phenomenon must be involved 
in the quantites that can be put out of the 
integral in Eq. (1). If this is the case, the 
insertion of jo into the integral is utterly 
meaningless. 

It must be noticed here that there is an- 
other blindspot in the consideration of these 
channel models. It is usually believed that g 
is almost inversely proportional to the voltage 
difference across the surface junction, so the 
assumption made by Cutler that g is a con- 
stant with respect to the voltage seems to be 
crude. If, however, the voltage dependence 
of the surface conductivity g is assumed to 
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be unknown, it is possible, in principle, to 
deduce the dependence from the experimental 
results. By rough estimation, it promptly 
turns out that the voltage dependence of g 
so determined is quite unusual and no longer 
is a monotonic decreasing function of the 
voltage, 

In considering the creep phenomenon on 
this point of view, one must also estimate 
the validity of the assumption used so far 
that the surface potential gs is constant with 
respect to the voltage difference. 

In the above discussion, the possibility of 
the ionic conduction as proposed by Law™ 
has not been considered. It has been ruled 
out since the electrical characteristic was ob- 
served under relatively low humidity, and 
also since no ohmic character was measured 
in the experiments. 


(5.2) Creep phenomena and the surface field 
effects. 
Attention is focused on the creep phenome- 
non again in this section. If, in general, the 
current is expressed; 


\T=F(V, a), (4) 


the effect of the creep appears in the factor 
a. The time dependence of the creep and 
its recovery is understood as that of a. The 
nature of the quantity a is still in question 
at present, but it may be believed that the 
phenomenon is not the thermal one and is 
essentially connected with the surface proper- 
ties. ‘This is evident since the creep appears 
in the deteriorated transistors and diodes 
which exhibited no creep before the deteério- 
ration. 

One of the most striking feature of the 
creep phenomenon is the /arge time constant. 
The time constants associated with the creep 
are of the order of seconds or minutes, which 
are several orders of magnitude. larger. than 
the ordinary electronic reactions in the semi- 
conductors. 

It is noticed here, however, that such long 
time effects are rather familiar to the investi- 
gators of the semiconductor surface phe- 
nomena. In the surface field effect, relaxation 
with the time constants of the order of min- 
utes are commonly experienced which results 
from the slow transportation of electrons 
across the surface oxide layer. The time 
constants are dependent upon the thickness 
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of the oxide layer. In both of the above 
two phenomena, creep and filed effect, slow 
effect is observed under the application of the 
electric field on the surface. Hence, there 
may be some correlations between them. In 
the field effect, it is believed that the fast 
reaction occurs at first and then follows the 
slow reaction.. The former completes within 
the time comparable to the minority carrier 
lifetime while the latter takes seconds or 
minutes depending on the surface conditions. 
Therefore, the response of the field effect is 
generally observed as reported by Many et 
al®, 

Hence, it is quite natural to expect to find 
out the similar fast process at the beginning 
of the creep, if it-is really correlated to the 
field effect. According to the field effect 
mechanism, this fast process must be of op- 
posite direction with respect to the following 
slow creep. 

Experimental evidence has been obtained 
by single sweep method as shown in Fig. 15, 
and 16. The photographs show the variation 
of the current under a constant voltage as a 
function of time from the application. As is 
seen from the figures, the expected fast pro- 
cess could. be observed. For instance, fast 
positive creep occurs in 1 millisec. after the 
application of the voltage, after which slow 
negative creep follows as shown in Fig. 15. 
In another junction shown in Fig. 16, fast 
negative creep is followed by a slow positive 
creep. Denoting the time constants of the 
fast and slow creep: by t, and t,, respectively, 
the results are summarized in the Table II. 
The signs in the table are referred to the 
direction of the creep. 


Table II. Time.constants of the fast and 
slow creep. 
| = | . 
#5 — 240: microsec. | + 12 SEC 
#15 +550 microsec. | ~165 millisec. 
#. 4 ook 22-microsec. -+-430 millisec. 
_ 100 microsec. | +130 millisec. 


#11 


It was not possible to observe the fast 
creep in all of the samples tested. Two rea- 
sons are imagined, i.e., too small time con- 


“stants to be detected by the apparatus used, 


or the lack of the effect itself, 
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One may notice at once seeing the results 
of Table II that rt, is somewhat larger than 
the time constants of the fast process in the 
field effect experiment, since the time con- 
stant of the fast process in the field effect is 
believed to be of the order of the carrier 
lifetime. However, we have some informa- 
tions concerning on this result. 

Fig. 17 and 18 show the results of the 
measurement of the field effect mobility as a 
function of frequency. As are shown in the 
figures, field effect mobility is sensitively af- 
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(c) 20msec/5 div 
Result of the single sweep experiment. 
The“unit of the time scales are: (a) 500 micro- 
sec./5 div, (b) 2 milli-sec./5div, (c) 20 milli-sec/ 
5 div. (sample # 15) 
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fected by the surface conditions. In some 
cases, inflection appears in the curve. Mon- 
tgomery'? has already pointed out that this 
inflection point corresponds to the minority 
carrier lifetime. In our experimental results, 
however, the time constants obtained from 
the inflection point were sometimes consider- 
ably larger than that expected from the life- 
time. The similar results are published by 
Iwata et al’® on the surface experiments of 
Si. The time constant of the fast decay was 
ranging from several hundred microseconds 
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Fig. 16. Result of the single sweep experiment. 
The unit of the time scales are; (a) 200 micro- 
sec./5div, (b) 500 microsec./5div, (c) 500 milli- 
sec./5 div. (sample # 13) 
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to some milliseconds™. Hence, it seems that 
there remains some questions on the belief 
that the time constant of the fast process in 
the field effect should be correlated with the 
carrier recombination. 


x107 


It must be noticed that the discovery of 
the fast process in the creep phenomenon 
may give a strong evidence for the correlation 
between the surface field effect and the creep. 
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Fig. 17. Field effect mobility as a function of the frequency. 1, etched, 2, polished surface, respectively. 
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Fig. 18, Field effect mobility as a function of the frequency. 1, original, 2, HNO; treated, respectively. 
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§ 6. Conclusion 


Experimental results on the backward 
characteristic and the creep phenomenon of 
the junction diodes have been given with the 
related surface and diode phenomena. The 
difficulties encountered in explaining the re- 
sults on the basis of the present theories have 
been surveyed. It is noticed that no existing 
theories are successful in the explanation 
without introducing some additional models 
or concepts. 

It has been pointed out that there is a pos- 
sibility that the creep is caused by the same 
mechanism which is underlying the surface 
field effect. Though it is still a possibility, the 
experimental evidence presented by the single 
sweep observation seems to support the model 
strongly. 

As a final comment, it should be noticed 
that there are at least two kinds of creep 
phenomenon, i.e., the creep in the relatively 
low humidity ambient and in high humidity, 
respectively. The former may be treated on 
the basis of electronic process, while it will 
not be adequate to treat the latter on the 
same basis. The same will be true for the 
case of the surface effects of semiconductors. 
Thus, the discussion of the surface properties 
whether they are of electronic or ionic with- 
out specifying the surface conditions may 
sometimes further introduce more confusions 
than clarify the situation. 
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Effect of External Stress on the Domain Structure of WO, 


By Sigetosi TANISAKI 
Faculty of Literature and Science, Yamaguchi University 
(Received December 23, 1957) 


WOs3 is monoclinic at room temperature and has a domain structure 
with walls of (110) and (100) twin planes. The (110) wall is displaced 
sideways by a pressure externally applied along the 6} axis, resulting in 
the change of the axis 6 to the shorter axis a. The (100) domains 
change to a single domain by stress X,. The single domain crystal ob- 
tained in this way is used to determine the optic elasticity axes of WO3. 
Two peculiar types of domain structure appear by a pressure along the 
ce axis, which can be understood as resulting from the change of the 
axis c to the axis @ by the stress. This sensitivity of domain structure 
to the stress seems to be due to the monoclinic and pseudosymmetric 


structure of this crystal. 


Introduction 


Se 
Tungsten trioxide, WO;, was first reported 
to be a ferroelectric by Nagasawa” and Mat- 
thias» and then there have been many reports 
in relation to the ferroelectricity or antiferro- 
electricity. According to Ueda and Kobaya- 
shi®? WO; is monoclinic and has an antiferro- 
electric atomic arrangement at room tempera- 
ture and the unit cell dimensions are a= 
7.2744, 6=7.501A, c=3.824A, 8=90°56’. It has 
a domain structure with walls of (110) and 
(100) twin planes which is sensitive to external 
stress. Hirakawa* and, Ueda and Ichinoka- 
wa”, reported on the effect of stress on (110) 
domains. In the present paper, the effect of 
external stress on both (110) and (100) domains 
and two peculiar types of domain structure 
which appear by stress will be reported. 


§2. Experiments 


The crystals used in this experiments are 
thin plate crystals with well-developed c sur- 
faces produced by sublimation of purified 
tungstic acid in the same way as was reported 
in the previous paper». The purer is tungstic 
acid, the fewer and the greater are the do- 
mains of the crystals obtained, and such 
crystals are convenient to observe the effect 
of external stress on the domain structure. 

a) (110) domain 

When ac surface of plate crystal is observed 
by the metallurgical microscope, (110) and 
(100) domain walls can be seen clearly because 
the crystal is monoclinic and therefore the c 
surface is not flat but zigzag on account of 
its domain structure. Five straight lines which 


make an angle of 45° to the crystal edges in 
Photo. 1 (a) are (110) domain walls, and the 
many fine parallel lines which are parallel or 
perpendicular to the crystal edges are (100) 
walls and so the direction of the 6 axis of 
the crystal can be known easily from these 
(100) walls. When a pressure is applied along 
the a or b axis of such crystal, (110) walls 
are displaced sideways and the domains whose 
b axis is perpendicular to the pressure widen 
and the domains whoes 6 axis is parallel to 
the pressure narrow. On being applied a 
sufficiently strong pressure all (110) walls are 
displaced and disappear in a thin crystal. 
But in a thicker crystal it is not easy to 
move (110) walls and sometimes the crystal 
is destroyed by severe stress before wall dis- 
placements are observed. Photo. 1 (b) shows 
the effect of the pressure shown by arrows 
on (110) walls. Among the five (110) walls 
of Photo. 1 (a), two pairs of walls disappear 
and there is one short wall left near the right 
lower corner of the crystal. 


(b) 


ea 
Effect of the pressure shown by arrows 
on (110) walls. 


Photo. 1. 


b) (100) domain 
In order to observe (100) domains, it is bet- 
ter to observe a b surface of the crystal by 
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a polarizing microscope. Because one of the 
three optic elasticity axes of WO; is coincident 
with the crystallographic 6 axis and the other 
two in the 0 plane are different from a andc 
axes by a small angle in the monoclinic 
phase. Therefore extinction positions are dif- 
ferent in each adjacent domains, and so 
a beautiful domain pattern is observed between 
crossed nicols as shown in Photo. 2 (a). The 
dark and bright parts of the domain pattern 
can be interchanged by a rotation of the 
crystal. When shearing stress X, is applied 
to this crystal, it can be changed into a single 
domain crystal as shown in Photo. 2 (b). The 
orientation of the two optic elasticity axes in 
the 6 plane can be determined by observing 
the extinction positions of such single domain 
crystal in consideration of the sense of the 
applied shearing stress. Fig. 1 shows the 
positions of optic elasticity axes with respect 
to the crystallographic axes. A gipsum plate 
was used in order to distinguish the X’ axis 
from the Z’ axis. 

These changes of (110) and (100) domain 
structure by the external stress do not recover 
even if the stress is removed. 


(a) (b) 
Photo. 2. Effect of the stress X, on (100) walls. 


‘ 


x 


Fig. 1. Optic elasticity axes of WO3. 


c) two peculiar types of domain structure 
When a b surface is observed, a new type 
of domain structure produced by a pressure 
applied along the c axis is found. If the pres- 
sure is increased slowly, wedge-shaped domains 
making about 45° to the c axis are nucleated 
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at the crystal edges and extend across the 
crystal (Photo. 3). When the stress is removed, 
only small wedges in the initial stage of for- 
mation disappear at once, but the other large 
new domains do not show any change of ap- 
pearance. These new domains extend through 
the thickness of the crystal. When such 
crystal is observed by the polarizing micro- 
scope using only a polarizer, the new domains 
and the original part of the crystal show the 
dichroism, and the difference of the absorp- 
tion of two parts of the crystal is maximum 


Photo. 3. Domain structure obtained by the pres- 
sure along the c-axis. 


Pee | 2 


Photo. 4. First type of the domain structure 
obtained by the pressure along the c-axis. 


saints lt 


Photo. 5. Second type of the domain structure 
obtained by the pressure along the c-axis, 
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in the position in which the ¢ axis of the 
original crystal is parallel to the direction of 
polarization and the contrast is reversed at 
the perpendicular position to this. From this 
fact it seems that in the new domains the 
orientation of the @ and c axes is interchanged 
with respect to that of the original part of 
the crystal. This is ascertained by taking 
X-ray rotation photographs of a crystal, which 
mostly consists of new domains, and is ob- 
tained by widely applying a pressure to the 
c surface. 

Inside this new domain many fine laminar 
domains are observed between crossed nicols, 
which extend nearly perpendicularly or parallel 
to the c surface of the crystal. Their domain 
walls seem to be (001) and (100) twin planes 
respectively judging from the reversal of the 
a and ¢ axes. Such indices of planes in the 
new domains are expressed for convenience 
with a prime like (100)’ and indices without 
prime are used only for the original part of 
the crystal in the following. These (001) 
domains are related to the original (100) do- 
mains at the boundary as shown in Photo. 4 
and 5. These photographs show the two 
standard types of domain structure near the 
boundary. In Photo. 4 the right upper side of 
the boundary is the original part of the crystal 
and the left lower side of it is the new domain 
part, and in Photo. 5 the left upper side is 
the original part and the right lower side is 
the new domain part. In the first type the 
upper dark (100) domains link to the lower 
bright (001) domains and the bright (100) 
domains to the dark (001)’ domains and an 
angle between the (100) and (001)’ walls mea- 
sured on the photograph is about 177°. In 


~ contrast to this, in the second type the dark 


(100) domains link to the dark (100)’ domains 
and the bright (100) domains to the bright 


~ (100)’ domains and an angle between the (100) 


~ 


> 


and (100) walls is about 87°. 


Those two peculiar types of domain struc- 
ture can be explained as follows by taking 
into consideration the reversal of the a andc 
axes on either side of the boundary. The 
orientation of the crystallographic axes of 
each domain in the first type can be de- 
termined, as shown in Fig. 2, from the domain 
pattern observed between crossed nicols and 
the orientation of the optic elasticity axes 
relative to the crystallographic axes shown in 
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Fig. 1. Then the boundaries of the original 
and new domains seem to be (201) or (201), 
and (201) or (201)’, which are their twin 
planes, and the angle between (100) and (001) 
in each case is calculated to be 177°10’ and 
177°4’ respectively from the crystallographic 
data by Ueda and Kobayashi®, There is a 
difference of angle 6’ between them but the 
calculated value and the measured one coin- 
cide very well. In order to maintain the 
condition of continuity at the domain boundary 
so that the crystal does not show any crack 
or overlapping, there must be in the crystal 
a strain caused by this difference of angle 6’. 
Sometimes very fine (100) domains which 
seem to be due to this strain can be observed 
inside the (001) domains. 


Fig. 2. 
type. 


Crystal axes of each domain in the first 


In the same way as in the first type, the 
orientation of the crystallographic axes of 
each domain in the second type can be de- 
termined as shown in Fig. 3. There is no 
boundary plane of low indices in which the 
condition of continuity is completely fulfilled. 
Among several probable combinations of 
boundary planes, for example (201) (201)’, 
(101) (401), (403) (301)’, (302) (803)’, and (805) 
(502)’ etc., a combination of (302) and (803Y 
shows the best fitness and so the orientation 
of the boundary plane seems to be very close 
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to (302) and (803, or (803) and (302). When 
it is assumed to be (302) and (803) themselves, 
calculated values of angles between (302) and 
(100) and between (803)’ and (100) are 51°10’ 
and 35°49’ respectively, and the sum of them 
is 86°59’ which coincides very well with the 
measured value 87°, 


(100) 


Fig. 3. Crystal axes of each domain in the second 
type. 


Thus the characteristics of the two types 
of domain structure can be almost explained, 
but the condition of continuity at the boundary 
is not fulfilled completely in both cases. In 
fact, the real domain structure is not always 
one or the other of the above two standard 
types, but is a complex structure in which 
the two types are mixed together and some- 
times a few domains disapper at the boundary 
in such a way that the strain caused in the 
crystal becomes as small as possible. 


§ 8. Discussions and Conclusions 


The fundamental unit of the structure of 
this material is a WO, octahedron formed by 
a tungsten atom and octahedrally coordinating 
six oxygen atoms, and these octahedra are 


Sigetosi TANISAKI 


(Vol. 13, | 


coupled together by sharing corners to form | 
a three dimensional crystal lattice. WOs; is 
not cubic but monoclinic at room temperature | 
and there are four somewhat distorted WO, | 
octahedra per unit cell. Therefore the a and 
b axis lengths are each approximately twice | 
the c axis length and the relation, ab<2c, | 
is noticed between the three axis lengths. In 
the above experiments, the (110) wall is dis- 
placed sideways by a pressure along the bj 
axis with the change of the axis b to the} 
shorter axis a, and the (100) domains change | 
to a single domain by stress X,, and two 
peculiar types of domain structure appear by | 
the pressure along the c axis with the change | 
of the axis c to the axis a. Judging from the | 
monoclinic and pseudosymmetric structure 
above described, all these changes of the do- | 
main structure are not astonishing and needs 
only a small displacement of each atom. Thus | 
the sensitivity of domain structure to the ex- 
ternal stress seems to be due to the mono- 
clinic and pseudosymmetric crystal structure | 
of this material. 

In conclusion the author wishes to express 
his hearty thanks to Prof. K. Tanaka of} 
Kyoto University for his continual guidance | 
and encouragement, and to Dr. T. Nakamura} 
of Tokyo University for his valuable sugges- | 
tions. This work was supported partly by 
the Scientific Research Expenditure of the 
Ministry of Education. 
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Ferroelectric and Optical Properties of Na(K-NH,)-tartrate 
Mixed Crystals 


By Yasuharu MAKITA and Yutaka TAKAGI 
Tokyo Institute of Technology, Oh-okayama, Tokyo 


(Received January 10, 1958) 


The phase diagram of the mixed crystals composed of Nak-tartrate 
and its isomorph NaNH,-tartrate has been investigated over the whole 


range of the concentration. 


The properties of each phase have been 


studied by dielectric and pyroelectric measurements and by optical ob- 


servations. 


In 90.5 per cent NaNH,-tartrate crystal three kinds of poly- 


morphic modification have been found, that is, successively, a ferro- 
electric phase with spontaneous polarization along the crystallographic 
6 axis, another ferroelectric phase with spontaneous polarization along 


the crystallographic a@ axis and a paraelectric phase. 


The phase~ of 


compositions near the pure NaNH,-tartrate has been confirmed to be fer- 
roelectric with spontaneous polarization along the 6 axis. 


§1. Introduction 


It has recently been found that NaNH.- 
tartrate is ferroelectric below the transition 
point of —164°C with a spontaneous polari- 
zation in the direction parallel to the 0 axis”. 
The crystal shows many peculiar properties: 
1) Its dielectric constant along each crystal- 
lographic axis does not follow the Curie-Weiss 
law above the transition point, and the pyro- 
electric charge developed on the crystal 
surface at the transition point remains con- 
‘stant for further cooling. 2) The domain 
structure is not affected by an ac electric 
field of 20 Kv/cm, while it can easily be affect- 
ed by a shearing stress Z,.. These proper- 
ties form striking contrasts if compared with 
those of NaK-tartrate (Rochelle salt) or other 
normal ferroelectrics. 

As well known, the non-polar phase of 
NaNH.-tartrate (NaNH,C,H,O0,-4H.2O) is _ iso- 
morphous with the non-polar phase of NaK- 
tartrate (NaKC,H,O,-4H.0), and they can form 
a continuous series of solid solution over the 
whole range of concentration. These mixed 
crystals were first investigated by Kurtschatow 
et al and have recently been re-examined 
by Melmed ef al.® Substitution of very small 
amount of NaNH,-tartrate reduces the tempe- 
rature range of ferroelectric activity in NaK- 
tartrate very rapidly. Substitution of about 
two per cent eliminates the spontaneous polari- 
gation entirely. The ferroelectric activity, 
_ however, reappears in the crystals containing 
more than about eighteen percent of NaNH,- 


tartrate. These crystals show a single Curie 
point at low temperatures, exact position of 
the transition depending upon the concentra- 
tion. The Curie point-composition curve goes 
down linearly from about 20 per cent to about 
60 per cent. It seemed to be difficult to 
foretell how it can be connected with the 
transition point of —164°C of NaNH,-tartrate. 
Moreover, it must be emphasized that the 
spontaneous polarization of NaNH,-tartrate 
lies in the direction parallel to the b axis while 
the spontaneous polarization of NaK-tartrate 
and those of all the mixed crystals which have 
been so far investigated lie in the direction 
parallel to the @ axis. So it can not be ex- 
pected that the Curie point-composition curve 
given by the previous investigators should be 
connected smoothly with the transition point 
of NaNH,-tartrate. 

However, Melmed e al. have found that 
the crystal containing 98.1 per cent of NaNH,- 
tartrate shows a small anomaly in the di- 
electric constant at —155°C, the behavior of 
which being quite similar to that observed 
in the pure NaNH,-tartrate. It seems, there- 
fore, that this transition point of —155°C of 
the 98.1 per cent crystal should be connected 
with the transition point of —164°C of the 
pure NaNH,-tartrate. 

Our primary concern in the present paper 
is to study in more detail the dielectric, pyro- 
electric and optical properties of the mixed 
crystals of the compositions near the pure 
NaNH,-tartrate. Our second purpose is to re- 
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examine. and to complete the phase diagram 
over the whole range of this system. 


§2. Preparation of the Crystal Plates 


The crystals were grown by cooling method 
in a 2-litre beaker filled with saturated aque- 
ous solution. It usually required two weeks 
to decrease the temperature from 28°C to 
26°C; the regulation was achieved by a 
thermoregulator. 

The composition of the crystal depends 
upon the composition of the solution, as shown 
in Fig. 1. The data have been obtained by 
chemical analysis through the measurement 
of the weight of potassium contained in the 
crystal; the accuracy of the analysis is within 
0.5 per cent. The results are in fairly good 
agreement with those obtained by Melmed 
et al., though slightly different from those 
obtained by Kurtschatow et al. The latter 
investigators did not give the temperature 
of crystallization used in their experiment. 
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Fig. 1. The relation between the compositions 
of the crystals and the solutions. 


The pure NaNH,-tartrate and the mixed 
crystals around it show a pronounced tendency 
to dehydrate, while the pure NaK-tartrate 
and the mixed crystals around it sometimes 
show a tendency to deliquesce. In the course of 
our studies, therefore, the crystals have always 
been preserved in five desiccators, each being 
kept at a suitable humidity according to the 
composition of the mixed crystals, except the 
short time when the crystals were set in the 
measuring apparatus. The specimens used 
were cut out of mother crystals by means of a 
wet thread saw and then ground on a linen 
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cloth with the abrasive of fine powder of | 
chrome oxide suspended in liquid paraffin. In | 
the cutting and grinding processes, special 
attention was paid to the orientation of the 
crystal plates with reference to the crystallo-— 
graphic axes. 


§3. Dielectric Properties 
1, Dielectric Constants 


As the electrodes, silver-foils have been 
attached by absolute alcohol on the surfaces 
of the specimens of the area 0.7 to 6cm? 
and the thickness 0.7 to 1.5mm. The di- 
electric constants have been measured over 
the temperature range from about 30°C down 
to —190°C by a usual bridge method with an 
ac field of 1KC/sec and the field intensity of 
5 to 10 v/cm. 

According to the dielectric properties, it is 
convenient to divide the mixed crystals into 
four groups, as was done so by Kurtschatow | 
et al. and Melmed e¢ al. | 

The first group covers the range 0 to 2.5 ) 
per cent. This group is characterized by the 
typical NaK-tartrate behavior, all crystals 

‘ 
| 
| 
; 


except the 2.5 per cent one having two transi- . 
tion points. In the pure NaK-tartrate, as 
known well, there are two high peaks in the 
dielectric constant along the a axis, &4, at | 
the two transition points of —18°C and 24°C, 
respectively. In the crystal containing only | 
2.5 percent NaNH,-tartrate, the upper and 
the lower transition points merge with each 
other at —5.5°C. It is observed that the 
effect of the addition is much more pronounced 
for the upper transition point than for the 
lower one. The results are shown in Fig. 2. | 
The second group covers the range 2.5 to 
18 per cent. This group is characterized by | 


Group! 
___ GroupI c= 


— 


Nok-tortrate 


+ 


Dielectric constants ( €a) 


“200 -i180 Sas Rhataeb -60 -40 -20 0 
‘Temperature 
Fig. 2. Dielectric constants along the @ axis in 
the crystals belonging to the groups I, II and 
Ill. 
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a low and broad peak in the dielectric con- 
stant, €4. The peak is lowest for about 15 
per cent NaNH,-tartrate (Fig. 2). 

The third group covers the range 18 to 85 
per cent. This group exhibits a pronounced 
single peak in the dielectric constant, &4, of 
which the peak value decreases as the con- 
centration of NaNH,-tartrate increases (Fig. 
2). 

On the whole, our results of the dielectric 
constant along the a@ axis of the crystals con- 
taining less than 85 per cent of NaNH-tart- 
rate are in fairly good agreement with those 
obtained by Melmed ef ai. In these groups, 
the dielectric constants along the 6 and c axes 
(€, and &€-) have also been carefully examined. 
They show no anomalies at the transition points 
mentioned above, as shown in Fig. 3a. 
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; Fig. 3. Dielectric constants along the 6b and ec 
axes. 
Solid circles: €,, Open circles: é¢. 
(a): The groups II and III. 
- The arrows show the temperature where the 
peak of the dielectric constant along the a axis 
appears. 
(b): The group IV. 


The fourth group covers the range 92.5 to 
(100 per cent. This group is characterized by 
asmall anomaly in all three dielectric constants 
€,, €) and & with a discontinuity at the lower 
temperature side of the transition point (Figs. 
3b and 4). A small peak is observed in &4 


> 


| 
a 
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in the crystals containing about 92.5 per cent 
NaNH-tartrate, but it tends to disappear as 
the composition approaches 100 percent, as 
shown in Fig. 4. The locus of these transi- 
tion points proves to be a phase boundary. 


Dielectric constants (€a) 


—120°C 


-140 


-160 
Temperature 


Fig. 4. Dielectric constants along the @ axis of 
the crystals belonging to the group IV. 


-200 —180 


The 90.5 per cent crystal, lying between 
the groups III and IV, reveals two phase 
transitions at —163°C and —176°C. It has 
been confirmed that the upper transition is 
the same as those observed in crystals of the 
group III, because it is accompanied with a 
fairly large peak of only one dielectric constant 
&€a4, while the lower transition is the same as 
those observed in the crystals of the group 
IV, because it is accompanied with a small 
anomaly of all three dielectric constants €u, 
&€ and & (Fig. 5). 
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Fig, 5. Dielectric constants along the three crys- 
tallographic axes of the 90.5 per cent crystal, 
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2. Dielectric Hysteresis Loops 

Under a high ac field of 50 cycles/sec ap- 
plied parallel to the @ axis, the dielectric 
hysteresis loop has been observed on a 
cathode ray oscilloscope. The crystals belong- 
ing to the group I reveal ferroelectric hystere- 
sis loops at temperatures between their two 
transition points (Fig. 6). 

On the other hand the 12 per cent crystal, 
which belongs to the group IJ, does not dis- 
play a ferroelectric hysteresis loop for an 
applied field of 25Kv/cm. Contrary to our 
expectation, we observed hysteresis curves 
much resembling those of ferroelectrics in 
the crystals just outside the phase boundaries 
of the groups I and III. 

The crystals belonging to the group III 
reveal ferroelectric hysteresis loops below 
the transition points. The coercive field in- 
creases not only with decreasing temperature 
but also with increasing concentration of 
NaNH.,-tartrate. 

The crystals belonging to the group IV 
reveal only straight lines instead of the 
hysteresis loops all over the temperature 
range from 30°C to —190°C under an applied 
field as strong as 25 Kv/cm. 

It has been found that the 90.5 per cent 
crystal reveals ferroelectric hysteresis loops 
only at temperatures between the upper and 
the lower transition points, although an ac 
field strength of 20 Kv/cm was not enough to 
bring about the saturation, as shown in Fig, 
7. 

The hysteresis curve has also been sought 
under a high ac field parallel to the 6 or the 
c axis. But it turned out that all the crystals, 
including those belonging to the group IV, 
display only straight lines instead of the 
hystersis loops all over the temperature range 
from 30°C to —190°C under an applied field 
of 25 Kv/cm. 

In the course of the study of hysteresis 
penomena, some double hysteresis loops have 
been observed. The 20 percent crystal is 
very notable with its peculiar properties. 
With this crystal, it is possible to observe a 
double hysteresis loop at temperatures ranging 
from about —76°C (the transition point) down 
to about —150°C and under a relatively weak 
field (Fig. 8a). This anomalous hysteresis 
phenomenon is very similar to those recently 
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observed by Yurin®* in Nak-tartrate crystal 
which had been intensely irradiated by y-ray 
for several hours. 


increased, while in the Yurin’s experiment 
the double hysteresis loops are observed to 


persist even under the field high enough to | 
Moreover, the life time 


cause the saturation. 
of the double hysteresis loop is usually very 
short after a high field had been applied to 


our specimen and it becomes much shorter if | 
the temperature of the crystal is changed 


several times up and down across the transi- 
tion point under a high ac or dc field. After 
such a treatment the double loop often disap- 
pears, giving rise to the normal loop, and 


However, there exists a | 
striking difference: in our case the double | 
hysteresis loop changes into an ordinary ferro- 
electric hysteresis loop as the applied field is | 


both the maximum electric polarization and 


the slope of the hysteresis loop become much 
larger than those observed before the treat- 
ment (Fig. 8 (b), (c)). It is very interesting 


to notice that the coercive field observed | 


after treatment is often smaller than the 
threshold field (Fig. 8d). 
the initial state with its double hysteresis 
loop requires several weeks or more, and it ap- 


pears that the longer we keep the specimen at | 


a temperature below the transition point, the 


more stable becomes the double hysteresis | 


loop. 


loops are also observed in other crystals at 
compositions adjacent to the phase boundaries 
between the group II and its neighboring 
groups on both sides under the same experi- 
mental conditions as above. Some examples 
are shown in Fig. 9. 


Pyroelectric Properties 


§ 4. 


In order to make clear the peculiar proper- | 
ties described in the preceding sections, the | 


pyroelectric tests have been carried out by 
means of Simizu-type electrometer»), ~ The 
sensitivity of about 5x10-"Coul/division can 
be attained by this device. A cooling rate 
of 1°C/min was adopted. 

“As will be expected, all the crystals cut 
perpendicularly to the @ axis (X-cut specimen) 
belonging to the group I, except the 2.5 per 


en 


* The writers are grateful to Dr. T. Nakamura 
and Dr. T. Sakudo for the information about the 
Russian references. 


The double or the double-like hysteresis } 


The recovery to | 
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Fig. 6. Dielectric hysteresis loops in the crystals belonging to the group I. 
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Fig. 7. 


applied field parallel to the @ axis. 


—172°C 
A series of the dielectric hysteresis loops in the 90.5 per cent X-cut specimen under the 
Hise= 20 Kv/cm. 


(e) -88°C : 
The double hysteresis loops observed in 
the 20 per cent crystal and the effects of vari- 


| Fig. 8. 


ous treatments. The vertical line denotes the 
polarization scale (Pc) and the horizontal line 
denotes the maximum field (Hscate). 
(a): Before the treatments. Ps-=3.84~x 10-8 
Coul/em?2, Hse=758 v/cm._ The threshold field 
EH, =405 v/cm. 

(b): After the temperature cycling through 

¥ the transition point 2 times under a high ac 

2 field. 

a Ese=300 v/em, Pse=1.53 x 10-8 Coul/cm?. 

loop (1): the moment field was applied to the 
specimen. 

loop (2): after 4 seconds. 

(c): After the temperature cycling through 
the transition point 3 times under a high ac 
field. The short linear line at the center of 
the figure was obtained with an ae field less 
than the threshold field. Pse=1.79 x 10-8 Coul/ 
em’, #/ ¢-=354 v/cm. 

(d): Under a high ae field. Pse=6.38 x 10-8 
Coul/cm?, Hse=2.3 Kv/cm?. 


a ay eee er Te Oe 


Eise=4.5 Kv/cm. 
Fise=6 Kv/em. 


— 168°C — 155°C 


cent one, show a pronounced pyroelectricity 
at temperatures between the upper and the 
lower transition points. 

The X-cut specimen of 12 percent crystal, 
which belongs to the group II, did not show 
any trace of pyroelectricity at its passage 
through the dielectric peak point. 

The X-cut specimens belonging to the group 
JI show a pronounced. pyroelectricity below 
the transition point. The results for some 
representative crystals are shown in Fig. 10. 

The crystals cut perpendicularly to the b 
or the c axis (Y- or Z-cut specimens), belonging 
to the groups I, II and III did not show any 
trance of pyroelectricity at their passage 
through the transition points or the dielectric 
peak points. 

The pyroelectric tests of the xX-, the Y- 
and the Z-cut specimens belonging to the 
group IV have been carried out. The Y-cut 
specimens show a sudden occurrence of pyro- 
electricity just at the transition point and 
the charge amount proves to be _ tempe- 
rature independent, as shown in Fig. 11. 
The X- or the Z-cut specimen did not show 
any trace of pyroelectricity at its passage 
through the transition point. 

As expected, the 90.5 per cent X-cut speci- 
men, lying between the groups II and IV, 
displays a pyroelectricity characteristic of the 
normal ferroelectrics at temperatures only 
between the upper and the lower transition 
points. Moreover, the Y-cut specimen of this 


— 140°C § 
~163°C | 
— 182°C ae 
Fig. 9. 
(a): The 23 per cent crystal. 
(b): The 19 per cent crystal. 
loop (1): under relatively weak fields. 


loops (2) and (8): 


crystal reveals the same type of pyroelectrici- 
ty as those observed in the crystals belonging 
to the group IV only below the lower transi- 
tion point, as clearly demonstrated in Fig. 11. 

The Z-cut specimen of this crystal did not 
show a trace of pyroelectricity. The results 
mean undoubtedly that this crystal begins to 
polarize spontaneously in the direction parallel 
to the a axis at the upper transition point, 
and spontaneous polarization increases until 
the temperature reaches the lower transition 
point, at which its direction rotates suddenly 
by 90° towards the direction parallel to the 
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Fig. 10. Behaviors of pyroelectric charge in the 
X-cut specimens of the crystals belonging to 
the groups I, II and III. 
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b axis and thereafter its magnitude seems 
to remain constant. 
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Fig. 11. Behaviors of pyroelectric charge in the 


90.5 per cent crystal and those of the group IV. 


It is to be noted that: 1) The X-cut speci- 
mens of the 20 per cent crystal yield a con- 
siderable amount of pyroelectric charge of the 
order comparable to those measured in the 
pure Nak-tartrate, though the values of pyro- 
electricity vary according to various pre-treat- 
ments. The effect of a field cooling treatment 
is clearly shown in Fig. 12. 2) It seems very 
likely that the pyroelectric charge detected 
in the X-cut specimens of the 3 per cent 
crystal arises from a certain kind of inhomo- 
geneous monoclinicity: although the mono- 
clinicity should disappear just at the compo- 
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Fig. 12. Effect of the field cooling on the pyro- 
electricity in the 20 per cent crystal (X-cut 
specimen). 
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sition of 2.5 per cent, if the crystal happened 
to be perfect. 3) Even at temperatures in 
the paraelectric region but not far from the 
transition point, all mixed crystals reveal a 
small amount of pyroelectricity, though it is 
almost negligible in unstressed crystals if 
compared with normal pyroelectricity caused 
by the spontaneous polarization. The pyro- 
electricity may be ascribed to crystal imper- 
fections: to the internal strain and/or perhaps 
to the space charge stored somewhere in the 
interior of the crystals. 4) The Y-cut speci- 
mens of the crystals of the group IV as well 
as in the pure NaNH--tartrate are affected 
by means of field cooling, though the effect 
is very small if compared with that due to 
stress cooling (Zz). 


§5. Electric Polarization Induced by Shear- 
ing Stresses in the Crystals of Group 
IV 


In the preceding paper, we reported that 
the shear stress Z, can easily affect the 
electric polarization in the pure NaNH.,-tart- 
rate crystal. We made, therefore, several 
45° cut slabs of the crystals of which one 
edge bisects the a and c axis and the thickness 
of the plates lies along the b axis (45° Y-cut 
specimens), and applied a normal stress on 
one pair of narrow surfaces of each slab. 
The specimens below the transition point 
reveal a pronounced hysteresis curve in the 
shear stress vs. the electric polarization rela- 
tion (Z,—Py curve), while above the transition 
point they show only a linear relation. 


10 °Coul/cme 
25 


Y-cut specimen 


Polarization 
3 


200 kg/crr® 


Pressure 


Fic. 13. Hysteresis curve induced by shearing 
stress in the 98 per cent crystal, at —183°C, 
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On the other hand, the 45° X-cut specimens 
and the 45° Z-cut specimens displays only 
linear relations in the shear stress vs. the 
electric polarization curves, the Y,—Pz curves 
and the X,—P, curves respectively. The re- 
sults in the 98 per cent crystal are shown, 
as an example, in Fig. 13. 

The spontaneous polarization estimated from 
those cycles turns out to be 0.21 Coul/cm?, 
being independent of the concentration within 
the accuracy of the experiment. 

It has also been confirmed that the 45° X- 
cut specimens belonging to the groups I and 
III, display pronounced hysteresis curves in 
the relation, the shear stress vs. the electric 
polarization (Y,—Pz curves), at temperatures 
in their ferroelectric range; while the 45° Y- 
cut and the 45° Z-cut specimens show only 
linear relation in the Z,—Py, curves and the 
Xy—P, curves. 


§6. Optical Properties 
1. Domain Structure 


At temperatures between the upper and 
the lower transition points, the crystals belong- 
ing to the group I become monoclinic owing 
to the spontaneous shear strain y.°, since the 
crystals polarize spontaneously along orthor- 
hombic a axis. There is a possibility for us 
to observe domain structures through a polari- 
zing microscope, because the angle between 
the monoclinic @ axis and one of the indi- 
catrix axes of the monoclinic phase is far 
larger than the spontaneous shear strain y,° ©, 
The direction of observation must be parallel 
to the a@ axis. The same situration is also 
expected with regards the crystals belonging 
to the group III. 

The crystals belonging to the group IV 
becomes monoclinic owing to the spontaneous 
shear strain z2°, since the spontaneous polari- 
zation lies as proved in the preceding sections 
along the orthorhombic b axis. These crystals 
must, therefore, be observed in the direction 
parallel to the b axis. 

The crystals belonging to the group II have 
no spontaneous polarization both above and 
below the temperature at which there is a 
broad peak in the dielectric constant vs. tempe- 
rature curve. If it is true, the crystals must 
remain orthorhombic below the peak tempe- 
rature, the domain should not be observed 
anywhere, 
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Fortunately all these expectations turned 
out to be true. The X-cut specimens belong- 
ing to the group I reveal the domain structure 
consisting of many fine stripes which are 
parallel to the c axis, only if the specimens 
are kept at temperatures between the upper 
and the lower transition points. The X-cut 
specimens belonging to the group II do not 
show a domain pattern even at temperatures 
below the broad peak point. The X-cut 
specimens belonging to the group III also 
reveal the domain structure which is quite 
similar to those observed in the group I, if 
the specimens are cooled below the transition 
point. 

On the other hand, the Y-cut specimens 
belonging to the group IV display a domain 
structure consisting of many stripes which 
are parallel to the c axis at temperatures 
below the transition point, while the X-cut 
and the Z-cut specimens have never shown 
a domain pattern. 

The behavior of the X-cut specimens of the 
90.5 per cent crystal, which lies between the 
groups III and IV, is very interesting. It 
displays a domain structure consisting of a 
lot of stripes which are parallel to the c axis, 
if the specimens are kept at temperatures 
between the upper and the lower transition 
points, whereas the pattern suddenly disap- 
pears at the moment the crystal is cooled 
through the lower transition point. On the 
other hand, the Y-cut specimens at tempera- 
tures between the upper and the lower transi- 
tion points do not show a domain pattern, 
but they display a domain structure, when 
they are cooled below the lower transition 
point. This comfirms that a sudden change 
of the spontaneous shear strain from y,° to 
Ze’ occurs at the lower transition point. The 
effect of the shear stress Zz upon the domain 
boundaries in the Y-cut specimens of this 
crystal is not very different from those ob- 
served in the Y-cut specimens of the crystals 
belonging to the group IV, as shown in Fig. 
14, 


2. Optically Biaxial Properties 

Both the pure NaNH--tartrate and the pure 
NaK-tartrate are optically biaxial. Lavinir”, 
using sodium light, has determined the prin- 
cipal refractive indices. The values at 20°C 
are as follows: 
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at 
m? => 


Pressure=78 kg/cm? 


Pressure=0 


Fig. 14. Response of the domain structure to the shearing stress Z, in the 90.5 


per cent Y-cut’specimen, at —186°C. 


a=1.4900, B=1.4920, 7=1.4954, 
for Nak-tartrate, 
a&=1.4953, B=1.4985, +=1.4996, 
for NaNH,-tartrate. 
On using these values, we obtain for the 
optical angle (20): 
O=37°20’ for Nak-tartrate, 
O=59°40’ for NaNH,-tartrate. 
Hence Nak-tartrate is optically positive. As 
known well, the optical plane is (010), and 
the acute bisectrix is the a axis. We get 
therefore the following identification: 

Na=7T, No=B, Nc=a, for NaK-tartrate, 
where wa, m» and m- denote the refractive 
indices for the light of which the electric 
vector lies along the crystallographic a, b and 
c axes, respectively. On the other hand, 
NaNH,-tartrate is optically negative. We 
have confirmed that the optical plane is (100) 
and the acute bisectrix is the c axis. We 


get therefore 
Na=B8, m=7, Ne=a, for NaNH--tartrate. 


We have examined the crystals at room 
temperature in convergent polarized light. 


In Nak-tartrate the optical axes lie in fact 
in (010) plane. The optical axes approach 
gradually the crystallographic c axis on in- 
creasing the concentration of NaNH,-tartrate. 
It seems that the two optical axes coincide 
with the c axis at the concentration of about 
65 per cent, though we could not obtain a 
uniaxial figure, since the crystal of requisite 
composition was missing. On further increas- 
ing the concentration of NaNH,-tartrate the 
optical axes get away from the crystallogra- 
phic c axis. If the refractive indices change 
linearly with the composition, the optically 
uniaxial crystal must be located at somewhere 


Principal refractive indices 
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about 74 percent as shown in Fig. 15. The 
reason of the discrepancy between our obser- 
vation and the expectation derived from Fig. 
15 is not clear yet. 


§7. Conclusion and Discussion 


The phase diagram summarizing the result 
of the present investigation is shown in Fig. 
16, where the phase boundaries obtained by 
Kurtschatow et al. and Melmed ef al. are 
also included for the convenience of com- 
parison. 


o  Kurtschatow é al. 
—+x+1 — Melmed et al. 


—o—o— Authors 


--0-0-- Meimed eal. corrected 


Temperature 


0 
NaK+artrate 20 30 40 50 60 70 
NoNH,-tartrate mole percent 


Fig. 16. The phase diagram of Na(K-NH,)-tart- 


80 NoNH, tartrate 


rate mixed crystals. The chain line shows the 
temperature where the broad dielectric peak ap- 
pears. 


The phase boundary of the region I is in 
good agreement with those determined by 
previous investigators. On the other hand, 
the phase boundary on the left hand side of 
the region III appears to be slightly different 
from that determined by Melmed et al. The 
discrepancy is, however, mainly due to the 
fact that they used directly the chemically 
analized values themselves, in place of the 
values which should be obtained if they used 
their own curve which is shown in Fig. 1. In 
fact, if we were allowed to correct their value 
by means of their curve, it turns out that their 
phase boundary shifts to agree quite well 
with ours as shown by dotted lines in the figure. 

In the phase diagram, the phase I is ferro- 
electric and the crystals in this temperature 
range are monoclinic, while the phase II is 
paraelectric and the crystals in this tempera- 
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ture range are orthorhombic. The phase III 
is ferroelectric and the crystals are monoclinic 
with the same type of spontaneous shear strain 
y.) as those in the phase I. On the other hand, 
the phase IV is another ferroelectric phase 
with spontaneous polarization parallel to the 
b axis and crystals in the temperature range 
are monoclinic owing to the spontaneous 
shear strain 2;°. 

The properties of the crystals belonging to 
the group IV are very peculiar as compared 
with other groups. The Curie-Weiss law does 
not hold above the transition point. The 
transition seems to be of the first order. The 
spontaneous polarization is independent of 
temperatures below the transition point. 

It is of some interest to notice that direc- 
tion of spontaneous polarization in NaK-tart- 
rate as well as NaNH,-tartrate is parallel to 
the direction of the maximum refractive index, 
although the correspondence is actually not 
so perfect as to give the uniaxial crystal just 
at the boundary between the groups III and 
IV. The correspondence should become bet- 
ter at low temperatures, if the optically 
uniaxial composition would go towards the 
right as the temperature is decreased. But 
the indices vs. temperature formulae given 
by Lavinir predicts that the contrary is the 
case. We have observed that it really goes 
towards NaK-tartrate side from the room 
temperature values with decreasing tempera- 
ture. 
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thanks to Professor H. Takahasi of Tokyo 
University, Dr. M. Marutake of Kobayashi 
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Pensylvania State University, and Dr. H. 
Maniwa of Tokyo Institute of Technology, 
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The Change of Carrier Concentration in the Simple 


Semiconductors with Static Magnetic Field 


By Yasutada UEMURA and Masaharu INOUE 
Department of Physics, University of Tokyo 
(Received January 11, 1958) 


The change of carrier-concentration with static magnetic field is dis- 
cussed by using the simple model of the semiconductors. The attention 
is mainly focused on whether the concentration of free carriers increases 
or decreases with the field. The situations are classified into three 
cases [A], [B] and [C] according to the degree of concentration of the 
centers. 

[A] The concentration of the trapping centers is dilute and a center 
can trap only one carrier. In this case the carrier concentration m is 
a monotonously decreasing function of the field H, namely dn/dH?=0, 

[B] The impurity levels lose the locality and form a band so called 
“impurity band,’’ however, the width of which is still smaller than kT. 
In this case we obtain 

(dn/dH?) weak 4 >0 when (m/m*)< 36 

(dn/dB?) weax 1<0 when (m/m*) > 36 
where m* is the effective mass of carriers and 6 means the degree of 
compensation, namely 0=(Na—WN_)/Nd. 

[C] The width of impurity band is larger than 7’ and the Fermi-level 
¢) at H=0 lies in this band. In this case we obtain 


(dn/dD wear 7 >90 when (m/m*)<y¥3(1—s) 


8=k log De) | - 
1 on i. 


D(£) means the state density of the impurity band. 
It seems that there is no possibility to explain the so-called ‘‘ magneto- 
conductive ’’ phenomena observed in p-InSb from this stand-point. 


where 


$1. Introduction 

The aim of this paper is to investigate the 
change of carrier-concentraction in the simple 
"semiconductors with the static magnetic field. 
Our attention is mainly focused on whether 
‘the concentration increases or decreaces with 
q 


4 
s 


the field. This problem has been considered 
by several authors“) to explain the in- 
crease of the carrier-concentration due to 
the magnetic field, so called magneto-conduc- 
tive phenomena, observed in the p-type InSb. 
The characteristics of their standpoints and 
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bot Naa electrons 
| The situations are 
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function for trap- +—¢ H+—€ 1 Fi4.—¢ cases according to 
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of trapping centers 
The statistics for : Maxwell Maxwell } 
current carriers Sg Soa Boltzmann Boltzmann 
} 
applied to InSb-p general InSb-p general 
whether magneto- 
conductive pheno- 
mena in InSb-p Yes No perhaps No 
can be explained 
or not | 


their results are summarized in the Table I, 
comparing with those of this paper shown in 
the last column of the table. 

In the former researches there remained 
some questions about the choice of the dis- 
tribution function for the trapped state of 
carriers. As shown in the Table I, they 
used the distribution function /,=4[exp 
(Ei—C/kT)+1]-1, which would lead us to 
the conclusion that the distribution function 
of Trapped carriers without the magnetic 
field might be f=f,+f_-=[exp (E—€/kT)+1]-}. 
This conclusion is not correct and it is sup- 
posed that it should be f=[4 exp (H—C/RkT)+ 
1]-! when a trapping center can trap only 
one electron and it should be f=2[exp (E—€/ 
kT)+1]-1 when a trapping center can trap 
two electrons. In order to discuss the 
change of carrier concentration, it is im- 
portant that the correct types of distribu- 
tion function are used for the different 
concentrations of the trapping centers. 
In this paper we classify the situations 
into three typical cases and for each of 
them we took the correct types of the 
distribution function of the trapped car- 
riers. The effect of the compensation of 
carriers which was neglected in the former 
papers is also considered in this paper. 

For the simplicity we assume that the dis- 


tribution of the free carriers is classical, and | 
then discuss the effects of the orbital dia- | 
magnetism and spin paramagnetism on the 
change of the carrier-concentration with the 
static magnetic field. 


§ 2. A Simple Model 


Here we take a simple model of a semi- 
conduction which has one conduction band, 
a single donor level, and some acceptors. | 
The levels of acceptors are assumed that they || 
are sufficiently far apart from the level of 
donors in the energy scale. We further as- 
sume that the energy surface of the free| 
carriers is spherical and the effective mass | 
of them is m*, (Fig. 1A). 


conduction band 


Fig. 1. (a, b) 


If the magnetic field H is applied in the zy 
direction the motion of the free carriers i 
x-y plane is orbitally quantized. Their states) 


Wi 


As to the concentrations 
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are described by the discrete quantum num- 
ber / and the momentum fp, in the z direc- 
tion. The energy of a free carrier Ey. 
consists of three terms, i.e. the kinetic 
energy in the z direction, the quantized 
energy of the circular motion in the x-y plane 
which is represented by the energy of a 
simple harmonic oscillator, and the Zeeman- 
energy due to the spin of the carrier. 


3 
Esa 2? 4 2p H(4 DE nH 
2m 
oivek an. 7 GR 
B= = 
2m* 2m*c 
[20 Tas - 


In the Fig. 1(B), the field dependence of Fi. 
is shown when p.=0. 

For the trapped state, only the effect of 
the spin paramagnetism is taken into account, 
and the effect of the orbital diamagnetism is 
negelected in this paper. It is noticed that 
the orbital diamagnetism of trapped carriers 
should be included when the m* is small and 
the field A is large. 

By assuming the classical distribution of 
the free carriers, their concentration nz is 
expressed as follows: 


an heb 4 t= Go ies. 
N= 13 - p> dp. exp( aT ) 


where (+) refers to-+or—spin respectively, 
and € means the Fermi-energy. 

For the convenience, let us introduce the 
following nondimensional parameters such as 
€, 7, 8 and 6* which are defined by: 


—co 


ca Fa depen ie Bg 25 
iad i kT kT 
x BH 
kT 


we introduce the 


following quantities: 


1 


the compensation and 


a‘ )- F. 


x 
4 


onm*kT \3/2 8 
SO) PU MS sae 
N =2( : ) Amie 
“oN No 
gn 


where Na and Na are the concentrations of 
the donors and acceptors. The non-dimen- 
sional parameter 0 represents the degree of 
is assumed to be 
1>6>0. In the usual cases, A is sufficiently 
smaller than 1 especially at the low tempera- 
ture. 
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By using these notations, the concentration 
of free carriers m can be written as follows: 


N=N++Nn- 


_ot0 
sinhd* © 
Fermi-energy 7 in the above equation should 
be determined by the neutrality condition 
which is 

n,tn-+N,+N-=Na—Na (2) 


Nz is the concentrations of trapped electrons. 
The suffix (-+) corresponds to their (+) spin. 
In the following three sections, we get three 
different expressions of m(H) from the equa- 
tion (2) by using the best fitted forms of Nz 
in each cases. 


N+. =4No* e” 


(1) 


§ 3. Case A. The Concentration of the 
Donor is Dilute and a Donor-center can 
Trap Only One Carrier 

In this case Nz is not given by the Fermi- 
distribution in a perfect sense of the one body 
approximation but is given by the following 
modified form: © 

Na 

«14 e8Fo-1 4 @F20 

By using the equations (1), (2), (3), can 
be obtained as follows: 


Ns (3) 


4 F(a 1-0) +-V/ (GF 10 $4] 


Na 
a= A6*/sinh 6* (4) 


The equation (4) can be written approximate- 
ly in the simple expressions when a<l. 


(Va @=1) 


é a 

1—od 
Some remarks should be made in the equa- 
tion (4), that is to say, m does not include 0. 
This means that the effect of the spin para- 
magnetisms does not appear explicitly. As 
it is easily proved that dn/dH? is always 
negative in the case A, so m is a monoto- 
nously decreasing function of H. 


(a<(1—0)?) 


Case B. The Donor Levels Lose the 
Locality and from a Band so Called 
“Impurity Band ”, However, the Width 
of which is Still Smaller than kT. 

In this case the Fermi-destribution function 
can be applied to the trapped electrons and 
Nz is given by: 


§ 4. 
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Na 
1+erre-7 
By introducing the quantities z, 8, and f, 
which are defined by 


Ni= (5) 


=n/NaiA 
So See ih +20 6 
Bon amet “a t sy 
and substituting (1) and (5) into (2), the 
following equation is obtained: 
1 1 6 
A = 7 
sti tatiana ae we 


If we get the solution z of this equation, 
we can see how the concentration of carriers 
n depends on the magnetic fild H through /; 
and 8. But the exact root z is complicated 
and is not convenient to understand the 
dependence of m on the parameters A, §1, Bz 
and 6. In stead of (5). Appel used N= 
34 Na/1+e®*®-” and solved the equation (7) in 
the cuse 0=1. 

In order to obtain the physical insight of 
the situation we consider to solve the equa- 
tion (7) approximately. As to the parameter 
A, we mentioned in §2 that A is sufficiently 
smaller than 1 (A <1), so that as the first 
approximation we neglect the first term of 
the left side of equation (7). The root z of 
this approximate equation can be _ easily 
obtained as follows: 
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~band. il 
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on ie 
+V (Bi +B.) (6-1)? + 4(2—0)08:8,] (8) 


The change of z with @ is shown in the 
Fig. 2. 

The behavior of Z in the range of the weak 
magnetic field can be seen by expanding the 
formula (8) as the power series of 0. 


7 ja 26 2( FF — 142 cece 
22 he [TA hGA Oi ===) 
r=m|m* 


(9), 


The expression (9) means that : 


dn 
eaten oa x ee V36 
dn 
( et ok i meV 3 | 


, 


We can see that the effect of the orbital dia-| 


magnetism exceeds the effect of the spin} 
k 


paramagnetism when the effective mass m* 
of free carriers is small, (m*<m/1/36) and 
the concentration m decreases with the: 
magnetic field. In other words we can ex- 
pect the increase of m with the magnetic} 
field only when the effective mass of free: 
carriers is not too small (m*>m/1/30) andi 
the effect of the spin paramagnetism is pre-j 
dominant. 


Case C. The Concentration of the 
Donors is sufficiently Dense and the 
Width of Their “Impurity Band” is} 


§ 5. 


papers, but is supposed to be realized in the 
most semiconductors at the low temperature} 
The total density N of electrons in the im} 
purity band at H=0 is as follows: 
boo 

N=2 D E\dE 

=o 1+¢*-%0 
where 7 means the Fermi-level at H= 
and D(E£) is the state density of impurity 


The Fermi-level 7(H) can be determine¢| 
approximately by the equation: 


F(q+0; T)+FQ@—0; T)=2F(m; T) (10h 
The function F(x; T) is defined by the foll 7 
ing integral: 


rac rey ey ia 


© 


o(ERT) 
Ite e— ST a 


1958) 
where 


= B= DE) 


in which 4E means the width of impurity 
band. The quantity p is non-dimensional 
and corresponds to the state density of the 
impurity band. 

To see the behavior of 7 in the small 
range of 6, the expansion is made in (10) and 
if we put 

V=Notr 
Then 7 is given by: 
2F’ 
where F’ and F” mean dF/dx and d?F/d?x 
respectively. 


By introducing the parameter s which is 
defined by: 


62 


r= 


tick d 
s= =| ——log F’ is 
( ££ ites | dy 5 dg : 
the y is written as follows: 
r=—is?? (13) 


By using the equation (13) and (1) we get: 


n= cosh @e” 


* 
nN st Shae a 
#=0 sinh 6* 


Ng] 1+ 7 1— sce 


(14) 
In (14) we can see that (dn/dH?)weax 2 1S pOsi- 
tive if (m/m*)<V 3(1—s) . 
When &T is sufficiently small and the car- 
riers in the impurity can be considered as 
the Fermi-gas, the equation (13) becomes 


sShT| og E/E) |, (15) 


=To 


rmi level (H=0) 
impurity band 


conduction band 


E 
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In order to be (dn/dH*)weax #>0 in the case 
of the small effective mass m* of the free 
carriers, s should be negative such as the 
case shown in the Fig. 3. 


§ 6. Discussions 


Above results suggest us that it is hard to 
be (dn/dH*)weax x > 0 for the large m/m* be- 
cause of the effect of the orbital diamagne- 
tism, In the cases A and B we cannot 
reduce the origin of so-called “ magneto-con- 
ductive” phenomena in the p-InSb to the 
change of carrier concentration due to magne- 
tic field. However, if the situation is such as 
the case C the conclusion is not definite. It 
will be needed to know m and N=N,4+N_ by 
the phenomenological treatment of the im- 
purity band and to consider whether the 
phenomena can be explained by the results 
of equation (14) or not where we take into 
account the large difference of mobilities of 
carriers between in the impurity band and in 
the conduction band. But the last possibility 
to explain the “ magneto-conductive ”. pheno- 
mena seems to be rare when we see that 
itself is very small at the sufficiently tow 
temperature. Then we may write the answer 
“perhaps no” in the last column of the 
Table I. 
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The change of carrier concentration with static magnetic field in a 
single crystal of graphite is considered and the Hall coefficient R is 
discussed from this point of view. 

The Wallace’s model of the two dimensional zone and its orbital 
quantization proposed by McClure are the starting point of the analysis. 
By comparing with the Kinchin’s experiment we propose that the acceptor 
levels exist at 11x10-3eV. above the bottom of the conduction band 
and their concentration is 1.7x10!8/c.c.. As to the Wallace’s resonance 
integral 7) we estimate its value as 1.43eV. semiempirically. The ratio 
of the mobilities of two carriers b=py/u,=0.87 gives the best fit of FR 
at the low temperature under the strong magnetic field. By using these 
resonable values of the parameters the Hall coefficient R is plotted as 
the function of temperature and magnetic field. The agreement with 
experimental data may be good except the low field region. The origins 


of discrepancy are discussed. 


§1. Introduction 


In the previous paper? it has been con- 
sidered how the concentration of carriers 
changes with the static magnetic field ina 
simple extrinsic semiconductor. In this paper 
we treat the carrier concentration in the 
graphite as an example of intrinsic case and 
would like to propose that the interesting 
change of the Hall coefficient with magnetic 
field observed by Kinchin® in a single crystal 
of graphite may be interpreted from this 
point of view. 

The model of the graphite crystal assumed 
in this paper is the simple one in which we 
take the two dimensional zone treated by 
Wallace® as the band structure of the host 
crystal which has a single acceptor level in 
the conduction band. We further assume that 
the mobility mw, of conduction electrons is 
slightly larger than that of holes “» and their 
ratio p/n is denoted by 5b. 

In the §2 we review briefly the interesting 
nature of the Hall effect in the single crystal 
of graphite observed by Kinchin and point 
out some possible ways to interpret it. In 
this paper we pick up the one of them in 
which the change of carrier concentration due 
to the magnetic field is mainly considered. 
In the §3, the orbital quantization of the 
Wallace’s two dimensional zone is discussed 
and the interband effect pointed by McClure” 


is especially mentioned. In the §4, the distri- 
bution of carriers is determined in the usual 
way and the concentration of electrons and 
holes is calculated as the functions of the 
temperature and the magnetic field. In the 
§5, the parameters appeared in our model 
such as yo, one of the reasonance integrals 
defined by Wallace, 5, Ea, the energy sepa- 
ration between the acceptor level and the 
bottom of canduction band, and the acceptor 
density Na, are determined semiempirically 
by comparing the result of calculation in the 
§ 4 with the observed data by Kinchin. Fur- 
ther we examine the behavior of the Hall 
coefficient R in the whole range of the tem- 
perature and the field by using the estimated 
values of the parameters. The agreement 
with experiment seems to be good except in 
the low field region. In the last section (§ 6) 
the origins of the discrepancy are discussed 
and the relation between the galvano-magnetic 
phenomena and the other such as the de-Haas 
van Alphen effect and the diamagnetic sus- 
ceptibility is pointed out briefly. 


§2. The Hall Effect of Graphite 


In 1953 Kinchin2 observed the Hall effect 
of the single crystal of the natural graphite 
in which he applied the magnetic field H 
along the c-axis of the crystal. As shown in 
the Fig. 1, his result exhibits the very inter- 


229 
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again by the difference of the 
mobilities between electrons and 
holes. Kinchin suggested in his 
paper that Eu is 6x10-%eV., Na 
is 10'8/c.c. and the value of b= 
Lty| tm falls between 0.8 and 1. 
What is the origin of the field 
dependence of R? Several ori- 
gins may be considered to give 
the possible explanations of this 
interesting nature. We mention 


the three of them. 


Fig. 1. The Hall coefficient of Graphie. 


esting nature especially in the field dependence 
of the Hall coefficient R and the satisfactory 
explanation of his data has not been given 
by any one else. 

The Fig. 1 shows that in the limit of low 
magnetic field (H-—>0) the sign of R is nega- 
tive in the low temperature range. As the 
temperature rises, it changes to positive, but 
in the sufficiently high temperature it becomes 
negative again. In order to interpret this 
behavior Kinchin proposed that the crystal 
contains the acceptors and the level of which 
_ lies in the conduction band. He assumed that 
the mobility 4, of the electrons is larger than 
that of holes 4» so that the Hall coefficient 
R is negative in the low temperature range. 
As the temperature rises the acceptors begin 
to trap the electrons and the concentration 
of free electrons becomes smaller than that 
of holes to change the sign of R. However 
if the temperature reaches sufficiently high the 
effect of trapped electron should be neglected 
_ compared with the large concentration of free 
carriers and then the sign of R is determined 


The solid lines are 
calculated values and experimental data are taken from 
Kinchin. 


(1) In the recent experiment 
of the cyclotron resonance”>®™ of 
the graphite it is shown that 
there are four kinds of current 
carriers such as the majority 
electrons and holes and the min- 
ority electrons and holes. It 
may be possible to interpret 
the field dependence of R by 
the usual treatment of the theory 
of conduction if we take into 
account the four components of 
the current carriers. The ex- 
istence of carriers which have 
the very light mass seems to 
be preferable. 
(ii) The radious of the circular 
motion of free carriers under the strong 
magnetic field is comparable to the mean free 
path of them in the low temperature range, 
so that we may expect some anomalous effects 
in the scattering processes, such as that the 
relaxation time depends on the magnetic field. 
The origin of the interesting field dependence 
of R may be attributed to the anomalous ef- 
fects mentioned above. 
(iii) The diamagnetic susceptibility of the 
graphite is comparatively large so that it is 
possible that the change of carrier concentra- 
tion due to the magnetic field may play an 
important role in the field dependence of R. 
At the present situation there are no de- 
tailed discussions about these possibilities. In 
this paper the last case is picked up so that 
we assume that the Hall coefficient R is given 
in the following expression 


agocel b?—(n p) 

8le| pb [b+(n/b)) 
which is obtained by the usual theory of con- 
duction in the semiconductor containing free 


R (1) 
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electrons and free holes as the current car- 
riers, where m and p mean respectively the 
concentration of them. The field dependence 
of R is given by (1) in which m and p depend 
on the magnetic field as the result of the 
orbital quantization. Exactly speaking the 
factor 37/8 in (1) should be 1 if the carriers 
are degenerate, however, the factor is not 
important in the following discussions so that 
we always use (1) approximately. 


§3. The Two Dimensional Wallace’s Model 
and its Orbital Quantization due to 
the Magnetic Field 


The investigation of the band structure 
of the graphite has been made by many 
authors®7)-8),9),10) in both theoretical and ex- 
perimental aspects. In this paper we take 
rather simple one in which we assume the 
two dimensional model (single hexagonal layer) 
after Wallace. According to his results, the 
Hamiltonian & is given by: 


Hy, #H 
S =( 1 of 2 
Hanoi 2 
where 
Ay =A» 
= Eo—27 9 (Cos Kya +2 deal ed cos ae 


Ay,=H a 
— 7 (EWEN 5 Kt 19 COS 4K ya Ef C1/2V3 IK) p 
The parameters yp) and 79’ are the resonance 
integrals and a=2.46A is a distance _ be- 
tween the nearest identical atoms in the 
hexagonal layer. By using above & it is 
shown that there are two bands, the one is 
called the conduction band and the other is 
called the valence band, which touch each 
other at the corners of the first Brillouin zone. 
The attention may be focussed on the struc- 
ture near the corner points and the approxi- 
mate expression of (2) near this point is given 
as follows 
(oie 


—hvie~"[ez—iky] 


hoi el" ky mt 
— 470 @"[K2? + Ky? 
(3) 


—iro a [2n+1]s 
V 2 hvie-“/)i(ys)1/2 
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(6 
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where hv=(\/3/2)roa and the energy is 
measured from the origin of £y+370’ and kz, 


ky are measured from the corner of the first 


Brillouin zone. 


Let be the magnetic field H applied in the : 


z direction. In this case «z and «xy in (3) are 
not commutable each other and by considering 
the method of Kohn and Luttinger” they are 
regarded as the operators which satisfy the 
following commutation relation 


By introducing the operators x, and «_ de- 
fined by 


ce Sz lee tits] , ae [ —1ky] 
the following wellknown relations are obtained 
eH | 
[Ke k4]= hc = 


K_-Un=(ns)"7Un-1 
K4Un=[(n+1)s]¥/2tn 41 
K+ K-Uun = NSuUn 


K_-K4Un=(n+1)sun 


where wm means the eigenfunction of a simple | 
harmonic oscillator and m indicates its quantum | 


number. 
The & in (3) is written by «, and «_ as 
follows: 
SIE 
goose esi 
—V 2 hvie~ U9 g_ 


V 2 hvie/Dir, ) 
—§7)/@[e.e-+e_ey]/] 


The Schrodinger equation is 


FEE =EV 


put ¥ as follows 


=( Cin ) for n>1 
Coln-1 . a 
y =()") for n=0 


Where ci, Cc. and c;’ should be determined by} 


the following equations 
|e 
C2 Co 


for n=0. 


for n>1 
1]s 


) 


C1 
0 


(4) | 


(5) | 
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The eigen value € of the equations (7) and (8) is solved as follows. 


En=— 70 as: 2n+V (ayy'a?)*s? + 2h2v-ns 


Eo =o 310 as 


In the following discussions of the Hall effect 
the role of yo’ is not important, so that we 
take into account the resonance integral only 
between the nearest neighbors and neglect 70’ 
as the approximation. 
Then the energy levels (9) are reduced to 
the following simple expression. 
G&=tyY sl (—O5F. 2, =.) 


v=V 2 hv=V 3/2 re . 


The state density w of each levels is given 
by (10) 


(9) 


w=qs =8(27)-3(2z/cxr)(27s) (10) 
where cr,=6.74A is the distance between the 
identical layers. The energy spectra of (9’) 
and the state density (10) were at first ob- 
tained by McClure” and were used to discuss 
the diamagnetic susceptibility of the graphite. 
McClure attributed the origin of the com- 
paratively large value of the susceptibility to 
the anomalous energy spectra of (9’) in which 
the 0-point energy disappears owing to a kind 
of the interband effect. By comparing with 
the observed data McClure estimated the value 
of 7) as 2.6eV semiempilically. We would 
like to show in the following discussions that 
in the field dependence of the Hall coefficient 
R this effect may also play an important role. 

The orbital quantization due to the magnetic 
field is discussed for the case of a more compli- 
cated model in the same way, however its 
details will be discussed in the forthcoming 
paper. (See the additional note.) 


§4. The Concentration of Carriers 
By using the results of (9’) and (10) the 
concentration of the free electrons m and the 
free holes p are given as follows 
_QkTY <= a 
ae hotdiateabceoras 


2 
007? pe, 
11 
qkT) S a il 
P= y2  izo 1+eval +7 


=162" ra; +7) 


where a is the nondimensional parameter de- 
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for n=0. 
fined by 
om fen (2 )8CENgR) 
(RT)? \ RT J 2\RT/)\2/ma@? 
2 ben 
~— 2mce 
(12) 


and 7 is the Fermi energy divided by AT. 

The concentration 2 of electrons which are 
trapped in the acceptor level is given by 
oe exec _ Ke. 
eet hi 
Because of the large effect of the orbital dia- 
magnetism we neglect the effect of the spin 
paramagnetism for the simplicity. The Fermi 
level is determined by the following neutrality 
condition, 


Na Ea (13) 


. Baa Oa hae Ness ele 
Fa; n=Fla; 0) + QkT)? 1+e%a-7 . 
If the approximation is allowed that the distri- 
butions of both carriers can be treated as 
classical (non-degenerate), F(a, +7) is written 
as follows: 


(14) 


Fla, 1) =eF" Si ae-Val =eF"G(a). (15) 
l=0 


The function G(@) is calculated by the fol- 
lowing approximate formula 


G(a)=a+2[1+Va +4ale-” } 
G(0)=2. 
The function (16) is shown in the Fig. 2 


(16) 
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Bige2. 
and the validity of the approximation is ex- 
amined in the Appendix. It is supposed to 
be good to use the classical distribution func- 
tion for 74 however there remains some ques- 
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tion to assume that the distribution of free 
carriers is also classical. As to the m and p 
it is rather better in the case of than in 
the case of p to use the classical distribution. 
Taking into account this point we use (17) in 
the analysis of the data at the low tempera- 
ture under the strong magnetic field where 
a>l. 


Fla 2 cells see 


G(a)=a 


(17) 
a>1. 


§5. The Empirical Determination of the 
Parameters 


In this section, the evaluation of Eu, Na, 
“b= My/’n and yo is made and it is discussed 
in the §6 whether these values are plausible 
or not. Further the temperature and the 
magnetic field dependence of the Hall coef- 
ficient FR is investigated in detail. The values 
of these parameters are determined mainly 
by the observed condition where R vanishes. 
(R=0) The condition R=0 implies that in 
the formula (1) the numerator must vanish 
and by using the relations (11) and (13) the 
following condition is obtained. 


nF] ee iE (18) 
K(T arise: et (19) 


where non-degenerate approximation for the 
trapped state is used. The equation (18) can 
be written as follows 
22*Na peg st 
QkT )? b? 


[A] The value of Ea: If the temperatures 
T;, and JT, at which R vanishes are known in 
the limiting case of the weak magnetic field 
(H— 0), the following relation is deduced from 


(20) 
( ai e~ Ca,-®ay) =] 


so that E, is estimated by 


Shed Bs lt 
Qe ‘ 1 = Gs 
: Gas n( = bs 


By comparing with the Kinchin’s data shown 
in the Fig. 1, it is found that 7,=29°K and 
T2=192°K and by substituting these values 
in (21) we get Fa=11x10-2%eV. To=129°K. 
[B] The determination of 7): If the magne- 
tic field H’ at which R vanishes is known at 


(20) 


(21) 
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the fixed temperature T’, we get the follow- 
ing relation from (20) 


bons e-@alT1-Tal?") , 
ye 


The value a’ is then estimated by using the 
graph G(a) of Fig. 2. By the definition (12) 
of a, yo is known as follows. 
rem (EDD ate 
maz) V h?/ma* Sa) 
The’ Kinchin’s “data show 27=2Z9°K] 77— 
77°K, H’=5K gauss and by using these 
values and 7,=129°K obtained in [A], G(a@) 
is found as 4.54 and the corresponding value 
of a’ is 3.82. The resonance integral 7» is 
then estimated as yo=1.43 eV by (23). We 
also tried to estimate the value of 7 by using 
the data at 7’=63.5°K and got the same 
value of it. 
[C] The relation between Na and b: In the 
case where H-—0O so that a—0, the value 


G(a@) tends to 2 and in this consideration we 
deduce (24) from (20). 


(22) 


(23) 


LA Soa ig ip 2 wet 
21-0) Se ane Perit. Ob 
This equation is rearranged as follows: 
ype ea (BV crams : (25) 
Si, 90? lier? To 


If we know the value of 6 we can estimate 
Na from (25) by substituting the obtained 
values of 7), 71, and 7J,. As being shown in 
the following discussions [D], we get b=0.87 
as an appropriate value so that Naz is esti- 
mated 1.7 x10!8/c.c.. 

[D] The Hall coefficient at the low tempera- 
ture under the strong magnetic field: In this 
case @ is sufficiently larger than 1 (@>1) and 
the Fermi level y» is supposed to be nearly 
zero. By using the equation (1), (11), (17), 
and (23) we have RF in this condition as fol- 
lows. 


Pe 


~ Be p b+1 


“aCe ) ae eer) Ge) 


It is noticed that in the limit of low temper- 
ature and strong magnetic field (@>1, 7=0), 
the Hall coefficient R is inversely proportional 
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to the field strength H and does not depend 
on the temperature. This characteristic fea- 
ture is also found in the Kinchin’s experi- 
mental data. If the observed value R=—0.5 
cm’/coulomb at H=7K. gauss is fitted to the 
expression (26), the value of b is estimated 
as b=0.87. As being shown in Fig. 1 the 
behaviour of R calculated by (26) seems to 
agree well with the observed data in the 
range of the low temperature and the strong 
magnetic field. 


[E] The Hall coefficient R calculated by using 
the parameters determined above: By using 
the above obtained values of the parameters 
Eu, Na, yo and b, the dependence of the R 
on the temperature and the magnetic field is 
plotted in the Fig. 1. We can not well repro- 
duce the observed tendency in the weak 
field range by our calculation. The discrepan- 
cy is especially remarkable at the low tem- 
perature where observed FR exhibits the mini- 
mum at certain magnetic field. However in 
the other range the calculated curves of R 
reproduce well the nature of observed data 
qualitatively or even semi-quantitavely. 


$6. Discussions 


At first we discuss that the values of the 
parameters determined in §5 are plausible or 
not. 

As to Ni, Ea, and b, Kinchin suggested 
Ne=2x<108/c.cz, Es=6x10-%eV, and 1>b=> 
0.8. Our results are Na=1.7x10¥/c.c., EHa= 
11x10-%eV, and b=0.87. There is a differ- 
ence in the value of Ea which seems to be 
the result of using the two dimensional model 
in our consideration. 

It is an important point for understanding 
the magnetic field dependence of R whether 
the value of yo is plausible or not. The 
theoretical calculations of the 7») suggested 


— that it should be nearly between 0.9 and 3eV. 


As it is already mentioned in the § 3, McClure 
proposed 7»=2.6eV by using the observed 
data of the diamagnetic susceptibility. Our 
result yo=1.43.eV determined by using the 
Kinchin’s data of the Hall effect seems to be 
plausible. The value determined in this paper 
may be somewhat smaller one because of our 
somewhat larger value of Ea. It is supposed 
that we can not ignore the effect discussed in 
this paper if the value of 7» is larger than 
this value. 
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The calculated curve of R seems to have a 
good agreement with the observed data ex- 
cept in the range of the low temperature and 
the low magnetic field. The characteristic 
behavior of R in the low temperature under 
the strong magnetic field reffered in [D] of 
§5 suggests that our considerations show the 
part of the essential features of the phenome- 
na. The physical meaning of the expression 
(26) is that the almost part of the carriers 
occupies the level /=0 in the spectra (9’) be- 
cause of the conditions of a1, 7=0. The 
inverse proportionality of R to H has its 
origin in the proportionality of the state den- 
sity w to H. Here we see that the absence 
of the 0-point energy in (9’) plays an impor- 
tant role in our considerations as in the dis- 
cussions on the diamagnetism presented by 
McClure”, 

The discrepancy between the theory and 
the experiment is found rather in the low 
field region especially at the low temperature 
and the origins of which seem to be in the 
simple assumption of the two dimensional 
band structure. In our model the m and p 
tend to zero as the temperature tends to the 
absolute zero. However if the actual band 
exhibits the slight overlap of the energy sur- 
face then 2 and p do not tend to zero as the 
temperature tends to zero. The observations 
on the de Hass van Alphen effect, the oscil- 
latory behaviour of the galvano-magnetic ef- 
fects!®, and the cyclotron resonance”. sug- 
gest that there exists the slight overlap in 
the energy surface so that in order to inter- 
pret the behavior of R at the low temperature 
it is necessary to take into account these fine 
structures of the energy band. The discus- 
sions of the effect of the magnetic field on 
the complicated band remain as the problem 
in the forthcoming paper. 
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Additional Note 


Recently, after this paper had been pre- 
pared we read the paper entitled “Band 
Structure of Graphite and de Haas-van Alphen 
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Effect” by J. W. McClure™. According to 
his paper the six kinds of parameters 70, 71, 
Y2, Y3, Y4 and 4 are proposed to characterize 
the fine structure of the energy band. The 
73 plays a role to give the bands of minority 
carriers and the 7, is the origin of the band 
overlap. By using his Hamiltonian and neg- 
lecting the effect of y; and 7, we try to find 
the quantized energy levels due to the magne- 
tic field in the same way as § 2. 
The quantized energy levels € are obtain- 
ed as solutions of the following equations 
(E,—&0)( Es—En)(Ex—En)® 
—(hv)?(2n +1)S(E\—€&n)(E3—€n) 
—(hv)?(2n+1)S(E.—€n)(E3—€n) 
+4(hv)*n(n+1)S?=0 (for n=1) 
(E, —€o)( Ex —&o)(E3—&o) —(E1 — Eo) (hv)?S 
—(E2—&)(hv)?S=0 (for n=0) 


64=Ey= SP? Gonmmed) 


where Fj, E:, E3 and I’ represent 


Eky=r70'+4 
E.=—7.0'+4 
1 


E3= tel” 


RCs 
l'=2 cos—— 
cos 9 
In the case of the semiclassical limit (v>1), 
we get 


bah Ey Es)+y/ 4 (Ey Es)? + 2hv)?nS 


Ey = (Ea + Bs) y/ 1 (Be, By)*+2(hv)?nS 
The lowest level which corresponds to /=0 


in (9’) is found to be 


eya orl 5 

If the effect of band overlap is neglected 
(720) the level €=0 appears also in the 
three dimensional case. In the condition of 
the low temperature 7-0 there remains the 
finite concentration of carriers owing to the 
parameter 7, which indicates the effect of 
band overlap. 

Is it necessary to assume the existence of 
the acceptors in order to explain the temper- 
ature dependence of R at H->0, even if the 
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effect of y3 is considered? It is a difficult 
problem and no satisfactory answer seems to 
be proposed at present time. 


Appendix 
The derivation of G(@) in (16) 
G@)=a+2[1+Va t+iale@ . 


In the Euler’s formula 


3 1a [7 4@) artsy + fon) 
zo ~ Be 2k-1 _ f (2k—-1) 
+3 pp FP) FM) 


we put f(j)=ae-”%), then we get 
Gla) sat |" aera dx taf + f(~)] 


=a4+21+Va +ialev . 


The error of this approximation is given by 
IR < 2) fo) < BEV eva 


J Ss 1s peel 
= a< —_=(, : 
|Ri| Soa ava e < p48 0564 
On the other hand G(@)>2 so that the ap- 
proximate formula (16) is supposed to be good. 
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Effect of the Basic Strength of Attached Groups on Light 


Absorption Spectra III: 


Dissociations in the Excited 


States of Naphthalene Derivatives 


By Reikichi IToH 
Kobayashi Institute of Physical Research, Kokubunzi, Tokyo 
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The dissociations in the excited states of the derivatives of naphtha- 
lene, i.e., @- and §-naphthylamine, and a- and f-naphthol are discussed 
by the molecular orbital treatment using semi-empirical L.C.A.O. method. 
The difference of the proton dissociation constant between the excited 
and the ground state, »K,—pKs, is expressed by a certain parameter 
connecting the coulomb integral with the basic strength of attached 
groups. The value of the parameter is derived by the light absorption 
spectra of the similar molecules. The calculated values of the differences, 
pKi—pKg, are 5.0 and 5.5 in the case of 8-naphthylamine and a-naphthol 
in good agreement with the experimental values of 6.0 and 6.0 respect- 
ively. The similar calculations for the case of #-naphthol give con- 
siderably smaller value of which discussion is given briefly as well as 


the experiment. 


Introduction 


§1. 
The dissociation in the excited state of a 
molecule has been discussed by several 
authors» from the experimental point of view 
in the cases of naphthalene- and oxypyrene- 
derivatives. It was pointed out that pH 
dependence of the light absorption spectra of 
those molecules shows different behavior from 
that of the fluorescent spectra, and that the 
changing point of the absorption spectra is 
higher about 6 units in pH scale than that of 
the florescent spectra. Forster? has made the 
experiments on the derivatives of naphthalene 
and oxypyrene, and Weeler” has calculated the 
dissociation constants in the excited states of 
naphthol and its sulfonate derivative on the 
ground of chemical kinetics. The present 
author» gave a method of estimating the dis- 
sociation constant in the excited state from the 
experimental data on the light absorption. 
However, no theoretical explanation of these 
experiments on the ground of molecular orbital 
treatment has appeared till now. Weeler’s 
treatment which leads to a quantitative result 
in the case of naphthol and its sulfonate deri- 
vative is not based upon the electronic theory 
of the molecules. The present work gives the 
explanation of the nature of dissociation in 
the excited states of naphthol and naphthl- 
amine from the electronic point of view by 
using the semi-empirical L. C. A.O. method. 


§2. pH-dependences of Absorption and 
Fluorescent Spectra 


At first, we summarize experimental results 
of Féster and Weeler. 

a) B-naphthol 

The proton dissociation constant pKz of the 
molecule in the ground state at 20°C is 9.6. 
Both of the absorption and fluorescent spectra 
of the dissociated form (ion) shift towards 
longer wavelength than those of undissocated 
molecule. The change of the absorption 
spectrum takes place at pH=8, i.e. the shift 
from 3250 A to 3470A, and that of the fluo- 
rescence at pH=2 corresponds to the shift 
from ultraviolet (3500A) to blue (4200 A). 
Since the fluorescence arises from the electronic 
excited state of the molecule, the aspect of 
the dissociation in the excited state should 
change at pH=2, while that of the ground 
state changes at pH=8. 

b) a-naphthol 

In this case the behavior of both of absorp- 
tion and fluorescent spectra through the 
change of pH is similar to those of 8-naphthol, 
except that the ultraviolet fluorescent spectra 
is lacking in water solution and the complete 
quenching process occurs in strong acidic 
solution with pH <2. The reaction for the 
proton dissociation in the excited and ground 
state will be given by 


AOH+H,0=AO-+H;0*. 
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c) B-naphthylamine 
The absorption spectrum changes at pH=4 
from 2750 A to 2800A or 3400A, while that 
of the fluorescence at pH=—2 (Hammett’s 
scale) from ultraviolet (3400 A) to blueviolet 
(4100 A) and at pH=12 from blueviolet to 
green (5000 A), the former corresponding to 
the change from cationic to neutral form and 
the latter from neutral to anionic form of the 
molecule respectively. These reactions are ex- 
pressed by the equations; 
ANH;*++H,O=ANH,+H;0', 
ANH,+OH-=ANH-+H,0 


respectively, where A denotes the naphthalene. 
It is expected that these reactions occur in 
the excited state (fluorescence change) as well 


a-AOH AOH* quenching AO-*blue 
B-AOH AOH* u. v. | AO-*blue 
a-NH3+* ANH3+* quenching 

ANH3+* | 

B-NH3+ ANH3*+ | ANH,* blueviolet 
u. Vv. ANH3+ | 
pH —2 0 2 4 

Hise 1 
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as in the ground state (absorption change). 
The change of the absorption spectra in the 
second equation is observed in the very strong 
alkaline solution of pH~20, which will be 
realized in the special solution as liquid am- 
monia solution and is not observed in the 
ordinary alkaline solutions. 
dad) a-naphthylamine 


The behavior of the absorption spectra is | 
similar to that of B-naphthylamine, while that | 
of fluorescent spectrum is completely quenched | 


and the intensity of the fluorescence is too weak 
to be observed. 


The changes of absorption and fluorescent . 


spectra of those four derivatives against pH 
scale are summarized in Fig. 1 schematically. 


| AO-* quenching 
AO ss |e AOS 

| AOZ* ui. 
AOH | ~- AO= 
ANH: 

| ANH-* green 
ANH: 
6 8 10 12 14 


pH dependences of the fluorescent and the absorption spectra of various naphthalene 


derivatives are shown, where A is the naphthalene and the molecule in the excited 


state is denoted by a star. 


§3. Ground and Excited Electronic States 


Substances considered in this paper are 
composed of a parent molecule A (naphtha- 
lene and a substituent BH (hydroxyl or amino 
group). The latter has two non-bonding 


in the first excited state, w,, as the perturba- 


tion. The absorption spectrum of A is given 
by the difference of w. and a. 
lation y<o,<w,<0 is expected, the interaction 


i 
‘| 


1 


As the re- | 


: 


between xy and a, is stronger than that | 


between x and @,. It is likely that the mixing | 
rate, 41, of x- orbital of BH, ¢s (x level), with | 
that of A, ¢1 (@; level), is larger than 2, the | 
mixing rate of ¢s with » (w, level). The} 


electrons constaining z-component or lone pair 
electrons. It is naturally expected that the 
non-bonding electrons in the substituent could 
migrate to the parent molecule in consequence 


of the interaction between A and BH. Since 
the mode of interaction between A and BH 
is different for the different electronic state 
of A, the rate of the migration in the ground 
state is assumed to be different from that of 
the excited state of the molecule A. Here, 
we denote the rate of the migration of the 
former state by 2, and that in the latter by 
A., respectively. Both of them can be calcu- 
lated by assuming the interaction between the 
occupied z-electron level of the non-bonding 
electrons of BH, y, and the lowest level of 
the vacant orbital of A in the ground state, 
@;, or between x and that of the vacant orbital 


above considerations lead to the following | 


relations, 
Ag=2az, (19 


which show that 2 is larger than 4. Now, 
densities of the z-electrons in BH under the 
influence of the ground and the excited state 
of A which are denoted by gy and g respec- 
tivery, are given by 

Wo=Qo—2As?, Ge=Go—(Ar?+ 22”). (2) 
It is concluded also from equation (2) that qg 
is larger than gq. and this leads us to the 


following considerations; 
a) 


Re= Art da, 


q 
h 


By the so called inductive effect of the} 
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s-electrons in BH bond on the z-electrons of 
B atom, the degree of localization of o-electron 
in BH bond is conversely affected by the 
change of z-density of B atom*; 

b) Then it is natural to assume that the 
larger z-density on the B atom leads to the 
smaller density of o-electrons of the atom, 
the effect of which drives the o-electrons to 
the more locarization in the BH bond and 
consequently brings about the stronger BH 
bond; 

c) Since the bond strength of BH directly 
relates to the proton affinity for protonic dis- 
sociation, BH=B-+H*, a stronger BH bond 
is more basic, or less acidic, than a weaker 
BH bond. By the same reason it is also 
concluded that the excited state is more acidic 
than the ground state. This conclusion is 
consistent with the observation. 

The similar correlation is found for the 
cases of various aromatic compounds with 
OH or NH, group through the solvent effect 
on their absorption spectra”. For example, 
we consider the effect of hydrogen bond for- 
mation on the near ultraviolet absorption 
spectra of benzene derivatives such as aniline 
and phenol. In these molecules it is well 
known that their absorption spectra shift to 
longer wave length (so called red shift) when 
the solvent is changed from non-polar to polar 
one, e. g., from carbontetrachloride to dioxane. 
When these molecules form the hydrogen 
bonds, the bond length of BH (OH or NH.) 
group becomes larger by 0.02~0.03 A due to the 
attraction on the proton by the proton accepter 
of the polar solvent®. By this effect, the 
o-electrons in BH bond tend to localize more 
strongly on the B atom than without it, and 
this causes the migration of non-bonding 
electron on B atom to the parent molecule 
much more strongly and results in the red 


__ shift of the absorption spectra. 


In the case of the absorption spectra, the 


* The so called red shift» in the absorption 
spectra through the hydrogen bond formation is 
caused by the inductive effect of o-electrons in 
the bond of the attached group on the r-electrons 
of the same group as discussed in later place. The 
effect conventionaly goes from o- to x-electrons, 
but the one in the present phenomena goes from 
n- to o-electrons in the attached group due to the 
induction effect between o- and x-electron and the 
word, conversely, means the latter situation. 
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delocarization of o-electrons in BH bond affect 
the electron migration, while in the case of 
the proton dissociation treated in this paper, 
the electron migration to the parent molecule 
in the excited state arising from light absorp- 
tion brings about the delocalization of o-electron 
in the bond conversely. Thus the origin of 
the effect is the correlation between o- and 
z-electrons through the induction effect in both 
cases. In this paper, the magnitude in the 
difference of the proton dissociation constant 
in the ground and the excited states of the 
derivatives are estimated from the difference 
of the degree of the electron migration in the 
ground and the excited state of the parent 
molecule. 

§4. Relation between the Basic Strength 
of Attached Group and Its Coulomb 
Integral 


In the previous papers, I and IIJ®, the author 
has pointed out that there exists a linear rela- 
tion between the basic strength, PK, of the 
attached group and the value of the coulomb 
integral, a, for the cases of triphenylmethane 
dyes and aniline derivatives. Thereby it was 
given by 

ai—aj;=k(pKy,—pKo,), (3) 
where the constant k was taken to be about 
0.4eV so that equation (3) was consistent 
with the spectroscopic data of these molecules. 
In this paper it is also assumed that there 
exists a similar relation 


a,—a,=k( pKa,—pKa,), (4) 


where the suffixes 1 and 2 refer to the ground 
and the excited state of the molecule respec- 
tively and pK, the proton dissociation constant 
(i.e. acidic strength) of the whole molecule, 
instead of the attached group itself. The 
change of pKa of the former, however, will 
be proportional to that of the latter, because 
the dissociation of the molecule takes place 
at the attached group. The main difference 
between equations (3) and (4) is that (3) is con- 
cerned with the relation before the perturba- 
tion to the molecule A by BH is introduced, 
while (4) is the relation after the introduction 
of the perturbation. In other words, the 
quantities in (3) are for the attached group 
only, while those in (4) are for the molecule 
as a whole, though the both equations are 
expressed by the same parameters, the 
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coulomb integral and the basic strength pK. 

The attached groups hitherto considered 
are amino groups only. When another sort 
of groups such as OH is attached to the 
parent molecule, the value of the parameter 
k should be changed because of the different 
electronic configuration between N (sp*, V3) 
in NH, and O (s2p', V.) in OH. Therefore it 
is necessary to use different parameters ky 
and ky for these two cases separately. Now it 
is convenient to determine the values of the 
parameters from the experimental data of 
the red shift in the absorption spectra. Since 
the bond length of OH bond is nearly equal 
to that of NH bond (1.07 A and 1.08 A respec- 
tively), it is expected that nearly equal degree 
of the delocalization of o-electron for the two 
bond is caused through the effect of the 
hydrogen bond formation with the solvent 
which makes the bond length longer by about 
0.02~0.03 A which localizes more o-electrons 
on B atom. This localization effect of o- 
electrons reveals the red shifts, the ammount 
of which are 300cm~! (phenol) and 610 cm 7! 
(aniline). It is possible to consider that the 
localization of o-electron induces z-electron 
migration in the same manner for naphthol 
to naphthylamine as for phenol to aniline. 
Owing to the different configuration of electrons 
in O and N, the rate of the migration of z- 
electrons accompanied by the same amount 
of localization is different in both cases. 

The above considerations are summarized as 


4don/4inn=4Eou/4Enu (5) 
= 4aon/4ann (6) 
=hoApK/knd pK (7) 
=Ro/Rn (8) 


where 4p is the red shift due to the hydrogen 
bond formation, and 4€ is the corresponding 
energy of stabilization which is in the first 
approximation given by” 


AE; = aCPAA; 


4a is the change of the value of the coulomb 
integral due to the hydrogen bond formation 
and c; is the A.O. coefficient of attached 
group in M. O. of the iso-electronic homocyclic 
molecule under considerataion. The suffixes, 
OH and NH, refer to phenol and aniline re- 
spectively, and 4pK is assumed to be nearly 
equal in both cases because the degree of 
localization of o-electron is almost same in 
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both cases. As in the previous papers kn is 
determined to be about 0.4eV, while kp is 
to be 0.2eV according to equation (8). As 
in the paper I, the coulomb integral of B atom 
(N or O) is expressed semi-empirically by” 


a, =],—1/2:g(Er—I,), (9) 


where gq, is the z-electron density, /, is the 
ionization potential and EF, is the electron 
affinity of the atom respectively. However, 
it will be better to use the first and the second 
ionization potential of B atom instead of the 
electron affinity and the first ionization potential 
respectively, because of the neglect of the con- 
tribution from proton in M.O.’s of the parent 
molecule. When q, takes different value for 
the excited state from that for the ground 
state, the difference of the coulomb integrals, 
a, and a@,, is expressed by 
A,—a,=1/2 (Ge—qa) i —Is) 
=1/2 (Ayv2—A2?) i —Ie) 
according to equation (2), and combining this 
equation to (4), it is obtained that 
k(pKa,—pKa,)=1/2 (av?—A3?) (i—I2), (12) 
where & is to be 0.4eV or 0.2 eV according 
to that attached group is NH, or OH. It is 
now neccessary to evaluate the rates of 


migration, 24; and 2, in order to calculate the 
dissociation constant in the excited state. 


(10) 


§5. Results and Discussions 


As the same process of the calculation of 
A, and A, as in the previous paper II is adopt- 
ed for evaluating the rate of migration, 2; 
and 2:, the details of the calculation are not 
reproduced except to give the neccessary data 
for calculation. The wave function, @(v), and 
the potential, H(»), for the migrating electron 
are given as 

Ov)=Laiditbds, HH v)=H,+H; 
where the summation is taken over the vacant 
orbitals of the parent molecule, and H» and 
and H; denote the potential for the migrating 
electron in the parent molecule and the sub- 
stituent respectively. As the result of the 
perturbation calculation minimizing the energy 
for the total molecule, the expression 


Ai=ai/b=(01—Tix)|(x—:) (13) 
is obtained. ; and J; are the resonance and 


the overlap integral between ; and ¢; and 
are given by 
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oi=ce/2 (ry +s(x+o1)), Ti=crS, 


where S=(¢x| $s), r=(¢x|H|¢s) and cx is 
the A.O. coefficient of M.O. for the atom 
in the parent molecule to which the substitu- 
ent attaches. In the case of naphthalene, 
#’s are given by® 


$1 =0.4085(¢1— 1+ ¢5—4s) 
+0.2883(¢2—63+ 5 —¢7), 

ba=0.4142(¢,—$4+¢,—¢s) 
—0.2801(¢,—$3+¢5—¢7). 


Now the relation y/7»=s/s)=1.2 (for NHz) or 
1.4 (for OH) is assumed, where 7» and sp are 
the resonance and overlap integral of A. O.’s 
for the M.O.’s in benzene respectively, and 
the values y>=—5.0eV and S)=0.25 are taken 
throughout the calculation. The values for 
energy levels, w; and x, have been given as 


o=—8.10eV™, w.=—2.67eV, x=—9.8 eV 


(for NH3) or —10.8 eV (for OH) respectively’, 
where the difference, »,—,, corrpesponds to 
the absorption at 2200A™ in naphthalene 
molecule. The values for the ionization 
potentials 7, and J; are taken from Mulliken’s 
work), 


lh: N(spt, Vz), N*(sp3, Va), —12.24eV 
Ih: N*(sp?, V4), N**(sp?, Vs) ? 

and c 

a) OGD, Vs); O*(s?p*, V5) —13.73 eV 
IT: O(s?)*, Vs), O**(s262,,V. —36.68 eV, 


where J=/,+/,. However, in the case of 
NH., 2—,=—14.98 eV was derived from the 
data for the free atomic state instead of for 
the valence state, since the available data 
is lacking, and in the case of OH, 2,—h= 
—9.22 V was estimated from the Mulliken’s 
data in the valence state. The result of the 
calculation is listed in Table I. 


Table I. Results of the Calculation 


ftached - 
Group hi Sead veh 25 shox ApKearc. Ap Kovs. 
a-NH} 0.75 0.11 0.55 4.1eV 10.0 = 
B-NH} 0.53 0.08 0.27 2.0 5.0 6.0 
POH... 0.50 00.10) ,0024, dad 5.5 6.0 
B-OH 0.35 0.12 0.12 0.6 3.0 6.0 


As seen from Table I, the differences of pk 
are in good agreement with observation for 
the #$-naphthylamine and a-naphthol, while it 
is too smaller than the one for the #-naph- 
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thol, though the calculated value is not certain 
due to the estimation of the ionization data 
I,—I,. Since the fluorescence of a-naphthy- 
lamine is completely quenched, the calculated 
value of PK can not be compared with the 
observed one, and only the relative change 
from §$-derivatives is brought here. 

In this connection we note that such consi- 
derations will be usefull also for discussing 
the difference of the chemical chracter between 
a- and §-derivatives as follows. As easily 
shown by the simple L.C.A.O. theory, the 
densities of z-electrons for a- and f-deriva- 
tives in the stable ground state are’? 

Ga=1,45,-Ge=1.53 

respectively. According to the consideration 
on the inductive effect given in §3, the 
strength of the BH bond should be stronger 
in B-than a@-derivatives, since the localization 
of o-electrons in BH bond is presumably less 
in the latter by the induction effect between 
o- and z-electrons. This is to be the case of 
naphthol and naphthylamine, where the obser- 
vation shows that a-naphthol (pKa=9.2)'! is 
more acidic than 8-naphthol (pAKa=9.6)'!? and 
a-naphthylamine (pA,=10.1)! is less basic 
(more acidic) than #-naphthylamine (pAy= 
9.9), These facts are the other strong 
support for us to the assumption in the cor- 
relation between o- and z-electron in the at- 
tached group. When these molecules are 
brought in the excited state by the absorption 
of light, z-electron density of attached group 
is reduced much more in the a-derivatives than 
in the -derivatives, the difference of which 
is about 0.1~0.3, and this means that in the 
excited state as well as in the ground state, 
a-derivatives should be more acidic than B- 
derivatives and a-derivatives are more liable 
to set its proton free towards the solvent than 
to stabilize itself after the emission of fluores- 
cence. Thus a-derivatives would be likely 
to be rendered to the quenching process by 
the formation of hydrogen bond in strong 
acidic solution, or for the anionic forms in 
alkaline solution the effect of hydration may 
play the same role. These are possibly the 
reasons why the ultraviolet fluorescence of 
a-naphthol and a@-naphthylamine are lacking 
in the solutions. 

Our conclusion that the excited molecule is 
more acidic than in the ground state as the 
result of the difference in the migration of 
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It is shown that the matrix elements of the crystalline field of lower 
symmetry than cubic and of the spin-orbit interaction for d-electrons 
in octahedral complex ions can be easily evaluated by the method of 
tensor operators, and the tables necessary to evaluate these elements by 
this method are given. It is also pointed out that the effective Hamilton- 
ian which plays the same role as the spin Hamiltonian for the non- 
degenerate states can be constructed for the degenerate orbital states 
and will be useful for the analysis of line spectra of these complexes. 


§1. Introduction spin-allowed absorption bands of these ions. 

Since 1951, many investigations have been Further progress will be made by studying 
carried out on the absorption spectra of the the spin-forbidden bands, the line spectra 
transition-metal complex ions and we have (especially the Zeeman effect of these), the 
now fairly complete knowledge of the electro-optical anisotropy observed in the complexes 
nic excited states which correspond to the of lower symmetry, etc. Some of these pro- 
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blems were already treated in part by several 
authors. It seems to us, however, many 
problems remain unsolved. In order to clarify 
these points, it is first necessary and will be 
important to consider the effects of the cry- 
stalline field of lower symmetry than cubic 
and of the spin-orbit interaction which were 
neglected in the previous paper.» 

We will therefore present here the matrix 
elements of these operators in the form 
suitable to any application. To this end, the 
method of tensor operators is most useful and 
we will develop the algebra of tensor opera- 
tors in §2 and show that the matrix elements 
in question can be evaluated by simple multi- 
plication of several factors which will be given 
here. Before applying the matrix elements 
evaluated in this way to practical problems, 
we will discuss a general treatment by the 
effective Hamiltonian in § 3 that will be useful 
in the analysis of line spectra of complex 
ions, in which we are interested and for which 
this calculation was first carried out. Practi- 
cal application of the results will be given in 
a later paper. 


§2. Method of Tensor Operators 


As in (JD, we want to evaluate the matrix 
elements of the spin-orbit interaction and of 
the field of low symmetry in SI" scheme. Na- 
mely, the basic functions are ¥(f2,(S.11) 
eg” (S2I"s)ST' Msr). (We write for, eg in place 
of de, dy in order to indicate that they need 
not necessarily be constructed from the d 
functions.) Since the evaluation is most con- 
veniently carried out by using the method of 
tensor operators, we study first the properties 
of tensor operators. 


i) Tensor operators 

We define as irreducible tensor operators of 
type -/" each operator X(I"), whose (/") (=di- 
mension of the irreducible representation /’) 


components X,(J’) transform in the same way 


as the basis of the irreducible representation 
g('y) under the operations of the octahedral 
group. For example, the so-called “ Kubic 
Harmonics” are the components of such tensor 
operators. The non-cubic perturbation V can 
thus be written as the sum of irreducible 


tensors V,(J") as follows: 


> 


V=V(Aag) + 2yCyVy( Eg) + SyCryV (Pia) 
+ SyCoyVy( Frag) +V(Aqu) +V(Azgu) 
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+ Sy Cy Vy( Eu) + Syeiy’ Vy( Fin) 
+ 2yCoy Vy Frou) (2.1) 
where V,(/') may be expanded in terms of 


Kubic Harmonics, namely 

V(Aag)= fel Aagl7) Sx#(y?—2?) +--+, 
lease Aas meet ate 

Vo(Eo)=fa(Eoln)V, 3 —y")+-*°, 

Vy Fig=SiPig|NxyV 3 (x?—y?2) +--+, (cycl.) 

Vel Pog) =fo(Pag|nxy+-++, (cycl.) (222) 
and 

V(Aiu) =fo(Aru|) xyz x4(y2—Z2) + +++, 

V (Agu) =fs(Azu 1) xye+ eos 

Vul Eu) =fs(EulnxyveV 3 (?—y) +--+, 

Vo( Eu) =fo( Eulr)xyal—32+97?) +++, 

Vy(Fiw)=fiPiulyz+-++, (cycel.) 

Ve( Fou) =f3( Poult ZV 3 —y?)+ prs ‘23 (cycl.) 
where (cycl.) shows that the other components 
a, B (or &, 7) of V(F) (or V(F))** can be 
derived from the component y (or €) by cyclic 
change of x, y, Z. 

One may observe that Vu(F) and V,(F)) 
have (axial++) tetragonal symmetry, and V(A3), 
V,.(E) and Ve(F:) rhomibc, while, V(A;), 
Q/Y¥ 3 )2yVyF) and (1/V 3 )SyVy(F2) are of 
trigonal symmetry with respect to the three- 
fold symmetry axis of the octahedron. 

One also observes that these non-cubic 
perturbations (the fields of low symmetry or 
coupling with the nuclear motion) are not only 


hermitian but also real, namely the matrix 
elements of these operators are real if we 


* Note that (2.2) also could be used as the defini- 
tion of the basic functions g(/’y) of the irreducible 
representation 7’. One may observe that this choice 
of bases is different from that made in (I). In (3.7) 
of (1), we chose the bases of #,, and Fy, in the 
following way: Booy, toc —Y2 
qeex, <« —xy. That is not a convenient choice of 
phases, so we make here the usual choice of phases 
ace, Poay, yore; xyz, yuew, Cmaey as in (2.2). 
However, the matrix elements, tables and formulae 
given in (I) need not be changed at all even if this 
choice of phases were adopted, excluding, of course, 
(3.7), so that the matrix elements evaluated in this 
paper can be used together with the energy 
matrices of the coulomb interaction given in (I) 
without any modification. 

** We will suppress the suffices g, w when there 
is no fear of confusion or when the statement ap- 
lies both to g and w. 


ae —xX, yoo — 23 
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refer to the real basic functions. We denote 
such operators as V,(7'). In practice, however, 
pure imaginary operators also appear, for 
example, the angular momentum operator J, 
which is of the type Fiy. These will be 
denoted as T,(/’). They always appear in the 
form combined with the spin operator s as in 
the spin-orbit interaction or with an external 
magnetic field H as in the Zeeman term, in 
the Hamiltonian. 

The problem to evaluate the matrix elements 
of the non-cubic perturbations is thus reduced 
to the evaluation of the matrix elements of 
Vr) : (al'y|\V7@P)\a’T’y’). This matrix ele- 
ment can, however, be factorized into two 
’-factors, one of which depends on 7, 7’ and 7, 
while the other does not, as is easily shown. 
(al’7|V7()|al’7’) 

S(aAl VOX) Ne TOP) WEN 7, £7), (2.3) 
where (’y|I'’7’, '’7) is the Wigner (or Clebsch- 
Gordan) coefficient given in (I). This may be 
compared with the formula for the general 
tensor operators T,“ 
(ajm|T|a’j’m’) 

=(aj||Ta’7’)(27+-1-V*(jm\j/m’kq) (2.4) 
given by Racah”. Thus we only need to 
evaluate the double barred matrices 
(al’\|\V()\|a’T’). Since our Wigner coefficients 
have the following property, 


Py arr |r T 7) 


=e)“ V4" |r F) : (2.5) 
where 
PAI”)=el' PI’) =1 , 
eT ATI’) =e( yl”) (2.6) 
el’ Al”’)=e(1 Bie) —l 
and e('EI’)=1 


except for e(FL EF.) =e(F,EF,)=—1, 
it follows for real operators 
(ADVI) lal’) =eTTT aT’ |VE)\ar’), (2.7) 
so that particularly 
(al’||\V)\|al’)=0 for T=Az, Fy. (2.8) 
(2.3) is valid also for operators T. For 


these operators the double barred matrices are 
pure imaginary and 


(al ||TT)\la’T”) 
=e TIT" ||TO lar’) , 
so that particularly 


(2.9) 
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(al ||TQ)||al)=0 for P=Ay, E, F,. (2.10) 


The matrix elements of the spin-orbit 
interaction operator is of the form 


N 
Va0= Xi Gey >) SiotiG= Zi doeGV oF) , (2.11) 
oy = oy 


where t (usually written as €2) is the operator 
of the type Fi,, and the suffices o and 7 run 
over x, y, z and a, 8, x respectively. For 
the isotropic spin-orbit interaction 
dzi—Qy8—Gey— 
aoy=0 for other pair of o and 7. 
Since our scheme is S/’Msy, it is more con- 
venient to evaluate the matrix elements of 


following operators V,y(1F)) instead of 
Vesey: 
1 : ely 
Vayd F)= gly +iVyy)= > Sisitiy , 
Vowih)= Vez = 2 Siotiy , 


VaylA)= ty Wey—-iVy) = S sate 


(2.12) 
Then we can show for such double tensors 
(aSI'Msr|V GA Fyla’S’T’ Myr’) 
=(aST'||V(1F\) la’ ST” )(2S+1)(L))- 1/2 
x (SMs|S’Ms lanl r|\l’7’ Fix) , (2.13) 
where the Wigner coefficients (SMs|S’Ms'1q) 


are, for instance, given in TAS». The double 
barred matrices are imaginary and 
(a@ST'\|\VAF\) ila’ ST’) 
=(—1)8-8’(a’/S’T’||VAF\)||a@ST). (2.14) 

It is to be noted that the double barred 
matrices of an irreducible tensor operator 
defined above are independent of the choice 
of basic functions, if the components of the 
tensor operator are properly defined corres- 
ponding to the new choice of bases. When 
new bases g(/M) are derived from the old 
bases g(/'y) in the following way 


gr M)=SeTrTrilM) , (2,15) 
the invariancy of double barred matrix is as- 


sured if we define M component of the tensor 


operator X(Z’) by the relation 
Xa()= Xx0)VC7IM) ~— (2.16) 
RY 


and the Wigner coefficient in the new scheme 
by 


(MIl’MTM) 
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= MIP NCTE’, PA\0’7’ |" M’) ii) The evaluation of the matrix elements 
ee. for a given configuration 
xC7|M) , (2.17) We now proceed to the evaluation of the 
since double barred matrix elements of spin- 
(PM |\XxT)|T"M’) independent operators X(/’) (X=V or T) 

= ZUM nC XsQl'"r) Fai mod ama "SS yaF 
Car Ne a XqM=Sxq(M= 3S xa(P+ "SM xg(M 

x CFM) 7 1" M’) SRD in bX ye (2.19) 

=(F|XOMITOC > (CM |Pr) The elements which are diagonal with respect 

Lid to the number of electrons in the f2 and e 

Xr rT M)0'7' lM 1 7ITM) shells can be written as the sum of two terms, 

thus 


= '|XQ)C0P) 24M’ M’TM). (2.18) 


(fo"(Sa)e”’ (Sols) ST || XV) || fo"(Ssl'se" (Su ST) 
= (fF "(SW ie” (Sal'2)ST | XP)nl| f 2"(SsI"3)e” (Sala) ST’) (SoS) OP als) 
+f "(SW ye” (SaPs)ST |X P)nell f2"™(Sa Ye” (Sa HST )O(S1S3 OC W's) , (2.20) 
where X(I”), and X(I")n- operate on the f, and e shell electrons respectively. These matrices 
can now be evaluated be means of the following general formulae the proof of which will be 
given in Appendix: 
(Ql obT' Tl |X alla’ Ta Bol”) =(al' all XM) ale (el ol (aT ol”) (2.21) 
and 
(alah ||XP lala’ ly) =(BP XP) BU al of (LP WLal vT , (2.22) 


where X(/").(X(/°),) acts only on the first (second) state in the resultant coupled state, and 


Parola ater y= aod « Fall al ol lel sd Lal ie (2.23) 
Similarly, 
Cal lol lol) =(C Coes, Pela al’ POPS... (2. 24) 


(2.23) and (2.24) are thus easily calculated from the transformation matrices between dif- 
ferent coupling schemes which were used in the calculation of the matrices of the coulomb 
interaction. It is to be noted that (al)I[fal'a’I'oI”) vanishes unless all the representation 
TaxloXT, Pa XVyXI", PaXT a XVa and (' XI” Xf contain the identity representation A, 
while (Mal T'(Lo]Fal' IT’) vanishes unless 7aXI)XT', Pa XT XI", Po XT! XP, and TXT’ xIo 
all contain Aj. 

From (2.20), (2.21) and (2.22), 


(fa(SiPs)e”"(Sal2)ST'||X1)| fa"(Ssls)e”" (Su) ST’) 
= ("SPs ||X(P) || fo®SiT"'s) 0(S1S3)0(S2S JOT (Cal VV sll”) 
+(e’ SoP||X(P) le" Ss')O(S2SH0(SiS)0T sil Vl’ . (2.25) 
Similar formula for the spin-orbit interaction is obtained: 


(f2"(SiV ie” (S202) ST || VF) | fo"(S3l"s)e"" (Sl) ST) 
=(fo"S01|| VA Fs) || fo" S303) (SoS OT 2P4)(S1S2S [1 S382S) CP of LP sll) 5 (2.26) 
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since 
(e”’Sal2|| VF) lle”"Sul') =0 . 
The definition of (S,S2S[1]S3S.S’) is similar to (2.23), namely 
(S1S2S [1].S3S2S”)=[(2S + 1)/(2S1+1)]¥7(S3S2(S)1S|S31(Si)S2S) , 
or 


=V 2S +125 +) W(S'15281; SS3) (2.27) 


in terms of Racah’s W-function. 

The matrix elements of X(I’) and V(1F;) considered in this section are thus simply evaluated 
by multiplying several factor, e.g., (f°SWal|X(P)||forSu's), (io 3021”) etc, once these 
are calculated and tabulated. 


The matrices (fo"SWu|X(7)||fo"Si0'3) can be evaluated in terms of the double barred 
matrices for one electron by means of the following formula which is essentially (23) of 
RIT. 


(FSi |X(L)|| fF" Si's) 
=n halla OAM CIS)? aa i Fo"SWP iff USY PF) f° UST ) fal SI" S'S) 
PVR OPE PY Ror) (2:28) 


Similar formula can also be written down for (e”’S./"s||X(T)\\e”’S.I")). 
For the spin-orbit interaction, we have 


(fo SP3|| VF) Fe" S 32's) 
=n(4 Fallstll2 AMZ +YCY/2G) | os (FST FP MSV TY A) fa? UST) fal SF" SV 2) 


x (S18(Ss)1Si]SV31@)S 01 BC) EDIT Y Pa FF 20) . (2.29) 


(fo”ST |X) || fo®ST’), (€”’ STIX) \le"’ST’) and (fo"ST || VAF,)||fo"S’T'’) evaluated by these for- 
mulae are given in Table I. It is to be notde that, for half filled shells (2=3 and/or n’=2), 
not only the diagonal elements of V-operators vanish but also certain off-diagonal elements 
vanish. This fact is peculiar to the half filled shells and will perhaps be the cause of sharp 
absorption lines in the spectra of Cr?*(f,°) Mn?*(f,3e?) and Ni?*(/2%e?) complexes, since this 
means that the states of half filled shells are not perturbed by the nuclear motion to the 
first order. 


In Tables II and III all the necessary matrix elements of (Mal oI(VallaTol”), 


(Pal ol ola’ T’) and (SaSrS[1]Sa’SvS’) are given. 

Since we do not know at present which matrix elements are needed for dure analyses, 
we shall rather content ourselves with the preparation of these tables than proceed to the 
tabulation of all the matrix elements of (2.25) and (2.26) 

Before leaving this section, definitions of the double barred matrices for one electron should 
be given. According to (2.8) and (2.10), only the followings do not vanish among the diagonal 
double barred matrix elements of V and T operators: 


(filly B)IA=V 3 fClvu(Ea)| fal) » 
(AllvFDIA)=V 6 (foelve Fao) ifon) 5 

(fallt FIA =V 6 aE lty(Fio) | fan) =V 6 ik , 
(ellv(E)|le) = —2(eu|vu( Ey) eu) , 


(el|t(Asle)=V 2 (eult(Agg) len) . (2.30) 


1958) 


Table Ia. (f2®ST'||X(T)|| f2"S'T) 


X(T)=V(2z) 


m=1,5 (fallv(2)||f2)= —(fa8 2Po||V(E)|| 292 F2) 


m=2, 4 (f2ST||V(E)||f2S0") 
=£(fAST||V(E)|fASP’) 


S'T’ 
TAY 3Fy 1h} 1p, 
ST 
TAL 2/¥ 3 
3F Fl 
1H | 2/73 E23 
Ry Fl 


x (fal|v22)|| Fo) 


Take upper sign for n=2, and lower sign for 
m=4. The elements without double sign are same 


both for 2=2 and 4. 


a=3 (f28ST||\V(E)||f23S'T’) 


srt | 
£Ay 2 2B 
ST 


4Ay 
2H] 
2B 


2B, -vY 3 


* (fal|vE)||f2) 


X(T)=V(Fi) 


m=1, 5 (fallv(Fs)||f2)= ~(F2°Fa||VFS)|| fo 2F2) 


 n=2,4 (f2SP||\V(F))||f2ST’) 


= +(ftST |V(F)||fs'SP’) 


ae 14, 3B 1A lf, 
Sr 
; 1A; a/v 3 
3Fy 1 
1H FY 2/13 
{ hy 2 3 ey Diy Spal 


x (fa||vF)|| 72) 


—n=3 (f8ST\\VF) F287) 


ie) flats 
Ss 4A> 2H aR, 2, 
SP : : — ‘ 
4 Ay 
2A) ¥ 2 
i Ei 1 
2Fy V2 = 


x (folly) || f2) 
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X(T)=T(F\) 

n=1, 5 (fallt(Py)||f2)=F2o?Fa||TH, 

n=2,4 (f2ST|\|TR)||f2S'P) 
=(fatST ||TH)||fotS’l’) 
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)||.f28 22) 


ge 1A, Hs ly 1p, 

AS es cea y ge a 
1A, 
SE ==! 
1B V2 
Ih, ee ll 


n=3 (fST|TR)|f8S'T) 


x (fel\t)||F2) 


SHU Pes 
4A, 2h] oF 2B, 
ST phe. f A t Z. 
4Ay 
2h VY 2 
2B ar 1 
2B, 1 


Table Ia’. (f SP |VAFYILS 


x (f'2||t(PD||F2) 


"S'T’) 


m=1,5 (af2||st 3 f2)= —(f2°°Fo|[VLPY) || F2° °F) 


n=2, 4 (f2SP|\VAF)||f28'T’) 


=+(fstST||VF))||f48'2) 


Sur! | 
| Ay 3A 1H} 1, 
PSige ole EM = . 
TAY —-Y2l¥ 3 
ey ive aa Fl/v3 Flv 2 
1H V/V 3. 
1h, 41/7 2 


n=3 (f8SP|VAF)||f3S'7’) 


S'’T’ 


£Ay 2h 2A 


ST 


=e) aw RIV 3S 1 


x (3 f2||st||3 f°») 


x (4f2||st||3 72) 
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Table Ib. (e”SI'||X(I)|le"S'T’) 
X(T)=V(B) 


and H. KAMIMURA 


X(I’)=T(A2) 
n=1, 3. (el|t(As)||e)= (22 ||T(Ay) |le?2Z) 


(Vol. 13. 


m=t, 3 (ellv(E)\le)= — (2H ||V(E)|\e02k) n=2 (@ST'||T(Ap)||e2S'L') 
i (2ST ||V(E)||e2S’P’) + gr 
S'r’ 1A} 3A, 1B 
1A) 3A lh ST 
Clas | eas 
Gh ee oie an acre 1A, | ) 
Ay V 2 3Ay 
3Ay 1K -—2 
Li V2 
Table Ha. (Perel ifalla Pot 
Tye. TATA, 
(Tq Agl o* (HP a! AP a!*)=1 ) 
except for (WA,H[E]HA,H)=—1, 
where fe Aga i 
(PaHT|E\r'ET.!) 
pit ty Ay B Ta’ Fi Py 
cl H 7a Ay Ag H ir 2 Fy Py ’ PY 
se oa a ar ae eer: Dae i, eh 
Ay BY Wyo Nes 1 EF 1 l 
A, ED —l/¥2 1/2 1 P, i I 
EB A,| Wy 2-12 li 2 — : ; 
haat Lip S: 0iy4. li’ 2 i : 
LE 1 1 Li oe Wwe 
Tiak, (PeA o[Fo|Pa! Arlo) =1 
(Pg Asla*|Po|Pa! Aol’*q)=1 
(Pa ET [Fela EP)=(Pq! EV FC aE) 
al Bi F, Ta? Fi BP 
re Ff, Fy P, Fy yr’ FB, By Fy Fy 
site Get ee 1 hl! hee = PA opie eke 
Ay 1 ik FY Fy | —1/2 ve i oe —1/2 
A, B 1 1 ) F,| Y3/2 1/2 -1/2 = 3/2 
HA ly 2 Ii’ 2 FP, F,| -Y3/2 -1/22 -12 y3/2 
Ay 1/2 = iy F, | 212 =73 2 vor ~1/2 
Hw) ly 2 =U 2, Uy 2 =e 
Ta=Fi (eA a Fill g!Al a')= 1 
(TeAF ol Fla Ala! =1 
except for (F,AoFYF iF \Asky)= —-1 
(FLAP [Fi FeAsk))= -1 
((qEV [Pl q!EP')=(19q'ET'[F\aET) 
Cg! Fy Fy bi Dg. Fy Fy 
r' F Fy, " Fy PT eB Fy F, Fy 
ge we +a cay 4 ie Lael: a aa a .- aie 
Ay BF | 1 1 ae “1/2 -/3j2 3/2 1/2 
A, E| 1 1 P| -Yge 2 .-12 =p 
B o 1h 2 acWw? Feo ose ye ap ee 
Pal Sy ae Fh -12 -V¥32 3/2 -1/2 
HY =1jy/? yee -liv 2. tive 
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Po=EB (Al Tle.’ ?))=1 
(AP? [BAL y/Ty/*)=1 
except for (4,.HH[F|A,H#E)=—1 
(EP ,T[E\ET ,'T) 
Vda? Ay Ay H 
r 1 EB Ay Ay 10) 
—>-oF > Ny o's ae 
A, E l// 2 l/Y 2 1 
Ay SEF | —1)/ 2 -1f/2 1 
E A, l// 2 —liiy7 2 l/¥ 2 
Ay 1/2 —-l/¥ 2 -l/y¥2 
H 1 1 lly 2 —-1/\//2 
(APT EEL’) (FT EBT y'T) 
IP»? Ay Ap E Pat AG As EB 
yr’ PB, Fy FF, Fy VA Fy, FP, PB, Fs 
eae) ? ALY, Figg Poached 6 OF tne oo i 
A, F; | Y3lv2 -Y3/¥2 Ar Foi —-VY3lV¥2 Vv 3lv 2 
A, Fy —/ 3/¥2Y3lv2 As Fy | Y SV 2. Gay Sie 
EF, Y3l’/2Vv3lvY2 -Y3/2 -¥3/2 ER) V3i/¥2 V38ilv 2- v 3/2 ¥Y 3/2 
Fe| V3iv2V3iv~2 Vv 3i/2 ¥ 3/2 Fy Y3l%2 ¥3ilv2 -v3/2 ~Y 3/2 
Te=Ag (Ao Io[ Ag] Ar'n* P0*)=1 
(AoD oMp*[Az|Aal n*ly)=1 
(EP T[ANEM)'T’) 
iT! A As ae EB 
r E E r’ a he E 
fai ae & a Sa r Tee Fons » pare 8 po 
cE | Y2 E Ay) ali B 
Ay Ef | Y2 Az “iY 2 
E | es 
(FP, T As] FPP’) 
| | / iH 
Py! A As Ps 7 
Ir? F; PF; Ir? By, Fy 
F mr Saget rea ee ee ci ee Tere TT 
fn /3 EF Y3l 2 
A, Fy! ae Fy 482 
(FP) TAF y'T’) 
Po! A; Do! B 
we 6 4 r’ EY Fy 
r ak | ; Di Tr, .T 
ye +f | /3 E Fe ¥3lv2 
A, Fi v3 Fy VY 3lv 2 
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Table Il. (SaS,S[1]S,’S,S’) 
(Sa0S,[1]Sa/0Sa/)=1 


(Sal S[1]}S,71S’) 
Sy! 0 1 _ 
S’ 1 0 1 2 
ost wa. ‘ co - ’ -okana oe 
iy 1 | 1/3 1 Y5/lv3 
0 Wy 3 1/3 
1 sail UR 1/2 -Y5/2v3 
a Y5/Iv3 Y 5/273 ¥ 5/2 
oy 1/2 3/2 
S 1/2 3/2 1/2 3/2 5/2 
SS 
1/2 1/2 | = 1: —2y 2/3 2/3 ¥ 5/3 
3/2 2Y 2/3 10/3 1/3 2 2/3 ¥ 3lv 2 
3/2 1/2 — 2/3 1p3yY 2 ¥ 5/3Y 2 —yY 2/3 
3/2 ¥ 5/3 —2/3 ¥Y 2/3 11/15 ¥ 6/5 
5/2 VY 3/lVv 2 ¥ 6/5 3/7/57 2 
(SaeS[1]S./3S') 
ig 8% 1 Ig © 42 3/2 
sg’ 1/2 1/2 3/2 is’ 0 1 1 2 
Sa ‘Si re mr 18 ; ry ee iy 4 ty 3 ea ‘ iS Z S | e % : ‘ 7 ib : zi ‘. : as 
6 12 V21¥3 2/73 1/2 1/2 | —iy e” Ths 
ZN 97 D5 3) 2/3 —Y 2/3 i l// 2 1 1/2 ¥ 5/2 
3/2 | Zl 3 Y 2/3 10/3 As i Ra 1// 2 —-1/2 Y5/2v2 —-1/2yv2 
2 Y5/2 1/2/72 3/279 


The off-diagonal elements are as follows 


(fallv(Fa)lle)=(ellvPa)ilf2)=V 3 PoE lve( Fa) lew) , 

(Ally lle) = — Elly Py || fa) = —3(f2E |v Fig) lev) , 

(falltPa)lle) = (elt) || fa) = —3(fa€ ty Pio)|ev) = —2V/3 ik’ , 

(Alt )lle)= —CEllt Pa) A)=V 3 (feElte(Pro) er) . (2.31) 
For the spin-orbit interaction operator; 

(4f|| st] 3 fo) = 6 fo +2E|Soty| 3 fo+3y)=31€ , 
(af2||st||e) = (dellstl]4f2)=—3V 2 (a fo+2€|soty|se+40)=—37 2 if’. (2.32) 9) 

If f, and e are constructed from the d-functions and t(F\)=1, t=€0, then k=k’=1 and €’=€ 


will be the spin-orbit coupling parameter for a d electron. 


iii) The evaluation of the off-diagonal elements 


Since the operators we are interested in are of*one electron type and (2.7), (2.9) and (2.14) 
are still valid, we have only to calculate the double barred matrix elements of the following 
type in this section: 


(f(ST Ne" (SP)SP XT) | fe"-(SW' Ne" (SL YST) (2.33) 
which can be calculated by using the formula (28) of RIII as follows: 


c 2 V n SPS {| fo" U(S3P's) fay(e, e”' (Sols) | Je” SV yn’ +1 
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x (S3l"3fon(SW Sal 2ST ||xnP|| Ssl '3€n(SL")SalxST) 


X (S3l"32e(SL) So aST'|S3l'sheSaP'(SW')ST) . 


Now, applying (2.21) and (2.22), we obtain 


ee a ervet aA ; 


where 


[S1S2S]S3S,S] = [(2S, + 1)(2S4+ 1)]-¥2(S33(S1)S2S|$33S2(S4)S) a W(S34SS33 SiS.) 


and 


Pie Ws] 


(2.34) 


(2,30) 


(2,36) 


SAMA IC MTs, EPPO ITL Ws, EVAL LOL) 
SAC AC IC)? SOBs, PLC AL EEE Eyal) 


xUsECV W's, ECT IT’) 


SCION’ TOM EYL CVT CEO Ws, EA OT) « 


(2,37) 


For the spin-orbit interaction, we have similarly 


(Fa(SiPs)e”"(Sol2)ST || VAFi) || fo"-(SsI'se” tS )S'T") 
=Vn(2Si 41x) Fo"Sil {| fa" (Sal's) fay(ee” (Sala Fe" OSL) V (n’ 425,41) (Fa) 


x ($f: ||st]| SES S2S [1] SSS PP LP sll , 


- where 


: The off-diagonal 


[S1S2S[1]S3SiS’] 


=(2S+1)(2S’ +1) = (2S+1) W(S34S11; S3) W(S'1S2Si; SS) W(S389' Se; SS,) , 


elements are thus easily 
evaluated by the multiplication of several 


_ factors which appear on the right hand sides 


7 of (2.35) and (2.38). 


CR en, ae, eT . Re NTN ee ee ee me rT 


The coefficients of frac- 
tional parentage are already given in (I), so 
that only (e, e(S’I’’)|}e"*4Sl) which are ob- 
tained from (e”(S’T’ )e|}e"*1ST) by (3.3) of (I) 
are given here (Table IV). The matrices 
[Pal oT PW Mal”), [SaSoS[1]SeSaS’] and [SaSoS| 
SeSaS] are given in Table V, VI, and VIII, 
respectively. 

We have thus essentially finished the evalua- 


Table IV. (e, e™(S’I’’)|}e"*4SL) 
(ee™(S'T')|}e"*1ST)=1 for n=0,1,3 
for n=2 (ee2(S’I'’)|}e32H) 


Si fu 2H 
1A, 1/yY6 
3As -l/y 2 
i =I 8) 


(fo UST) fal} fo"ST)=1 n=1, 2,6 
Values for n=3,4,5 are given in Table II of (I). 


(2.38) 


(2.39) 


tion of all the matrix elements of tensor opera- 
tors among the states ¥ (fo™(Si1)e”’ (Sxl) ST 
- M7) that will be needed in practical problems. 
The value of the necessary matrix elements 
are readily obtained simply by multiplying 
appropriate factors given in Table I-VII ac- 
cording to the formulae (2.25), (2.26), (2.35) 
and (2.38).* 


§3. The Effective Hamiltonian for the 
Orbitally Degenerate States 


The method of the spin-Hamiltonian for the 
non- i aaaaee orbital ae ai has been 


* Tt must be, ROREHE. noted that the = arattine 
(2.25), (2.26), (2.35) and (2.38) are not to be used 
when N=2-+n’=>6. The matrix elements of opera- 
tors in this case should be evaluated by the follow- 
ing formula; 

(f(T re” (SoI"2)ST ||X|| fr” "(S3P'3)e’ "(Sil a) S'L) 
= + (f28- "(SL 1)e4- (Sal) ST ||X|| f2oo-"" (Sal's 
xe eS aS'T’) , 


where — sign is used for X=V(T) or VIF), 


while + sign should be taken for X=T(7). 
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Table Va. [ToMoT (Fille al] 
(aA ol FilPeET |= -PeET [Fill eA ol 
Ir. Ay Ag EH FY Fy 
(Dive Ma J; EB Ay Ag * te Fy F, F, FP; 
ae a a > - = 
Ay Ai 1/6 
Ay As WY6 
E EB| v6 v6 
FP, Fi Li 6 Ales —1/2/3 -1/2/2 -1/2/6 —-l/2v6 1/2/72 
F, Fy 1/6 -1/2V3 1/2¥3 1/2/%2 1/76 -lY6 1/eYv2 
[PoAsl*(FilleEl j= +[leET Ful Al a*] 
is oA Ay E F F, 
fan 3) E Ay Ay E BR F, Fy F, 
ra 2 2 : oa ~ —_—— 
A; Az lly 6 
Ay Ai 1/6 
HE EF WV6 1/6 
FL Fy 1/6 1/2V3 = 1/23 -1/2/6 1/2/2 12/2 1276 
Bor Ths 1/2V 3 —1/2/3 .-1f2Y6 22 .-1/242 ~l/ev6 
[VqET [Fl cEI| 
if - Ay A; E Fy PF; 
Pe ae E A Ay E Fy F; Fy, Fy 
io 2 : a = a ie C a 4 
Ay. EE | 1/2/3 .—l/2y3 
sae oy -1/2/ 3 1/23 
EA, 1/2)’ 6 1/2Y 6 
Az 1/26 1/2 6 
Eo 1/26 1/2/%6 -1/2Y6 —1/2/6 
FF 1/2¥3  -1/2/6 —1/276 1/2v3 1/273 
BF, —ifey’ 6 -172/6 —12/6 —l2Y3 1/2/ 3 
F, F,| -1/2/3 —1/2/6 1/2f6 1/273 —1/2/3 
F, | 1/2Y 3 -l/2v6 1/2y6 —T/2y"3 °° 1/2)" 3 
Table Vb. [oI oI [|Fillcal| 
(PeA [Fel cET |= +[PeET (Po eA a] 
ene e As E F, Fy 
Bie coke DI Ay Ay “BE Fi F, Fy F, 
Pars Sera er 
Ay Aj | 1//6 
Ay Ay | ws sine | 
BB lh’ 6 Wi’ 
BP, F l/Y 6 1/23 1j2v3 -12Y6 -1/2/2 1/2/29 -1/2/68 
ry Fy 1/6 1/2) 3 ~12/3 -Va/ 6. 12Yve -1pyY7, +1276 | 
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[PaAsl” *[Fa|oET'|= —[PeET'|F, | gAal'a*| 
fe A 1 
ir EB B 4, As BE im Py, Fr Py 
PS i es” anal ee P aos ice ea eas 
ots Wl 6 
Ane Ay | li 6 
; - v6 v6 
fF; l/s 6 1/2 3 =1/a/ 3 —lj2/ 2 —lj2/6 “yay 6— ley 2 
Fy Fy 1/6 —1/2/3 1/473 lf2fV2 —-1/2v6 —-1/2V6 1/272 
[Pekl |Fy\lcHT’) 
Ur Ay 7 
1 # a 4, Ay 3 rn Fy i Fy 
| ia aa <=. ee 
pe 12¥3. 1/273 
As E -lj2¥ 3. 1/23" 
Et Ay 1/276 —1/2/6 
Ay Eley ¢ 1/86 
a 12/76 =1/26 1226 1/26 
Py E | -1/273 “12/76 -1/2Y6 —1/2%3 -1/2/3 
Fy | Wf2y 3° —1/2,6 —1/2y 6 l2yY3 861/273 
Fy Fi | 1/2y¥ 3 -1/2y 6 1/2/6 12/3 ~ 1/273, 
Pe re ~1/2y 6 W276 1/23 — 1/273 
Table VI. [S.S.S[1)S:SaS'] 
[SaSpS[L]}Sc3:S’]=(— Sat Spt S541 2*STSC3S"|1|SaSpS] 
a 1/2 3/2 
iS! 0 1 1 2 
See Sle oO —. : jo os ri > .-7 ce 
L ee ear 1/2 
1 : —1/2/ 3 1/6 -1/2Y6 ¥5/2Y6 
0 1 1/2 3 W//6 
| 0 —1/6y/ 3 1/393 
= 1 Woe a 1/4 W75/12 
| 2 V5 1373 V5 /12y/ 3 V 5/473 
5 [SiSoS[1)Sc3S"| ; Saab = EE nag oe 
7 = (— Bat Sot S# Set PFS SoHS'[ 1S SoS] very useful in the semi-quantitative (in the 
4 | gr % 1 sense that empirical parameters are introduced) 
of is’ 1/2 1/2 3/2 analysis of paramagnetic resonance spectra”. 
ae a — ‘ Even when the ground multiplets were orbit- 
me201/2 ) 12 —1/6 2/3 ally degenerate, the spin-Hamiltonian could be 
3/2 3/2 | = Lf3 ¥ 5/6 constructed and used for the final ground state 
1/2 11/2 —1/6 5/18 “2/9 (Kramers’ doublet) in which we were interested 
4 3/2 Vv 2/3 /2/9 10/9 in the case of paramagnetic resonance.”. In 
3 B/2 1 1/2 1/9 ~1/9)/2 the case of optical spectra, however, vs ane 
‘ 3/2 ver 1/18 rather interested st the whole leve s spli 
; from a multiplet 25+17' due to the action of the 
9/2 16 field with low symmetry and of the spin-orbit 
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| 
Table VII. |[SxSpS|SoSaS J Table VI. (“umT'2m|P'm) 
S=0 [:SySx0|SeSc0|= [| SeSc0|SxS20] =('m|limy'ym2)* 
Sc 1/2 A,X H 
S, Wie 
. 0" eta eS r E 
Sa So . —¥ i‘ m U+ te 
0 0 | 1/2 ; =u ae 
my Me a4 
il | 1/V¥6 U+ 
; , ; <p Ww a 
Sei [S Sp1|Sce1] i 
== ({— \Sqt Spt StL 2[S,31|SaSo1] Ay x Fi 
\Se 1/2 3/2 Ir PF, 
| im U+. v— vy 
Se, } a z 
OD U6 U6 ss a 1 
0 1 —-1/V6 0 2 its 1 
1 1 1/3 —1/6 ao 1 
S=2 [11 2|$42]= —[$32|1 1 2]=-1/23 Ay Fr 
S=1/2 [SaSod|Sok3]=(—)SatSo* Set! [Seth |SaSv3] if F, 
Se 0 1 We aS a= % 
. m, Mes [ _- 
ws) «| a = L+ | —1 
12 0 | 1/2 1/2 2 ee, 4 =a) 
Wet 1/2 —1/6 et | ct, 
BiOr <1 We ee 
= 311181 —(— \Se+S, +3 : $ | 
S=3]2 [SuSpBlLHBI=(~ oto" PLLHE1 Sa ite eee Ps z 
Se 1 m €1 C2 U+ w- 
: ; my ms, | > 7 oe 
Sa Sp | U+ -1 
3/2 0 | 1/27 2 Ge w_ aya —ay 2 
Wiz —1/3 us Ws. | = EAD) il 2 
3/2 1 5/62 U- | 1 
Ex Fy 
Ir Fy Fs 
m 4 Q— ao 4. c- Bn) 
4m i ak 2 oe eh ' =i eo an 
+ iyo ly 2 
U+ a- -l/¥ 2 —i/Y¥ 2 
a 1/¥ 2 av 2 
A+ -l/Y¥2 i] 2 
U— a- | hye t/y/ 2 
ee Liv’ 2 —t/V 2 
Ex Fy 
i Fy Fy, 
m Oy a- a C4 Ca ty 
m Ms i J ¢ ¥ aes, ¥ 
+ -Uv 2 ; lly 2 
Ws 0. tl¥ 2 ih oan 
x0 —tlY 2 ) L/y/ 2 
iif —¥/ 2 lia 
On e — 2 =l/y" 2) 
xo UY 2 l/¥2 
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Xo 


ao 


my 


a+ 


ao 


vo 


) 3% 


= 3 


V2 
Ssh Yaa a/v 2 W/yY¥6 
— 3/2 
V/y¥3 Y2I1Vv3 
Ths —UV2 l/¥6 
Uy 3 ON Aad WY¥6 
-1l//%3 4/42 l/¥6 


= 2p ya 


x 


“V3 


Vy 3 


—i/V¥3 ye -iVo 


UY 3 -1/¥6 —UV 2 


-i/V3 “V6 | Tae 
¥ 21Vv3 


# FF, Fy 
U + U— Ay a ao C+ v— 


EN Y 2/13 
/Y¥3 hil gD —-l/¥6 
W/Y3 fy 2 -1l/V¥6 


Tne o. UV 2 ety 6’ 
yaa. on ae any 0. 


yay 


interaction than in one of them. Therefore it is of some value to point out we can also con- 
struct the effective Hamiltonian for the orbitally degenerate multiplet *°*'/", the correct 
zeroth-order wave function for the split levels and thus the behavior of these levels in the 
magnetic field (Zeeman effect) if it could be observed, besides the optical anisotropy. Of 
course, for the multiplets which are perturbed to the first order by the field of low sym- 
metry or the spin-orbit interaction, we can discuss these properties without much labor, using 
the first order perturbation theory. However, for certain multiplets, especially those of half 


408 Y. TANABE and H. KAMIMURA (Vol. 13, 


filled shells, the first order perturbation generally vanishes, and the treatment by the effec- 
tive Hamiltonian will be useful for these states. 

Since we already know the form of the effective Hamiltonian for the orbitally non-degenerate 
multiplets 25+1A, or 25+1A,, i.e., the usual spin-Hamiltonian, we will consider here only the multi- 
plets **77"("=E, Fi, F.) and study how to construct the effective Hamiltonian for these. First 
we note that the matrix of the effective Hamiltonian for ?°*17": (a@°*12 Ms7|Deee.|a?5* 0 Ms’r’) 
is (2S+1)x(I’) dimensional and this matrix can be represented as linear combination of 
matrices of ee irreducible Nee operators: 1, S®=(Sz, Sy, S,, S@=(3S2—S(S+1), 


V 3 (Sz? —Sy?), 5 SrSs+ S50), 2 ——(S,S2+ S:S;), Hz SeSv+ SySs), S@O=- 7) Up to tensors 


of the {degree he of (1) irreducible orbital operators of type i’ xl=>(T%):1, TAs), 
VE), T(F:)(=L), ViF2) whose double barred matrices are 


(@E|TIA) aE) =Y2i, (@E\|W/\llakE) =V2, 
(aF,||TP)ilak)=—-Y 671, (ahi||Vibllakj=vV 6 , 

(a ||VFa)|lari=3V 2 . (3.1) 
(@F,|TPvllak)=V 61, (aF||V(E\lak)=Ve6 , 

(@Fi|| VFa) aks) =3V 2 , 


and of the products of spin and orbital operators such as S,7(A.), ScT;(Fy) etc. Next we 
note that spin-tensors of odd degree combine only with T-type orbital operators and those of 
even degree only with V-type orbital operators in the effective Hamiltonian. We further 
note that only the former types of operators, spin-tensors of odd degree and T-type orbital 
operators, combine with the external magnetic field. These considerations enable us to write 
down at once the general form of the effective Hamiltonian for ?S+1£: (assuming for simpli- 
city S<1,) 


Det. =Ost+E- VE) FSO. ViE)+S-A2T(A2)+8H-g:S+BH- go: T(A:)+B8H- gc: V(E):S (3.2) 
and for ?5*1F, and 2°*1F,: (again assuming S<1) 


Det.=Os tHE: ViE)+S@:- EO VW E)+F: VF) +S: FO + VF) +S: 2: TE) 
+BH-g:S+BH- go: Th) +B8H- ga): VE): S+ BH gcr.- ViF2)-S , (3.3) 


where gs is the usual spin Hamiltonian constructed with the spin tensors of even degree up 
to 2S, and E, F, 4, g, go are parameters to be determined empirically. As in the case of 
the spin-Hamiltonian  s the coefficients of operators in (3.2) and (3.3) should be chosen so as 
to produce the invariant forms appropriate to the symmetry of the problem. It is also to be 
noted that the terms which contain spin-tensors of degree k:S“ appear when k<2S and, 
except for the Zeeman term, they usually come from k-th (or higher) order perturbation with 
respect to the spin-orbit interaction as long as we neglect the spin-spin interaction. 

As a simple example of the treatment by the effective Hamiltonian, we will discuss the 
splitting and the Zeeman effect of *#, ?/, and ?F, levels under the action of trigonal crystal- 
line field and of the external magnetic field along the trigonal axis of the octahedron. The 
formal considerations given below will be found useful for the analysis of the line spectra of 
ruby to be reported later®, . 

For this purpose, it is convenient to use the following bases which are quantized in the 
direction of the symmetry axis, namely for E(u, v), 


w=—UtinV 2, u-=(u-iv/VD , (3.4) 
for Fi(a, 8,7), 
a= —(Wk+OR4+7)/V 3 , a-=(0A+0B47)/V 3, M=(A+B4y)/¥ 3 , (3.5) 
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and for FYE, 2, €), 


He=—(WETON+OIV 3, x-=@E+ON+O/V 3, m=EtntO/V3 , 


where w=e2*4/3 and o@=o?, 
The Wigner coefficients in this scheme are given in Table VIII. 


The effective Hamiltonian for ?E is very simple, if we drop the last term in (3.2) for 
simplicity 


Dest. = AS: T(As)+-8//8 HS: + g0//BHT(A2) , (3.6) 


where z-axis is taken along the direction of the trigonal axis. Note that trigonal invariant 


does not appear from WE). The eigenfunctions and the corresponding eigenvalues are at 
Once written down: 


} eae ‘Si/ a ) VY CESU,) O07) 
Waal = (2 +-g0u )BH aera (3.7) 
and 
oes ( EH. ¥ CEiu-) 3.8 
Wrs'= 4 +( ; —go1) )BH enh AS (3.8) 


Since the main contribution to the first term in (3.6) comes from the second order perturba- 
tion Vso- Vtrig., We may say that ?£ is split by the interplay between the spin-orbit interac- 
tion and the trigonal field. The split components show the linear Zeeman effect and the 
corresponding g-values are g/;+2go/; and g//—2go/;. Since L is quenched in £ state, thus 
&//~2 and go//~0, so we can predict that the sum of the g-values of the split components 
will be almost equal to 4. This will be really seen in the Zeeman effect of the characteristic 
doublet Ri, R. of ruby, Cr3+ : Al,O,%. 

Both for *F, and ?F;, the effective Hamiltonian is of the same form. Dropping again the 
last two terms in (3.3) for simplicity, 


Deri. = FV ((F2) +A(Sz Tx+ Sy Ty)+ AoSzT24+-2¢//8 HS: +20//BHT: . (3.9) 


Moreover, the matrix elements of V are entirely same for both F, and F2, and those of T 
for F, can be obtained from those for F, merely changing the sign (Table VIII). Therefore, 
we will consider here only the case of 2/y. (For ?F\, change 2, Ay>—4, —Ay and go>—o M 
the following.) 

The matrix of the above Hamiltonian for ?F, is 


C+ U4. x0 Xo v— Wee 
i =4 dsyontlorsd 3 “3 
3 ~F-? 46H (Sg 1) 
2 hag etal 
C+ 
A ‘a 
a -F+) 6H (2 +901) Al 2 
: —al/ > oF +-6H 2! 
2 i 
ro 
_ eg oll ih aba 
=4 2F PH) ly 2 
> do Fy ( Stl 
3 -AlY 2 —Bt+y + 9 9 + Pll 
3 A 
: } ~F- +) ~ pH (9! gor) 


(3.10) 
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The eigenvalues and the corresponding eigenfunctions are: 


i VY CF 2tx+) 


and neglecting the second order Zeeman effect, 


ok Sloe ah eas Ao Sra tan a: BH| — 2% COS 2@— 8o// COS? a& al, 
ae sin a@+¥(2F,—43%+) COs & (3.12) 
VY ?2F,—3x) sina+¥ ?F23x_) cos a 
Wis=—F+ 2 +7 > — cot cot ae auil Mi cos 2a—g// Sin? a& ie 


phe cos a—¥ (2F,—4x4) sin a (3.13) 
¥ @F,—4Xx) cos a—V¥ (2F24x-) sin a ; 


where 


taney Ta if (3F-2) OE ee ae (3.14) 


These results may be used for the analysis of the spectra, e.g., the optical anisotropy, 
intensity distribution in the Zeeman pattern, assuming suitable parameters F, 2, 2, £, Zo 
chosen so as to fit the observed natural splitting and the Zeeman splitting. Theoretical 
problem is thus reduced to the explanation of these empirically determined values, just as in 
the case of the usual spin-Hamiltonian. 
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Appendix 
The proof of (2.21) goes as follows: by definition, we have 


(QL aBM'ol'7|\XyV ala’ a’ BP oly’) (Al aBl ol [XC alla’ Pa’ Bo YU) "rT 7), (A.1) 


while 
= > Ur|Varal oro (al ava|Xy (L )ala’ "a fa (Ia fa Tore’ 7’) 
Aya 9b 
=(ala\|X)||a’ Pa’ )('a)-¥V/? XS rare or\Carall'a’ ta A) a ra’ Tor\l'r) . (A.2) | 


Gy" yb 
Using the definition of the transformation matrix 
Cal Call Cal CIPO) 8Gr”). 
= Dy CP y|Laral oro (Tarall a’ ta’ V7\(Ca' ral oro’ 7 10 hes ‘a rye yy (A.3) 


VasVa’ Vp? 


the summation in (A.2) can be transformed inthe following way: 


= (al 4||X(’) 


Way Cal Call La TL TIC ITF) « (A.3) 


Thus (2.21) has been proved. (2.22) may be proved in the same Way. 
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A new Probe Method for Measuring Ionized Gases 
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A new probe method is proposed. This method is based upon the idea 
that the end of a cylindrical probe affects the surface area of the sheath. 
The first stage of this method is to measure the sheath radius by using 
a variable-length structure. The procedure is to extrapolate the probe 
current to J=0 along the straight line of the plot of current vs. length 
of probe and to measure the slope of the straight line and thus to derive 
the radius of the sheath. Experimental results of ion sheath for Ar are 
fairly well consistent with the theoretical radius expected from simple 
theories, except for low plasma density. The discrepancy between the 
theory and the experiment is caused by the disturbance. 

By taking into account a correction factors, namely, depletion in ion 
collection due to elastic scattering, plasma density can be exactly esti- 
mated by measuring the radius of ion sheath without having any know- 
ledge of the adequate space charge equation. Thus, the reliability of 
the probe method is increased. 


§1. Introduction expressions in which velocity of ion is defined 


— In Langmuir’s probe theory,” the conditions by use of the term “mobility” have been 
“to be satisfied are (i) no collisions between suggested and developed by some investiga- 
“charged particles and gas atoms; (ii) both tors.*-”? 

energy distribution and density of charged The second is concerned with investigations 
“particle at the plasma-sheath boundary being on the boundary between plasma and sheath. 
the same as in undisturbed plasma, in other This is one of the most interesting problems 
words, behavior of plasma near probe un- of the probe theory today. It arises primarily 
changed by insertion of probe into plasma. from a need to overcome the contradiction 
_ The first is obviously not fulfilled for plasma that application of the ordinary probe theory 
‘of such high pressure that thickness of the results in an ion temperature which is larger 
‘sheath is greater than the mean free path of than or is of the order of electron temperature. 
‘the charged particle. From this point of view, Body solved the boundary problem on the 
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criterion that ion sheath can not be formed 
stably unless it fulfills a certain condition, 
and he obtained an expression for ion current 
independent of ion temperature.® Other 
aspects of the problem were suggested by F. 
Wenzel and D. Bohm,’ who gave ion col- 
lection formulae independent of ion temper- 
ature by analyzing the density distribution of 
the charged particle under the assumption 
that density distribution is governed by orbital 
motion around the probe through the effect 
of probe potential. 

In addition to the situation of the plasma- 
sheath boundary in the probe measurement, 
a complicated condition develops at high 
pressure. This is a depletion of collected 
charged particle due to elastic scattering, 
which was emphazed by B. Davydov and 
L. Zimadovskaya,!» D. Bohm,™ Y.M, Kagan,! 
G. J. Schulz and S. C. Brown.” 

In practical use, besides such a depletion, 
there is a disturbing effect, i.e. formation of 
a disturbed region near the probe because of 
penetration of probe voltage into the plasma. 
This phenomena was touched upon in previous 
papers,?» so we will not go into it further 
here. 

We consider it essential to determine sheath 
radius for probe measurement exactly, i.e. to 
verify the conduction equation in sheath and 
to find both behavior of plasma-sheath boundary 
and disturbance due to penetration of probe 
voltage into plasma. Of course, sheath radius 
is an important quantity to estimate plasma 
density. 

Nevertheless, a method for determining the 
radius of ion sheath exactly has not yet been 
developed. The cathetometer method usually 
provides only crude estimation because the 
sheath is thin and the boundary between it 
and the plasma is not clearly observed; con- 
sequently, it is difficult to determine the exact 
boundary between the plasma and the sheath 
of a probe having the usual negative potential. 
Also this method is not applicable for electron 
sheath which is not visible. Turning to the 
ion sheath, a high negative voltage must be 
used to make it visible. At high negative 
voltage, there are secondary processes, such 
as ejection of secondary electrons by positive 
ion or metastable atom which complicate the 
situation and finally lead to a breakdown of 
the ion sheath, From the fact that the critical 
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voltage for such secondary processes is lowered 
with rising pressure, at high pressure especial- 
ly there is no experimental method for deter- 
mining radius of the ion sheath free from 
such secondary processes. 

We propose here a new method using a 
cylindrical probe of variable-length. The end 
of the probe as well as the side of cylinder 
collect currents of ions or electrons from the 
plasma. The current flowing into the end is 
a function of the sheath radius and can not 
be neglected so far as a finite dimension of 
the sheath is concerned, even when the probe 
is thin. 

After verifying the priciple of our method 
by preliminary experiment in this paper, we 
apply the results of our measurement to a 
criterion for the most suitable space charge 
equation as well as to the correction necessary 
to eliminate the disturbing effect from the 
measurement of the plasma density. In this 
way we can increase the reliability of the 
measured plasma density. 


§2. Preliminary Experiment 


We first consider the end effect quantitative- | 
ly. Whatever the shape of the end sheath | 
of the cylindrical probe may be, the additional 
collection through the end sheath can be 
written in the term of equivalent extention | 
Al of the probe length 7. Thus, total col- 
lection is given by 


i=i(I+4 4) , (1) | 


where 7% is the ion current per cm of length 
of the side of cylinder of the probe, and 4/ 
must be a function of both the probe radius |} 
yy and the sheath radius a@. The latter radius || 
can be found by experiment as follows. Under || 
the conditions that secondary processes do || 
not occur and that the sheath radius is large 


PLASMA 
END PLANE PROBE (Ni) 


MICA PLATE 
Ip 


CYLINDRICAL PROBE(Ni) 


MICA PLATE 
GLASS ENVELOPE 


Fig. 1, Probe structure for examining end effect, || 
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enough in low pressure so that we can deter- 
_ mine it by visual observation, the ion current 
flowing through the end sheath is measured 
as a function of the radius of the sheath 
covering the side of cylinder. We prepare a 
device (see Fig. 1) in which there is an end 
plane probe separated from the main cylindri- 
cal probe. The same negative potential as 
applied to the main probe is, through a dif- 
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ferent probe voltage source, applied to the 
end plane probe. The radius of sheath a is 
then measured by means of the cathetometer 
and the ion current flowing into the end probe 
is simultaneously measured. The thickness 
of the end sheath is nealy equal to that of 
the main probe, although slightly curved in 
shape, as shown in Fig. 1. 

As an example, in Table I we tabulate the 


Table I. Preliminary test for end effect in cylindrical probe. Mercury vapour plasma at room 

temperature, discharge current 50mA. @ena denotes ion current flowing into end plane probe. 
| ip (uA/mm) 
Probe Voltage | tend | a is ee SA Ga) cme eee = aaa 

(V) (pA) (mm) | from main | (a) (6) (c) 

| probe | tena/1.5a—-1y | tena/a—Ty | dena/@ 
200 42 . 7.0 5.6 57k al 10.5 6.0 
300 | 50 | 7.4 5 eel Gide Nailed enil Lite hh Pamin ed 
400 56 8.0 6.3 | 62 ny feo 
500 62 8.5 6.4 | 6.4 11.3 i 
600 68 9.1 6.8 wien 6.4 109 7.5 
800 82 10.0 6.9 | 6.8 IN 8.2 


(a), (6) and (ec) represent that Eq. (2), (3) and (4) are used, respectively. 


experimental data for Hg vapour at room 
temperature and for the discharge current of 
50mA. We assume the three shapes for the 
end sheath as indicated in Fig. 2 where (a) 
represents a cylindrical and (0) and (c) re- 
present semi-spherical shapes. In such as- 
sumed forms, 4/ in each case can be 


(a) M4l=1.5a—7 p > (A), 

(b) Al=a—-FPr yp . G35) 

(c) Al=a. (4) 
a-~h HON SHEATH gq 


Va 


mae 
TTT Z 
gifp PLASMA PROBE” ||“ PLASMA 
(a) ip (b) 
y) 
4 PLASMA 


(c) 


Fig. 2. Assumed shapes of ion sheath at end. 
(a) acylindrical end, (b) and (c), hemi-spherical 


end, 


The equivalent ion current per unit length 
tena/41 for the three forms is computed 
from the experimental results given in Table 
I where jena is the ion current flowing into 
the end probe. Values of Zena/47 with various 
negative voltages in the case of (a) fairly 
agree with z) which is deduced from the cur- 
rent flowing into the main probe. Thus the 
validity of the form (a) is confirmed. 

Thus equation (1) for determining sheath 
radius can be rewritten as 


t=i97+1.5a—rp) . (5) 


A more convenient way for evaluating the 
radius of the sheath is to estimate the ion 
current ig) at J=0 by extending line z vs. /] 


having a slope of i)=di/dl (see Fig. 4). Then, 
instead of equation (5), we can write 
loo=10(1.5a—Pr p) ‘ (6) 


This is valid not only for an ion sheath, 
but also for an electron sheath, of course. 


§3. Experiment and Results 

Here, we use two probes of different dia- 
meters with lengths that can be varied by 
using an external magnet, as shown in Fig. 3, 
A large spherical vessel is used to eliminate 
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the asymmetric disturbance usually arising in 
the ordinary cylindrical tube, which is long 
with a small cross-section. Here the asym- 
metric disturbance is a phenomenon in which 
plasma densities and potentials are different 
on the cathode and anode sieds of the probe. 
Special precaution must be taken to completely 
eliminate any excess collection of ions coming 
through the small gap between probe and 
glass envelope. 


Fig. 3. Variable-length probes for measuring radi- 
us of ion sheath. 


Examples of plots of ion current vs. probe 
length are given in Fig. 4. Except for the 
range of small / the plot is a straight line. 
Deviation from the straight line for small / 
seems to be due to the disturbance caused by 
the very thin glass envelope. 

To verify validity of this method, we com- 
pare the sheath radius calculated by equation 
(6) with that measured by visual observation, 
at a particular condition. The sheath radius 
is made visible when the probe is set at a 
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very high negative potential and in such a 
low pressure that no secondary processes 
occur on the probe surface. Table II gives 
results for Ar in pressure of 4.10-?mm Hg, 
indicating that there is good agreement between 
calculated and measured radius when form 
(a) is assumed, while if form (0) or (c) is as- 
sumed there is no agreement between them. 

Sheath radii a@ for Ar measured in this 
method are tabulated in Table III. The 
pressure of gas is from 10-?mm Hg to 5mm 
Hg, and discharge current from 0 to 200mA. 

We now compare the measured sheath 
radius with the theoretical radius derived from 
various space charge equations. According 
to Y. Watanabe and H. Kobayashi,” following 
three different equations are applicable. 


40 


10 


0-5 
PROBE LENGTH (cm) 


Fig. 4. Plots of ion current vs. probe length at 
various negative potentials. 


Table If. Comparison of radius of ion sheath measured by variable-length probe method with 
that by visual observation, in the case of Ar of pressure of 4.10-3mm Hg. 
Discharge Probe probe mEeeteaeaee wae 
current voltage uw 400 radius aren a wat Tr = 
Tp Variable-length probe method Visual 
(mA) Ss dle Enea eet (cm) (a) (0) fat | wees 
50 200 ul 18 0.015 0.25 0.38 0.35 0.26 
” 400 82 34 4 0.29 0.44 0.41 0.32 
Y 200 61 26 0.075 0.33 0.50 0.43 Osy, 
” 400 88 65 ” 0.54 0.81 0.74 0.57 
200 200 144 34 OL015: Fil Oey 0.26 0.24 0.18 
” 400 200 75 ” 0.26 0.39 0.33 0.27 
" 200 200 70 0.075 0.28 0.42 O35 0.35 
” 400 250 140 ” 0.42 0.63 0.64 0.43 


(a), (6) and (c) represent that Eq. (2), (3) and (4) are used, respectiyety. 
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(a) 


(b) 


(c) 


Notations used are as follows: 


a. 


In: 
»: 


es 


8?,¢- and ¢@e: geometrical factors corre- 
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Langmuir’s law In Table III, theoretical values of ion sheath 
3.43-10-7M-V2V3/2(7)82)-1=3 (7) radius evaluated from Langmuir’s, w- and b- 


laws are denoted as a, ad; and a,, respective- 

ly. From the experimental results, we may 

come to the following conclusions: 

b-law A) At pressures lower than 10-2mm Hg, 
5.99: 10-p- by V2(horp)-2=7 . C9') measured a, approximates evaluated a, 

based upon Langmuir’s law; 

collecting ion current per cm (A/cm) B) At moderate pressures of the order of 

negative voltage (volts) 10-1'~1 mm Hg, measured a; approximates 

radius of ion sheath (cm) evaluated a; based upon w-law. 

C) At pressures higher than several mm Hg, 

measured a, approximates evaluated a 

based upon b-law; 

In each case, measured a, agrees with 

or is less than evaluated a; 


sponding to Langmuir’s law, #- and In each case, the discrepancy between 


b-laws, respectively, being functions of measured a, and evaluated radius in- 
alr» creases with decreasing discharge current 


pressure (mm Hg) or with plasma density. 

mobility coefficient of ion at 1 mmHg From the above measurements, we have 
(cm/2, mm Hg¥/2/V¥/2, sec) by which increased our knowledge of negative probe, 
the velocity of ion is defined as y ©&8-» We can now understand qualitatively the 
=/»(E/p)¥2, where E is field strength, Conditions under which each space charge 


e.g., for Ar and Ne, /’s are 0.8x10t, equation is applicable. 
and 1.610‘, respectively Now the question arises as to where the 


mobility of ion at 1mm Hg (cm?. mm discrepancy between the _ sheath radius 
Hg/V. sec) by which velocity of ion is measured by are variable-length probe method 
defined as v=by (B/p), i.e., for Ar and and the evaluated radius based upon the cor- 
Ne, by’s are 1,24.10% and 3.34.103, re- eb ets simple space charge equation comes 
rom. 


welaw 
5.06: 10-8 p- M2415 V3/2( bor yp) 3/27 =7 , (8) 


radius of probe (cm) 

atomic weight, e.g., for Oo, M=16 
random ion current density (A/cm?) 
velocity of ion (cm/sec) ) 


spectatively.1 


Table III. Measured and evaluated sheath radii, sheath voltage, R, a, 8 and evaluated plasma 


| 
| 
| 


density for Ar. 


| 
| 


= 5d ri ie ~ 
4 00 oh» on > oO iS Vv! & 
Hom) Veal ew 100 ay A» a3 4 

ga | S24 | see | s85| 8 Raipindoetb gp Hig B 
ca} see las |} oe = | (#A) | (em) | (cm) | (em) | (cm) | (V) 3 
aS}ao | ra Say | ts | dee A Scaled gah 
0.026| 5 0.015 30 oni! | 0.4 |0.063) 0.27 |0.35 | 0.65 | A 5 1:0).95 24s Ona Ono! 
Y a a 90 / GE PS MOMS 120575 Os 62a Zoe SIA. Y 1S Va 0.51 

Y 50 y 1 43.0 4.0 -|0.072| 0.26 {0.28 |0.66 | 23.0 EPPA OR GHA SHAR 

” 200.4\-. OL075 1" 130 (2A0y Pils Sear 16r Oa) || O.22).0742 B24. 00082 1.49] 0.39 | 2.6 

a Va Y 90 9320— 4 264050724 |0532 0.236,,|,0-.76 1.60.0 Y 1.55 | Le | eds 

0.15 5 0.015 30 ZS Ona Oni) OWA VOR o26 hOea 6.6 {0.55 PSZOLO7 sO 
1 a 0.075 ” Sat 0.6 |0.18 | 0.67 |0.50 |0.62 3.8 | 0.26 2.61} 0.50 | 0.08 
1.00 a Ir | 60 aye! 1.340.201 | 120600434) 0247, 1428 |.0:.041) 18.54 0:47 10208 
Va 50 " Ui 3110 Ags WOn 15, | On44an023 4) O27 9922.10 a 92550102674) O58 

| | E 

2.00 200 0.015 90 28.0 3.7 10.094! 0.35 |0.13 |0.16 | 55.0 |0.063) 9.90} 0.78 | 0.58 
5.00 5 ” 60 ee. 0.48 0 14 1.05 |0.23 |0.20 | 35.2 |0 025 | 27.8 | 0.35 | 0.014 
100 ” Vi PAWS) 2.8 |0.097| 0.27 |0.093/0.099) 55.0 1” ABAD) | 0755, )0.838 
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We first consider how the simple space 
charge equation must be modified when various 
other processes are to be considered. If the 
ion at the sheath-plasma boundary posses an 
initial velocity, the sheath radius would be 
large (Malter and Webster),! which is a fact 
contrary to measurements. Also, an addition 
to the diffusion term in the equation of cur- 
rent flow leads to a large sheath radius, an 
effect contrary to the measurement. 

Ion sheath radius is usually evaluated from 
space charge equation by using the value of 
ion current, which is measured to be small 
because of elastic scattering sideways and 
backwards. Consequently the sheath radius 
is estimated to be large. Such loss through 
“elastic scattering might be—considered the 
source of the discrepancy. In general, elastic 
scattering is increased with increasing gas 
pressure. However elastic scattering is not 
a possible source because of the experimental 
fact that the discrepancy does not depend 
upon the pressure. Moreover, the range in 
which the plot z vs. 7 is not linear is too 
large to be explained by elastic scattering.) 

Another probable source may come from 
an estimation of the true sheath voltage. If 
the negative voltage penetrate into plasma to 
some degree, it can be expected that sheath 
voltage is lower than applied voltage deduced 
from the probe characteristic. 

Assuming the penetration, we can expect 
the sheath voltage V’ from the measured 
sheath radius and the corresponding space 
charge equation, to be as given in Table III. 
For example, with a pressure of 2.6x10-? mm 
Hg and a discharge current of 200mA, using 
a probe having a diameter of 1.5mm in the 
tube, as shown in Fig. 3, expected sheath 
voltages of 24, 35 and 60 volts can be obtained 
for an applied negative voltage of 30, 60 and 
90 volts, respectively. Also, the experiment 
indicates that the difference between the 
sheath voltage and the applied voltage in- 
creases as the discharge current or the plasma 
density decreases. Such a _ penetration is 
characterized by formation of a penetrating 
sheath outside the ion sheath. Disturbance 
due to penetration will be described in another 


paper. 


§ 4. Determination of Plasma Density 


To determine plasma density, it is essential 
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that elastic scattering effect must be taken 
into account. 

The elastic scattering occuring near a probe 
leads to depletion of the collection of ions or 
electrons, which has been discussed by Brown 
and Schultz,» Bohm™ and Kagan.” This 
effect has a tendency to become pronounced 
with increasing gas pressure. 

Analogous to Bohm’s theory for spherical 
probe stood on an idea that collection is deter- 
mined by the diffusion flow at the point which 
is one mean free path distant from the probe, 
we get the expression of the collection on a 
cylindrical probe in terms of the probe radius 
vp, the mean free path 2, and probe length 
l as follows; 


Ri=j/jo=al{A+ry log 1/(rp+A)} , 


where j and j» are electron current densities 
flowing into the probe, with and without the 
depletion, respectively. 

Thus, such a depletion depends upon the 
mean free path of the charged particle as well 
as on both the radius and length of probe, 
but is independent of plasma density. Kagan! 
found that this depletion becomes effective in 
the vicinity of the probe within several times 
the radius of the probe. Equation (10) ap- 
plies also for ion or electron sheath. 

Eq. (10) is derived by assuming that no 
sheath is formed around the probe. So far 
as ion collection in negative probe is concerned, 
it is necessary to consider the effect of the 
existence of an ion sheath on the depletion. 

According to our analysis which is analogous 
to Kagan’s theory of spherical probe, the 
density distribution as a function of distance 
ry from a cylindrical probe is expressed by 


Ny= (Fo/2x7rpv){(rp/7r) cos B+ 
+(2rp/A) log (7/rp)+7/2} , 


where Fy is total flow to the probe, v velocity 
of charged particle and 6,=sin-!rp/r. 

Setting r=7», we find the density at probe 
surface as follows: 

‘ NAV p) = Fr/4rpv . (12) 

Since scattering does not occur in the ion 
sheath, as we shall discuss in detail in another 
paper, the existence of an ion sheath increases 
collection of ion determined by the density 
outside the sheath. Consequently, ion collection 
with ion sheath is greater than that without 
ion sheath; the condition of the latter can 


(10) 


(11) 
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not be found in the usual probe method. 

Considering the effect of ion sheath having 
radius a, the resultant expression of the 
depletion factor can be given by 


R=Re., (13) 


and 
a=N(a)/No(1p) 


= (2/7){(7»/a) cos Ora+(2rp/A) log (a/rp)+7/2} , 
(14) 
where @,,=sin7! 7>/a. 
Finally, the correct plasma density can be 
found by the following equation: 


tty ne )* 
2rae R’\ kT» 


where e is elementary charge, K Boltzmann 
constant, M’ mass of ion and 7, ion temper- 
ture. 

The plasma densities obtained by Eq. (15) are 
given in Table III. It is found that numerical 
values of plasma density obtained at different 
negative voltages agree fairly well with eath 
other. Without above correction, there is a 
poor agreement. 

Finally, we may add following description 
concerning to the disturbance. The dis- 
turbance accompanying with negative probe 
is characterized by formation of penetrating 
sheath and “ transition region ” which appears 
outside the penetrating sheath. The transition 
region is formed as a result of loss of charged 
particles near the probe. Owing to such dis- 
turbance, the plasma density near the probe 
is decreased. In fact, the extent of the dis- 


(15) 


10? iO" | 10 
PRESSURE (mmHg) 


Fig. 5. Ratio @ and elctron current at plasma 
potential as a function of pressure, 
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turbance observed as a range in which the 
plot of probe current vs. probe length is not 
linear, increases with decreasing plasma 
density. Also, the ratio 8 of the measured 
ion current at 7=0 to the ion current extra- 
polated to J=0 along the straight line, in- 
creases with increasing plasma density, as 
shown in Fig. 5 in which measured # as well 
as the electron current flowing into the probe 
holding at the space potential as a measure of 
plasma density are plotted against pressure. 

Those non-linearity can not be caused by 
the scattering effect because the scattering 
effect is located so close to the glass envelope 
that its range is usually covered by the ion 
sheath around the probe. Therefore it is seen 
that the formation of transition region results 
in the non-linearity and consequently the 
transition region expands with decreasing 
plasma density. 


$5. Conclusion 


We propose a new method for determining 
sheath radius and plasma density. This method 
has the merit that it is not necessary in 
principle to use the space charge equation 
and that error due to disturbance can be 
eliminated. Also it offers information of the 
most adequate space charge equation and 
clarifies how disturbance in negative probe 
leads to error in the measurement. 

It especially emphasizes that the disturbance 
must not be ignored even in low pressure 
plasma where the elastic scattering effect can 
be neglected, and that tne boundary problem 
should be interpreted basing upon the dis- 
turbance. 
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- Oscillation of the Wake behind a Flat Plate parallel 
to the Flow 


By Sadatoshi TANEDA 
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Oscillation of the pure laminar wake behind a flat plate placed in a 
uniform stream at zero incidence angle was investigated experimentally 
at Reynolds numbers between 10? and 10°. (The Reynolds number F is 
Ul), where U is the model speed, J is the plate length and v is the 
kinematic viscosity.) 

For a sufficiently small R the corresponding wake was perfectly lami- 
nar and vortex filament was seen nowhere. But when RA of about 700 
was reached, the wake began to oscillate sinusoidally some distance down- 
stream. As R was increased further the oscillation became more and 
more conspicuous and discrete vortex filaments appeared in the loop of 
the sinusoidal wave. Frequency N was measured by the hot-wire tech- 
nique and it was found that the Strouhal number NJ/U is nearly pro- 
portional to 1/2 power of R. On the other hand, wave length 4 was = 
determined from the photographs taken by aluminium dust method, and 
the relation between 1/2 and R was obtained. Spacing ratio and velocity 
of the vortex filaments were also estimated. 

These experimental results were compared with those of the wakes 
behind various bluff bodies, and some knowledges about the origin of 
oscillation of the wake were obtained. The value of wake Strouhal 
number was nearly constant for all shapes of body, while the wave velo- 
city changed remarkably with the shape of the body. 


Introduction 


§ 1. 
It has long been recognized that the wake 
behind a bluff cylindrical body oscillates and 


rates from the surface of the body and twin 
vortices are formed immediately behind the 
body at the beginning of motion. Then they 


arranges itself in a regular vortex street in 
the intermediate Reynolds number range. 
Though an appropriate explanation of the 
geometry of the vortex street was provided 
by the well known theory of von Karman”, 
the reason why the wake should oscillate or 
why a vortex street must appear, has not yet 
been made clear. 

In the case of a bluff body, the flow sepa- 


become more and more elongated in the flow 
direction, take up an asymmetrical position 
and move away from the body. In this way 
a regular vortex street is set up. These ex- 
perimental results seem to indicate that the 
oscillation of a wake is due to the instability 
of twin vortices. 

On the other hand, it should be noticed that 
the wake behind a bluff body is a separated 
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wake, and ‘is composed of two parts, the twin 
vortices and the laminar wake. Therefore 
the laminar wake can also be considered as 
the origin of oscillation, and it is still a mat- 
ter of speculation which of the twin vortices 
or the laminar wake is to be looked upon as 
the true origin of oscillation. In order to 
make clear this point, the investigation about 
a pure laminar wake is needed. However, 
literatures in which the pure laminar wakes 
were dealt with seem to be scanty. The pure 
laminar wake can be produced by a flat plate 
placed parallel to the flow, since separation 
does not occur and twin vortices do not appear 
in the flow. Though several authors (Fage 
and Johansen”; Tyler®; Blenk, Fuchs and 
Liebers®) have investigated the wake behind 
an inclined flat plate in the past, little work 
has been done for the case of zero incidence 
angle. A careful measurement about the pure 
laminar wake behind a flat plate parallel to 
the flow was first made by Hollingdale®. He 
has obtained several valuable results about 
the stability and the configuration of the pure 
laminar wake, but his observation was made 


CARRIAGE 


—— oe 


Fig. 1. 


Thin flat plates of five different sizes, all 
of which were tapered carefully and smooth 
to sharp edges, were used as models. Sizes 
of the models are given in Table I. All ratios 
of the thickness to length of the plates used 
were less than 125-1, and no influence of the 
thickness was detected in the wake measure- 
ment, 

Wave length and spacing ratio of the vor- 
tex street were determined, by examining 
photographs taken by aluminium dust method”. 
The central horizontal plane of the tank was 
illuminated from a side by a sheet of intense 
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only for R lower than about 2x10? and the 
results seem to be inadequate to draw any 
general conclusion as to the variation of the 
frequency, wave length and wave velocity 
with the Reynolds number. 

In the present report, further observations 
on the pure laminar wake behind a flat plate 
parallel to the flow, at various Reynolds num- 
bers from about 10? to 10°, are described, 
together with some remarks on the experi- 
mental method and possibe significance of the 
results, 


§2. Apparatus and Experimental Method 


All the experiments were made with a 
research water tank of 300cm in length, 20 
cm in width and 20cm in depth. A small 
carriage, to which a model was fixed upright, 
was towed, by a steel wire uniformly along 
rails mounted over the water tank, using a 
100 watt a. c. motor. The velocity of the 
carriage could be varied smoothly from 1 to 
20cm/s by controlling a friction gear fitted to 
the motor. General arrangement of the ap- 
paratus is shown in Fig. 1. 


CAMERA 


Schematic diagram of the apparatus. 


Tablet. 

1 (mm) | £ (mm) | L/t | L (mm) | Lil 
400 | 1.0 400 190 0.48 
223 1.0 223 190 0.85 
140 1.0 140 190 1.36 
101 0.50 202 190 1.88 
37 0.24 154 140 3.78 
20 0.16 125 120 6.00 


1: Length of the plate. 
t: Thickness of the plate. 
L: Span of the plate. 
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light from incandescent lamps behind a narrow 
slit, and photographs showing the movement 
of aluminium dust suspended in the water 
were taken from above with a camera fixed 
to the water tank. 

The frequency was measured with a hot- 
wire speed meter. Hot-wire technique has 
usually been applied only to air stream because 
its use in water is met with a great difficulty 
due to electrolysis, air bubbles in, or a large 
conductivity of water etc. We used the tech- 
nique, however, in the water and succeeded 
in measuring the frequency after a consider- 
able amount of study. In order to eliminate 
the influence of electrolysis, a. c. was used 
to heat the hot wire. Two Pt-wires, each 301 
in diameter and about 5mm in length, were 
used, one in the wake, and the other outside 
the wake. They were heated by 250 cycle a. 
c. from an audio frequency oscillator, and the 
change of electric resistance of the hot wires, 
caused by a fluctuating flow, was amplified 
and recorded on the photographic paper of an 
electromagnetic oscillograph. The velocity of 
the carriage and the time mark were also 
recorded on the same paper. Fig. 2 shows 
the block diagram of the electronic set-up used 
in the frequency determination. 


H.W. 


AMPLIFIER 
OSCILLOGRAPH 


AMPLIFIER 


OSCILLATOR 


Fig. 2. Block diagram of the electronic set-up 
used in the frequency determination. 


The velocity of the wave form was deter- 
mined from the photographs of one part of 
the field taken successively by measuring the 
distance the wave had travelled in the known 
time interval between two consecutive ex- 
posures, 
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§3. Flow pattern of the Wake 


Many photographs were taken, of the flow 
pattern behind a flat plate moving in the 
water at various Reynolds numbers between 
10? and 10°. Some of them are shown in Fig. 3. 

The change of the flow pattern which oc- 
curs in the wake when FR is increased step- 
wise is as follows. For R lower than about 
700, the wake is perfectly laminar. When R 
of about 700 is reached, however, a very faint 
oscillation appears some distance downstream 
of the flat plate, as was clarified already in 
the previous paper”. This value of 700 is in 
approximate accordance with the value of 600 
observed by Hollingdale. For R from about 
700 to 1000 the oscillation is not regular. 
Frequently the oscillation persists for a few 
wave lengths, then dies out, and the wake 
becomes sensibly laminar again. For R higher 
than about 10%, however, the oscillation does 
not show any tendency to die away, and the 
wake shows a regular sinusoidal form. The | 
whole sinusoidal wave form is observed to 
move slowly in the direction of motion of the 
body. When FR is slightly higher than 10%, 
the sinusoidal wave form extends far down- 
stream but discrete vortex filament does not 
appear in the whole wake. On increasing R 
further, the oscillation becomes more and 
more noticeable, and discrete vortices appear 
in the hollows of the sinusoidal wave form. 
They arrange themselves for some distance 
in a configuration corresponding to that of a 
Karman vortex street. The vortices do not 
arrange themselves on two parallel rows with 
a definite spacing ratio (the ratio of lateral 
spacing between the rows to the distance be- 
tween two consecutive vortices in the same 
row), but the wake tends to widen out down- 
stream, and the spacing ratio changes. At 
the beginning of the wake the spacing ratio 
is about 0.3, while far downstream it is about 
0.6. These values are much larger than the 
theoretical value 0.28 obtained by von Karman. | 

For higher R the regular vortex street is 
seon deformed and destroyed into pieces. But 
it was frequently observed that these scattered 
vortices were soon united and arranged ‘them- 
selves.again to a new regular vortex street, 
the dimension of which was much larger than || 
that of the primary one. 


—_ ane 


_— 


1958) 


Oscillation of the Wake behind a Flat Plate parallel to the Flow 421 


(d) &=15800; continued from (c) 


Fig. 3. Photographs showing flow pattern in the oscillating wake behind flat 
plate moving in the water. 


422 


§4. Measurement of the Frequency 


The frequency of the oscillating wake was 
measured with a hot wire speed meter. When 
R is lower than about 700, the wake is sen- 
sibly laminar and no oscillating signal can be 
detected. Then it follows a range of FR in 
which the frequency is very irregular. In the 
range from about 700 to 1000 of R, the com- 
mencement of the oscillation seems to depend 
largely on a very small residual motion of 
the water. Consequently it is very difficult 
to determine the frequency. At R higher 
than about 103, however, a regular frequency 
is observed. Of course even for R higher 
than 10%, any signal of oscillation can be 
detected in the immediate rear of the plate, 
since the flow is always laminar there. There- 
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fore a hot wire should be placed always at 
some distance behind a plate. The frequency 
increases with the model speed, while for a 
fixed model speed frequency is _ constant 
throughout the whole field of the wake. The 
best signal was obtained when the hot wire 
was located about 1 to 2 plate length behind 
the plate and about 5mm off the centre of 
the wake. As the direction of the flow cannot 
be detected with a single hot wire, the frequ- 
ency of the fluctuation in the middle of the 
vortex street is always double that outside. 
The double frequency component decreased 
rapidly with distance from the centre of the 
wake, and disappeared almost completely at 
about 5mm from the wake centre. The typi- 


cal oscillographs are shown in Fig. 4. 


(a) R=5760 


(b) 


Fig. 4. Velocity fluctuation records. 


The results are expressed in terms of the 
dimensionless Strouhal number S= N//U, where 
N is the frequency, / is the plate length and 
U is the model speed. The Strouhal number 
S is considered to depend on R as well as 
external disturbances. The present measure- 
ments of SCR) are given in Fig. 5. 

From this figure it will be seen that there 
exists a functional relation 


P= const, oe ee 


Hence 
N=const.(v1)-/2U3/2 (2) 
Namely, the frequency N is nearly propor- 


R= 15800 


tional to 3/2 power of the flow speed. It 


should be noticed that this relation is in ac- 
cordance with that observed in the case of a 
laminar half jet (Sato*). 

As is seen from Fig. 5, the scatter of ob- 
served values is fairly large for the whole 
range of R. It seems that this is not due to 
the inaccuracy of experiment, but to the es- 
sential properties of the pure laminar wake. 


§5. Measurements of the Wave Length and 
the Wave Velocity 


The wave length and the wave velocity 


-were determined from the photographs of the 


flow pattern. When R is ‘lower than about 


1958) 


10%, it was rather difficult to measure the 
wave length owing to the irregularity of the 
wave form, so all measurements were made 
only for R higher than 10%. Even for R 
higher than 10? the measurement was very 
difficult, because the amplitude of the wave 
was very small immediately behind the flat 
plate. The wave length varied in different 
places, i.e. the wave length showed a tendency 
to increase downstream. For these reasons 
measurements were all made at the place 
where a distinct sinusoidal wave form appear- 
ed first in the wake. The curve of //A against 
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R is given in Fig. 6. As is seen from the 
figure the functional relation 


in =const. (3 2 
a y 


can be established. A large scattering of the 
observed values is similar to that in the case 
of the frequency measurements. 

The wave velocity was determined from the 
successive photographs of the vortex street. 
If we know the time between the two succes- 
sive exposures, then the wave velocity V can 
be calculated by measuring the distance the 


(3) 


rom 


Ul 
V 
Fig. 5. Plot of log S against log R. 


107 Ul 10° 


Fig. 6. Plot of logl/A against log A. 
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wave had travelled during that time interval. 
From many observations it was found that 
the value of V/U is nearly 0.08 and does not 
vary greatly with the Reynolds number. It 
should be noted that this value of 0.08 is much 
less than that for the bluff body. In the case 
of a circular cylinder the value of V/U is 
about 0.14 (Karman and Rubach”; Richards’). 
The value of V/U shows a weak tendency to 
decrease downstream. 


$6. Discussion 


In the case of a flat plate, Nis, as is shown 
in §4, nearly proportional to U*/?, while in 
the case of a bluff body, N is proportional to 
U! (Karman and Rubach”; Fage and Johan- 
sen»; Tyler»; Blenk, Fuchs and Liebers";). 
Thus there is a conspicuous difference between 
the two cases of a flat plate and a bluff body. 
But if we use the wake width 0, instead of 
the plate length 7 in equation (1), we get 


NO = const 
U : 


C4) 
for a flat plate, because 6 is proportional to 
R-/2 from the boundary layer theory. 

On the other hand in the case of~a bluff 
body 


(9) 


Na =const. 
U 


where d is the breadth of the bluff body across 
the stream. Since the wake width 6 is nearly 
proportional to d, we have 


(6) 


Thus the wake Strouhal number Nd/U remains 
practically constant in both wakes, those be- 
hind a flat plate and behind a bluff body. 
Moreover if 6 is the wake width at the posi- 
tion where the difference between the velocities 
at the centre and the outside of the wake is 
equal to U, the value of the constant is found 
to be nearly universal for bodies in any shape. 

The reasoning mentioned above leads us to 
the conclusion that there is no essential differ- 
ence between the two wakes, the pure laminar 
wake and the separated wake. The frequency 
seems to be the function of only U and 0, 
and is independent whether twin vortices are 
present or not. Though the viscosity is effec- 
tive in producing a wake, it has little relation 
to the frequency. 

On the other hand it should be noticed that 


No =const 
U , 
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the scattering in the observed frequency for 
the flat plate is much larger than that for the 
bluff body. In the case of the bluff body | 
scattering is very small when Reynolds num- 
ber is comparatively low (Roshko!”; Kovasz- 
nay™). These facts give us an important 
suggestion as to the origin of oscillation of the 
wake and the behaviour of the twin vortices. 

As was described above the value of Nd/U 
is nearly independent of the shape of the body 
producing the wake, while the wave velocity 
V/U changes conspicuously with the shape of | 
the body (§5). That is, V is a function of 
not only U and @, but also the shape of the 
body. It seems that the shape of a body has 
an influence upon the velocity distribution in 
a wake and consequently the wave velocity 
changes according to the shape. But the wave 
velocity is not affected greatly by the viscosity. 

As for the spacing ratio of the vortex street 
behind a bluff body, there has been many in- 
vestigations made and it is believed that the 
initial value of the spacing ratio near the body | 
is about 0.3, and it increases up to about 0.5 
downstream. This is in agreement with the 
results obtained for the flat plate (§3). That 
is, as for the spacing ratio there is no signi- 
fficant difference between both cases of the 
pure laminar wake and the separated wake. 
The observed spacing ratio is always larger 
than the value 0.28 of von Karman obtained | 
theoretically. ) 

Though the wake Strouhal number Nd/U is 
nearly constant and is independent of the 
Reynolds number for bodies in any shape and 
form, the wake Reynolds number at which 
oscillation first appears in the wake, changes 
with the shape of the body. In the case of 
a flat plate parallel to the flow, the critical 
wake Reynolds number is about 200, while in | 
the case of a circular cylinder it is about 100. 
There seems to be a general relation that the 
smaller the bluffness of a body, the higher is | 
the critical Reynolds number. 

In conclusion, the author wishes to express | 
his thanks to Professor Hikoji Yamada for | 
constant advice and encouragement in the) 
course of this work, | 
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Taking into account the departure of the distri- 
bution function for phonons from its thermal equi- 
librium value, Hanna and Sondheimer” have calcu- 
lated the electrical and thermal conductivities and 
the absolute thermoelectric powers of monovalent 
metals based on the quasi-free electron model. 
Their expressions have been obtained by interpola- 
tion from the solutions at high temperatures and 
those at low temperatures, and the latter have been 
obtained by the assumption that the change of 
the distribution function for electrons due to the 
impurity scattering is larger than that due to the 
lattice scattering. Therefore it is not obvious 
whether their results are applicable for the case 
of intermediate temperature range and for the pure 
metals at low temperatures. 

We have obtained the formulae which are ap- 
proximately correct at all temperatures and for 
any concentration of impurities including the case 
of pure metals. The Boltzmann equations for the 
electrons and phonons are written in the form: 


1 dB yy OF 


RK dKe” gy = LC) +DF2,0), (1) 
hu? ON 
(DF r jqe ZL 8s) + La), (2) 


where &’s are the collision operators and c(” and 
6; are the functions related to the distribution 
for electrons and phonons. (See reference (1) and 
(4).) lf we put 


c™) =e”) + cy) ; 


(3) 
and insert (3) into (2), 6, are obtained as linear 
functions of ¢) and ¢™. Putting these 6; 
into (1), we have an integral equation of the type 


1 dH Of 
=F ag on 


+e) ApH) +0 A,(H)+BOXB). (4) 


Using the well known symmetricity of the inte- 
gral operator #1, we can solve (4) by a modifica- 
tion of Kohler’s variational method®. We have 
assumed the general spherical energy band model 
for electrons and the Debye model for phonons. 
The results are as follows: 


1 
== =0=0e— 0g (by) 
o 
sen 6 / LP : 
ia a a0 
kK=KetKkg , (7) 
(kT)?/T \2 
S=S.(1+0)+S, , (9) 
k /T 3 
Si= (6) 5 Ps he 


where a=(dE/dK) er is the maximum wave 
number of phonons and other simbols have the 
same meanings as those used by Hanna and Sond- 
heimer. For the quasi-free electron model, the 
expressions for o and « coincide completely with 
those obtained by Hanna and Sondheimer, and thus 
the interpolation formulae of Hanna and Sondheimer 
have been justified. For the absolute thermoelec- 
tric power S, Eq. (9) differs from the expression 
of Hanna and Sondheimer in the point that the 
latter have not the term OS,. 6 is a complicated 
function of temperature, and at low temperatures 
and for ideally pure metals, if we assume the 
phonons are scattered only by electrons, the value 
of § reaches to 1/2. However, in many cases, 0 
is small compared to unity, and so the results of 
Hanna and Sondheimer are justified practically ex- 
cept for certain special cases. 

We have also shown that a general variational 
principle of Ziman*) and Dorn” gives the same 
results if we put 


CO) = Ee +010 Fs (11) 
b; 6”) z 

b= +B, \() , 12 

j ears ear pen (12) 


where /’; has the same meaning as reference (1). 
The author believes, however, that his new method 
above described is more convenient in the point 
that the best forms of the trial functions of 0;(” 
are automatically and uniquely determined if the 
trial function of c\™ is given. The details will 
soon appear in Memoirs of the Faculty of Science, 
Kyushu University, Series B Vol. 2, No. 4. 
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Observation of a Beryllium 
Hyperfragment 


By Shigeo MATSUMOTO 


Institute of Polytechnics, Osaka City University, 
Osaka 


(Received January 10, 1958) 


A beryllium hyperfragment has been found in 
600 microns thick Ilford G5 emulsions which were 
flown at 70,000 feet during four hours from Bristol. 
The fragment was emitted from a nuclear disinte- 
gration of the type 20+1,. After traveling 6 x 10-1 
seconds, it came to rest and gave rise to a four 
prong star. The track of the fragment exhibited 
the ‘‘ thin-down’’, and it was not accompanied by 
delta rays near the secondary star. The residual 
ranges of the fragment and its decay products are 
given in Table I. The masses of particles 1 and 


Table I. Characteristics of the hyperfragment and 
its decay products. 


Track Residual range Identity Energy*(Mev) 
Fragment 137 p» ABe®( Be?) 53 ; 
1 6.5+0.21 mm Pp 41.5+0.8 
2 21847 uw tor dy 859 (or 7.7) 
3 3441.7 p Dt Les, 25h oO 
4 pds, 


29+1.6 pw 636220;82..3 


2 were found to be (1.0+0.24)M, and (3+1.1)M,** 
respectively by making use of the constant sagitta 
method, where M, represents the protonic mass. 
The former agrees well with the result obtained 
by the range-ionization method. If particle 2 is 
an alpha particle, the detectable number of delta 
rays longer than 2 microns along the track are 
expected to be four. Since even such a delta ray 
could not be observed, the particle seems to be 
singly charged. The identifications of 3 and 4 could 
not be established, but they appear to be singly 
changed. The emitted angles of decay products 
indicate that one or more neutrons should be emitted. 

When we assume various identities of 2, 3, and 
4, a number of hypothetical disintegration schemes 
are made. Assuming that only one neutron, in- 
dicated as 5, has carried away the residual momen- 
tum from charged particles, the binding energy 
of a A particle in the hyperfragment —Ba— 


* The range-energy relation of Fay et al.) was 
used for shorter tracks, and that of Barkas et al.» 
for longer one. We have employed the value of 
stopping power which was measured by Imaeda 
and Kazuno») for the same emulsions as those used 
here. 

** If particle 2 is doubly charged, the value is 
changed to (2.3+0.9)Mp, 
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can be calculated for the disintegration schemes. 
Most of the disintegration schemes except for the 
three shown in Table II can be excluded, be- 
cause Ba are too large or too small. The mass 


Table IJ. Probable disintegration schemes of the 
beryllium hyperfragment. 


Decay products 


Fragment 1 2 3 4 5 By(Mev) 
(a) ,Be® p t d 7p n Tete 2..0 
(b) ,~Be?® p d t d n 5.8+2.0 
(c) ,Be® p t d d n apse AA) 


measurement of particle 2 indicates that it was 
perhaps a triton, so scheme (b) is less pro- 
bable than (a). Scheme (c) is also less probable, 
because the Ba is a little smaller as compared 
with the values reported by other authors.) 
Scheme (a) seems to be the most probable, because 
the identities of each particle fit to observation 
and the binding energy —B,j=7.2+2.0 Mev—agrees 
fairly well with the values otained by other au- 
thors), Tati and Tati? and Kwon et al.® have 
indicated that B, increases gradually with increas- 
ing mass number of hyperfragment. Their theo- 
retical prediction is compatible with the Ba in 
(a). In conclusion, we would like to take note of 
the following. When a beryllium hyperfragment 
decays, a helium or heavier recoil nucleus is usual- 
ly involved in the decay products. It acquires in- 
terest from the fact that such a nucleus has not been 
observed in the present example. 

The auther wishes to express his cordial thanks 
to Prof. Y. Watase for his interest and encourage- 
ment, and to Prof. Y. Yamaguchi for some criti- 
cisms. Thanks are also due to Mr. S. Kaneko for 
his constant guidance, and to Mr. O. Kusumoto 
for his valuable advice. 
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Naturforschg. 11a (1956) 152. — n=(x?/4) sinh?2w = (a?/4) sinh?( a +78). 
7) T. Tati and H. Tati: Nuovo Cim. 3 (1956) he stationary points of this integrand are 
1136. 
Sie. shoe Kwon, J: Oba, and T. Goté: Nuovo 
Cim, 6 (1957) 832. i Cs 
gi=Im {f(w)—f(wr)} , d2=Im {f(w)—f(wr)} , 
the contours of integration that pass through wi 
and w, are determined by ¢:(w)=0, ¢2(w)=0. 


wi=log sinh? 3wy , wz=log sinh? 3(wo+in) . 


J. Puys. Soc. JAPAN 13 (1958) 428-429 These contours have different shapes by the signs 
E ; ' of gi(we), gi(We—2rt), i.e., 
Asymptotic Expansions of Weber’s on } 
Functions Puls . =sinha sin P 
$i(W»2— 2nt) 
By Ryozo YAMADA __ sinh 2a sin 26 cosh a + cos B 
Faculty of Science and Engineering 4 cosh a— cos B 
Meijo University, Nagoya, Japan cosh 2a cos 26-1 sin B 
_ -1——— 
(Received January 20, 1958) : 2 ( sinh a She 


We divide the domain of values of complex wy 
into six subdomains named 1, 2, 3, 1’, 2’, 3’ as 
shown in Fig. 1. By the method of the steepest 


In our previous paper»), we obtained the asymp- 
totic expansions of the solutions of modified Weber’s 
equation y//+(7+22/4)y=0, whose validity was 
limited to the range «/4 > argv >-—n/4. This paper 
deals with the expansions of the solutions of 
Weber’s equation y/’+(y—22/4)y=0, valid for 
7/4 > argu >-—n/4. By these two sets of asymptotic 
expansions, we can evaluate D,(x), D-n-1(¢x) for 
arbitrary order and argument in the whole complex 
domain, together with Whittaker’s expression of 
these functions in Kummer’s function and the 
asymptotic expansions of Whittaker»), The inte- —Ti 
gral representation of the functions are» c 


niet 


: 


ow; 


, eS : wks 
Dy(ay=—-P eB enensl en#t—1/2-t?(_ f)-m-I1d Pigs ae wo-plane. g(w2) is negative in 1, 1’ and 
mt co 2’ and is positive in 2, 3 and 3’. ¢1(w2—2zé) 


co + 2ntt negati ; } , . an = 
| +20 Sasa act an i in 3, 2’ and 3’ and is positive in 1, 2 
TV co . 
e-1/2("-l)in co + 104 ‘ 
D-n-1(ie) = i ean wn Hein | e-*F(w) dw descents), the integral [exp (—a? ‘f(x))dw along the 
iT co - 


contours that pass through w,, wi+2rni and w, 


h = 3 - inh? 
gy Nene ND Ue Fen UE CED a Aa) Sno, which are denoted as (wy), (wi-+2nt) and (we) are 


t=ax exp w, and 


(w1) = — 


x at Wo exp [-: 7 {cosh Wo +4 sinh? wo — sinh? wy log sinh? 4wo 


2 ~ _ 
+—~ log (a sinh? woot |(1 ++ an _5.2asbh ttn 11 cosh wo~5, ~ -) 
a 242 sinh? wp» cosh? wo , 


(Ww, +2ni)= — i V scab exp [ -" {cosh Wo -+-4 Sinh? wo — sinh? wo(log sinh? 4 +-2n7) 


ia a ne 
+—> log (# sinh? sn) (1 af Bs a ote Dy oy -) 
nye 24 a2 sinh? 4w cosh’ Wo : 
~ 


A i ee . 5 
(Wy)= 7 eee ie < at wy oP ise {cosh Wo — }$ sinh? wp +sinh? wo (log cosh? 3w» — in) 


= = log (a cosh? a) | |(1 ae | _ Bensbiaied SE eeshans Bh. ‘) : 


24 2 cosh? 4W cosh? wy 


Considering the integral representations and the end points of contours, we can construct the tables of 
D,(x), D-n-1%«) in terms of (w), (Wi-+2nt) and (wz) when wy lies in the subdomain 1, 2, 3, 1’, 2’, 3’, 
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3 


1’ 


2! 


3/ 


Qrie-iMmtyn 
T(n+1)_ 


Dn(x) 


| (wy) 


| =(w1+2ni) 


—(w1 +2ni) 


(ws) 
—(Wi+ 2rt) 


ee a ae Nee NS ee Teeny rT ee 


we - ey ee ee mE "aye 


¥ 2p e-VA"M—-Daign])_,_1(ia) 


(w1) + (wa) 


(we) 


(wW») 


(w2) ‘ 
— (wy +2n7) 


(Ww) 


(w1) —(W») 


(w1) +(w2) 


(w1) + (We) 


(w1) 


Asymptotic expansions in the transitional region are also obtained by a similar method; 


where c=n2—w?/4, and v=4e/2/3x. These asymptotic expansions are valid for larg a] < 1/4. 


P(n+1) el +1/x 


peg — ts a ents 
Dy (x) ~ an" +2/3)(12)1/8 


- exp 


D_n-1(¢2x) = 


a(R + 2/3)(1 2)1/6 


D_n-1(—tx) can be obtained by the circuit relations2). 


1) G. N. Watson: 
2) Whittaker and Watson: 
es) ik.) Lamada: 
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ao" : ‘ y \V/3 y 
be (+ log 2—ir)+e (log 2— im) (F) Ay3(ve-*) , 


V Qn etG/2-m+1/6)z 


fied " . Vv 1/3 
-exp| 4 @-+log 2~in) +e(log 2~éx) |(F) Hay. 
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Excitation Curve for the Reaction P*"(n, p) Si?! 


By Susumu Morita 


Department of Physics, Faculty of Science, 
Kyushu University, Fukuoka, Japan 


(Received February 6, 1958) 


The excitation curve for the reaction P#!(m, »)Si3! was measured in the 
energy range of neutron from 3.0MeV to 5.2MeV by activation method. 
A large resonance peak of 160mb was found at the neutron energy of 


4.9 MeV. 


Introduction 


$1. 

Paul and Clarke” found that the cross sec- 
tions for (m, p) reactions with 14MeV neutrons 
were considerably larger than the theoretical 
values predicted by the assumption of com- 
pound nucleus formation. Then, it has been 
attempted by several authors to measure the 
excitation function, and energy spectrum and 
angular distribution of the emitted protons in 
these reactions?»®». We obtained also the 
preliminary result for the excitation function 
of the reaction P#(, p)Si?! for neutron ener- 
gies of 3.0 MeV to 5.2 MeV by the activation 
method. The reaction P*(m, p)Si*! has the 
threshold energy of 0.9MeV and the resultant 
Si*! decays by emitting a beta ray with the 
maximum energy of 1.5 MeV and has a half 
life of 159min.*#. Accordingly, this reaction 
has proved to be a valuable “threshold detec- 
tor” for the measurement of continuous neu- 
tron spectrum, particularly, the fast neutron 
flux in a nuclear reactor». 

The cross section of this reaction has been 
measured for neutron energies up to 3.6MeV 
with good energy resolution, and the be- 
havior of the cross section is primarily deter- 
mined by the Coulomb barrier penetrability 
for the emitted proton in the energy region 
near the threshold”. As the neutron energy 
gets higher, the existence of resonance struc- 
ture has been shown. We tried in the present 
work to extend the cross section measurement 
to somewhat higher energy. 


§2. Experimental Procedures and Results 


The reaction D(d, m)He*® was used as the 
neutron source. The change of energy of 
incident deuteron, as well as the variation of 
neutron energy with angle of emission, were 
used in order to get the neutrons of various 


energies. The deuteron beam, accelerated by 


the Van de Graaff generator at Kyushu Uni- 
versity, entered the target chamber of 4cm 
in length through a nickel foil. The bombard- 
ments with deuterons of 1.93MeV and 2.28 
MeV were made with a nickel foil of 1.59 
mg/cm? thick and deuterium gas of 43.5cm 
Hg and those with deuterons of 1.70MeV and 
2.13 MeV were undertaken with a nickel foil 
of 1.09mg/cm? thick and deuterium gas of 
10.21cm Hg. The energy loss and spread of 
deuteron beam in the nickel foil and deuterium 
gas was estimated by the data given by Al- 
lison and Warshow® and Segre”. 

The samples of red phospher were arranged 
in the directions of 0, 20, 40, 60 and 80 degrees 
relative to the deuteron beam and the dis- 
tances between the center of target chamber 
and the centers of the surface of samples 
were 138mm. 

Each sample was made by pressing the red 
phospher into a circular vessel of 35 mm dia- 
meter. The thickness of red phospher was 
enough to get the saturation of self absorp- 
tion for the beta-ray of Si*!, and the densities 
of induced activity were measured. 

After the bombardment of about four hours 
by deuteron beam of a few microamperes, 
the activity induced in these samples by the 
neutrons were followed with a G.M. counter 
of thin mica window. The samples were 
placed closely against the window of the 
counter to give 2a counting geometry. For 
example, the decay curves for five samples 
obtained with deuteron of 2.28MeV are shown 
in Fig. 1. In this figure, the straight lines 
&, B, C, D_and E, with the half life of 159 
min.”, correspond to the activity of samples 
placed at 0, 20, 40, 60 and 80 degrees, respec- 
tively. As these lines are well fitted with 
our experimental data, all the coudting rates 
of each sample were followed back to the 
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432 
initial activity assuming the above value of 
half life, and the weighted mean of these 
values was obtained for each sample. The 
counting rate of initial activity divided by the 
neutron intensity incident on the sample was 
taken as the measure of the relative cross 
section of this reaction at the corresponding 


Eg=2-015 Mev. 
T=159 min. 


oO 60 120 1g8Q 
Time (min.) 


240 300 360 


Fig. 1. Decay curves of activity of Si! induced 
by d-d neutrons, obtained with deuteron beam 
of 2.28 MeV. The lines A, B, C, D and E, with 
half life of 159 min., correspond to the activity 
of samples placed at 0, 20, 40, 60 and 80 degrees, 
respectively. 


neutron energy. As the geometrical extent 
of target chamber and those of samples were 
rather large in our arrangement, the intensity 
of neutron impinging on each sample and its 
uncertainty were estimated by the following 
procedures. The target chamber of 4cm in 
length was divided into four sections of 1cm 
in length and each section was approximated 
by a point neutron source sitiuated at their 
center. The neutron intensities incident on 
samples from these point sources were esti- 
mated, considering the deuteron energies at 
these points, angle of emission of neutron and 
the solid angles for each sample subtended 
by these point sources. The values of cross 
section for the d-d reaction as a function of 
deuteron energy and angle of emission of 
neutron was referred to the summary given 
by Fowler and Brolley™. 

The uncertainties in neutron intensity are 
considerably large for the samples placed at 
the directions of 20 and 40 degrees, owing to 
the rapid change of the angular distribution 


Susumu MORITA 


(Vol. 13, 


of d-d neutrons in theSe directions. Also, the 
energy spread of neutrons becomes larger 
with the increase of angle of emission and 
their spreads for the samples placed at 80 
degrees were estimated to be 3.26+0.17MeV, 
3.25+0.23MeV, 3.13++0.22MeV and 3.10+0.20 
MeV, corresponding to the four values of 
bombarding energy of deuterons. As these 
values are well overlapped, the average of 
the cross section was obtained for the average 
value of these neutron energies. This average 
value is normalized to the absolute value of 
the cross section obtained by Ricamo!?. The 
values of cross section for a certain energy 
of neutron, obtained with different deuteron 
energies but overlapped energy region of 
neutron, were also averaged. The result thus 
obtained is shown in Fig. 2. The values of 


) 


Cross Section (mb) 


30 3-2 343-6 38 4.0 42 44 4648 5.0 52 54 
Neutron Energy (Mev.) 


Fig. 2. Excitation curve of the reaction P%! (x, 
p) Si81. Present result was normalized to the 
absolute cross section obtained by Ricamo at 
the neutron energy of 3.2 MeV. 


the absolute cross section, shown in the ordi- 
nate, has an uncertainty of about 15 per cent, 
owing to the difference in the energy resolu- 
tion between Ricamo’s experiment and ours. 

As can be seen in Fig. 2, a remarkable 
resonance of about 160 mb was found at neu- 
tron energy of 4.9MeV. A small resonance 
at neutron energy of 3.7MeV is probable but 
not certain. The dotted curve in Fig. 2, 
shows the theoretical excitation curve calcu- 
lated by assuming the compound nucleus for- 
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mation with the value of R=(1.4x A’) x10-8 
cm for nuclear radius and the value of 0.9 
MeV for the threshold energy of this reaction. 
The general behavior of the theoretical curve, 
in the region below the barrier height of 5.4 
MeV, is determined by the penetrability of 
emitted proton against the Coulomb barrier. 
This theoretical curve is well fitted with the 
experimental points in the energy range below 
3.0 MeV, but seems somewhat too large in 
the range above 3.0MeV, as was suggested 
by Grimeland®. But the value of 3.3 MeV, 
suggested by Grimeland for the barrier height 
of Si*!, will be too small. On the other hand, 
the theoretical curve was obtained with the 
assumption that the available energy of this 
reaction is small compared with the threshold 
energy and this assumption is not valid in 
our energy range. Accordingly, the excita- 
tion curve in these energy range will not be 
conclusive to estimate the barrier height. The 
excitation curve in the range above the bar- 
rier height, where the theoretical curve be- 
comes nearly flat and the direct interaction 
will become important, will be desirable. 


The author wishes to express his cordial 
thanks to Prof. I. Nonaka and all staff of the 
nuclear laboratory of Kyushu University. This 
work has been supported by the Scientific 
Research Expenditure of the Ministry of 
Education. 
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Note added in proof; After this paper was 
received by the Physical Society of Japan, 
measurements of the excitation curve of the 
reaction P%(m, p)Si*! in the more extended 
range of neutron energies than our’s were 
reported by J. A. Grundl et al in Phys. Rev. 
109 (1958( 425. Their results are consistent 
with the present one in general behavior, 
although the resonance peak in their result 
is not so remarkable as in our result. This 
may be due to the diffrence in the energy 
resolution of neutron. 
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Electronic Structure of Bismuth Type Crystals 


By Shoichi MASE 
Department of General Education, University of Nagoya 
(Received December 17, 1957) 


A study is made of calculating the electronic energy bands in bismuth 
type crystals by making use of the Bloch method (with the inclusion of 
spin-orbit interaction) for the purpose of clarifing the relation between 
the low temperature diamagnetic susceptibility and the energy bands. 
The peculiar feature of the de Haas-van Alphen effect in bismuth type 
crystals (the small effective mass tensor) is explained by our calculated 
energy bands but the ordinary main term of the Landau-Peierls suscepti- 
bility expected from the energy bands is considerably small compared 


with the experimental value. 


Then, unlike Jones theory, the most part 


of the extraordinary large constant susceptibility seems to be attributed 
to the non-diagonal term which is usually neglected. 


Introduction 


§1. 
As is well known, the electronic and mag- 
netic properties of bismuth type crystals, 
particularly bismuth, are extremely anomalous 
and they have been studied by many workers. 
On the consideration of the magnetic property 
and others, Jones” deduced that the energy 
surfaces of electrons are extremely oblong 
spheroids, the longest axis of which is parallel 
to the trigonal axis, and that of holes is ob 
late spheroid, the shortest axis of which is in 
trigonal axis. On the analysis of the de Haas- 
van Alphen effect of bismuth, Blackman” and 
Shoenberg® deduced that, besides Jones’ el- 
lipsoids, there are another three ellipsoids 
with 120° symmetry about the trigonal axis. 
According to Shoenberg’s study, the contri- 
bution to the susceptibility by the de Haas- 
van Alphen electrons in bismuth is less than 
10% of the experimental value, the detail of 
which is shown in Table I. One object in 
the present paper is to study whether the 


Table I. The specific susceptibility of bismuth 
at low temperatures (after Shoenberg?)), 


x, x 108 XiLx 108 


Contribution from the | 
de Haas electrons 


—0.184 


Experimental value —1.84 


observed anisotropic small effective mass ten- 
sor in the de Haas-van Alphen effect is reason- 
ably explained from the view point of the 
energy bands. The other object is to investi- 
gate whether or not the susceptibility of about 


90% of the experimental value minus the ion 
core part is contributed by other ellipsoids 
which do not show periodic phenomena as ap- 
preciable. 

Morita” investigated the electronic structure 
of bismuth crystal with use of the tight bind- 
ing approximation and tried to explain Jones’ 
and Shoenberg’s results. We extend his 


theory with the inclusion of the spin-orbit 


interaction in an approximate manner. 


The Symmetry Properties of Energy 
Bands 
Bismuth type crystal has the space group 


symmetry D3.—R3m but the crystal structure 
is very similar to that of simple cubic lattice. 


§ 2. 


The crystal is composed of sublattices A and |} 


B. We take here the binary and trigonal 
axis aS x- and z-axis respectively, then the 


y 
{ 


Fig. 1. The lattice structure of bismuth type 
crystal. 
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atom configuration projected to the perpen- 
dicular plane to z-axis becomes as shown in 


ao=(0,0, Oe , 
aaa 
a=(0, /2, 2V51+30) )u, 
a (4, 


an=(2, 0, O)u ? 


seal te ge 
al © ; ai 3 4 +30) \u 


-v 6 : 2V-3.1+30) )u 


In the case of bismuth w, € and uw take the 
following values*, 


o=0.0173 , 

E= 0.0548 , 

= 3.240 . 
u iS approximately the nearest neighbour dis- 
tance. The primitive translation vectors of 


e — 
the lattice are ada, Goats and yas, hence the 
first Brillouin zone is such as indicated in 
Fig. 2. 


Fig. 2. First Brillouin zone. 


The effect of the crystal symmetry on the 
energy bands can be derived by well known 
Bouckaert, Smoluchowski and Wigner’s me- 
thod® or Elliot’s method® in double group. 
The typical elements of symmetry operations 
which make the lattice invariant are as fol- 
lows: 


(i) E is the unit element, 


* These values was cited from reference 4, 
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Fig. 1. 
are 


The positions of atoms in the figure 


“Dat 38) )u, 


13 fae 
i (14 30-+36) Ju 


Ne sce i . Lae (1+30+36) Ju 


ny’ =(0, Z, —V 3 1+30-38) \n. 


(ii) C3* and C;- are +120° rotation around 
the trigonal axis, 

Si, S, and S3 are the reflections in the 
planes through @@2, doa3, doa, and z-axis 
respectively, 

J is the inversion at the origin followed 


(i11) 


(iv) 
a 
by the non-primitive translation T=alry, 
(v) JCs* and JCs-, 
(vi) JSi, JS: and JSs3. 
By the operations (i), (ii) and (iii), the atoms 
A-site are transformed into A-site and by the 
operations (iv), (v) and (vi), the atom of A- 
site into B-site. The characters of irreducible 
representations of the double groups of wave 
number k& are given in Table II. The plus 
and minus signs attached on some characters 
in (a) and (c) mean that the upper sign cor- 
responds to the representation without dash 
sign and the lower sign corresponds to the 
other. Additional degeneracies due to time 
reversal symmetry are also shown in Table II. 
In Table III is shown the compatibility rela- 
tions. 

If we neglect w» and &, Bragg reflections 
from hexagonal faces in Fig. 2 disappear and 
symmetry lines T and 4 extend to the point 
which is equivalent to 7’. In the real crystal, 
however, the energy band should split at the 
faces through the middle points A and C 
along T and A, and nearly full and nearly 
empty bands should be separated by small 
energy gap. Then we should expect electrons 
or holes with very small effective mass at A 
or C. From the crystal symmetry alone, A 
is the point with zero slope along 7, 2 and 
M. C is the point with zero slope along 4, 
Sy’ and D. B is also the point with zero 
slope along three directions similar as the 
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Table II. Character tables for representations of double groups of k. 
(a) 7, A d 
Ee 2C3-  2C3 3S 38 J J IC, 230, BIS sds 
Tin ry! | 1 1 1 1 ae dei seul Se sel +1 =e 
IP Gis, BEY al 1 1 -1 —1 seul +1 gell del Fl ¥1 
203, 203! 2 —1 -1 0 0 +2 +2 +1 +1 0 0 
1%, Tegh 1 -1 —1 1 v —4 jel! 1 ¥-1 +1 +0 Ft 
1 @ i 1 —1 -1 1 —4 4 +1 #1 +1 +1 Fu +7 
20s, 2I'o! ES ES, 1 —1 0 +2 +-2 +1 +1 0 0 
D; ry Tr. 273 r,! T,! 27! 
Dy Dip eRe 74s Veilst+e— Fe! = 786! VEU) by heey lyf 
T,,T; and Is’, Ts’ are degenerated by time reversal. 
(b) 7 (Qe, 4, Bie 
E FE . ~20;-—~2C, ~~ 3S . 38. E E S 
T, 1 a i: it 1 Ay 1 1 1 
Ts 1 1 1 -1 -1 Ae 1 = = 
2 = Be 
T3 2 2 1 1 0 0 pi 1 ae ; ES 
Ts i: -1 -1 1 a —4 As 1 -l —74 t 
Fe ee se Rantaahdant 
z i Dx Dip, A3+ Aa A3+- Ag 
D, 7, To 2 ake and A, are a degericrates by time repent 
Dix Dy ja 21, . 2% Ti+ Ts +275 i é r 


T, and T; are degenerated by time reversal. 


(Ce Bee (e) M, D =f 2 rukz) 
Fie ai By ech. ATi 5 Suet, Sea E E JS; JS; 
By, By! he Sag 1 1 +1 +1 +1 +1 M, 1 1 ef e-t 
Bs, Bo! 1 1° =1' -1 “£TU 4A) FSI M, ii 1 —e-it —e-tt 
B3, Bs! 1 -1 4 -—-%@ +1 F1 +70 Fi M; 1 -1 de-ié —ie-t 
By, Ba! 1-1 -7% @ +1 Fl Ft +t M, 1 —1 —te-ié tek 
D; By By By! B,! D; My, Mz 
D; x Dij2 B3+Bs, B3+B, Bs3'+B,! Bs'+B,! D; x Die M3 +My, M3 +My, 
B3, B, and B;', By! are degenerated by time re- M3 and M, are degenerated by time reversal. 
versal. 
»° gathers a nt et ‘Table III. _Compativility relations. 
Ty Is 213 1 agit r,! Co it Bet l yo iT, ae re 20! 
T, T» 27 a Ts 27 +Ts 27; Tiut+Ts 2Ts 
A Ap Ait As . A _ Aa Ait+ As A3+ As Ag+ Ag A3+ As Ast Ag 
Ais SApea Neagle ow AIT te Tay” ae i a ee 
S1 Dy) J1+2'2 24 Dp Si1+22 S3+D4 X3+2'4 X3+24 X3+2'4 
mM : ™: M+ M; My M “is Mi + Ms _ M3+ My M3+-M, M3 +- My, M3 +My, 
a C Cy’ oa aE ater athe 5 a 
Ay As Ay Ag Ag+Ag Ast As 
Dy Dz Dz, D, D3 +-D, Ds3+-Dx 
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point C. T is the line with zero slope (T;, 75) 
or finite slope (?7s) in directions perpendicular 
to the 7. A and 4 are points of zero slope 
in two directions perpendicular to the A and 
4 axis. M is the line of zero slope in two 
directions perpendicular to the line. W is not 
special symmetry point on M and then gener- 
ally a point of finite slope along M. These 
considerations are useful to study some detail 
of the band structure in the following sections. 


§3. Calculation of Energy Bands 


Bismuth, antimony and arsenic atoms have 
five valency electrons and the upper most p 
states are halfly occupied by the electrons. 
In crystals, the atomic levels become broad 
and overlap. Since, however, the cohesive 
energy of bismuth metal is comparatively 
small, we may expect from Wiger’s theory” 
of cohesion that the overlapping of p-and d- 
bands is presumably not so large. Then we 
neglect here the d state. As seen from Fig. 
1, each half of six neighbouring atoms is 
slightly different in the atomic distances and 
this is taken into account to obtain the matrix 
elements. Here we take the two centre ap- 
proximation and further for the two centre 
integrals take the following approximation: 


(Ppo)r+ar, (PPT) R+ ar, (SSO)R+ AR, (SPO)R+aR 
= (pbo)n, (bore, (s80)e, (Sba)x(1—re"e) 
(3.1) 
where 7:=11, 72,73, 7s for the first---and the 


fourth respectively. Neglecting the higher 
power than second of &, w to unity, matrix 
elements in the case without spin are given 
in Appendix A. 

Now we consider the spin-orbit interaction. 
For arsenic, antimony and bismuth atoms, 
the spin-orbit coupling parameter 4 for p' 
electron configuration are the order of 0.2 ev, 
0.4ev and 1.3ev® respectively. If the values 
of these are not considerably reduced in 
metals, we should take account of the spin- 
orbit interaction Hamiltonian Hso in zeroth 
order approximation, not as small perturba- 
tion, because 4 is the same order of magni- 
tude as the nearest neighbour energy integrals 
for the electro static potential. Hso, however, 
may be very small in the middle of lattice 
points where wave functions particularly well 
overlap. Then even the nearest neighbour 
integral for Hso is certainly small compared 
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with the energy integral in the same atom, 
which is the order of 4, and the former should 
be also small compared with the nearest neigh- 
bour integrals for the electro static potential. 
Then it may be not so bad to neglect the 
migration of atomic wave functions into neigh- 
bouring atoms and approximate Ho as spheri- 
cally symmetrical about each nucleus. In 
such a approximation the matrix element for 
Hso is independent of k. Because of the 
periodic potential term, however, the magni- 
tude may be somewhat different from that is 
appeared in the theory of atomic spectra. 

Noting that spin functions transform by the 
spinor representation, Bloch functions which 
belong to the irreducible representations are 
obtained by group theoretical method®. The 
results are listed in Appendix B. a@ and B 
show two spin functions. The bar on the 
subscript means that the wave functions are 
constructed from atomic functions located at 
B-site. We can set up secular equations for 
each representation as shown in Appendix C. 

Now we determine the values of parameters 
to obtain energy curves. Many knowledge 
are obtained from soft X-ray emission band 
but unfortunately no experiment is made for 
this type of lattice. Then we determine the 
parameters in rough manner. With use of 
approximately determined two centre integrals 
with reference to the existing calculations of 
energy bands for germanium and others and 
estimated value of Ez:(0)—Ess(0), we found 
that the overlapping of s and p bands is 
small. Therefore we neglect the s state in 
numerical calculation. We evaluate the energy 
eigenvalue with use of € and w for bismuth 
and several values of 2 and with the assump- 
tion of the following values for the other 
parameters, 


(ppo)=1.1l ev , 
(ppr)= —0.35 ev , (3.2) 
r1=3 A %,=6 é 


The energy versus k curves are shown in 
Fig. 3. This figure was drawn by performing 
numerical calculation for only a few points 
on the secular equations in Appendix C. In 
the case of 2>0.7 ev, the energy of A,’ be- 
comes higher than that of */",’” and the band 
structure becomes similar as that of good 
conductor. Then we deduce that 4 is fairly 
small compared with that of atom in bismuth. 
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Along the line 4, the energy extremum does 
not occurs in the case of 2=0. With the in- 
clusion of spin-orbit interaction, qualitative 
feature of energy curve will be unchanged. 


1/6 5 


1/2 


Fig. 3. Energy versus k curve. The origin of 
the energy is arbitrary. (Units ev.). 


Although the lattice constants are almost 
the same in bismuth, antimony and arsenic, 
the values of parameters in (3.2) will be 
generally different in three cases and the 
energy curves in three cases will be unable 
to obtain only by changing the value of 2. 
We can say, however, that the pocket of 
holes does not occur at A in antimony and 
arsenic, since the energies for A,’ and 2/"s’ are 
considerably reduced and raised respectively 
by diminishing the value of A and on the 
other hand the values of C3, C3’ and ?A, are 
more insensitive on the value of 4, as far as 
2 is not so small. Apart from the kind of 
charge carriers, however, we should expect 
the points A and C for possible points where 
electrons or holes are located. 

§4. The Shape of the Energy Surfaces of 
Electrons and Holes 


We proceed to investigate finer detailes of 
the band structure and discuss the comparison 
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with experiments of susceptibility. Total sus- 
ceptibility consists of the diamagnetic and 
paramagnetic susceptibility of conduction elec- 
trons and the contribution from ion core. 
The latter part is —0.14x«10-§/gr in bismuth’ 
and this value is about 10% of total value. 
On the other hand the spin paramagnetic 
susceptibility of conduction electrons is very 
small compared with Landau susceptibility in 
bismuth. Then we may consider that about 
90% of the experimental value of x in bis- 
muth is orbital diamagnetism (or sums of 
orbital diamagnetism and paramagnetism) of 
conduction electrons. In antimony and arsenic 
the percentage of the orbital part to total 
susceptibility becomes much smaller. 

To calculate the energy surfaces in the 
neighbourhood of A and C, we expand the 
matrix elements as power series of k—ka or 
k—kc and solve the secular equations with 
keeping up to the second order of wave 
number. Further we retain only the leading 
term in expansion of € and a. 

First we consider the energy surface at C. 


The energy surface connected with C; is given 
by 


Eo(he)= ECs) +3 (eer( Ca) + (Cad? 
+ 33(Cs)R2?+2023(C3)Rykz). (4.1) 


The energy surface connected with C;’ is 
quite similar as that of C;. The expression 
of aj;;(C3) is shown in Appendix D. The other 
two ellipsoids are obtained from (4.1) by +120° 
rotation about the trigonal axis. We sub- 
sequently correspond these ellipsoids to the de 
Haas-van Alphen ellipsoids. The magnitude 
of all aij(Cs) or |ai(C3’)| are generally the 
same order. We note, however, the nume- 
rators of @s., a@33 and ay,3 are composed of 
the sum of terms with plus and minus signs 
of comparable order but aj, is composed of 
only terms with same sign. 

Secondly we study the structure of the 
energy surface at A. In the neighbourhood 
of this point, the energy connected with the 
representation A,’ is given by 


Eu(h)= EA) + (an(Ay)he* 
Say (Ag Ry? +033(Ay’)R22) . 


quite similar as that of A,’. The expression 
of ai;A) is shown in Appendix D. The 


(4.2) | 
The energy surface connected with ?A,5 is 


Fe 
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magnitude of |a@s3;(A)| is generally not so 
large, because (ppo)+2(ppz) in numerator is 
small positive quantity and the denominator 
is not so small. On the other hand the magni- 
tude of |@1;(A)| is generally large if the energy 
gap between 2A, and A,’ is small. 

Along the line M and D, the energy gap 
between occupied and unoccupied bands may 
be as small as at the points AandC. Since W 
and W’ are not the points with zero slope, we 
must study in detail whether or not energy 
extremum occurs somewhere along the line. 
This is very tedious and here we do not pur- 
sue this problem. But we wish to point out 
that the energy surfaces at the points along 
these lines have not the same symmetry pro- 
perties as those of the de Haas-van Alphen 
ellipsoids Shoenberg have found. 

Now we compare theoretical values of ai; 
with the experimental values evaluated from 
the de Haas-van Alphen effect. Table IV (a) 
is the experimental values for bismuth, an- 
timony and arsenic and IV(b) is theoretical 
values of ai;(C3) and ai;(Ay’) with use of the 
values of parameters in (3.2) and the value 
A=0.6ev. The characteristic feature of the 
experimental results are that all ai; is fairly 
larger than unity except a. in bismuth and 


Table IV. Effective mass tensor coefficients. 


(a) 
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any principal axis of ellipsoids is not in the 
direction of the trigonal axis but inclines by. 
some degree (a,3-<0). Then we can corre- 
spond the energy surface at C with the de 
Haas-van Alphen ellipsoids. The discrepancy 
between theoretical and experimental values 
Of a2, @33 and a3 can be attributed to im- 
proper cancelation in numerator of (D.2) but 
the discrepancy of a, can not be interpreted 
in such manner. To explain the extremely 
large value of a, in bismuth, we must sup- 
pose that the energy gap between C3; and C;/ 
should be the order of one half or one third 
of the present calculation, in which the energy 
gap is 0.025ev. On the other hand, if we 
assume that the energy gap in antimony is 
the order of 0.1~0.2 ev, then we can under- 
stand that the experimental values of all ai; 
are the order of ten in antimony. The single 
energy surface pocket at A,’ is extremely 
oblong ellipsoid. In order to explain that the 
de Haas-van Alphen effect by the holes is not 
perceptible in bismuth, we must consider that 
the energy gap between *As and A,’ is larger 
than two times of 0.05ev in present calcula- 
tion and then |a;;(A,’)| is <(70. On the other 
hand two types of period are observed in 
arsenic!™, We correspond one type of period 


(a) experimental values, (b) theoretical values. 


(b) 


an | A292, 33 X23 j a1 | a9 al a33 | O23 
Bi 417 0.8 | 40 4.0 C 6 | Lea | is aN 
sb | 20 5)3- 10 6.7 Ay! 148 " —148 -1.3| 0 
=e is = Se -| =e —- 

5.2 13 | 7.9 9.8 
As AO _— 

32 ao | 4.3 0 


(the longer period part) with the energy sur- 
face at 2A,® in accordance with the shape of 
the energy surface derived from experiments. 

According to Abeles and Meiboom’s experi- 
ment of galvanomagnetic effect of bismuth’, 
the number of conduction electrons per atom 
is the order of 1.6x10-* at 80°K. This is 
almost equal as the value 1.5x10-° per atom 
evaluated from the de Haas-van Alphen effect. 
This fact shows that the de Haas-van Alphen 
electrons themselves are majority carriers. 
Thus we suppose that electrons and holes are 
located at the points C and A respectively. 


The present theory predicts that the electrons 
at C are depleted by alloying antimony in 
bismuth by the effect from large change of 
4. This depletion should cause remarkable 
change in electronic phenomena as conducti- 
vity. 

Since the contribution to the susceptibility 
x. from holes at A is very small compared 
with that of de Haas-van Alphen ellipsoids, 
the contribution to the ordinary main term 
of Landau-Peierls diamagnetism from all elec- 
trons and holes in bismuth is clearly smaller 
than two times of the contribution from the 
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de Haas-van Alphen electrons, i.e. 20% of 
experimental value of y,. We can obtain 
similar conclusion of ¥,;. Then we obtain at 
most 30% of the experimental value from 
ionic and Landau susceptibilities. 


§5. Conclusion 


To summarize, it is most plausible that three 
ellipsoids of electrons (or holes) at C are re- 
sponsible for the de Haas-van Alphen effect. 
The shape of the energy surface we found 
here is in accord with Shoenberg’s model. 
Extreme anisotropy of ai; in bismuth can be 
understood as accidental approach of two 
energy bands at C, the energy gap of which 
is estimated to the order of 0.01 ev, and pro- 
per cancelation in numerator of @., a@33; and 
a3. The energy surface pocket of holes (or 
electrons) which is expected to occur at A is 
extremely oblong single ellipsoid and we ex- 
pect longest period of the de Haas-van Alphen 
oscillation in the magnetic field parallel to the 
trigonal axis. Such oscillation is observed 
only in arsenic. If we supposed that @;,(A,’) 
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=--50~70 in bismuth and then E(As®)—E(As) 
~0.lev, the longest period by the holes is 
the same order with yx component of Shoen- 
berg’s ellipsoids and these are both too short 
compared with x, component of Shoenberg’s 
ellipsoids. The calculated value of a@1:(Ay’) is 
fairly accord with but |a33(A,4’)| is consider- 
ably small compared with the value derived 
from galvanomagnetic effect or cyclotron reso- 
nance) of bismuth. This inevitable discre- 
pancy may be due to crude approximation in 
the present paper. 

In the present paper one remarkable point 
to be noted is that total contribution to the 
ordinary Landau-Peierls susceptibility from 
possible ellipsoids of electrons and holes in 
bismuth may be less than 20% of the experi- 
mental value. Such a unexpected result in 
Landau-Peierls theory was also met in the 
theory of diamagnetic susceptibility of graph- 
ite. We suppose that the small energy gap 
at C in bismuth should be related to the 
particular importance of the non-diagonal term 
which was pointed out by Adams™. 


Appendix A. Matrix Elements in the Case without Spin 


We take into account of only six nearest neighbours. 


Hgs= Es5(0) ’ 
Aze= Hy, =He= Ezz(0) ’ 
Ags exp iu =2c{(X+ Y+Z)+irs€(P+Q+R)} , 


Hen exp iu={(a+b)—20(a—b) }(X+ Y)+2bZ2+4 2irsEbR +iE{ (114+ 2)at (72—2)b}(P+Q) , 


Hey EXD 1e= = ((a+5b) —2w(a—b)}(X+ Y)+ - {(2a+b)—4w(a—b)}Z 


+5 iE (rs +2)a+ Gr2—2)0\(P+Q) +S 1€ QM +2)a+ (M—AW)R 


Teese ies = 2 {(a-+2b)+40(a—b)(X+ V+Z)—i€((4—rida— 272+ 2)0(P+Q+R) 


Hey exp iu= V9 (—20)(a—-BYX— His i6{(2+-1r,)a—(ra+2)b(P—Q) , 


Hex exp in =V, 8 (1+ 0)(a—D\X— y)-V,6 i((1—1)a-K(r2 1) P—Q) , 


Hey exp in=V.™ (14 0)(a—W(X+ ¥)—2V,2 1 -0\(a—DZ—V,? i€( rare DOH PH® 


u 2V2 ie(—n)at(ra-1))R ; 


> 


Fyn eXPip=—y/ 2 il—w)d-(P—Q)—7/ 2 &+1)d-(X—-Y), 


Hay exp in= —V,© i(1—o)d-(P+-Q) + 2V, 6 iad R=V, 6 er41)d- (XY) 


+2V 6 e.(ta-Z, 


1958) Electronic Structure of Bismuth Type Crystals 441 


Ha expin = —2V 3 i1+20)d-(P+Q+R) + 243 6@-r)d-(X+V42Z), 


where 
X=cos(E+y+€),  Y=cos(—E+y+¢),  Z=cos(—2y+¢), 
P=sin (E+7+¢) , Q=sin(—E+7+€), R=sin(—27+¢), 
E=1/ 2 nuke , y= V9 nuky c= 2V 3 14 80)nuk., w=21/ 3 Exuk:z , 
a=(pps), b=(ppr), c=(sso),  d=(spo). 


Appendix B. Basis Funciions for Irreducible Representations of Double Groups of k 


We use abbraviate notation s, x, y,z and s, x,y,z for Bloch functions constructed from 
atomic functions ¢s, $p,, d»,, dr, located at sublattice A and ¢;, bp,» Pd, » bo, located at sub- 
lattice B respectively. The sign of plus and minus in the expression means that the wave 
functions in the first and second line take the upper and lower sign respectively. »=€z/2(1+3o). 


(i) I',A: p=1 for ’, p=—iexp(—3v7) for A. 


are) 
ae } va [(xtiylat(x—iy) BF p{(x+tyla+(x—ty)B}] , 
PCTs) ) VF 6’CPs) ) V2 2 
pers} Se b/@I'¢) ge ae 
fr V8 cet ig) FOG +DB), fOr) | VE (aia Rida), 
Ore rt se ds’ 72D) va Z 
ere} 2 ae bee werd) } 7 CORP). 
ery 
q es =VE (xtiva s(x in)p), 
rane | = sd 25 {(x+iy)a = (x—t1y)B} , 
: CTs) =sa , by CTs)=s8 , 
“4 a oat 
b0T)=V,2 eine, WweT)=Y (riya , 
$3(?T.5) =z ’ bs’ CT .)=zB8 , 
CTs) =Sa , BCT )=8B 
HOT) = V2 G+D8 b/0T.) =V,2 &—i)a 
plier, ’ bs @Ts)=28 : 


Gi) B,C: p=éxp(—21) for’ B, p=—iexp(—vi) for C 


(Cs) | _V 4 BAe di(Ca) By A 
nO cae OF Pt GeO 


d2(C3) LES DL ese eee b2(C,) ae hea ie : 
oe $e Eee) > may pet XB Pleat XB)} 


ag Shoichi MASE 
WC) } VE (yet =9@+I).  Shicwy 
Cot GE eat a8 Be 28)) We 

(iv) A, 4,2, 3” 
pay tagcat ND V2 (ous) 
pon ee ae ADs) me 
iid HUE a9 7 tee ree 
YON V3 es, PM AV 2 ant 
Way fg eee Oo AE oie 
Map poe eee WD W/E cage), 
past ae eee, DD V2 spi, 
oO “42 eae xp) ena ae (zB + 1pza) . 


We give secular equations for some representations. 


Gite 70) 0) Ce -CS0 x72. 
The secular equations are 


Exa(0)-+2 EXT + Ts) 


Exe(0)—4 ECT.) 


compl. conj. 


 Wolltiel 


| =VF (ya—y8 + p(ya—yB)} , 


=VE (ea—26 + p(za—zB)} . 


(v) D,M: p=exp(—vi) for D, p=exp (—3vi) for M 


Appendix C. Secular Equations 


He, Exz(0)+ < _E(Ti+T,) 
V2, 
2 Eleis 
Exz2(0) —E?Ts) 0 


Hag 


Exx(0)— _—ECT;) 


Ezx(0)—E?Ts) 


The s state is neglected. 


leh 


= 
2 24 
2 


These equations split into two parts respectively at I’ and A, as known from Table III. 


(ii) AO, 2, &): 
A(0, —€, &): 


SO =): 0m 
(On) 1= 


The secular equation is 


€=0~7/6 , 
C=0n7/3 , 


Bit 


w(2+3o) 


(1+3a)? 
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Ex2(0)—E ys neh Hyz Ht} 0 
2 Zz 
BEOYReB\ by we ay 
A 
Ex2(0)—E As 2 0 6) 
compl. conj. Ezx(0)—E 0 ? 
EA0)=E Deg 
Ezx(0)—E 


This equation splits into two parts at B and C, as known from Table III. 


(iii) M(E, 0, aa as Frat | 14 7 


2 2 (1+3)? 
oe-$.4). 
The secular equation is 

Ex(0)+E.  iHeye* iHieel + iH=,e + 0 

Fx.(0)—E 0 A - A iti, iH, ent 
Eze(0)—E 0 —iHyet+42 —iHnet | <9, 

Ex(0)-E ime! iHix tT 

compl. conj. Ex2(0)—E 0 

Exx(0)-E 


Appendix D. Effective Mass Tensor Coefficients 
(i) ai3(Cs*) 


16m7?u*(a—b)? ( , oo 
B)=— : ee A AEsp4 Eos — 1? — 
a1,(C3°) 3h?AEupd EypA Eure AE ppd Eye pA Hep 4 


|(4Bisd Ess a) 


re Fe 
+2( 4BipA Ee) 42V 2 rE xs| + (AB aed Ep af 4 )\ (4B sd Boe aS 


| 2 

+2(4EwSEs—7)-2V 2 14Ew| — {4A B aed Eso + 24 Eyed Eup 

4 ae 

> +2Y 2 1d EspABp— AE spA Eyp)-+ 124 Bap + AE p+ 24 Ep + SEs) —6(1°——t ) | ; (D.1) 

| < re 2 
16m72u?2a? ‘i art aes 

. i ae Lenn asl aad AB AE — 7-1) (AB sod Er r ) 

, a mae ede, th shee 4 4 

GAT OY ay Pe: AB gd Byp——) + (1—s)Peu |( AEind Exe i) 

; 9 tj 1p 3 4 4 9 | 4 

‘ 

: » a a _ov94 BipAE 

x (ABA eT) +(4End Ewe) AEA Boe 7 — 277A E pA Eup 
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eee : 
-F(4E e+ )(4Eat 5 )t + += (1425) dis{ AE eA Eas 4 (4Ewdiu——) 
+ Eeiyh {(4Bset 5 $)(4Bee+ 5 ; es | +V2 (1—s)itr fis Eap + AEse— AE se — AE op) 
nad 2 
+ rae 42s) gis|(AB wet > (Bat yer 7 oh ee (1 —s)rls| AE 4B pABs9— a 
—AE ie (4Ewsbe—*)| +5 (1+2s)A2mj ie (48s + 5 7 (48 +a 9 pa —27?4E pA sg | 
2 
420 ae 2 (1—s)(1+2s)r nis} dE (42s Ese) AE s9( AEwedEss—7 )| | (D.2) 
where 
AEap= E(C3*)—E(Cs°) , 
4Eap=E(C3’%)— E(C3°) HaRCEC.5 
4E\p } Exx(0) + 26{(2+11)a—2b} —E(C3*) , 
AE: 
AEs }= Bed) 5 (-C+n)at 201 +273)b} -E(Cs®) , 
AEse =) 
AE sp |= Bsa 0) 2 e(4—1)a—2(2-+172)0}— E(Cs?) ? 
AEs 3 
rae es ettr,—Da—Wa— D0} , .  s=0/a, 
and 
Q,=(1+3s)? bo. =(5+7s)?, Cy > a= . 
G3=2 ; b33= 2(1—4s)? > C33=8 ; d33=1 ‘ 
Q3=V 2 (1+3s) , bas=—V// 2 (5+7s)1—4s) , Cs3=—21/ 2 ; das=21/ 2 ; 
€x2=(1+3s)(5+7s) , fo=1+3s , £2=4148s) , In..=(5+7s) , 
€33= —2(1—A4s) ; f33= —4 £33=2 , 133=4(1—4s) “ 
ew=2/Ft243s), fs V2 046s), gu V2 6435), bas —V,? a1+108), 
M,=4(5+7s) ; No=4 , 
M33= —2(1—4s) , N33= —4 , 
ys =V2 (14238) , Agee, 
2 2 
(Cio) 4 
3 16mx?u(a—b)? 8 
a1(Ad’)= — — — 
1i( Ag THECA»*— F(A) ECA. ye Ra 3 {(2n+1])at+(4re 1)0)6 | ) 
Q33(A/)= 32mn?u(a+2b) 
Bh E(A)—E(AY)) ’ 
au(tAgp— Ome DADS lea DO 
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where 


1) 


3) 


8) 
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4 Eap= EK? Ag*)— EA Ag®) > 
4 Eurp= EPA’ )*—ECAs,®) , 
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Effects of Impurities on Nuclear Quadrupole 


Resonance in p-Dichlorobenzene 


By Shoji Kosima, Shizuko OGAWA, Midori MINEMATSU 
and Makoto TANAKA 
Department of Physics, Tokyo University of Education, Otsuka, Tokyo 
(Received December 27, 1957) 


The resonance of C15 in a phase p-dichlorobenzene containing various 
impurities was studied. The used impurities were p-Br¢Cl, p-Brod¢, 
p-lnd, p-OHPCl, p-CH3¢Cl, p-NH2Cl, p-NO.¢Cl, p-NO.¢CH3 and p-(CH3)2¢. 
The characteristic number which represents the number of resonant 
nuclei which is affected by an impurity molecule was measured. This 
characteristic number depends on the volume difference of the resonant 
and impurity molecules and independent on the difference in dipole 


moment. 
periment. 


The results of the theoretical discussions supported the ex- 


The height, width, shape and the integrated intensity of the resonance 
line were also measured. The integrated intensity was almost constant 
in the range of small concentration of impurity and then decreased. 


1. Introduction 

Duchsene and Monfils? and Dean” found 
in their experiments on p-dichlorobenzene that 
presence of impurities in the sample leads to 
a broadening of the quadrupole resonance 
line. Segel and Lutz® gave a brief report on 
the decrease in the line height as a result of 
presence of impurities. Recently Monfils and 
Grosjean” studied the decrease of the line 
height in detail. They indicated that the 
effectiveness of an impurity molecule in re- 
ducing the line height depends on both the 
difference in volume and the difference in 
electric dipole moment of the resonant and 
impurity molecules. Michel and Spence, 
however, found in their experiment on mono- 
chlorobenzene no evidence for the dependence 
on dipole moment. In the present work the 
effects of impurities have been studied with 
a larger number of impurities than those 
used by Monfils and Grosjean. 

It was mentioned by Segel and Lutz that 
the integrated intensity of the line was in- 
dependent on the impurity concentration®. 
Michel and Spence, however, mentioned that 
the main effect of impurities on the resonance 
was to reduce its intensity without appreciable 
broadening”. The height, the width and the 
integrated intensity of the line have been 
carefully measured in the present experiments. 


2. Experimental Procedures 
The resonance of Cl*® in a phase p-dichloro- 
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benzene containing the various impurities was 


studied. The frenquency of the resonance 
was about 34.23 Mc. 

The spectrometer used was a signal feed 
back oscillator which was described by Wang”. 
The working level of oscillation was about 
5.8 volt in all the experiments. The height 


of resonance line was observed with a video | 


amplifier and an oscilloscope. In order to 
measure the width and the shape of the reso- 


nance line a set of a narrow band amplifier | 


and recorder was used. In this case, adopting 


frequency modulation of small amplitude, the | 
derivative curve of the resonance line was || 
recorded. The width was determined from || 
the recording as the difference of the frequen- || 


tor at 
Fig. 1. 


p-Br¢Cl 0.1%. Kicks are frequency markers. 


Recording of the nuclear quadrupole re- || 
sonance of Cl®* in p-Cldé with impurities of ij 


} 


a. o. = © 


—=—— -— => «oe 


es Ts 
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cies corresponding to the extreme points of 
the derivative curve. An example of record- 
ings is reproduced in Fig. 1. 

The samples were produced by melting the os 


of 
mixture of pure p-dichlorobenzene and im- & 
purities of known molar percent with the aid i 
of a hot water bath. The produced samples 2 a 
in the hot water bath were let cool natural- 5 
ly and its temperature reached to room = 0 
temperature during 24 hours. 
0-05 


3. The height of the Resonance Line 5 a5 rs RAL 
The studied samples were those containing SONCESTERATION 105 tee 

the impurities of p-BréCl, p-Brd, p-l.¢, p- Fig. 3. The height of the resonance line vs. 
OH@Cl, p-CH3¢Cl, p-NH:¢Cl, p-NO.¢Cl, p- impurity concentration for the impurities of 
NO.@CH; and p-(CH3).¢. The height of the p-OH¢Cl, p-CH3¢Cl and p-NO.¢Cl . 

resonance line decreased when the concent- 
ration of impurity was increased. Monfils 
and Grosjean deduced from a simple as- 
sumption a theoretical equation expressing 
the relation between the intensity and the 
concentration of impurity. If we apply their 
equation for the height of resonance, A, we 
obtain 


NOe?CH3 


RELATIVE HEIGHT 


A= A) exp (—NC) (1) 
where C is the molar concentration of impurity Or - 
and N is a characteristic number. This 
characteristic number represents the number 
of resonant nuclei per impurity molecule ia: = 
whose resonances have been so shifted that 4 bic ania ee weoueuiame 
they can ne longer contribute to the central 
portion of the line. 


Fig. 4. The height of the resonance line vs. 
impurity concentration for the impurities of 


The observed height was plotted loga- p-(CHs)sd, p-NH6Cl and p-NO.éCHs . 
rithmically against the concentration of im- 
purity. -The plots are reproduced in Figs. 2, Table I. 
3 and 4, where the plotted height is normal- ye 
ized as the height on the pure sample is unity. Impurity N N’ (M. G) 
For small impurity concentrations the ex- eS : 
perimental data fit to the straight lines which p-BrgCl 105 100 87 
p-Brod 190 200 164 
p-Br¢gl 330 
p-ld 510 
p-OH¢Cl 100 60 135 
= p-NH:¢Cl 160 435 
g p-NH,¢Cl 230 204 
; p-(CHs)xp 380 
E p-NO$Cl 600 500 
Z p-NO.$CHs 830 
— 
0.05; * Monfils and Grosjean” 
ri at accareuiea OF Scents . are expressed by Eq. (1). From the slope of 
Fig. 2. The height of the resonance line vs. the straight line, the characteristic number 
impurities of p-Br¢Cl, p-Brof and p-h¢ . N was determined. The values obtained are 
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listed in the second column of Table I. Those 
reported by Monfils and Grosjean are also 
listed in the fourth column of the table. It 
indicates close agreement between their results 
and the present results except for the case 
of impurity of p-NH.¢Cl. This sample, how- 
ever, showed in the experiment an appreciable 
change with time. The present data were 
measured after one day from solidification. 
Measurements after a few weeks showed 
further decrease in height for the sample of 
impurity concentration of about 0.05, 0.1 and 
0.2 percent and no appreciable change for 
the pure sample and those of large impurity 
concentrations. So that these measurements 
give a greater characteristic number than the 
mentioned above. We have used the data 
of the measurement on the fresh sample 
which was considered to be free from chemical 
change. 

Figs. 2, 3 and 4 indicate that the plots 
deviate from the straight lines for large con- 
centration. In these range of concentration 
it seems that the volumes influenced by an 
impurity molecule are overlapping. The 
critical concentration C., above which the 
overlapping begins, is estimated from the 
equation of 

Cex 1/N. (2) 
The critical concentrations obtained from the 


knick points of the curves and those calculated 
from Eq. (2) are listed in Table II. 


Table II. 
Impurity Ce (percent) 1/N x 100 
p-Br¢Cl 1.0~1.3 0.95 
p-Brod 0.6~0.7 0.55 
p-lod 0.2 0.20 
p-OH¢Cl 12 1.00 
p-CH36Cl 0.6 0.43 
p (CHa) >0.1 0.27 
p-NH2¢Cl 1.0~1.3 0.63 
p-NOsfCHs 0.2 0.17 
p-NO2Cl Ore 0.12 


The agreement between them is satisfactory. 
This means that the linear relation in the 
logarithmic plot of the height holds until the 
height decreases to 1/e of the initial value, 
where e is the base of natural logarithm. 
For the samples mixed with p-OH¢CIl, p- 
CH3¢Cl, p-(CH3)2¢ and p-NH.@Cl the decrease 
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of height stopped at the concentration of 1.5, 
1.5, 0.1 and 1.5 percent respectively, which 
are shown by dotted lines in Figs. 3 and 4. 
They presumably arise from nonmixing of 
the impurity above those concentration. These 
data are omitted from the plots. 


4. The Line Width 


The line width, /’, was measured for the 
samples containing impurities of p-OH¢Cl, p- 
Br@Cl, p-Br.¢ and p-NO.¢@Cl. On the contrary 
to the case of Michel and Spence the broaden- 
ing of the line was always observed. The 
relative broadening denfined by (J'—I,)/I, 
where J’) is the width for the pure sample, 
was plotted against the impurity concentration 
C, as shown in Fig. 5. It indicates that the 


° 


RELATIVE BROADENING 
a 


0:5 15 % 
CONCENTRATION OF IMPURITY (C) 
Fig. 5. The broadening of the resonance line vs. 
impurity concentration for the impurities of 
p-Br¢éCl, p-Brod, p-OH¢Cl and p-NO.¢Cl. 


relative broadening is proportional to the con- 
centration in the range of small concentration. 
This linear relation can be expressed 

=o) /lo=NC G3 ) 
where N’ is again the characteristic number. 
The N’, however, is defined slightly differently 
from N. It means the number of resonant 
nuclei whose resonance has been shifted to 
produce observable broadening. The charac- 
teristic number N’ was determined from the 
initial slope of the curve. The obtained re- 
sults are listed in the third column of Table | 
I.. The characteristic numbers obtained from | 
both methods, N and N’, are in close agree- 
ment. 

When the concentration increased the plots : 
of broadening deviate from the straight lines. 
The effective value of characteristic number, 
which is determined from the tangent of the 
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curve, decreased as the impurity concentration 
increased. The origion of decrease of N’ is 
the same as the previous case. 


5. The Integrated Intensity 


The shape of the resonance line was deter- 
mined by graphical integration of the recording. 
The obtained patterns of the resonance lines 
for the various concentration of impurities of 
p-Br@Cl are reproduced in Fig. 6, where the 


Tae | 


IMPURITY Se 
OF 

Br PCL > 
| oe 
Pure rs) 
Impurity Concentration O | % a 
0-2% Md 
03% = 

05% --- 40-5 


oe 


ie 


3-0 2:0 Oo ie) 
FREQUENCY (KC) 

Fig. 6. The shape of resonance line (the left half 
is shown) for various concentration of p-Br¢Cl 
impurity. 
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IMPURITY CONCENTRATION 
Fig. 7. The integrated intensity vs, impurity 
concentration for the impurity of p-BréCl. ©O 
obtained from the area of the resonance line. 
x obtained from the product of the height and 
the width. 


all patterns are normalized as the intensity 
maximum is unity. It indicates that the pat- 
terns are similar to Gaussian curve. The 
integrated intensity, J, was obtained as the area 
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of pattern. The plots of the integrated in- 
tensity against the impurity concentration is 
reproduced in Fig. 7. 

If the shape of the line is expressed by 
Aexp(—2y?/I""), the area is obtained by 
(x/2)'/2Ar’. The product AT is also plotted in 
the Fig. 7. Both plots fit excellently. 

The curve shown in Fig. 7 indicates that 
the integrated intensity is constant below the 
impurity concentration of 0.2 percent. For 
such small concentration Eqs. (1) and (3) give 

AI'= Aol){14+(N—N’)C} . (4) 
The previous result that NM is equal to N 
leads to the constancy of the integrated in- 
tensity. 

When the impurity concentration was in- 
creased above 0.2 percent, the integrated 
intensity decreased gradually. This is presum- 
ably arisen from that the tails of the resonance 
curve sink below the noise level. 


6. Interpretation of Characteristic Number 


Monfils and Grosjean connected the charac- 
teristic number N with difference in volume 
and difference in electric dipole moment. For 
the impurities of monoatomic substituents the 
difference in volume of the resonant and im- 
purity molecules is calculated as the difference 
of the van der Waals volumes of correspond- 
ing atoms. For the impurities of radical sub- 
stituents the volume is not so clearly defined 
as the previous case. The shape of the radical 
is determined by giving the spheres of van 
der Waals radii for each atoms, whose center 
is located at the known bond distance and 
the known bond angle. At first the volume 
of such shape of the radical is calculated 
(V,). At room temperature, however, the 
radicals may rotate around its axis. The 
volume taking into account rotation around 
one axis is then calculated (V2). Another de- 
finition of the volume is given by the circum- 
scribed sphere of the above mentioned static 
shape of the radical (V.). The differences in 
volumes of resonant and impurity molecules 
calculated on these three definitions are listed 
in Table III with the notation of 4V., 4Vo 
and AV., respectively. 

The relation between the characteristic 
number WN and the volume difference is shown 
in Fig. 8 for the impurities of monoatomic 
substituents and in Fig. 9 for the impurities 
of the radical substituents. In Fig. 9 the 
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Table MII. 
v AV, AV» 4Ve AVexp 
Bapurity Ni (10-24 cm?) (10-24 cm’) (10-24 cm’) (10-2 cm’) 
p-OH¢Cl 100 —8.89 4.75 —- 0.9 6.8 
p-NH2¢Cl 190 —4,23 i 5.87 AEM 13.0 
p-CH3¢Cl 220 Oeil! 7.00 14.4 15.0 
p-(CHs3)2¢ 380 0.62 14.00 28.8 26.8 
p-NO2¢Cl 600 1.02 23.03 41.0 40.7 
p-NO.¢CH3 830 133 30.0 55.4 56.2 
= ae 
x NO2$CHs 
soo} 
2 lod 
Be a 
wi an ei | 
= w 600 
z oO 
= 
=> 
ee 
[S) 
a 
@ re) 
He (400; 
= B 7 
S 200 @ 
a 
xt oO 
re & 
2 < 
a x 
200; tas. 
6 35 a5 e /x/ondoci 
VOLUME DIFFERENCE(av)  *!O™ 
Fig. 8. The characteristic number vs. the volume ° 20 * 10cm 


difference for the impurities of momoatomic 
substituents. x is the value measured by 
Monfils and Grosjean. 


crosses denote the plot of N against 4V, and 
the full circles denote the plot of N against 
AV.. Figs. 8 and 9 indicate that the charac- 
teristic number is proportional to the volume 
difference. The straight line in Fig. 8 is 
expressed by an equation: 

N=k4V , 65) 
where k is 14.5x104cm-*. This relation ac- 
cords with the result of Monfils and Grosjean 
not only qualitatively, but also quantitatively. 

If the definition of volume V, is used, the 
straight line II in Fig. 9 is obtained. This 
straight line is just expressed by Eq. (5). On 
the other hand, if the definition V» is used, 
the obtained straight line, which is shown by 
the line I in Fig. 9, has a larger slope than 
that expressed by the equation. Then the 
difference between them may attribute to the 


VOLUME DIFFERENCE (4V) 
Fig. 9. The characteristic number vs. the volume 
difference for the impurities of radical sub- 
stituents. x based on the volume difference 


defined as AV, © based on the volume dif- 
ference defined as AV-. 


effect of the dipole moment of molecule. The 
difference between the observed characteristic 
number and the number calculated from the 
volume difference by using the Eq. (5), ie, 
N—kAV>, was plotted against the difference 
in dipole moment of the resonant and impurity 
molecules*. The plot is reproduced in Fig. 10. 
It shows no correlation between the charac- 
teristic number and the difference in dipole 
moment. In view of the present result the 
definition of the volume V, seems to be ade- 
quate. And if this definition is used the 


* 


the same as those used by Monfils and Grosjean. 
But for the p-OHdCl 2.27 Debye is used instead 
of 1.62 Debye.” 


‘Bhe values of dipole moment ‘used are almost | 


: 
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DIFFERENCE IN DIPOLE MOMENT 
Fig. 10. The characteristic number vs. the dif- 


ference in dipole moment. The plotted charac- 
teristic number is subtracted the number 
corresponding to the volume difference. 


dependency of characteristic number on the 
volume difference is expressed by the same 
equation as the case of the monoatomic 
impurities. 


7. Theoretical Estimations 
a) Effect of the dipole moment 

When a molecule possess a dipole moment 
P, the field gradient produced by it at a 
distance 7 is expressed by 

0 3(Pr)z—rP.: 12 
= —-=@ 

Oz hid Ve 
where numerical factor a is 2~3 in usual 
cases. Since the shift of resonance frequency 
due to the effect of dipole field, 4», is equal 
to eQq:/2h, then we obtain 

4yv~6x10!9Pr-4 (c/s) (7) 

Putting P=1 Debye and 4y=400c/s, which is 
the half of width of the resonance line on 
pure sample, we obtain r=6.4x10-§cm. The 
resonant nuclei in the sphere of this radius 
do not contribute to the central portion of 
the resonance line. Since the density of mole- 
cule is about 5.28x10-2!/cm’, this sphere con- 
tains only six molecules. This number is 
very small with respect to the observed 
characteristic number N. If the dipole moment 
of a part of the molecule in place of the 
dipole moment of whole molecule were ac- 


Qzz , (6) 
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counted, the situation would not be altered. 
Therefore, the difference in dipole moment 
of the resonant and impurity molecules is not 
responsible for the characteristic number. 


b) Effect of volume 

An impurity molecule whose volume is 
different from that of surrounding molecules 
produces strain on the surrounding medium. 
For simplicity we assume that the impurity 
molecule is spherical and the radial displace- 
ment alone is produced. Then the nonvanish- 
ing strain tensors in polar coordinate are 
given by 


Uu 
Crr =A C00 =Cgy=u/r , (8) 


Or 


where w is the radial displacement. Generally 
u is expressed by the form ar+br-?. In the 
present case, however, a vanishes as the case 
of point imperfection. If the volume change 
AV is introduced on the surface of the spherical 


molecule whose radius is 7, then (2), 
=AV/4zr.?. From this condition b is de- 
termined. So that, 

u=AV/4zr? (9) 


Since the dilatation é¢,,+éee+ey¢ vanishes 
by Eqs. (8) and (9), the stress tensors are ex- 
pressed by 


AN Al 
Ser 2herr= = ie Renal 
Seo=2600= So (10) 
AV 


Z 
w= = 
Soe Lege 3 Lh V 


where yw is Lamé constant or the rigidity and 
V=(47/3)r?. These equations give the stresses 
on the surface of the sphere of volume YV. 
The relation between the frequency shift 
and the stress was measured by Kushida, 
Benedeck and Bloembergen on #-dichloro- 
benzene.®? Their result is aes c/s/kg/cm? 
at 24.8°C. This figure was obtained by ap- 
plying simple hydrostaic pressure p. In the 
present case, however, radial commpression 
and tangential tensions are applied. Therefore 
the shift may be different from the homo- 
geneous deformation. Since such data are 
not available, we use tentatively above figure. 
The rigidity » is estimated to be 2.7 x 10* kg/cm? 
from the volume compressibility used by 
Kushida et al. and Poisson ratio to be 0.3 as 
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usual substances have. Then the frequency 
shift of the resonant molecules which located 
on the surface of the sphere of volume V is 
4 AV 
Ay= 28x V (11) 
For the impurity of p-dibromobenzene, 4V is 
equals to. 13%.107%4-cm*»,,. Then,.the Kqes (il) 
gives V of 3.3x10-2°cm* in order to yield 
the shift of 400c/s. The volume contains 
about 174 molecules. This figure fits to the 
observed characteristic number. The es- 
timations above mentioned supports the ex- 
perimental evidence that the effect of impurity 
is interpreted with the volume effect alone. 
The present work was partially supported 
by the Scientific Research Expenditure of the 
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Origin of the Magnetic Anisotropy Energy of Antiferromagnetic 
Cr), 


By Masashi TACHIKI 


and Takeo NAGAMIYA 


Department of Physics, Osaka University, Osaka, Japan 
(Received January 27, 1958) 


The magnetic anisotropy constant Cr,O3 arising from the dipolar inter- 
actions among the chromic ions was calculated to be —0.059 cm~-! per 
ion at absolute zero, and the magnetic anisotropy constant due to the 
crystalline field combined with the spin-orbit coupling was estimated 
from the fine-structure coupling constant of ruby and compared with 
that deduced from the antiferromagnetic resonance experiment by 
Dayhoff. The value from ruby is too large. The temperature dependence 
of the anisotorpy constant and that of the antiferromagnetic resonance 
frequency at zero field are discussed. 


Introduction 


§ 1. 


Since Honda and Soné” first made measure- 
ments of the powder susceptibility of chromium 
sesquioxide, Cr.O;, there appeared a number 
of experimental studies of the magnetic pro- 
perties of this substance.2-° The neutron 
diffraction study by Brockhouse” has indicat- 
ed that an antiferromagnetic arrangement of 
the spins of the chromic ions occurs below 
308°K (Fig. 1). The spins align along the 
unique crystallographic axis according to the 
single crystal measurements of the magnetic 
susceptibility by McGuire et al,®) and recently 
this has been supported also by a neutron 
diffraction study.” Information about the 


magnetic anisotropy energy can most con-| 


veniently be obtained from measurements of 


the antiferromagnetic resonance absorption, 


and Dayhoff,» carrying out such an experi- 
ment, determined the anisotropy energy as a 
function of temperature in the neighbourhood 
of the Néel point, 308°K. 

2 The origin of the magnetic anisotropy 
energy in chromium sesquioxide may consist 


of three parts: the magnetic dipolar interac- | 
tions among the chromic ions, the fine-struc- | 
ture coupling of the individual chromic ion, ’ 


i.e., the spin-orbit interaction combined with 
the interaction between the orbital angular 


momentum and the crystalline electric field, | 
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and the anisotropic exchange interactions. 
The purpose of this paper is to calculate the 
first of these three and to give some con- 
siderations on the other two. 


§ 2. Anisotropy Energy arising from the 
Magnetic Dipolar Interactions among 
the Ions 


Chromium sesquioxide has a corundum 
structure of rhombohedral symmetry. Chro- 
mic ions lie on the [111] body diagonal of the 
rhombohedral unit cell, and the magnetic 
structure deduced from neutron diffraction 
measurements is as shown in Fig. 1. Since 


Fig. 1. The rhombohedral unit cell of Cr.O; after 
Brockhouse; only Cr ions with spins are in- 
dicated. 


the crystal has a three-fold symmetry about 
the [111] axis, the anisotropy energy arising 
from the dipolar interactions has uniaxial 
symmetry about the same axis. We calculat- 
ed this anisotropy energy using the Fourier 
method developed Nagamiya eft al.®. Assum- 
ing an isotropic g-factor and using Eqs. (4.1), 
(4.3) and (4.5) of their paper, the following 
expression is obtained for this anisotropy 
energy: 


B=| gas go At S14 (—1yeret2 
V hkl 
x {sin 2x(h+k+])u}*{3 cos? Onxi—1} 
(1) 


X 07 nxt | cos? @ , 


where @ is the angle between the spin axis 
and the [lll] axis, V the volume of the 
rhombohedral unit cell, @nx: the polar angle 
of the reciprocal lattice vector (hkl), Onn 
means the form factor of the spherical charge 
distribution placed at each position of the 
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chromic ion (given by Eq. (6.4) of the paper 
quoted above) and wu is the parameter indicat- 
ing position of the chromic ions. As we 
could not find the observed value of wu, we 
assumed w=0.105, referring to those for 
a-Al,0O3; and a-Fe,0; (u=0.105 for both). 
With the use of g=1.97 obtained from the 
paramagnetic resonance experiment,® the fol- 
lowing numerical result is obtained: 


E=—0.059 cos? 6 cm7! per ion 
at absolute zero. 


(2) 


It is interesting to compare this negative 
small value of the coefficient of cos? @ with 
corresponding value, 1.15cm=}, of a-Fe,0;.% 
The crystalline structure is the same for 
these two compounds but the spin super- 
structure is different. The trivalent metallic 
ions, which are located at the interstices of 
the approximately hexagonal close-packed 
lattice of the oxygen ions, form slightly un- 
even honey-comb nets. In a-Fe,03, spins on 
each honey-comb net plane point in the same 
direction, and alternate nets of opposite spins 
are piled up, so that a strong dipolar aniso- 
tropy energy favouring the magnetization 
direction in the plane of the nets is expected. 
On the other hand, each of the honey-comb 
nets in Cr.03 consists of plus and minus 
spins, arranged in an antiferromagnetic way 
as shown in Fig. 2. The negative sign in 
Eq. (2) indicates a stronger coupling between 


Fig. 2. Nearly hexagonal net planes of Cr ions 
in Cr.O3. 
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neighbours in the same honey-comb net plane 
of Cr.,O; and it favours the spin direction 
along the body diagonal, [111]. This is con- 
sistent with the experimental results mention- 
ed in section 1. 


§ 3. Other Anisotropy Energies 


Geusic!™, and Zaripov and Shamonin!) ob- 
served by paramagnetic resonance measure- 
ments in ruby (Al,O3 contaminated with Cr,03) 
that the fine-structure coupling constant D of 
Cr+ is —0.19 cm-!, the negative sign having 
been known from the optical Zeeman effect. 
We might expect approximately. the same 
fine-structure coupling constant for the Cr?* ions 
in Cr,03. The corresponding anisotropy energy 
is —0.29cos?@cm™ per ion at absolute zero 
(DS(S—1/2)=—0.29 cm-!, S being 3/2) which is 
about five times as large as that arising from 
the dipolar interactions. However, we shall 
see in the next section that such a large 
anistropy energy is incompatible with the 
results of the experiment of antiferromagnetic 
resonance absorption, which gives a value 
about one third of it. 

The anisotropy constant arising from the 
anisotropic exchange interaction may have a 
magnitude of Ky-s-4Eez/4Ecry if one denotes 
by Ky-s the fine-structure anisotropy constant 
(—0.29cm7! in case the above argument were 
valid), by 4&2 the change of energy when 
the spin of a chromic ion changes its com- 
ponent in the direction of the Weiss mole- 
cular field by one, and by 4Eory the separa- 
tion between the ground and excited orbital 
levels in the crystalline field. 4k: is 
3kT w/(S+1) in the approximation of molecular 
field (Tw=308°K, S=3/2) and 4Eery is known 
to be of the order of 20000cm-!} from the 
optical absorption spectrum of ruby, so that 
Ky-s*4Eex/4 Eery~10-?+ Ky-s, which is negligib- 
ly small compared with Ky-s. A closer 
analysis will show that this underestimates 
the anisotropy constant arising from the ani- 
sotropic exchange interaction by a factor of 
about 4, but it is still negligible compared 
with Ky-s. 

§ 4. Discussion 

Antiferromagnetic resonance studies by 
Dayhoff show that the temperature depen- 
dence of the anisotropy energy, represented 
by —Kcos?@ in the temperature range of 18° 
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below the Néel point, is given through 
K=8300 (Tw — T)9'87 40°08 erg/cm? ‘ cs) 
In order to compare this with the theoretical 
anisotropy constant based on the arguments 
in section 2 and 3, we first derive the theo- | 
retical temperature dependence of the dipolar | 
and fine-structure anisotropy constants. Tak- 
ing the approximation of the molecular field, 
they are expressed as 
Kao= —NCCS257/S?,; » Ca=0,059. ema; 0A) 
Ky-s=— ND{XS2>—S(S+)}/2 , (5) 
where Se is the component of the spin | 
angular momentum operator of each ion in | 
the direction of the internal field and WN the | 
number of ions in one cubic centimeter. 
For (5), the spin Hamiltonian DS has been 
assumed for each ion, z being the direction 
of [111]. The molecular field approximation | 
gives the following expression:?# 


(Seo? =S?Bs(z) , 
1 veel 
+{xser—sis+D} 


(6) 


Kt) 


z=gpeSH[kT , (8) 
where B; is the Brillouin function and AH the 
magnitude of the internal field. Further, 
there is a relation between z and T: 
so" ae) 

Tr (S41) 2 
Expanding (6), (7) and (9) in powers of z in 
the vicinity of the Néel temperature, we | 
obtain 


=S(S+1)—= SBu(2) othe 


(9) 


yet 
(sya Bika, 


5 1xSe>—S(S+D} 


enti. recy a8 
tS cad (s 5 \(S45 


30'S? Tw—T 
2 — Sy ¢ ———— | 
Po SSG EGe Ny Woe oo 
Inserting (10) into (4) and (5), and putting 
S=3/2, we get 
Kaiy=3.84 X 10° (Tw—T) erg/cm, (his 
Ky-s=—2.65x ND(T—Ty)/Ty . (12) 
Both ate proportional to (Ty—T) and so that | 
they cannot give the temperature dependence © 
of (3). The deviation from 1 of the power > 
of (T'y—T) in expression (3) may probably 
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arise from changes in the lattice parameters 
in the neighbourhood of the Néel temperature. 
Greenwald’ observed by X-ray diffraction 
method that the c-axis (in hexagonal setting) 
elongates and the a-axis contracts as the 
crystal is cooled through the antiferromagnetic 
transition region. These changes would make 
the trigonal part of the crystalline field acting 
on Cr** decrease and hence would lower the 
value of D. If so, one would expect a milder 
dependence on temperature of the anisotropy 
constant. Also, the exchange coupling con- 
stants would be affected by these changes; 
if they are diminishing with lowering temper- 
ature, one would also expect a milder 
dependence. 

If we replace (3) simply by 8300 (Ty—T) 
and combine it with (11), we obtain K;-;= 
4.46 x 10° (Ty—T) erg/cm’. The corresponding 
value of D is —0.063cm-! per ion, which is 
about one third of that cCeduced from ex- 
periments on ruby. Considering a possible 
difference in the crystalline field in Cr,.O; 
and in ruby, this factor of 1/3 may not be 
improbable. The corresponding critical mag- 
netic field (H., the field at which the spin 
axis turns from the easy axis to the direction 
perpeudicular to it when the field is applied 
along the easy axis) at absolute zero is 
calculated to be 136 kilo gauss. Dayhoff ex- 


fe) 0-2 04 O06 0-8 10 
T/ Tn 
Fig. 3. The temperature dependence of the zero 
field antiferromagnetic resonance frequency w/2n 
calculated (A) for dipolar interactions only and 


(B) for fine-structure coupling only. Experi- 
mental perpendicular susceptibility after McGuire 
et al., which was used in the calculation, is 
also plotted, 
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trapolated expression (3) to absolute zero and 
obtained 110 kilo gauss. With dipolar inter- 
actions only it would turn out to be 85 kilo 
gauss. 

Fig. 3 shows the dependence on tempera- 
ture of 2K/xz:, which is the square of anti- 
ferromagnetic resonance frequency /y in the 
absence of external magnetic field, for the 
case (A) where the anisotropy energy arises 
solely from the dipolar interaction and 
for the case (B) where it arises solely 
from the fine-structure coupling, using ex- 
perimental values of x, given by McGuire et 
al.». The latter is also plotted in the same 
figure. To get an accurate estimate of the 
anisotropy constant due to the fine-structure 
coupling, extention of the measurements of 
antiferromagnetic resonance to lower temper- 
ature will be valuable. 
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Anisotropy of Hot Electrons in n-type Germanium 
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Electromotive force perpendicular to the current flowing in n-type 
germanium samples is observed. The deviation angle of electric field 
vector from current vector is a function of current orientation, tempera- 


ture, and field strength, and in some cases exceeds 20°. 


This effect can 


be attributed to the anisotropy in electric conduction due to the ellip- 


soidal energy surfaces. 


Introduction 


§ 1. 

Electric conduction in cubic crystals is iso- 
tropic so long as Ohm’s law is applicable. 
However, under high electric field, where 
Ohm’s law fails, cubic crystals do not always 
conduct isotropically. If anisotropy occurs in 
conduction, and the current direction does not 
lie on any of the symmetry axes of the cry- 
stal, electric field vector deviates from current 
vector. This deviation produces electric field 
transverse to the current and could be de- 
tected by transverse electrodes attached to 
the crystal in the same way as the Hall effect. 

This effect was considered theoretically by 
one of us, M. S., for semiconductors with 
spheroidal energy surfaces?. Preliminary ex- 
periment carried out by us” showed that this 
effect occurs in m- and p-type germanium, and 
that the deviation observed in n-type germa- 
nium agrees qualitatively with Shibuya’s cal- 
culation. 

In this paper details of the experiment on 
n-type germanium are described and the ex- 
periment is compared with the above-men- 
tioned theory, and mechanisms are suggested 
to explain the quantitative disagreement be- 
tween the theory and experiment. 


§2. Experimental 

n-type germanium samples with room-tem- 
perature resistivity of 6~15 ohm-cm were cho- 
sen from crystals prepared by M. Kikuchi of 
our Laboratory. Slices of about 3mm _ thick 
were cut along (110) plane of the crystal lat- 
tice, and filaments with large current elec- 
trodes and transverse potential electrodes, as 
shown in Fig. 1, were prepared by a mag- 
netostriction cutter. Filaments lying along 
various direction between <001> and <110)> 
were prepared. The angle @ defining the fila- 


ment direction is chosen as shown in Fig. 1. 

Filaments were etched with CP 4 to mini- 
mize spurious effects caused by hole injection 
from surface imperfections under high electric 
field. 


Ay 
° 
& 


Fig. 1. Shape of specimen. 

In order to avoid temperature rise in fila- 
ments under high electric field, measurements 
were carried with pulsed current. The ap- 
paratus arrangement is shown in Fig. 2. The 
voltage applied on the filament was measured 
through terminals A, the current through ter- 
minals B, and the transverse voltage through 
terminals C. These voltages were measured 
by measuring the pulse height on the cathode- 
ray tube of a synchroscope. Fig. 3 shows 
the wave form of these pulses on the synchro- 
scope. For minimizing the temperature rise 
the duration time of the pulse must be chosen 
as small as possible, while too short pulse 
makes the estimation of the pulse height un- 
certain due to transient phenomena caused by 
the fioating capacities of the pulse trans- 
former. In many cases pulses of 0.3~0.5 
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Longitudinal voltage, pulse height:800v 


Transverse voltage, pulse height:21 v 
Fig. 3. Wave form of voltage pulses. 


microsecond duration and repetition rate of 
50 pulses per second were used. 

The pulse transformer was loaded with 1 kO 
resistor in order to obtain the best wave form. 
This impedance is rather low and the electric 
field in the filament is disturbed by insertion 
of this transformer when transverse electric 
field is produced. Thus, though the trans- 
verse voltage measured at terminals C is pro- 
portional to the transverse field without the 
transformer, the absolute amount of the field 


standard resistor 


/ 
he n synchroscope 
PIES ae 


imput— transformer 


The apparatus arrangement for pulse measurement. 


should require a method of calibration. This 
was done as follows. When magnetic field is 
applied the electric field vector deviates from 
the current vector by an angle &, the Hall 
angle, in the plane perpendicular to the mag- 
netic field. Hall angle is given by 


E€=urRB 


where vr is the Hall mobility, a function of 
temperature and the purity of the specimen, 
and B is the magnetic induction. When the 
transverse electrodes of our specimen are used 
as Hall electrodes and magnetic field is ap- 
plied, the Hall field caused by magnetic field 
is disturbed by the insertion of the imput 
transformer in the same way as the anisotropy 
field caused by the high electric field, and the 
measured transverse voltage at terminals C 
caused by magnetic induction B corresponds 
to the deviation of electric field vector from 
current vector by an angle &, given by the 
above equation, when there is no such distur- 
bance as is caused by insertion of pulse trans- 
former. Thus the angle of deviation of elec- 
tric field vector from current vector is esti- 
mated from the pulse voltage measured at 
terminals C. This estimation becomes under- 
estimation when electric field is so high that 
the resistivity of the filament becomes higher 
than the low field resistivity; however, the 
effect is smaller than 10 per cent at the highest 
field. 

The measurement was carried at tempera- 
tures of 290°K, 200°K and 90°K 
§3. Results of Experiment 

Fig. 4 shows the field dependence of the 
current density and the transverse voltage, 
observed at terminals C, of an n-type germa- 


nium filament whose direction deviates by 30° 
from <001> axis, at 90°K. Three regions are 
seen in the current-density curve as has been 
pointed out by Ryder and Shockley®-®. In 
the first region Ohm’s law is valid, in the 
second Ohm’s law fails and the current is 
nearly proportional to the square root of elec- 
tric field, and in the third current is almost 
constant. 


fo) 
N 
a 


(oie 5 jo? 2 
Longitudinal Electric Field (V/cm) 
Fig. 4. Electric field dependence of current densi- 
ty and transverse voltage for an m-type germani- 
um filament with 6=30°. Broken line corresponds 
to spurious voltage due to probe asymmetry. 


Spurious transverse voltage proportional to 
longitudinal electric field, caused by asym- 
metry in transverse probes, appears in the 
first region. Another component of transverse 
voltage, which differs from that in the first 
region in regard to its dependence on longi- 
tudinal field, appears in the second region. 
This component grows rapidly and attains its 
maximum value before the third region begins. 

In order to estimate the transverse field due 
to anisotropy of hot electrons, the spurious 
component due to probe asymmetry, which is 
proportional to longitudinal field and is easily 
estimated from the low field data, is sub- 
tracted from the observed voltage. Thus the 
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tangent of the angle € between current and 
electric field vectors due to anisotropy of hot 
electrons is calculated and is shown in Figs. 
5 and 6. 

In Fig. 5 tan € is plotted against longitudi- 
nal electric field for filament whose direction 
deviates 30° from <001> axis measured at three 
temperatures are shown. It is seen that the 
lower the temperature the lower is the field 
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Fig. 5. Electric field dependence of tan ¢ for an 
n-type germanium specimen with ¢=30°. 
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Electric field dependence of tane for 
specimens with various values of 0. 
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where the angle becomes observable, the lower 
the field Ea where the angle attains the maxi- 
mum value, and the larger the maximum 
angle. It seems that these three curves tend 
asymptotically to a single curve for the field 
higher than Ea. 

In Fig. 6 tan€ curves for various filaments 
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€ in Degree 


@ in Degree 


Fig. 7. Dpendence of € on @. 


Current directions in 
low field (full lines) 
and in high field (bro- 
ken lines). 
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with different direction of crystal axis mea- 
sured at 90°K are shown. The direction of 
deviation of the electric field vector from the 
current vector is such that the electric field 
lies nearer to <111> axis in (110) plane than 
the current vector in every case. Fig. 7 shows 
the angle € at longitudinal field of 750v/cm 
as a function of @. The sign of € was taken 
positive for specimens with 4# smaller than 
50°. 

The shapes of the curves in Fig. 6 are very 
similar to one another, and the curves do not 
seem to tend asymptotically to a single curve 
in the highest field, in contrast to the curves 
in Fig. 5, 


§ 4. 


The anisotropy of hot electrons in cubic 
semiconductors with spheroidal energy sur- 
faces was calculated by Shibuya”. He con- 
siders the different contributions to the cur- 
rent shared by the electron groups from dif- 
ferent energy valleys in k-space, caused by 
different temperature rise and hence the dif- 
ference in mobility of the electrons in these 
groups at high electric fields. His calculation 
hence results in anisotropy angle which is 
constant over the electric field where current 
is proportional to the square root of electric 
field and is also independent of temperature. 
The angle of anisotropy thus obtained is shown 
in Fig. 6 by broken line, which is in good 
qualitative agreement with experiment. 

This effect may be understood with a sim- 
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Current directions in 


high field without 
(broken lines) and with 
(dotted lines) interval- 
ley electron transfer. 


Fig. 8. Simplified spheroidal energy surface model for explaining high field anisotropy. 
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plifiea model in Fig. 8. Only two spheroids 
A and B are considered. An electric field E 
is applied in the direction nearer to the rota- 
tion axis of spheroid A. Electric current 
produced by electrons with prolate-spheroidal 
energy surfaces lies farther from the axis of 
rotation, and such current components as 
shown in Fig. 8 are produced. These com- 
ponents make an electric current vector pa- 
rallel to electric field when Ohm’s law holds. 
The magnitude of effective mass of an elec- 
tron with prolate energy surfaces is a func- 
tion of the direction of the electric field rela- 
tive to the axis of rotation of the spheroid, 
and is the larger the smaller the angle be- 
tween electric field and the rotation axis. 
When the electric field becomes larger, the 
temperature of electrons in valley B, with 
smaller effective mass, becomes higher than 
that of A, and this difference of electron 
temperatures makes the current shared by A 
group larger than that by B group at 
higher electric field. These situations are 
shown in Fig. 8. In n-type germanium eight 
spheroids lying on <111> axes make the situa- 
tion more complicated. 

The disagreement in quantitative respects 
including the field and temperature depend- 
ence of € seems to suggest other mechanisms 
involved in this problem. 

In Shibuya’s calculation it is assumed that 
the number of electrons in a valley does not 
change from that at thermal equilibrium in 
spite of the difference between the tempera- 
tures of the electrons in different energy val- 
leys. There must be a natural tendency, how- 
ever, that the electrons in a valley at higher 
temperature are scattered to a valley at lower 
temperature, and the electron number in high 
temperature valleys become smaller than that 
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in low temperature valleys. This tendency 
will make the current carried by electrons in 
high temperature valley less and that in low 
temperature valleys more than the case cal- 
culated by Shibuya, thus the angle of devia- 
tion will become larger. This situation in a 
simplified model is also shown in Fig. 8. If 
it is taken into account that the frequency 
of intervalley scattering is dependent on the 
lattice and electron temperatures the field and 
temperature dependence of the angle of de- 
viation will be realized. 

The existence of maximum in € versus field 
curve suggests that the difference in number 
of electrons in different valleys becomes smal- 
ler in field higher than Ea probably due to 
occurence of very frequent intervalley transi- 
tions of electrons, which depends little on the 
thermally excited intervalley phonons as may 
be supposed from the asymptotic character of 
the curves in Fig. 5. 

Quantitative calculation for explaining the 
phenomenon described above is being carried. 


We wish to represent our thanks to M. 
Kikuchi for preparation of germanium single 
crystals, to Z. Ishii for X-ray determination 
of crystal axes of the specimen, and to G. M. 
Hatoyama for interests and discussions to this 
work. 
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By an electron microscope Brindley, Comer, Uyeda and Zussman (Acta 
Cryst. 11 (1958), 99) found fringes corresponding to superlattice of about 90A 


spacing in antigorite. 


calibration of electron microscopes. 


We tried to use the fringes for magnification 


In this paper the trial and new 


observations in the course of the trial are shortly described. 


$1. Introduction 


The magnification of electron microscopes 
is usually calibrated by replicas of optical 
gratings. Since, however, the smallest spac- 
ing of optical gratings is about one micron, 
calibration at magnification over 10,000 times 
is very difficult. Although for this purpose 
other methods are known”, they are not so 
convenient as using grating replicas. There- 
fore, gratings of smaller spacings are required. 
It is well known that Menter® observed direct 
images of crystal lattice of phthalocyanines. 
Since, however, the spacing of phthalocyanine 
is about 12A, it is too small for the magnifi- 
cation calibration. Recently, Brindley, 
Comer, Uyeda and Zussman® reported direct 
images of superlattice spacing of about 90A 
in an antigorite*, a lamellar variety of 
surpentine. We tried to use this spacing for the 
magnification calibration. In this note, we 
report on our trial and give some interesting 
observations made in the-course of the ex- 
periment. 


§ 2. 

We determined the superlattice spacing by 
the superposed specimen method of electron 
diffraction as follows: Thallium chloride (TIC1) 
was deposited on an antigorite specimen by 
vacuum evaportion and then electron diffrac- 
tion patterns and electron micrographs of the 
superposed specimen were taken (Fig. 1). In 
the diffraction pattern (Fig. la) Debye-rings 

* Specimen from Manchuria, called Yu Yen 
Stone (U.S. National Museum, No. 94356). 
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of TIC] are appearing superposed on the dif- 
fraction pattern of an antigorite single crystal. 
Taking the spacing of TIC] (a=3.834 kx) as 
the standard”, we determined the superlattice 
spacing to be 89.7A*. In the micrograph 
(Fig. 1b) fringes corresponding to the super- 
lattice spacing are appearing and we used 
them for the magnification calibration. 
The fringes usually appeared undistorted and 
we found that they are adequate for our 
purpose. Since, however, the specimen of 
antigorite with the superlattice structure is 
rare, we must look for another appropriate 
specimen. We believe that the use of moiré 
patterns® is worthy of consideration. 


§3. New Observations 

In Figs. 2-7 some of the most interesting 
micrographs are reproduced. Fringes general- 
ly appeared with better contrast by under 
focussing. In Fig. 2 fringes are sharper than 
those in other pictures and a weak line is 
appearing between two strong ones. Fig. 3 
gives an example of fringes with spacings 
one-half those in other figures. Broad and 
curved bands are observed where two crystal 
sheets are overlapping. They may be moiré 
pattern on overlapping sheets”. In Fig. 4 a 
micrograph of a distorted crystal is reproduced. 
Dark bands are appearing along or between 
which we can observe stepped structures of 
the fringes. We thought at first that the 
dark bands are of the same origin as those 


* The x- ray value of the same specimen is not 
available. 
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of Fig. 3 and called them broadly “screw 
dislocations”. Hashimoto and Cowley”, how- 
ever, have advanced different interpretations. 
We recognized that the dark bands have 
moved during observation (Fig. 5). In some 
parts of Fig. 4, superlattice fringes split into 
two and the split distance sometimes amounted 
to one-half the superlattice spacing (Fig. 6). 


Fig. 1. Superposed specimen 
Antigorite-T1Cl 
(a) Diffraction pattern 
(b) Electron micrograph 
Black spots in (b) are TICl 
crystal grains. 


Fig. 2. Sharp fringes 
x 240,000 


Fig. 3. Fringes of one-half 
spacing 
(a) x 60,000 
(b) A part of (a) enlarged 
x 220,000 


It is also worth noting that a few edge dis- 
locations were observed (Fig. 7). We must, 
however, be deliberate in deciding whether 
or not apparent imperfections represent those 
actually in the crystal. 
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Although the covalency character has been found even in the normal 
complexes by the analyses of the paramagnetic resonance spectra and 
optical absorption experiments recently performed, any reliable model 
for the electronic structures of complex ions has not yet been established. 
To clarify this problem, the electron distribution in a complex ion 
[Co(NH3)s]#* is determined by means of the Thomas-Fermi method. To 
avoid the difficulty of multi-centre problem, the smoothing approximation 
is adopted. The Thomas-Fermi equation is reexamined from the stand- 
point of the variation principle, in order to investigate the validity of 
this approximation. In this paper, by the use of a trial function of 
spherical symmetry, the charge distributions for the total, valence- and 
core-electrons are calculated. Among these charge distributions, the 
charge distribution for valence-electrons seems most reliable and to ap- 
proximate well the real situation in the complex ion. All faults brought 
by the smoothing approximation are discussed. In Appendix, the treat- 
ment of a trial function including an angle-dependent term is discussed. 


§1. Introduction 


As is well known, the binding between 
constituents of a complex ion is fairly strong 
so that we can treat it as a structural unit 
just like a single ‘‘molecule’’. A_ typical 
one of such ions is the so-called octahedral 
complex XY,., in which the central metallic 
ion X is surrounded by a (nearly) regular 
octahedron composed of six ‘“‘ligands’’ Y’s. 
The electronic structure or the bond property 
of such a complex has been a long-pending 
problem for many physicists and chemists. 

Since in complex salts the behaviour of 
electrons responsible for the magnetic pro- 
perties is different from that of free metallic 
ions, a good deal of information on the elec- 
tronic structure of these complexes has been 


* Present adress: H.H. Wills Physics Labora- 
tory, University of Bristol, Royal Fort, Bristol 8, 


England. 


obtained from their magnetic properties, i.e. 
magnetic susceptibilities and paramagnetic 
resonance spectra. For instance, magnetic 
susceptibility of the ferricyanide ion 
[Fe(CN).]*- is much smaller than that of the 
ferric ion in the simple salts. Pauling! has 
explained this peculiar property by his famous 
model in which covalent bondings are assmu- 
ed between o orbitals of ligands and the 
d*sp® hybridized orbitals of the Fe*- ion, while 
Van Vleck has pointed out that the same re- 
sult can be predicted assuming that extreme- 
ly strong cubic electric field due to six CN 
ions acts on the Fe**+ ion. These models 
correspond to the two limiting cases of the 
charge distribution between the central atom 
and ligands: i.e. [Fe*-(CN).] and [Fe?+(CN)-.]. 

Van Vleck”) has also shown that these two 
can be derived as special cases of the charge 
distribution if one uses the molecular orbital 
method. In the molecular orbital picture, the 
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orbitals of the incomplete shell electrons may 
spread all over the complex ion. 

The recent detailed analyses of the para- 
magnetic resonance and optical absorption ex- 
periments have shown that there exists the 
above-mentioned effect (conventionally called 
““covalency’’) even in the normal complexes 
which had been considered to be described by 
the ionic or crystalline field model.®# From 
these standpoints, it seems appropriate to 
treat the electronic structure of complexes by 
the molecular orbital method. In fact, seve- 
ral attempts in the LCAO MO approximation 
have been made in order to analyze the ex- 
perimental data. In most of these analyses, 
however, the basic approximation is the ionic 
model and the quantitative results are restrict- 
ed at most to the semi-empirical determina- 
tion of the degree of covalency. After all, 
at present we have no reliable model which 
can be a starting point of our further inves- 
tigations. 

In view of these circumstances, it is highly 
desirable to obtain accurate MO wave func- 
tions, e.g. LCAO SCF wave functions. But 
this requires first of all some knowledge of 
the charge distribution in these complex ions. 
For such a complex ion as treated here 
[Co(NHs3).]**, the ionic model [Co**(NHs)¢] 
will not be adequate as well as Pauling’s cova- 
lent model [Co*-(NH3)*,]. The real situation 
may be between these two. In fact, recently 
Pauling® proposes ‘‘ the neutrality principle ”’ 
-hat the central atom should be regarded as 
ieutral on an average. In MO treatments, 
one may start either with the [Co%*(NHs3).] or 
[Co3-(NH3)*s] model if LCAO SCF calculations 
were carried out to the final stage, varying 
not only the coefficients of linear combination 
of atomic orbitals but also the orbital ex- 
ponent of the central atomic orbital. The la- 
bour of finding the correct wave function is, 
however, greatly dependent on the Hartree 
field assumed at the beginning of the calcula- 
tions, and it is thus necessary to have a re- 
liable model for the charge distribution in 
advance. 

We shall, therefore, adopt the Thomas- 
Fermi method to infer the charge distribution 
between the central atom and ligands. The 
main difficulty in applying this method to a 
polyatomic system arises from the lack of 
spherical symmetry. Fortunately, the geo- 
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metrical shape of an octahedral complex is of 
good symmetry, and March ‘has shown that 
in such molecules the smoothing or spherical 
approximation gives fairly good results, es- 
pecially for the distribution of valence elec- 
trons. In the present paper, therefore, we 
shall try as the first step to find the radial 
charge distribution of valence electrons under 
this approximation. 

Before presenting the results, the Thomas- 
Fermi equation will be reexamined from the 
standpoint of the variational principle, in 
order to investigate the validity of this ap- 
proximation (§ 2). §3 is devoted to the elu- 
cidation of the method. Numerical results 
obtained for [Co(NHs3)«]** using the smoothing 
approximation will be shown and discussed 
in §4, 

§2. The Thomas-Fermi Equation and the 
Variational Principle 


The purpose of the present investigation is 
to obtain the charge distribution ep(r) and the 
potential V(r) in the octahedral molecular ion 
[Co(NHs3).]** by means of the Thomas-Fermi 
(T.F.) method. It is, however, quite difficult 
to solve the TF equation directly in this case, 
for lack of spherical symmetry. In order to 
avoid this difficulty, March et al. have con- 
sidered the similar problem using the so-call- 
ed smoothing approximation in which the 
potential due to nuclei is averaged over an- 
gles. It is not easy, however, to estimate 
the contribution from the angle-dependent 
terms of the TF potential neglected in this 
approximation. 

We will, therefore, try to reduce the TF 
equation to an equivalent variational problem 
and to solve the latter. While usual deriva- 
tion of the TF equation by the variational 
method is based on the principle of energy 
minimum,” we will show here that the TF 
equation can also be derived from the princi- 
ple of ‘‘complementary energy’’ minimum.® 

Let us consider a molecular system consist- 
ing of several nuclei (charge Ze and position 
R:) and of WN electrons. Using the conven- 
tional notations, the total energy of such a 
system in the statistical treatment is given 
by the expression: 


Gr WVes ep, r) 
An 
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«= (3h2/10 m)(3/87)?/8 , 


V. and Vw are electrostatic potentials due to 
the electrons and nuclei respectively and T is 
the region occupied by electrons. The first 
term on the right hand side of Eq. (1) repre- 
sents the energy of repulsion between elec- 
trons, the second the interaction energy be- 
tween electrons and nuclei, and the last term 
expresses the kinetic energy of N electrons. 
As is readily seen, the well-known relation 
between the charge density eo and the poten- 
tial V(=Ve+ Vw) 
4rep =u V—V)3/2, pw=4re(3e/5«)/2? (2) 
can be derived by minimizing the above ex- 


pression (1) under the following subsidiary 
conditions 


fei __ {ep ie ee 
V Evel otherwise cP 
and 
\ epdc= Ne, (4) 
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where —eVo is the maximum energy of an 
electron in the complex ion. Applying the 
Friedrichs’ or involutory transformation to 
(1), (3) and (4), one can prove that our pro- 
blem is equivalent to the procedure of mini- 
mizing the complementary energy —IJ ex- 
pressed by the following function 


—KU, T)=| deg PU-P V9? 
hee : 
+ dt — — pU*2?— NeU(co).(5) 
wv 42 5 


Here 7’ is the region where U>0O, and 
U(co) stands for the value of U at infinity. 
No subsidiary condition is imposed on this 
function U(r). Applying the variational 
principle to the function U, one can obtain 
the TF equation 
pUF2—Ar SiZied(r—Ri) in T’ 

0 otherwise 


(6) 
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and the conditions 
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Comparing (6) with (2) (8) (4), one can see 
that for the correct U and V, 


U=V—VY, Uw)=—Vo. 


Equivalence between these two procedures 
to minimize (1) and (5) can be confirmed by 
proving the following inequalities 


KU, Tr) <2 B< ES rVe, Se (7) 


where FE, denotes the minimum value of the 
expression (1), i.e. the correct TF energy. 
The equalities in (7) hold only when the cor- 
rect solutions of V. and of U are substituted. 
We will therefore restrict our discussion to 
the verification of the inequalities (7). 

If we express the function E in terms of 
(1/4z)p Ve, then 
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The sum of the first- and the third term on 
the right hand side can be transcribed as 


1 dan a ereti rp 
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Substituting this into (8), we get 
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Evidently the first term cannot be negative 


and vanishes only when pU=p(V.+ Vw). 
The second term can be written as 
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where 7x7’ expresses the common region 


of JT and JT’. If we utilize the well-known 
inequality for x, y >0 
1 1 eal 
eee eae Ne | ae | 
p q ‘ peg 


where the equality holds only when x°=y‘%, 
then we can readily see that the first term 
on the right hand side of (11) is non-negative 
and becomes zero only when 

A Ve= pl 22 (12) 
Then second- and the third term are obvious- 
ly non-negative. The last term also cannot 
be negative, since —U4V-/y is positive in the 
region T—TxT’. All these terms become 
zero when T=T”’. Thus we ultimately get 


E(7-4V., T)= KU, T’). (13) 


If we substitute the correct solution in Ve 
and U alternately, we obtain the inequalities 
of (7). 

Let us denote the correct solution by V.° 
and U°, then (10) becomes 


E(qorVe T)—IU, T’) 
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One can thus estimate the mean square errors 
of the approximate pV. or yU by calculating 
the left hand side of this expression. 


§3. Application of the Method to a Com- 
plex Ion 
Now we will apply the above-mentioned 
variational principle to an octahedral complex 
ion [Co(NHs)s]*t. The reasons why we cho- 
ose this ion as the object of our study are 
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that it is a diamagnetic cation with the li- 
gands of well-known character and that its 
high symmetry and the small distance be- 
tween the metal ion and the ligands are con- 
sidered to be favourable for the smoothing 
approximation adopted below. 

As the first step, we try to minimize the 


expression (5) taking a spherical variation 
function: 


U=U((r) , (15) 
where ¢ is the distance measured from the 
Co nucleus*. From the physical point of 
view, this is equivalent to the procedure to 
smooth out the positive charges of the nitro- 
gen and hydrogen nulei over the spherical 
surfaces of radii R, and R, respectively, 
where R, is the distance Co-N and R, that 
of Co-H (smoothing approximation).** Starting 
from (1), (3) and (4), March has made similar 
justification of the smoothing approximation.” 

Substituting (15) into (5) and taking the 
variation with respect to the radial function 
U,(r), one obtains the Euler equation 

tag d 
Pe Gs Usr)) 
eit Une nie 
=| 0 Te > Ro ’ 
together with the boundary conditions 
(ay USP@)— Zelr Vase r> 0; 
(0) Up? (Riy)= Uo(Ry , 


* Jt is unfortunate, however, that the inequali- 
ty (14) cannot be used directly to judge the ac- 
curacy of Up obtatined in this way. When this 
Up is substituted for U in the expression (5), 
I(U, T) becomes infinite, because Uy does not show 
correct (singular) behavior near the position of the 
ligand nuclei. The infinity of Z(U, T), however, 
does not imply infinite error in Vz or the electro- 
nic charge distribution. In fact, the appearance 
of infinity may be avoided by adopting Up—Vwo 
+Vy as U instead of Uo, where Vwo is the 
spherical part of Vy, but then the evaluation of 
the integral 


(16) 


will be rather difficult. At present we confine 
ourselves to such qualitative discussions as given 
below. 

** BP, is taken as 1.99 A which is approximately 
equal to the sum of covalent radii of Co and N, 
while R, is taken as 2.55 A assuming that the 
molecular constants of the ligand NHg are equal 
to those of a free NH3 molecule. 
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where Ze is the charge of Co nucleus, Nie 
and N,e are the nuclear charges of nitrogen 
and hydrogen respectively. R, represents the 
finite radius of the positive complex ion, ex- 
actly as in the case of atomic ions, and U,™, 
U.™ and U,“» represent Up for r< Ri, Ri = 


y¥<R, and Rk, <r respectively. If we set 
Ur= bo, rade, (18) 


where 
b= (8/321?)?/3(h2/2me2Z"/8) , 
then (16) is transformed into its usual dimen- 


sionless form 
Bho _ / po 
dx” x 


and the boundary conditions (17) become cor- 
respondingly, 


(a) oPO)=1, 
(b) do? (X1) = bo(X1) , 
po X2)= bo( X2) ’ 


a) eee ed Mie 
dx xy dx xy Xa : 
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where z is number of excess positive charge 
3 of this ion, do, bo and 9 correspond 
to UY, Up and U)™, and X,, Xo and X, are 
R,, R, and R, in dimensionless unit. As is 
well-known, the condition (20g) is easily 
derived from (17g), using the equation (16) 
and the other conditions (a) ~ (f/f). 

According to March, the smoothing approxi- 
mation seems to give fairly good results in 
certain cases. However, in order to take the 
actual arrangement of nuclei in complex ions 
into account, it will, of course, be more ade- 
quate to assume a trial function including the 
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angle-dependent terms, in addition to the term 
of spherical symmetry. For instance, if the 
cubic term of potential is added as the se- 
cond step, the form of a trial function be- 
comes 

U(r)=U(r)+CO, PUT) , (21) 
where 
CO, ()=V 7A YO+ V5/14 V+ Ye*)} . (22) 
Substituting (21) into (5) and then taking 
variation for U) and U,, a set of differential 
equations for Uy, and U, are obtained together 
with their boundary conditions. The purpose 
of this paper is, however, to discuss the re- 
sults of the smoothing approximation, which 
could also be used as initial solution to these 
equations. We shall, therefore, content our- 
selves only with the derivation of these equ- 
ations (which will be given in Appendix), and 
now proceed to the discussion of the present 
results. 


$4. Results and Discussion 


We solved numerically the equation (19) 
under the boundary condition (20). Numeri- 
cal integration was performed using the elec- 
tronic digital computor FUJIC in the region 
y<R,. Then, on account of the functional 
limitation of the computor, the solution had 
to be extended to the outer region r= R, by 
means of the desk machine as usual. In the 
course of integration it was found that the 
TF potential for the inner region ¢)“ was 
rather insensitive to the boundary condition 
(202), while 4) and ¢ 9“ depended on it. 

The numerical values of the TF potential 
¢o(”) thus obtained are given in Table I, and 
the curve of corresponding U,(7) vs r is given 
in Fig. 1. It may be noticed that the poten- 
tial curve reveals a minimum in the region 
y < R, as if an attractive force for electrons 
from the sphere passing through the ligands 
(ligands’ sphere) does exist in spite of the 
fact that in the spherical approximation the 
nuclear charges of the ligands are smeared 
out so that the potential due to these charges 
becomes constant inside the sphere. This is 
dué to the formation of sphere of neutral 
charge in the region 7<_R,, the radius of 
which is just given by the position of poten- 
tial minimum R,p=1.33A (Xn=8.5). Outside 
this sphere, electrons at x are repelled towards 
ligands by the excess negative charges lying 
between y and R,. Thus this is the cause 
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Table I. The numerical values of the T. F. 
potential o(a). 

x pow) x ho(x) 
0.04 0.9470 5.44 0.0815 
0.08 0.9022 5.76 0.0775 
0.12 0.8623 6.08 0.0745 
0.16 0.8262 6.40 0.0723 
0.20 0.7931 Gare 0.0710 
0.24 0.7626 7.04 0.0703 
0.28 0.7342 feaG 0.0704 
0.32 0.7077 7.68 0.0712 
0.36 0.6830 8.00 0.0727 
0.40 0.6597 8.32 0.0749 
0.44 0.6378 8.64 0.0778 
0.48 0.6171 8.96 0.0815 
0.52 0.5975 9.28 0.0860 
0.56 0.5790 9.60 0.0914 
0.60 0.5614 9.92 0.0976 
0.64 0.5447 10.24 0.1049 

10.56 0.1132 
Ox72 0.5136 10.88 0.1227 
0.80 0.4853 Li 20) 0.1336 
0.88 0.4594 Poe 0.1460 
0.96 0.4356 11.84 0.1600 
1.04 0.4138 12816 0.1760 
1.12 0.3935 12.48 0.1942 
1.20 0.3748 
1.28 0.3575 LID 0.2113 
1.36 0.3413 a BS Teel 0.1933 
1.44 0.3263 Vad 0.1783 
152 0.3122 13.83 0.1659 
1.60 0.2990 14.19 0.1560 
1.68 0.2867 14.55 0.1481 
1.76 0.2751 14.91 0.1422 
1.84 0.2643 15427 0.1381 
1.92 0.2540 15.63 0.1357 
2.00 0.2444 15.99 0.1350 
2.08 0.2353 16.35 0.1359 
2.16 0.2267 
Boe 0.2186 16.75 e225 
ye 5a 0.2109 AAS 0.1107 
2.40 0.2036 17.355 0.1003 
2.48 0.1967 17.95 0.0911 
2.56 0.1902 18.35 0.0830 
2.64 0.1840 18.75 0.0757 
Dieilees 0.1781 19.15 0.0693 
2.80 0.1725 19.55 0.0635 
2.88 0.1671 19.95 0.0582 
2.96 0.1621 20.30 0.0535 
3.04 0.1572 26.75 0.0492 
PAs 3) 0.0454 
S20) 0.1483 VANES) 0.0418 
Sele 0.1401 21295 0.0385 
Be SYA 0.1327 Hs BX) 0.0355 
3.68 0.1259 22,75 0.0328 
3.84 0.1197 Deis: 0.0302 
4.00 0.1141 
4.16 0.1089 23.95 0.0255 
Anoe 0.1042 DAD 0.0214 
4.48 0.0996 25.55 0.0177 
4.64 0.0961 26.35 0.0143 
4.80 0.0925 DIE Als) 0.0111 
4.96 0.0893 27.95 0.0081 
By A 0.0864 28.75 0.0051 
29.55 0.0022 


of the apparent attraction from the ligands’ 
sphere. It will be interesting to compare Ry 
with Pauling’s covalent radius Re=1.22A. 
The calculated radial charge densities of 
total, valence- and core-electrons are given 
in Fig. 2, Fig. 3 and Fig. 4 respectively. 
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Un 


Rn Ri Re Ip 
‘Co N H3 


Fig. 1. The curve of the potential U,(7) 


The density of valence-electrons is deter- 
mined by subtracting K-shell, L-shell, 3s- 
and 3p-electrons of Co and K-shell elec- 
trons of six N’s as core-electrons from the 
density of total electrons. This can be done, 
after Coulson and March,™ by seeking the 
energy EL, below which 30 core-electrons lie; 


(23) 


2\" NE)MdE=30, 


where the level density M(£) is given by the 
formula 


(E+eV)/? dr . 


H+ev>0 


h 

(24) 
After the value of FE, is obtained (in our pre- 
sent case F;=—0.99 a.u.), the radial charge 
distribution of valence-electrons Dyai(v) can 
be calculated by the formula 


Doalr= [Bot VIP —(2Er+ VI", 

(25) 
where E)=—eV») is the maximum energy and 
is found to be —0.34 a.u. 

The discrimination between valence- and 
core-electrons adopted here is made from the 
difference of their orbital energies. Hartree’s 
orbital energies of electrons in a free Co?* 
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Co N H3 


Fig. 2. The calculated radial charge density of total electrons. The approximate numbers of total 
electrons distributed in each regiono<7r< Rn, Rn<r< Ri, Ri <r < Ry and R, <7 are also given. 
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N Hs 


Fig. 3. The calculated radial charge density of valence-electrons. The approximate numbers of valence- 
electrons distributed in each regiono<7r< Rn, Rn<r< Ri, Ri<r < Ry and Ry <~,r are also given. 
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Fig. 4. The calculated radial charge density of core-electrons. The approximate numbers of -core- 
electrons distributed in each region o <r < Rp, Ra<r< Ri, and Ri<r < Ry are also given 
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ion» and the ionization energies of 2s- and 
2p-electrons in an NH; molecule™ are given 
in Table II for reference. Even if the orbital 
energy of 3-electrons is somewhat lifted 
when Co becomes neutral, it will be still lo- 
wer than 2s orbital energy of an NH; mole- 
cule. 


Table II. Hartree’s orbital energies of Co2+ and 
ionization potentials of an NH3 molecule. 


Co2+ NH3 
is 7711.2ev 2s 27 ev 
2s 916.6 
2p 810.6 2px 16 
3s 119.7 (bonding) 
3p 85.0 2Do cm 
3d 28.8 (non-bonding) 


Before we discuss the calculated charge dis- 
tribution, an attention must be paid to such 
fault of the spherical approximation that core- 
electrons of the ligands drastically move into 
the region (0 <7< Rn) when this approxima- 
tion is adopted, as March has pointed out in 
his treatment of CCl, molecule. In fact this 
fault also appears in our case; when the dis- 
tribution of 22 electrons is examined exclud- 
ing 8 3s-, 3f-electrons out of 30 core-electrons, 
we find only two or three electrons in the re- 
gion of the ligands. This should be 12 for 
correct charge distribution, so that 10 elec- 
trons out of 12 have been missed from the 
region of the ligands. 

In spite of the above fact, the resultant 
number of our core-electrons (30 electrons) 
distributed in the region (Rx < 7 < R,), which 
is 9 as Fig. 4 shows, seems rather near 12 
which can be expected in the real situation. 
This will be interpreted as follows: As the 
result of the movement of some core-electrons 
of the ligands into the central region, most 
of the 3s- and 3f-core-electrons of Co are 
overflowed outwards so that the missing core- 
electrons of the ligands are almost made up 
for by these overflowed. This overflowing 
will be due to the repulsive force of the ne- 
gatively charged sphere in the central region 
and to the exclusion principle operating there. 
In Fig. 4 we can also partly see these cir- 
cumstances in the fact that the core-electrons 
in the ligands’ region are too scattered to be 
the K-shell electrons of N’s. 

On the other hand, the distribution of 
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valence-electrons obtained in this way should 
be nearer to the truth than that of total elec- 
trons, since core-electrons play a role in 
shielding the nuclear charges of ligands as 
well as in allowing the exclusion principle to 
be operated so that the wrong tendency of 
the spherical approximation, i.e., the move- 
ment of electrons towards the central region, 
is suppressed for valence-electrons. This 
fact was also pointed out by Banyard and 
March”, 

Further considerations show, however, that 
for valence-electrons there is another possibili- 
ty that their distribution obtained becomes 
too diffuse rather than contracted. As alrea- 
dy mentioned, the spherical approximation 
makes the distribution of electrons, especially 
that of deeply lying core-electrons, too com- 
pact in the central region and as the result 
of this the central nuclear charges are over- 
screened by these electrons, so that we can 
expect rather diffuse distribution of the 
valence-electrons which are mainly populated 
in the relatively shallow parts of the poten- 
tial energy. The previously explained pheno- 
menon of ‘‘ overflowing’’ may be considered 
as the similar effect, though in this case it is 
the 3s- and 3-core-electrons which spread 
out, but not the valence-electrons. Further, 
the more enhanced tail of curve 2 than that 
of curve 1 in Fig. 4 of Banyard and March’s 
paper might be interpreted to show such 
effect clearly. 

Keeping all these possible deviations in the 
calculated distribution from the real one in 
our mind, we now return to the discussion 
of our result for the density of valence-elec- 
trons (Fig. 3). It shows that in the region 
Ri<r 35 electrons are distributed. This 
should be compared with 36 electrons which 
is expected when a pair of electrons is used 
in each N-H bond of an NH; molecule. 
Although our result shows that in the region 
r<Rn, 6 valence-electrons are distributed 
and that in the region R; > 7 > Rn 12 valence- 
electrons are distributed, it will be premature 
to conclude from this that Co is trebly ioniz- 
ed and 12 electrons form lone pair electrons 
of 6 NH; molecules in [Co(NHs).]*+ complex 
ion. This is because, apart from the pro- 
blems of the accuracy in our result and from 
the meaning of Rn, the orbital of 3d-electron 
is so spread that we can not determine the 
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ionicity of Co by the number of the valence 
electrons distributed in such limited region 
as r< Ran. 

Considering from the fact that 35 electrons 
are found in the region r >R, we may ex- 
pect there is little possibility for valence- 
electrons to be too diffuse in the present case. 
This is reasonable, since, compared with CCl, 
molecule treated by March et al, our object 
is of higher symmetry and has smaller value 
of (Ni+N2)/Z, which seems to give certain 
measure for the validity of the smoothing ap- 
proximation. 

Thus being encouraged to believe that our 
results for valence-electrons approximate well 
the real situation despite the crude approxi- 
mation adopted here, we hope our results, 
especially the distribution of valence-electrons 
and the potential for them, will serve as a 
good starting point for the future. 
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Appendix 


We shall consider here the case in which 
the trial function (21) is assumed. As it is 
more convenient to work in terms of the usual 
T.F. dimensionless quantities, we express (21) 
in the following form 

= Zain) + C0, 0! 


f(r) (Al) 


and. set r=bx. Then, substituting (Al) into 
(5) and minimizing —J with respect to ¢» and 
os, we obtain the following simultaneous dif- 
ferential equations for ¢ ) and ¢, in the region 
i ks 


H. KAamiImuRA, S. Koipr, S. SUGANO and Y. TANABE 


(Vol. 18, 


| Eco zen 2 40, )6"2d2 (A2) 


dx? Vx 

a’d, 20 

hoy 

=F [cw, o\bo+ CO, 060%? a2, 
(A3) 
and for ¢) and ¢, outside the region T” 

aS Ad 
dx? : Soa 
aby 20 
FP b= AS 
de 2 4 ’ ( ) 


where d2 is the solid angle, togeter with the 
boundary conditions 
b.P(0)=1 
(@) “ ~ x for small x 
bo°(X1) = bo( Xa) 
b&P(X1) = b4(X4) 
bo°?(X2)= Po Xa) 
bs (X2)= 64( Xa) 


| 
6 (aa) 
es 


(d) 


=e es = Ni 
: dx J/x, XZ 
C (2) 
@) Shes ) (A6) 
1% x x 
N. 
=V21n — 
beset ans 
és @) =) a ) 23 No 
dx Xy dx Xy DEA 
ab \ Site. 
te) | dx jin ( dx * 
= 217 a P,(cos @) 


(f) bX) +C(8, 9)bu(X)=0 
(g) [aoxvco, 0 (GO+C0, aa 


XO") 


Ph em OD ay 


—20[ aocto, o. 


= — 40% 


Z 
where @ is ZH—Co—N. 

As is seen in (f), in this case the finite 
radius of the positive complex ion R, depends 
on angular variables 0, ¢. The condition (g) 
is easily derived from the condition 


| 4Vdt=Ne 
Ma 


using the equations (A2), (A3) and the other 
boundary conditions (a) ~ (f). 


: 
: 
: 
| 
: 
: 
1 
: 
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Though equations (A2) and (A3) were not 
solved numerically in this paper, we will re- 
mark the numerical procedure here. As a 
first approximation we assume for @) the 
solution calculated in the present paper. Then, 
with this ¢) we solve (A3) to obtain ¢y,. 
With these ¢) and ¢,, we can obtain X, as a 
function of 0, g from the condition (f) and 
then examine whether they satisfy the con- 
dition (g) or not. If they do not satisfy (g), 
we then solve (A2) with ¢, obtained now. 
Thus such a procedure is repeated until the 
condition (g) becomes to be satisfied. 
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A fluid which comprises several species of charged and neutral particles 
is treated macroscopically. Basic equations, energy and momentum theo- 
rems, and law of similarity are discussed. The condition under which 
current equation reduces to the usual form is considered; and one-dimen- 


sional transverse waves are treated as an example. 


Quasi-stationary phe- 


nomena are examined as a particular case; and it is pointed out that 
one of the usual basic equations of hydromagnetics, the Ohm’s law J= 
o(#+vx B), should be replaced by rot(#+vux B-—o-1J)=0, v being the 
velocity of the mean mass flow. An axially symmetric solution is obtained 
and applied to a self-pinched column, whose stability is explained in an 


elementary manner. 


§1. Introduction 

Both for cosmic problems and for thermo- 
nuclear fusion, study of ionized fluid, plasma, 
is needed. Theoretically, the plasma can be 
and must be investigated from two points of 
view, i.e. macroscopic and microscopic. The 
present article is a treatment from the former 
point of view. 

The macroscopic or phenomenological theory 
of plasma has not well been developed in 
comparison with the theory of electromagnetic 


field or classical fluid dynamics. The electro- 
magnetic field is treated on the basis of the 
Maxwell equations; fluid flow is treated on 
the basis of the Euler equation and the equa- 
tion of continuity. These basic equations are 
“exact” and there is no alternative or arbi- 
trariness. As regards plasma, on the other 
hand, choice of basic equations is not fixed. 
Spitzer» treated fully ionized gases composed 
of only electrons and one type of positive ion. 
He neglected all the quadratic terms in fluid 
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velocity and current density. His equation of 
the plasma flow is, therefore, not the usual 
Euler equation but a linear approximation. 
Alfvén® and Cowling® treated quasi-stationary 
neutral plasma. They simply assumed Ohm’s 
law in a magnetic field, which does not hold 
in general. Their system of equations, there- 
fore, cannot be regarded as a basis of the 
plasma dynamics, although it is effective for 
discussing cosmic problems. 

The aim of the present article is to con- 
solidate, in an elementary way, the founda- 
tion for the plasma dynamics and hydromag- 
netics. 

The electromagnetic field in a plasma is 
determined by four vectors, electric, field E, 
magnetic flux density B, electric displacement 
D, and magnetic field H, which satisfy the 
Maxwell equations 


0B 
cae | (1.1 
rot H+ ry ) 
div B=0, (1.2) 
aD 
el 1.3 
rot 1 ar ot fie (1.3) 
div D=p* (1.4) 


where J and o* are current and charge den- 
sities. From (1.3) and (1.4) we have the equa- 
tion of continuity for the flow of electric 
charge 
div J ge ees 5 
ot 


Between EF and D on one hand, and Band H 
on the other we assume the usual linear rela- 
tions 


(1.5) 


D=€E and B=y~H (1.6) 
with two constants € and uz. In this article 


the MKS rational system of units is used 
throughout. 


§ 2. 

We consider a plasma which comprises sev- 
eral species of charged and neutral particles 
(electrons, ions, atoms) in which neither 
ionization nor recombination occurs. Let us 
denote by mj, n; and vj the particle mass, 
the number density and the mean velocity of 
the jth species, respectively. Then the equa- 
tion of continuity for the jth species is simply 


Basic Equations 


div (mjnjvj)+ cress =(), 


For each species we assume the Euler equa- 


(2.1) 
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tion of motion 
0 
ap Msnsds) = emndtE +0; x B)—mjn; grad ¢ 


+R;—Div (P5-+ 15150505) (Cay) 
(Div: P=0P.2/0x+0Py:/0y+0P../0z, etc.) Here 
é; and P; are, respectively, the particle elec- 
tric charge and the partial-pressure tensor of 
jth species; R; is the resistance acting on the 
jth species per unit volume; and ¢ is the 
gravitational potential. As regards R; we 
consider only friction with other species, hence 


>R;=0 (S=2)j). (2.3) 
Electric charge and current densities are given 
by 


o*= Sem, and J=Lejnjv;. (2.4) 


Let us introduce the mass density o and 
the mass-flow velocity v by the relation 
p=SMjn; (2.5) 


Then, adding all equations (2.1) together, we 
have 


and pvu=SMjnjvj . 


dy Gor 20% (2.6) 
Ot 
which is the equation of continuity of the 
mass-flow. 
From (2.2) we obtain similarly 


(o0)=p* B+ IX B—o grad 6—Div(P+ vv) , 


(2.7) 
which is the equation of motion for the plasma 
as a whole. Here P is the total-pressure ten- 
sor which has connection with the partial 
pressure tensors as 


P+ pvv0= 3(Pj5+mjnj05v;) : (2.8) 


For gaseous plasma pressure tensors are given 
by 

P3=mjn3((ej—0;)(€;—05)> 
and 


R=) mjn3<(ej—v)(e;—v)> ’ 


where c; is particle velocity and < > means 
the average according to the velocity distri- 
bution (hence v;=<e;>). Equation (2.8) can be 
derived by use of these relations, both sides 
being equal to Smjn;<eyes>. The equations 
(2.6) and (2.7) can be expressed in alternative 
forms 


0 . 
Bas v-grad \e+o divv=0, (2.6a) 
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0 
art v- grad e 


=0*E+Jx B—o grad¢—DivP, (2.7a) 
in which 0/0t+v-grad is the so-called sub- 
stantial derivative. 
Multiplying (2.2) by e;/m; and taking sum- 
mation over the subscript 7 we obtain a dif- 
ferential equation for the current aes 


OF _ 
at 5 SEOs B+0;xB)— —p *orad 6 +54 A —-_R, 
j 


—Div S——(Pj +mnsv3) : (2.9) 
J 


This equation will be reduced to a simpler 
form in §4. 


§3. Energy and Momentum Theorems, Law 
of Similarity 


From (2.2) we have 
50): 2 (mm) =J-E—po- grad o+20;-R; 


—Sv;-Div (P; + NjNjUjU;) ’ 
which can be transformed into 


6) 1 
at (2 9 meyer de \ =F B+ 30s Rj 


— Jv;-Div P; — div (2 5 MIM 0 POs 60) » 


the left-hand side being the time rate of in- 
crease of the kinetic and potential energies 
per unit volume. From this equation and the 
energy theorem for electromagnetic field, 
0/1 i. 
a ai GED +H: 
we obtain the energy theorem for the system 


composed of plasma and electromagnetic field: 
He : J mnwp+oo+, E- D+ ys B) 


B)= 2 ety (EXD , 


= Jv; R;— Xv;-Div Pj 


—div (2 Smnso 05+ 60 + E x H)). 


(3.1) 
First and second terms on the right-hand side 
are work done by the friction and by the 
partial pressure, respectively. It is to be noted 
that an equation for the heat flow must be 


considered if necessary. 
The momentum theorem for the electro- 


magnetic field is given by 


5 (€nEX H)=—(o*E+Jx B)+DivT , 
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where T is Maxwell’s stress tensor. From 
this equation and the equation of motion (2.7) 
we obtain the momentum theorem for the 
system composed of plasma and electromag- 
netic field: 


0 
at —(o0+EnE x A) 


=—o grad ¢—Div (P+oevv—T). (3.2) 


All the equations given in the foregoing are 
invariant with respect to the transformation 


GPM Wee aey @ oe ae 
E, “, &, mj, ej, vs unaltered, 
(EB, B, D, H)->s(E, B, D, H), 
(J, 0"; 0, 23, Ps, T)s"J, o*, 0, nj, Pj, T) , 
R;-8°*R; 5 


s being any positive number. This is a form 


of the similarity law. 


Two-Component and Quasi-Two-Com- 
ponent Systems 

Among our basic equations (2.6), (2.7) and 
(2.9), the equation of electric current is most 
complicated. This equation, however, can be 
reduced to a simpler form in some cases by 
virtue of the fact that the mass of an elec- 
tron is much smaller than those of other con- 
stituent particles. 

We first consider the case where the plasma 
is a fully ionized gas composed of only elec- 
trons and one type of positive ion. Let the 
particle mass, particle charge and number 
density of electrons be m, —e and n, respec- 
tively, and assume en>>|o*|. The mean veloc- 
ities of positive ions and electrons are ap- 
proximately equal to v and v--(en)-J respec- 
tively. In the equation (2.9), 2e;?”;/m; can 
be replaced by e’n/m, and 2e;?n;vj/m; by 
e(env—J)/m. The gravitation can usually be 
neglected. Let us assume that the friction 
R. is proportional to the relative velocity be- 
tween electron-fluid and ion-fluid; namely 
Se;R;/m; is assumed to be proportional to the 
current density J. Finally, (e;/m;)(P3+ 
mnjvjv;) has the meaning ej;n,<e;ce;> in mole- 
cular terms. When the particle velocity e of 
electrons is much larger than the mean veloc- 
ities and the velocity distribution of elec- 
trons is nearly isotropic, this quantity is re- 
duced to a scalar —eP,/m, P. being the par- 
tial pressure of electrons. Thus in the two- 
component system under the above-mentioned 
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conditions we obtain the usual approximation 
‘g os =en (z+e xB Fs) B-+grad P, 


(4.1) 


to the equation of current. Here o indicates 
the electric conductivity. 

The approximation (4.1) holds not only for 
the two-component system but also for more 
general systems under the condition that all 
species of heavier constituents (ions and neu- 
tral atoms) have nearly equal mean velocities, 
which are therefore close to v. This type of 
plasma may be called quasi-two-component. 
This condition is satisfied when the magnetic 
field is not very strong. Let us make an in- 
vestigation for a slightly ionized gas. 

We consider a slightly ionized gas at rest, 
which is uniform, steady and neutral as a 
whole. The gas is supposed to contain, be- 
sides neutral atoms, electrons and one type 
of monovalent positive ion. Let their number 
densities be both ”, which is much smaller 
than the number density of neutral atoms. 
Then equations (2.2) for electrons and ions 
are 


KA(E+v. x B)—ve=0 , 

Ki(E+uix B)—vi=0, 
respectively. Here v. aud vi are mean veloc- 
ities of electrons and ions, K-=—|K.| and Kk; 
are mobilities of electrons and ions, respec- 
tively. From these equations we obtain 


ve= (1+ KB’) [K-E+ Ke(E x B)+ K.3(E- B)B 
and 
lve? = K?[E?+ Ke? (E: B)*)/1+ Ke? B?) 


with similar expressions for the ion. Since 


|K.|~10°A; and 
lool Ki 
[ve] ~ | Ke| 
our condition is satisfied when |K.B|<10*. 
Eqs. (2.6), (2.7), (4.1), and the Maxwell 
equations compose a system of basic equations 
for the usual plasma dynamics. The simila- 
rity law is that these equations are invariant 
with respect to the transformation 


(l+-K2B)" 


RoOSsre ime 
&, u, 6, m/e, v unaltered, 
(E, B, D, H, o)>s(E, B, D, H, 0), 
(J, Ds CU, Do Boe ees Iai f CPs ok k2) 


with any positive number s. 
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§5. Transverse Plane Wave 

As an example transverse plane wave will 
be treated in brief. Let us confine ourselves 
to the case of a neutral gravitation-free plasma 
in which the partial pressure of electrons is 
constant (e*=0, grad ¢=0, grad P.=0). Tak- 
ing the z-axis in the direction of propagation 
we denote the x, y, z components of the vec- 
tors by 


B= (0-(z, t), by(z, t), Bo) , 
J=(J-(z, t), J(z, t), 9), 
v=(u2(z; t), 0fZ, OH 0) , 
P=), Eps oe 
Here B=(0, 0, Bo) is a constant magnetic flux; 


and all other components are assumed to be 
so small that any product of them is negli- 


gible. 
Using such notations as 
betiby=b, Jetijy=J, etc, @==1), 
we have from (1.1) 
OE ab 
aaah ets: 
oe ” Ot 
and from (1.3) 
. Ob OE 
wes — & ft 
Oz ary; wl 
Eliminating 6 we obtain 
Re asiOeiny | Oy 
a2 on Ot cou 


From the equation of motion (2.7), which re- 
duces to 


in the present case, we have 
ua a 9 
ot 0z 
where use has been made of the relation 


op Ov — Oe 
"92 » Pay= FF es 


02D 
Oo2 


Bi Ha (5.2) 


Pe 


y being the coefficient of viscosity effective 


for the present phenomenon. Finally, from 
the current equation, which reduces to 


m OF on ete ER) De 
e. ot 
we have 
m OL on i —iByd—o-f) +iBo] 3) (G19) 
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In order to get a dispersion relation we in- 
vestigate the case in which (z, t)-dependence 
is such as exp(—iwt+ikz), thus 


E= Ey exp (—iwt+ikz), etc. 
Then we have from (5.1) 
(—P?+07EpEy= ion) , 
from (5.2) 
(wo +tk?y)vo= Boho , 
and from (5.3) 


(@ ona + Bott) = ienBy+enBun . 


Eliminating Ey, 4, and vp we finally obtain 
the dispersion relation 

en enB,* 
6 wottk?y 


(or + Butt \or8n—k)=enne. 


(5.4) 

In the particular case where damping due 

to the resistivity o-! and the viscosity 7 can 
be ignored, the equation becomes 


( ge aj ey 2 \orén—k)=enno ; 
(4 wo 
(55) 
Fig. 1, which shows this relation, clearly ex- 
plains the well-known fact that the wave mo- 
tion can exist in two separate regions of 


indicating the electric wave and the hydro- 
magnetic wave. 


Kies “Ie 


§6. Quasi-Stationary and Quasi-Static Phe- 
nomena in a Neutral Plasma 
‘Let us consider the case where a neutral 
plasma satisfies the following three conditions: 
the displacement current in (1.3) is negligible, 
ie; 


J=rot Hy, (6.1) 
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the electron inertia term in (4.1) is negligible; 
and gradm is parallel to grad P.. Under 
these conditions we have from (4.1) 


rot [E-+v x B—(en) J x B—o J=0. (6.2) 
Substituting this relation into (1.1), we obtain 


SB re. (vx B)—rot (= x B)—rot 
ot en o 


from which follows, by virtue of (6.1), 


PE rot (©xB)—rot(-"-xB) 
ot en 


ia rot (* rot B) 
LL 0 

In many cases of importance the second 
term on the right-hand side vanishes or can 
be ignored. In quasi-static case, for example, 
where O(pv)/Ot, vv, rot(m-DivP), and 
rot (v-!o grad ¢) are all small, we have an 
approximation to (2.7), 


rot (27! Jx By=0'. (6.4) 
Another example will be seen in the next 


section. When (6.4) holds true, Eqs. (6.2) and 
(6.3) reduce to 


(6.3) 


rot (H+v0x B—oJ)=0, (6.5) 
and 

OB _ dace 

at =rot (vx B)+ ie r>B (6.6) 


(y?=erad div—rot rot), where the conductivity 
o has been supposed to be uniform. 

Eq. (6.6) is the so-called induction equation 
in hydromagnetics. In usual hydromagnetics 
Ohm’s law in a magnetic field, J=o(H+v x B) 
is assumed as one of the basic equations, from 
which the induction equation is derived. The 
present assumption is not the Ohm’s law it- 
self but instead Eq. (6.5). The simple Ohm’s 
law does not hold true in general and most 
results in hydromagnetics can be obtained by 
use of (6.5) instead of the simple ohm’s law. 

Within a perfectly conducting plasma Eq. 
(6.6) is reduced to 


$3 rot (uxB), 


which, as pointed out by Alfvén”, shows that 
the lines of magnetic flux are “frozen in” the 
material. 


§7. An Axially Symmetric Solution 


We consider quasi-stationary neutral plasma 
with axial symmetry assuming that no gravi- 
tational force is acting. By use of cylindrical 
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coordinates 7, yg, z with respect to the axis, 
all the quantities are supposed to be independ- 
ent of g.and z and furthermore of the 
form 

(iss dais ee) URIS AC ay vena 

Sr, Je, =O, Jolr, 1), Fer, t)) , 

(Ur, Vg, Vz)=(v-(7, t), vel(%, £), vr, f)) . 
The equation of continuity for the electric 
current, (1.5), is satisfied identically since 
o*=0. The equation of continuity for the 
mass-flow, (2.6), becomes 

1 2 


Po oe Tr =0 ° 
Yr ate ae a 


Denoting unit vectors in the direction of 
(7, @, 2) by (ur, Ug, Uz) we have in general 


(7.1) 


(7.2) 


Die Pe eh P) 
Yr Or 


4 Fp eB) + Fue P) 
Since 
Ur? P= Prrttr + Protege t+ Prez , etc. 
and 
0u,/Og=—u,, Ou;/Oe=Uy , 


and furthermore since all components of P in 
the present coordinate system are independent 
of g and z, we obtain 


Div P= es es - “Pee | 
Te 


+e Fp y ——(rPro) + 7 Per | 


+a. sd (7Prz) 


or 


Div P=} 2 Prot (Pr —Poo) | 
Or r 


6) 
+uy2 4 (Pre) 


+e as s-(Pr), 
r 


where the symmetry relation P,y=P , has 
been used. Similarly, 


Div ae) BAN et — Poy] 
Lr Or Y 


0 
By 1 orrve) + Powe 


——(F0U,Vz) . 
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By use of these expressions the equation of 
motion (2.7), 


Spo) —Jx B+Div (P+ovv)=0 


can be evaluated. The v-component is 


a OSS ae) ek Be ) 
of ry + ora Wor Babe ae lay + Prr 
2 
Pee ee PO, sae 
Wi TF 


where the relation uJ=rot B has been used 
and B?=B,?+B. The g- and z-components 
are 


0 
( Ot 
and 


0 0 Le 
r z rz) 45 
0 5 +v ap ts ap hr Pre) Q (5) 
respectively. 


In these equations 0/0t+v,-0/Or is the sub- 
stantial derivative, ov,?/r is the centrifugal 
force, —pv,;v¢/r is (a part of) the Coriolis force. 
Eq. (7.3) simply explains the well-known fact 
that magnetic flux has a hydrostatic pressure 
of the amount B?/24 plus a longitudinal ten- 
sion B?/u. It can be shown that Eggs. (7.3) 
and (7.5) agree with the Navier-Stokes equa- 
tion if a constant isotropic viscosity 7 is in- 
troduced by 


0 0 1P-*G 
TT 7 | ~~ ae - T =a), 
e Or ve rite r? Or (Pre) 
(7.4) 


pia Dvr 
| EA easy 2S g 7 div o 2n Or? 


Pug= Pay div of dy ; 
3 r 


In reality, however, the plasma viscosity is 
not necessarily isotropic in a magnetic field. 
Eq. (6.4) is identically satisfied in the pres- 
ent case and (6.5) holds. Hence we have the 
induction equation (6.6) which becomes 


OBo_ 9 La Be Sete Be 

BP ~ pp OrBel+ gs iG — a By)) 

FS (7.6) 

OB: ddisea(O} le @ yr OB; 

ot Or eee x Or ( wo Or ) 
(Ti) 


Within a perfectly conducting plasma we 
obtain, from these equations and the equation 
of continuity (7.2), 
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@ OP eON\ Hy 
es tog) 


0 O))\ Bi 
(3 tong) =0. 


Thus B, and B,/r are proportional to the mass 
density at a substantial point of the fluid 
flowing with the velocity v. The ratio B,/rB. 
is invariant at any substantial point: 


0 Be \ be: 
( +0, \ re =0. 


As an important example let us consider a 
fully ionized plasma column with both 
longitudinal and circular currents. We assume 
that no current is flowing outside the plasma 
and that magnetic field in region distant from 
the column in weak. When the longitudinal 
current is increased the plasma column is 
compressed or “pinched” by the newly in- 
creased magnetic flux circling the current. 
As the pinch advances the longitudinal flux 
Bz within the plasma becomes dominant in 
comparison with the circular flux By, because 
B,/rB: is invariant at any substantial point. 
When the increase of current occurs rapidly, 
newly added current flows near the surface 
and the distribution of the flux may become 
such as shown in Fig. 2. As a result a self- 


=0 (7.8) 


and 


C79) 


(7.10) 


Bz 


O fe) 
Fig. 2. 


pinched plasma can be represented by an 
idealized model with sheet current 


_{2 for, 07.4 @ 
o= 1) for r<a, 
(B,, Be, Bz) 
cs 0,02) LO ORE (7.11) 
0, Bia/r, 9) for r>a, 


where a(t) is the radius of the column, By and 
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B, are functions of ¢ only. Wealso assume 
the density to be uniform in the plasma. 

Let us confine ourselves to the case where 
Ve=vz=0 and the inertia term in (7.3), 0(0/0t 
+v,-0/0r)v,, can be neglected. Then the dis- 
tribution of particle velocities in the plasma 
may be isotropic within a plane perpendicular 
to the z-axis: 


Prr=P o¢(a=Pe in general) (7.12) 


(compare Watson”). Hence P,, is uniform for 
r<ca. Since sum of material and magnetic 
pressures must be equal on both sides of the 
column boundary in equilibrium, we obtain 


Prr + (24)-*Bo? = (24) By (7.13) 


assuming P=0O outside the column. The total 
flux ® frozen in the column is za?B, which is 
constant; the total longitudinal current J is 
given by wJ=2zaB,. Inserting these into (7.13) 


we have 
ae) oes 
2u Ge ve NORGE 


When P;, is proportional to 0’ or a~*” with 
7<2, the magnetic-pressure term on the left- 
hand side becomes predominant as the pinch 
progresses; and hence the radius of a highly 
pinched column is inversely proportional to 
the total longitudinal current. The ratio P,,-/p 
which is proportional to o’-! or a?9-), is a 
measure of the plasma temperature. The 
temperature of a highly pinched column is 
therefore proportional to /20-, For 7=2, it 
is easy to see that both the density and the 
temperature are proportional to /?. 


Prrt+ 


(7.14) 


§8. Stability of a Self-pinched Plasma 


A column of very large current is compress- 
ed or “pinched” by the magnetic flux circl- 
ing the current. But this pinched column is 
unstable: any small constriction and any 
small kink will grow»-”. A known idea to 
stabilize (to some extent at least) the pinched 
column is to create not only a pinching mag- 
netic field around the plasma but also a strong 
longitudinal magnetic field within the plasma 
column. Although Shrafranov® has discussed 
the problem mathematically, an elementary 
explanation will be helpful. We consider a 
column of perfectly conducting neutral plasma 
which has radius a in equilibrium. The pres- 
sure outside the column is assumed to be zero. 
The sheet current model (7.11) with the condi- 
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tion (7.13) in equilibrium will be treated. 

If the column suffers quasi-statically a 
gently-sloping small constriction and the radius 
becomes a(1—6) at one part, then B will be- 
come at this part 

(0, 0, Bo —d)-2) for 0Xr<a(l—é), 

(0, Bia/r, 0) for r>a(l—6d). 
The sum of material and magnetic pressures 
in the column is P,r+By?—90)-*/2u or Prr+ 
By(1+40)/2 for small 0; the magnetic pres- 
sure just outside the boundary is B,*(1—0)-?/2u 
or By21+20)/2u4 for small 6. Hence the condi- 
tion for stability against gently-sloping con- 
strictions is 2B)2>B,?. 

For sharply-sloping constrictions the mag: 
netic flux in the plasma is denser near the 
boundary surface than near the axis; hence 
the stability condition is less severe. In con- 
clusion, therefore, the column (7.11) is stable 
against constrictions if 2B)?>B,2(>Bo?) and 
unstable otherwise. The result agrees with 
that of Shrafranov’s analytical treatment. 

Although sufficiently strong longitudinal 
magnetic flux stabilizes a plasma column 
against constrictions, it does not stabilize 
the column against gently-curving kink, 
as shown by Shrafranov. The situation can 
be explained in an elementary way. When 
the column suffers a gently-curving kink with 
radius of curvature FR, then the force due to 
the longitudinal flux is za’*Bo?/“R per unit 
length, which acts in the direction of stabili- 
zation. It will be shown that this quantity is 
smaller than the destabilizing force due to 
the pinching magnetic flux when a/R is suffi- 
ciently small. 

Supposing that a kinked column of radius 
a forms a circle of radius R(=a), we choose 
a quantity 0 such as a<dR<R. Then the 
force acting on the part 6? of the circle is 
directed outward, and it can be calculated by 
use of Biot-Savart’s law. Let the total longi- 
tudinal current be J, then the force is equal 
to (compare Fig. 3a) 
al (8(- sin (6/2) 
Ai fahiay [2R sin (6/2)|? 
do 


9k rS(22-£ 
| s-¢ 4sin (0/2) ds 


R?d0odé 


wale’? ca 
ea | in tan dE 
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pl? 4 
HD g(ty 4 
i (in : +1) ' 


Since “J=2zaB, the destabilizing force is 
ra?By?p- [In (4/6)+1] , 

which is greater than the stabilizing force 

acting on this part za?By2u-10, which is di- 

rected inward. Hence the present plasma is 

unstable against gently-curving kinks. 


This kink instability of a plasma column — 
with longitudinal electric current and magnetic — 


flux can not be avoided by an external mag- 
netic flux parallel to the axis. When the 
column kinks gently in such a way as shown 
in Fgi. 3b, point A moves toward this side and 


fr 


Pig. 8) 


B, that side. 


toward outside. 


(For a helix with constant A and tan 0, 


s=Acost, y=Asine, .e=Artan&, 


Hence the column becomes helix: || 
like, and, at a point C, the Lorentz force acts || 
For a helix with long spatial || 
period, this outward force predominates, re- || 
sulting in an instability of the plasma column. | 
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the curvature is given by cos?0@/A; and the 
sine of the angle between z-axis and a tan- 
gent to the helix is cos@. If a column of 
plasma kinks into this helix under the condi- 


~ tion a/A<l<tan @, then the stabilizing force 


— 


due to the magnetic tension, which is propor- 
tional to cos?@/A, is less effective than the 
unstabilizing Lorentz force which is propor- 
tional to cos @.) 

When the plasma is constricted in a tube 
with a conducting wall and the radius of the 
tube is sufficiently small compared with that 
of the plasma column, then the column is ex- 
pected to be stable against any mode of de- 
formation. The condition of stability was re- 
cently calculated by Tayler® and independ- 
ently by the present author. For the sheet- 
current model (7.11) in a tube of radius 6 and 
for the displacement which is proportional to 
exp (¢kz+img) with k >0 and an integer m 
as regards z and g dependencies, the 
column is stable if and only if B,2?/B? is 
greater than the value given by 


Bo _ Inka) is 
B. > kaln(ka) [l+m?F (ka, kb)] , 


a Bnlha)ln kb) —In( ka) Km’ (Rb) 
kal Km’ (Ra) Im’ (Rb) —Im’ (Ra) Km’ (Rb)] * 

Here /Jn(x) and K(x) are the modified Bessel 

functions and Jn’ (x)=dIn/dx, etc. Curves are 


(8.1) 


Fig- 4. 
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Shown in Fig. 4. (Modes of deformation with 
m=2 are more stable.) Since By?/B:2. must 
be smaller than 1, the column is unstable 
(against kink for which m=1) when b>5a. 
For b=4a the necessary and sufficient condi- 
tion for stability is By?/B,>0.82; for b=3a it 
is Byo?/B,?>0.60. 

Without making results greatly complicated, 
we can generalize the model (7.11) to 


(0, Boar, Bo) for 0<r<a 
B,, » Dz) 
Mae Bea Be) he Biair, Bs) for d<reb. 
(8.2) 


Here By, B, and B, are constants and aa is 
assumed to be so small that its square may 
be neglected (compare Fig. 2 for B.=0). Then 
the pressure in the plasma is uniform as in 
the foregoing and the equilibrium condition is 


Prrt (2/1) Bor = (24) “Bi+ Bo’). (8.3) 


A relation giving the critical value of Bo?/B? 
for stability is the following: 


abla 2ma ) 1 bess a 


B? Rk) (ka)?|_ In(Ra) k 


x| 1+ (mt ha ) Piha, kb) | f (8.4) 
By, 
which is a generalization of (8.1). 

The author wishes to thank Prof. I. Imai, 
Prof. G. Miyamoto, and Mr. Y. Midzuno for 
useful discussions. 
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A new process of pinching a plasma column is treated theoretically. 
A column of plasma with no longitudinal current can be pinched by an 


external magnetic field parallel to the column; 


and the plasma thus 


pinched will not show any instability. The process depends on the ef- 


fective value of 7, the ratio of specific heats. 


For 7=2 in particular, the 


temperature of a perfectly conducting plasma with no heat loss will rise 
in proportion to the external magnetic field. 


The self-pinched plasma column with longi- 
tudinal current has been well investigated 
both theoretically and experimentally as a 
possible method of achieving thermonuclear 
reaction. A known method of making the 
plasma stable is to create a longitudinal 
magnetic flux within the plasma, and surround 
the column with a tube with a conducting 
wall. The condition for the stability is that 
the radius of the tube must be smaller than 
five times the radius of the plasma column 
in an ideal case.2# Because of this severe 
condition, another method is needed. 

A preferable approach is to use a plasma 
column with no longitudinal current and pinch 
the column with external magnetic field 
parallel to the column. 

The field may be produced by a solencid 
energized by a discharge of a condenser bank 
or an impulse generator. Closed current will 
be induced in the plasma and the plasma will 
be compressed radially by the Lorentz force 
JxB. The system has a larger inductance 
than the usual self-pinched plasma and hence 
requires a larger stored energy in the power 
supply. 

In the following, this type of pinch effect 
is discussed. We consider a neutral plasma 
in which both the displacement current and 
the inertia term of the electron mass motion 
can be neglected (quasi-stationary neutral 
plasma). 

The equation of continuity and the equation 
of motion for the plasma flow are 


div (ov) +00/0t=0 , (1) 
and 

o[0v/0t+(v- grad)vJ=Jx B—DivP, (2) 
respectively [Eqs. (2.6) and (2.7a) of reference 
2]. Here oe is the density of the fluid; vo is 


the flow velocity; JxB is the Lorentz force 
density on the neutral plasma; —Div P is the 
mechanical force density. In addition to these 
comes the equation 


OBS rot (v x B) ++7B-rot [(en)-1J x B] 
ot Lo 

(3) 
(y?=grad div —rot rot) [Eq. (6.3) of reference 2]. 
Here —e is the electron charge, m the number 
density of electrons, and o the electrical con- 
ductivity assumed to be uniform. 

By use of a cylindrical coordinate system 
(r, ~, 2) we investigate the case in which all 
the quantities are independent of ¢ and z, B 
has only the z-component B(v,f), and v has 
only the v-component v(v, f). Then the current 
density J has only the g-component /(r,f). 
As the domain of the independent variables 
we choose 0<r<Randt>0. In this case the 
last term of (3) vanishes and we have 


1/1-@f_ OB 
7 ase! er be 
Eq. (1) becomes 
Ts 
m4 2 (rop) +e =0. (1a) 


If the KE of the pressure tensor in 
(ry, g)-plane, is assumed, Prr=Poyg, and the 
r-component of Eq. (2) becomes, 


Ov , Ov 0 B 
ar ae )+5,(Pret 


[Compare Eq. (7.3) of reference 2]. 
As an idealized model let us consider a 


perfectly conducting fully ionized cylindrical | 
plasma of radius a(<R), a being a function 
of the time ¢, which is “pinched” by the} 
We namely as- | 


external magnetic pressure. 
sume the conductivity to be 
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Sn) (2a) | 


B?/2 being the so-called magnetic pressure. 
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es oo for US7 <a 
0 ar: 
the magnetic flux density B and the pressure 
P are assumed to be continuous 
B= | t) pee ra t) for 0<r<a 
Bia, t) Py(a,t)=0 for acr<R. 
Inside the plasma we then have, from (8a) 
and (la), 


for 


p88 Ba. 

(F oe eary=0, (3b) 
0 0 DLO He 

(= +05" )o+ Z ap rr=o : (1b) 


from which we obtain 

iG; aE 

(a: *"Gn) 5 7°” (4) 
[Eq. (7.9) of reference 2]. The magnetic flux 
density is proportional to the fluid density at 
any substantial point of the fluid flowing with 
the radial velocity v. Eq. (2a) is reduced, at 
such high pressures as the inertia term may 
be neglected, to 

Prrl7, t) +24) Br, t)?=(24) BG, t)?. (5) 

Now we will suppose the adiabatic condition 
to be satisfied. When the pressure is isotropic, 
it is proportional to p” (hence to BY’) at any 
substantial point of the fluid, 7 being the 
ratio of the specific heats, 5/3. The plasma 
temperature is determined by P/p; it is pro- 
portional to p’-! (hence to BY!) at any sub- 
stantial point. A relation between B at a 
substantial point and the external B(a,t) can 
be found from (5). Inthe part of the domain 
where the magnetic pressure is much smaller 
than the fluid pressure the flux density B at 
a substantial point is proportional to Bia, t)?/’, 
and hence the temperature to B(a, t)?-?/’. 
Under very high magnetic pressures, on the 
other hand, the B at a substantial point is 
close to the external B(a,t), and hence the 
plasma temperature is proportional to B(a, t)’~. 

Our assumption of perfect conductivity may 
be close to the reality when the plasma is 
pinched suddenly. For a sudden radial com- 

- pression, however, the pressure is not isotropic; 
Py, and Pyg are larger than P,,. In this case 
P,, is nearly proportional to p’ with 7 some- 
what larger than 5/3. 

For ;=2 in particular there exists a simple 
solution of our equations. If we namely as- 
sume the “similar compression ” 

a2e5 (6) 
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we obtain from (3b) and (1b) 
(tee \@B)=0 (7) 
and 
e +07 \ato)=0 (8) 


which indicate that both @*B and a@’o ata 
substantial point are constant. In particular, 
a*B(a,t) is independent of the time (see Fig. 
1). Taking Eq. (5) into account we know that 


B(r, to) 


ical 


P,, at a substantial point is proportional to 
a-* or o?. Hence the assumption (6) cor- 
responds to y=2. In this case the temperature 
at any substantial point rises simply in pro- 
portion to the external magnetic field. It is 
to be noted that the general solution of (7) is 


@PB=f(r/a) , 
f being any differential function, and then 
1 : ee 
Py=—B a, t) |] ———— : . 
coe l Fy 


The authors wish to thank Prof. G. Miya- 
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The analysis of the arc spectrum of iodine has been continued, and 
the identification of the term sequence (?P2)nf has been fairly well com- 
pleted, and some other levels newly detected. From the hyperfine struc- 
ture of (3P,)7ptDz2 the quadrupole moment without shielding correction 
was found to be Q/(I2”7)= —0.63 barn, whereas the value that was deduced 


from (?P)6s*Ps;. previously was Q’(I27)= —0.71 barn. The mean of these 
two values is Q/(I27)= —0.67+0.04 barn. This is in agreement with the 
value Q’(I'27)= —0.66 barn that is deduced from the hfs of the ground 
term 55 2P3/, whose measurement is given in the literature. Assuming 


the shielding correction 4= —0.07, 
= —0.62 barn has been obtained. 


§1. Introduction 


About twenty years ago the author analysed 
the spark spectrum of iodine (I IJ) and pub- 
lished a preliminary description of I I» 
(referred to as Part I in the following: all the 
previous literatures are quoted there). Suwa 
and the author (to be referred to as Part IJ) 
improved the light source and extended the 
analysis of I I». 

Schmidt® (to be referred to as S) analysed 
the hyperfine structure (hfs) of I I for the 
first time and calculated the quadrupole mo- 
ment (Q) of I”7, while the author calculated 
Q(I2") from the hfs of I II®. Eshbash and 
Fisher® (to be referred to as EF) studied the 
far infra-red spectrum of I I; their result 
will be quoted later. 

The purpose of the present paper is to extend 
the analysis of I I published in Parts I and 
II, to review critically the wave functions 
used in Part II in order to calculate Q, and 
to obtain Q from the hfs of (@P,)7p4D7/. whose 
wave function can be regarded as simple. 


§2. Experimental Procedure 


The light source used was an electrodeless 
discharge tube described in Part II, the 
technique of the high frequency being 
similar to that of Lacroute®. The red 
part of the spectrum was photographed 
with a plane grating equipped with a 
large concave mirror. The dispersion 
was 8A/mm in the first order and 4A/ 
mm in the second. This grating gives 
strong intensity only in the red and 


the true quadrupole moment Q(I2’) 


green region. In order to obtain wave length 
standard a small amount of neon was some- 
times mixed with iodine. In the region shorter 
than 244600 the spectrum was photographed 
with a two-prism spectrograph having a 
camera-lens with one-meter focal length. 

The infra-red plates that are available 
(since 1945) in this country are sensitive only 
to the region 47900-6700 and the sensitivity 
falls off rapidly from 48100 towards longer 
wave length, although that of the pre-war 
plates reached 410000. In the region A47544— 
5000 in which the neon lines are abundant 
the wave length was measured directly against 
neon standards. In the region longer than 
47544 in which neon lines are scarce, data 
that were obtained with plates taken with the 
same plane grating equipped with a lens of 
shorter focal length were utilized. 

In order to resolve the hfs a Fabry-Pérot 
etalon was used, which was crossed with the 
prism spectrograph. In the infra-red region 
lines are crowded in a space of low dispersion, 
so the hfs had to be measured using thin 
spacers, except in a very few strong and iso- 
lated lines. 


= @2s* 89) 
= esse 
= 8 es eden: 


Fig. 1. Enlargement of the interference pattern of 
IT 24862, taken with a 8mm etalon. Two copies of 
a same plate are shown. One was printed with medi- 
um strength; the other was printed somewhat strong- 
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An example of the interference pattern of 
the spectaum of iodine is shown in Fig. 1 


§3. Analysis of the Are Spectrum of Iodine 


In order to test whether the wave function 
of (@P)7p‘Drj. is perturbed or not the level 
(‘D)6p*Fz/2 must be detected. For this purpose 
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Fig. 2. Hfs of the line 47700. 
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Fig. 3. Hfs of the lines of the transitions 5d 
4Dyj2, 5[2» 3/25 


The Are Spectrum of Iodine and the Quadrupole Moment of D2" 


485 


the hfs of the levels (1D)6p?F 7/2 and (3P)5d!D5/2 
were approximately calculated assuming that 
they are not perturbed, and then the hfs of 
the transition (P)5d‘Ds5/.—(CD)6p?F7/. was 
constructed. Then a line having the desired 
hfs was searched, and it was at once found 
that only 27700 satisfies this condition (see 
Fig. 2). The hfs of the lines having @P)5d!D5/» 
as the final level was studied and it was found 
that the hfs splittings of @P)5d‘D,/. are iden- 
tical with those of the level with J/=5/2 con- 
tained in 47700 within the accuracy of 0.02 
cm-!, It was therefore concluded that 47700 
corresponds to the above-mentioned transition. 
In a similar way other lines were classified. 
In Figs. 3-7 hfs of some lines which 
served as key to the classification are shown. 
Most of them are situated either close to 
strong lines or close to each other, so the hfs 
given in Figs. 2-7 serve merely to prove the 
classification, and do not claim any great ac- 
curacy. 
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Fig. 4. Hfs of the line 47491. 
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Fig. 6. Hfs of the lines 444701 and 4691. 


I1 14408 


W583 


Ve> 

5 
4fXrtg 
227 


abcdefghijkimno 


155 


109 
056 


Fig. 7. Hfs of the line 24408. The upper level 
has two levels in the neighborhood, so it should 
be perturbed. The accuracy of the measure- 
ment was not sufficient for detecting this per- 
turbation, however. 
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Fig. 8. Hfs of four unclassified lines. 


All the classified lines of I I in the region 
414460-4690 are listed in Table I. Unclassified 
lines with intensity larger than 5 are also listed, 
with the indication of their hfs either in foot- 
note or in Fig. 8. It will be seen that the 
hfs of these unclassified lines are of poor 
value for the classification, but it may be 
concluded that none of them contains any 
level with J=1/2. All the lines of I I in the 
region shorter than 44500 with intensity larger 
than 2 were contained in Table I of Part II, 


so they will not be repeated here. Some 
supplement is given in Table II in which all 
the unclassified lines in this region with inten- 
sity larger than 0.5 (they are only four in 
number) are also listed. 

All the terms of I I that have been hitherto 
detected are given in Table III. The first 
column lists the labels of terms adopted in 
the present work (and also in Parts II and I). 
They were named so that analogy with the 


Table II. Supplement to the list of the Spectrum 
of I I in the violet region (44500—3600) 


Term combination 


Int. | A(air) v(vac) 

3 | 4409.20) 22673.5 | 6s *Ps.—4f R 

10 4408.04 | 22679.5 | 68 *Psjo—4f Xiyp 

1 | 4406.54 | 22687.2 | 68 *Psjp»—4f Q 

0 | 4389.96 | 22772.9 | 6s 4Ps2—4f Vays 

1 4384.03 | 22803.7 | 

4 | 4203.75 | 23781.6 | 68 *Psj2.—(‘D)6p Psy 
2 | 4159.73 | 24033.3 68 4Psy2.—(1D)6p 2Ds/2 
1 4069.49 | 24566.2 

1 4059.23 24628.3 

0.5) 3846.42  25990.9 


0.5 | 3827.33  26120.5 


spectrum of F I is good, although none of 
the terms of I I is of LS-coupling. In case 
where the label of Part II is changed, the 
old one is given in square brackets. 
second column lists the values of levels mea- 
sured from the ground level of I II, while in 
the third column distances from the ground 
level of I I (5pP3/.) are given. 

Most of the /-values of the levels (@P.) 5f 
could not be determined by the hfs data alone 
except in 5fwis2 and 5f 79/. where the hfs 
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Table III. Term-value of I I 
ay *Ps/2 84260.8 0 | | @Pa)7p *Ps/2 9214.9 75045.9 
Sp *Piva 76658. 1 7602.7 (@P,)7p 4Pr)s 8961.5 75299.2 
CP2)6s “Psa 29630.8 54630.0 (8P,)8p *D1/2 5420.4 78840. 4 
CP2)68 *Psya 28171.5 56089.3 (@P,)8p 4Dsys 5410.0 78850.8 
CPo)6s *Pr/2 23367.9 60892. 9 (3P28p 4Days 5039.9 79220.9 
CP1)6s 2P3/2 22444.5 61816.3 (3P»)8p 4£Ps/2 5531.8 78729.0 
GPi)6s 2Pi/ 21073.6 = 63187.2 (3P2)8p 4P3/2 5448.8 78812.0 
Se *Ds/2 15460.7 | 68800.1 | ((@P2)9p *Dr/s 3603.2 80657.6 
(LD)68 2Ds3/» 15716.2 68544.6 {eR 4Ds/2 3801.4 80459.4 
(@P,)5d 4Dz/2 18179.5 66081.3 | \@P.)9p 4Ds/2 3466.4 80794.4 
(8P2)5d 4D5/2 18238.6 66022.2 | (@P2)4f Re» 6957.3 77303.5 
(2Pr)5d 4Ls/s 1790992 66351.6 || |@P)4f Xr7/2 6951.3 77309.5 
(8P»)5d *Dy/o 16968.5 67292.3 | \@P)4f Q 6943.6 77317.2 
(3P2)5d 4Fs/2 14113.5 70147.3 (3P,)4f Wey 6905.1 77355.7 
ae 2/9 3481.7 80779.1 (3P.)4f Vays 6858.2 7402.6 
(1D)5d 2Ds/2 4349.7 7911.1 | (@P)5f wip, 4429.6 79831.2 
athe 4Psr 12360.7 71900. 1 CPr)5f ves 4426.3 79834 ..5 
(3P2)7s £Ps/o 11961.5 72299.3 (P2)5f x3/2 4424.2 79836.6 
(8P)9s 4P5/2 2568.4 81692.4 | |@P2)5f yc/2) 4419.9 79840.9 
7d Bas 5374.9 78885.9 |< @P2)5f zai). 4418.6 79842.2 
(a Ass 5373.2 78887.6 || @P2)5f wep 4417.8 79843. 0 
7d. Coys 3584.2 80676.6 | | @p)5 f° ts/2) 4414.8 79846. 0 
(6P.)6p 4Dz/2 19358.0* 64902.8 || GPSS rar» 4409.3 79851.5 
(P.)6p *Dsy2 — | | \@Ps)5F ger) 4406.0 79854.8 
(8P2)6p *Dzys 17202.2 67058.6 G6P)6f q 3059.0 81201.8 
(@P,)6p *Psy» 20079.2(?)  64181.6(? )_ |1GP)6f r 3057.4 81203.4 
(3P2)6p 4Ps/2 19274.3** 6986.5 | |CP,)6f t 3053.8 81207.0 
(8Pr)6p 4Pi/2 18407.5 | 65853.3 |(GP)6f u 3051.8 81209.0 
GP, ,0)6p 4Di/2 12763.0 71497.8 P)6f v 3047.8 81213.0 
(CPi )6p 48/2 12287.5 71973.3 GBP6f wu 3046.3 81214.5 
(@P,,0)6p 2Ds/2 11735.2 72525.6 | (GPS x 3039.5 81221.3 
(@P,,)6p 2Dsys 11457.2 72803.6 | (@3P2)7f q 2236.4 82024.4 
(@P10)6p 2Ps/2 11209.6 73051.2 (PT f r 2232.9 820279 
(Pi )6p 2P1/2 10877. 1 73383.7 (3P,)7f t 2230.8 82030.0 
CPi, )6p 2S1/2 12450.3 71810.5 CPTF u 2228.9 82031.9 
(1D)6p 2Fr/2 5255.6 79005.2 ||) @P2)7f v 2228.6 82032.2 
[ens 2 py 4138.2 80122.6 (PT f w 2227.4 820334 
(1D) 6p 2Ds/2 4224.2(¥]  80036.6 3P)Tf x 2225.2 82035.6 
Bee 2Psjy 5848.9 | 78411.9 (PTF y 2224.0 82036. 8 
(D)6p 2Pry2 4562.9 | 79697.9 (3P2)8f 9 1730.7 82530. 1 
(P,)7p 4Dr/s | 9070.2 75190.6 (6P,)8f r 1725.4 82535.4 
kes ‘Doyo | 9073.1 75187.7 (BP, 8f t 1724.2 82536.6 
(@P,)7p *Ds/2 8642.9 75617.9 (3P,)8f uw 1723.7 82537.1 
CP»)Tp *Psys | 9299.0 74961.8 


* according to EF. 
** according to EF. EF call this level 6p 4P5/2, b 
of 47193 and 47192 (see Fig. 5). 


ut the J-value 5/2 is not consistent with the hfs 
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data allow us to determine J uniquely and in 
5f x3/2 where the combination relations seem 
to justify the /-determination. It was tried 
to determine the /-values by comparison with 
the theory of Condon and Shortley”, but, 
since some indications of existence of small 
perturbations were apparent, this was aban- 
doned. The /j-values that seem to fit the hfs 
data qualitatively but are not altogether unique 
are given in parentheses. 


§4. Quadrupole Moment of DP?” 


In order to confirm the hfs of 6s‘Ps5/2, hfs 
of further lines were measured. Since the 
hfs of the level 6s‘Ps,, was accurately 
determined in Part II, 46294 and 45894 having 
the same final level were measured (see Fig. 
9) and the hfs of the initial levels determined. 
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Then the hfs of the lines ending on 6s'P5/2 
and starting with the same levels were meas- 
ured (see Fig. 10), and the hfs of 6s4P5/2. given 
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Fig. 9. Hfs of the lines 2426294 and 5894. 
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Fig. 10. Hfs of the lines 245764 and 5427. 
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Fig. 11. Hfs of the line 24917. 


in Part II or by Schmidt was confirmed. “Also 
the complicated hfs of 244917 can be inter- 
preted using the same hfs of 6s‘P5/. (see Fig. 
11). 

The hfs of 24862 and 44129 are givenin Fig. 12. 
Both of them are qualitatively identical. The 
initial level of 244862 namely (@P2)7p 4Dz;. is 
close to (P.)7p 4Ds/2, which is characteristic 
of jj-coupling. The hfs of the latter level is 
obtained from 45235 (see Fig. 13) in which 
the components are so close together that the 
accuracy of measurement is not great. The 
amount of perturbation in 7p‘D;/. can be cal- 
culated, using the theory of Casimir». The 
hfs levels of 7p 4D:j. F=5, 4, 3, 2 and 1 are 
pushed upwards by the amount 0.003, 
0.004, 0.003, 0.002 and 0.001 cm-! respectively 
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Fig. 12. Hfs of the lines 444862 and 4129. The accuracy of measurement of 24129 is somewhat inferior 
to that of 24862, so that no attempt was made to calculate Q from the hfs of the level 8ptDz.. 


Correction: The splitting of 8p 4D7/2, F=4-—3 should read .084 instead of .072. 


| 2 => 
II 25235 (Drplo[r4* Dia) = (er Ry’ Ay C1€2S1 X75 


a, 
eh Sing : 


197 sty 08 090 = p66 et Em» is so small compared with €;, that the 
‘5 ee second term can be neglected. Thus, putting 
M 106 =1.11 and S,=1.19 in this expression, we 
tp Dss 5 095 ext 
ae O77 (*D7/2|@|4D7/2)= —0.3458. 
bs an Putting this and €5)=5760cm~'!, H,=1.06, 


ZpH=03—4=49, I 5/2, and /=7/2 in the usual 
formula (see Part II), we obtain 


A OR i h¢fedcba 


Zz 
.060 : 
68°P, ! “06%, Q’=—0.63 barn from (??P2)7ptDz/2 
. 206% where Q’ means that the shielding correction 


has not been included. 

In Part Il, the energy matrix for 5p‘6s was 
solved and €(5p)=5284, F,=1454, G;=681 cm7! 
were obtained. The solutions are listed in 

owing to the perturbation by 7p 4Dsj2. The Table IV. According to the calculation 6s 


unperturbed hfs of (P2)7p *Dzj. is given by 
~ A=0.01909 and B=—0.057 x 10-%cm-1. Table IV. Calculated and observed term values 
; 5 . of the 5p! 6s-configuration 
The level (*P2)7p *Dz/, is so highly excited rte tend 


Fig. 13. Hfs of the line 25235. The components 
h, j and e were recognized to form a broad band, 
but they were not resolved. 


that we can assume the wave function to be Calculated Observed. 4 
3 ! ; 1 ——____—- SE aa — : 
a product of *P, and Tp3/2- Using the values (P)6s 4Psys oA yess (As Suan Wri, 
€sp=5760cm-» given by Robinson and Bihee Sah eer , 
Shortley®, Schmidt calculated the wave func- al Bea) : | 
tion: @P)6s *Py/2 | 60870 60893 — 23 
(3P)6s 2Ps/2 61412 61816 | —404 
b@P2?)= cal P33 Pijsl2" + Cal D3aPsjah”, (@P)6s 2Pip2 62879 | 63187 = 308 
| ¢:=0.300,  ¢2=0.955. (4D)6s 2Ds/2 | 68805 68800 oon 
| LD)6s 2D3/; | 68958 68545 | +413 
_ We get therefore (w=3 cos ?0—1) ae eae ae | 
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3Ds7o should lie higher than 6s *D5/.. This 
situation does not change even if we alter the 
parameter values in reasonable range. This 
is not in agreement with the observation, so 
we have to assume that 6s ?D3/. and 6s ?D5;2 
are perturbed by higher lying 5p‘ 5d levels 
containing large percent of LS-coupling 5d 
*Dsj, and 5d #D5/. wave functions respectively. 
The fact that 6s ?Ds;. lies deeper than 6s 
2Ds/2 Shows that 6s ?D3/. is perturbed more 
strongly than 6s ?Ds5/.. From this it can be 
assumed that 6s ?P3/2 is also somewhat per- 
turbed and 6s 4P3/. slightly perturbed. This 
explains why somewhat discrepant values of 
Q’ were obtained in Part II: 


Q’=—0.71 barn from 6s *P5/2, 
Q’ = —0.75 barn from 6s *P3/2, 
Q’=—0.51 barn from 6s ?P3/s. 


We shall therefore adopt Q’=-—0.71 barn as 
the best value from 5p* 6s. When this is 
combined with the above-mentioned Q’ ob- 
tained from 7p *D7/2, we get 

Q’ = —0.67+0.04 barn. 

Some time ago Jaccarino et al.!° measured 
the hfs of 5° *P3;. by the atomic beam 
resonance method and obtained A=0.0275755 
cm-!, B=0.47765 x10-? cm-?, C=0.00454 x 10-§ 
cm}. From this B, the present author 
deduced! 

Q’ = —0.66, barn from 5p® 2P3/.. 

The above-mentioned spectroscopic value of 
Q’ is in agreement with this. 

In order to obtain the true quadrupole mo- 
ment Q=(1+4)Q’, we have to get 4. The 
value of 4 was calculated by Sternheimer!™ 
only for 3p° of Cl I, so we shall extrapolate 
4 for I I, as shown by the dotted curve in 
Fig. 14. and consider 4=~—0.07 the best value 
available at present. Under this assumption, 
we get 

Q(I7)= —0.62 barn. 

Naturally the values of 4 for 5p*, 5p* 6s 
and 5p* 7p would be different in a strict sense. 
It is possible that the above-mentioned slight 
differences between Q’(5p® *P3)s), Q’(5p* 6s 
4Psj.) and Q’(5p' 7p) are real and are partly 
explained by the differences of 4’s. But at 
present we have no means of confirming or 
disproving such an assumption. 

Measurement of all of the plates was finished 
in December, 1956. Since then much effort 
has been made toward calculating the shield- 
ing correction for iodine theoretically, but 
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Fig. 14. The shielding corrections (4) for various 
states plotted versus the charge number Z. All 
of the values were calculated by Sternheimer. 
Two kinds of wave functions (a and 6) for alkali 
atoms were used by him. The graph shows 
that the result of calculation is sensitive to the 
wave functions chosen. The value for iodine 
was obtained by extrapolation (dotted curve) 
from chlorine. 


this has been found to be a hard task for 
the author and has therefore been abandon- 
ed. The extrapolation from chlorine is 
not altogether free from objection, so the 
value of Q(I”") presented here would | 
perhaps require a small correction in the end, 
but it is not likely that this would be mate- 
rially altered. 


§5. Correction to Part I and Part II 


Everywhere read 4f and 5f in place of 5f 
and 6f respectively. 
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Viscous Flow at Low Reynolds Numbers past an Infinite 


Row of Equal Circular Cylinders 


By Tosio MIyAGi 
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Steady viscous flow at low Reynolds numbers passing through an in- 
finite row of parallel circular cylinders of the same radius is investi- 
gated on the basis of the Stokes equations of motion. Tamada and 
Fujikawa’s expansion formula for the drag coefficient has been extended 
up to the 14th power of the diameter-distance ratio of the row. An 
alternative simple formula is presented for the case where the said ratio 
approaches unity so that the above-mentioned expansion formula becomes 


divergent. 


Numerical discussion is made on the drag coefficient versus 


the diameter-distance ratio of the row. 


§1. Introduction 


In a recent paper”, Tamada and Fujikawa 
have treated, according to Oseen’s approxima- 
tion, the steady viscous flow at low Reynolds 
numbers passing through an infinite row of 
equal circular cylinders. They have thus 
found among others that at sufficiently low 
Reynolds numbers the drag D experienced by 
any one of the cylinders is of Stokes’s type, 
namely it becomes directly proportional to the 
product of the viscosity coefficient 4 and the 
undisturbed flow speed U. This result seems 
to suggest that an appropriate solution may 
also be found when the problem is considered 
on the basis of the Stokes equations of motion. 
(In this connexion one may remember the 
well-known so-called Stokes’s paradox that 
there exists no solution of the Stokes equations 
for the case of flow past a single cylinder.) 
It is the object of the present paper to report 
such an analysis. As will be seen later, the 
computation required is far simpler than in 
Tamada and Fujikawa’s case. The expansion 
formula for D/uU as a power series in the 
diameter-distance ratio of the row has been 
extended up to the 14th power. (Tamada and 
Fujikawa’s result includes only the 10th 
power.) Also an alternative simple formula 
has been deduced for the case where the 
diameter-distance ratio approaches unity so 
that the above-mentioned expansion formula 
becomes useless. Numerical discussion is 
made on the drag coefficient versus the dia- 
meter-distance ratio of the row, especially for 
the values of the ratio close to unity. 


§2. Stokes Equations of Motion and their 
Solution 

Let us consider the steady two-dimensional 
flow of a viscous fluid passing through an 
infinite row of equal circular cylinders of 
radius a, spaced regularly at a distance 2h 
between the centres and lying in a plane per- 
pendicular to the uniform stream of velocity 
U. We take the rectangular coordinates (x, ¥) 
in the plane of fluid motion in such a way 
that the origin coincides with the centre of 
any cylinder of the row and the x-axis is 
along the direction of the uniform stream. 

Let w and v be the x- and y-components of 
the fluid velocity at any point in the field of 
flow, yw the viscosity coefficient, and p the 
pressure. Then the Stokes equations of mo- 
tion and the equation of continuity are given 
by 

Op/Ox=vAu, Op/Oy=HAv, (1) 
0u/Ox+Ov/0y=0 , 

where A stands for 02/0x?+0?/0y". 

Elimination of p yields 


Aw=0, or 020/0z0z=0, (2) 
where w is the vorticity defined as 
o=0v/0x—Ou/0y=2i10w/0z , 
and 
z=x4+1y, g=t—1y"; w=u—iw. (3) 


Since w should be real, the general solution 
of (2) is given in the form: 

w= 2(2)+2@) ; (4) 
where (z) is an arbitrary analytic function 
of 2 and 22) is its conjugate complex func- 
tion. Further, » must be one-valued through- 
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out the field of flow and should vanish at in- 
finity. Therefore, taking, in addition, the 
periodicity of the field into account, we may 
put the function 2(z) in the form: 


Qz)=—— LS ba, 


coth € , 
n=0 


rie 
(5) 


Here arbitrary constants d@,»’s turn out to be 
real owing to the symmetry of the field under 
consideration. 

Inserting (4) and (5) into (3), and integrating 
with respect to z, we obtain 


=a[log (2 sinh €)—€ coth €] 
q2"- al 


2 Gan a dl2"- 1 ee 
The boundary condition at infinity (i.e., w> 
U when |€|— 0c) together with the periodicity 


of the w-field restricts the form of the arbi- 
trary function f(€) and we obtain 


ee 
Ur 
+ 


eoth C- a= 


coth c+). 


[1 —2 log (2t) + k,t?]— > 2n—1)!hndan+ x (2n+1)! knit ?@on— > (2n—1)! Rnbon=1 ; (8) 
n= ma=1 n=1 
as| 5 ate ee *|+Qs— NO ity §SQog+ s Ca eal et 
n=l (2s— 1)! 
& (2n+2s+1)! (2n+2s—1)! 
fe Ose inks —Ra+s+it? Aon — a we abe y! Ri ine (9) 
Rs 4s 2° (2n+2s—1)! a 
—f4s ago 7 Rae poy, 4s on ! Bgce > ! a 28-27 — ! 25 = 
asl oat ee (Qs)! Rn st @on—(2s)! das — (25 —2)! fd 2s-2—(28—1)! dos =0 (10) 
where 
Rem (—d)?s22*Bil(2s)! SDP ZE SI hh) g (11) 
and #Bs’s are Bernoulli numbers. 
Further, we can eliminate 0.,’s from these equations and we obtain 
as| 1 2 log (2t)+2k,t?— = eee. Gon ed —1)(2n—1)!kn+2(m+1)(2n)! Rng it? 
Sx (2n-+2s—1)! ts ' 
= Qs)! RsRns st*® | lrg (12) 
2s—1 & (2n+2s—1)! ‘ 
ks 2 Wien i? nlen+ § EMG —1)!t-4s 28 
asl 5 +2(st+])Rs+1 2 (2s)! (2n)! Raknack » [res DW-*a, 
eS (2n+2s)! (2n+2s+2)! (2j+2s—1)!(27+2n—1)! 
ay 2n = Rnks Rn e+ f= TW j+shon eine 
Wigs | (2s)! + On tDQs+D! ; Dy (2s)!(27 1)! (27)! Bejan st dj ‘b | 
’ (SILL Se 


Close examination. of these equations shows that dn is O(t*) and first ” equations deter- 
mine the expansion of ad up to the (4m—2)th power of ¢. 


ourselves with taking only four equations. 


MIyact (Molasses 


a =a){log (2 sinh &) +log(2sinh€)—(€+O)cothZ] | 


ae peorhe—(C-+-6) 


ae Ebm ie Econ Cs 


a5 Belge coth c | 


Te 
(6) 


§3. Boundary Condition on the Cylinders 


We next proceed to the fulfilment of the 
boundary condition on the surface of each 
cylinder. In virtue of the periodicity of (6), 
it is obviously sufficient to apply the condition 
on any one of the cylinders. Thus, 

wlU= Aeowr CHP , 
t=za/2h . (Cig) 
Substituting €=7?€-1 into (6), expanding the 
right-hand side into Laurent series in € and 
equating the resulting expression to —1l, we 
get an infinite set of algebraic equations for 
determining the constants @2n’s and den’s. 

Thus, after tedious but straightforward cal- 

culation we arrive at the following result: 


—1l, at 


In the following lines we content 


These can be solved successively and we obtain 


| 
| 
| 
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een mb eye 
G ale abe 159") tans ae a aa hh 
saat eee tiles] 
es =| PO a | (14) 
Further we find from (10) 
ea Sanan hoa eget | fea" Saarak 
Malin feele ial] 
a ee = pt ap 
a ao oe 4; | eS) 


§4. Drag Formula and Numerical Discussion 


By summing up the stress acting on a 
cylinder one can verify a general formula 


Taps f iptuo)dz , (16) 
where D and L are the x- and y-components 
of the force experienced by the cylinder and 
the integration is carried along the surface 
of the cylinder. Moreover, it can be seen 
without difficulty that to Stokes approximation 
tpt uo =2pQ2(zZ) . (17) 
Therefore, inserting this together with (5) 
into (16), we obtain a very simple result: 
D+iL=8rpuUd , 
or 
D/pU=8ra , Ea07 (18) 
‘Inserting the expression for dp in (14), it will 


Table I. Values of D/uU against alh. 
alh Dieta 
0.01 Sky 
0.04 4,88 
0.1 7.54 
0.2 12.60 
0.4 oleate 
OS 52.82 
0.55 70.15 
0.6 98 .60 

2/x=0.64 119.69 
Ong 170.64 


readily be seen that our expansion formula 
for the drag is in perfect agreement with 
Tamada and Fujikawa’s formula up to the 
10th power of f. 

In Table I are shown the values of D/uU 
against a/h as calculated by the formula (18). 
Also, the values of (D/“U)- are plotted 
against a/h in Fig. 1. It will be seen that 
the value of D/u~U increases rapidly as the 
ratio a/h approaches unity. At the same time, 
the convergency of the series for a in (14) 


(D/pU)-2 


0:08 
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0.02- 
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becomes worse so that our expansion formula 
seems to be hardly applicable beyond the 
value 0.7 of a/h. However, as will be seen 
from Fig. 1, a formula of the form 


D/vU=const. {1—(a/h)}-? (19) 


seems to hold in this range of difficulty. In 
fact, this form is verified for the case of flow 
past a flat screen”. Analytical deduction of 
the exact value of the constant in (19) seems 
to be hopeless for the present problem. How- 
ever, approximate evaluation of it can be 
achieved by numerical matching with the 
results in Table I. Thus, using the values of 
D/uU for a/h=0.6, 2/z, 0.7, we find that 


CONSts— Oro. (20) 


‘Toshio MIyaci 


thanks to Professor S. Tomotika for his inter-| 


(Vol. 13, 


With this value, the formula (19) gives, for | 
example, the values 176, 395, 1580 of D/#U| 
when a/h is 0.7, 0.8 and 0.9 respectively. | 

The writer wishes to express his cordial | 


est and encouragement. The writer’s thanks 
are also due to Professor K. Tamada for his) 
suggestion of the present problem and to) 
Professor H. Fujikawa for his valuable dis- | 
cussions. 
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The Wall-effect upon the Forces experienced by an 


Elliptic Cylinder in a Viscous Liquid. 


By Yorisaburo TAKAISI 


(Received January 31, 1958) 


; 
’ 
) 
) 
Department of Physics, Faculty of Education, Ehime University, Matuyama 


The steady slow motion of an elliptic cylinder with an arbitrary angle 


of attack in a viscous liquid bounded either by a plane wall or by two 
parallel plane walls is discussed on the basis of Oseen’s linearized equa- 
The analytical expressions for the lift and drag coeffi- 
cients are obtained to a first approximation, and numerical calculations 
are carried out for the thickness ratio t=0, 0.1, 0.5 and 1. 
that the wall-effect upon the lift is in either case much greater than 


tions of motion. 


that on the drag. 


Introduction 


§1. 


Since Harrison’s study” in 1924, the steady 
flow of an unbounded viscous liquid past an 
elliptic cylinder at small Reynolds numbers 
was studied by several authors on the basis 
of Oseen’s linearized equations of motion, and 
approximate expansion formulae for the forces 
experienced by the cylinder were obtained. 
As far as the present writer is aware, how- 
ever, there have been few works concerning 
the wall-effect upon the forces experienced by 
an elliptic cylinder moving in a viscous liquid. 

Recently, the present writer has made 
investigations»” on the wall-effect upon the 
forces experienced by a circular cylinder 
moving in a viscous liquid bounded either by 


It is found 


a plane wall or by parallel plane walls on the 
basis of Oseen’s linearized equations of motion, | 
by developing a similar analysis to that of 
Faxén® in his treatment of the wall-effect. 
upon the forces experienced by a sphere mov-_ 
ing in a viscous liquid. 

In this paper, we study similar problems | 
relating to an elliptic cylinder moving with 
low speeds at an arbitrary angle of attack a 
a viscous liquid. | 


| 
| 


§ 2. Fundamental Equation and its Solutions 


Let us assume that a cylindrical obstacle is 
placed in a uniform flow of velocity U stream- | 
ing parallel to the x-axis. Then Oseen’s 


linearized equations of motion for the two- 
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dimensional steady motion of a viscous liquid 
can be written in the form 


p=d+e, , 
4¢,=0, CZ.o) 
(4 —k?)(e-*=h.) =0 , (2.3) 
where ¢ is the stream function for the per- 
turbation and is connected with the components 
of the perturbation velocity as: 
u=0¢/0y , v=—d¢/Ox , (2.4) 
and k=U/2yv, v is the kinematic viscosity of 
the liquid and 4 stands for 62/0x?+62/0y?. 
According to L. N. G. Filon®, the appro- 
priate solutions of (2.2) and (2.3) which satisfy 
the boundary conditions at infinity are given 
respectively by 
Yi = Ap Inr+ByA 


(2.1) 


+> r-"(An cos n0+ Basin nO) , (2.5) 
n=1 
ds=aye™* Ky(kr) 
@ 
+bo | kr{ Ky (kr) + Ky(kr) cos O}e" 8 °d6 
20 


tet S Kilkr)\(an cos n9+basinnd), (2.6) 
n=1 
where x=rcos 98, y=rsiné, and 
b=—B . (20) 


K(x) is the modified Bessel function of the 
second kind. The condition (2.7) ensures that 
the stream function ¥=Uy+y¢ is one-valued 
and continuous throughout the whole field of 
flow. 

If we confine ourselves to the first order 
approximation, it suffices to take only the 
first two terms in (2.5) and (2.6) respectively. 
Then, as shown in our previous paper”, the 
conjugate complex velocity w=u—1v (i= —1) 
can be expressed in integral forms as 


a1 pl? (24 8 \4,=iB,excor-lellydg 
ad (rar cals : 


=> " {( mit petite) 
x ekiBe-Alv1dB , (2.3) 


where 4= 1 6?+278 
We introduce elliptic coordinates &, y, 
related with x, y by the equation 
x+iy=ce-'*cosh (E+i7) . (2.9) 
Then the surface of the elliptic cylinder is 
given by &=&, and the angle between the 
uniform flow and the major-axis of the ellipse 
is #. 
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If we take 


a=exp(—&) , (2.10) 
the half-length of the major-and minor-axes 
are given respectively by 
a=ccosh&)=1+o?, b=csinh&=1—o? . (2.11) 

We insert (2.9) into (2.8) and expand the 
integrands with respect to e’”, retaining only 
constant terms as well as terms involving 


e’, Then, after some calculations, we 
obtain 


(w/R)e-gq 
=1/2-ta9(2S—1—o%e”” )+1/2-b9(2S+1+ 07? ) 
+e7R-Yt( Ap —aoe’? +(Bo+bo)e’ }+O(ka) , 
(2a) 


Gaon 


with 
S=—In (/2-)=r , 
where 7=0.57721--- 


(2.13) 
is Euler’s constant. 


§3. Elliptic Cylinder in a Semi-infinite Vis- 
cous Liquid 


Suppose that an elliptic cylinder is moving, 
with constant slow velocity U, from right to 
left in a semi-infinite viscous liquid otherwise 
at rest parallel to its bounding plane wall 
(Fig. 1). Referring to rectangular coordinates 


plane wall 


Fig. 1. 


with its origin at the centre of the cylinder, 
the fluid at infinity flows, with constant velo- 
city U, past the cylinder at rest in the posi- 
tive direction of the x-axis. In this case the 
bounding plane wall should also move, with 
the same velocity U, from left to right in its 
own plane, so as to satisfy the boundary con- 
ditions. 
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As in our previous paper”, in order to 1 3 

: A eo 2 (1)(9)ek {tB2—-ACy+24))} 7, 
satisfy the boundary conditions on the bound- ihe + BAB) B, 
ing plane wall, we now superpose an image (3. 1) | 
flow which is defined as where /1°(8) and f.“(8) are determined by | 


the boundary condition on the bounding plane ) 
wall (w+w*)y--az=0, and are expressed in| 
ice (B+|B|)fA(P)e*ltBe- 1B 1Cv420} GQ terms of the unknown constants Ap, Bo, ao. 

2 and bo as: 


w* =u* —iv* 


aprignund fat + 1BL (A+|B])? 1 (. 24+] 8| A(A+|B}) MOAB: | | 
sone) on B|B| ites ke Bol + k ( B ee 8? ibe (3.2) . 
asrqruudhed wl Blige ott 18 “a-jel 1 , TIBI? | "ale, ) 

OG eg | ne a Ooh | 
where /=kd. | 


If we insert (2.9) and (3.2) into (3.1) and expand the integrands with respect to e’”, retain- | 
ing only constant terms as well as terms involving e-’”, we obtain, after some lengthy | 
calculations, 

(w*/R)e-e)= Ao(GitiG2) + Bo(Gs+iG7z) +ao(Giut+iGi.2) + bo(Gis +7Giz) | 

+ke-*[ An{iGse® +.02(G,+iGs)e- } + Bo{iGse!® + 0?(Go+iGio)e*” } . 

+ a{iGize*? + 07(Gig+iGis)e~ ©? } +. Do {iGise!? +.07(Gig +1Go9)e-*” pe (3.3) ) 

where, for the sake of simplicity, we have put | 

Gy=1/2-1-1+1/4- w{ Jo(21) + fo(21)} cos 21+-1/4-2{ Y(21)+ Y.(2/)} sin 27—g2(1) , | 
G.= —1/4-1-?+1/4- r{Jo(21) + Jo(21)} sin 27 -1/4-2{ Y(21)+ Y2(21)} cos 27—1/2-hiD+h), 

G3=—1/2:1?—1/2-m() +h , 

=1/4-1-§41/2-1-141/8- 2{2fo(2l) + Yi(21)+ 2 Jo(21) + Y3(2/)} cos 2/7 
+1/8-2{2 Yo(21) —fi(2l) +2 Yo(21) — Ja(2/)} sin 21—1/4- g1(1)-5/4-g2)+gall) , 
Gs=1/8-2{2Jo(21) + Yi(21) + 2J2(21) + Y3(2/)} sin 2] 

—1/8-2{2Y (21) —fi(21) +2 Y2(21) —J3(27)} cos 274+-3/4-h2(1)—hs(D) , 
Ge=1/4-1-24+1/4-2{ Yo(21)+ Yo(21)} cos 22—1/4- rf Jo(21) + Jo(21)} sin 2741/2-hyD+h.() , 
G,=—1/2-1-14+1/4- 2{Jo(21) + fo(21)} cos 27+-1/4+ 2{ Yo(2/)+ Y2(21)} sin 2/—g1(1)+g2(1) , 
Gs=—gill)+g2(/) , 

Gy=1/8- 2{2 Yo(21) —fi(21) +2 Y2(21) — Jo(21)} cos 21 
—1/8-2{2Jo(2l) + Yi(21) +2J2(21) + Y3(21)} sin 27+1/2-hy(1)+3/4-hi()—h,(D , 
Gy =1/4-1-3+1/8- 2{2Jo(2l) + Yi(21) +2 Jo(21) + Y3(21)} cos 21 
+1/8-2{2 Yo(21) —fi(2l) +2 Y2(21) —Ja(2/) } sin 22—1/4-21() +5/4-g0())—g;(1) , (3.4) 
Gu=—1/3-14+1/4r{ (21) + L(21) —Lo(2l) —L2(21)} 1) +.g2(0) , 
Gy.= —1/4-1-?-1—1/2- Ko(21) +-1/2- K2(21) +1/2+ r{ (21) —L,(21)} 1/2 hy) +hal(l) , 

13=1/4-1-?-1—1/2- Ky (2/)+-1/2- K,(21) +1/2-2{,(21) —L,(21)} , 

Gyu=1/4-1-§—1/3-14+1/4- Ky(21) -1/4- Ka(2l) +1/4- 2{Do(21) +- Io(21) —Ly(21) —L,(21)} 
—5/4- gi) +9/4-g0(1)—gs(l) , 

Gis —1/3+1/15-?—1/2+ Ko(2l)+1/2+ Ky(2l) +1/8- x{1,(21) — 15(22) —L(2/) + L;(2/)} 
—1/2-MD)+7/4-hiD—hsll) , 

Gye= —1/4-1-?+1—-1/2- Ko(2l) +1/2- Ky(2l) —1/2- 2 { (21) —Li(2/)} -1/2-hy()—Ax() , 

Gy= —I-141/3-]—1/4- m{Io(21) +Io(21) —Ly (22) —L,(21)}+ g9(1) , 

Gig=1/3-1—1/4- 2{1p(21) + 12(21) —Ly (21) —L,(2/)} , 

Gip=1/4-1-?+2/3+1/15- 2? —1/8- 2{31,(21) +J2(21) —3L, (21) —L3(2/)} 
—1/2-h(1)—3/4-hD+hsD) , 

Go= —1/4-1-8—1/2-1-1—1/4- Ky (21) +1/4- Ka(21) +-1/4- 91) +5/4-g0(1)—g(1) , 
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where Jn(x) is the Bessel function of the first kind, Yn(x) is Neumann’s Bessel function of 
the second kind, J,(*) is the modified Bessel function of the first kind and Ln(x) is Struve’s 
function” of imaginary argument defined as: 


v7 co (1/2 ‘ x)rrame1 
Ln = i 
2 = P'(m+3/2)P' (n+m+3/2) ° 


(3.5) 


also, the functions gn(x)= [ae +1) and /n(x)= [" wu2-+1)-merendu (n=1, 2, 3) are given 
by % 
£1'x)=Ci(x) sin x—Si(x) cos x+1/2-z cos x , 
&2(x)=1/2{Ci(x) sin x—Si(x) cos x+1/2-z cos x} 
—1/2-x{Ci(x) cos x+Si(x) sin x—1/2-7 sin x} , 
$3(X)=1/8- x+3/8{Ci(x) sin x—Si(x) cos x+1/2-7 cos x} 
—3/8-x{Ci(x) cos x+Si(x) sin x—1/2-7 sin x} 
—1/8- x°{Ci(x) sin x—Si(x) cos x+1/2-7 cos x} , 


(3.6) 


h,(x)= —Ci(x) cos x—Si(x) sin x+1/2-7z sin x , 

h,(x)=1/2—1/2- x{Ci(x) sin x—Si(x) cos x+1/2-2 cos x} , 

h3(x)=1/4—1/8- x{Ci(x) sin x—Si(x) cos x+1/2-z cos x} 
+1/8-x*{Ci(x) cos x+Si(x) sin x—1/2-7 sin x} , 


(3.7) 


with 


eps es \° sy Gis aie C08 Hy (3.8) 


0 0 


Since the boundary conditions at infinity as well as on the bounding plane wall are already 
satisfied by w and w* as given respectively by (2.8) and (3.1), we have only to consider the 
boundary condition at the surface of the elliptic cylinder. It is 


(w+ w*)e.2.= —U . (a) 


Inserting (2.12) and (3.3) into (3.9), we have, on neglecting terms of O(ka), 


Q= Ao ; (3.10) 

b= —Bpo ) Gale) 

A U i¢ (Pe MOS deen 28: Aw ; (3.12) 
° R {1/2(1 + 0? cos 29) —F3(kd)}? { Fi(kd)}? -{—S+ Fi(kd)+1/4- 04 sih? 20 ’ 

Biol ‘1/20. +0? cos 20)— F3(kd)+{—S+Filkd )} (3.13) 


~ k {1/2-(1-+02cos 28) —F,(kd)}? —{ Fi(kd)}? —{ —S + Fa(kd) 2 +1/4-64 sin? 29 


where, for the sake of convenience, we have used the same notations as in our previous 
paper”, namely: 
F\()=Gi+Gu=G;—Gi 
=1/2-1-1—1/3-141/4- n{ Jo(21)+ f(21)} cos 214-1/4- r{ Yo(2l)+ Y2(2/)} sin 2/ 
+1/4- r{Io(21) + L(21) —Lo( 21) —L2(21)}—gil) , 
F,(1)=1/2-(—G2+Ge—Giz—Gie) (3.14) 
= 1/2-1-?-+1/2- Ko(21)—1/2- K2(21) —1/4- rf fo(2l) + (2/)} sin 21 
+1/4-2{ Yo(21)+ Y2(21)} cos 21+ hil), 
F,(D)=1/2-(G2+GotGi2.—Gie)= —141/2-2{h(21) —L,(2/)} + 2h2(D) . 
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The relation (3.11) has been obtained again independently of (2.7). 

As in the case of a circular cylinder in a viscous liquid bounded either by a plane wall or 
by parallel plane walls, the lift L and the drag D experienced by the elliptic cylinder under | 
discussion per unit length can be expressed as: 


L=2n0U Ap , (3.15) 
D=2x0UB , (3.16) 


where o is the density of the liquid concerned. 
Hence, if use is made of (3.12) and (3.13), we obtain for the lift and drag coefficients Ci“ | 
and Cp 


Cr, = L/(1/2-U?-2a) 


ae : Fi(kd)—1/2- 0? sin 29 Re — (3.17) 
~ R {1/2-(1+4? cos 28)— Fi(kd)}?—{ Fi(kd)}?—{ —S+ Filkd)}?+1/4- of sin? 20 ides 


Cp = D/(1/2- pU?+2a) 
_ 8a 1/2-(1+0? cos 28)— F3(kd)+{—S+F.(kd)} 
~ R {1/2-(1+07 cos 28)—F3(kd)}2—{ F (kd) }2—{ —S+ Fi(kd)}?+1/4- 04 sin? 20 ’ 


(3.18) 


where R=4ka. 
For a circular cylinder, we have only to put o=0 in (3.17) and (3.18), thus 
Cc, 8% Fi(kd) - 
{1/2—F3(kd)}—{Filkd) P—{—-S+Filkd)pP (3.19) | 
Cpo= 8% 1/2—Fy(kd)+{—S+Filkd)} _ 


 R {1/2—Fx(kd)}P-{Fy(kd)P-{—S+ Fi(kd)y ’ 


which are in perfect agreement with the formulae obtained recently by the present writer. 
When the bounding plane wall recedes far away to infinity from the centre of the cylinder, 
the value of kd tends to infinity and our case is reduced to the case of an elliptic cylinder 
in an unbounded stream of viscous liquid. The value of ka is, however, kept to be small. 
Making use of the well-known asymptotic expressions for the Bessel functions Jn(x), Yn(x) 
and K,(x), and also for Si(x) and Ci(x), together with 


I'(m+1/2) 


ee eis eg 2) 
In( x) —Ln(x)= % 2,6 1) P(n+1/2—m) (12-01 


te ON REE (3.20) 


we easily find that 
lim Fr(kd)—>0 (n=1, 2,3) 


kd— co 


Thus, we have ultimately 


: 16z o? sin 28 
Cre =, lim Cy —= = ——— 
L kd—co £ R 4S°—(1+20? cos 20+0%) , (32215 


Perea R 4S?—(1+20? cos 20+) ° 


As should be expected, (3.21) and (3.22) are in perfect agreement with the first approximation 
obtained previously by H. Hasimoto”, I. Imai® and others for the case of an elliptic cylinder | 
in an unbounded viscous liquid. | 

On the other hand, in case when the value of kd becomes small subject to the restriction | 
d>a so that all terms higher than (kd)? can be neglected, we can make use of the well- 
known expansion formulae for the various functions used in F,(kd)’s. Thus, we get ulti- | 
mately approximate formulae for C,“? and Cy™, which are valid for sufficiently small ka 
and kd, in the forms; 1 


“ve 
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C,m—l6z _  @sin2etkd | (3.23a) 
R 4,2 —(1+20? cos 29+04)’ : 
16z o? sin 28 
as R 42 —(1+26? cos 28+64) ’ mes 
16x 2@,—(1+o? cos 223) 
epeng225 qe 8 C08 at 
“ R 4,2 — (1426? cos 28+ 04)’ Sosy 
where 
w,=In (2d)—1/2. (3.25) 


§ 4. Elliptic Cylinder in a Viscous Liquid bounded by Two Parallel Plane Walls 


In the special case when an elliptic cylinder is moving midway between two bounding 
plane walls, we superpose flows due to images, which are defined as: 


w= 28 i. ({B|-+ 8) AA @(BereP=—181 dp 


|" G+ Aiereereas 


(4.1) 


weak | (B18) F,0%(8) etcrenieinag 


458 |" G-AArrpercomas , 


(4.2) 


where fn(8)’s are unknown functions to be 
determined. by the boundary conditions on 


wall 
the bounding plane walls. Fig. 2. 


Remembering the relations (3.10) and (3.11), 
it is natural to put @q@= A) and }=—By. Thus, we have 


Jr o(8)=[(2-+]1B))e"O-1#P—(2—|B]ye+ 18 —2] |] Ao/ | B|M,(8) 
[A+ |B ])e"A-18D + (2—|B))e~*1P) — 22] Bo lik ML(8) , 


(4.3) 
JE B=[A+ Ble ¥-I#D-+ (A= |B l)e- CD22] Aa/RAM(B) 
-E[(A+ |B])e 16D —(2— |B] e+ 18D —2| 8] Bo/tkBM,(B) , 
where we have put for brevity 
M8)= (A+ [BI fet@- 8D —e--18D} 
+(A—|B| Le? +12 —e-TOF1BD} (4.4a) 


We insert (2.9), (4.3) and (4.4a) into (4.1) and (4.2) and expand the integrands with respect 
to e’, retaining only constant terms as well as terms involving e’”. Then we obtain 


(w*/k+w**/k) ez, 
Pepe | ‘ [(A++ Be! +B) —(A—B)e-!O+) 28] 8/ M(B) 


ra Al(a-++8) e-!-®)-++(A—B) e+) —2a]dB/AMY/’ @-cc.} 


502 Yorisaburo TAKAISI (Vol. 13, 


+ iBy {\" (a+ Beto + A—Ayet0+®—2}dB/ My (B) 
+ | "Ala 8)e0-P—(a—B)e-tO+—26)48/8My' (6) —C.C.} 
+ie™ le el? Ao| |" ae BH[+ Ae 10-4 (A—B)e-1+®) —24]dB/22M1'(8) +C.C. 
—kate-t? Ao {| "BI(A+B)e!O-P—A—p)e-!0*#) —28/M(B) 
+\"a +8°)[(A+ BetO-P + (A—B)e 1+") —2/]d8/24My(B)+C.C.} 
+ikare- Bul BI(A-+.B)e*A-P) +-(2—B)e-! +") — 24]dB/My’ (8) 
+\" A[(A-+B)e~#O-P) —(1—B)e-!*®) —21d8/Myi(8)+ C.C, t]. (4.5) 


where 


Ap (B)=(AF BY eO-P)—e-WO-BD} (AB) eI*B) — EHO} (4.4b) | 


In (4.5) the notation C.C. stands for “the conjugate complex of the foregoing integrals”. 

Since it seems very difficult to evaluate exactly the integrals in (4.5), we conflne ourselves 
to the evaluation of the integrals for sufficiently small values of kd such that all terms 
higher than (kd)'/? can be neglected. After straightforward calculations similar to those in 
our previous paper®, we have finally 


(w*/k+w**/k)e-¢,=1 Ao(In (1/2: kd) +0.4569} — Bo{In(1/2- kd) —0.8384} . (4.6) 
Making use of the relations a@= Ay and b)>=—By we have from (2.12) 


(w/R)g-ey=1/2- Ago? sin 29—1/2- By{2S+ (1+? cos 28)} 


| 
| 


+i[1/2- Ap{2S—(1 +6? cos 28)}—1/2- Boo? sin 29] . (4.7) 


The boundary condition at the surface of the elliptic cylinder is 


(w+w*+w**)-,=—U . (4.8) 
Inserting (4.6) and (4.7) into (4.8), we obtain 


ye Lege: 207 sin 28 
* RB 4a2—(0.0872—0.590602cos28-+0") ’ ie 
Ba U. __2{2e2-(—0.2953 + o? cos 29)} yi 
* R 4a2—(0.0872 —0.5906a2 cos 20-40") ” 
where 
w= In d—y —0.1908 . (4.10) 


The lift L and the drag D experienced by the elliptic cylinder can also be calculated by 


(3.15) and (3.16) respectively. Thus we have for the lift and drag coefficients C;, and Cp 


; 16z o? sin 20 
CO) SLID pt Save Min Aen 
p= LAL: 0U? 20) — oe aa ORG GRceRD AREAS! Si 


Cp = Dj(1/2-pU2-2a) = 19% __2@2 == 0.2953-+ a? cos 29) 


R 4o.2—(0. 0872—0,59060? cos 29-404) ° 


(4.12) 


We may put o=0 for a circular cylinder, 
and then (4.11) and (4.12) reduce simply to 


C,=0 
8x 1 (4.13) 
Ce 
> YR Ind —0.9156 


which are in perfect agreement with the for- 
mulae obtained previously by the present 
writer for a circular cylinder. 


§ 5. 
Numerical calculations were made for the 
cases ¢=0 (flat plate), 0.1, 0.5 and 1 (circular 
cylinder), where t=b/a is the thickness ratio 

of the cylinder. 
0-25 


Numerical Discussions 
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Cb/(\6x/R) 
m9 
a 


° 
iS 


1 
0-00) 


Fig. 3. Values of Cp/(16x/R) plotted against 
Reynolds number R. Values of thickness ratio 
are indicated on the curves. 

TTT Gtx 199,} calculated by (3.18); 
aE ae , dja, calculated by (3.22). 
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Fig. 4. Values of C,/(16n/R) at very low speeds 
(R~=0) plotted against angle of attack #, for 
d/a=10. Values of thickness ratio are indicated 
on the curves. 

, single wall, calculated by (3.23b); 

— — —, double walls, calculated by (4.11), 
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The values of Cp/(16z/R) have been cal- 
culated by using the formulae (3.18) and (3.22) 
for various values ranging from 0.002 to 0.4 
of the Reynolds number R. They are plotted 
in Fig. 3. 

Table I and Fig. 4 give the values of 
C,/(16z/R) for sufficiently small Reynolds 
numbers R and R*(=Ud/yv), calculated by us- 
ing the formulae (3.23b) and (4.11), for various 
values of # ranging from 0 to 90 deg., where 
the value of the ratio d/a=10. 


Cp /\\6x/R) 


fe) 18 36 54 72 90 
3 (deg.) 

Fig. 5. Values of Cp/(16n/R) at very low speeds 
(R=0) plotted against angle of attack #, for 
d/a=10. Values of thickness ratio are indicated 
on the curves. : 

———., single wall, calculated by (3.24); 
— — —, double walls, calculated by (4.12). 
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O 20 40 60 80 100 
d/a 
Fig. 6. Walues of C,/(16n/i) at very low speeds 


(R~=0) plotted against d/a, for ’=45 deg. Val- 
ues of thickness ratio are indicated on the curves, 
, single wall, calculated by (3.23b); 
— — —, double walls, calculated by (4.11), 


504 Yorisaburo TAKAISI (Vol. 13, 


Table II and Fig. 5 give the values of 
Cy/(16z/R) for sufficiently small Reynolds 
numbers R and R*, calculated by using the 
formulae (3.24) and (4.12), for various values of 
o ranging from 0 to 90 deg., where the value of 
the ratio d/a=10. 

It is worth noticing that the values of 
C,/(16z/R) and Cp/(16z/R) for sufficiently small 
Reynolds numbers FR and R* are indpendent 
of them. 

Table III and Fig. 6 give the values of C:/ 
(16z/R), calculated by using the formulae 
(3.23b) and (4.11), for various values of the 
ratio d/a ranging from 10 to 100, where v= 
45 deg. 


Co/(\6n/R) 


Table IV and Fig. 7 give the values of Cp/ oa 20 40 60 80 100 
(16z/R), calculated by using the formulae d/a 
(3.24) and (4.12), for various values of the ratio Fig. 7. Values of Cp/(16n/R) at very low speeds 
dja ranging from 10 to 100, where »=45 deg. (R~0) plotted against d/a, for 9=45 deg. Val- 
Table V and Fig. 8 give the values of ues of thickness ratio are indicated on the curves. 
Cr/Cre, calculated by using the formulae —, single wall, calculated by (3.24); 
(3.23b), (4.11) and (3.21), for various values — — —, double walls, calculated by (4.12). 


Table I, Values of C,/(16n/R) for d/a=10 
[I, Single wall; II, double walls.] 


od “igs aH t=0.1 itn 
a eae (a a SS 

(deg.) I II I I I Il 

0 0 0 0 0 0 0 

9 0.0084 0.0160 0.0072 0.0141 0.0035 0.0078 
18 .0159 . 0306 .0136 . 0270 . 0067 .0148 
27 .0216 . 0423 .0186 .0374 .0091 . 0204 
36 . 0250 . 0502 .0216 0443 .0107 .0241 
45 . 0259 . 0533 .0224 . 0469 .0112 .0255 
54 .0242 .0512 .0210 . 0450 .0105 . 0243 
63 . 0203 . 0439 .0176 . 0386 . 0089 .0207 
WP .0146 .0321 .0127 .0282 . 0064 .0152 
81 .0076 .0170 . 0066 .0149 . 0034 . 0080 
90 0 0 0 0 0 0 


Table II. Values of Cp/(16x/R) for d/a=10 
[I, single wall; II, double walls.] 


8 =o t=0.1 t=0.5 t=1 


flat plate circular cylinder 
Fh —————. oor —_—_e*~nm 
(deg.) I II I I I Il I II 
0 0.1194 0.1938 0.1249 0.2089 0.1449 0.2715 0.1669 0.3605 
9 . 1204 . 1966 . 1258 .2114 . 1453 . 2730 ” ” 
18 . 1233 . 2049 . 1282 .2185 . 1465 Sel " ” 
All lear .2178 - 1320 12503 = . 1482 . 2836 ” ” 
36 Ailey . 2344 . 1367 . 2450 . 1504 .2919 ” Y 
45 . 1390 . 2532 .1417 . 2616 . 1528 .3011 " ” 
54 . 1447 .2723 . 1466 2785 3. LOoe .3104 " Y 
63 . 1497 . 2899 . 1509 . 2940 “alS78 .3189 y ” 
la 535 . 38040 . 1542 .3064 . 1590 .3258 ” ” 
81 . 1560 soLog . 1563 .3145 . 1601 . 3300 ” ” 


90 . 1568 3164 1570 3173 . 1604 -3316 " 


sa 
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Table III. Values of C,/(16x/R) for 3=45 deg. 
[I, single wall; II, double walls.] 
t=O 
dja flat plate t=O £=05 
—_—_—_—_—— JS =e eS 
I Il I I I I 
10 0.0259 0.0533 0.0224 0.0469 0.0112 0.0255 
20 .0172 . 0303 .0147 . 0262 0071 .0133 
40 .0122 . 0196 .0104 .0168 .0049 . 0081 
60 .0103 .0157 . 0087 .0135 . 0040 . 0064 
100 . 0084 .0123 .0071 .0105 . 0033 . 0049 
Table IV. Values of Cp/(16n/R) for 0=45 deg. 
[I, single wall; H, double walls.] 
t=0 = es t= 
dja flat plate t=0.1 t=0.5 circular cylinder 
—— SS NS —— PES 
I I I I I Il I II 
10 0.1390 0.2532 0.1417 0.2616 0.1528 0.3011 0.1669 0.3605 
20 .1161 . 1857 . 1180 . 1907 . 1260 SA Vall SOOO . 2404 
40 . 0997 . 1471 .1013 . 1504 . 1073 . 1638 1441) . 1083 
60 . 0922 sobs .0935 . 1338 .0987 . 1445 . 1044 . 1573 
100 . 0842 ShT55 . 0853 .1176 . 0896 . 1259 . 0094 . 1355 


ranging from 0.001 to 0.1 of the Reynolds number R, where v=45deg. and the value of 


the ratio d/a=10. 


Table VI and Fig. 9 give the values of Cy/Cy, calculated by using the formulae (3.24), (4.12) 
and (3.22), for various values ranging from 0.001 to 0.1 of the Reynolds number R, where 
o=45 deg. and the value of the ratio d/a=10. 

As can seen from Tables V and VI, the wall-effect upon the lift is in either case much 
greater than that on the drag. 

In conclusion, the writer wishes to express his cordial thanks to Professor S. Tomotika 
for his continual guidance and also for his kind inspection of the manuscript. The 
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R 


0-01 


0.05 O 


Fig. 9. Ratio Cp/Cp. at very low speeds (R~0) 
plotted against Reynolds number R, for 0=45 
deg. and d/a=0. Values of thickness ratio are 
indicated on the curves. 


’ 


(3.22); 


single wall, calculated by (3.24) and 


— — —, double walls, calculated by (4.12) and 


(3.22). 


001 0.005 0-01 0:05 Ol 
R 


Fig. 8. Ratio C;/C;. at very low speeds (R=0) 
plotted against Reynolds number FR, for d=45 
deg. and d/a=10. Values of thickness ratio are 
indicated on the curves. 
, single wall, calculated by (3.23b) and 
(GIPADE 
— — —, double walls, calculated by (4.11) and 
(3:21). 
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R . 


0.001 
0.005 
0.01 
0.05 
0.1 
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Table V. Values of C,/C,. for 3=45deg. and d/a=10 
[I, single wall; IJ, double walls.] 


t=0 


flat plate 
ga ea 


I 


I 


8.521 17.56 
Dif D7 11.86 


4.732 
2.736 
2.041 


Table VI. 


t=0 


flat plate 
rT 


I 
2.662 
2.212 
2.019 
1,567 
1.372 


0 


4.849 
4.030 
3.677 
2.855 
2.500 


9.751 
5.637 
4.206 


t=0.1 t=0.5 
geal = a eS 
<I I I 0 
8.820 18.52 10.09 23.03 
5.935 12.46 6.688 15,27 
4.867 10.22 5.439 12.39 
2.792 5.862 3.029 6.916 
2.073 4.353 2.205 5.035 


Values of Cp/Cp~ for 0=45deg. and d/a=10 
{I, single wall; II, double walls.] 


t=1 
t=0.1 t=0.5 circular cylinder 
See —————— 

I suf I I I Il 
2.689 4.964 2.810 De boh 2.974 6.424 
BO 4.120 ACME 4.567 2.430 5.264 
2.034 3.756 2.016 4.149 2.206 4.674 
1 args 2.909 1.613 3.179 1.669 3.605 
Tier 2.542 1.401 2.760 1.438 3.105 
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The Forces Experienced by Two Elliptic Cylinders in 
a Uniform Flow at Small Reynolds Numbers 
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Using Imai’s general method of solving two-dimensional Oseen’s equa- 
tions, the drag and lift coefficients for one of two parallel elliptic cylinders 
in a uniform flow at small Reynolds numbers are calculated. When the 
thickness ratios of both elliptic cylinders are taken to be unity, the 
general expressions for these coefficients reduce to those for the case of 
two circular cylinders which have been obtained in the author’s previous 
paper. The expressions for the case of two flat plates are also included 
as a special case. 


§1. Introduction and Summary 

In a previous paper”, the author studied problem?»®) and further obtained the expres- 
the forces experienced by two circular cylin- sions for the drag and lift in power series in 
ders in a uniform flow at small Reynolds 1/d up to O(1/d*), where d is the distance 


numbers. H. Fujikawa also studied the same 


. 
i 
| 
| 


| 
: 


—— 


1958) 


between the two circular cylinders®. His ex- 
pressions are considered to be valid even when 
the two cylinders are close to each other. In 
the present paper, studies on the flow past 
two elliptic cylinders at small Reynolds num- 
bers will be carried out by Oseen’s approxi- 
mation. 

As in the previous paper, we make use of 
Imai’s general method of solving two-dimen- 
sional Oseen’s equations. On the basis of 
his method, Imai himself investigated the 
uniform flow past an elliptic cylinder at an 
arbitrary angle of incidence and obtained the 
expressions for the velocity distribution near 
the elliptic cylinder as well as for the drag 
and lift up to a third approximation. In §2 
we give the outline of Imai’s method, and in 
§3 we apply it to the case of two elliptic 
cylinders in a modified form. 

The effects of the elliptic cross-sections and 
the angles of incidence of both elliptic cylin- 
ders make the expressions for the drag and 
lift much more complicated than in the case 
of two circular cylinders. These effects are 
characterized by the following parameters: 4, 
62, Bi and B., where 1+0;?, 1—o,? and #; are 
respectively the semi-major axis, the semi- 
minor axis and the angle of incidence of the 
first elliptic cylinder and a(1+o,.”), a(1—o,”) 
and f, are those of the second elliptic cylinder. 
The parameters which characterize the flow 
past two elliptic cylinders are 41, 62, Bi, Bs, a, 
d,aand R. a,d, a and R appeared already 
in the previous investigation, but R, the Rey- 
nolds number, is here based on the major axis 
of the first elliptic cylinder, so that R=2U 
(1+0,2)/y instead of R=2U/v. 

In particular, if we put o; and o, equal to 
unity, then we have the formulae for the two 
flat plates, while if we make «o, and o, 
vanish, the formulae reduce to those for the 
two circular cylinders which were obtained in 
the previous paper. 

Numerical calculations were carried out in 
the following cases: (i) a=1; h=10; h=h= 
0, 0.1, 0.5; a=90°; Bi=—B.=0°~90°; R=0.04 
~1.0; (ii) a=1; h=10; 4==0, 0.1, 0.5; a= 
0°, 180°; By=0°, 90°; B.2=0°, 90°; R=0.04~ 
1.0, where f:=(1—o012)/A+01"), t2=(1—¢22)/ 
(1-++0,”) are the thickness ratios of the two 
cylinders respectively and h=d/(1+0,’). 
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§2. Imai’s Method of Solving Oseen’s Equa- 
tions 

In the previous paper”, we have given the 
general expression for the complex velocity to 
the Oseen approximation. But it is incon- 
venient for the application to the elliptic cylin- 
der. Therefore, we need the expression for 
the complex velocity which can be applied to 
arbitrary profiles. We derive this, following 
Imai’s deduction®. 

We introduce the complex variables 


z=x+1y=re" , 
and 


Z=x—iy=re- , (2.1) 

W=u-iv, (2.2) 
where (x, y) are the Cartesian coordinates, (u, 
v) the velocity components and (r, @) the polar 
coordinates. In the previous paper, we ob- 


tained the complex velocity to Oseen’s approx- 
imation as 


W=5, et) A:Kolbvich (Anne 


> df 
— Ane~”) Kink — 
pan) Kal nhad z (2.3) 
and 


I(@= U2 ee In 2+0(=) ; 
& 


4 


(2.4) 


which satisfies the boundary conditions at in- 
finity. Here 2k=U/y (U is the velocity of 
the uniform flow in the direction of 
the x-axis and » the kinematic  vis- 
cosity), An’s are complex coefficients, m and 
I’ are real constants and K, is the modified 
Bessel function of the second kind. 

If we consider only the state near the cylin- 
der, the argument kr of the Bessel function 
is expected to be O(R), R being the Reynolds 
number which is assumed small. Hence, we 
can expand Bessel functions in the power 
series of kr, then we have 


_af t ka 8 ae Gos ee 
wat 2 Be @+h7@ + ze) 
go" Aye(inz-25-2) 
+2z2(z2) 39 tee (in Z—2S 5 
—# Ayan (das ea yi (2.5) 


where 


ged Are! In 2-5 2*—2S4 De} 


(2.6) 
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1iwwz l= 
+3 F*A.a(ln z—-l)- PAs In z 


Fk S (n— 3)! Ay (> kz) on 


If we assume the following forms, in view of 
the form of W, 


(2.7) 


A,=kayt+ka,+k?a,+- +), (2.8a) 
Ay=k(by+kbi+k2b,++++), (2.8b) 
&(z)=R*{go(z) +heilz) +R'galz)+-++}, (2.8c) 
F(=R MN foe) t+hAlZ) +Rfrlz) +++}, (2.8d) 
we have from (2.7) and (2.8) 
1 ao 1 bo 
igo og ee 2. 
&0 (2) ees as (2.9a) 
A= Gan dn z— sgh we caw 28 +. 
(m=1, 2,--+) (2.9b) 


The condition W=0 at the surface of the 
cylinder, or the modified condition: 
eke W=0 (2.10) 
is sufficient to determine the analytic functions 
f(z) and g(z’. Equating to zero the coefficients 
of each power of k of the left-hand side of 
(2.10), we have a series of equations: 


Fo (2) =4180'"(2) , (2.11a) 
fi (2) = 482 +:2) fo (2) +491’ (2) + 2igy’(Z) , (2.11b) 
fa’ (2) = a2 +2 f(z) — 82 +.2)7f0' (2) 

+ {4 90/'(z)+291'(Z)+Zg0'(2)}, (2.11) 
on the profile. Then, we rearrange (2.5) and 


obtain the complex velocity near the cylinder 
as 


W=et Dh Fnei(2)—Gale, Z)}, (2.12) 
where 
F(z) =fn' (Zz) —4tgn’’(z) (2-13) 
and 
GolZ, Z)=a(Z+2)fo'(z)+2ig)'(Z), (2.14) 
Gi(z, Z)= 22 +2) fi’ (2) —8(2+2)"fo'(z) 
+1281 (Z) +2 g0'(z)}, (2.15) 


and so on. The terms of O(k-!) in (2.12) have 
been omitted on account of the boundary con- 
dition (2.1la) which holds throughout the field 
of flow. 
The boundary conditions on the profile are 
Frn+i1(Z)=Grlz, 2) : (2.16) 
To a first approximation, we have 


F(z) =Golz, 2) , (2.17) 
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with 
Py(2)=fi' (2) —4igi'(2) 5 (2.18) 
Go(z, Z)=4(z+2)fo'(z)+21G0'(Z). (2.19) 
We assume that the region outside the pro- 
file can be mapped onto the region outside a 
unit circle in the Z-plane by the transforma- 
tion function 


ET SCAG (2.20) 
Then (2.17) becomes 
F[o(f)]=Gilo(€), 0(©)] «for €=e . (2.21) 


Substituting from (2.4), (2.9) and (2.20) into 
(2.18), we have 


F[o(€)|=U—tiayfIn o(€)—2S}+ P(Z) , (2.22) 


where P(Z)= 5. CnZe. (2.21) and (2.22) lead 
n=1 


to an integro-differential equation for the func- 
tion go(z) of the form: 


Eales (€), OO) + diaio In (€) Ge 

€—Z 
=271(U+314)S) , (2.23) 
where C is the unit circle. Thus, the first 
approximation has been completed. The suc- 
cessive approximations can be carried out in 


the same way. 


§3. Application of Imai’s Method to the 
Case of Two Elliptic Cylinders 


In the general cases of two elliptic cylinders 
submerged in a uniform flow at small Rey- 
nolds numbers, we assume the following form 
for the complex velocity 


Wa, Z2.)= Wi(ai)+ W2(22)+ U ; (3.1) 
with 
Wi(2)= eke) Ba k{F OQ) (21) —Gn©(a1, Z1)} ? (3. 2) 
Wales) =z et | AKo(rs)+ 3 (AM ems 
n=1 
— Anes) Kyler} jaf ; (3.3) 
dz» 


near the first elliptic cylinder E,; and with 


Wales) = seem {Ai Kalkrs)+ TAQ em 
Aner) Ker) } OF 083.) 


Wol(zs)= ots DAMES @) (22) -—Gn(Z2, Z2)} , (3.5) 


near the second elliptic cylinder E, alterna- 
tively... Here, F&.(2:)), 2 Gs), Ga(@i, Zn), 
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Gn (2, Ze), f@(z:), f(z) and so on have 
forms similar to those obtained in § 2 except 
that they are devoid of the terms correspond- 
ing to the uniform flow. Also z, and z. are 
the vectors drawn from the centres of the 
elliptic cylinders E,; and E, to the point in 


Fig. 1. The general configuration of two elliptic 
cylinders. 


question and de’” is the vector connecting the 
centres of E, and E, (cf. Fig. 1.). 
By the transformation function 


=O Zi == a ’ 
(3.6) 


the unit circle Z,=e’® in the Z,-plane is map- 
ped onto the first ellipse which is inclined at 
an angle §, with respect to the x,-axis and 
whose semi-major and semi-minor axes are 
respectively 


aq=1+o/? ? 


(Os 0,41, Cy=e-**1) 


h=l—o;. (3.7) 


The expressions corresponding to (3.6) and 
(3.7) for the second ellipse E, are 
a= C( Zs a5 aa Be O65 = Coan Pa) 
2 
(3.8) 
d,=a(1+a;7) , b,=a(1—a-?) . (3.9) 
_ In this paper we shall confine ourselves to 
the first approximation. Thus we take only 
the terms of O(k°) in the complex velocity. 
Then, (3.2) and (3.5) reduce to 
Wl2n) = Fi (Zp) —Go (Zp, Zp) near Ep. 
(3.10) 
_ Here as well as in what follows, p=1 and 2 
correspond to the first and the second ellipse 
respectively. From (2.4), (2.9), (2.1la), (3.6) 
and (3.8), we have 


Ai®Zn)=P(Ze) » (3.11) 
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Bi" ey) = 5 Gy (In CyZyp—28) + PlZy) , 
(3.12) 
fee ab bes, oe aia 
ZH” (Zn)=— 5 ao In CpZp+P(Zy) , (3.13) 


Fo (Zp) =4igo™ (Zp) 
=F ia Cy Zp +P(Zp)} . (3.14) 


Hence, by (2.13) and (2.14) we have 
FiO (Zp) = — 3G (In CpZp—2S) 4+ P(Zy-) , 
(3.15) 
Go (Zp, Zp) = 4d (1 +.4y?Dy) —1iGo In CpZy 
+ 2i{ B)’ (Zp) —kGo™ In CoZp} +P(Zo-) , 
(3.16) 
where Dy=e-‘Pr(=C, or C./a according as p=1 
or 2). By use of (3.15) and (3.16), we can 
rewrite (3.10) explicitly as 
W (Zp) = —Hap?(1+.0y2Dp) + bide Sp 
+2i{ Zo’ (Zp)— kay In CrZp} + P(Zp") 


near Hoe (oul) 


where 
S,=In (2/k)—r , S,=I1n (2/ka)—7 . (3.18) 
We now assume that kd > O(1) so that Kn(kd) 
=QO(1)*. Taking the terms of O(R°) in (3.3) and 
(3.4), we obtain 


Wala) — a cos (@+92)( ALOK, 


a (a) 
— A, Me-o+20 K,) ot Ge near Ep, 
Ri azq 


where g-xp, that is, gq=3—p and we have 
put K,(kd)=K, for brevity. By use of (2.8) 
and (3.14), which hold throughout the field of 
flow, we rewrite the above expressions as 
follows. 


W fq) = + (Kiel cos(@+ pr) __1 | )e-t(@ +P) q.(9) 
ate + Kel" cos (@ +O GD a P(Zp) ; (3. 19) 


The boundary conditions are 
War, 22)= Wilar)+ W2(z2)+U=0, (3.20) 
on the surfaces of E, and E,. Substituting 
from (3.17) and (3.19) into (3.20), we obtain 
go” (Zp) — bao In CyZp + P(Zy“") 
= {AU + 2a S p—o(1 +. »*Dy) 
+2Kye*4 cos (@ +p) qq .(4) 


* If kd—>oo, then K,(kd)>0. The following argu- 
ment is also valid for such a case. 
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+2(Kyer4 cos (a+ pt) __] | )ei%Gy)} + P(Zp) 
(e215) 


on the profile Z,=e'®. From (2.9), we find 
that the left-hand side of (3.21) is P(Z"), 


while the right-hand side is P(Z). Hence both 
sides must be separately equal to zero. Thus 
we have 
Zo”) (Zp) =a” In CpZy , (8522) 
MU = — 2a S p+ Go (1 + 6p? Dy) 
—2K,er4 cos (a+ pq (a) 
—2(Kyekt os (e+e) 1 kd je ay , (3.23) 


From (3.23) and its complex conjugate, we 
can determine a‘ and a)™. 

Substituting (3.22) into (2.lla) and using 
(3.6), we obtain 


fern gj BO) fdr ity 2, 
: aZ, dZ, 2C; Le 677 
+E P(Zi~).. (3.24) 


Now the drag coefficient Cy“ and the lift 
coefficient C,“”) for the elliptic cylinder E, are 
respectively defined as 

Xx, NM 

Ce) =e ee D 
ja 30U*2dy ; oU 22a» : 
where X, and Y, are the ares and lift of the 
elliptic cylinder E, (p=1, 2). 

It is known® that the drag X and the lift 
Y of a cylinder are given by 

X=o0Um, sulin. (3.26) 
where (m+i/’)/2z is the coefficient of 1/z in 
the asymptotic expansion of df/dz, as given 
by (2.4). Hence it may be supposed that we 
can put 


Ci?) = (3.25) 


Xp=pUmy, yp Clegg, (Sioa) 
where (mMp+il’»)/2z is the coefficient of 1/z» 
in the asymptotic expansion of df /dz». 
P= —2U 
(S—}—}0? cos 28— 
CoG 4 +4 0? cos 28-+ Ky)(S—4— 


where h=d/(1+0”) is the ratio of the distance between the two cylinders to the semi-major | 


axis of the elliptic cylinder. 
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It is obviously sufficient to consider the lift 
and drag coefficients of the first cylinder EF, 
only. Now, we have from (2.8d) 


df 
AID. BREN ton 


Hence, we obtain from (3.24), in the first ap- 
proximation, 


m+"; tao? 
(es est 
Substituting from (3.27) and (3.28) into (3.25), 
we have 
Cn) 
Cay co. Sei (3.29 ) 


UR ’ 


where R=4(1+0,2)k is the Reynolds number 
based on the major axis of the first elliptic 
cylinder. 


The Case of the Symmetrical Configur- 
ations with the Central Line Perpen- 
dicular to the Uniform Flow 


§ 4. 


In this section, we apply the method given 
in the last section to the flow past two equal 
elliptic cylinders placed symmetrically with 
the central line perpendicular to the oncoming 
uniform flow, that is, a=1, o,;=0.=0, Bi\=—f, 
=B8 and a=z/2 so that S;=S.=S, C\=C.= 
C=e- (cf, Fig. 2 (a)). In this case, in view 
of symmetry, we find 


Wi(z)= W,(2) ) 
so that 
QY= —G,™ , (4.1) 
and consequently (3.23) can be written as 
4iU = —2{S—i(K,—1/kd) ay? 
+1 +o07CY+2Ko)ao™. (4.2) 


From (4.2) and its complex conjugate, we have 


—4/Rh+4o? sin 28) 
4/Rh+4o? sin 28)(K, —4/Rh—3o? sin 28). 


(4.3) 


~ 


Substituting from (4.3) into (3.29) and taking the real and imaginary parts, we obtain 


c= 


S—4—407 cos 2B—Ko 


* (S+4+h0? cos 28+ Ky)(S— -}—40? cos 28 —Ky) + (K,— —4/Rh-+-40? sin 28)(K,—4/Rh— —}o sin 28) _ 


(4.4) 


| 
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(0) 
i ee 
ae 
(e) 
Oe 
ae 
eA 
(b) 
———> 
(f) prs 
NS) 
—_—-_> 
4 U 
ay | 
N (9) 
— 
(a) O Fig. 2. The symmetrical configurations with the 
central line perpendicular to the uniform flow. 
The drag and lift coefficients of the hatched 
S cylinders and the thick flat plates are con- 
sidered. 
Fig. 2. (a)-(d) 
82 
eye 
a. 


k,—4/Rhi+o? sin 28 


*(S-F4-4-40? cos 28-+ Ky)(S—3—40 cos 28 — Ky) +(Ki—4/Rh-+ 30 sin 28)(K,—4/Rh— jo? sin 28) ’ 
(4.5) 

where R=2(1+0)U/y , (4,6) 
S=In [81+062)/R]—7 , (4.7) 

Ko=Ki(Rh/4), ki=K(Rh/4), (4.8) 

and h=d/(1+e") . (4.9) 


Next, we consider some special cases of interest. 
(A) Case when the elliptic two cylinders are both parallel or perpendicular to the flow direction. 
Putting B=0 in (4.4) and (4.5), we have 


- 87x eae i 

COD cg Sd a 4.10 
° R (S+3+40?+ Ky\(S—¥—40?— Ky) +(Ki—4/Rh)? ’ oY 
oat ki,—4/Rh (4.11) 


R (S+3+40?+Ky(S—i—t0?—Ky) +(Ki—4/Rh)? ’ 


for the first of the two elliptic cylinders both with their major axes parallel to the flow 
direction (cf. Fig. 2 (b)). Also, putting @=7/2, we have 
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cp S— 3+407—Ko (4.12) 
R (S+4—40?+ Ko)(S—4-+ 40?—Ko) + (Ki—4/Rh)?’ 


8x —4/Rh 
R (S+3 AS-i Sees 4/Rh) ° 


C= (4.13) 


for the first of the two elliptic cylinders with their major axes perpendicular to the flow 
direction (cf. Fig. 2 (c)). 
(B) Case of two circular cylinders. 

In this case, we put o=0 in (4.4) and (4.5). Thus we have 


con 8 S—i—Ko (4.14) 


R (S+34+Ko)(S—4—Ko)+ (i —4/Rd)? ” 


82 —4/Rd ] 
R SHRI — Ky) +(ki—4/Rd)? * 


GOs (4.15) 


_ They agree with the expressions (3.41) and (3.42) given in the previous paper” (cf. Fig. 2(d)). 


(C) Case of two flat plates. 
For two fiat plates, we put o=1 in (4.4) and (4.5). Thus, we have 


Sar S—i—4 cos 28—Ky 
R (S+4+34 cos 28+ Ko)(S—4—4 cos 28—Ky)+(Ki—4/Rh+3 sin 28)(K,—4/Rh—3 sin 2B) ” 
(4.16) 


Co= 


8x K,—4/RhA+% sin 2B 
R (S+4+4 cos 28+ Ko)\(S—4—3 cos 28—Ky)+ (K,—4/Rh+4 sin 28)(Ki—4/Rh—3 sin 28) ’ 
(4.17) 


Grove 


for the first of the two flat plates symmetrically placed with respect to the uniform flow at 
arbitrary angles of incidence (cf. Fig. 2 (e)). In particular, putting B=0, we have 


Br mee ¢ 

“) 4.18 
CoB (St1tE(S—1—K)-+CG—4RB) or 
eRe aoe (4.19) 


R Cent as 12 —Ko)+ (ki —4/Rh)?’ 


for the first of the two flat plates both parallel to the uniform flow (cf. Fig. 2 (f)). Also, 
putting B=7/2, we have 


8x S—K 
CpO= 0 c 
OY  RAG4+ he S—Ko) + a4 RB*? (4.20) 
Cm raat (4.21) 


R STEN K+ 4/Rh)?’ 


for the first of the two flat plates perpendicular to the uniform flow (cf. Fig. 2 (g)). 


§5. The Case of Symmetrical Configurations awith the Central Line Parallel to the 
Uniform Flow 


In the case when the two elliptic cylinders are placed symmetrically with the central line 
parallel to the uniform flow (cf. Fig. 3), that is, 8,=Ovor 2/2, B,=0 or 2/2 and a=0 or tl, 
we find in view of symmetry that the lifts of both cylinders vanish, so that we can suppose 
that a“ and a“ are purely imaginary. Thus 


QMP=—-HO, qeO=—_, (5.1) 
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We can solve (3.23) for a, and then substituting it into (3.29), we obtain 


8x 
Eo 
R 


S:+4+302? cos 28.—(Ky—Ki cos ae“Res*/4—Acosa/Rh 
“1S, 14 +40,? Cos 281\Sa+3+ 042 COS 22s)— {(Ko+ Kye?*/4 — 4/Rh}{(Ko— Ky)e-®"/44-4/Rh} ? 


(5.2) 
where 
R=21+6,)U/» , 33) 
Si=In [8(1+ 6,?)/R]—r , S.=In [8(1+02)/Ra]—r , (5.4) 
Ky=K,(Rh/4) , K,=K,(Rh/4) . (5.5) 


They include many configurations according to the parameters a, §1, 82, 61 and a2, as 
sketched in Fig. 3. Next, we consider some special cases of interest. 
(A) Case of two equal elliptic cylinders. 

In this case, a=1. Hence we put S;=S,=S and o,;=0,=06 in (5.2). Then, we have 

(i) ~i=B.2=0; a=0 or z (cf. Fig. 3 (a) and (b)): 


ea 8x S+3(1+0?)—(Ko# Kae? ®"/4F4/Rh 


R {S+3(1+0%)}29—{(Ko+ Kae®"/4—4/Rh}{(Ky— Ky e-P"/4+-4/Rh} ” O°) 


where as well as in what follows the upper and lower signs correspond to a=0 and a=z 
respectively. 


ts) (9) 


= gE? == Q 0 
(b) (h) 
patie = 2 re @ Q 


(i) 


—- Q Ce sae O Q 
(e) (k) 
(f) (1) 

ents co Z) San = = 


Fig. 3. (a)-(f) Fig. 3. (g)-(1). 
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(ii) Bi=0, Ba=z/2; a=0 or x (cf. Fig. 3 (c) and (d)): 


Cott)= S+A0 0°) (Kak KOM AIR 6.1 
; z {S+iH1+0)}HS+4(1—0?) P—{(Kot Kie?"/4#—4/Rh}{(Ko— Kye 2"/4 +-4/Rh} ” 
(iii) B,=7/2, B2=0; a=0 or a (cf. Fig. 3 (e) and (f)): 


S+4(1+0?)—(KoF Ky )eF®"4=4/Rh 


@)— —— (5,8 
us z {S+4(1+02}{S+3(1—0?)}—{(Kot Kie®"/4—4/Rh} (Ko— Kie“2"/4+.4/Rh} we’ 
(iv) 6:=8.=7/2; a=0 or az (cf. Fig. .3 (g) and (h)); 

Coie S+3(1—o?)—(KoF Kaye? ®"/44/Rh (5.9) 
3 R {S+40—0%)}?—{(Ko+ Kie®"/*#—4/Rh}{(Ko— Ee ®"4#+-4/ Rh} 
where 
R=2(1+0)U/» , (5.10) 
S=I1n [8(1+067)/R]—r7 . (5.11) 
(B) Case of two circular cylinders (cf. Fig. 3 (i) and (j)). 
In this case, we put o,=0,=0 and then (5.2) becomes 
C,o— 8% Sot4—(KoF Ket ?4/4+4/Rd G3 12) 
R (Si+4)(S2+3)—{(Ko+ Kije®/4—4/Rd}{ (Ky— Kye“ ®4/4—4/Ra} ’ 
where 
R=2U)p , (5.13) 
Si=In (8/R)—r , S.=In (8/Ra)—r , (5.14) 
The formula (5.12) agrees with (3.43) and (3.44) given in the previous paper”. 
(C) Case of two equal flat plates. 
In this case, we put S,=S,=S, o3=0,.=1 and a=1. Then, we have 
(i) Bi=—,.=0; a=0 or x (cf. Fig. 3 (k) and (1): 
Cp® 8x S+1—(KoF Ky )e*?"/4+4/Rh (5.16) 


~ R (StD?—{(Kot Kie®*/4—4/Rh}{(Ko—Kve-®/44-4/Rh} ’ 
(ii) Pi=0; By=2/2; a=0 or x (cf. Fig. 3 (m) and (n)): 


C,O= S— (KoF Ky et P"/44/Rh os (5.17) 
eos {(Ko+Kaje®"/4—4/Rh} (Ko—Kie- Rn/44+.4/Rh} ’ : 


(iii) Py=7/2; B,.=0; a=0 or z (cf. Fig. 3 (0) and (p)): 


Cp 8% Eclat ben —(KyE Kye? ®44/Rh 6.18) 
R S(S+1)—{(Ko+ Kye®"/*—4/Rh}{ (Ko— Kae #™/*-+-4] Rh} 
(iv) Bi=—,=0; a=0 or a (cf. Fig. 3 (q) and (r)): 
/ 
Gos S— (Ko Kiet *"/4-4/Rh 6.19) 


= S?—{(Ko-+ Kye®"/4—4/Rh}{(Ky—Kie-®/*-4/Rhy ’ 


(0) 
(P) 


(9) 


(r) 
ae | 


Fig. 3. The symmetrical configurations with the 
central line parallel to the uniform flow. The 
drag coefficients of the hatched cylinders and 
the thick flat plates are considered. 


where 
R=4U/y , (5.20) 
S=In (16/R)—r , (5.21) 
Ko= Ko Rh/4)= Ko(Rd/8) , 
K,= K,(Rh/4)= Ki(Rd/8) . (5222) 


§6. The General Case 
The general case can be dealt with in quite 


a similar manner to §4 and §5. Thus, we 
have 
82 4x 
7) = —_ 6.1 
Ce aR i ee 80 
82 dy 
O= ——_ 6.2 
Cr R fi ’ ( ) 
with 


J=(0102—112)(0304—2”) + (Di b2— 1°) Ds Pi 92”) 
— (01 po+qimi)(03 P3— G2Mx) 
—(02p1+9111)(04 Ps— Ge) 
+(01g1 + Pir) (O4g2— Paz) 


+ (02g, + p21) (02gz— Pia) , (6.3) 
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4x™=0,(0304—n2") + pol Ds ba— 42”) 
— Px(03 bs —qaM2) — 02(04 Pa G22) 
+ (Git m1) (Osge —p3nz) , (6.4) 
Ay =11(0304—m2”)-— il Ps pa— Gn”) 
+ q1(03 Ps —GoMz) —N1(04 Ps— Qu») 
+(01—p1)(04g2—Psnz) , (6.5) 
where 
01, 0x=S,3(1+0;2 cos 28) , (6.6) 
03, O4= So-E4(1+02 cos 283) , (6.7) 


Di, Pr= Kye?" 4/4 ( K eRh eos #/4__4/Rh) cosa , 


(6.8) 
Ds, Pa= Koo P08 4/4 (Kye- ®? 0080/4 4/9 Rh) cosa, 
(6.9) 
hh, z= (Kyet® 84/4 4/Rh) sina, (6.10) 
Ny=4oy? Sin 2B» , (p=12) (6.11) 
and 

R=2(1+0,2)U/v , (6.12) 

Si=In [81 +4;?)/R]—r , 
Sy=In [8(1+.0,2)/Ra]—r , (6.13) 
Ky=K(Rh/4) , K,=K,(Rh/4). (6.14) 


If we put o,=0,=0, then m,=n.=0 and (6.1)— 
(6.11) agree with (3.25)—(3.39) in the previous 
paper for two circular cylinders in the general 
configurations. 

Making use of the asymptotic form of K,,(kd), 
we have the limiting forms of (6.1) and (6.2) 
for kd-oo as 
1 Oe. Sx 81 +947 COS 2B1) 
Sdn R S?2—31+0)!+20;? cos 28) ’ sac! 


407 sin 2B, 


ing eEhall vs ee 
Co "R SH +oi!-+20,2 C08 2B,)’ sa? 
which coincide with the first approximate ex- 
pressions for the case of a single elliptic 
cylinder obtained by Imai», Tomotika and 
Yosinobu® and Hasimoto”. 

It can be proved that the general expres- 
sions (6.1)—(6.11) reduce to the previous results 
in §4 and §5 by taking a=7/2, 0, z. 

§7. Numerical Discussions 

The parameters to characterize the flow 
past the two elliptic cylinders are 1, 02, (i, 
B.,a,h,a and R. The effects of a, h anda 
may be expected to be qualitatively similar 
to those for the case of two circular cylinders. 
Therefore we shall here confine ourselves to 
the investigation of the effects of the new 
parameters 9), o,, 8, and @,. Further, we fix 
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h=d/(1+0,?)=10 and consider only the cases 
of symmetrical configurations of two equal 
cylinders. 

Numerical calculations have been carried 
out for the cases: 

(i) a=1; h=10; h=h=0, 0.1, 0.5; a=90°; 
B,=—B,=0°—90°; R=0.04—1.0 by using (4.4) 
and (4.5) and their simplified forms (4.10)— (4.21), 

(i) @=1; h=10; ¢7)=%,=0; 0.1, 0.5; a=0% 
180°; 8,=0°, 90,; B.=0°, 90°; R=0.04—1.0 by 
using (5.6)—(5.25). They are shown in Figs. 4 
and 5 and tabulated in Tables I and II. 
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In the case (i) with the perpendicular central 
line, the curves of the drag coefficients Co“ 
vs. B=$8,=—B, is symmetrical about P=7/2, 
so that the reversal of the flow direction does 
not change the values of the drag, in the first 
approximation. 
parallel central line, comparison of the four 
configurations: I. a=0°, B,=0° (Fig. 3 (a)), II. 
a=180°, 8,=0° (Fig. 3 (b)), III. a=0°, B2=90° 
(Fig. 3 (c)) and IV. a=180°, 6,=90° (Fig.3 
(d)) shows that, irrespectively of 8, (=0° or 
90°), the drag is the largest for case I and 


(b) 
20 


Fig. 4. Cp® and CC, vs. B=f;=—Py in the symmetrical configurations with the central line per- 


pendicular to the uniform flow when a=1 and h=10. 


equal circular cylinders, 


(a) R=0.4; (b) R=08. 


equal elliptic cylinders with the thickness ratio t=0.5, 


—— —— — equal elliptic cylinders with the thickness ratio t=0.1, 


equal flat plates. 


Table I. 


Calculated values of Cp“ and C,@ for various values of 8 and R of the symmetrical 


configurations with the central line perpendicular to the uniform flow when @a=1 and h=10. 


(a) Two flat plates 


Cy 
ie B 0° 18° seriny [o. ~abae- cE psi, 90° 

0.04 70.980 72.099 74.728 77.481 79.390 80.056 
0.08 41.892 42,680 44.547 46.527 47.914 48.401 
0.2 21.696 22.242 23.55% 24.973 25.985 26.343 
0.4 13.581 14.038 15.126 16.323 17.186 17.494 
0.6 10.416 10.836 11.853 12.965 13.767 14.058 
0.8 8.650 9.059 10.042 |’ 11.106 11.866 12.136 
1.0 7.499 7.907 8.877 9.910 10.636 10.891 


In the case (ii) with the | 
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Cc, 

Ss B ° ° ° ° 
ie a 0 18 | 36 54 12 90° 108° 126° 144° 162° 
0.04 =9.221 5.114 | 10.552 | 9.661 4.056 | —3.917 |—12.081 |—18.234 |—19.916 | —15.234 
0.08 —4.768 1.445 4.842 | 4.461 1.165 | —3.653 | —8.638 |—12.409 |—13.468 | —10.710 
0.2 —3.964 | —0.559 1.396 | 1.300 —0.463 | —3.142 | —5.948 | —8.069 | —8.667 | —7.176 
0.4 —3.198 | —0.819 0.575 | 0.539 | —0.690 | —2.588 | —4.583 | —6.081 | —6.490 | —5.437 
0.6 —2.717 | —0.651 0.556 | 0.521 —0.548 | —2.195 | —3.924 | —5.223 | —5.577 | —4.662 
0.8 —2.388 | —0.429 0.702 | 0.654 —0.356 | —1.896 | —3.513 | —4.737 | —5.086 | —4.232 
1G —2.158 | —0.207 | 0.897 | 0.828 | —0.168 | —1.665 | —3.236 | —4.444 | —4.813 | —3.991 


(b) Two elliptic cylinders with the thickness ratio t=0.1 


Cp 
B 0° | 18° ° ° ° ° 
i Sela | 36 54 72 90 
0.04 72.505 | 73.408 75.564 77.878 USF OMT 80.096 
0.08 42.958 | 43.599 45.139 46.808 48.002 48.426 
0.2 22.416 | 22.866 23.959 25.165 26.039 26.352 
0.4 | 14.150 14.526 15.448 16.473 17.224 17.494 
0.6 10.921 T1274 Acai oY 13.097 13.798 14.050 
0.8 | SL 117 | 9.462 10.301 RZ 20 11.894 IZ 2133 
1.0 ) 7.939 | 8.285 9.116 10.017 10.661 10.890 
CD 
R 8 OF iso Seo er 72% «909 | 108s? 2 mize" 144° | 162° 
u | | | 
0.04 —5.345 | 3.309 8.102 | AOU, 2.754 | —4.180 |—11.291 |—16.552 |—17.853 | —13.771 
0.08 —4.900 | Orso ee 3316 3.091 0.292 | —3.899 | —8.246 |—11.482 |-12.318 | —9.917 
0.2 —4.105 | —1.206 0.505 0.475 | —1.026 | —3.360 | —5.813 | —7.645 | —8.132 | —6.834 
0.4 —3.341 | —1.298 | —0.071 | ~0.067°) —1.119 | —2.781 | —4.533 | —5.836 |-—6.176 | —5.257 
0.6 —2/857 | —1.071 | —0008"| 6001 —0.922 | —2.372 | —3.900 , —5.038 | —5.335 | —4.533 
018s Fe—2-525 . —0.822 |} 0.188 0.177 | —0.698 | —2.063 | —3.501 | —4.581 | —4.876 | —4.123 
1.0 —2.294 | —0.588 0.407 | 0.379 | —0.489 | —1.824 | —3.232 | —4.305 | —4.620 | —3.890 


(c) Two elliptic cylinders with the thickness ratio t=0.5 


Cp 
= <P 0° ws? | 36° Z| 72° | 90° 
0.04 77.439 77.794 78.682 79.710 80.488 80.774 
0.08 46.463 46.721 47. 368 48.120 48.692 48.903 
0.2 24. 856 25.045 25.523 26. 082 26.510 26.668 
0.4 16.145 16.310 16.730 17.222 17.600 17.740 
0.6 12.740 12.900 13.305 | 13.778 14.141 14.275 
0.8 10.837 10.997 11.399 | 11.866 12.222 12.353 
1.0 9.596 9.758 10.129 | 10.630 10.983 142122 
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—- 0° 18° 36° 54° 72° 90° 108° 1262 144° 162° 
0.04 —5.910 | —1.926 0.479 0.461 | —1.750 | —5.251 | —8.865 |—11.384 |—11.808 | —9.755 
0.08 —5.489 | —3.055 | —1.543 | —1.491 | —2.793 | —4.914 | —7.134 | —8.706 | —9.009 | —7.802 
One —4,723 | —3.343 | —2.456 | —2.382 | —3.086 | —4.278 | —5.548 | —6.462 | —6.662 | —6.009 
0.4 —3.971 | =2.966 | —2.312 | —2.247 | =2.751 | —3.618 | =4.547 | —5.219 | —5.371 | —4.903 
0.6 —3.492 | —2.538 | ~—2.000 | —1.941 | —2.393 | —3.169 | —4.002 | —4.607 | —4.747 | —4.329 
0.8 —3.167 | —2.280 | —1.705 | —1.649 | —2.089 | —2.841 | —3.650 | —4.242 | —4.387 | —3.984 
12.0 —2.950 | —2.037 | —1.443 —1.839 | —2.599 | —3.419 —4.174 | —3.787 


—1,393 


| —4.028 


005 0.1 


0.2 


\OOR 


50 


20 


(ali) 


0:05 


0-1 


0.2 


0.5 


IR 


Fig. 5. Cp vs. R, in the symmetrical configurations with the central line parallel to the uniform 


flow when a=1 and h=10. 
rationt=0:5, (i) Bi==0°s Gi) Ba=90°. 


i= 075 bs=0 4 
ee ee C= 180, eae, 
—-—-— a= USS 90e, 

a=180>) bo= 90. 
--------- a single flat plate in (a) and a single elliptic cylinder in (b) 


(a) equal flat plates; #(b) equal elliptic cylinders with the thickness 
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Table II. Calculated values of Cp for various values of R in the symmetrical configurations 
with the central line parallel to the uniform flow when a=1 and h=10. 
(a) Two flat plates 


B,=0° | Bi=905 
mer a 0° 180° 0° 180° 0° 180° 0° 180° 
R nite 97 0° 0° 90° 90° 0° 0° 90° 90° 
0.04 66.927 | 60.681 | 58.278 | 50.290 | 85.583 | 77.596 | 76.209 | 65.764 
0.08 39.813 | 34.216 | 35.383 | 28.143 | 51.493 | 44.254 | 46.685 | 37.134 
0.2 | 20.854 | 16.366 | 19.130 | 13.183 | 27.636 | 21.689 | 25.766 | 17.756 
0.4 13.100 9.608 | 12.294 7.513 || 17.939 | 13.157 | 17.064 | 10.428 
0.6 10.045 7.143 9.528 5.435 | 14.168 | 10.075 | 13.607 7.762 
0.8 8.343 5.834 | 7.961 4.322 || 12.108 8.464 | 11.687 6.345 
1.0 | 7.240 | 5.011 6.932 3.611 10.792 7.470 | 10.458 5.447 
(b) Two elliptic cylinders with the thickness ratio t=0.1 ; 
B,=0° 8;=90° 
ew e| OG 180° 0° 180° 0° 180° 0° 180° 
aa : : ‘4 
R 2] Qe 0° 90° 90° 0° 0° 90° 90° 
| 
0.08 | 68.426 61.636 | 60.899 52.534 | 84.292 | 75.928 | 76.259 | 65.785 
0.04 | 40.892 | 34.787 | 37.028 | 29.437 || 50.849 | 43.258 | 46.723 | 37.145 
0.2 21.504 16.665 | 20.083 | 13.827 || 27.404 | 21.149 | 25.794 | 17.760 
0.4 13.675 9.803 | 12.965 7.912 || 17.844 | 12.792 | 17.088 | 10.429 
0.6 10.547 7.302 | 10.089 5.745 14.116 9.773 | 13.629 7.762 
0.8 8.802 5.975 8.461 4.584 || 12.071 8.194 | 11.709 6.344 
1.0 7.670 5.141 7.395 | 3.843 || 10.771 7.219 | 10.479 5.446 
(c) Two elliptic cylinders with the thickness ratio t=0.5 : 
B:=0° | 2:=90° 
Iw a| 0° 130° 0° 180° 0° 180° 0° 180° 
R B2 | ge 0° 90° 90° 0° 0° 90° 90° 
0.04 73.446 | 64.477 | 69.656 | 59.775 | 80.916 | 71.034 | 77.030 | 66.103 
0.08 | 44.591 | 36.437 | 42.632 | 33.613 || 49.322 | 40.303 | 47.316 | 37.306 
0.2 | 94.219 | 17.478 | 23.442° | 15.913 || 27.032 | 19.503 | 26.241 | 17.812 
0.4 | 15.778 | 10.299 | 15.405 9.209 | 17.844 11.647 | 17.465 | 10.440 
0.6 | 12.425 7.690 12.190 6.757 || 14.229 8.806 | 13.981 7.756 
0.8 | 10.555 6.307 | 10.369 5.444 || 12.237 7.313 | 12.050 6.327 
1.0 9.348 5.427 | 9.194 4.605 | 10.972 6.382 10.819 5.418 
| ‘ yeas i 
the smallest for case IV, and that the drag References 


for case III is larger than for case II above 
a certain value of R. 
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Experimental Studies on the Initiation of Electric Arcs 


By Tasabur6 YAMAGUTI 
Physical Institute, College of Arts and Sciences, Chiba University 
(Received January 8, 1958) 


Concerning the initiation of stable arcs under atmospheric pressure 
it is pointed out that the customary theories have some difficulties in 
their explanations. Considering that the boiling point of the electrode and 
the work function of the cathode may take part in the initiation, arcs 
between electrodes with remarkably different boiling points are experi- 
mentally investigated. The results are qualitatively explained by two 
stability conditions: (a) an arc spot of one of the electrodes at least must 
be in boiling state, and (b) the ionization potential of the evaporated 
metal vapour must be larger than double the work function of the cathode 


material. 


Introduction 


§ 1. 

In preliminary experimental studies on the 
initiation of stable arcs between electrodes 
connected to an ac power source by excitation 
of high frequency oscillations, it is observed 
that the arcs kindle in both possitive and 
negative half cycles of the power source be- 
tween a carbon rod and an iron plate, whereas 
between an iron rod and an iron plate arc 
starts predominantly in the half cycles of 
positive rod. Interpretations of these ex- 
periments with the customary theories for 
arc formation, however, meet with some dif- 
ficulties. In these experiments it is also 
observed that the arc spot on the plate reaches 
the temperature of boiling point when the 
plate is faced to a carbon rod electrode, 
whereas the spot facing an iron rod may be 
below the boiling point. 

The effect of boiling of the arc spot on the 
initiation of arc was studied by Nottingham” 
and Suits... The former shows that the arc 
potential increases gradually with the boiling 
point of the electrode material, while the 
latter shows that no such regular relation 
can be obtained from more accurate data. 
As any certain relation between the boiling 
point and the arc formation is not yet known, 
it will be worth-while to experimentally in- 
vestigate the conditions of the initiation with 
electrodes of different materials, which have 
boiling points distributed in a wide range of 
temperature. 

In the present experiment, the initiation 
and stability of the arc are studied by con- 
necting the electrodes to an alternating source 
(50 c/s) and superposing high frequency oscil- 
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lations in every other half cycle of the ac. | 


the igniting half cycles are responsible to. 


The stability of the arc is examined by 
measurement of the arc current or by obser- 
vation of its oscillogram, which numbers of 


Thus, it can be said that the present ex- 
periment offers a convenient method of obser- 
vation which is equivalent to a large number 
of experiments on dc arc initiation. 


§2. Experimental Methods 

Electrical connection of the experimental 
apparatus is shown in Fig. 1, which is similar 
to that of the previous paper® in the point 


phase 


shifter 


Fig. 1. Schematic diagram of the experimental 
apparatus. 


1958) 


that the low voltage arc is initiated between 
electrodes separated by a small gap by means 
of the superposition of high frequency oscil- 
lations. By the action of a kenotron K, arcs 
can first ignite only in every other half cycle 
in which the rod electrode A has one and 
the same polarity, and its sign can be inter- 
changed by exchange of connections of the 
primary terminals of the neon transformer N 
of 6000 volts. When the kenotron is in short 
circuit, the oscillations are superposed in every 
half cycle. The high frequency oscillations 
are started in circuit (1), where C is 2000 pF 
and the spark gap S is 1mm. 

To determine certainty of the initiation 
and stability of the arc, it is investigated 
whether the arc can kindle or not between 
electrodes in the following cases: when the 
high frequency oscillation is superposed in 
both half cycles of the ac, when the oscillation 
is superposed only in the half cycles when 
the rod is positive, and when the rod negative. 
It is also observed whether the arc still con- 
tinues to kindle when the superposition is 
ceased. 

The initiation and stability of the arc can 
be seen from the readings of an ac ammeter 
M and of a dc ammeter M’ or from wave 
forms of the arc current observed on an 
oscillograph 0. In cases when the self-rectify- 
ing action of the arc is remarkable, M’ indi- 
cates about 5.5 A and M 11 A. Whereas, 
in arcs kindled on carbon electrodes M’ indi- 
cates nearly zero A and M about 17 A. 

Materials of the rod electrode are iron (4mm 
in diameter), tungsten (3mm) and carbon 
(5mm), and those of the plate electrode iron, 
zinc, cadmium and tungsten. To diminish 
oxidation of the electrodes, arcs are kindled 
always in methane gas flames. When the 
plate electrode materials have low melting 
points (Cd and Zn) they are pre-heated by 
methane gas flame in crucibles of 25 cc capacity 
as shown in the figure to nearly 600°C with 
an expectation that the temperature will be 
raised to the boiling point by the arc, and their 
melted surfaces are used as plate electrodes. 


§3. Experimental Results 
Experimental results on the initiation of arc 
are shown in Table I. The first vertical 


column represents chemical symbols of the 
plate materials and the first horizontal row 
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those of the rod electrodes. Symbols + and 
— of the second row represent the half cycles, 
during which the rod polarity is positive or 
negative respectively. Symbol s in the third 
row denotes the superposition of high frequency 
oscillations during the corresponding half 
cycles, and symbols c of the same row re- 
present that the superposition is ceased after 
the arc has started steadily and the electrodes 
have attained high temperature by the heating 
action of the arc. Circles © given in co- 
ordinate points mean that the arc initiates 
with certainty between the given two 
electrodes, and black circles @ with less 
certainty in the half cycles of superposed 
oscillations. With regard to every other half 
cycle with no superposed oscillations © is given 
for easy starting of arc, triangle A for an 
uncertain initiation, and cross x for no initi- 
ation. When the arc still kindles on even 
after the stop of the superposed oscillation 
(columns with symbol c), they are marked 
too with double circles, and no initiation with 
crosses. In the following some details how 
the arcs kindle between rods and plates are 
given for some electrode materials. 


(a) Iron rod electrode 

As will be seen from Table I, arcs surely 
start by the superposition in the half cycles 
of positive rod. However, for the negative 
rod, after the plate temperature reached the 
melting points arcs do not start in cases of 
iron and zinc plates even when the oscillation 
is applied. Only for cadmium plate steady 
arcs are initiated and kindle even after the 
cease of the superposition. 

Deformations of the electrodes caused by 
the arc, which are most typical in the case 
of iron electrodes, give suggestions for the 
working mechanism of the electric discharge 
machining:*? the melted material of the anode 
is stretched toward the cathode and forms a 
needle-like shape. Contrary to this, softened 
and melted part of the cathode forms a rather 
flat convex surface as if it is pressed by fast 
flow of positive ions, and especially for a rod- 
shaped cathode its top becomes flat having 
area more than two times the cross section 
of the rod. In open air, however, both e- 
lectrodes are covered by thick layers of oxides 
and are deformed less remarkably. 

(b)~ Tungsten rod electrode 
By application of the high frequency oscil- 
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Table I. Stability of arcs formed between materials, which have boiling 
and melting points distributed in a wide range. 
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lations the arc starts when the rod is positive, 
whereas in negative half cycles the initiation 
is uncertain for iron and zinc plates. On the 
contrary, once the alternating current arc 
starts between the rod and a zinc or cadmium 
plate by high frequency excitation, the arc 
continues to kindle even after the high frequen- 
cy oscillations are stopped. In case of a 
tungsten rod and a tungsten plate, the arc 
started by the excitation shows such an oscil- 
logram of arc current as shown in Fig. 2a: 


Ni, fo 


a b 
Fig. 2. Schematic diagram of arc current oscil- 


logram, a: a-type arc formed on boiling elec- 
trode, b: b-type arc due to thermal emission. 


the current begins to flow at certain potential 
of the ac source. However, after the electrodes 
glew in brilliant white the oscillogram changes 
from type a to type b of the figure. The arc 
current is larger than the former and the 
phase angle of current start is remarkably 
decreased in the latter. Thus it will be natural 
to consider that the arc of type bd is due to 
thermal emission of electrons and that of type 
a as due to field emission. Once an arc of 
type b starts between the electrodes, the arc 
continues in each half cycle even though the 
excitation is ceased, although it fades away 
in a short time by heat loss at the arc spots 
due to thermal conduction through the e- 
lectrodes. 


(c) Carbon rod electrode 


Between a carbon rod and all metal plates 
examined arcs are formed always by the 
excitation irrespective of the rod polarity, and 


moreover the arcs start even with no excitation 
after the electrode became white heated. 
When the carbon rod is heated in brilliant 
white, oscillogram of arc current is the } type 
in half cycle of negative carbon rod. 


§ 4. Explanation of the Experimental Results | 


According to the usual theories arcs are 
classified to a thermionic emission type and 
a field emission type. Some arcs in the present 
experiment are also to be attributed to thermi- 
onic emission type when the electrodes are 


not in boiling state and hence can not supply | 
considerable amount of vapours as in the case | 


of tungsten-tungsten arc. However, stability 
of arcs kindled on electrodes evaporating 
violently can hardly be explained by a simple 
field or spray discharge theory as will be 
shown in the following. In this work, there- 
fore, a criterion that the ionization potential 
of vapour of an electrode material must be 
larger than double the work function of a 
cathode is introduced to explain the stability 
of arc. Its physical meaning is that each 
positive ion draws out two electrons from the 
cathode taking one for neutralization of itself 
and another for maintainance of the arc. 
Since the above criterion concerns with vapour 


ions evaporated from an electrode the arc | 


stability depends on the boiling temperature 


of electrodes, more stable for electrodes of 


lower boiling point. It must be noted here, 
however, that the temperature of an electrode 
depends on the property of the opposite 
electrode. Namely, it is probable that there 
are cases in which an arc spot on an electrode 
may reach its boiling point or not according 
to the mode of partition for two electrodes 
of the input power supplied to the discharge 
gap. In other words, the temperature of the 
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spot on a plate seems to depend on materials 
of rod electrode. For instance, when the arcs 
are formed between a carbon rod and an iron 
plate, flames accompanied by thick smoke 
grow from the spot on the melt, showing the 
temperature of the plate reaching the boiling 
point of iron. Whereas when an iron or a 
tungsten rod is faced to an iron plate, smoky 
flames are not observed and the spot on the 
plate is considered as being in temperatures 
below the boiling point. Further, when cadmi- 
um is used as the plate smoky flame rises 
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strongly from the spot showing rapid evapo- 
ration of the metal for all kinds of the rod 
used: iron, tungten and carbon. These phe- 
nomena show that the temperature of the 
cadmium plates reaches the boiling point which 
is remarkably below the melting points of 
the rod materials used. 

The melting and boiling points of electrode 
materials are given in Table II for reference. 
As will be seen from Table I and the de- 
scriptions of the last section the arcs burn 
more steadily in regular order of increasing 


Table II. The melting and boiling points of electrode materials. 


Material Cd Zn Fe WwW C (Fe304) (Fe,03) (ZnO) 
Melting point (°C) 320.9 419.5 1530 3380 3600 1538 1560 1975 
Boiling point (°C) 764 907 3200 (1200) 


5900 4000 


melting points of ‘the rod electrodes and of 
decreasing boiling points of the plate electrodes 
as far as the present experiment is concerned. 
Now, for one or two seconds after the initi- 
ation of the arc between iron electrodes, the 
arc current is alternating one, but gradual- 
ly reveals rectifying property with rise of 
temperature of the electrodes and becomes 
nearly perfect direct current within a few 
seconds. The initial arc current of alternating 
property can be explained by a mechanism 
of spray discharge or field emission. In order 
to explain by the same idea the fact that 
there are no initiation of arc between an iron 
positive plate and an iron negative rod, it 
will have to be assumed that the positive 
charges, which cause the spray of electrons, 
can not accumulate on the white heated cathode 
owing to evaporation of the insulating surface 
layer. This assumption seems very plausible 
for iron electrodes, but can not interpret the 
arcs of alternating property, which are formed 
between an iron rod and a cadmium plate or 
between a carbon rod and an iron plate. For, 
in these cases, too, presence of the thin layer 
is hardly conceivable on white glowing iron 
electrodes. Thus usual theories can not explain 
these arc phenomena without contradiction. 
As already stated, in half cycles in which 
the iron or zinc plates are in positive potential 
the arcs initiate more stably when the plate 
are faced to rod electrodes of higher melting 
points. To interpret these phenomena it will 
be sufficient only to assume thermal emission 


of electrons from carbon or tungsten rod. 
This assumption, however, fails in explaining 
other arc phenomena: a negative tungsten 
rod keeps arc stably, after interruption of the 
superposition, in the cases of a zinc or cadmium 
positive plate, but does not for a positive iron 
plate. As there are such several arc phe- 
nomena that can not be explained by the 
usual theories, conditions for stability of arcs 
are necessary to be investigated taking these 
experimental results into consideration. 

Before proceeding to the interpretation of 
the arc initiation, it must be noted that arcs 
formed on negative carbon rod is due to the 
thermal electron emission and that the arc 
which kindles on a tungsten cathode after the 
electrode is heated white by arc current is 
also the thermal type. Such arcs of thermal 
type are distinguished from others by the 
large value of the arc current and also by 
the current osillogram of b-type of Fig. 2. 

Now, the conditions necessary to explain 
the experimental facts can be reduced to two. 
The first is that one of the electrodes at least 
is in boiling state to supply thick metal vapour 
in which the arc can start. The second is 
that the ionization potential & of the evaporat- 
ing electrode materials must be larger than 
two times the work function ¢ of the cathode, 
enabling every positive ion to draw out two 
electrons from the cathode, one electron to 
neutralize itself and another to maintain the 
arc. This second condition proves of great 
use as stability criterion, 
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The values of E and ¢ of electrode materials 
are given in Table III as well as in Fig. 3, 
where E’s are shown with circles and ranges 
of 2¢ values® obtained experimentally by 
various investigators with segments. In oder 
to show varidity of the present criterion, the 
2@ values of liquid state, which may be con- 
sidered to be smaller than those of solid state, 
must be used for the interpretation of the ex- 
perimental results. Since the values of liquid 
are not yet known, it is required in the first 
place what ranges of 2¢ values may satisfy 
the stability condition, where to & being given 
the values in Table III. If the ranges of the 
values thus determined are included in those 
of solid state or less than them, then it can 
be said that the 2¢ values of liquid state are 
in these ranges determined if they have both 
the upper and the lower limits, or merely 
that the 26 values are less than the upper 
limits determined if any lower limits are not 
obtained. The second condition of the stability 
of the arc can be written as 


E (vapour) >2¢ (cathode) , 
and hence the extinction condition as E<.2¢. 


Table HI. Maximum and minimum values 
observed for 26 and F in volts. 
Material C Cd Ke IZmeosw 
2¢ max. (V) 9.62 8.20 954 8.61 9.38 
2¢ min. (V) 8x00 7-360 7282 GN169 "8750 
Hf (V) TS 2 5 SSF" TSSIR IS. Sel 


Since the above condition concerns with 
cathode, each electrode material is discussed 
as a cathode. The arcs formed on the same 
material used as an anode are discussed in 
connection with other cathode materials coupled 
with this anode. 


a) Cadmium cathode 

In this case dense cadmium vapour exists 
in the gap, hence the stability criterion is 
written as 


E(Cd) > 2¢(Cd) , 
which is satisfied by the measured FE and 2¢ 
as shown in Fig. 3. This explains the result 


that cadmium arc is stable for any anode 
material. 


b) Iron cathode 

Arcs do not initiate between iron electrodes 
unless high frequency oscillations are super- 
posed. Thus either the electrode temperature 
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must be below the boiling point or the con- 


dition E(Fe)<(26(Fe) must hold, which is | 


actually satisfied as is shown in Fig. 3. 
Whether the temperature reaches the boiling 


point or not can not be said immediately, but | 


depends on the anode material. 

As the arc between Fe and Cd is stable 
and cadium evaporates densely 2¢(Fe) must 
be less than E(Cd)=8.96 volts. This condition 
is: satisfied by the observed values except 
larger ones of ¢. Iron-zinc arcs are unstable. 
The origin may be ascribed to temperature 
of zinc being below the boiling point or to 
that zinc is covered by a layer of compounds 
of higher boiling point. If the zinc temper- 
ature were above the boiling point, then the 
extinction condition would have to hold: 
26(Fe) > E(Zn)=9.35 volts, which is satisfied 
only by larger 2¢ given in Fig. 3. Moreover 
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Fig. 3. Ionization potential E and two times the 
work function 2¢ of the electrode materials. 


this limitation of 246(Fe) contradicts with that 
for the iron-cadmium arc, that is, 2¢(Fe) 
must be smaller than 8.96 volts. It is con- 
sidered, therefore, that the surface of. zinc 
electrode is below the boiling point due to 
contamination by its compounds. The ex- 
tinction of the arc between iron and tungsten 
can be explained by 2¢(Fe)>E(Fe) and by 
the temperature of iron below the boiling 
point. Stable initiation of arc between iron 
cathode and carbon anode can be explained 
by the large value of E(C) considering that 
carbon can evaporate easily. The iron plate 
is boilling, but H(Fe) can not explain the 
stability. 

Thus it can be said that arcing between an 
iron cathode and other materials is explained 
by taking 2¢ of iron to be less than 8.96 volts, 
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although some questions about iron-zinc arcs 
remain for future investigation. 


c) Zinc cathode 

Between a zinc cathode and an iron anode 
arcs do not initiate without the superposition 
of oscillations. As stated above it will be 
natural to consider that zinc surface is below 
the boiling point due to oxide layer. To 
explain stable arcs between a zinc cathode 
and tungsten anode zinc must be considered 
as being above the boiling point considering 
that tungten has much higher melting point. 
Accordingly zinc vapour must be predominant 
and the relation 2¢(Zn)< E(Zn)=9.35 volts 
well explain the stability. Carbon-zinc arcs 
are stable. Since both of E(C) and E(Zn) are 
larger than 2¢(Zn), stability should be very 
well. 
d) Tungsten cathode 

Between iron and tungsten electrodes no 
arcs are initiated unless the high frequency 
oscillations are superposed. Hence if iron is 
in boiling state there must be the relation 
2¢(W) > E(Fe), and this is actually satisfied 
by the measured values. Stable arcs are 
formed between zinc and tungsten electrodes 
by the superposition though uncertain initi- 
ations are observed when tungsten is the 
cathode. Considering zinc being above and 
tungsten below their own boiling points, the 
condition 2¢(W)< E(Zn)=9.35 volts must hold; 
and this condition is satisfied by main part of 
2¢(W) except the largest value 9.38 volts. 
Cadmium-tungsten arcs are stably formed 
even after interruption of the superposition. 
The stability condition is E(Cd) >2¢(W), which 
is satisfied only with small values of 2¢(W) 
according to Fig. 3. In case both electrodes 
are tungsten, the arc starts by the super- 
position. After the electrodes glew white by 
arc current the arc initiates without oscillations, 
but fades away ina short time as temperature 
~ of electrodes is lowered by heat conduction. 
Fig. 3 shows that E(W)<24(W), that is, the 
tungsten vapour can not account for the arcing. 
The arc must be accounted for by the thermal 
emission of electrons from the tungsten 
cathode. Eventually the experiments on the 
tungsten cathode arc show that 2¢ value of 
tungsten must be less than £(Cd)=8.96 and 
larger than E(Fe)=7.83 volts. 
e) Carbon cathode 

Between a carbon cathode and any metal 
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examined arcs kindle stably even after the 
excitation is ceased. The initiation of the arc, 
when the carbon electrode is cathode, can be 
explained by thermal emission of electrons 
from white heated carbon and also by the 
stability conditions E(C) >2¢(C), E(Cd) >2¢(C) 
and E(Zn)>2¢(C), which are satisfied by the 
known values of E and ¢. For iron anode, 
however, it can be explained by the thermal 
emission. Since the arc formed on a carbon 
cathode can be interpreted by thermal emis- 
sion, much can not be said about the work 
function of carbon. 


§5. Discussion 


As stated above the initiation of the arc 
can be explained by the proposed stability 
criterion. The high frequency current be- 
tween the electrodes may be due to the field 
emission of electrons as usually considered. 
Since the instantaneous value of this high 
frequency current must be considerably large 
estimating from the duration (~lys) of its 
first impulse, the condenser capacity (2000 pF) 
and the secondary voltage of the neon-trans- 
former (6kV), and since the area of the dis- 
charge spots on the electrodes are very small, 
the spot of either one of the electrodes at 
least will soon reach its boiling point and will 
supply considerable amount of neutral particles. 
These particles are ionized between the e- 
lectrodes, beat the cathode and are to release 
electrons therefrom. If the above mentioned 
stability condition is fulfilled, the arc current 
will build up with the temperature rise of 
electrodes, and when either cathode or anode 
begins heavy evaporation by boiling the arc 
will continue to kindle even after the super- 
position is ceased. 

According to the general conception of arc 
discharges ratio of number of electrons liberated 
from the cathode by the impinging positive 
ions to those drawn out by the field of positive 
space charges is considered to be small. 
However, the present experiments show that 
the electrons of the former origin play an 
important part in the initiation of the arc. 

The values of the work function used in 
the present interpretation are those obtained 
for solid state. Although the work function 
is known as being nearly independent of 
temperature,” the values for liquid state are 
more desirable for the present purpose, about 
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which anything is not yet known. However, 
if the present criterion is valid it may be 
said that 2¢ values of the materials in the 
melted state lie within the limits obtained by 
the present experiment. While it is likely to 
happen that the surfaces of melted metals 
are covered by thin layers of oxides, which 
must also affect the work function. In this 
respect experimental investigations on the 
stability of vacuum arcs are desirable. At 
present, accordingly, it will not be adequate 
to discuss in more detail about the effect of 
the work function on the arc initiation. 


Y AMAGUTI (Vol. 13, 

In conclusion the author’s thanks are due 
to Prof. K. Honda of Tokyo University for 
his kind advices. 
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The thermoluminescence of soda-silicate glass and fused quartz, as 
well as ctystalline quartz, were observed below room temperature. The 
glow curves of glasses have broad bands without any structure. The 
luminescence shows the slow decay continuing for more than ten 
minutes at any fixed temperature between 100°K and 350°K. The de- 
pendence of these curves on the irradiation temperature and on the X- 
ray dose, and the effect of the heat treatments were studied. The decay 
curves, which do not obey the simple monomolecular or bimolecular 
law, are analysed by the model that the trapping levels are distributed 
continuously and uniformly beneath the conduction band. The discus- 
sions on the relation between the trapping centers and the random 


network structure of the glasses are 


§il. 


In the work of the thermoluminescence for 
fused quartz, R. Yokota has observed that 
the glow curve of fused quartz has the broad 
band, and suggested that this represents the 
characteristic features of the glassy states.” 
The author has found soda-silicate glass shows 
the glow curve with two broad bands, one at 
the temperature above the room temperature, 
and the other at the temperature below it.” 
And he has pointed out that these two 
groups of the bands indicate the existence of 
two groups of the electron trapping levels, 
deep and shallow, in glass, corresponding to 
the model for the electronic structure of the 
amorphous substances proposed by H. Forhlich 
with regards to the theory of the dielectric 


Introduction 


presented. 


breakdown.® In the present paper we shall 
describe the experiments on the thermal 
glow and the decay of the luminescence for 
soda-silicate glass, fused quartz and crystal- 
line quartz irradiated previously with X-ray 
at low temperatures. 


in the glassy states. 


§ 2. Experimental Procedure 


The specimens were soda-silicate glass, 
fused quartz and crystalline quartz, which 
were kindly offered by R. Yokota. The 
molecular formula of soda-silicate glass is 
0.6Na,0-2SiO,. Each specimen has the sur- 
face of about lcm? and the thickness of 
about 0.5mm, which was attached on the 


And from these results | 
we Shall discuss the electron trapping levels | 
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copper block of the cryostat at the distance 
of 20 mm from the window of the X-ray tube. 
At a constant temperature, the specimen was 
irradiated with X-ray (W-target) of a constant 
intensity (40 kv, 16 ma, unless. especially 
denoted). 

The measurements of the luminescence in- 
tensity were performed by the use of the 
photomultiplier 931A, dc amplifier and a 
recorder. During the X-ray irradiation, the 
intensity of the luminescence emitted by the 
specimen reached the saturation value ina 
few minutes. As soon as the irradiation was 
ceased, the intensity dropped quickly by a 
considerable amount and then decayed more 
or less slowly. After the observation of the 
decay for about 10 or 20 minutes, the tempe- 
rature of the specimen was raised with a 
constant speed, the glow curve being recorded. 


§ 3. Results 


(1) Glasses and Crystal 
The glow curves of each specimen are 
shown in Fig.1. Ata lower temperature, the 


80 (a) soda-silicate glass 


wo b 
Oo 90 


(arbitrary unit) 


80 (b) fused quartz 


nw 5 
(oene) 


(c) crystalline quartz 


Luminescence Intensity 
ae) 


© = Bo Bo: 


200 250 300 350 


Temperature °K 


100 150 


Fig. 1. Glow curves of glasses and crystal. (a) 
and (b); irradiated with X-ray for 32 minutes. 
(c); irradiated with X-ray for 11 hours. 


broad bands are found in the glow curves for 


soda-silicate glass and fused quartz, while © 


such a band is not found for the crystal. 
This seems to indicate that the shallow 
electron traps associated with the broad band 
at low temperature are characteristic to the 
glassy states. 
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(2) Temperature Dependence 


The glow curves of glasses irradiated at 
various temperatures are shown in Fig. 2. 
We see each curve has a nearly similar slope 
at the side of higher temperature, and the 
peak shifts to the lower temperature indefi- 
nitely, as the irradiation temperature is 
lowered. This shows that a band of the 
glow curve is not due to one type of trap- 
ping center, but due to many trapping centers 
whose levels are distributed over the wide 
range. 


(a) soda-silicate glass 
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Fig. 2. Glow curves of glasses irradiated (a); for 
2 minutes, at 1; 1022Kee2" 1142, 3-ml23-Kk, 4° 
142°K, 5; 166°K, (b); for 10 minutes at 1; 
102°K, 2; 118°K,’ 3; 149°K, 4; 160°K. 
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Fig. 3. Decay curves of glasses irradiated (a); 
for 2 minutes, at 1; 102°K, 2; 123°K, 3; 166°K, 
(b); for 10 minutes, at 1; 102°K, 2; 290°K. 


Fig. 3 shows the time decay of the 
luminescence of scda-silicate glass and fused 
quartz at various temperatures. The ordinate 
indicates the ratio of the luminescence inten- 
sity IJ to the intensity J, immediately after 
the cease of the irradiation. The lumine- 
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scence intensity decays rapidly at first and 
then decays more slowly. These decay curves 
do not obey the simple mono- or bimolecular 
law. The temperature dependence of the 
decay time is not found for fused quartz and 
is very small even for soda-silicate glass 
compared with the conventional model in 
which only one or a few trapping levels are 
assumed. As discussed later, these facts are 
well understood by considering many trapping 
levels which are assumed to be in the glasses. 


(3) Dependence on the X-ray Dose 


To examine the dependence of the decay 
on the X-ray intensity, the X-ray current is 
changed from 3ma to 20 ma at 40 kv. The 
decay curves are similar to those shown in 
Fig. 3 independent of the X-ray intensity in 
this range. This fact indicates that the 
present phenomena are not due to the bimole- 
cular processes. 

On the other hand, if the duration of the 
X-ray irradiation is changed, the X-ray 
current being fixed, the decay time changes. 
This is shown in Fig. 4. The more the 
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Fig. 4. Decay curves of soda-silicate glass ir- 
radiated for 1; 128 minutes, 2; 32 minutes, 3; 
8 minutes, 4; 2 minutes, 5; 05 minutes at 
TO2Z°KS 


duration of the X-ray irradiation, the slower 
is the decay. This suggests that during the 
irradiation the redistribution of the trapped 
electrons are allowed to tend to the equi- 
librium distribution which favors the deeper 
traps. The shape of the glow curve is in- 
dependent of the duration of the irradiation, 
though the luminescence intensity rises as 
the duration increases. 
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(4) The Effect of Heat Treatment 


In Fig. 5 the decay curves of the lumines- 
cence intensities for the specimens of soda- 
silicate glasses are shown. These specimens 
are prepared by different heat treatments; 
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Fig. 5. Decay curves of soda-silicate glass ir- 
radiated for 32 minutes at 102°K. 1; annealed 
at 550°C for 15 hours, 2; quenched after heated 
at 800°C for 10 minutes. 


that is, one is annealed at 550°C for about 
15 hours, and the other quenched after heat- 
ed at 800°C for about 10 minutes. The quench- 
ed specimen shows the slightly rapid decay 
compared with the annealed one. As for the 
experiments of the glow curves, these two 
specimens show nearly the same shape. 


§ 4. 


Now we shall consider the processes which 
will contribute to the phenomena of the 
thermoluminescence of the glasses described 
in the last section, and the distribution and 
structure of the electron trapping centers of 
the glasses. As already suggested in 3. (2) 
from the dependence of the glow curves on 
the temperature of the X-ray irradiation, 
many trapping levels are presumed to be 
distributed continuously beneath the conduc- 
tion band. And the fact that the decay 
curve does not depend on the X-ray intensity, 
as described in 3. (3), shows that the decay 
is mainly determined by the rate at which 
electrons are released thermally from many 
trapping levels. Hence the processes in 
which we are interested are to be that the 
electrons ionized to the conduction band, are 
trapped in the trapping centers whose energy 
levels are distributed continuously beneath 
the conduction band, and after the irradiation 
is ceased, these electrons are released ther- 


Discussion 


1958) 


mally and then rapidly recombine. 

Now the features of the luminescence decay 
may be interpreted as follows. If the depth 
of a trapping level from the bottom of the 
conduction band is € and the density of the 
trapping level occupied by the electrons in the 
range from &€ to €+d& immediately after the 
cease of X -ray irradiation is Z(§)d&, the inten- 
sity of the luminescence /(f) at a time ¢ after 
the irradiation is ceased may be expressed as 


(1) 


where 0 is the frequency factor, k the Boltz- 
mann’s constant, T the absolute temperature 
and C a constant. Although Z(&) could be 
obtained directly by analysing the decay 
curves, we shall rather assume the form of 
Z(€) at first and calculate J(t) according to 
Eq. (1), which is to be compared with ex- 
perimental curves. We assume, for simpli- 
city, that the trapped electrons are distribut- 
ed uniformly from the levels Ea to Es, as 
shown in Fig. 6. That is, 


It)= \" Cb exp (—bt e-/*) Z(8)d6 , 
0 


U—é=< by 2ey—0 
E:s<€<Ei, ZO=A (2) 
ao, YA. 5 ie 

SI LUVYIOY conduction band 

‘i lays fe fe / eG 
SB ee ee MK a 
~~. OO € 
—_—e-> oe — 

o--— oe oe — 
> — — -e + ------ Ed 
Uj, salience bond band 
‘Fig. 6. Distribution of trapped electrons. Fs is 
the most shallow occupied level. Wa is the 


deepest occupied level. It is assumed that 
electrons uniformly and continuously occupy the 
levels from EH; to Eq. 


In this equation, E; and Ea are the most 
shallow and the deepest trapping levels oc- 
cupied by the electrons respectively, at ¢=0. 
Substituting Eq. (2) in Eq. (1), we obtain 


K(t)= fe. A-Ch e-*/*? exp (—bt e*")dé (3) 


exp (—bxat){1—exp [—b(xs—xa) t]} 
é b(vs—xa)t ; 


=i 
(ee 


where 
xs=exp (—Es/RT), 


xa=exp(—Ea/kT) (5) 
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and J) is the luminescence intensity at ¢t=0. 
Since x;=>xa in general, Eq. (4) may be 
written approximately as follows, 


1—exp (—bdxst) 
bxst ; 


In this equation, we should notice that the 
factors determining the decay time are E; 
and 7, if 6 is assumed to be fixed. The 
curves of Eq. (6) are shown in Fig. 7 in the 
broken lines. In this figure, the solid curves 
are the same as the observed ones shown in 
Fig. 3. Although the agreements of both 
curves are not sufficiently well, the following 
estimations may be possible. Assuming 0b to 
be 10” sec-!, from Fig. 7 we can estimate 
for soda-silicate glass the approximate values of 
Es to be 0.21 ev and 0.33 ev at the tempera- 
ture of 102°K and 165°K respectively. For 
fused quartz, the value of Es changes con- 
siderably with temperature, i.e. Es are 0.22 ev 
and 0.66ev at 102°K and 300°K respectively. 


I/lo 


Ratio of Intensity 


- 400 
sec. 


Oo 200 
Time 
Fig. 7. Decay curves of glasses. 

Experimental, 1; fused quartz irradiated at 

102°K for 10 minutes, 2; soda-silicate glass 

irradiated at 102°K for 2 minutes, 3; irradiated 

at 166°K for 2 minutes. 

Calculated, 1”: 62;=0:02, 2” 

(aio U en bs 


= [= Q). 
bxs=0.055. 3/5 


The results described in 3. (3) that the 
decay time of luminescence is independent of 
X-ray intensity show that the value of Es 
does not change with the intensity of the X- 
ray. On the other hand, the decay time is 
considerably dependent upon the duration of 
the X-ray irradiation. In fact, for soda- 
silicate glass at 102°K the values of Es are 
estimated to be 0.22 ev in the case of the 
irradiation of 128 minutes and to be 0.20 ev 
in the case of the irradiation of 0.5 minutes. 
We shall make some speculation with respect 
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to these points. If we assume that the 
number of trapping centers is far more than 
the number of electrons available and that 
the probability for the electron to be captur- 
ed by the trap is independent of the depth 
of the trap, the electrons ionized by X-ray 
may be captured uniformly by each trapping 
level. Therefore, the dose rate of X-ray does 
not affect the distribution of the trapped 
electrons. Since, during the irradiation, the 
electrons trapped in the upper trapping levels 
will be released thermally more rapidly than 
those in the lower levels, the distribution of 
the trapped electrons will tend to be dense 
in the lower levels with the increase of the 
duration of the irradiation. A part of elect- 
rons released thermally may recombine rapid- 
ly and the other part of those may be 
captured again by the lower trapping levels. 
This retrapping processes may greatly pro- 
mote such a redistribution of trapped elect- 
rons. Due to these trapping processes, the 
level Es, which divides the trapping levels 
into empty and uniformly occupied, may be 
expected to be lowered with the increase of 
the duration of the X-ray irradiation. 

As is well known, the depth of the occupi- 
ed trapping level € is obtained from the glow 
curve according to the approximate equation, 


ex kTain( “F*), (7) 


where T¢ is the temperature corresponding to 
the maximum of the glow curve and 8 is the 
speed of the temperature rise. Assuming )D 
to be 10 sec-! as before, we may obtain 
from Fig. 1 the values of € to be ranged from 
0.22 ev to 0.40 ev for soda-silicate glass and 
from 0.22 ev to 0.54 ev for fused quartz, in 
the case that each specimen is irradiated at 
102°K. We find the least ones of these 
values approximately agree with the values 
of Es estimated from the decay curves. 

Next we shall discuss briefly the model of 
the shallow trapping centers of electrons, the 
detail of which were previously manifested 
by the author. According to the theory of 
random network structure of glasses, we may 
expect the existence of the volume fluctua- 
tion or the local volume dilations and com- 
pressions in glasses which is to be associated 
with the randomness of the Si-O-Si bond 
angle. The effective potential V(r) for an 
electron may be assumed to be proportional 
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to the volume dilation 4(v) and may be ex- 
pressed as 

Vn=h4(7) , (8) 
where F, is a proportional constant. In this 
equation 4(v) may be determined by the 
randomness of the glass structure, or its 
thermal history of the specimen which defines 
the fictive temperature t.°) We shall assume 
that the volume dilations are confined within 
the spheres of a certain radius. These 
dilated spheres may form trapping centers 
for conduction electrons. Using Eq. (8) we 
can obtain the energy level € of the traps as 
the function of A,, t and a the radius of the 
dilated sphere. & may be found to increase 
with t and &, and to decrease with a. The 
values of the trapping level € estimated from 
our experiments are obtained from the appro- 
priate values of them; that is, for t from 
1000°K to 1500°K which are considered to be 
the fictive temperature of our specimens, 
and for @ around 10A and for £, around 
20 ev which seem to be reasonable values in 
the model adopted here. 

Interpreting the experimental results of the 
heat treatments seems to be difficult. The 
quenched specimen has a higher fictive tem- 
perature, probably near 1000°K, than the an- 
nealed one, whose fictive temperature is 
considered to be about 823°K. The experi- 
mental results described in 3. (4) show that 
this difference of the fictive temperature of 
the specimens has less effects than expected 
from the model above mentioned. 


§5. Summary 


We have observed the thermoluminescence 
of glasses and examined its dependence on 
the temperature and the X-ray dose. From 
the glow curves the electrons ionized by X- 
ray are found to be trapped in the levels 
from nearly 0.2ev to 0.5ev. The decay 
curves exhibits slow decays continuing for 
more than ten minutes, and the decay times 
are considerably affected by the duration of 
the X-ray irradiation. These phenomena are 
well understood by the terms of the electron 
trapping levels which are uniformly and con- 
tinuously distributed beneath the conduction 
band. The distribution of the trapped elect- 
rons or the highest level occupied by the 
electrons Es; is determined by the tempera- 
ture and the duration of X-ray irradiation. 


1958) 


The model of the trapping center was pro- 
posed which is based on the glass structure, 
essentially affected by the fictive temperature 
of the specimen. The values of the trapping 
levels obtained from this model fit approxi- 
mately with the observed ones. In order to 
interpret the effect of the heat treatments 


of the specimens, the more profound con- 
siderations are desirable. 
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Orientation Dependence of the Uniaxial 
Ferromagnetic Anisotropy Induced by 
Magnetic Annealing in 20% Co-Ni 
Single Crystals 


By Keizo AOYAGI, Satoshi TANIGUCHI 
and Mikio YAMAMOTO 


The Research Institute for Iron, Steel and 
Other Metals, Tohoku University, Sendat 


(Received January 13, 1958) 


Previously, We” and, independently, Néel?) de- 
veloped a theory of uniaxial ferromagnetic aniso- 
tropy induced by magnetic annealing in cubic solid 
solutions by assuming that the energy of atom 
pairs depends both on their kinds and on the 
orientation of the magnetization vector, and obtain- 
ed results which agree qualitatively well with the 
experimental results available at that time. In 
order to check the theory more precisely, we have 
measured the induced uniaxial anisotropy as de- 
pendent on the alloy composition, annealing tem- 
perature, annealing time, orientation of magnetic 
field applied during annealing, etc. for polycrystal- 
line and monocrystalline Ni-Co alloys. We shall 
present here the results concerning the orientation 
dependence of the uniaxial anisotropy induced in 
20%Co-Ni single crystals. 

The specimen used was a (110) circular disk of 
15.26mm in diameter and 0.61mm in thickness. 
The anisotropy measurement was made by using 


(110) 


Ku/Ku (111) 


.) 
& 


90° 


a torque magnetometer, which was designed to 


measurement without removing the specimen, so 
that the torque curve associated with the induced 
uniaxial anisotropy can be obtained as a difference 
between curves of the states annealed with and 


.allow the repetition of heat treatment and torque > 


without magnetic field. After finishing the measure- — 


ment of the curve for the annealing without 


magnetic field, the specimen was annealed at 650°C © 
(above the Curie temperature) for 30 minutes, | 


cooled down to 450°C at the rate of about 30°C/ 
min., held at that temperature for 15 minutes and 
consecutively for 5 hours in the presence of magne- 
tic field of about 1500 Oe directed along a de- 
sired crystallographic direction, and then rapidly 
cooled to the room temperature. In this way, the 
uniaxial anisotropy constant, K,, and its easy 
direction, %, were determined as functions of the 
direction of the magnetic field applied during an- 
nealing, @r. 


In Figs. 1 (a) and (b), Ku/Kutiny and 4¢=6)—6r | 


are plotted against 67, in comparison with the 


theoretical formula for the induced uniaxial aniso- | 


tropy, Hy: 
Eu=—K ky pa ai2Be? Ka 2, a4 588s) ; 
j 


where K, k; and ky are the constants and a;’s and | 


B,’s are the direction cosines of the magnetization 
vector and magnetic field applied during annealing, 
respectively. The figures clearly show that the 
experimental results agree completely with the 
theoretical formula by taking the value of k,/k, as 
3, while the theoretical value of k2/k, under the 
nearest neighbour assumption is 4. 


: (b) 


Fig. 1. Uniaxial ferromagnetic anisotropy constant relative to that in the [111] direction, 
Ku/Kutij, and the deviation of its direction of easy magnetization from that of magne- 
tic field applied during annealing, 40, as dependent on the direction of annealing field, @7- 
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Chikazumi®) recently made a similar measure- 
ment with a NizsFe single crystal and found that 
his result was fitted to the theoretical formula by 
taking a rather large value, about 8.5, of ke/ky. 
It does not seem, however, that the large discre- 
pancy between theory and experiment with Ni;Fe 
single crystal is originated from the geometrical 
coordination of lattice points in face-centered cubic 
crystal as proposed by Chikazumi®), since 20% Co- 
Ni single crystal has also the face-centered cubic 
lattice. We are now pursuing the discrepancies 
between theory and experiment for Ni-Co and Ni3Fe 
crystals. 
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Pits on Germanium Surface Formed 
by Molten Indium 


By Sei-ichi DENDA 
Electrotechnical Laboratory, Tokyo, Japan 
(Received March 1, 1958) 


It is well known that small pits are formed on 
germanium surface when a strong acid etching 
solution is used. Recently we have been observed 
the same kind of pits which appeares on germa- 
nium when it is immersed into molten indium. 

The small piece of slice of n-type germanium sin- 
gle crystal with (111) surface is polished with 
emery paper, and is soldered by the pellet of in- 
dium with diluted ZnCl.+HCl as a flux, and then 
immersed into a large volume of molten indium 
with some agitation at 350°C. In 2 minutes it is 
suddenly picked out of indium, and the indium re- 
maining on the surface is removed by Hg. 

Fig. 1 and Fig. 2 show the photographs of the 
treated germanium surface on which pits pattern 
appears. This is not obtained on the whole wetted 
region but on the small portion of that region. 
The density of these pits is nearly the same as 
that of the etch pits on the spacimen which is cut 
out of a same single crystal. Fig. 2 also shows 
different kind of type of very small pits whose 
density is one order of magnitude greater than 
that of the big one. However, its properties are 
not known yet. 

If the temperature of molten indium is 200°C, 
Fig. 3 which shows triangles, characteristic struc- 
ture of (111) plane, is obtained. 

Pits in Fig. 1 and Fig. 2 resemble the etch pits 
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formed by CP-4 which is a strong etching solu- 
tion, and the situation in Fig. 3 is seen on the 


surface treated by superoxol which is a weak 


etchant. Thus there is a close analogy between 
chemical etching and metallic dissolution of 
germanium. 


It has been visualized that the edge disiocation 
affects the flatness and uniformity of the alloyed 
p-m junction which is important in the transistor 
fabrication. 
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Stepped Structure in Moiré Fringe 


By Hatsujiro HASHIMOTO 


Kyoto Technical University, Matsugasakt, 
Sakyoku, Kyoto, Japan 


(Received February 28, 1958) 


The moiré fringes of crystal lattice were observ- 
ed) in the electron microscopic images of two 
crystalline films superposed. Such fringes appear 
only on the extinction contour bands due to Bragg 
reflections. The dislocation in moiré fringe was 
shown” to reveal the dislocation in crystal lattice. 
The present author observed stepped structures in 
moiré fringes of CuS and ZnS films as shown in 
Figs. 1, 3 and 4. 

Fig. 1 is a moiré fringe formed on a single con- 
tour band of Bragg reflection in which stepped 


lid 


Rigas (a) is moiré fringe of CuS with a guide 
(b) (x 300,000). 


Wu 
(ilu 


lu 
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i 


Fig. 2. Optical analogues 
demonstrating moiré pat- 
tern. 


ll 


A. 
TL 


: 


(a) is moiré fringe of CuS film with a 


Figiae: 
guide (b) (x 400,000). (c) Optical demonstration 
of cross-steped structure. 
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structures of steps of 1/2 and 1 spacing can be 
seen. Such structure may be interpreted by light 
optical analogue as follows. Fig. 2 (a) is a grat- 
ing containing a disorder in spacing near its cen- 
ter whose amount is half the spacing in total and 
its range covers 5 lines. Fig. 2 (b) is a perfect 
grating. Fig. 2 (c) is a moiré pattern obtained by 
superposing (a) and (b) with small twist angle in 
which a structure of the steps of 1/2 spacing is 
formed. Fig. 2 (d) is also a moiré pattern obtain- 
ed by similar method, which shows a_ stepped 
structure of 1 spacing. Fig. 3, which is a fringe 
on a single contour band, indicates two crossed 
fringes. Each of which may be interpreted as the 
combination of two edge dislocations of the same 
sign as is shown in Fig. 3 (c). 

Fig. 4 is a moiré fringe on two extinction bands 


Fig. 4. Moiré fringe on two extinction bands 
(x 300,000) 


due to principal maxima of (hk k 0) and (h & 0) re- 
flections. Between two parts of the fringe, we 
can detect similar stepped structure described 
above. Such structure was observed on almost 
every coupled extinction bands but the amount of 
shift of steps was different in each case. In moiré 
fringes on the two extinction bands which seem 
to be due to a principal and its subsidiary maxima 
or the first and the second Bragg reflections, we 
also observed stepped structures. These structures 
may not be interpreted as the disorder of original 
lattice because the structures moved with the 
movement of extinction bands and therefore the 
structures are expected to have no relation with 
disorder in original lattice. These structures seem 
to be due to the dynamical interaction of electron 
with crystal. 

The author expresses his sincere thanks to Prof. 
K. Tanaka of Kyoto University and Prof. R. Uyeda 
of Nagoya University for their kind discussions. 
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On the Superstructure of the Alloy Au;Mn 


By Denjiro WATANABE 


The Research Institute for Iron, Steel and Other 
Metals, Tohoku University, Sendai 


(Received February, 23, 1958) 


It was found by Raub et al.” that the alloy 
AusMn has an ordered structure with tetragonal 
symmetry below 625°C., but its atomic arrange- 
ment has not yet been determined. On the other 
hand, it was elucidated by Meyer” that the ordered 
alloy is metamagnetic like Au,Mn, having the Néel 
point of antiferromagnetism at about 145°K. A full 
explanation of the above magnetic property, how- 
ever, has not been given due to lack of information 
on the crystal structure. The present author was 
able to determine the complex ordered structure of 
AuzMn by electron diffraction. 

Fig. 1 shows a diffraction pattern of a thin alloy 
film containing about 25 atomic % Mn, which was 
slowly cooled from 450°C. after annealing at 450~ 
500°C. for 2 hrs. The pattern resembles that of 
the ordered alloy Cu3Pd*® in the splitting of super- 
lattice reflections. In order to explain this splitting, 
a model of a two-dimensional anti-phase domain 
structure was proposed, as shown in Fig. 2. In 
this model, it can be seen that the fundamental 
lattice is a face-centred orthorhombic one with an 
atomic arrangement similar to CusAu but that the 


: Us ee A oa pes 
stepshifts, +5 (datas) and £5 (asta), occur at 


every cell and at every two cells of the fundamental 
lattice along the x and y directions respectively. The 
lattice constants of the fundamental lattice are: 
a1=4.08, a2=4.05, a3=4.03A. It is noticeable that 
both types of shifts belong to the first kind*® and, 
therefore, the present two-dimensional anti-phase 
domain structure is different from that found in 
Cu3Pd?). 

The intensity distribution in reciprocal space 
corresponding to the model in Fig. 2 can well explain 
the details of the pattern in Fig. 1, except the 
following two points. 

(1) Strictly speaking, the positions of the split 
superlattice reflections do not coincide with those 
expected from the above model. This disagreement 
is attributable to the fact that the extensions of 
the domain along the x and y directions are not 
a and 2a,, as considered in Fig. 2, but are 1.2a, 
and 2.2a., respectively. This fractional property 
of domain size means a mixture of different sizes 
of domains in the actual lattice. Thus, it should 
be noticed that the model in Fig. 2 corresponds to 
an idealized lattice of the ordered AusMn, and for 
the actual, fractional domain size an enormous unit 
cell will have to be taken as an exact unit cell. 
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The lattice spacings obtained from an X-ray Debye 
photograph of 26.5 atomic % Mn alloy by Raub 
et al.) are almost explained by the present model 
with the domain size, 1.0a; and 2.2a2. 

(2) In Fig. 1 satellites are observed arround the 
intense normal spots, while their intensities cannot 
be derived from the present model. The circum- 
Stance is the same as in CuAu(II)») and Cu;Pd”. 


° ON a ° } 
® (ea) fo 
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Fig. 1. Electron diffraction pattern of the 
ordered AusMn film; normal incidence. 
Indices assigned to normal reflections are 
referred to the disordered cubic lattice. 


Space Group: y + Ost G, 
Prnm-D2h, | 2 
a, = 4:08, g 


Fig. 2. The Au3Mn superstructure, viewed along 
[001]eun. Stepshifts occur at places indicated by 
arrows. 


It is sure that the satellites arise from the lattice 
modulation, such as a periodic change of the lattice 
spacing or of the scattering factor, with the same 
period as that of anti-phase domains, but the ex- 
planation of the origin of such a modulation has 
not yet been given. The author measured the 
intensities of diffraction spots photometrically and 
tried Fourier analysis for the potential distribution, 
in order to obtain more information about the nature 
of the lattice modulation, and he succeeded in 
getting a clue to the solution. 

A full report will be published elsewhere. 

The author wishes to express his sincere thanks 
to Prof. S. Ogawa for his kind guidance. 
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Ultrasonic Velocity and Adiabatic 
Compressibility of Mixture of 
Sulfuric Acid and Water 


By Yoshio ISHIDA 
Faculty of Education, Shimane 
University, Matsue 
(Received February 7, 1958) 


The ultrasonic velocity in aqueous solution of 
the sulfuric acid was measured at the frequency 
of 5Mc/sec and at two temperatures 30°C and 
15°C, by use of the rotary grating method!2)3) 
which is a variation of the Debye-Sears light dif- 
fraction method”. 

After finishing it, the author was informed about 
the publication by Porosorow®) and very glad to 
have an opportunity to make comparison as shown 
in Table I. 
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Table I. 
The author’s value at 30°C 
Conc. Velocity Density 
% (weight) (m/sec) (g/cm?) 
0 1509 0.996 
10.1 1512 1.062 
18.6 1526 Ted28: 
26.0 1546 1.180 
S2e2 1563 1.230 
By 1567 eal 
45.0 1577 1.340 
By tl 1567 1.466 
68.7 1553 15S 
Utell 1536 1.684 
82.4 1515 1.743 
86.8 1480 1.783 
91.5 1416 1.811 
96.2 1327 1.826 
99.3 1253 1.823 


Porosorow’s value at 29°C 


Conc. Velocity Density 
% (weight) (m/sec) (g/cm’) 
0 1508 0.996 
8.2 1510 1.050 
14.1 1521 1.091 
Dae 1549 Tel'65 
30.0 1574 1.210 
BO. L 1579 1.262 
39.0 1582 1.28 
45.2 1587 scotss 
510 1583 cul 
60.0 1580 1.49 
66.0 1564 1.56 
76.0 1548 1.66 
91.0 1452 1.801 


In Fig. 1, the concentration is expressed in the 
mole fraction of the sulfuric acid and the adiaba- 
tic compressibility is computed by the formula 
1/joV2. The velocity-curves have maxima, while 
the compressibility-curves minima. The position 
of maximum of the velocity-curve shifts to the 
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higher-concentration side as the temperature de- 
creases. The position of minimum of the compres- 
sibility-curve does not shift appreciably, but the 


Sulfuric Acid- Water ( 15°C &30°C) | 
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Fig. 1. Ultrasonic velocity and adiabatic com- 


pressibility versus concentration. 


value of minimum decreases with the temperature. 
The feature that velocity-curve has maximum is 
common to all of the mixtures of methyl alcohol- 
water , ethyl alcohol-water?, acetone-water®), 
pyridine-water”, formic acid-water®»), acetic acid- 
water”), nitric acid-water®), carbon tetrachloride- 
liquid paraffin™ and others. We ascertained that 
the volume contraction always took place when 
these mixtures were prepared. Since the sulfuric 
acid-water mixture shows both of the volume con- 
traction and the above-mentioned ultrasonic feature, | 
it belongs to the group of these mixtures. Thus, 
there is a relation between the volume contraction | 
and the existence of minimum in the compressibili- | 
ty curve. 
Supported by a scholarship of the Ministry of 
Education in 1957, the present research was per- . 
formed at the Department of Physics, Faculty of | 
Science, Kyoto University. The author wishes to | 
thank Professor I. Takahashi for his continual en- | 
couragement and valuable discussions. His thanks ) 
are also due to Professor M. Ishibashi of the same | 
University for his kind guidance in the technique | 
of acidimetry. | 


References 


1) I. Takahashi, Y. Ishida and M. Ota: Memo- 1 
irs Coll. Sci. Univ. Kyoto A 27 (1953) 41. 
2) I. Takahashi and Y. Ishida: J. Appl. Phys. || 
Japan 25 (1956) 248, (in Japanese). 
3) Y. Ishida: Sci. Report Shimane Univ. 7 || 
(1957), 30. j 
4) P. Debye and F.W. Sears: Proc. Nat. Acad. |} 
> Sci. 18 (19382) 409. i) 
5) P. Porosorow: Zh. Fiz. Kim. 14 (1940) 391 || 
(See B. B. Kudrjawzew: Anwendung von | 
Ultraschallverfahren bei Physikalisch-Chemis- || 
chen Untersuchungen, Deutscher Verlag der 
Wissenschaften, Berlin (1955), translated from || 
the Russian Edition (1952)). 
6) I. G. Mikhailov: C. R. (Doklady) URSS 26 | 
(1940) 147. 


7) ————: C.R. (Doklady) URSS 381 (1941) 324, || 


1958) 


8) —— .—: C.R. (Doklady) URSS 31 (1941) 550. 
(Concerning the last three, see O. Nomoto: 
Chdonpa, Kawade-Shobo, Tokyo (1948)). 

9) A.W. Smith and L. M. Ewing: J. Chem. 
Phys. 7 (1939) 632. 

mM) bs js Erist:” Jp “Acoust 
(1947) 372. 


Soc. America 19 


J. PHys. Soc. JAPAN 13 (1958) 537 


Excitation of z Electrons in Benzene by Fast 
Electron According to FE Model 


By Mitio INOKUTI 


Department of Applied Physics, Faculty 
of Engineering, University of Tokyo, 
Tokyo 
(Received February 17, 1958) 


It has been empirically known that an aromatic 
hydrocarbon undergoes strikingly little chemical 
change under high energy radiations as compared 
with other organic compounds. The radiation- 
insensitivity of aromatic hydrocarbons seems to 
have not received clear-cut explanation, though 
some proposed to attribute it to easy transfers of 
excitations.» However, it is also desirous to ex- 
amine primary excitation processes due to radia- 
tions, and so we tried an estimation of cross sec- 
tions for excitation of x electrons in benzene by 
impact of a fast electron. 

We adopt a simple FE model to describe the 
molecule, whose skeleton is represented by a cir- 
cular ring of radius a. (a=2.767 atomic unit, ad- 


justed by observed lst excitation energy.) Then 
‘an -EF orbital is 
Um(X)=(2n)- "em, m=0, +1, +2,---. (1) 


where x is the electronic angular coordinate. Born 
approximation gives the differential cross section 
I for excitation i > f as* 

T=4(k'/k)K-4\(F|T|O/, 


T= > exp (K-15) , (2) 
s=1 


where rs; (s=1, 2, ---, 6) are electronic positions, k 
and k momentum of the colliding electron before 
and after scattering respectively and K=k’—k. 
If k is perpendicular to the molecular plane,** we 
—can integrate (2) to get the total cross sections 
Qm© and Qn“ for the formation of the excited 
states where a x electron is excited into the levels 
+m from the levels +1 or the level 0, respective- 
ly, as 
QnO=2q(1, m)+2q(-1, m), 
* The Hartree atomic unit is used in all the 


expressions. 

** Cases with other incident directions, offering 
mathematical complexities, have not been treated 
exactly, but seem never to yield features essential- 

ly different from the simple case closely examined, 
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Qm=29(0, m) ’ m=2, 3, 4, Mrs (3) 
where 
a(n, m)= (Brat/ht))” Tam Beater 
Vv 
v, w=ha FV (ka?— m+? . (4) 


The integral in (4) can be evaluated analytically 
for |m—n|> 1, while it must be computed numeri- 
cally for jm—m|=1. 


Table 
incident Q2 Qe pa (Qn ue Qn) 
energy mz 3 
(ev) (x atomic unit) 
100 11.457 0.684 1.562 
200 6.451 0.345 0.781 
300 4.582 0.230 0.561 
400 | 3.586 OF173 0.391 
700, Ieper aneul(s) 0.099 0.223 
1000 | Weel 625 0.069 0.156 
1500 1.140 0.046 0.104 


Numerical results, given in Table, show that x 
electrons are very apt to be excited to the lowest 
excited level; it is physically expected on account 
of the mobile character of x electrons. For com- 
parison we remark that the cross section for ex- 
citation of o electrons, roughly estimated by means 
of the additivity-hypothesis®») that the cross section 
of a molecule is nearly the sum of those of the 
constituent atoms, amounts only about 10% of 
G2. As we disregarded exchange collisions, the 
excited levels concerned are singlets and so they 
may be deactivated by fluorescence or collisional 
deactivation in a short period, so that they may 
contribute little to initiation of secondary processes 
leading to over-all radiation effects. On the basis 
of the above argument we can interpret the radi- 
ation-insensitivity of benzene in terms of the large 
cross section for excitation of nm electrons at least 
qualitatively. 

With the present result we can point out that 
primary excitation processes sometimes become 
dependent on molecular structure and significant 
in radiation chemistry, contrary to current ideas. 
Excitation to lower triplet states deserves exami- 
nation also, but it is difficult as exchange collisions 
generally become important at low energies where 
Born approximation is inapplicable. 

The author is grateful to Prof. A. Amemiya for 
his discussions and encouragements throughout the 
work. 
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Contact Behavior of Metals to CdSe, 
CdTe, ZnSe and ZnTe 


By Hirosi TuBoTA and Hiromichi SUZUKI 
General Education Department, 
Kyusyu University 
(Received February 25, 1958) 


Behavior of the contact between metals and II- 
VI intermetallic compounds such as CdSe, CdTe, 
ZnSe and ZnTe were studied. These compounds 
were prepared as polycrystalline materials by a 
dry method in our laboratory. CdSe was m-type 
and had the hexagonal structure, while the others 
were p-type and had the cubic structure. Cu, Ag, 
Au, Zn, Cd, In and Pb were used as contact 
metals. 

The ingots of these compounds were cut and 


Observed values of the 
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polished up into a parallelepiped and cleaned. 
Then, a film of the metal mentionded above was 
evaporated onto two opposite surfaces with the 
largest area as the electrodes. The dc current- 


voltage characteristics were obtained by a usual | 


: 
: 
| 


‘method at room temperature in the dark. From | 
these characteristic curves, we observed the line- 


arity and obtained the threshold voltage (Vo) for 
zero current. This voltage is defined as the ex- 
trapolation of the linear part of the characteristic 


curve to zero current, and this magnitude may be ) 
used as a measure of deviation from the ohmic be- . 


havior. The results are shown in the following 
table, and also the typical curves of current- 
voltage characteristics in In-CdSe and Au-CdSe 
are shown in Fig. 1. 


In the case of CdSe, measurements were made | 


with many samples. Particularly, in In-CdSe, 


about one dozen of samples were tried and it was | 


threshold voltage (Vo) 


Group number in the I | Il Til | IV 
periodic table : ht sttT z | 
Electrode metal Gu sinha Agnes) BAU i | Cd | In Pb 
Work function» (in eV) 4.47 4.28 | 4.58 W/E OR Ce 
CdSe (nm) 0.05 os aE ee oe co | soa 
: CdTe 0.2 f 3 : | : 
Vig (in VOlt) ol ZnSe & ie ae 0.2 Gah ee GES am os 
ZnTe (p) 0.05 __\ie 7 = — — 


Fig. 1. De current-voltage charactertistic curves. 
(A) for In-CdSe contact, (B) for Au-CdSe contact. 
found that Vy were very close to zero for all of 
the samples and the linearity were very good up 
to several volts. It is of interest that the result 
is in agreement with the fact observed in In-CdS 
and Ga-CdS by Smith. 

In the cases of CdTe, ZnSe and ZnTe, measure- 
ments were made with several samples and no 
metals were found to present the good ohmic be- 
havior. Furthermore, in ZnSe and ZnTe, almost 
all metals used showed such poor linearity that the 


threshold voltages could not be determined. 
If the barrier height in metal-semiconductor con- 


tact is determined only by the work function dif- | 
ference between metal and semiconductor, it should © 


be expected that, as the work function of metal 
becomes larger, so does the deviation from the 
ohmic behavior, and hence the threshold voltage 
increases in m-type materials. 
seems to be satisfied qualitatively 
shown in the table. On the other hand, as the re- 
verse is the case in p-type, the results obtained 


in the case of CdTe seem qualitatively explicable | 


on the same way. 

In order to explain the ohmic behavior by the 
model of the conductive layer formed by diffusion 
of metal into semiconductor, we must have more 
sufficient knowledge of the diffusion of the present 
materials. 


CdS contacts. 
~ ‘ 
The authors wish to express their sincere thanks 


to Prof. A. Okazaki for his continual advice and | 


encouragement. 
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This expectation | 
in CdSe as / 


However, at least, in the case of In- | 
CdSe contact showing a good ohmic behavior, it 
seems that there may be a strongly m-type con- | 
ductive layer formed in CdSe next to the electrodes, | 
as proposed by F. A. Kréger) for In-CdS and Ga- | 
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Errata 


On the Temperature Diffuse Scattering of Electrons 
I. Derivation of General Formulae 


By Saito TAKAGI 
J. Phys. Soc. Japan 13 (1958) 278. 
279, eq. (4), 2nik(?-r should be read 2nik(-r, 
281, 2nd line of eq. (17), Vg.n--n should be read Vgyn_h. 


281, 2nd and 4th line of eq. (17), crx should be read cra. 
282, 10th line from the bottom, k’ = K should be read k’ = Ky. 


2 a 


On the Temperature Diffuse Scattering of Electrons 
II. Applications of Practical Problems 


By Satio TAKAGI 


J. Phys. Soc. Japan 13 (1958) 287. 


P. 290, 2nd line of the equation following eq. (16), (eq. for JZ) faeuh 


should be read fj7e41- 
COS? 6g qt 


5 cos 6g at 
. 290, Ist f eq. (18), aaa eS 
2 st line of eq. (18) pa ce? oi? 


should be read >> 
t 
291, left column, line 2, treat should be read treats. 


295, 3rd line of eq. (21), e¢ 2 should be read 3 fi ne 


1 
240? 
295, right column, 10th line from the bottom, S’ should be read Sp. 
296, Reference (1), the number of page, 278, should be added. 


mig ww 


On the Absorption Spectra of Complex Ions IV 


By Y. TANABE and H. KAMIMURA 
J. Phys. Soc. Japan 13 (1958) 394 


Page Wrong Correct 
See ee Peo ae oe 
l(a |) =-vY 6/5 
402 Table II (S150ie45) ¥Y 6/5 i 
403 Eq. (2.35) (fo S101 {|fo"-1(S3P 3) (fo Si 1 {| f2”-(Ssla)f2) 
407 6th line from .... degenerate multiplet degenerate multiplets **17, 
the bottom ASL! ae which enables us to predict 
the splitting of the multiplet, 
408 Eq. (3.1) (@E||T(As)||aH)=V 2% =-v 2% 
(aF;||TR)||aFy)=—V 64 =+Vv 6% 
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Gamma Rays from the Proton Bombardment of Silicon 


By Eiji OKADA, Iwao Miura, Tetsuo WAKATSUKI 
and Yasuo HIRAO 


Department of Physics and the Laboratory of Nuclear Studies, 
Faculty of Science, Osaka University, Osaka 


(Received February 10, 1958) 


Gamma ray spectrum from silicon bombarded by 5.7 MeV protons has 
been studied by a scintillation spectrometer. The following gamma rays 
due to inelastic scattering of protons were observed. 1.78 MeV (28Si 
1st—ground), 1.28 MeV (°Si lst—ground), 2.03 MeV (2°Si 2nd—ground), 
2.43 MeV (Si 3rd—ground), 2.24 MeV (Si lst—ground). Excitation 
curves for the 1.78 MeV gamma rays have been measured in the proton 
energy range from 2.2 to 5.7 MeV. Resonances were found at 2.9, 3.5, 
4.4,5.0 and 5.4MeV. At 5.4 MeV, the angular distribution of the 
1.78 MeV gamma rays was measured. By comparison with theory, the 


corresponding compound level of P at 7.9 MeV was assigned d5/2. 
The cross section for this process is 250 mb. 


§L. 

The yield of gamma rays from silicon bom- 
barded with protons has been studied by a 
number of workers. In the low energy region 
of proton energies below 2 MeV, the spectrum 
of gamma ray energies and the yields were 
measured for the reactions ?°Si(p, 7)®PY and 
30Si(p, 7)tP». Many resonances have been found 
for each reaction. As the proton energy be- 
comes higher, gamma rays following inelastic 
scattering of protons become predominant. 
Cohn, Bair, Kington and Willard®, observing 
1.78 MeV gamma rays from the first excited 
state of 28Si due to proton inelastic scatter- 
ing, found 13 resonances in the range of 
proton energies from 2.6 to 4.9 MeV. 

Bromley, Gove, Paul, Litherland and Almq- 
vist) studied the gamma radiation associated 
with the *°Si(p, p’y)°Si inelastic scattering 
reaction in the proton energy range from 2.5 
to 3.0 MeV. 

The present paper describes measurements 
of the energy spectrum, yield and angular 
distribution of gamma rays following inelastic 
scattering of protons by natural silicon target 
at proton energies extending up to 5.7 MeV. 


Introduction 


§2. Experimental Methods 


Molecular ion beam of hydrogen accelerat- 
ed by 44 inch cyclotron has been used to study 
the gamma rays following inelastic scattering 
of protons by silicon. The outer beam of 
protons passed through a focussing magnet, 
concrete shield wall 1.5 meter thick and 


aluminium absorbers of different thicknesses 
before reaching a target. The distance from 
the cyclotron to the target is about 7 meters. 
The upper limit of the proton energy was 
5.7 MeV and the energy was degraded at 0.1 
MeV intervals down to 2.2MeV by the 
aluminium absorbers placed about 1 meter in 
front of the target. The intense gamma rays 
from aluminium by Al(p, p’y) reaction were 
shielded by a lead block with a beam hole 1 
cm in diameter placed just behind the absor- 
ber in a vacuum vessel. But a considerable 
fraction of gamma rays from aluminium ab- 
sorbers was observed in a forward direction 
and a correction was necessary in angular 
distribution measurement. 

The corrections amount to about 100% for 
0°, 4% for 135° and 1~ 2% for all the other 
angles. The energy of those back ground 
gamma rays was found to be 1.74 MeV cor- 
responding to the transition from the fourth 
to the second excited state of ?”Al.© 

The beam was defined by a defining slit 
made of gold plate 4mm wide and 10mm 
high. 

The proton current incident on the target 
was measured by a current integrater con- 
sisting of a highly insulated condenser and a 
string electrometer. A monitor scintillation 
counter was also used. 

The gamma rays were measured with a 
sodium iodide crystal spectrometer consisting 
of a crystal 3 in. in diameter and in length, 
viewed by a Dumont 6364 photomultiplier, 
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The pulses were fed from the amplifier to a 
20 channel pulse height analyzer. The crystal 
and the lead shield for the crystal were 
mounted on a turntable which enabled them 
to be set at angles between —60° to +135° 
with respect to the proton beam. The dis- 
tance from the target to the surface of the 
crystal was 30cm. No collimation for the 


Monitor Cyclotron 


Scintillation 
Spectrometer 


Fig. 1. Schematic?diagram of experimental equip- 
ment. 


O I 


20 30 40 Volt 


oO 
Pulse Height 
Fig. 2. Gamma ray spectrum from Si bombard- 


ed by 5.7MeV protons observed at 90° with 
respect to the proton beam. 


gamma ray was used for the measurement 
of the yield and the spectrum, but a lead slit 
of 3.5cm in diameter and 7cm thick was 
placed in front of the crystal for the 
measurement of angular distribution to im- 
prove the geometrical condition. 

The geometry of the system is shown 
schematically in Fig. 1. 


§3. Results and Discussions 


Fig. 2 shows the gamma ray spectrum 
observed at right angles to the beam at pro- 
ton energy of 5.7 MeV. The arrows indicate 
the positions of the peaks and the energies 
of the gamma rays expected from the known 
excited levels of **Si (abundance 92.2%), Si 
(4.7%) and *°Si (3.1%) by inelastic scattering. 
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As is evident from the Fig. 2, the energy 
of the most intense gamma ray is 1.78 MeV 
(28Si lst—ground) corresponding to the deex- 
citation from the first excited state to the 
ground state in 8Si. The 2.67 MeV (78Si 2nd 
—lIst) and 3.13 MeV (?8Si 3rd—Ilst) were too 
weak to be observed. Gamma rays of 1.28, 
2.03 and 2.43 MeV were identified as the de- 
excitation from the first, second and third 
excited state to the ground state of Si. 
Gamma ray of 2.24 MeV energy correspond- 
ing to the transition from the first excited 
state to the ground state of *°Si has also been 
observed. The 550 keV gamma ray was as- 
cribed to be due to the gold backing. 

Next, the yield of the 1.78 MeV radiation 
from the reaction 28Si(p, p’7)?8Si, as a function 
of the proton bombarding energy was measur- 
ed at right angles to the beam. The result 
is shown in Fig. 3. The resonant yields were 


*°s. (p.p'y) 
Ey=1-78 MeV 


1000 


Counts 


0 2 3 a 5 3 
Proton Energy 


Fig. 3. Yield of the 1.78 MeV radiation from the 
°8Si(p, p’7) reaction as a function of the bom- 
barding proton energy. 


observed at proton energies of 2.9, 3.5, 4.4, 
5.0 and 5.4MeV. As the proton energy was 
changed by the absorber, the spread of the 
proton energy is considerably large and the 
levels spaced closely are not resolved. Thus 
our value 2.9 MeV can be supposed to include 
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2.64 and 3.11 MeV resonances, 3.5 MeV in- 
cludes 3.35, 3.58 and 3.71 MeV_ resonances, 
4.4 MeV includes 4.25 and 4.44 MeV resonan- 
ces, and 5.0 MeV includes 4.70, 4.82 and 4.86 
MeV resonances as reported by Cohn et al.® 

Newly found resonace level at 5.4 MeV has 
very strong intensity and the corresponding 
level of ?°P is 7.9MeV. To determine the 
spin of this level, the angular distribution of 
1.78 MeV gamma ray was measured at pro- 
ton energy of 5.4 MeV. The results of this 
measurement are shown in Fig. 4 and the 
solid line in this figure represents a curve 


Lie) 


Relative intensity 


fo) 30 60 90 120 150 180 
9 in degrees 
Fig. 4. Angular distribution of the 1.78 MeV ra- 
diation relative to the direction of the incident 
protons at proton energy of 5.4MeV. The 
solid curve was calculated assuming 5/2+com- 
pound state and 1=1’=2. 


Relative Intensity 


fo} 


fe) 30 60 90 120 150 180 


@ in degrees 
Fig. 5. Angular distribution of the 1.78 MeV ra- 
diation at proton energy of 5.7MeV. The solid 
curve is a least square fit to the experimental 
points using even Legendre polynomials up to 
P4. 
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calculated theoretically as is discussed later. 

The measurement was also made at proton 
energy of 5.7 MeV and the results are shown 
in Fig. 5. The solid line in this figure re- 
presents a least squares fit to the data, using 
even Legendre polynomials up to Py, and is 
given by 

W(@)=a{1+0.239P.(cos 0) —0.225P4(cos 6)} 


As the spins of the ground and the first 
excited state at 1.78 MeV of *8Si are known 
to be 0* and 2+ respectively, the angular dis- 
tribution of the gamma ray corresponding to 
the transition from the first excited state to 
the ground state can be calculated if appro- 
priate spin is assumed for the compound level 
of *P. The general expression was given by 
Kraus, Schiffer, Rrosser and Biedenharn® and 
the numerical coefficient of the Legendre 
polynomials for the present case can be ob- 
tained from Table I in our previous work” 
for 1, 1’ <3 and except for interference term. 
(1 and l’ are incoming and outgoing angular 
momentum for protons respectively.) For the 
resonance level of 2?°P at 7.9MeV (Ey=5.4MeV), 
the assigment of 5/2* to the level and 1=1’ 
=2 gives satisfactory agreement with the ex- 
periment. In this case the theory gives® 


0(8) = 3/212(12—cos? 0) 
+ ds/2(151—138 cos? +175 cos? @) 
+ 3/2.5/224(1 — 18 cos? 6+25 cost 0) 


where the first term is that due to 3/2 chan- 
nel spin, the second is due to 5/2 channel 
spin and the final term is due to interference 
effects. The solid curve in Fig. 4 represents 
the theoretical curve with the values d5/2 
=1/2-a3/2 and G3/2.5/2=1/2-a3/2. The relative 
values of @5/2 OF G3/2.5/2 tO Q@s/z Other than 
this choice also explain the experimental 
curve to some extent. But the value of the 
spin J other than 5/2* can not give the angu- 
lar distribution observed by the experiment. 
The values* j=5/2* 1=1’=2 are consistent 
with the observation on the angular distribu- 
tion of the inelastically scattered protons from 
the 1.78 MeV level of 28Si at proton energy 
of 5.4 MeV carried out by Yamabe, Kondo 
and Yamazaki” in our laboratory. 

It is therefore concluded that *°P has d5/s 
level at 7.9MeV. But it is not certain that 
the level is single or not. 

The angular distribution of the 1.78 MeV 
gamma ray at proton energy of 5.7 MeV is 
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A magnetic spectrometer with inclined plane pole-faces has been con- 
structed for the velocity analysis of low-energy electrons. The magnetic 
field strength H at a point P satisfies 

H=H,/r , 

where Hj, is a constant and 7 is the distance from the line of inter- 
section of the two pole-planes to P. The momentum dispersion of our 
spectrometer is about 3 times larger and the solid angle of the collection 
is more than 10 times wider than those of a conventional semi-circular 
spectrometer of similar dimensions. The equation which determines the 
momentum dispersion was obtained and the conditions for focusing were 
discussed. 


x 


§1. Introduction pendicular to the lines of magnetic force, 
An electron, ejected from one point into a describes a circle whose radius depends on 
uniform magnetic field in a direction per- the velocity of the electron and on the strength 
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of the magnetic field. Thus various momenta 
may be selected by changing either the radius 
of the selected paths or the value of the 
magnetic field. This is the principle of the 
conventional semi-circular spectrometers. The 
resolving power of a semi-circular spectro- 
meter is mainly defined by three terms, i.e. 
the momentum dispersion, broadening of the 
image of the emitting source focused on the 
collecting slit and the collecting slit width. 

Various attempts have been done for in- 
creasing the resolving power. One of the 
method which has been used is to give a small 
amounts of departure from uniformity in the 
magnetic field, for example—by altering the 
profile of the pole-faces of the magnet. In 
order to get good reproducibility and ease of 
construction, the simplest possible profile is 
evidently desirable. 

It is thus of interest to utilize the non- 
uniform magnetic field between two inclined 
plane pole-faces. The field is the same as 
that due to a current flowing along the line 
of intersection of the two planes, and the 
lines of force are a family of circular arcs. 
This kind of field was first discussed by 
Richardson” mathematically, and has further 
been studied in the case of a sector field by 
several investigators.» 

We have constructed a magnetic spectro- 
meter which has an inclined plane pole-faces 
magnet. In our spectrometer the whole paths 
of electrons from the source to the collecting 
point exist in the magnetic field as in usual 
semi-circular focusing systems but somewhat 
different from the paths suggested by Ri- 
chardson. The spectrometer has the high 
dispersion and resolving power together with a 
fairly large solid angle of collection, and the 
lack of uniformity of the edge of magnetic 
field.does not affect the paths of electrons. 


§2. The Orbits of Electrons 


Let 7, z, and @¢ be cylindrical coordinates 
representing radial, longitudinal and azimuthal 
displacements with respect to the axis r=0 
defined by the line of intersection of the two 
planes which contain the faces of the magnetic 
pole-pieces. The equipotential planes ¢=con- 
stant all intersect along this axis, on which 
lie the centers of the circular lines of force. 
The field H satisfies 


alte, (1) 
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where H;, is the intensity at r=1. 

The three-dimensional equations of the orbits 
from a point source lying in the mid-plane 
@=0 at r=rs were given by Richardson. 
However the integrands which were used in 
his equations are not convenient for numerical 
calculations to design a spectrometer. Fortu- 
nately in a spectrometer the image will be 
formed by the orbits which lie in or near the 
mid-plane ¢=0. In this case, the equations 
of the family of coplaner orbits are given 
also by Richardson, 


r=rs-exp {K(cos /—cos #s)} , 
z=—K-rs-exp (—K cos ¢s) 


x \ cos (-exp (K cos d)d , 


(2) 


(3) 


where, ~ is the angle between the velocity 

vector V at a point P on the orbit and a 

vector through P parallel to the axis v=0, 

pointing in the direction of increasing z and 

w=~s at the source S. K is related to the 

momentum m:-v by 

Mtv 

a —, 4 

igs (4) 

Now we consider the nature of the orbits. 


A. Estimation of orbits. 


On designing the spectrometer it is con- 
venient to know the approximate forms of 
the orbits before the rigorous calculations. 
From the above equations of the orbits, the 
radius of curvature o at a point P on the 
paths is 


DG 5) 

Then, if we know the position of a source 
S and ¢s, we can show a orbit lying in the 
mid-plane as a series of loops in which the 
radius of curvature is equalto Kr. yr takesa 
value between A exp K and A exp (—K) peri- 
odically, with maxima at ¢=2muz and minima 
at (2n+1)z, where m is an integer and 

A=rs-exp (—K cos ds) . 

The z-displacement in a complete loop in- 
creases rapidly with K. Orbits with the same 
value of K have the same shapes but different 
sizes, because both y and z are proportional 
to exp(—Kcos#s), which varies with the 
angle of emission #s. 

For the actual calculation of eq. (3) it will 


¢ 
be convenient to use the values of | cos @- 
0 
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exp (K cos #)dd given by Richardson. A part 


of his work is shown in Table I. 


y 
Table I. Values of | cos ¢-exp (K cos ¢)d¢ 
0 


forsic== J 
(quoted from a part of Richardson’s table) 


g? D | ge? wh 

10 0.46965 | 100 2.23040 
20 0.91157 110 2.19582 
30 1.30243 120 2.14771 
40 1.62648 130 2.09147 
50 1.87685 140 2.03071 
60 2.05483 150 1.96774 
70 2.16785 160 1.90386 
80 2.22688 170 1.83976 
90 2.24395 180 1.77550 


B. Conditions for focusing. 


In spectrometers it is necessary that the 
rays emitted from a point source with small 
angular divergence 4&s; should be converged 
to a point. However the general conditions 
for focusing of the rays in the field H of Eq. 
(1) have not been studied yet. Then we have 
derived the general condition from Eqs. (2) 
and (3) as followings, 


niarKsin bs, (6) 
Messi sin Ps+7s COS Ps) . (7) 
Os 

Eq. (6) becomes zero when 
Pe=n7 , GM=0) 1,2; -==))3 (8) 


and for Eq. (7) the condition which makes it 
zero is 

w? . 
Key (9) 
where z=w-7s . 

Unfortunately we have no q's satisfying 
the conditions (8) and (9) simultaneously except 
when the emitting source lies on the line of 
intersection of the two magnetic pole-planes 
so we can not design such spectrometer. Then 
we must choose the value of (7,z) which 
indicates the position of the collecting slit so 
as to minimize the broadning of the emitted 
rays estimated from both Eqs. (3) and (9). 

The relations between ~s and w are shown 
by the dotted lines in Fig. 1 and the cor- 
responding values of z calculated from Eq. (3) 
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by full lines. The intersections satisfy both | 
Eqs. (3) and (9). But for perfect focusing Eq. _ 
(8) should also be considered, then the points 
A, and A, in Fig. 1 are the most suitable 
ones for spectrometers of this kind. 


Fig. 1. Focusing of the orbits lying in the mid- 
plane for K=1. The relations between emitting 
angle #s; and w=e/7s derived from Eq. (9) are 
shown with the dotted lines. The corresponding 
values of z calculated from Eq. (3) are shown 
by full lines. ~ represent the positions of the 
collecting slit. The intersecting points satisfy 
both Eqs. (3) and (9). Among these points A; 
and A, are most suitable for the spectrometers. 


C. Momentum dispersion and resolving power 
In the conventional semi-circular spectro- 
meter the distance from the source to the 
image zi is, 
_ 2p _ 
H-é : 
where p is the momentum of an electron. 
Thus 


Zi=2p 


The dispersion is proportional to the length | 
of, the spectrometer. With inclined poles | 
Richardson calculated the dispersion of 2z- 
direction for only a case when K is near to | 
or greater than unity and ¢; is near to z. . 
However to obtain the best dispersion avail- 

able in this type of magnetic field we must 
calculate for both y and 2z-directions in the 
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general case. We have derived following 
Eqs. of momentum dispersion. 


From Eq. (2) 
a Lats - 
bark dK = Kr(cos /—cos qs) . (10) 


The maximum value of Eq. (10) is 27 when 
K=1, which represents two times the dis- 
persion of a semi-circular spectrometer of the 
same length. The dispersion of z-direction 
is given from Eq. (8) 


dz_ jy dz_i{,_ K (@1/0K)) 
dp KK 21 Kcos ¢s+ 1 f? 
(11) 
where 
=|" Gos disexpiRicosd diss eum (12 
thus , 
LEN i cos? »-exp (K cos d)dy (i3)* 
aK Jy. i . 


Values of OJ/OK are given in Table II. for 
K=1. The momentum dispersion for z- 
direction derived from Eq. (11) is shown in 


y 
Table II. Values of eat cos? Y-exp (K cos ¢)dy 
0 


aK 

for k=. 
y? | allaK y° aljaK 
10 | 0.467 100 1.862 
20 | 0.894 be Me 1.871 
30 1.248 | 120 | 1.891 
40 1.513 | 130 1.924 
50.._| 1.691 | 140 | 1.967 
60. | de FO4 cin Artie 10H | 2.018 
70 || 1.842 160 | 2.076 
80. | 1.858 | eA 70: 2.138 
90 1.860 | 180 | 2.202 


Fig. 2. The maximum value occurs near at 
=450°, os=180° and fortunately this is in 
the neighbourhood of points A; and A, indi- 
cated in Fig. 1. The dispersion in this point 
is larger than semi-circular spectrometer by 
more than 3 times. Orbits in the mid-plane 
of our spectrometer and the arrangement of 
the electrodes are shown in Fig. 3. The axis 


* Differentiation with respect to K was done 
under the assumption that the both limits of the 
integral were constants. When the width of the 
beam of the emitted rays is not so wide the error 
caused by this assumption is negligibly small. 
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of the collecting slit i.e. the perpendicular 
line of the baffles of our spectrometer is sat 
normal to the z-axis but the direction of the 
perpendicular line of the spectrometer which 
was suggested by Richardson is arranged 
normal to the v-axis. From the point of view 
of adjustment our slit system is more con- 


Fig. 2. The values were 


Momentum dispersions. 
calculated from Eq. (11) and shown in full lines. 
The dotted line corresponds to the momentum 
dispersion for conventional semi-circular spectro- 
meters. 


collecting 
slit 


zZ 


=e 0 2 4 6 8 te) l2 

Fig. 3. Orbits in the mid-plane between inclined 
plane pole-faces in our spectrometer. The po- 
sitions of the centers of the two baffles and 
the collecting slit are adjusted for the values 
~=270°, 360° and 450° of the orbit with K=1, 
Ws=185° which was represented as pt. Ag, in 
Fig. 1 and 2. 


venient than the Richardson’s one. In his 
paper he described that his spectrometer has 
4,24 times the dispersion of a semi-circular 
spectrometer of the same length but when 
we calculated his case with both his equation 
and our Eq. (11) we have not obtained 4.24 
but 3.24. 


D. Solid angle of collection. 

Richardson has found that the inclined pole 
spectrograph which was suggested by him 
has a solid angle of collection about 16.5 
times that of a parallel pole spectrograph 
with a slit of equal width using the same 
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source-image distance. In our spectrometer 
the angle has been calculated according to 
Richardson’s method and the results was 
better 10 times or more compared to the 
semi-circular spectrometer of the same length. 


$3. Construction of a Spectrometer 


We have constructed a spectrometer with 
inclined pole-faces magnet. The orbits of 
electrons in the mid-plane of the spectrometer 
are shown in Fig. 3. The source to slit 
distance is 11.10cm. The momentum dis- 
persion is 3.0z which is about 3 times the 
dispersion of a semi-circular spectrometer of 
the same length and the displacement of z- 
direction was 1.65mm/volt for 100 volts 
electrons. 

A vacuum box has been constructed by 
soldering brass plates of 1 cm in thickness. 
The collecting slit has been assembled so that 
its position and width can be adjusted from 
the outside of the box, two O-rings being 
used for this purpose. The box was evacuated 
by a high speed oil diffusion pump and pres- 
sures of about 1x10-°>mm AH, could be ob- 
tained. 


Fig. 4. Magnetic spectrometer having inclined 
plane pole-faces. The main purpose of the con- 
struction of this apparatus is to analyse the 
velocity distributions of the photoelectrons which 
were ejected by soft X-rays or ultra-violet rays. 
The spectrometer (right) and the soft X-ray 
tube (left) are shown. 


The magnet has been constructed with two 
20cm squar silicon steel. The narrowest gap 
near the intersecting line of the plates was 
4mm and for low energy electrons, i.e. weak 
magnetic field strength, the approach to satu- 
ration of the magnetic induction is not con- 
ceivable. The intersecting angle between two 
pole plates was 90°. 
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The spectrometer is shown in Fig. 4. The 
main purpose of the construction of this ap- 
paratus is to analyse the velocity distributions 
of the photoelectrons which are ejected by 
soft X-rays or ultra-violet rays so the velocity 
of- the electrons is up to about 100 Vv. 


§ 4. Discussion 


The inclined plane pole-faces magnetic 
spectrometer described above has following 
advantages. The momentum dispersion is 
about 3 times larger and the solid angle of 
the collection is more than 10 times wider 
than those of a conventional semi-circular 
spectrometer of similar dimension. For ex- 
ample when the source to image distance is 
11.10cm the displacement of the image is 
0.555 mm/volt for 100 volts electrons in the 
case of semi-circular spectrometer, and in our 
spectrometer the value becomes 1.65 mm/Vvolt 
with an appropriate solid angle of collection. 

One of the disadvantages of this type of 
spectrometers is that the space near the source 
and the collecting slit is not so large. But 
in our spectrometer the space for the slit is 
somewhat improved from the one suggested 
by Richardson. Richardson designed a spectro- 
meter of different type in which the inclined 
planes were bevelled so as to become parallel 
at their closest parts. But the construction 
and the adjustment of the apparatus are 
seemed to be more complicated. 

In our spectrometer the gap at the intersect- 
ing line of the two pole-faces is very narrow 
and the flux density at the part is somewhat 
stronger than in the semi-circular spectrometer 
for the analysis of electrons of the same 
momentum. This is not so inconvenient for 
the spectroscopy of low-energy electrons. 
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The behavior of ferromagnetic precipitates in copper-cobalt alloy con- 
taining ca. 2 wt. % cobalt heat-treated with magnetic field was studied 
with the object of making clear a physical origin of the induced uniaxial 
anisotropy observed. The magnitude of magnetic anisotropy induced by 
magnetic annealing was measured as functions of the aging temperature, 


aging time, and intensity of magnetic field. 


It has been found that 


almost all of the experimental results can be explained by the fine- 


particle behavior of ferromagnetic precipitates. 


It is shown that the 


origin of magnetic annealing can be explained neither by the magneto- 
elastic anisotropy of directional deformation nor by the magnetocrystal- 
line anisotropy, but by the shape anisotropy of precipitated particles, 
which is distributed preferentially along the direction of magnetic field 


applied during annealing. 


It is also shown that the magnetic annealing 


affects remarkably the initial precipitation process rather than the over- 


growth stage of precipitation. 


$1. Introduction 


Since it has been found that the presence 
of magnetic field during heat treatment in- 
duces a uniaxial magnetic anisotropy in vari- 
ous ferromagnetic alloys and ferrites such as, 
permalloys, perminvars, Alnico V, and cobalt 
ferrite, the effectiveness of magnetic heat- 
treatment has been studied by many inves- 
tigators for many years and a number of 
explanations have been proposed. 

As for magnetically hard materials, this 
phenomenon was first found with Alnico II by 
Oliver and Shedden” who observed an increase 
in residual induction by cooling in the pre- 
sence of magnetic field. This effect was also 
found in some other permanent magnetic alloys 
such as MK Alloy, Alnico V, and Alcomax. 
Especially, Alnico V has been studied by 
several investigators for the purpose of clari- 
fying a physical origin of the induced uniaxi- 
al anisotropy; Heidenreich and Nesbitt?» and 
Kronenberg succeeded in the direct observa- 
tion of various interesting phenomena in pre- 
cipitation by means of the electron micro- 
scope and clarified the mechanism of magnetic 
annealing in this case. They found that 
Alnico V was divided into plates of precipita- 
tes and that the nuclei grew parallel to the 
direction of magnetic field applied during heat 
treatment, which suppressed completely the 


nucleation of precipitates perpendicular to its 
direction. These experimental works confirm- 
ed substantially the physical origin of uniaxi- 
al anisotropy, in this case, namely the so- 
called “shape-effect”, which has been 
referred to for the interpretations of the 
magnetic behavior of. precipitation-type al- 
loys®:*, The significant feature of this effect 
is that the precipitate grows in the form of 
prolate ellipsoid elongated in the direction of 
magnetic field applied during heat treatment. 

On the other hand, Néel®, Chikazumi and 
Oomura”, and Taniguchi and Yamamoto! 
proposed independently a new mechanism 
based on the idea of ‘‘ directional order’’, in 
terms of which they could explain almost all 
features of the magnetic annealing effect in 
high-permeability alloys, such as permalloys 
and perminvars. This mechanism was also 
proposed by Néel for the magnetic annealing 
of Alnico-type alloys, but his interpretation 
may be only a possible one and has not yet 
been confirmed experimentally. Although the 
shape effect is found by the microscopic ob- 
servation in Alnico V, the mechanisms of 
directional order and surface anisotropy pro- 
posed by Néel may also be possible interpre- 
tations of magnetic behavior of precipitation- 
type alloys. Then, the limit of compatibility 
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of these mechanisms to precipitation-type al- 
loys should be established. 

In precipitation-type alloys which respond 
to magnetic annealing, magnetic field may 
affect the precipitation process in some way. 
However, the origin of the anisotropy of Al- 
nico V is incompletely uderstood, because the 
precipitation reaction has not yet been defini- 
tely studied and also the composition, magne- 
tic saturation, Curie points, and _ crystal 
structures of the phases involved have not 
yet been established. So, we suppose that, 
in order to find out contributions of various 
mechanisms on the origin of the uniaxial 
anisotropy induced by magnetic annealing in 
precipitation alloys, it is necessary to used 
alloys metallographically simpler than Alnico 
V, which is practically important but rather 
complex. 

For the above-mentioned purpose, we have 
used copper-cobalt alloy containing ca. 2 wt. 
% of cobalt, with which we previously dis- 
covered!» the magnetic annealing effect. We 
shall report the measurements of the uniaxi- 
al magnetic anisotropy induced during various 
magnetic heat-treatments in this alloy and 
discuss the machanism of the effect on the 
precipitation process. 


§2. Preparations of the Specimens and the 
Apparatus 


Tammann and Oelsen’™ determined by 
measuring the specific magnetization the solu- 
bility of cobalt in copper and Hashimoto! 
determined in more detail the phase diagram 
of Cu-Co alloys, which is shown in Fig. 1. 
As seen from the figure, cobalt is soluble 
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Fig. 1. Phase diagram of Copper-Cobalt alloy 
system. 
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only to the extent of 5% at 1100°C, 3% at) 
940°C, and 0.3% at 400°C. The Curie tem- 
perature of precipitate of cobalt-rich phase | 
(8-phase) is higher than temperatures of solid) 


solubility if cobalt is contained less wee | 


With Cu-Co alloys containing less than 5% 
Co, it is possible to precipitate by aging the 
ferromagnetic phase containing approximately | 
10% copper in the non-ferromagnetic matrix, 
and the content of 2% cobalt is suitable to) 
avoid a very small trace of ferromagnetism | 
due to imperfect quenching from the high-) 
temperature region of solid solution, because | 
nucleation of the precipitates proceeds extre- 
mely rapidly at the temperatures studied, | 
perhaps due to the extremely rapid precipita- | 
tion at grain boundaries or other imperfec-| 
tions. ) 

Alloy specimens containing about 2% Co| 
were made from electrolytic copper of 99. 9% | 
purity and cobalt of 99.8% purity. Weighed | 
metals were melted in a hydrogen atmosphere} 
in a Tammann furnace. After casting in an} 
iron mold, the ingot was forged to avoid se-; 
gregation and internal cavity and then homo: 
genized at about 1000°C for more than 20 
hours. 


Specimens were cut out from the ingot and| 


were lathe-machined into disks, 13.3mm_ in} 
diameter and 5.2mm in thickness. Then, to) 
eliminate the internal strain due to forging | 
and machining and to disperse grains finely 
and randomly, they were in a vacuum heat- 
ed from room temperature to 700°C at the| 
rate of ca. 50°C an hour, kept at 700°C for} 
5 hours and cooled slowly to room tempera- 
ture. Chemical analysis of the specimens 
gave the following values: 97.7% Cu, 2.2% | 
Co, and less than 0.19% other metals. 
The specimens used for the study of magne- 
tic annealing were aged at various tempera- 
thres for an appropriate time in an externally 
applied magnetic field, after the sbiutiog | 
treatment of ca. 2 hours at ca. 1000°C, in. 
vacuum electric furnace. 
The magnetic anisotropy was measured by. 
means of the torque magnetometer as describ- | 
ed previously'». The disk-shaped specimens 
are placed in a strong and uniform magnetic 
field of ca. 10,000 Oe, and the torques neces: 
sary to fix the disk on arbitary directions are 
measured. The magnetic field is supplied by 
| 
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a Weiss-type electromagnet. The specimen 
holder of the torque magnetometer is sup- 
ported by a jewel bearing on the lower end 
of a helical spring made of phosphor-bronze, 
so that the horizontal displacement of the 
specimen due to slightly irregular field of 
the electromagnet can be avoided. 


§3. Details of the Experimental Procedure 


The specimens were solution-heat-treated 
in a vacuum at ca. 1000°C, rapidly quenched 
in water, and then aged at 750°C for ca. 20 
hours without a magnetic field. For all speci- 
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Fig. 2. Torque curves of the 2% Co-Cu alloy 
specimens aged without magnetic field. 
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Fig. 3. Dependence of the torque maximum upon 
the intensity of magnetic field in 2% Co-Cu 
alloy. 


-mens prepared by the above-mentioned pro- 
cedure, the parasitic torque due to the irre- 
gular distribution of intergrains was _ preli- 
minarily examined by the torque magneto- 
meter, of which the results are shown in 
Fig. 2. We have selected the specimens 
showing a negligibly small specific torque 
(curve C) of ca. 10?dyne/cm?, and omitted the 
specimens having remarkable irregular torque 
values (curves A and B). 
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The precipitation treatments were conduct- 
ed in a vacuum electric funace at various 
temperatures and all the specimens were 
quenched into water at suitable intervals of 
the aging. Measurements of torque were 
carried out at room temperature. The inten- 
sity of magnetic field applied in the measure- 
ments was about 10,000 Oe, although this in- 
tensity is not yet enough to induce the 
saturated intensity of the torque maximum, 
as seen from Fig. 3 showing the dependence 
of the torque maximum upon the intensity 
of magnetic field. 


Experimental Results 


§ 4. 

(1) Precipitation process affected by magne- 
tic field. 

In order to test a possibility that the 
magnetic field present during aging is able 
to influence on the initial stage of precipita- 
tion rather than on the over-growth stage, 
we varied the time of magnetic annealing. 
For the specimens quenched and then aged at 
750°C for 4.0 hours with the magnetic field 
of 1000 Oe, we obtained the value of 4x10? 
ergs/cc for the constant, K. of the induced 
anisotropy, which was found to be expressed 
experimentally as 


E=—K. cos? 9, (rh) 
where @ is the angle between the direction 
of magnetic field applied during annealing 


and that of the measuring field, as seen from 
the torque curve shown in Fig. 4. This in- 
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Fig. 4. Torques brought about by magnetic an- 
nealing at 750°C in 2% Co-Cu alloy. 


dicates that magnetic field applied during ag- 
ing produces an uniaxial magnetic anisotropy 
with an easy direction along the field. On 
the other hand, the value of Ku found for 
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the specimens quenched and then aged for 20 
hours without magnetic field and consecutive- 
ly for 4 hours with the field of 1000 Oe is 
only ca. 4x 102 ergs/cc, as seen from the tor- 
que curve shown in Fig. 4, being the same 
order of magnitude as that at the final stage 
of 750°C-isothermal treatment with field of 
1000 Oe observed in the previous work!?. It 
may thus be concluded that the influence of 
magnetic field during precipitation process is 
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only effective for the nucleation and initial 
precipitation process. 


(2) Change of the induced magnetic aniso- 
tropy with the time of magnetic annealing at 
various temperatures. 

Values of the anisotropy energy induced 
during aging with the field of 3000 Oe at 
750°C, 720°C, 650°C and 550°C are plotted 
against the aging time in Fig. 5, which in- 
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Fig. 5. 
field of 3000 Oe in 2% Co-Cu alloy. 


dicates the marked increase of the induced 
anisotropy energy at the early stage and its 
large decrease at the over-aging stage. Such 
a change of the induced anisotropy with the 
time of magnetic annealing has a trend simi- 
lar to the changes of the hardness and coer- 
cive force of the alloy, as will be shown 
later. 

We may expect from Fig. 5 that the change 
of the anisotropy constant with aging time 
at the initial stage of aging is a relaxation pro- 
cess. In fact, the logarithm of the relaxation 
time, t, is plotted against the reciprocal of 
the absolute temperature, 7, in Fig. 6, from 
which we obtain, as the temperature depen- 
dence of the relaxation time, 


tT=T, exp(E/RT) . (2) 
The value of the activation energy E, is ca. 
36 Keal/mol, being lower than the value of 
the activation energy for the diffusion of Co- 
atom in the Cu-matrix determined with single 
crystals of Cu-Co which is 55.14 Keal/mol'), 
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This is reasonable if one takes into account 
the fact that diffusive processes in the preci- 
pitation process may, in general, be much 
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Fig. 6. Relaxation time of the effect of magnetic 
annealing in a 2% Co-Cu alloy specimen. The 
activation energy is 36K cal/mol. 
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more rapid at grain boundaries and other im- 
perfections than in the interior of the matrix. 


(3) Change of the induced magnetic aniso- 
tropy with the strength of magnetic field ap- 
plied during aging. 

The anisotropy constant as a function of 
the time of magnetic annealing at 750°C is 
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Fig. 7. Anisotropy as dependent on the time of 
magnetic annealing at 750°C in 2% Co-Cu alloy, 
as determined from the torqus curves measured 
in magnetic field of ca. 10,000 Oe at room 
tomperature. 
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applied during annealing at 750°C on the magne- 
tic anisotropy constant in 2% Co-Cu alloy as 
determined from the torque curves measured 
in field of ca. 10,000 Oe at room temperature. 
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shown in Fig. 7, which shows that the aniso- 
tropy constant approaches to the maximum 
value after ca. 2~3 hours at 750°C, inde- 
pendently of the strength of magnetic field 
applied during magnetic annealing. The 
maximum value of the induced anisotropy 
constant is plotted against the strength of 
magnetic field applied during magnetic anneal- 
ing in Fig. 8, which indicates that the maxi- 
mum value of the anisotropy constant appro- 
aches to saturation with increasing field, as 
was also observed in our previous work!. 
On the other hand, in order to test the effect 
of removing the field during magnetic anneal- 
ing, the specimen was aged at 750°C for one 
hour under the field of 5000 Oe and then 
without field for suitable time intervals. 
Fig. 9 shows that the anisotropy constant 
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Fig. 9. Magnetic Anisotropy constant of 2% Co- 


Cu alloy dependent on the time of annealing at 
750°C after the field has been removed. 


decreases exponentially after the field has 
been removed. 


(4) Effect of double magnetic annealing. 

To observe the change of magnetic behavior 
as the relaxation properties caused by dif- 
ferent magnetic annealing, the effect of dou- 
ble magnetic annealing was studied. 

After the specimen was annealed at 750°C 
for 4 hours with field of 2000 Oe (initial 
magnetic annealing) and its torque was 
measured. It was annealed again at the same 
temperature for 4 hours with the same field 
applied newly in the direction orthogonal to 
the previous one (second magnetic annealing). 
Although the initial magnetic annealing in- 
duced the anisotropy of pure two-fold rota- 
tional symmetry containing no four-fold term, 
the second magnetic annealing induced the 
anisotropy of four-fold symmetry, as shown 
in Fig. 10, 
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Such magnetic annealing was also extended 
over-aging stage. Curve A of Fig. 11 shows 
the torque measured after the specimen had 
been held at 750°C for 4 hours with the field 
of 2000 Oe, while the torque measured after 
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Fig. 10. Torque curves of 2% Co-Cu alloy, ob- 
tained after the double magnetic annealing. 
Curve A shows the effect of the initial magne- 
tic annealing and curves B show the effect of 
changing the direction of magnetic annealing 
by 90° degrees from the direction of the former 
magnetic annealing. 


x10 dyne-cm/ec 


‘ 


direction of initial 
applied field 


4hrs with 2000 Oe 
+10hrs with 
2000 Oe 


TORQUE 


RF 


oO 30 60 90 120 150 180 


ANGLE OF FIELD IN DEGREES 
Fig. 11. Torque curves of 2% Co-Cu alloy ob- 
tained after the double magnetic annealing ex- 
tended over the overaging stage. 


the same specimen had been held again at 
the same temperature for 10 hours with the 
field applied only in the direction changed by 
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90 degrees is shown in curve B. This torque 
curve obtained after the double magnetic an- 
nealing made over the over-aged stage has 
the two-fold symmetry and has the easy 
direction of anisotropy along the direction in 
which the field is applied initially. Thus, the 
curves obtained after the double magnetic 
annealing made during the precipitation pro- 
cess show pronounced differences for the 
initial stage of precipitation from for the 
over-growth stage. 


(5) Effect of cold working 

The anisotropy constant obtained with the 
specimen which was cold-worked by press in 
the solid-solution state and aged at 750°C for 
4 hours isothermally with magnetic field of 
1000 Oe is about 10‘ ergs/cc, being greater 
than the value of 4x10’ ergs/cc obtained after 
the same treatment with the uncold-worked 
specimen, as shown in Fig. 12. This increase 
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Co-Cu alloy. 


of the uniaxial anisotropy may naturally be 
interpreted by the fact that the precipitation 
rate is rapidly increased by cold-working and 


the number of precipitates in the cold-worked | 
specimen responsible for the uniaxial aniso- | 


tropy is greater than those in the uncold- 
worked one. 


§ 5. 
(1) Precipitation process and magnetic be- 
havior ‘of precipitate particles. 
There have been many experimental and 
theoretical works on the magnetic behaviors 
of precipitated particles depending on their 
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size and shape. Theories on the most inte- 
resting aspect of the behavior of fine particles, 
have been developed by Kittel’, Néel!®, 
Stoner and Wohlfarth™, and Jacobs and 
Bean. Detailed expositions of this field 
may be found in the survey by Kittel and 
Galt™. 

During the isothermal aging of Cu-Co solid 
solution, the following changes might take 
place; first, Co atoms migrate and aggregate 
to form small Co-rich regions, and secondly 
the face-centered cubic Co-rich phase, which 
is coherent to the matrix, precipitates and 
consequently each precipitated particle become 
ferromagnetic. In this stage, however, pre- 
cipitates are so small that the directions of 
magnetization fluctuate thermally, and the 
bulk specimen does not show any ferromagne- 
tic behavior. The phenomenon of this kind 
in Cu-Co alloy was recently studied by 
Becker and Weil and Gruner?” independent- 
ly, and was termed ‘“‘ super-paramagnetism ’’ 
by Bean. Moreover, with increasing aging 
time the precipitated particles becomes too 
large for thermal fluctuation and become the 
stable single-domain permanent-magnets. For 
this <tage it seems likely that the nucleation 
comes to an end and the total volume of pre- 
cipitation become constant, since changes of 
the electric resistance and of the saturation 
magnetization have not been observed in this 
stage, as seen from Fig. 13. 
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Fig. 13. Precipitation kinetics and magnetic an- 
nealing of 2% Co-Cu alloy at 750°C. 


When the aging is continued further, the 
so-called coagulation takes place, i.e., the 
volume of each precipitate increases and the 
number of precipitates decreases. The in- 
crease of the particle size results in the 
division of single magnetic domain into two 
or more domains, which is energitically 
favorable, Such multi-domain gives rise to 
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the low coercivity due to the displacements 
of domain walls in the precipitates. Such 
characteristics of Cu-Co alloy were found by 
Bate, Schofield and Sucksmith?, More re- 
cently, Becker? also showed that there were 
magnetically three types of precipitated par- 
ticles in the precipitation process of Cu-Co 
alloy containing 2% Co. According to his 
classification, precipitated particles of the 
type I are those in a stage of nucleation 
which show a super-paramagnetic behavior. 
Precipitated particle having the stable single- 
domain size in a further aging are belonged 
to the type II, and the type IJI involves par- 
ticles precipitated in the multi-domain size 
stage in which precipitates continue to grow 
and the coercivity decreases. On this basis 
Becker showed that it was possible to explain 
the change in coercive force with aging time 
at 800°C. Figure 13 demonstrates the similar 
results obtained by us. Many kinds of 
measurements on the 750°C isothermal aging 
give the experimental confirmation of the 
suggestion that the induced anisotropy as 
well as the high coercive force arises from 
fine particle behavior, because the maximum 
of the anisotropy corresponds to that of the 
coercive force. Moreover, the result of the 
magnetic saturation measurement shows that 
the nucleation stage of precipitation is com- 
pleted before the rise of the anisotropy to its 
maximum, since the magnetic saturation cor- 
responds the total amount of ferromagnetic 
precipitated particles. Accordingly, it seems 
likely that changes of the induced anisotropy 
during magnetic annealing are related to a 
change in particle size in the growth stage of 
precipitated particles having a constant total 
amount. Taking into account of single do- 
main precipitates, all of the present experi- 
ments may be explained consistently. 

(2) Origin of the ferromagnetic anisotropy 
of precipitated particles. 

The above-mentioned relations between the 
coercive force and aging process suggests 
that the coercive force of the alloy may be 
due to the particle anisotropy: hence, an ex- 
amination of high coercive force of the alloy 
may simultaneously clarify the origin of the 
uniaxial anisotropy. On the experimental 
side, the work of Bate, Schofield and Suck- 
smith? has shown that the high coercive 
force in Cu-Co alloy arises from fine-particle 
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behavior of precipitated particles. According- 
ly, the discussion in the following paragraph 
is concerned with the comparison of the ob- 
served with the theoretical values of the 
coercive force. 

Generally the high coercive force of finely 
dispersed particles arises from the crystal 
anisotropy, the magnetoelastic anisotropy or 
the shape anisotropy. Now we estimate the 
coercive forces of the Cu-Co alloy due to 
these three causes separately. First, the 
coercive force due to the magnetoelastic 
origin is expressed by H.=3AT/Is, as given 
by Stoner and Wohlfarth™. Taking 10-° for 
2, the coefficient of magnetostriction, 10” 
dynes/cm? for T, a reasonable upper limit of 
the internal stress, and 1300 for Js, the satu- 
ration magnetization, gives ca. 230 Oe for He. 
Accordingly, the magnetoelastic anisotropy 
does not play the major role, as the maximum 
coercive force of ca. 1500 Oe was observed 
by Bate e¢ al. Next, the coercive force due 
to the crystal anisotropy is H.=0.64 K/I; for 
cubic crystallites oriented at random. Taking 
5x10° ergs/cc for K, the crystal anisotropy 
constant, gives only about 250 Oe. Finally, 
the coercive force due to the shape anisotropy 
of randomly oriented particles should be H, 
=0.48(N;:—No)Is, where Ny) and N; are the 
demagnetizing factors of the spheroid along 
the major and minor axes, respectively, ac- 
cording to the calculation by Stoner and 
Wohlfarth (1948))9. The upper limit on the 
coercive force of highly elongated particle is 
(0.48) x 27Js=3700 Oe. On the other hand, 
particles with a N;—Np of 0.7 which is esti- 
mated from the photographs, the coercive 
force of ca. 1400 Oe is predicted. Thus, the 
observed coercive force can be reasonably ex- 
plained by the shape anisotropy. 

(3) Possible origin of the uniaxial ferro- 
magnetic anisotropy. 

In the Cu-—Co alloy, it seems that the in- 
duced uniaxial ferromagnetic anisotropy re- 
sults only from the shape anisotropy of the 
precipitated particles and the degree to which 
they are orientated to the direction of appli- 
ed field during magnetic annealing, since the 
matrix is non-ferromagnetic and only the 
precipitated phase is ferromagnetic. In fact, 
the curve C of Fig. 2 shows no torque for 
aging without field, because precipitated par- 
ticles in the polycrystalline specimen are 
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distributed at random in the or entation, 
whatever an effective anisotropy of precipita- 
tes and interactions between precipitates 
themselves are. However, if the specimen 
has anisotropic orientations of crystal grains, 


it shows an irregular torque curve for aging: 


without field, as seen from curves A and B 
of Eig. 2. As already stated, we are inclin- 
ed to explain the uniaxial ferromagnetic! 
anisotropy by the shape of precipitated par- 
ticles. We must, however, examine possibili-' 
ties of other origins of the anisotropy: mag-. 
netoelastic, magnetocrystalline and of the so} 
called ‘directional order’’ together with the) 
shape anisotropy. 

The anisotropy energy due to the magneto- | 
strictive strain fixed in the direction of ap-) 
plied field is given by 


Ku=(3/2)0VE, (3% 


where 2 is the coefficient of magnetostriction, | 
and £ is Young’s modulus. This mechanism 
gives only the energy of 3x10? ergs/cc if A 
is 10-° and EF is 2x10@dynes/cm”. This is 
much less than ca. 10° ergs/cm* of precipitate 
and thus it seems unlikely that strain aniso- 
tropy plays the major role. As to the crys-| 
talline anisotropy, X-ray study has Pee | 
that the particles precipitated during the aging 
process show the face-centered cubic struc- 
ture, as will be shown in Part II, and naturally | 
it makes few contribution to the Sana 


anisotropy. 

In order to test the possibility that the | 
anisotropy of the precipitated particles is) 
primarily the shape anisotropy, we has dived 
tigated the shape of precipitates directly 


electron and light microscopes, as will be 
shown in Part II. 

Thus, as a matter of fact, it seems clear 
that the particle shape accounts for the un- 
iaxial ferromagnetic anisotropy in Cu-—Co 
alloy. According to the theory of Néel et al., 
the uniaxial anisotropy constant, Ku, is ex- 
pressed by | 


Ku=(1/2)N(41)2V0—V), ) 


(4) 
where N is the demagnetizing factor of the | 
precipitate particles, 4J; the difference in 
saturation magnetization between the precipi- 
tated phase and the matrix phase, and V the! 
fractional volume of the orientated precipita- 
tes. If we take 4/;=1300 which is the satus) 
ration magnetization of the precipitates, V= 
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0.01 which is estimated from the photographs, 
the averaged value N=0.7 which is estimated 
from the photographs, we obtain the induced 
anisotropy energy of about 5x10‘ ergs/cc 
which is approximately in agreement with 
the observed maximum value of 10! ~ 8x 103 
ergs/cc. There are reasons that the observed 
values are less than predicted, by the same 
reason in the before-mentioned case of the 
coercive force of fine particles. In addition, 
the value of the shape anisotropy constant is 
in general connected to the amount of the 
orientated precipitates and unrelated to the 
total amount of ferromagnetic phase present. 
Accordingly, V=0.01 is perphaps over-estimat- 
ed, since the volume fraction of the total 
amount of the phase precipitated completely 
at the aging temperatures studied is about 
0.01 ~ 0.02 in view of the phase diagram. 
Consequently, it may be inferred that the in- 
duced anisotropy is caused by the precipitates 
having the anisotropic distribution along the 
field applied during aging. 

The next step in understanding the com- 
patibility of the mechanisms is to discuss the 
possibilities of the directional order and the 
surface anisotropy. Ae we have seen from 
the experimental results (§ 4, (1), (2) and (4)), 
it seems unlikely that the directional order 
plays the major role, since the change of the 
anisotropy is influenced sensitively by the size 
of the precipitates and the precipitation pro- 
cess. Especially, the mechanism of direc- 
tional order cannot interpret the experimen- 
tal fact regarding the anisotroyy of the four- 
fold symmetry induced by double magnetic 
annealing, because the dipole-dipole interac- 
tion, which depends on the kind of atom pairs 
and the direction of spontaneous magnetiza- 
tion relative to the axis of the atom pair, 
yields only the directional equilibrium of so- 
lute atom pairs in the precipitated phase. 
Furthermore, the saturation magnetization 
reaches a constant value very early before 
the aging time corresponding to the maximum 
of the induced anisotropy, as illustrated in 
Fig. 13. This means that the total volume 
and the compositions of the precipitates reach 
to nearly a constant value very early during 
the initial stage of precipitation. Consequent- 
ly, it seems that the induced anisotropy 
does not depend on the concentration of the 
atom pairs, so that the directional order may 
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not play the major role. The qualitative dis- 
agreements .between the observed result and 
the predicted result from directional order are 
provided by the effective response to magne- 
tic annealing on- the initial precipitation and 
by the phenomenon of disappearence of in- 
duced anisotropy during the over-aging. 

On the other hand, although the surface 
anisotropy of precipitated particle seems at- 
tractive, we have few available data support- 
ing it, since the mechanism of surface aniso- 
tropy relates sensitively to the size, shape 
and atomic concentration of precipitated par- 
ticles and it is difficult to separate the effec- 
tive part due to this mechanism from the 
other mechanism. 

There are some points of interest in our 
experimental facts on the effect of magnetic 
annealing. First, the anisotropy energy rises 
to the maximum and then falls with increas- 
ing time of magnetic annealing at various 
temperatures, as shown in Fig. 5. Such 
curious phenomena were found first by the 
author et ai!) and also recently by Becker?" 
for shorter annealing times at 800°C. In the 
precipitation process at the various tempera- 
tures studied, the maxima of the anisotropy 
shift to longer aging time with decreasing 
temperature. This shows that a_ suitable 
growth time corresponding to the critical size 
for precipitated particles of single domain 
shifts to longer aging time as the aging-tem- 
perature is lowered. The critical time cor- 
responding to the single domain formation 
was known from some properties, such as the 
coercive force which was considered to be a 
very sensitive indicator of the average size 
of precipitated particles. The aging time cor- 
responding to the maximum of the anisotropy 
coincides approximately with the time of 
maximum of the coercive forces as shown in 
Fig. 13. Accordingly, it seems likely that 
the behavior is due to the formation of 
single domain and the decreasing anisotropy 
for the longer time is due to the behavior 
of multi-domains in larger precipitated par- 
ticles, just as mentioned above in §5, (1). 
Presumably such behavior due to over-aging 
would also be observed in other alloys of the 
precipitation type and would be remarked as 
a characteristic phenomenon of magnetic 
annealing. 

Secondly, Fig. 7 shows that the dependency 
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of the induced anisotropy on the strength of 
the applied field is remarkable. Tendency of 
the saturation of the induced anisotropy sug- 
gests that the field applied during aging 
causes the alignment of precipitated particles 
to line up in the direction of the field. In 
general, if the field applied during aging is 
high enough and the direction of magnetiza- 
tion in precipitated particles orientates to the 
direction of external field, the induced aniso- 
tropy frozen in by the magnetic annealing 
will be approached to their saturation values 
and will be independent of field applied dur- 
ing aging. When the direction of the mag- 
netic field coincides no longer with directions 
of magnetizations of precipitated particles, 
the consideration for the phenomenon is 
much more complicated. Pressumably the 
behavior would be decided by interaction 
between the force of magnetic field acting 
on the precipitated particle and the crystal 
force due to the favored coherency of the 
matrix, just as in the case of Alnico V. 

Thirdly, the anisotropy of four-fold sym- 
metry is produced by the double magnetic 
annealing during initial stage of precipitation, 
as illustrated in Fig. 10. Such an unusual 
phenomenon is not fully understood. If the 
precipitated particles are aligned to favor in 
the two directions of fields which have been 
applied in the double magnetic annealing, the 
torque curve having four-fold symmetry may 
correspond to the torque curves obtained in 
the experiment of Nesbitt et al. However, 
the maximum torque obtained in Fig. 10 in- 
creases with increasing strength of the 
measured field which is not yet enough to 
produce magnetic saturation of the precipita- 
tes, contrary to the experiments of Nesbitt 
et al. in which the anisotropy diminishes with 
increasing field strength and is due to the 
shape anisotropy of the precipitated particle. 
This behavior of polycrystal can not be due 
to the shape anisotropy of the precipitates 
alone and perhaps the consideration of the 
origin of the other anisotropy and mutual in- 
teraction of precipitates are necessary to ex- 
plain it. 

In addition to these, there is the fact that 
magnetic field is able to influence the nuclea- 
tion or initial precipitation rather than over- 
growth stage of precipitates. Recently, Nes- 
bitt and A. G, Williams?® showed that magne- 
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tic field affects the nucleation process only in 
Alnico V. They also indicated that the 
mechanism of Kittel et al. was the more im- 
portant one. Thus, it seems likely that such 
behavior of the Cu-—Co alloy as well as Alni- 
co V is the characteristic of magnetic anneal- 
ing in the precipitation-type alloys. 

From the arguments mentioned above, it 
may be seen that the shape anisotropy and 
directional orientation of precipitated particles 
are the most resonable origin of the magne- 
tic annealing effect of the Cu--Co alloy. 


§6. Summary 


A number of phenomena of magnetic an- 
nealing have been observed during the vari- 
ous precipitation process of 2% Co-Cu alloy. 
We have examined the possibility of magne- 
tic behavior arising from the particle aniso- 
tropy and clarified that the uniaxial anisotro- 
py properties of this alloy are explained by 
the shape effect proposed by Néel and Kittel 
et al., as offered to be correct for alnico V. 
Moreover, it has been observed that magne- 
tic field-applied during aging is able to in- 
fluence the nucleation stage or initial precipi- 
tation stage rather than over-growth stage 
of precipitation, as shown by Nesbitt e¢ al. 
with Alnico V. 
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High purity germanium monosulfide was prepared and its semiconduct- 
ing properties were measured. Samples are obtained by the reaction of 
germanium and sulfur in vacuum at high temperature and reducing in 
ammonium gas to remove germanium disulfide. Dark resistivities of 
evaporated layers and polycrystalline blocks of GeS prepared by the 
above method are 10"! cm or more. 

1. The thermal activation energy for dark current is 0.74 ~ 1.0 ev and 
about 0.25~0.5ev at higher and lower temperature regions, respectively. 

2. The absorption edge is found at about 700m p from the optical 
measurements. 

3. At room temperature the maximum spectral sensitivity of photo- 
conductivity is observed at the wavelength of about 700 my in vacuum and 
of about 800 mp in room air. 

4. The sign of the observed thermoelectric power is that of p type 


at high temperature, and its magnitude is about 1 mv/deg. 


§1. Introduction 

Semiconducting properties of sulfides of the 
elements in the first and second groups of 
periodic table have been reported in many 
literatures, but those of the elements in the 
elements in the fourth group have hardly been 
investigated up to the present. 

GeS was selected as such an example, and 


its main features of electrical and optical pro- 
perties were measured with high purity sam- 
ples. 


§ 2. Preparation and Purification of Samples 


GeS samples used in the experiments were 
obtained by the reaction of germanium and 
sulfur powders of about stoichiometric ratio 
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in an evacuated quartz tube at high tempera- 
ture. 

Germanium powder was prepared by grind- 
ing high purity single crystals, and sulfur 
powder was purified by recrystallization in CS, 
three times or more and then by vacuum 
distillation. 

These germanium and sulfur powders were 
put into a quartz tube which was kept free 
from impurities by a previous heat treatment 
in high vacuum, and then the tube was sealed 
off after evacuation. 

Reaction of germanium and sulfur was done 
by heating the quartz tube in an electric 
furnace at about 800°C and then at 1050°C 
for about six hours each. Since there are 
some GeS, and sulfur as impurities in the 
samples prepared by this method, they were 
again treated in ammonium gas. These sam- 
ples were heated at 800°C for an hour in 
quartz tube through which pure ammonium 
gas was slowly passed at the rate of about 
2~83 c.c./sec. 

GeS was sublimated and crystallized on the 
wall of the quartz tube at lower temperature 
in the stream of ammonia gas. In this treat- 
ment the purity of these samples was increased, 
and a very small amount of impurities such 
as Fe, Al, Cu, was found spectroscopically 
and high resistivity was observed. 

GeS has a lattice structure like stressed 
rocksalt and the lattice constants are a=4.29A 
b=10.42A and c=3.64A. By means of x-ray 
analysis it was confirmed that these samples 
were certainly germanium monosulfides. 


$3. Experimental Procedure and Results’ 


Measurements described below were made 
on sandwich type evaporated layers and on 
polycrystalline blocks of GeS samples prepared 
by the above mentioned method. Electric cur- 
rent was measured by Du-Bridge Brown’s 
circuit whose current sensitivity is the order 
of 10-14 amperes. 

(a) Dark conductivity 

GeS is not stable at high temperatures in 
air, so the measurements were made in high 
vacuum tubes. Sandwich type samples were 
composed of an evaporated GeS layer placed 
between electrodes of sputtered platinum and 
evaporated aluminium layers as shown in 
Fig, 1, 

The polycrystalline block type samples have 
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two platinum sputtered layers on opposite sur- 
faces as electrodes. These tubes were heated 
in an oil bath, and the temperature was mea- 
sured by copper-constantan thermocouple. 

Temperature dependence of dark current 
was measured for both type samples between 
room temperature and 200°C. 

Figs. 2 and 3 show the data on evaporated 
layers and on a polycrystalline block respec- 
tively. 


Mica cover for Al 
evaporation 


Evaporated Al Copper- constantan 


electrode | thermocouple 
Evaporated Sputtered Pt electrode 
GeS layer 


Glass plate 


Mica cover for _| 
GeS evaporation 


Fig. 1. Experimental tube to measure the conduc- 
tivity of sandwich type GeS layer. 


From these figures the thermal activation 
energy for dark conductivity is calculated to 
be 0.74~1.0 ev and in the case of evaporated 
of about layers there is lower activation energy 
portion 0.25~0.5ev at lower temperature 
region. 

From the results the specific resistance is 
also calculated to be 10°~10%Qcm for the 
evaporated layer and 10'°Qcm or more for the 
polycrystalline blocks at room temperature. 

(b) Optical absorption 

Optical absorption was measured with eva- 
porated layers at room temperature. Samples 
were prepared by evaporation on quartz plates. 
The thickness of the layers is 0.2~1 which 
is determined by optical interference and 
colorimetric measurement. 
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Fig. 2. Temperature dependence of dark current 


in sandwich type samples. 
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Fig. 3. Temperature dependence of dark current 
in polycrystalline block type sample. 


Electrical and Optical Properties of Ges 


561 


A tungsten filament was used for the light 
source, and the radiation was made to 
monocromatic light by a Beckmann type 
monochromator or a minimum dispersion type 
spectrometer. After passing through the 
layer, the monocromatic light was detected 
by an antimony- cesium photo-tube or a photo- 
multiplier. A curve of absorption coefficient 
calculated from the absorption experiments is 
shown against the wavelength in Fig. 4. From 


2:0,-— =e 5 


coetticient x 10% (mm?) 


Absorption 
° 
a 


fe) ak 1 rs n aa 
500 600 700 
Wavelength (mp) 
Fig. 4. Optical absorption of GeS and GeS,. 


this figure it is seen that the absorption edge 
of fundamental absorption band lies at about 
700 my (1.8ev). In Fig. 4 the similar result 
obtained with GeS, is also plotted. Its absorp- 
tion edge lies at about 540 my (2.3 ev). 

(c) Photoconductivity 

Experimental results on spectral sensitivity 
of photo-current at room temperature are 
shown in Fig. 5. Sandwich type samples are 
composed of thin evaporated GeS layer placed 
between transmitting electrode and evaporated 
alminium electrode. Nesa coating was used 
as the transmitting electrode on the quartz 
glass. Polycrystalline block sample has two 
evaporated gold, layers as electrodes. 

Light source and monocromator are similar 
to those used in the absorption experiment, 
and the detection of light intensity was made 
by thermopile. 

As seen from this figure there is a maximum 
of sensitivity at about 700myz in wavelength 
for both type samples. On the polycrystalline 
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block the maximum shifts to about 800 my in 
room air. As the curves (1), (2), (3) of this 
figure show the order of measurement, it is 


10 ual 
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Fig. 5. Spectral photocurrent for equal energy 
illumination. 
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Fig. 6. Temperature dependence of thermolectric 
power. 


seen that the shift of its maximum is rever- 
sible. 

It will be interesting to study this pheno- 
mena further. It is also seen from this figure 
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that the sensitivity rapidly increases below the 
wavelength of about 550 my. 

This wavelength is almost the same as that 
of the absorption edge in GeS;, but it seems 
that the increase is not related to GeS,, be- 
cause no photocurrent was observed in GeS, 
with the irradiation of 100 watt tungsten lamr 
and high pressure mercury arc lamp. 

(d) Thermoelectromotive force 

Thermoelectromotive force was measured 
between the temperature of 70° and 160°C 
with a potentiometer, and the temperature 
was measured by copper-constantan thermo- 
couples. In Fig. 6 the results are plotted 
against temperature. For temperatures below 
100°C the accuracy of data is low because of 
the high resistance of samples. 

Although it seems that the conduction 
process is intrinsic above 100°C as seen from 
Figs. 2 and 3, the sign of the electromotive 
force observed is that of p type ones. 

The magnitude of thermo electric power is 
about 1 mv/deg. 


§ 4. Conclusions and Acknowledgements 


In this paper some electrical and optical 
properties of GeS are described. High purity 
GeS samples were obtained by heating in the 
stream of ammonia gas after being prepared 
by heat treatment of germanium and sulfur 
in quartz tube. The energy gap of GeS is 
calculated as 1.5~2.0 ev from thermal activa- 
tion energy, about 1.8ev from the maximum 
of photoconductivity and these values are in 
good agreement with each other. Dark resis- 
tivity of GeS as high as 10! Qcm or more 
is obtained at room temperature. 

In evaporated layers there is a conduction 
of lower activation energy which seems to 
come from some impurity centre. It is 
interesting that the sign of thermoelectromo- 
tive force is that of holes at higher tempera- 
ture region where intrinsic conduction seems 
to take place. 

The auther wishes to express his sincere 
thanks to Mr. Sakio Suzuki, Mr. Shoji Yamada 
and Dr. Shinichiro Narita for their contribu- 
tions in making the samples and taking the 
experimental data of this work. 
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We studied the electronic energy bands of graphite by the Bloch 


method and then calculated the diamagnetic susceptibility. 


The calcu- 


lated value of the main term in Peierls’ constant susceptibility (parallel 
component to c-axis) is about 0.3 times the experimental value, and the 
theoretical value of periods (on the basis of Onsager’s theory) of two 
types with regard to the de Haas-van Alphen effect is about 2.5 times 


the experimental value. 


§1. 


As is well known, in a strong diamagnetic 
substance like graphite or bismuth or antimony, 
conduction electrons, i.e. so-called de Haas-van 
Alphen electrons, cause a non-periodic part of 
susceptibility which is fairly small compared 
with the experimental value.Y Blackman” 
suggested that the periodic part and most of 
the non-periodic part of the susceptibility of 
bismuth are caused by electrons found in 
separate places in the Brillouin zone. How- 
ever, it is difficult to explain why the electrons 
giving rise to a large non-periodic part of 
susceptibility do not so appreciably to the 
periodic part. Hence on the basis of Black- 
man’s suggestion, we have to expect an 
extreme anisotropy in energy bands. 

According to Wallace,*? Coulson” and others, 
the electrons and holes in graphite occupy 
the corner states of the Brillouin zone of 
hexagonal prism and there is no energy gap 
between the lower and the upper bands. 
Then, since the characteristic quantities of 
the electrons and holes are estimated as 
nearly equal, there is no reason to assume 
two types of energy pockets, as Blackman 
did, and we must consider that. the electrons 
causing the periodic and non-periodic suscepti- 
bilities are electrons of the same type. 

In this paper we study the relation between 
the diamagnetic susceptibility and the energy 
bands. For the purpose of determining the 
values of the parameters required in later 
sections, in §2 we consider how the energy 
integrals in the Bloch method are affected 
by the inclusion of the overlapping of wave 
functions. In §3 the exact secular equation 
for the z-electron in three dimensional lattice 
is set up and the energy distribution is in- 
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The cause of such discrepancy is discussed. 


vestigated in detail on the basis of this 
equation. In §4 the constant diamagnetic 
susceptibility is calculated by using the para- 
meters which were determined in § 2 and §3. 
In §4 it is shown that, in the magnetic field 
parallel to the c-axis, the c-axis component 
of the ordinary main term of the Landau- 
Peierls’ diamagnetism is only about 30% of 
the experimental value and that the perpen- 
dicular component is also much smaller than 
the susceptibility of diamond. Hence we con- 
clude that the observed value of the perpen- 
dicular component consists mostly of atomic 
susceptibility. In §5 the de Haas-van Alphen 
effect is analysed. It is shown there that 
correct value of periods can not be obtained 
within the limits of either z-electron or the 
one band model. 


z-bands of Two Dimensional Lattice. 
Effect of the Overlapping of Wave 
Functions 


§ 2. 


In the Bloch method, the overlapping of 
wave functions is usually neglected to simplify 
the calculation. Wallace®? worked along this 
line. Coulson and Tayler,” however, took 
into account the overlapping of wave functions 
between nearest neighbours and calculated 
the state density, and obtained a result dif- 
fering remarkably from Wallace’s. From 
Table I, however, we suppose that the over- 
lapping of higher orders gives rise to an effect 
of the same order as the overlapping of lower 
order when proceeding to a higher approxi- 
mation, since the distance to a higher neigh- 
bour is not very much longer than that to 
the nearest neighbour; that is to say, it is 
possible that the effect of the overlapping 
was wrongly estimated in the first step of 
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the approximation. We shall therefore take 
into account the effect of the overlapping of 
wave functions more fully. 


Fig. 1. Crystal structure of two dimensional lattice. 


Table I. Classes of neighbouring atoms; a is 
the atomic distance to nearest neighbour. 


(Cf. Fig. 1.) 
Lee sal 
Tape: | PGR NPS Con 
Si EG 1 3 1 
be Voalhs 0h 3; 6 1/9 
cel ut 2 3 1/16 
eel) duh T. 6 1/49 
02 3 6 1/81 
03 3) 6 1/144 


We show in Fig. 1 the crystal lattice of 
two dimensional graphite composed of two 
sublattices, A and B, as marked there. De- 
fining ¢ as the atomic 2p, function, and ¢ as 
Léwdin’s orthogonalized atomic function, we 
have 


g(r—rj)= x o(1+S)ii” , 


(2.1) 
Sis= { bi bjdt . 


Using the orthogonalized function ¢ instead 
of the usual non-orthogonalized function ¢ for 
the Bloch sums ¢4 and #, corresponding to 
types A and B respectively of atoms in a 
unit cell, energy eigenvalues are given by 


E= Hyat|Hua| ) (2.2) 
where the matrix elements are 
Haa=E(O)+ > E(0w)auP(k) , (2.3a) 


Hz4= py E(oy)ay"(k) , (2.3b) 
and where 

Qu(k)= 31 exp (—2zik- py) , 

ay? (k)= > exp (—27ik- ay) . 
We make use of symbols p and @ to denote 
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the distance vectors from the referred atom 
to atoms of the same type and of different 
type; the suffix ~ and » denote the w- and 
y-th neighbours in each species, and 7 is to 
distinguish an atom from those in the same 
neighbouring order; E(0), E(o.) and E(oy) are 
integrals 


E(0)= |e" Horde (2.4a) 
E(o.)= | o*r—psdHelride | (2.4b) 
E(asy= \ g*(r—a,)Ho(ndr. (2.4) 


"Ky 


Fig. 2. The Brillouin zones for two dimensional 
lattice. 


Now, to calculate the electric and magnetic 
properties, we study the electronic states in 
the neighbourhood of point P shown in Fig. 
2. We use an expansion in a power series 
of wave vectors, k’=k—kp(|k’|<\|kl) 


ay? (k)= a, exp (—2zxikp-ay?) 
J 
x | 12min! . ov (nk! ay) ee ; 


Since for any number of »v we can show that 
ay’(P)=0, Hea identically vanishes at P. 
Further, we have 


Qu'(k)= >) cos 27kp- pps 
j 


5 i (27k! *pu?)® COS 27K p+ ppJ +--+: . 
j 


Because the first term Hu. of (2.2) is quadratic 
in k’ and the second term Hx. giving rise to 
splitting into two bands is linear in k’, the 
two bands have no overlapping in the neigh- 
bourhood of P. The energy value E(k) in 
the neighbourhood of P is then given by . 


Ep(k) 
= E(0)—3(E(0,)—2E(0:) + E03) +++) 
+37a(—E(o1)+2E(o2)+ E(o3)++++)|k—kp|. 
(2.5) 
This formula shows that the shapes of the 
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two bands are symmetric as regards P. This 
fact is due to the crystal symmetry. The 
widths of the lower and the upper bands, 
4E,=E(P)—E(r) and 4Ev= E(R)—E(P), where 
ET’) and E(R) are respectively the energy 
at points 7 and R, are given by 


4E,=— 3 a,°(U)E(oy) 
air ~ (au’(P)—ayP(T"))E(ou) , (2.6a) 
4Eg=— Say (l)E(oy) 


aT ~ (au(P)—awL)) E(u). (2.6) 


By writing integrals (2.4) in terms of the 
non-orthogonalized functions, we can investi- 
gate the effect of the overlapping of wave 
functions on the width of the energy band. 


Defining S(m), E(0) and E(m) as 


Sts)= err In) b(r)dt , (2.7a) 


E(0)= | @*(r)(V—U)¢(r)drz , (2.7b) 
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Or 


E(n)= [ errr V—U)¢(r)dt , (2.7c) 


where V is the crystal potential and U the 
potential of an isolated atom, we can rewrite 
E(o,) etc. in terms of (2.7). Thus we obtain 
E(o,)=(1+5S2(01) +31S4(61) + 213$%(61))8(o1) 
—2S(6,)8(01)-+S(01)8(41)) 
+ 2S(41)(25(02)8(41) +$(61)B(62))+>** 
(2.8a) 
E(01)= —S(o1)(1+8S%(01) + 60S4(1))B(o1) 
+(B(01) + 10S(o1)S(01)B(41) 
—2S(01)B(01) +5S*(61)B(61)) 
—(S(62)B(01) + S(61) (42) 
—(S(¢3)B(o1) + S(o1)B(os)) + +++, (2.8b) 
where 


B(ov) = E(oy)—S(oy)E() , 


B(ou) = E(On)—S(on) EO) : 
The width of lower band is 


AEr=(1+ & @*(P)S(6y) + *. Au? T)S(Ou))- (1+ = au(P)S(on)){— 3 av? (L')B(ay) 


+ ~ (aw(P)—awr(l" )B(Ou) + (a Qu?(P)BOu)auP(L YS(Oue)— > aul(P )B(On)du?(P)S(Ou-)) 


+ Au?(P)B(pu)av?(I)S(oy) — > AuP(P)S(Ou)av?(L)By))} - 


(2.6) 


To find the order of magnitude, we assume that the resonance integral is proportional to 
the overlapping integral S(m), and that S(m) is inversely proportional to the fourth power of 


distance. Then we have 


(R= ™ go) = (%) aan : 


S(o1) 


and 


yi ee B(o1) x 


d+ a" (L) Sy) + > au(L")S(ou))—A+ au? P)S(ou)) 


~ Sar) 


Adopting the values 1/4 and —3.0 ev. for 
S(o1) and §(0,) respectively, as proposed by 
~ Coulson and Tayler, we study how the magni- 
tude of the calculated band width is affected, 
taking into account the contribution of higher 
neighbours; results are given in Table Il. 
Naturally in the approximation of nearest 
neighbours, (2.6) agrees with the result of 
Coulson and Tayler. Potential V—U is large 
half way between any two atoms, and then 
the overlapping of wave functions in this 

neighbourhood contributes largely to E(0) and 


(14+ E a7P)S() + = aP(P)S(pu) (A+ & aul(P)S(On)) 


(2.6) 


E(o,). Therefore we may suppose that E(0) 


and (o,) are of the same order. Hence we 
have a value —4.0 ev. for E(c,). Neglecting the 
overlapping of wave functions and taking into 
account the contribution of the nearest neigh- 
bours alone, we have 12 ev. as the width of 
the lower band. Although the contribution 
of S(o;) considerably reduces the width of 
the lower band, the effect is cancelled fairly 


well by the contributions of S(o:) and E(o1). 
Thus the final value converges into some 
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value between the value of zeroth approxi- 
mation (12 ev.) given in the second column 
in Table II, and that of nearest neighbour 
approximation (5.1 ev.). While E(0) is found 
to be nearly equal to the value of the lowest 
approximation in which the overlapping is 
not included, E(o:) is much more affected 
than E(o,) and the sign is the opposite of the 
sign expected from the two-centre approxi- 
mation. The absolute value of E(01), however, 
is fairly small as compared with E(o,). Hence, 
when overlapping is neglected, the theoretical 
result is wrong even when the resonance 
integrals of higher neighbours are taken into 
account. However, when only the nearest 
neighbours are taken into account, no good 
result can be obtained even should the over- 
lapping be calculated exactly, since many 
other terms of comparable order are neglected. 
As to these points, Wohlfarth® got similar 
results by calculating the effect of overlapping 
for a simple one-dimensional lattice. 


Table II. The overlapping effect on energy inte- 
grals in units of ev. The first row shows the 
distance to the farthest neighbouring atom whoes 
contribution is taken into account. 


a\(S(o1)=0) a1 P1 R= co 
4H, 12.0 Sei | 6.8 7.0 7.6 
DN Pe eal \ es ee 
(91) E01) 
S=0 —4.0 Soli 
ata ae ae 7 D8 
§ 3. 2-bands of Three Dimensional Lattice 


In three dimensional lattice, the binding 
only between the succesive layers (the layer 
distance c=3.35 A) is extremely weak (the 
binding energy is about 4 kcal/mole)” and so 
the feature of stacking can be easily changed 
by something such as mechanical treatments.” 
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Therefore it is possible that the observed 
electric and magnetic properties are not those 


of a uniformly stacked lattice but are those | 


of a mixture of various stackings. 


There are three types of stacking, viz, aa 
The difference | 


| 


type, ab type and abc type. 
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between the electronic structures of these | 
three types is ordinarily not so remarkable, © 


but it does have an important effect on the 
electronic properties at low temperatures. 


For example, in abc type the total number | 
of electronic states per atom in the lowest | 


B.Z. is 0.998. This type of lattice, therefore, 
would be expected to behave like a metal. 
Compared with the number of conduction 
electrons in graphite (~10-* per atom at 0°K) 


as estimated from experiments on Hall effect _ 
and others, the number 0.002 in the abc type © 


of lattice is considerably large. There are 
experimental reports that some crystals contain 
abc type of lattice to about 15%.” Depend- 


ing on whether this abc type is contained in | 


large blocks or in small pieces in the back- 
ground of the ab type, the effect on dia- 
magnetic property differs very much, i.e. the 
effect is far smaller in the latter case. Ac- 
cording to Brennan,” the cohesive energy for 
ab type is lower than that for aa type by 
about 0.36 kcal/mole. Although the cohesive 


energy has not been compared for abe and ab | 


types, it is probable that abc type is energet- 
ically more stable than aa type. However, 


it is not probable that abc type is contained | 
In | 
the present paper we consider only regular 


in the form of a large block in crystals. 


lattice of ab type. 


Taking orthogonal atomic wave functions | 
y for the four atoms A, B, A’ and B’ re- | 
spectively in a unit cell, and taking into ac- ) 
count that the circumstances around the A | 


and B sites are the same as those around the 
B’ and A’ sites, we construct four Bloch 


sums from these functions which then give | 


the following matrix elements: 


Haa=Ez(0)+ * Euz(Ou, 0): au?(k)+2 Dd E:(0, 2nc)-cos 4rnck: 


+4 2 Eiz(Ou, 2nC)*ayu?(k)-cos 4rnckz , 
dv, bo 


(3.1a) 


Has=EZ(0)+ = Exon, 0) au'(k) +2 3) Ex(0, 2nc)-cos 4rnckz 


+25 ER(Ou, 2nc)+au?(k)-cos 4rnckz , 
Mo 
Hna= x Exo vig) dy) +2 > Exley, 2nc)+dy7(k):cos 4xnckz , 


(3.1b) 
(3.1¢c) 
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Hep-4=2 x E240, (2n—1)c)+cos 2x(2n—1)ck: 


+2 >) Ezc(0u,(2n—1)c)-ay?(k)+cos 2n(2n—1)ck, , 
Nye 
Hara=2 p> Exley, (2n—1)c)-a,"(k)*-cos 2x(2n—l)ck: , 
Hars=2 >) Ex(oy, (2n—N)c)-ay7(k)-cos 27(2n—1)ck, , 
nV 


where mu denotes the number of layers and 
other indices have the same meaning as in 
the preceding section. It is noted that k is 
a two-dimensional wave vector. The secular 
equation is written 


Hia-E Hi, Hyra Hira 
Hea Hzes—E H%4 Flas ct) 
ete eek. Hale * OH, 
Hara Harz He, Hgs—E 
(3.2) 
é- A 
S ee 
; A 
cr Vv 
Pp 
oa 


Fig. 3. The Brillouin zones which contain one 
electron per atom. 


Since it can be seen from an approximate 
solution of this equation that the position of 
the highest energy in the lower zone and 
that of the lowest energy in the upper zone 


are on line PH in Fig. 3, we shall investigate 
the neighbourhood of this line only. Because 
ay°(P)=0, as was seen in §2, Hara and Harz 
are negligibly small compared with Hz-4 and 
are of the order of about 1/10 of Asa. 


(3.1d) 
(3.1e) 
(3.1f) 


Hence these terms are neglected here. In 
this approximation, the solution of the secular 
equation is in form the same as obtained by 
Carter and Krumhansle,! i.e. 


[g= Han——-(Han—Has+ Hara) 


1/2 
se {Hoa}? (Hoa Has “lr Hara)" ‘ 
(3.3) 


The two bands touch at point Q, where 


Hee—Haa+Hz-,=0, and on lines QH and PQ 
we have exactly E=Hzz(ke,kz). The value 
of |k.| at Q, where the two bands contact is 
somewhat larger than 1/4c. As seen from 
(3.1), the leading term among the terms 
depending on kz in Hzs(ke,kz) is 2Ex(0, 2c) 
cos 4zckz. Then if Fx(0, 2c)>0, as expected 
from the two-centre approximation, Hza(kp, kz) 
has its maximum value at k.=0, kz=+1/2c 
and minimum value at kz.=+1/4c. The dif- 
ference is 4Fx(0, 2c). Hence the lower and 
upper bands overlap by 4&;,(0,2c).12 We 
measure the energy in the lower band from 
its top, that in the upper band from its bottom, 
and write them as & and & respectively. 
Further we neglect in the matrix elements 


En = 97a" 79k? +471 (cos? 2xckz— y+ —11 Cos anckz 


1/2 
= | 9rtaty ath + F(0+ 271 COS 2nck.)} , 


Eo = 97a? 7k? +471’ cos? 2ackz— fan cos 2nck. 


1/2 
oe |9mratrath+—-(8-+2r1 COS 2reck.)*} ’ 


where 
Fo Lan ’ 0) ’ 


Vi = PeaU; 26) 5 


To = (Exlor , 0)+Eze(01, 0)) 


terms other than the leading terms. Then 
we can rewrite (3.3) 
(3.4a) 
(3.4b) 


Ti= E.A0, ¢) ) 


0= Ex(0)—3Ex(01, 0)—E:(0)+3E:A01, 9) . 


The area of cross-section perpendicular to k.-axis of the reduced energy surface is denoted 
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by A(k:). 
Anlkz) = 
oA cos 2zckz} , 
Ackz)= 1 Nea ax 
97a? 77 
OD COS, 276k ame 


In the region k:=>0, An(k.) takes the maximum value at k.=1/2c 
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Then, A(k-) for the upper band and the lower band is given respectively by 


ee ee cos? 2nckz) }{ Ep** +471 (1—cos? 2rck:) 


Ay,’ cos? 2ackz){Em™* —471/ cos? 2nckz 


(Vol. 18} 


Arex(1/2.c)= 


The value of k- for which A,(k-)=0, is obtained 
from the formula, 
cos 2ncke= —(1—|ep**|/4r1')"? . 


Thus, k:~3/8c, by |€P**|~271’. On the other 
hand, the values of kz for which A,(k.)=0, 
are determined from formulas 


Emax O 
cos 5 yan se ’ 
271 
Emax 1/2 
cos 2nck.=( ‘| : 
Ary 


Consequently, by assuming that €™*-++-d~0.271, 
we obtain k.=1/4c+4k. (4k.~0.016/c), 
kz~1/8c. Accordingly, the number of energy 
pockets of electrons is twice that of holes. 
Now, we must calculate the number of states 
to evaluate the chemical potentials Co, Con of 
electrons and holes. Denoting the number of 
occupied states of electrons and holes per 
unit volume by my, Mor, we determine Coe 
€o. from the following 


Coot Con=4Ex(0, 2c) , ! 


Niye=Non . 


(3.7) 


We should have used the formula (3.4) to 
calculate the value of m), but the calculation 
is cumbersome on account of the presence of 
the term containing y,’. Therefore, for the 
present, we investigate the qualitative features 
by means of an approximate calculation. If 
we approximate the constant energy surfaces 
of the electrons and holes by ellipsoids, we 
have the relation 


An RIC = =A max K xe (3.8) 


where Kz, is the length of k, from point H 
to the point at which A,(k.)=0 and where 
Kz is the diffenence between two values of 


COR yy oa es 
9n7a?7 0" 


(3.6)] 


omen BY ) 
271 271 

ke so. that Adke)= -0. Since aes becomed 
considerably smaller than Ay** because “I 
the appearance of 7,;’, we have Kz >Kza 
Thus the points where A,(k.)=0, A-(kz)= 0, 
are given by k-=3/8c, kz <1/8c respectively, 
we have the relation €o=€m. Next, we 
make a rough estimation of the orders of C4 
and €9., which as seen from (3.7), are of th 
order of 2E3(0, 2c). Assuming that the reso-+ 
nance integral is inversely proportional to th 
fourth power of the distance, as in § 2, we ob-, 
tain Ez(0, 2c)~1/16- £:.(0, c). Taking the value: 
0.09 ev. for E..(0,c) as was given by Coulson, | 
we obtain the value 0.011 ev. for €o, i.e. 128°K 
in terms of degeneracy temperature. This 
temperature is in good agreement with the 
result obtained from the analysis of the de 
Haas-van Alphen effect. : 

Based on the above qualitative discussion, 
we assume the values for the energy integrals 
as shown in Table III, where 7). and To» are 
the degeneracy temperatures obtained from 
two periods of the de Haas-van Alphen effect. 
The values of Ez(01,0) and E:.(o,,0) are 
determined on the basis of the calculation in 
§2 so that the calculated width of z-band is 
in agreement with the estimated value from 
the experiment. Carter and Krumhansl gave 
the value =0.01 ev. for 6 but we take here 
a somewhat larger value. With use of Table 
Il, the maximum value of A.(k.) is found at 
k:~0.18/c and is given by 

0.351 x 26071 


” Ags( 0.18 \= 
- ce 97a"7 2 


Thus we obtain the result: Am*/Amx= 0.54. 
In Fig. 4, we show schematically the electron 
distribution in the Brillouin zone at 0°K. The 
shape of the constant energy surface looks 


(3.9) 


=a. - -\" = = 
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like an ellipsoid but A(k.) varies as a function 


of k: more gently than in an ellipsoid. Ina 
certain sense, this energy surface has the 
intermediate character of ellipsoid and cylinder. 


td boro 
26 H 


O = P 


Fig. 4. Schematic representation of the distri- 
bution of electrons and holes at 0°K. 


Table III. Estimated values of energy 
integrals in units of ev. 


0.015 (The =169°K) E,(0,c) 0.20 


Coe 

Con 0.010 (To=116°K) 22(0, 2c) 0.0063 
Fiz(o1,0) —3.20 0 0.02 
E201 , 0) 0.33 


T1 | 


(=) ge 
ce 4 


: 9x7 Acro? Aa 


ae 871 On 


n 1 aie 
a O77 a2c7r 9? Hhice 


8 
a 
8 


By using Table III, these become m.=4.4 


x 10!8/cc, mon=2.5x10'8/cc. Kinchin!®»  esti- 
mated the number of conduction electrons 
from his measurements of Hall coefficient. 
His results are me~mn=1.2x10'¥/cc at 4°K 
and 6.2x10!8/cc at room temperature. Since 
at low temperatures the Hall coefficient de- 
pends on the magnetic field anomalously, we 
can not apply any simple theory to calculate 
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It is seen in (3.5), that in our approximation, 
the integrals between the second nearest 
neighbours do not contribute to A(k.). Hove!” 
calculated the density of state using a formula 
neglecting yi’ and 6 in (3.4) and obtained the 
result that the density of the upper band 
becomes higher than that of the lower band 
owing to the contribution of the term con- 
taining 7’. It is noted, however, that the 
value of parameter 7,’ should take the sign 
opposite to that expected from the two-centre 
approximation. Thus, we may say that the 
effect of 7)’ term is the reverse of that con- 
cluded by Hove. Furthermore, the ratio 
TY) 71/2792 Of the first term of the correction 
arising from jy)’ term to the main term is 
estimated as 0.01 by using Table III. As this 
could be 0.05 at most, we may neglect the 
effect of yo’ term. This is our ground for 
the expression (3.5). 

Now we study whether the characteristic 
features of the constant energy surface of 
electrons and holes, as shown in Fig. 4, remain 
the same after neglecting the 7,’ term. If 
this term is neglected, both degeneracy 
temperatures reduce to 0°K and there is no 
way to explain various properties at low 
temperatures. Therefore, we assume here 
finite degeneracy temperatures, although we 
neglect 7,’ and 79’ terms in (3.4). In such an 
approximation, two separate parts for the 
distribution of electrons in which energies 
are the lowest at kz.=+1/4c, contact. each 
other and the shape of the energy surface 
becomes similar to a cylinder, and the numbers 
of pockets of electrons and holes become 
equal. The numbers me and mon are given by 

1 CoO : 


sere aa) 
i + . ; 
T1 *% T1 4 7? 


ip 1 ( Con ) dj Cond } 
ot iustet tothe 
est + 8 T1 4 7? j 


the number of conduction electrons but for 
the present we will suppose that 7% is of the 
order of 1~4x10!8/cc at 0°K. Hence we may 
say that the above theoretical values are of 
the right order of magnitude. Since, however, 
the number of electrons and holes should be 
equal, we calculate the degeneracy temper- 
atures by taking 7oe=Mon. The result becomes 
Toe<. Tn, which is contrary to that in Table 


(3.10) 
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Ill. It is essential that we take into account order of magnitude. In this section, we mak¢ 
the 7,’ term in order to clarify the difference clear how the anisotropy is related to the 


in the behaviour of electrons and holes. structure of the energy band. 
According to Peierls,” the diamagnetig| 


susceptibility per gram originating from quasii 
. bound electrons is composed of three terms} 
x4), x2 and 7% where x7 is the atomic} 
As is well known, the diamagnetic suscepti- ike susceptibility and 7 is the term whic 
bility of graphite is very large and shows an has its analogue in neither the susceptibility 
extremely large anisotropy. Wallace concluded of atom nor in that of free electron. Here 
in his paper that the anisotropy in both y™, which is normally an important term; 


magnetism and conductivity have the same is given by 


| 
| 


§4. Anisotropy of Constant Diamagnetic 
Susceptibility 


: 
) 
wy = (ef2he)? fa OE -(ae5 yt 2dS Ofo ae, an i 
@ 12770 CS) Ok? Ok, OkrOky |grad E| O&€ 


where o is the density and ¢ the light velosity. Since, as was mentioned in §3, the right 
order of magnitude of the effective number of electrons can be obtained even in the ap; 
proximation neglecting 7,’ term in (3.4), we take the same approximation as used in the 
calculation of m). In this approximation, we can also obtain the right order of magnitude 
of the susceptibility. Then we get . 


1/2 
ez —t an cos Dneokest| rota + (0+ 271 cos 2reck.) (4.2) 


where x=972a(kz?+k,?). We denote the susceptibility in the magnetic field parallel an 
perpendicular to the c-axis by x and vy. respectively. 


Co, t%nSt? 


The bracket in the integrand of (4.1) becomes 
O2E OrE oe \? (ro2x—E?)? | 
ee es f =4€2 a) ap COPEL 
ES OAC Nana RAR TS os 


Substituting this into (4.1) and using the suffix e to mean the upper band, we obtain 


Yd (6) Me[2hE)*On2a*ra?)PAE* ea (rox —E)Pdx 
VA 127%9-1877a?c& 0 (ro®x+ &?)8{ 712? — (792x—E2—E0)2/4}1/2 
Gay .%(e/2hey* [ ( ”) . ( 5 

ae Me) 14 \ log d— 2 ae 5 te 
ee +9) log 4—2—F (14%) log £3 (5 —log 4) ne 
3 85 : 
yt log F—3() 3 log 4)e—3e log E+-- | ‘ (4.4) 


where €=&/r,, y=0/r1. Integrating over &, the limits are 0 and 7,, but we can replace 
the upper limit 7, by the infinity without giving rise to a serious error if kRT/<vy,. Then 
we get 


yoy eat ro%(¢/2he)? | {( Sw log 4—2— as} h~( ee = nae (2 log 4)ob 


C710 i 8 2 
— 5-9-3 5 —log 4)j.-310| ' (4.5 
where 
2 1 


7 exp (—€-/kT)+1 ’ 
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i log Clr mM eh Pe ue 
J: exp (—C./kT)+1 (iz exp (— SAT eB ae DS  expiletGelkT) 


x {Ei (rf./RT) —log (r&./kT)}+ x (—1)"*1 exp (r0-/kT) Ei (—rfe/[kT) , 
j= -—~— ret (l+exp(—¢./RT)), 


i aitew log A texp (— Clk T)) Th Tog (1-+exp (= C[kT)) 


ies S(-y exp (rC./kT) Ei (—reikT)—(* . ~) > fm a rr exp (7CkT) 


x {Ei (rC/kT)—log (r0-/2T)}+ c(=) log (U-Fexb (2C/ET)) . 


we )SEY a) 2 IE tc 
pane (©) (8) SEY AAT) 2 Pa rea) 


Oi test am ( eal) sor “* exp (—r€./kT)— af * ry sit Di ee exp (7G¢/kT ) 


T1 r 
(-)"? 
r? 


<Ei (—16—[kT)—2 sai > “exp (—10-/kT {Ei (76./kT)—log (ro/kT)} 


+20(AT) = SP exp (tle) |. 


Here C is Euler’s constant and Ei is exponential integral. By replacing €. and 7 by €, and 


—y7, we get a similar expression for the positive holes. From the condition m-=m,, €. and 


_€» are determined. While formula (4.5) is rather complicated, nevertheless in the regions 


€./k>>T , we can obtain 


pote are es Soe i ( Coe yt il 
Oiraeens ott ck aurign ta ae log setae 
Xie C710 IS: ANB v1 S Coe/71 


—2}1+ F_(+t f *) log ab (> —log 2)y-Se—6( asiby a one west) Sepeesy 


_A similar expression is obtained for holes. 


Le 


-_ Fae F 


(2) xP 
Since the Landau-Peierls’ term is very small compared with the atomic susceptibility, as 
will be seen later, for convenience we calculate by assuming 7=0. Substituting the ex- 


_ pression 
OE OPE Lean he 8 cymes {(ro"x—&) | Arivro’x | 
a = 87r2¢2(97r2G27 92)E4 4.7 
Oke? Ohy? (aan) BOE TO Gtx renee s wa 
into (4.1), we have 
. 8cri(e/2he)? A ae ee Ales 
OY Ge ao BAC LLL ZN 9 es 2a Oe 4.8 
G08) 30 A° 8 pt get (4.8) 
By integrating (4.8), we obtain | 
16cr1(e/2he)? a1 ads pes 
Gi mete, {Ao+( ge log 2) uO+ + WOH, (4.9) 


—————e—— ee 


where Ji(€), Js(€) and Jo(€) have already been defined. In the temperature range T<¢/k, 
(4.9) becomes 
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16c7(e/2he)? : (22) 4 a(&y i} 
Car 1+ log ——3-=— feeeh, (4.10) 
ee 30 4\rn Colr1 r1 
(3) Comparison with experiments tude, which actually agrees well with the} 
Adopting the values of parameters 7) and ¢©XPeriment. Then it is expected that %1 1S) 


others as given in Table III, we get ie 
=—3.9x10, xipe46x105%) andaithen..? 
=—8.5x10-8, According to Krishnan and 
Ganguli’s experiment,’ x is —30x10-°, in- 
dependent of temperatures below about 90°K. 
The contribution from the corner electrons, 
as just calculated, at most is 30% of this 
experimental value. If we take the larger 
value for 7) and the smaller value for 7, so 
that the calculated value approaches the ex- 
perimental, we get too small a value for m 
and too large a value for the width of the 
z-band, values which contradict the experi- 
mental values. Thus this disagreement can 
not be removed by taking appropriate values 
for parameters. We then think that either 
the basic equation (4.2) is wrong or x{? can 
not be neglected. Within the limits of z- 
electron, (4.2) is an approximate but adequate 
formula. Jonston! calculated the effect of 
the mixing of o- and z-orbitals on the Fermi 
surface and got new results on the overlap- 
ping of energy bands, results which differ 
from ours in the energy distribution of the 
upper band. Since, by estimating the effect 
of the mixing based on his evaluation, it 
seems that the new effect would not be so 
serious as to affect the qualitative aspect of 
our result, we must look for another cause 
of the discrepancy in y), i.e. we must look 
in other terms which are not taken into ac- 
count in usual Peierls’ formula. 

Now it is noteworthy that (4.5) and xR 
are in fair accord with the experimental fact 
that the diamagnetic susceptibility decreases 
with the adding of impurities;!® but, first, the 
above statement is meaningless because x 
is too small, and, second, it is useless to study 
the temperature dependence’ on the basis of 
(4.5) or on its approximate formula unless we 
calculate (>. 

On the other hand, 7? is ~—3.7x10-® for 
T<€/k. Therefore x and x‘? can not be 
neglected when calculating y¥1. The sus- 
ceptibility of carbon per gram is —0.5x 10-8 
and consequently it is expected that x, for 
graphite will be of the same order of magni- 


~almost constant in the whole temperature} 


13,1! 


region. 


§5. de Haas-van Alphen Effect and Sum- 
mary 


The calculation in the previous section, | 
based upon Peierls’ theory can not be used|| 
in the low temperature region. For the free} 
electron model, exact expressions of suscepti- | 
bility have been given by several authors. 
The periodic part of the susceptibility is 


mS (—1)" sin (xr€/B*H—z/4) 
se yi/? sinh (x?2rkT/B*H) — 


If we make use of the cylindrical energy 
surface which is a simple approximate form) 
of (3.4), we get essentially the same period) 
and temperature dependence of the amplitude 
as in the expression for the susceptibility 
obtained by using the ellipsoidal model, | 
although it gives rise to a difference in the| 
phase as well as in the field dependency of 
the amplitude. The shape of the elicitin 
sorface is known from the determination of 
the values of € and 8. Onsager’ gave a 
more general form for the period, which is 
given by a quantity instead of 28/€, ang 
which can be given by 


28 io e 
€ hcA™*~ 


Then the ratio of the period of electrons and 
holes can be given by 


2Bn/En _,Aem 
2B8e/Ce ~* Amax 


Onsager’s theory is essentially the one-band 
model. 

According to Shoenberg,” two independent 
periods are observed in graphite. The result 
of his analysis based upon the assumption of 
ellipsoidal energy surfaces is given in Table 
IV. For comparison, the result of our cal- 
culation is listed in Table V. We must con- 
clude that the first component 7)=169°K in 
Table IV comes from the electrons and that the 
second component 7y’~116°K comes from the 
holes. As we can see by comparing Tables 
IV and V, the theoretical and experimental 


(5.1) 


=0.54 . (5.2) 
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values of various parameters are in fair ac- 
cord but not perfectly so. Particularly, there 
is a considerable difference between the values 
given in the second column of Table IV and 
of Table V. If we took the value of Am 
2~3 times that in Table V, we should be 
able to eliminate this difference. As is 


known from (3.6), (3.9), and (3.10), however, 
this would result in too large a value for mp 
which is approximately proportional to A™=*, 
and therefore in too small a value for 7 Ae 
This discrepancy is significant because the 
calculation of A™* is based upon an adequate 
energy formula. 


Table IV. Experimental values of parameters derived under the assumption 
of ellipsoidal energy surface (after Shoenberg). 


Ty=169°K | 28/¢=2.20%10-8 S|, 2B bs n=3.88x108/cc | P=—8.4 10-8 fe /m=0.036 
DW ~116°K | 28/¢?=1. 65 x 10- -s| 2B nl=1.6~7. 98 x 108/ec (Oa 0.4~-2.6«10-8 | Pe ae 
Table V. Theoretical values of periods, etc. 
Formula} 6.1) ) (6.2) | (3.10) | (4.6) 
Tre | 28./Ce=6.7 x 10-5 DBslea —o | newh.d10¥foc | yf~—3.9%10-% 
/ — =v. + Siss 
| 2BhlCn=8.6 «10-5 | 2Belbe | m~2. 5 x 108fec 1Q~—4.6 x 10-8 


From the above consideration, we confirmed 
that the agreement between theory and ex- 
periment can be obtained in neither non- 
periodic nor periodic parts of susceptibility 
without the inclusion of a non-diagonal term. 

Adams showed that in some cases the 
non-diagonal term is of comparable order of 
magnitude to the usual Peierls’ term and that 
it becomes larger accordingly as the energy 
gap becomes smaller. As was seen in §3, 
the energy gap between the lower and upper 
bands, which are nearly full and nearly empty 


_ respectively, is very small in the neighbour- 


hood of Q at which these two bands are in 
contact. Since the non-diagonal term may 
be more sensitively dependent on the feature 
of the band structure, 2s and higher states 
having a slight effect on the energy band 
structure found here should be taken into 
account in the calculation of the non-diagonal 
term which is a very complicated problem. 

The writer acknowledges his debt to Pro- 
fessor K. Ariyama for his valuable guidance 
and expresses his appreciation to Professor 
H. Nakano for his helpful discussions. 
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Electron Spin Resonance of Z,-centers in Potassium Chloride 
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The paramagnetic resonance due to a Z-center electrons in potassium 


chloride is investigated. 


of the bulk crystal. 


Introduction 


§ 1. 

PickY has found a prominent absorption 
band which is called Z,-band on the longer 
wave length side of the #-band in additively 
colored specimens of KCl and NaCl to which 
divalent ions have been introduced. His work 
has been followed by several authors? , 
and it is now accepted that the model for the 
Z,-center is one electron trapped by a divalent 
cation substituted for a cation of the bulk 
crystal as shown in Fig. 1, which first pro- 
posed by Seitz». 


Fig. 1. The model for 4-center consisting of an 
electron bound to a divalent ion substituted 
for cation. 


Since the divalent ion such as calcium, 
strontium or barium has no nuclear magnetic 
moment, only the spins of the neighboring 
nuclei have strong magnetic coupling with the 
trapped electron. Hence the situations are 
quite similar to those of the F-center, except 
that the nearest neighbors are anion nuclei 
instead of cation ones. The broadening of 
the electron spin resonance of Z,-center will, 
therefore, be mainly due to hyperfine coupling 
with the nuclear moments of the nearest 
anions, and will give some information about 


Since Z-centers are always accompanied by 
F-centers, the contribution from F-centers ought to be substracted from 
the resultant curve in order to get the absorption curve due to %-center 
alone, which is found to be Gaussian with the half width of 79 oersteds 
and g value of 1.999. The result is annalyzed according to the model 
that an electron is trapped by a divalent cation substituted for a cation 


the electronic structure of the center just as: 
in the case of F-center. 


§ 2. 


Single crystals of potassium chloride vel 
grown from the melt which contained aboutt 
10-? mole fraction of calcium chloride o 
strontium chloride. Although we did no 
measure the actual concentration of the diva- 
lent ions in the crystal, it would at most be; 
1/10 of the initial concentration in the melt. 
The crystals were then additivly colored b 
heating them at 580°C for five hours in the 
sodium vapor. The specimens for spin reson- 
ance measurements with the dimension of 
2x6x9mm? were cut from the colored cry- 
stals. In this stage the specimens contain 
many complex centers beside F- and Z,- 
centers. So by heating them at 400°C for 20 
seconds and quenching on a copper block kept 
at room temperature, we got crystals purely 
with F-centers. Finally, the F-centers were 
converted into Z,-centers, by irradiating with 
a sodium lamp whose spectrum lies in the 
F-band. 
The details of the equipment for electron 
spin resonance were described in the last 
paper®. The microwave of 9500 Mc/sec gene- 
rated by 2K25 reflex klystron was fed to 
a rectangular cavity through a coaxial cable. 
The transmitted power was detected by 1N23 
crystal. The magnetic field was modulated 
at 455 Kc/sec through a small coil wound 
directly around the specimen. The detected 
power was resonant amplified and lock-in 
detected. Although the spin density was as 
small as 5x10%*cm-3, the S/N ratio at the 
peak was larger than 10 as shown in Fig. 2 
by virtue of the high frequency modulation, 


Experimental Procedure 


974 


0 EIEES'SSS soo ee ee ee 


1958) 


and, therefore, we can speak of the curve 
shape in detail by repeating the run. 

After the spin resonance experiment was 
over, the same specimen was further cleaved 
to the thickness of about 0.5mm and the 
optical absorption was measured at —150°C. 


: a — : i % . 5 es = cee Bisset 

a aS Boake em: a meee oe 

Fig. 2. An example of the record for spin 
resonance absorption curve of specimen 
No. 1 which contains both 4%-centers and 
F-centers. 


§ 3. 


The measurments were done with two 
specimens; one was doped with calcium 
chloride and the other with strontium chloride. 
First we shall describe the optical measure- 
ments which reveal the characteristic features 
of the specimens. Fig. 3a shows the plots of 
the optical density of a quenched crystal as 
the function of wave numbers in ev measured 
at —150°C. It has a simple F-band at 2.30 ev 
with the half width of 0.25ev followed by 
a trace. of band on the shorter wave length 
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Fig. 3a. Optical absorption band of KCI doped with 
Sr, additively colored, and quenched. Only F- 
band_appears, 
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side. When the specimens were irradiated 
with sodium lamp from the distance of 10cm 
for 20 minutes, the Z,-band grows up at the 
expense of the F-band as shown in Fig. 3b 
and Fig. 3c. The shape and position of the 
Z,-band alone can be determined uniquely by 
subtracting the contribution from the F-band 
as shown in these figures. The peak position 
and the half width are almost equal for Ca 
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Fig. 3b. Optical absorption of KCl doped with Ca, 
additively colored, quenched and irradiated with 


Flight. The absorption curve is decomposed into 
F-band and Z,-band. 
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Fig. 3c. Optical absorption of KCl doped with Sr, 


additively colored, quenched and irradiated with 
F-light. The absorption curve is decomposed 
into F-band and 7%-band. 


Z,-center and Sr Z,-center within the experi- 
mental errors as shown in Table I. The 
densities Nz, of Z,-centers in both cases were 
calculated employing the value 0.84 for the 
oscillator strength of Z,-center, which was 
obtained by Camagni et al.”. These are also 
shown in the Table with the densities N~v of 
remaining F-centers in each specimen. 

Fig. 4a and Fig. 4b are the plots of the 
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Table I. 
cats pacing i ik pale width of | Nz, density of | Ny density of 
No. doped with 4,-band band | 4Z,-centers F-centers 
| (ev) “eo jem) coe omekeme) 
1 Ca -2.0740.01 0.2640.01 | 9.8xioe | 5.9x10% 
2 Sr 2.08+0.02 0.27 +0.02 6.2 x10 5.7 x 1038 


Ca Zi+F 


9 2.0086 


Fig. 4a. The derivative of spin resonance absorp- 
tion for the specimen No. 1 which contains Ca 
Z-centers and F-centers with the ratio of 1.7. 
The contributions from 4-centers and F’-centers 
are also shown. 


derivatives of the spin resonance absorption 
curves reproduced from the records, where in 
4a the result for the specimen No. 1 with Ca 
Z,-center and in 4b No. 2 with Sr Z,-center 
are shown. The peak to peak separations and 
g values* at the absorption peak for these 
specimens are clearly different from those for 
F-center alone as indicated in Table II, the 


Table II. 
peal ai 
specimen peak | g | ‘Seuent 
(oersters) P 
No. 1 (Ca) 57-43 1.9959 40.0005 het 
No. 2 (Sr) 57+3 |1.9953+0.0005) 1.2 
F’-center alone 49.5 1.994 


latter being reproduced from our last paper®. 
Since we know the ratio of the density of 
ar centers to that of F’-centers in addition to 


cA value was determined being refered to the 


sharp line of diphenyl trinitrophenyl hydrazyl, 
a small speck of which was attached on the modula- 
ing coil, 


Fig. 4b. The derivative of spin resonance absorp- 
tion for the specimen No. 2 which contains Sr 
Z,-centers and F-centers with the ratio of 1.2. 
The contributions from “%-centers and Ff -centers 
are shown. ) 


Pe rate and ae Rosin of the Licance 

curve of /F-center, we can, as indicated in 

Fig. 4, obtain uniquely the absorption curve | 
due to Z,-center alone by subtracting the 

definite contribution due to F-center, so that 

the ratio of (4H)?xD for the component 

curves** is equal to the ratio Nz,/Nr which 
is determined optically, where D is the peak 
value of the each component curve and 4H 
the peak to peak separation. The resulting 

curves for both cases are Gaussian with half 

width of 79-48 oersteds and situated at g= 

1.9991+0.005. We could not recognize any 

difference beyond experimental error between 

Z,-centers doped with calcium and strontium. 

Discussion 


§ 4. 


Now we shall discuss the electronic structure 
of the Z,-center according to the model shown 
in Fig. 1. There is no paramagnetic electron 
except the Z,-center electron, since all ions 
iy, have the closed _ shell configulations. 


** Of course, we assume the shape of both 


component curves is Gaussian, 
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Further, we can safely neglect the magnetic 
effect of the nuclei of the divalent ions at the 
centers, since Ca!® whose abundance is 96.92% 
has no nuclear magnetic moment and the iso- 
tope of strontium with nonzero moment is 
only Sr®’ whose abundance is 6.96%. Hence 
we shall be able to assume that the broaden- 
ing of the spin resonance absorption is mainly 
due to the hyperfine coupling between the 
Z,-electron and the nuclear spins of the sur- 
rounding chlorine ions. The effect of the 
potassium ions at the position of the next 
nearest neighbors may be neglected as shown 
later. 

The Hamiltonian for the hyperfine interac- 
tion between the nucleus with magnetic mo- 
ment operator 4, and the electron with spin 
magnetic moment “s and wave function w/(r) 
is given by 


FE = (87/3) | WR) |Potntes , (1) 


where R is the position of the nucleus, Thus 


the nucleus produces an additional magnetic 
field 


4Hm= —(8x/3)(u/I)m|W(R)? , (2) 


where yz and J are the values of the magnetic 
moment and the spin of the nucleus and m is 
the eigenvalue of the z-component of the 
nuclear spin. Since each of the six nearest 
neighbors gives the contribution given by (2), 
the mean square deviation of the magnetic 
field is given by 


(4H*>= > (827/3)*(eus/ Leroi?) » (3) 


where <(mi2>=(h2>=(1/3)(i+1). Since all 
wi’s and J;’s are equal and further y(A:)’s are 
equal to each other for a spherically or cubi- 
cally symmetric wave function, we have 
AH?) = (128/9) [T+ Dele)? . (4) 
As indicated by Kip et-al.%, the shape of 
the line resulting from the distribution of 
four possible values of m to the six nearest 
nuclei is nearly Gaussian. Hence, the half 
width of the resonance line is given by 2.35 
times of <4H?))¥?, which is to be compared 
with 79 oersteds obtained by the experiment. 
Taking I to be 3/2 and » to be 0.790 in nuclear 
magnetons, which is the root of weighted 
mean square value for natural chlorines, we 
find 
|W(Cl)|?=0.55 x 104 cm? . © ) 
Now for the purpose of order estimation 
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we shall take the effective mass approxima- 
tion and assume that the wave function of 
the Z,-center is given by 


W(r)=Fr)polr) 5 (6) 


where wWo(r) is the Bloch function for the 
conduction electron at the bottom of the band, 
and F(r) is a solution of the effective mass 
equation for the periodic field perturbed by 
the substituted divalent ions. For wWo(r) we 
shall employ the solution obtained by one of 
us making use of cellular method for KCl®. 
Unfortunately the solution is not orthogonal 
to the inner core s-state. However, a fairly 
good ».(7) may be obtained by orthogonalizing 
this solution to ls, 2s and 3s electrons of a 
free chlorine ion by making use of the Schimdt 
method. Further, wo(v) employed in (6) must 
be normalized so that integration of |Wo(7)|? 
over unit cell is equal to the volume of unit 
cell. Thus we find; 


Inro(Cl) |? = 320 . (7) 


Just likewise the value of |(7)|? at the posi- 
tion of potassium is found to be 


Iyro(K)|?=470 . (8) 


As for the effective mass equation we shall 
take electron mass as effective mass and 
1/x*r as the perturbing potential, where «* 
is the effective dielectric constant. Even this 
crude assumption would indeed be rather 
sensible for the calcium Z,-center, since cal- 
cium ion has the same configuration with 
potassium ion; but it may considerably distort 
the true aspect for the strontium Z,-center. 
We shall, however, go ahead with this, being 
encouraged by the experimental fact the be- 
haviors of optical absorptions and spin reson- 
ances are the same for the calcium and 
strontium Z,-centers. The solution of this 
effective mass equation is given by 


F(r)=(1/za@?)¥? exp (—r/a) 


a=k* dy ? 


(9) 


where dy is the Bohr radius. Since Z,-electron 
is fairly concentrated about the center and 
hence the displacement of ion may be very 
small, we may take the optical dielectric 


constant as «* for rough estimation. Insert- 
ing «*=2.2 and r=3.14A, we get 
LPG) |2=0;92.< 1074em=*. (10) 


Thus finally we obtain 
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l(Cl) |2= | F(CI)] - |aro(Cl) |2= 0.30 x 104 cm-3 , 

(11) 
which is to be compared with the experimen- 
tal value of 0.55x10%*cm-*. The value of 
|F(r)|/? at the next nearest neighbors becomes 
9.3x10%cm-*. Hence combining with (8) we 
get |W(K)|?=0.044x 10% cm-*. This contribute 
0.71 (oersted)? to <4H?>, which can be 
neglected compared with the contribution 
from the nearest chlorines, since the latter is 
found to be 340 (oersted)? from (4) and (11). 
Further the energy of the optical absorption 
due to the transition ls—2p is given by 
13.6 (1/*«*)?[1—(1/2)?]=2.1ev.  _ However, it 
may not so reasonable to compare this value 
with the experimental value of the absorption 
peak position, since the validity of the effec- 
tive mass approximation is quite suspicious 
because the electron density is distributed 
only over a small number of ions. 

So far we have dealt with the Z,-center 
upon the model due to Seitz as shown in Fig. 
1. However, Pick had proposed a different 
model. He considered that an electron is 
bound by a divalent ion accompanied by a 
psoitive ion vacancy. If this is the case, the 
bound electron may be found preferentially 
near the two chlorine ions which are at the 
opposite side of the positive ion vacancy. In 
this case the resonance line may be triangular 
in shape. Althrough this triangle may be 
rounded off due to the distribution of the elec- 
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tron cloud to the other ions, our result that! 
the resonance line is Gaussian may favor the 
model due to Seitz. 

While the donor level of silicon crystal) 
varies from 0.049 ev to 0.039 ev as the doping} 
of divalent ion, calcium or strontium, does} 
make difference less than few percent in the; 
position of Z,-band. This is rather surprising, | 
since the Z,-electron is far more concentrated 
and hence its energy is expected to be much} 
more affected by the core potential of central) 
ion compared with the donor electron in Si. 

This work was partly supported by the | 
Grant for Scientific Research from the Ministry 
of Education. 
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The magnetic anisotropy of NiO single crystal grown by the Verneuil 
method was measured using a torque balance. An X-ray study showed 
that the crystal, despite its outward appearance of a single crystal, is 
composed of small rhombohedral domains twinned through {100} planes. 
By applying a pressure along one of the [111] axes of the crystal during 
annealing from above the Néel temperature, the twin structure was 
partly removed. Torque measurements in a homogeneous magnetic field 
and their analysis showed that in pressure-annealed crystals domains 
with trigonal axis pointing along the direction of the pressure dominate 
but antiferromagnetic domains in each crystallite are distributed at 
random. The spin axis was found to be in the plane parpendicular to 


the trigonal axis within +16°. 


Introduction 


§1. 

From powder measurements of the magnetic 
susceptibility by Trombe?, Foéx and Blan- 
chetais” and Bizette®, the monoxide of nickel 
is known to be antiferromagnetic with a Néel 
point in the region of 523°K to 600°K. The 
neutron diffraction study of NiO first made 
by Shull et al showed that it has a so-called 
Néel type magnetic superstructure, with al- 
ternating (111) sheets of plus spins and minus 
spins. The direction of the spins was found 
to be one of the cubic principal axis, but Kap- 
lan» inferred, by calculating the dipolar interac- 
tion energy, that (111) would be the easy plane 
of magnetization. Keffer and O’Sullivan® show- 
ed that there are certain infinite number of or- 
ientational configurations of spins on the four 
sublattices with equal minimum dipolar energy, 
if the crystal were strictly cubic, but he sug- 
gested that the actually observed”>® small 
rhombohedral distortion would make (111) the 
easy plane of magnetization. Kanamori” con- 
sidered the small rhombohedral contraction to 
be due to the balance between a decrease in 
exchange energy and an increase in elastic 
energy. Roth’s new™ measurements of the 
neutron diffraction line intensities appear to 


* This paper has been read at the annual meet- 
ing of the Phys. Soc. of Japan, Nov. 24th 1956 at 
Osaka University. 


support that the (111) plane is the easy plane. 
Singer!» measured the magnetic susceptibility 
of a single crystal grown by the Verneuil 
method and cooled through the Néel point ap- 
plying a pressure along one of the [111] direc- 
tions. He found that the spin direction can 
not be along one of the cubic principal axes 
and that it probably is in the (111) plane. 
The present writers independently carried out 
similar experiments measuring torque, instead 
of magnetic susceptibility, and have come to 
the same conclusion. Later the susceptibility 
measurements were also made, but since the 
results do not go beyond those of Singer, 
they will not be reported here. 

Crystals grown by Verneuil method (flame 
fusion method) are apparently single crystals 
but they have twin structures consisting of 
small rhombohedral crystallographic domains, 
as the crystals become rhombohedral below 
the Néel point. More domains can be made 
aligned along a chosen [111] direction by grow- 
ing the crystal from a seed which is suitably 
oriented, or by cooling the crystal with ap- 
plication of a pressure along a chosen [111] 
direction, or even by giving a mechanical 
shock or a supersonic to the crystal. After 
developing the technique of growing good cry- 
stals and applying these methods of aligning 
domains, we could get crystals with domains 
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aligned at maximum by 76 percent (assuming 
the sublattice magnetizations to lie in the (111) 
plane). In Singer’s experiment, he could ob- 
tain an alignment of 50 percent. It can be 
shown that no accurate determination of the 
direction of the sublattice magnetizations can 
be made before a completely aligned crystal 
is obtained, but some interesting experimental 
results and their interpretation will be re- 
ported in the present paper. 


§2. Experimental 


Single crystals of NiO were grown!” by the 
Verneuil (flame fusion) method. They have 
bullet-like shapes as shown in Fig. 1 and can 
be cleaved along {100} to rectangular paral- 
lelpipeds. The Laue back reflection X-ray 
patterns and the oscillation photograph of re- 
flections from a (422) plane showed that 
their structure is of NaCl type slightly de- 
formed rhombohedrally and that, despite their 
outward appearance as single crystals, they 
are composed of fine crystallographic domains 
with a repeated twin structure, the twin 
planes being {100}. Crystals prepared in three 
different ways, which we shall designate as 
A, B and C, were used in the present mea- 
surements. Crystals of kind A were grown 
with no seeds, crystals of kind B with seeds 
which were so placed that their [001] axis 
points vertically, 1.e. along the direction in 
which the specimens grew, and crystals of 
kind C with seeds whose [111] axis pointed 
vertically. In Fig. 1 their crystallographic 
orientations can be recognized by the shapes 
of their tops and by the inclinations of the 
cleavage planes at their bottoms. These dif- 
ferent kinds of crystals show different aniso- 
tropic properties, as we shall see later. 

From X-ray studies made by Rooksby® and 
Shimomura and Nishiyama? we know that 
NiO crystals have cubic symmetry above their 
Néel temperature but suffer a slight rhombo- 
hedral contraction below this temperature. 
This deformation should be responsible for 
the twinning observed at room temperature. 
By applying a pressure along one of the [111] 
directions while cooling slowly from above the 
Néel'temperature, we may expect a partial 
removal of this twinning. We prepared sam- 
ples of a shape shown in Fig. 2(b), a column 
of regular hexagon whose basal planes are 


(111) and lateral planes {112}. This shape is 
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convenient for the purpose of giving a homo- 
geneous stress and for the purpose of getting 
clear marks of crystal orientations. The mis- 
orientations of the surfaces were confirmed 
to be within 3° by observing X-ray pictures 
for perpendicular incidence. In the early stage 
of our experiment, only a set of parallel (111) 
planes were ground from a cleavage cube of 


. 


Fig. 1. The vertical and horizontal views of NiO 
crystals grown by the Verneuil method. Cry- 
stals of kind A have circular tops, those of kind 
B rectangular tops, and those of kind C tri- 
angular tops. Cleavage planes at the bottom 
are (100) planes. 


Fig. 2. 


Made out shapes of the samples. 
cubes represent mother crystals. 


The 


edges of about 1cm length, so that the sam- 
ples had a shape shown in Fig. 2(a). This 
shape was less satisfactory in removing twin 
structures. Fig. 3 schematically represents 
our device of stress-annealing; weight up to 
45 kg was applied on the crystal. 

Magnetic torque measurements were made 
by using, a torsion balance. The apparatus 
and the method are almost the same with 
those developed by Stout and Griffel™ in their 
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magnetic anisotropy measurements of NiSQ,- 
6H.O. The torsion fiber is a ribbon wire of 
phosphor bronze, 1mm wide and 0.03mm 
thick. For the suspension ribbon of a length 
of 15cm, the torsion constant was 3.35 dyn cm 
radian-'. No significant change of this value 
with temperature and time has been observed 
during the measurements. In order to mount 
the sample with a desired orientation, the leg 


Weight 


Fig. 3. The schematical representation of stress- 
annealing device. B: brass cylinder, S: sample, 
H: heating coil, C: thermocouple. 


of the suspension was made of a silica rod of 
7.1mm in diameter whose bottom surface was 
ground flat with a suitable inclination to the 
axis of rotation, and the sample was glued to 
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it with collodion cement. The angular posi- 
tion of the freely hung crystal, relative to the 
pole pieces of the magnet, was checked by 
observations with a telescope and read at the 
torsion head. The magnitude of the torque 
which the sample underwent in the homoge- 
neous horizontal magnetic field was measured 
by reading the rotation of the torsion head 
which is necessary to bring the sample back 
to its normal position in zero field. 

The results for this torque, 7, could be 
summarized within experimental errors by a 
formula 

T=C cos 2(0+6€) (1) 
where C is the amplitude, @ the angle be- 
tween a fixed horizontal axis of the crystal 
and the field direction, and € a phase constant. 
If the centering of the suspension and sample 
is not done correctly, the field exerts an ad- 
ditional torque on the suspension itself, which 
varies approximately as cos 8. Care was taken 
to eliminate this effect up to about 8000 oe, 
which was the usual field intensity in the 
present measurements. 


§3. Results 


Singer™ reports that unstressed crystal 
shows an almost isotropic susceptibility. Our 
annealed but unstressed crystals of kind A 


(100) 
C= 3-97 gyn (008 


. 
‘ 


[100}{010) 


(001) 


Fig. 4. Magnetic torque data obtained with an unstressed crystal of kind A. Arrows indicate cry- 
stallographic direction in which the torque attains its maximum and minimum values, the 
lengths of the arrows representing their relative values. Broken lines are positions of vanish- 


ing torque. 
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showed anisotropy without exception; an ex- 
ample of torque measurements for them is 
shown in Fig. 4, in which the attached indices 
of planes represent the planes of rotation in 
the respective series of experiments, 0 mea- 


sures the angle of the magnetic field relative - 


to the crystal, arrows indicate the position of 
maximum (positive) and minimum (negative) 
torques, and a broken line the stable position 
of zero torque; there is another unstable posi- 
tion of zero torque which is prependicular to 
that indicated by this broken line. These 
positions and torque amplitude varied from 
sample to sample. Crystals of kind B showed 
even stronger anisotropy without  stress- 
annealing and the results of their torque mea- 
surements when the samples were made into 
the shape shown by Fig. 2(b)* were similar 
to those represented by Fig. 6, which corre- 
sponds to a stress-annealed crystal of kind A 
(the same sample with that which gave Fig. 
4 without stress). Crystals of kind C, if un- 
stressed, showed no anisotropy. 

Stress annealing from 800°K produces a uni- 
que anisotropic character of the crystal but a 
subsequent re-annealing at 1000°K without ap- 
plying a force recovers the original anisotropy. 

The amplitude of torque, C, for the sample 
corresponding to Fig. 4 and 6 is plotted in 
Fig. 5 as a function of the force applied dur- 
ing the process of annealing. The shape of 
the sample was somewhat like that shown in 
Fig. 2(a) but the [111] corners were not so 
much cut off as this; the edge length of the 
cube from which the sample was cut out was 
0.74cm, the triangular cut-out surfaces had 
edges of a length of 0.75 cm and the thickness 
was 0.44cm. In obtaining these plots the 
crystal was restored to its original state each 
time before annealing under a stress. The 
amplitude clearly increases with increasing 
weight but shows a saturation beyond approxi- 
mately 30kg (120kg/cm?), except for the am- 
plitude of torque for the plane (111) which 
merely fluctuates. Excessive weight of >70 
kg rather diminished the torque amplitude. 
The unique characteristic of the stress-annealed 
crystals of kind A and particularly of kind B 
can be summarized as follows: 


1) The directions of maximum, minimum, 


* The mechanical shocks in the process of work- 
ing out seem to endow or enhance the anisotropy. 
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and zero torques are definite crystallographic 
directions, as shown in Fig. 6. 

2) The ratio of the amplitudes for different) 
planes of rotation is constant, independent of | 
the magnitude of the applied stress. 

3) In the (111) plane, i.e. the plane per- 
pendicular to the stress axis, the crystal is 
almost isotropic, yielding no torque. 


CQi21)= 22-2 —-o (121) | 


© (110) 
meant 
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C=214 
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Fig. 5. Plots of the torque amplitude against the 
magnitude of the applied pressure during an- 
nealing. Each point at saturation for the rota- 
tion plane of (100) represents the mean of the 
three values obtained for (100), (010) and (001). 
These three values are equal to one another 
when there is no torque in the (111) plane. 


i Ciny= 2-34. 4 (iit) 


4) If (121) is the plane of rotation, the tor- 

que vanishes when the (111) surfaces of the 
sample become perpendicular to the magnetic 
field. 
Crystals of kind B made into the shape of 
Fig. 2(b) posses these characteristics even be- 
fore receiving stress annealing, possibly due 
to the effect of grinding out (see § 5), 

The amplitudes corresponding to Fig. 6 and 
their ratio are listed in Table I, together with 
the phase angles, € We shall theoretically 
interpret these ratio and phase angles in the 
next paragraph, and the results obtained are 
also intluded in this Table. 

Fig. 7 shows the temperature dependence 


of the torque amplitude for the plane (121). 


ee 
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The Néel temperature estimated from this 
curve is 523°K. 


§ 4. 


Our samples consist of twinned crystallogra- 
phic domains of four kinds with rombohedral 


Interpretation of the Results 
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axis along four possible body diagonals. Fur- 
thermore, it is conceivable that each of these 
domains is subdivided into three kinds of 
antiferromagnetic domains with three different 
directions of sublattice magnetizations since 
each crystallographic domain has a trigonal 


Max. 


Fig. 6. Magnetic torque data obtained with a stress-annealed crystal of kind A. 
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Fig. 7. The temperature dependence of the maxi- 


mum torque measured for (121) as the plane of 
rotation. The maximum occurs at an angle of 
—45° from [111]. 


axis. In all, there may exist domains of 12 
kinds. In order to derive theoretical formula 
for the torque, we may first write out the 
formula of the (Gibbs) free energy per unit 
volume of each subdomains. Let the direction 
cosines of the spin axis be (a, PB, 7) and the 
direction cosines of the applied magnetic field 
(a, b, c), both referring to the cubic principal 
axes. Then, for sufficiently weak field inten- 
sity, H (for which the torque is proportional 
to H? and the susceptibility independent of 
H) the free energy per unit volume can be 
written 
F= —44//Hj—34.H1 
=4(x1—4/)(a@a+ Bb+ rcPH*?—t4,H?. (2) 
One may multiply this by the corresponding 
volume of the same kind of domains and sum 
over 12 kinds of domains to obtain the total 
free energy. The torque needed to bring the 
crystal back to its original position, i.e. the 
position in zero field, is calculated by 
eS —OF eota1/00 , (3) 
if the angle @ is measured from a fixed axis 
of the crystal to the direction of the magnetic 
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field. Equation (1) follows immediately from 
(2) and (3), since Ficta: is a quadratic function 
of a, b, c; C and € depend on the abundance 
ratio of different kinds of domains. 

We shall specialize our problem by confining 
ourselves to our stress-annealed crystals which 
show no anisotropy within the (111) plane. 
For these crystals it is plausible to assume 
that out of four kinds of crystallographic do- 
mains one with the trigonal axis along [111] 
is more abundant than the remaining three 
(with trigonal axes along [111], [111] and [111], 
respectively) and that the three antiferromag- 
netic subdomains (with spin axes possibly along 


[211], [121], [112] or along [110], [101], [011] 
in the case of the dominant kind of crystal- 
lographic domains, for instance) are equally 
abundant in each kind of crystallographic do- 
mains. Then we can take out the excess 
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volume occupied by the dominant kind ove 
each of those occupied by the others and con-) 


to be magnetically isotropic. 
energy effective for the torque in this case i 
given by 
Frotat=4 >, (yi. —x//)(aat Bb+ rc)? pV , 
(apy) 

(4)| 
where the summation is taken over cyclic} 
permutations of a, 8, y, p is the fraction off 
the excess volume, and V the total volume. 


the volume is replaced by the total mass.) 
The above formula can be put into another 
form: 
Feotat=4(%1 —%//) VHA *p( Br +7at @B) 
x(bc+ca+ab), (5) 


leaving out the isotropic part. The torque 


Table I. 

Plane of rotation {100} {110} {110} (111) (121) 
Average torque amplitude, GC, in dyn cm 14.7 7.6 21.4 9 2.3 22.2 
C/C{100} (exp.) 0752 1.46 <0.15 une 
Phase constant, e, in degree (exp.) 0 40 —10 
k (cal.) = 1/3 LAsG ia 0. = é 
k/Fe{100} =C/C{100} (cal.) 0.5 15 0 
é (cal.) 0) 45 —9.8 


Table II. 


Kind of the crystal 


Ultrasonic oscillations applied normal to (111) 
Static pressure applied simultaneously on (111) 


Plane on which A lies 


Constant, k, for (121) 
Mass of the crystal, mm 
Magnetic field, H 
Néel point, 7% (Fig. 7) 
Temp. of the measurement, 
x1j/x1 at 303°K* 
Meee 


Difference susceptibility at 303°K 


de 


Maximum deflection observed 


Torsion constant of the suspension, } 


Torque amplitude, C 
Calculated value of pS 


Vieck!®, 


** 


Data used for the evalution of pS. 


B 
27 kc/sec, 30 min. 
35 kg/cm? 


k= —-1/2 

m= 0.368 g 
H?=45.1 x 108 (oe)? 
I sy hal 
P'=803"K 
X/1/X1=0.50 
¥.=12.2 x 10-° emu 


(if the susceptibilities refer to a unit mass, 


—xX//=6.1 x 10-§ emu 

327 deg. i 

= b=3°85 dyn cm rad.~-1 
C=19; 1 dyn cm 


pS= -0. 377 


* The value of x,//x, at 303°K was calculated rei the formula diced, by Van 
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can be calculated by differentiating the last 
factor, bc-+ca+ab, with respect to the angle 
of rotation. It has a form 


T=Ccos 2(0+6&) , Gls) 


where 
C=kRVH*(X , —X7/)pS , 
S=8r+ratas , 
k and € being certain constants which depend 
on the kind of the plane of rotation. 

It is noted that the torque amplitude, C, is 
proportional to pS so that the value of S alone 
cannot be known from our experiment. How- 
ever, that the spin axis is along [001] or its 
equivalents is excluded, since in this case S 
vanishes. The analysis of our experimental 
results with the use of the above formulas 
shows that S is negative and most probably 
—1/2 which corresponds to spin axis being in 
the (111) plane’ Measurement of the aniso- 
tropy of the susceptibility should in principle 
also be unable to yield the values of p and S 
separately, since the formula of it can be 
derived from the same free energy (5). 

Comparison of our formulas (1) and (6) with 
the results described in the preceding para- 
graph is very satisfactory, as one sees in 
Table I. The relative magnitudes of the tor- 
que amplitudes and the values of the phase 
constant, €, measured for different planes of 
rotation agree within experimental errors with 
those calculated theoretically. For these 
values of € the theoretical k values are nega- 
tive (see Table 1), which implies that S is 
negative, since C is positive. The absolute 
measurements of the torque yield a value of 
pS for each sample, and the highest value of 
p|S| obtained was 0.38, which corresponds to 
p=76% if S is assumed to be —1/2. Wecan 
conclude at least that the spin axis lies within 
16° from the (111) plane, since p<1 and so 
|S] > 0.38 ([(1+25S)/3]? is the sine of the angle 
between the spin axis and the (111) plane). 
An example of evaluating pS is shown in 
Table II. 


(6) 


§5. Further Experimental Facts and Dis- 
cussion 


We have seen at the end of the preceding 
paragraph that the torque measurements yield 
the product pS. The maximum attainable ab- 
solute value of this quantity should be 1/2, 
whereas the highest value actually attained 
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was 0.38. Attempts were made to elevate 
the absolute value of pS, by varing the con- 
dition of stress-annealing and growing the cry- 
stals from seeds. Crystals of kind B were 
most suitable for this purpose. In the mean- 
while, it happened when a crystal was dropped 
carelessly on the floor that a considerable re- 
duction in torque amplitude took place. Also, 
when the (111) surfaces of a crystal were 
polished by sand paper, a marked increase in 
torque amplitude was observed. These indi- 
cate that mechanical shocks at room tempera- 
ture alter the twin structure of the crystal. 
Therefore we applied ultrasonic oscillations of 
27 kc/sec in the direction normal to the (111) 
surfaces applying simultaneously a pressure 
on these surfaces and could even more effici- 
ently increase the torque amplitude for sam- 
ples annealed without stress. With stress- 
annealing only the value of p|S| could not 
exceed approximately 0.25 in most cases but 
with supersonic it could be elevated to 0.38 
in the best case. 

Effect of a magnetic field on the alignment 
of domains was not much studied. Application 
of a high magnetic field should turn the mag- 
netizations in the easy plane so as to bring 
them perpendicular to the field, overcoming a 
small anisotropy energy (of sixfold symmetry) 
in that plane and the resistaces of magnetic 
domain boundaries. One may except a depar- 
ture from the proportionality between the 
torque and H? and a hysteresis effect, i.e. a 
change in the magnetic anisotropy of the sam- 
ple after the application of the field. There 
were a few examples in which a sort of these 
effects was observed above 10000 o0e but they 
were not fully investigated. We hope to study 
them further. Antiferromagnetic resonance 
experiments in the region of far infra-red will 
give informations of the magnetic anisotropy 
in NiO, and this will be our next program. 

It is the authors’ pleasure to acknowledge 
the warm encouragement given by Professor 
Y. Mashiyama of the University of Osaka 
Prefecture. They also appreciate the assi- 
stance of Messrs. M. Kojima and S. Saito in 
the X-ray study and N. Fukuoka in the mag- 
netic measurements. Thanks are due to the 
member of Azuma Precision Metal Pattern 
Works in Osaka for their kind help in prepar- 
ing a precision pressing apparatus. A part of 
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The fine structures of X-ray K absorption spectra of nickel in metal- 
lic nickel, NiO, NiyOs; and NiO,-nH,O were photographed by a _ bent 
crystal spectrograph. The fine structures of absorption spectra of 
metallic nickel: and NiO agree well with those published by previous 
authors, but those of Ni,O3 do not coincide with those reported by Hayasi 
and Cauchois. Also Cauchois’ data of Ni,O; do not coincide with 
Hayasi’s data. This seems to be due to doubtful chemical structures of 
Ni,O3; and it is supposed that the three specimens used by the three 
authors might have different chemical structures. The first absorption 
maxima A are much more pronounced with increasing oxygen propor- 
tion and the general features of a, 8, C and 7 of the absorption spectra 
of oxides are similar respectively. However, the second small absorp- 
tion maxima B are less pronounced with increasing oxygen proportion. 
These facts are expected from Coster and Kiestra’s and Cauchois’ con- 
siderations. It may be considered from the comparison of the present 
curves of absorption spectra only that nickel sesquioxide is a mixture of 


NiO and NiO,-nH,0. 


Introduction 


§1. . 
An investigation into the fine structures of 
the X-ray absorption spectra of metallic oxi- 
des may be interest to obtain some informa- 
tion about solid state problems. Coster and 
Kiestra? investigated the various oxides of 
Mn, Fe and Zn and concluded that the fine 
structure at a shorter distance from the main 
edge depended not so much on the crystal 


structure but it seemed to be chiefly deter- 
mined by the field in a closer neighborhood 
of the atom in question. Cauchois,?*) in 
her experiments on the fine structures of the 
absorption spectra of some oxide of copper 
and nickel, investigated the white line (R.B.) 
which occurred immediately on the high fre- 
quency side of K absorption edge. As it has 
been reported that there exists a series of 
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nickel oxides with various proportions of 
oxygen, the author investigated the fine 
structures of X-ray absorption spectra of 
nickel in metallic nickel (Ni), nickel monoxide 
(NiO), nickel sesquioxide (Ni,O;) and_ nickel 
dioxide hydrate (NiO.-nH,0O). 


§2. Experiments 


The nickel foil was prepared by electroly- 
sis. Its thickness was about 8”. The oxides 
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were supplied by Hutaba Chemical Industry. 
NiO, Ni.O; and NiO.-nH,O respectively were 
96.21, 99.58 and 97.57% in purity, and were 
grey green, grey black and green. 

The X-ray diffraction patterns of all the 
samples were photographed. They are re- 
produced in Photo. 1. The diffraction pattern 
of NiO.-nH.,O shows only amorphous halos, 
and that of Ni,O; is not a superposition of 
those of NiO and NiO,-nH.O. The diameter 


Metallic Ni 


NiO 


Ni,O3 


a NiO, nH,O 


Photo. 1. 


size. 


X-ray diffraction patterns of metallic 
nickel and its oxides on about 1/1 of original 


Ni K absorption spectra of 
its oxides on 


Photo. 2. 
metallic nickel and 
about 3.7/1 of original size. 
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of the powder camera was 7.03cm. The X- 
ray tube with a copper target was loaded 
with 20kV and 20mA. The time of exposure 
was about 1.5 hours. 

The fine structures of X-ray K absorption 
spectra of nickel in Ni, NiO, Ni,O3; and NiO, 
-nH,O were taken with a bent crystal spectro- 
graph of transmission type having a focusing 
circle of diameter of 20cm. The second 


Bm 
=e - : i 
: oe 

\) 


eK. 


F RaD 00 Le 
NiO; (case A) 
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order reflection from (1 0 0) plane of a quartz 


crystal was used, and the dispersion in the | 


region of Ni K absorption edge was about 


18.9x.u. per mm on the photographic plate. | 


The gas ion X-ray tube with a molybdenum 


target was used to avoid W La emission | 


lines and was loaded with 14kV (peak) and 
8mA. The time of exposure was varied 15 
to 20 hours. In the case of oxides the ab- 


f s' 6 uy 
So oe 


F Ep De ¢ 
NiO (case A) 


& = 
wn ki 


B AK 


J $. 


ie v px 
or 
D C > 6 AK 


F E 


NiO,:-nH,O (case A) 


CB’ BA KK 


Metallic Ni (case B), 


Photo. 3. The microphotometric trace of Ni K absorption spectra of metallic 
Nickel and its oxides on about 1/3.25 of original size. 
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sorbers were made by mixing a small amount 
of grease with the finely pulverized specimen 
and spreading the mixture on a thin paper 
‘up to the required amount 7mg/cm? to 20 
-mg/cm?. The microphotometric traces with 
the dispersion of about 2.5.x.w. per cm were 
taken (case A), and in the case of nickel 
another trace with the dispersion of about 
1.25 x.u. per cm was taken to see the ditails 
of the fine structures near the absorption edge 
(case B). The spectrograms and correspond- 


Table I. Wavelength values of fine structures of 
Ni & absorption spectra of metallic nickel and 
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ing microphotometer traces are reproduced in 
Photo. 2 and Photo. 3. The measurements 
of wavelengths were carried out referring to 
the Ni Ka,, Cu Ka,, Mo Ka, and Cu Kp; 
photographed on the same plate. Table I 
shows the wavelength values of the fine 
structures of K absorption spectra of nickel 
in Ni, NiO, Ni,O; and NiO.-nH,O respective- 
ly, and Table II shows their energy separa- 
tions from the Ni K absorption edges of 
these substances. 


Table II. Energy separations of fine structures 
from Ni K main edges of metallic nickel and 


4 its oxides. (in a.w.) its oxides. (in eV.) 
Ni NiO ==Ni.O; NiO.-nH.O Ni | NiO | NiO; | NiOy-nH,O 
: K | 1484.99 | 1483.2, | 1483.09 1483.15 K 0 0 0 0 
m <K’ | 1483.35 K! 8.9 
; A | 1481.3g | 1481.63 1481.6) 1481.7, A 20.14 8.64 8.35 Te 
a 1480.2. |.1479.9 | 14797 1479 .¢ a ee 3.7 19. 9.7 
B | 1480.4 | 1478.6 | 1479.s 1478., B 25.8 56.4 Bes 24.8 
. B | 1479., | 1477.5 | 1477.5 1477.5 B oor 32.2 31.4 32.7 
Se pe | 1478.4 BI a7 
pr oP 4477.6 a’ 40.5 
; CO \ta7e.y 1°1479.¢ ||°1473% 1473.» C 47.» 55.5 57.0 55.9 
Be 7 | 1474.5 | 1469.5 | 1468.5 | 1467.6 7 59.1 Tl ea 87.9 
| er Wass, a4er Cc’ (oe 88.6 

7! 1471.1 | 1466.7 7! cise 93.7 

D 1468.: | 1464., | 1466.; 1465.3 D 95.6 104 96.4 101 

d” | 1464.; 6” 114 

D"” | 1463.5 D" 122 

3 1462.; 1461.6 1464.7 1463.9 é 126 | 123 105 109 

D' 1461.3 = 1459.5 1461.8 D! 135 | 136 122 

5’ =| 1460.9 | 1456.3 | 1459.5 6’ 142 151 133 

FE | 1456.; 1454.3 | 1458.4 1459.9 E |. 162 162 141 137 

é 1452.5 | 1451.0 | 1453., 1452.9 e 187 184 169 179 
. F. | 1448.5 | 1446., | 1447. 1447.; F 210 212 203 204 
€ 1445. é 224 

Go| 144, 248 

v7) 1436 .¢ n 280 


§3. Discussions 


The wavelength values of the fine struc- 
tures of Ni K absorption spectra of metallic 
nickel and NiO agree well with those already 
published .by Cauchois? (Ni and NiO) and 
Hayasi®® (Ni) within the limit of experi- 
mental errors, but those of Ni,O; do not 
coincide with those obtained by Hayasi® and 
Cauchois®, Also the values of Ni,O; given 


_. a 


by Cauchois do not agree with those obtained 
by Hayasi. This seems to be due to some 
doubtful chemical structures of Ni,O;. Several 
reports” hitherto made on the chemical 
structures of nickel sesquioxide indicate that 
Ni,O; may be a mixture of NiO and 
amorphous NiO,, that even the ordinary an- 
hydrous substance may contain some water 
molecules, and that anhydrous Ni,O; may not 
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exist. It is considered that the specimens 
used for the above three experiments might 
have different chemical structures owing to 
the different procedure of their preparation. 

The first absorption maxima A are more 


pronounced with increasing oxygen proportion. 


Absorption maximum A corresponds to the 
transition of the K electron to the 4-level. 
According to Coster and Kiestra? the atomic 
wave-functions are much more maintained as 
more oxygen is added and the metal ions are 
located apart from each other. This im- 
plies that the width of the p-band becomes 
smaller and then the fine structure is more 
pronounced. 

The general features of the small absorp- 
tion minima a, large minima $8, maxima C 
and minima 7 of absorption spectra of these 
oxides are similar respectively. Coster and 
Kiestra® considered that in these regions the 
fine structures were determined by immediate 
surroundings of the atom in question. This 
consideration is well supported by the present 
experimental results. However, the second 
small absorption maxima B are less pronounc- 
ed with increasing oxygen proportion. This 
seems to be due to the coordinations of 
oxygen atoms which become more complex 
with increasing oxygen proportion. 

It is believed that the fine structure, in the 
high energy region from the main edge, is 
determined by the type of the crystal lattice. 
Nickel crystallises in the face centered cubic 
lattice and NiO also crystallises in nearly the 
face centered cubic lattice. However, recent- 
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ly it is reported that the NiO crystallises i 
the rhombohedral lattice at the room tem 
perature. Moreover, because of the larg 
difference of structure factors of nickel an 
NiO, the comparison of the fine structures o 
these two substances was not made. 

Finally it may be considered only from the 
comparison of the present curves of absorp 
tion spectra of NiO, Ni,O; and NiO,-nH.O 
that nickel sesquioxide is a mixture of NiO 
and NiO.-nH.O. In conclusion the autho 
well supports Coster and Kiestra’s+® an 
Cauchois’ considerations. 

The author express my sincere thank t 
Professor M. Sawada for his encouragemen 
to this work. 
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The fine structures of X-ray absorption by single crystals of germa- 
nium were investigated. These crystals were used as an analysing 
crystal of a spectrometer and at the same time as an absorber. The 
intensities of general radiation reflected from (1 0 0), (1 1 0) and (1 1 1) 
planes were investigated. The fine structures of intensities reflected 
from these planes were in agreement with those of absorption spectrum 
reported by Doran and Stephenson obtained by the transmission method 
using a single crystal as an absorber. However, they reported that 
they observed a weak fine structure near the absorption edge which 
was not observed by us. The observed fine structure of the absorption 
can be interpreted in terms of Kronig’s theory, while the absence of 
the fine structure near the absorption edge is due to the anomalous 
scattering of germaninum on the one hand and to the thickness effect 


reported by Parratt, Hempstead and Jossem on the other. 


§1. Introduction 


A convenient technique to measure the fine 
structure of the absorption spectrum using a 
single crystal has been proposed by Stephen- 
son? and Krogstad, Nelson and Stephenson” 
who used a single crystal as an analysing 
crystal and at the same time as an absorber. 
They claimed that the results obtained by 
this technique were in agreement with those 
obtained by the transmission method in the 
cases of KBr, KCl and NaCl™. However, 
Nelson® could not obtain by this technique 
any fine structure of absorption with germa- 
nium which was reported by Hulbei and 
Cauchois”. 

As good single crystals of germanium were 
available, we investigated the fine structures 
of the absorption of germanium by this 
technique and compared these with those 
given in the literature». 


§2. Experiments 

By using the North American Philips Dif- 
fraction Unit and Wide Range Spectrometer, 
modified to a tube spectrometer described by 
Coster and De Lang®), we recorded automati- 
cally the fine structures of absorption by 
single crystals of germanium. The details of 
our modified method have been published in 
our previous papers. The maximum diver- 
gency of the slit system is about 0.0004 


radians. As the analysing crystals we used 
germanium single crystals of N type which 
contained arsenic as impurity and the faces 
parallel to (1 0 0), (110) and (111) were 
used. The number of etch pits by CP-4 was 
about 104/cm?. 

The reflections of the fourth order from 
(1 0 0) plane, the second order from (1 1 0) 
plane and the first order from (1 1 1) plane 
were used. The perfectness of the crystals 
was examined by recording Mo Ka;,, emis- 
sion lines reflected from these planes. They 
are reproduced in Photo. 1. The same emis- 
sion lines reflected from a good calcite crystal 
were also recorded for comparison. They 
are reproduced in Photo. 2. The widths of 
the half maxima of the lines by germanium 
are slightly wider than those given by calcite, 
but the crystals of germanium can safely be 
used as analysing crystals. 

The general radiation was analysed by 
these crystals of germanium in the region of 
Ge K absorption edge. They are reproduced 
in Photo. 3. The X-ray tube with a molybde- 
num target was loaded with 15-20mA at 20 
kV. The scanning speed of the Geiger-Miller 
tube was 1/8° per minute and the time con- 
stant of the rate-meter was 8 seconds. The 
intensities on the long and the short wave- 
length sides of Ge K absorption edge were 
not recorded on one and the same chart, be- 


591 


592 K. TsuTsuMI and M. OBASHI (Vol. 13, 


cause the number of counts was too few to and Table II shows their energy separations 
detect the fine structure of the reflected in- (in eV) from the Ge K absorption edge. The| 
tensity on the short wavelength side when last columns of the both tables show the} 
the intensities of both sides were so recorded wavelength values and the energy separations} 
as to avoid the dead time correction of the measured by Doran and Stephenson®, who} 
counter. investigated the fine structure of the absona 
Table I shows the wavelength values (in A) tion spectrum using a single crystal absorber) 
of the fine structures of reflected intensities of germanium by the transmission method. | 
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Photo. 1. Mo Ka,,#, emission lines reflected from various planes of germanium crystals. 
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Photo. 2, Mo Kay,a, emission lines reflected from a good calcite, 
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Photo. 3. 


§3. Discussions 

By comparing Table I and II it will be 
seen that the fine structures of intensities 
reflected from the various planes of germanium 
single crystals and those given by Doran and 
Stephenson agree well with each other, ex- 
cept near the absorption edge. The weak 


30 F G 


Fine structures of reflected intensities from various planes 
of germanium single crystals. 


fine structure within 50 eV from the absorp- 
tion edge which was observed by Doran and 
Stephenson is not observed in our reflected 
intensity curves. In this region our results 
coincide with those of Nelson. 

These facts are considered to be due to 
the following: 
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Table II. Energy separations of fine structures | 
Table I. Wavelength values of fine structures of of absorption of germanium single crystals from 
absorption of germanium single crystals. (in A) the K absorption edge of geriianien: = eV.) 
Present work | Pree A hes D d 
Doran and oran an | 
; ; Sines ae h : |Stephenson || 
(400) (220) ia, (400) (220) qu) | 
K 1.117 K 0 0 0 0 
A 1.116 A 6.7 
a 1.115, a | a NSyay0/ 
B 1.114; B Zone 
B isle B | a7 
| | 
C 1.111, 1.1103 Le aelilg C | 59 | 67 48 
if 1.1105 1.1109 VO; if 65 | 70 | 61 
D 1.108 1.1085 1.1087 1.109, D 81 81 83 | 79 
rn) 1.105, 1.1054 1.105; 1.105, 0 | 116 | 116 120 114 
E 1.1021 1.102; 1.102, 1.102 | 150 150 149 | 147 
€ 1.097, 1.097, 1.0976 1.098 € 195 | 195 | 196 | 186 
19 1.095¢ 1.0953 1.094. 1.094, BO) h2N6 220 i et 223 
G 1.090 1.0897 1.090; 1.0900 (Et AAS 278 274 271 
G 1.0875 1.087 1.087, G 301 306 304 
“B p ATL) § E SJ oF S | 
| 
re) 50 100 150 200 250 Z300AeV 
Fig. 1. Magnitudes of absorption discontinuities of germanium vs energies. 


1. If we assume that the fine structure of 
the reflected intensity is caused by absorp- 
tion by the analysing crystal itself, the fluc- 
tuations (discontinuities) in the absorption 
coefficient will occur at the enery values” 


Se Hea) dais) (1) 


as measured mae the mean potential of the 
crystal since it belongs to the cubic system, 
where d is the lattice constant, m the electron 
mass and (h, k, J) are Miller-indices. The 
magnitudes of discontinuities are proportional 
to 

Tnxi= Ane Vii), (2) 
where Anz: is the abundance factor of the 
(hkl) planes and Vnx is the Fourier coefficient 
of the potential in the crystal. According to 


Table III. Separations of gravity centers of 
absorption discontinuities of germanium. (in eV.) 


Group | Theoretical Pseent Gee 
a 13 1B. 7 
B-B 29 29 
Cus 62 65 55 
D-6s 98 98 —102 97 
H-e 177 173 167 
F-¢ 248 246 — 253 247 


etic’ s simplified 2 method”, however, Jn is 
considered to be proportional only to Ahpx:. 
We plotted this quantity, Jn, against energy 
‘ . 
value given by (1) for the case of germanium 
(Fig. 1). One can distinguish groups A—a, 
B-—8, C—r, D—0d, E—€& and F—€. Their 
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centers of gravity agree with those of the 
observed structures as seen in Table III. In 
our case reflected X-rays are partially polariz- 
ed, so that when these polarized X-rays are 
all photo- 


: electrons are not uniformly ejected in all 


directions, and therefore some planes do not 
contribute to the discontinuities. This effect 
is more influential near the absorption edge 
than in the high energy region, because in 
Fig. 1 the abundance factor and the number 


: of overlapping planes with different Miller- 


indices are small in this region. Thus the 
fluctuations in the absorption coefficient are 
less pronounced in this region than those 
when unpolarized X-rays are absorbed by a 
polycrystalline absorber. 

2. The total energy J diffracted from a 
face of a single crystal, according to kinema- 
tical theory, is given by 


Bes, A Naide* __ 1+0s? 20 Nay 
Io ; . 2n\ Zm?c*'sin 20 2 


8 pp 


where Jyh, 4, N, Z, *24:1, 6, F and e are the 
power of the incident radiation, atomic ab- 
sorption coefficient, number of unit cells per 
unit volume, number of atoms per unit cell, 
wavelength of the incident radiation, Bragg 
angle, structure factor and the charge of an 
electron, respectively. In the case of germa- 
nium the structure factor becomes 
FH=f(l tenths) (] 4 erent) 4 etter) 
ener) = f-p, (4) 
f being the atomic scattering factor of germa- 
nium. We must consider the anomalous scat- 
tering in the present case because the fre- 
quency w; of the incient radiation is near the 
frequency o: of the absorption edge of the 
scattering atom. In this case f is written as 
Saft f tif”, 
where fy is the atomic scattering factor for 
frequencies high in comparison with the 
atomic absorption frequency x and for a 
particular reflection it is independent of the 
incident wavelength itself, and f’ and /” are 
the real and imaginary parts of f which de- 
pend on the frequency. Then equation (3) 
can be written 


ies InQ’p? {(fotf’)?+f'"7} , 


= 5 
2u(i) ae 


Fine Structures of the X-ray Absorption by the Single Crystal of Germanium 


595 


in which J), fo and p are independent of fre- 
quency and Q’ varies monotonically with 
frequency. From the classical theory® of 
dipole-oscillator f’ and f’ are expressed as 


he me Oe) 
Z Qr2¢2 i o?— ae ; ie 
yes ie Wipt(Wi) = g’ (oi), Or >on, (7) 
f’=0 ; Wi<COx ‘ 


When 4() varies monotonically with fre- 
quency the general features of /f’ and /’”’, as 
functions of frequency, are shown in Fig. 2. 


Fig. 2. General features of f’ and f’’ against 
frequency. 


It is estimated* from equation (6) that 
the maximum magnitude of fluctuation 4f’ de- 
pending on the small fluctuation dy in yz is 
nearly equal to that of g’4u when 4y varies 
sinusoidally. The fluctuation 4f’’ depending 
on 4 is g’4u from equation (7). Table IV 
shows the values of fo, f and f’’ when the 
damping constant of oscillators is taken to be 
bO<* 

From equation (5) the fluctuation in J de- 
pending on 4y is 


* From equation (6) it can be shown that only 
the following integral contributes to the fluctuation 
rye 

mec w5 Au 
217e2 Pp op ET 


dw = Af! (wi) , 
t 


where 4p is a fluctuating part in ». If we assume 
that 4u is a-sinmw, then the maximum magnitude 
of Af’(w;) can be given approximately as 

mec Wt a 


TT 
Er A anger: 
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Table IV. Values of fo, f’ and ff’. 


K. TSUTSUMI and M. OBASHI 


E re its 2 bis Fass So = ee Ma ESOT AR #4 ijl | Bie 
Aa A (A) (400) 2e-ploalig2oy"s wf ex a tupertal 
1 1.117 | | —9.77 3.74 
0.995 As ) —7.17 myer it) 
0.99 | 1.1058 | 18.4 21.7 | 26.2 —4.57 3.66 
0.985 | 1.100, | | Ly AP aiaeutin® ae 
0.98 1.094, | | | aries 22 3.59 
0.975 1.089; | ) —3.44 S55 
Ais ie a [fot ff} occur in our case, particularly in the case of 
Lt low dispersion of the spectrometer. In their 
+2(foth )u4f’] . (8) investigation they concluded that the fines 


The maximum magnitude of pwdf’ is nearly 
equal to that of g’udu=f’dy, and the fluc- 
tuation 4f’ shows quite a different variation 
with w; from that of the fluctuation dy. Ascan 
be seen in Fig. 2 and Table IV, (f.+/’)?-/’”? 
and 2(fo+/’)-f’’ near the absorption edge are 
much smaller than their respective values in 
the high frequency region. Thus the fluctua- 
tions in the reflected intensity are less pro- 
nounced near the absorption edge than in the 
high energy region. Besides, 4 cannot affect 
I near the absorption edge as (f)+/’)? is com- 
parable to /’’. It is supposed that the 
maximum magnitude of the small fluctuation 
Af’ is actually smaller than that of g’4y be- 
cause in our experimental results the fluctua- 
tions in the reflected intensity in the high 
energy region from the absorption edge are 
similar to those of the absorption spectrum 
by the transmission method and therefore are 
not affected by 4f’. Therefore the influence 
of 4f’ on the reflected intensity is consider- 
ed to be very small in the whole frequency 
region. When the magnitudes of f’ and /” 
become small with increasing frequency, 4 
much affect the reflected intensity and then 
the fluctuations in the reflected intensity be- 
come more pronounced. 

3. The effect similar to the thickness effect 
in the absorption spectrum which was inves- 
tigated by Parratt, Hempstead and Jossem” 
by the transmission method is considered to 


| 
structure of the absorption spectrum near 


the absorption edge became less pronounced 
with increasing absorber thickness on account 
of the tail of the spectral window (the tail 
of the focal spot of the X-ray tube in our! 
case) and the enormous asymmetric shape of! 
the absorption edge. Therefore, in our case: 
also, the fluctuations in the reflected intensi- 
ty are less pronounced near the absorption! 
edge than in the high energy region. 

We express our sincere thanks to Professor 
M. Sawada for his encouragement in this' 


work. 
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The spin-lattice relaxation time, 7; and the spin-spin relaxation time, 7», 
of the resonance line in metal cadmium were measured by use of 


a nuclear magnetic resonance technique. 


The contribution of p-character 


in the conduction electron to the relaxation was estimated. The line 
width was measured at a temperature between the room temperature and 


2O0r Cs 
underwent a motional narrowing. 


It was shown that the exchange broadening between unlike spins 
The inverse line width or spin-spin 


relaxation time, 73, was interpreted in terms of the lattice diffusion 
theory. These analyses yielded for the coefficient of self-diffusion D the 
value 0.05 cm2/sec exp (—17.6 kcal/mol-RT). 


Introduction 


§ 1. 


Nuclear magnetic resonance measurements 
in metal cadmium have already yielded signi- 
ficant results for the interpretation of its 
metallic properties. The line shape, line- 
width, and Knight shift of the resonance line 
have given much informations concerning the 
properties of the conduction electrons. 

The nuclear relaxation in metals is usually 
determined by the interaction of nuclear spins 
and conduction electron spins. When one 
takes into account only the Fermi-interaction, 
the relation between the spin-lattice relaxation 
time and the Knight shift is well known as the 
“Korringa relation”™. From the fact that 
the isotropic shift in metal cadmium is 0.43 
per cent, we determined the s-content & of the 
wave function to be about 20 per cent. The 
resonance line is asymmetric indicating an 
anisotropy of the Knight shift. From the 
analysis of these line profiles we estimated 
‘the asymmetry in p-character of the conduc- 
tion electron. The anisotropic shift, (4H), 
-—A4H1)/Hp, is 0.039 per cent, where 4H, and 
AH, are the shifts parallel and perpendicular 
‘to the c-axis, respectively. The symmetric 
‘line broadening, Omax.si.=1.5 gauss, was origi- 
‘nated from the indirect exchange coupling 
between neighboring nuclei which involves 
conduction electrons”. 
measured relaxation time 7; from the Kor- 

ringa time may be due to the contribution of 
p-electron to the relaxation. 

Owing to the local magnetic field at a reso- 
nating nucleus produced by its neighbors, 


The deviation of the 


nuclear magnetic resonance line in solids 
usually has a width of several gauss. It is 
well known that sufficiently rapid motion of 
the nuclei can reduce the effective local field, 
so that the onset of such motion can be ob- 
served as a reduction in line width. In metals, 
where the possibility of any rotational motion 
is excluded, the motion is presumably connect- 
ed with a diffusion process. A general theory 
on the 7;’s and 7,’s which result from inter- 
actions of the nuclei with fluctuating local 
magnetic fields has been given by Bloembergen, 
Purcell, and Pound®? and Kubo and Tomita”. 
The BPP theory deals with nuclear dipolar- 
dipolar interactions and the effects of diffusional 
motion of the nuclei. Line width transition in 
solid alkali metals®»© and in aluminum” have 
been reported and interpreted to be due to 
self-diffusion. But we must concern with the 
effect of nuclear motion on the exchange 
interaction as the line width are related in 
this case, to the exchange interaction between 
unlike spins®”. 

We shall discuss the motional narrowing in 
this case. From the analysis of this narrow- 
ing, the self-diffusion coefficient will be esti- 
mated. 


§2. Experiment 


The experimental procedures and equipments 
employed for the measurement were described 
previously». The samples were consisted of 
foil rolled to a thickness of about 15y. Layers 
of foil were separated by mica. To avoid 
oxidation, the metal sample was sealed at 
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reduced pressure into a thin-walled glass tube. 
The specimen was annealed at 300°C for two 
hours to eliminate the effects of grain bound- 
ary diffusion. 

The specimen with its coil was mounted 
inside a Dewer vessel, 
air was blown by an air compressor through 
a small electric furnace. A chromel-alumel 
thermocouple was attached to the sample vial. 
The temperature inhomogeneity in the vessel 
was found not to exceed 1°C. The experiment 
was performed on the Cd" (abundance ratio 
12.34 per cent) at the field of 3900 gauss with 
a permanent magnet using a resonance fre- 
quency of 3.71 Mc/sec. For the measurement 
of the relaxation time we employed the ordi- 
nary saturation method. 


§3. Results and Discussion 


a) The Spin-Lattice Relaxation Time. 

For the evaluation of 7, from saturation 
factor (7H,)?T7:T,, we employed the TJ, as 
determined from the symmetric line broaden- 
ing 6 and not from the overall width which is 
of the inhomogeneous type. It results in 7, 
of 0.5x10-* sec. for Cd!3 which is one half 
of the Korringa time of 1.1x 10-*sec. estimated 
from the measured shift. We shall consider 
this deviation. 

The Hamiltonian for the nuclear spin- 
electron spin interaction is given by 


== 68 gn Bx Le Sd(r) 


+28 gw Bw Ie-{Sri—37i-5(S-riri} , (1) 
where r; is the radius vector of the electron 
with the nucleus at the origin and # is the 
Bohr magneton. The electron in the solid 
may be adequately described by one-electron 
wave function of Bloch type, 


Vr=etk-ry,(r) , 
voli ae ail 
where V is the volume of the metal under 
consideration. wx(r) has the periodicity of the 
lattice, and within the atomic polyhedron, it 
is assumed to be a mixture of s- and p-func- 
tions. Bardeen™, Silverman and Kohn™, and 
Kohn™ have shown that the periodic function 
ux(r) in the Bloch wave function (2) can be 


(2) 


FH woe guBure (— 212S: ate as 
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expanded in a fairly rapidly converging powe 
series in k. This is an expansion in spherical 
harmonics containing the angle 9, betweer 
r, and k, 
Ux(r) = cow(r) + tkeu(r)Pi(cos @;), (3) 
where w(r) is the normalized s-solution of th 
Schrédinger equation, the w(r) is the radi 
part of the p-solution. The c, and u(r) a4 
independent of k. The coefficient c; may be 
determined by the boundary conditions of th¢ 
wave function on the Wigner-Seitz sphere 
The c, was evaluated accurately in case 0} 
lithium and sodium™), In cadmium, howy 
ever, it was estimated from the shift in res 
ference 1, since we have no accurately call 
culated value. ) 
The first term of the Hamiltonian (1) repre 
sents the hyperfine interaction and the secon¢ 
term the dipolar interaction between tw¢ 
dipoles. It is well known that the roc 


elements of the hyperfine interaction producé 
an isotropic Knight shift, whereas the o 
diagonal elements contribute to the relaxatior 
time 7,. The expression of relaxation time 
first presented by Korringa” is as follows: 

1 AnkT a, afi Abe F ey 
() ae ne oe 
where 9 is the atomic volume, N(£)) the num 
ber of states, for a unit volume of the metal 
per unit energy interval, (4E); the h.f.s. split: 
ting of the atom with one s-electron outsid 
closed shells, and & the s-content of the con 
duction electron. 

Actually the part of the electronic wav 
function with non s-character (p-, d-, etc. 
will also contribute to the relaxation time, bu 
not to the shift in the absence of the asym 
metry in p-character of electron at the top o 
the conduction band. We shall consider the 
relaxation time originated from the p-part of 
the electronic wave function. : 

Consider the dipolar part of the Hamiltonian 
(1). Since the nuclear- and electron-spins are 
quantized with respect to the external field 
H, the dipolar interaction between nuclear 
gpin I; and electron spin S can be expanded 
in spherical harmonics containing the polar 
angle @ and @ in the r: space, where the polar 
axis is in the direction of H, 


2 S++ IS«)P,(cos 6) 
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1 
a (14.S2+ 12S) P.' (cos dent —7 (IS T.S_)P21(cos 0)e*'? 
1 LsSeP.%(cos 0)e-2— z 
Giese Pa (cos @)e-? iS PP (cos Herne |, (5) 
I, and S, are the components of spin parallel to the magnetic field Ela eaSeeandss-.are 
the usual spin raising and lowering operators. The state of a nucleus of spin J is charac- 
terized by the quantum number m and s=-+} is the spin quantum number of the electron. 
The energy exchange between a nucleus and a conduction electron is due to their magnetic 
interaction and is determined by the matrix elements (Ve; m, soVx, m’, s’) of the Hamiltonian 
(5). They are 
(m, s| —2I, S:+ = 1S. im 5 TESS | es S ‘Yak C1Cy’ | Px(cos @,)P;(cos 9,)P2(cos #)dw 
1 
am, s|I,S2+12S.|m’, s’) ARR’ cxc1’ | P,(cos 9,)P,(cos 9,)P21(cos 0)e-*Fdaw 
= 5m, s|I_S:+12S_|m’, s’) ARR’ cycy/ | P,(cos 9;)P;(cos 9) P21(cos O)et??da 
—im, s|I4S.|m’, s’) ARR’ crcx’ | Pi(cos @,)P;(cos 9.) P2?(cos 0)e-?'Fdw 
om, s|I_S_|m’, s ARR’ cic) | Pucos @,)P,(cos @,)P,7(cos 0)e*?'*dw , (6) 
where 
4=gBgwBw le u*(r)w(ri)rie dri (7) 
0 
and @, is the angle between r; and k’. The integration over 7; is extended only over the 
1/3 
Winger-Seitz sphere with radius re=| a . Carrying out the integral over the solid 


angle dw, the matrix elements take the forms 


ees 


—(m, s\I4Sz+ IS+|m’, SARI exer! © x(Pi(c0s 6.)P (cos 0;)e-*”1+P (cos 6,)P:1(cos 02)e-*#2} 


Sz+ +5 Sz +5 Sanita, ‘ae cea’ — er OP (cos 6;)Pi(cos 6,)—P;(cos x)} 


—(m, s\I_-Sz + I,S_|m’, s’)AkkR’ aici’ = x{P,(cos 0,)P (cos 6;)e**¥1+P (cos 6;)P11(cos O2)er!?2} 


—(m, s\I4S4|m’, s’)ARR’ ci’ 2 xP MCs 6,)P.3(cos 82)e7'©¢1* 2) 


—(m, s|I-S_|m’, s’)4kk’ cc -2 mP (cos 6;)P1\(cos O,)er*CF1* 2) (8) 


where 1, 01, ¢1 are the polar coordinates in the k space and ky, @:, yg. in the k’ space, the 
polar axis being in the direction of H. % is the angle between k and k’. Picking up the 
non-secular parts of Eq. (8), which are responsible for the relaxation time, we obtain 


(HP. xx’)rev= (I4.S-+ IS) Wal kR’) + (L4Sz) Wo RR’) + T-Sz) Wo RR’) 
+(4S+) Wa RR’) + U-S-) We RR’) (93) 


with 
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W2(kR’ )= Ak’ cxer’ 2{8P (cos 61)P1(cos 02)—P(cos x)} , 
We(kk’)= ARR’ acy 2 m(P1(cos 6,)P,+(cos 0,)e7*?1+ Pi(cos 0;)Pi'(cos B2)e7*#2} , 
Wo(RR’)= ARR’ cic’ <r Px(cos 62)P;+(cos 0;)et!?1+ P;(cos 9:)P;(cos O2)et*##2} , 
Wa = dBW ci’ 2P:(cos 6;)P(cos 82)e7*¢1* 2) , 

and 


Wr(kk’) = Akk’ ocr’ 2 2P(cos 0;)P3(cos O,)et#(1* 2) , 


The change of N(m), the number of nuclear spins in the state m, due to the interaction 
with the conduction electrons is calculated with time dependent perturbation theory, using 


the Fermi-statistics for the electrons”. 


Then we obtain 


ON Un(NOn+1)Cu—Non)(Cn exp 1-+ Caa)-+NOn—DCu-1 exp 7} 
+(Uet Uo’ ){N(m+ YCm—N(m)(Cm+ Cm-1) + N(m—)Cm-1} 
ab Un{N(m + Grn exp r—Nm)(Cn+Cn-1 €xp r)+Nm—1)Cm-i} (11) 
with 
eee | | dk | dk’ | Wo(kk’)|20( Ew" — Ext — gy BED) 
h (276 
<(isexp (—a) "4 l-rexpta+7)}s) 5 
an S22 il / /\|2 7 f+ — on 
Leip ease dk | dk’ | Wo(kk’)|20(Ev* — Ext —gn BH) 
x {1+exp (—a@)}-Y{1+expa}, aay 
je MN / ESET iiaey 7 ee 
Ul =F awa | ak | ak | Wo(kk’)|°3( Ev — Ex-—gwBH) 
x {1+exp (—(@+7))}-{1+exp ary 
and Usa 2™ _@ | dk | dk’| Wa(kk’)|?0(Ev*—Ex-—gw BH) 
h (Qn) 


x{1-bexp\(—a) "4 1 -Féxp (are ot, 


where a= (Ex* —Ey)/kT, 7 = gvBwH/RT, \(I-)mm’'|? 
=CmO(m,m’+1), — |(L4)mm|?=Cm—10(m, m’ —1), 
and Si=4d(s, s’+1). The spin-lattice relaxation 
time is given by 1/7,;=Usz+2Uc+Un. This 
gives, 


22?N(Ey)24 2Rmécy* ) 


ie) _ 304 n°kT (13) 
Pp 


TiJo 185A 
where Rm is the value of the wave number 
at the Fermi level Ey. The quantity 4 cal- 
culated from Eq. (7) is related to the atomic 
p-type hyperfine splitting (4E)»: 

(AE)p 
4=——=(1—8), 
arti é) 
We estimated the relaxation time by /- 
electrons, by Eq. (13), using the value of c; 
determined from the shift obtained in 
reference 1, as 


(1/T1)p=0.43 x 10° sec. 
On the other hand, employing the values 


obtained in reference 1, we estimated the 
relaxation time by Eq. (4), 


(1/T;)s=1.1 x 108 sec". 
Defining the resultant relaxation time as, 
(1/7:)=(1/Ty)s+(1/Ti)», we get 
T1= 0.65 x 107 sec. 


Comparing this value with the experimental 
one of 0.5x10-' sec. we see a good agreement 
which may partly be accidental. We may, 
however, conclude that at least a part of the 
deviation from Korringa time is due to the 
contribution of f-electron to the relaxation. 
As an example other than cadmium, we ap- 
ply Eq. (13) to lithium and sodium employing 
the value of s-content calculated by Jones and 


(10) | 
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- Schiff, Kohn™, and Kjeldaas and Kohn™. 
Jones and Schiff estimated the s-content in 
lithium to be 25 per cent and that in sodium 
65 per cent. In the case of sodium, calcula- 
tions show that the Fermi energy, Ep is al- 
most exactly the value given by free electron 
approximation. In the case of lithium, how- 
ever, where the conduction electrons behave 
very differently from free electrons, the value 
of Ey is not so certain. Schiff found 
Fo=2.69eV but free electron approximation 
gives E,)=4.72eV. The interaction of the 
p-part would reduce the relaxation time cal- 
culated from the Korringa relation by about 
2 per cent in lithium. But there is a negli- 
gible contribution to the relaxation in sodium. 
Although the hyperfine interaction of p-orbits 
is usually much smaller than that of s-orbit, 
being only 6 per cent of that in the s-state in 
the case of lithium, it becomes dominant in 
the case of a heavier element. 
This effect of p-electrons on the relaxation 
must be further examined in heavier elements. 


b) The Spin-Spin Relaxation Time 

The experimental data are the values of 7, 
the inverse line width or spin-spin relaxation 
time, measured at a temperature between 
a room temperature and 250°C. Figure 1 
shows the variation of the overall width with 
temperature. As the observed anisotropy in 
line profile is proportional to the magnetic 
field as stated in reference 1, the line becomes 
nearly symmetric with the anisotropic shift 
4H,;—4H, =1.52 gauss which is comparable 
to Omax.sl.=1.5 gauss, at the low field employed 
in the present experiments. Accordingly, 0 
has a considerable contribution to the line 
broadening in this case. 6 was proved to 
originate from the indirect exchange coupling 
between neighboring nuclei which involves 
conduction electrons. As an anisotropic Knight 
shift is produced by the nuclear spin-electron 
spin dipolar coupling when the charge distri- 
bution of electron deviates from spherical 
symmetry about the nucleus, we can consider 
that the asymmetry of jp-electron will be 
unchanged by the atomic self-diffusion process. 
We consider that only the symmetric line 
broadening 6 can undergo a motional narrow- 
ing, keeping the value of (4H,;—4H1)/Ho 
constant. The variation of the overall width 
with temperature was converted to the varia- 
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tion of the symmetric line broadening 6. It 
is shown in Figure 1 by notation 0. 

The diffusion may also have an effect on 
T,, the spin-lattice relaxation time. Because 
of a poor signal-to-noise ratio we could not 
measure the temperature dependence of the 
spin-lattice relaxation ‘time. But it has pre- 
sumably a negligible contribution to the line 
width. If the asymmetry in p-character of 


overall 


(8H) 


10 20 30405070 100 200300 500 


Temperature (°C) 


Fig. 1. Line width data. 


conduction electrons is unchanged by the dif- 
fusion process, the asymmetry of line profile 
must become more striking as the diffusion 
progresses. But, unfortunately, we could not 
observe the variation with temperature of line 
profile and Knight shift. 

0 is seen to decrease as the temperature is 
increased over about 80°C, and it narrows out 
at about 200°C. The ambiguity of measure- 
ments is rather large in high temperature 
region, since the resonance line becomes much 
less intense and reliable measurements become 
increasingly difficult. Though it was desir- 
able to make measurements in rather high 
temperature region where the melting pheno- 
menon heralds the breakdown of the forces 
which holds the lattice rigid, we could not 
detect the resonance line in such region. 

We shall be interested in the effect of 
nuclear motion on the exchange interaction as 
the line width are related to exchange interac- 
tion between unlike spins. A pure rotation, 
leaving the internuclear distance between the 
two nuclei unchanged, has no effect because 
the exchange interaction has no angular 
dependence. Unlike the dipolar interaction, it 
doés not average out on rotation. An analysis 
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of this motional narrowing of exchange 
broadening will be given next. 

Ramsey and Purcell®, and Ruderman and 
Kittel? have shown that the nuclear spin- 
electron spin interaction will in second-order 


perturbation theory give rise to an exchange | 


type of coupling between nuclear spins in 
molecules or in metals. 

The Hamiltonian for the nuclear  spin- 
electron spin interaction is given by Eq. (1), 
and the electronic wave function by Eq. (2). 
Ruderman and Kittel found the exchange 
interaction in a metal to be of the form 


ae = DS, Avlicl, , (14) 
I> Jj 
where 
Aij= —29(|4e5|") som’ nh? Ris* 
x [sin (22mRij)—2hmRi5 COS (2RmRsj)] . (15) 


A pair of nuclear spins is introduced at posi- 
tions R; and R; in the lattice, and one writes 
Rij=R:i—R;, and m’ is the effective mass. 
The average over k and k’ is introduced, 


(|4i5|?)4v=<4i(RR’) ARR’) ery , (16) 


where 
A(RR’) = (87/3) g8 gwBwux(Ri)un™*(Ri). (17) 
If we assume that the spin I; only interacts 


with a spin I; in the nearest neighbor sites, 
the exchange interaction is modified as follows 


FEN Qe ~ A I;-1,; 0(|Ri;(2)|—@) (18) 


It is necessary to sum over all spins I,, be- 
cause of the self-diffusion. 0(|R:,(Z)|—a@) is 
unity when J; and I; are in the nearest neigh- 
bor sites, otherwise zero, where a is the 
nearest neighbor distance. But the summation 
over j may be restricted to the nearest 
neighbor because of the nearest neighbor 
interaction only. Hamiltonian, Eq. (18), can 
be written as!” 


BE = 3 AL Te'= ¥ AMI; , (19) 
je ja1 


where ¢,(f) is the phase which varies in 
a random manner with the exchange of unlike 
spin in the nearest neighbor sites and 7 is the 


number of nearest neighbor sites. The cor- 
relation function of A(f) is 
CAQ)A*(E+7))>= Are-t/te , (20) 


where t. is the correlation time for an indirect 
exchange coupling. Using this correlation 
function, we can calculate the transition pro- 
babilities by Solomon’s procedure!® and these 
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results will give the spin-spin relaxation time 
T,. If we consider only spins of value 4, w 
obtain 


2 
ae HE + | all 
1+(o1,—@7,)? Te” 
where f is the abundance ratio of unlike sing 
In the extremely narrow case, the spin-spin 
relaxation time is given by 


(nA) pr 


(22) 


13x10" exp(-8-8 0, 


10°7°K 
Fig. 2. Plot of ve against reciprocal temperature, 
obtained from analysis of line width data. 


Turning to the line width data, we can cal- 
culate the frequency of exchange motion », 
at a given temperature. The equation 
ve= Yeo EXP (—Ep/RT) is then employed to find 
the activation energy Ep for self- -diffusion. 
As Eq. (22) is valid only in the case of the 
extremely narrow condition (wr,—o1 )r2<1,, 
it cannot be applied to the early stage of 
narrowing under consideration. Fig. 2 shows. 
the frequency of exchange », as a function of 
1/T, obtained from the analysis of the line 
width data’, The data are fitted by an ex- 
ponential formula, corresponding to a yep value 
of 1.3x10"sec-!, and Ep=17.6 kcal/mole. 
The observed atomic diffusion coefficients are 
usually expressed in terms of two constants, 


Dy and Ep, as follows: 
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D=Dy) exp (—Ep/RT) . (23) 
The theoretical diffusion coefficient for trans- 
lational diffusion has a form 


D=——., (24) 


Here a is the lattice constant and rp is the 
mean time-of-stay in one nearest neighbor 
position between jumps. As the mean time- 
of-stay to has the heat of activation, we ob- 
tain 

Tpy=Ttv exp (—Ep/RT) . (25) 
The constant tp, is found by a crude approxi- 
mation to be given by 


Zz nN( 27 Veo) 


Upon comparing above equations, we obtain 
for Dy the following theoretical equation 


TDo 


2 
D _ nna Veo 
0 6f 
This equation gives the result as follows: 
Dy~0.05 cm?/sec . 


The experiment of self-diffusion by the 
radioactive tracer method gave the bulk and 
grain boundary diffusion coefficient™. The 
bulk diffusion constants as measured in single 
crystals are given by 


Dp/;= 0.05 cm2/sec exp (—18.2 kcal/mol—RT) 
and 
Do =0.10 cm?/sec exp (—19.1 kcal/mol—RT) , 


where D,/; and D»i refer to diffusion parallel 
and perpendicular to the hexagonal axis 
respectively. These values are not much dif- 
ferent from our value of D). The thermody- 
namical relation of Nachtrieb et al.2 gives 


Epn=16.5 ee > 


where Lm is the latent heat of melting. 
Introducing the observed value of latent heat 
for cadmium, Lm=13.2 cal/gr., it predicts Eb 
to be 10.5kcal/mole. Employing the Van 
Liempt relation?” 


(27) 


Ep=32x(melting temperature) , 


it predicts 19 kcal/mole. These values of ac- 
tivation energy are consistent with the value 
obtained in our experiment 17.6 kcal/mole. 
Also, inserting the observed value of Ep 
=17.6 kcal/mole into the Dashman-Langmuir’s 
relation?*), 


Dy=End?/Nh ? 


NMR on Metal Cd. IT 


603 


where d is the atomic distance and N is the 
Avogadro’s number, D, is estimated to be 
0.17 cm?/sec. 

Because of a poor sensitivity of the experi- 
ment and a crude approximation made in 
analysis there may be an appreciable error in 
our diffusion constant. We can not say so 
much about the quantitative result. Finally, 
it may be noted that we can not hope to 
detect the variation of diffusion with direction 
by nuclear resonance study, even if the single 
crystal is employed. 
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Polyethylene films were irradiated in the air by deuterons accelerated 
by a cyclotron and by gamma rays from cobalt-60 source. Gel fraction, 
swelling ratio, weight changes and infrared absorption spectra of ir- 
radiated specimens were measured. It was found that the specimen ir- 
radiated by deuterons was cross-linked and became insoluble in xylene. 
The effects of deuteron irradiation seem almost the same as those of 
other ionizing radiations such as pile or gamma rays. Infrared absorp- 
tion spectra reveals some difference in that the ratio of Heo/Ece is 0.65 
in the deuteron irradiation and is smaller than the value of 14.0 resulting 
from gamma ray irradiation, where Ho is the optical density of carbonyl 


groups and Ee. that of unsaturation. 


Some considerations are given on 


the possible explanation of this difference. 


§1. Introduction 


Many studies have been made on the ir- 
radiation of polyethylene by ionizing radia- 
tions. Charlesby and his coworkers?-” have 
investigated the rod-shaped polyetylene ir- 
radiated in a pile and observed the liberation 
of gas, the changes in weight, density, solu- 
bility and in melting point. Infrared absorp- 
tion spectra have also been investigated by 
Dole and his coworkers”, Ballentine et al® 
and Miller, Lowton and Balwit” for polyethy- 
lene films irradiated in a pile, or irradiated 
by the gamma rays from cobalt-60 or by high 
energy electrons. Their results suggest that 
the production of unsaturated bonds in polye- 
thylene is important among other radiation 
effects. 

In the present paper, some results will be 
presented on the radiation effects on polye- 
thylene which are dependent on the character 
of ionizing radiations, especially on the in- 


* Present adress; Japan Atomic Energy Research 
Institute, Tokyo. 


frared absorption spectra of polyethylene films 
irradiated by deuterons and gamma rays from 
cobalt-60. 


§2. Experimental Procedure 


Deuteron beam produced by the cyclotron 
at the Scientific Research Institute was ap- 
plied for polyethylene with the dimension 
shown below. Deuterons were extracted from 
the cyclotron at the exit port covered with 
aluminum foil approximately 28 u in thickness. 
The energy of the beam was 3.8MeV after 
acceleration, and about 2 MeV after passing 
through the aluminum window. The beam 
bombarded a sample after travelling through 
15cm in the air, with the energy of about 
1.4MeV. 

The irradiation of the sample was carried 
out using an aluminum rotating-drum as shown 
in Fig. 1. The rotating-drum was 50mm in 
diameter’ and 50mm in height. The film to 
be irradiated was mounted on the surface of 
this drum. The drum was rotated while mov- 


4 
| 
; 
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ing up and down in order to irradiate the 
sample uniformely. The revolution rate of 
the drum was variable in the range from 20 
to 100 rpm, so that the absorbed dose can be 
adjusted from 4.2107 to 22.5x107 rads per 
one exposure during one course of up and 
down. Dose applied to the sample during one 


Li L, 


Fig. 1. 
ment. 


Schematic diagram of irradiation experi- 


course was defined as one exposure, for in- 
stance, when the rate of revolution was 60 
rpm and the deuteron current was 10 vA, one 
exposure was equivalent to 7.010’ rads. 
Total amount of the dose applied to the sam- 
ple was, also measured independently by the 
activity of "Na produced in NaCl crystal 
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which had been attached on the surface of 
the sample. 

In the second experiment, the films of 
polyethylene were irradiated by gamma rays 
from cobalt-60 source of about 120 curies. 
The dose rate in the center of the source 
cylinder was 7.5x10‘r/hr as measured by the 
ferrous sulphate dosimetry. 

The semples of polyethylene were the films 
commercially obtained with the thickness of 
0.03mm. The size of the specimen was 150 
mm in length and 38mm in width. The 
average molecular weight was determined as 
5.15x10* by the measurement of viscosity. 


§3. Experimental Results 


(i) Formation of cross-links and the change 
of weight 

Irradiation of polyethylene by deuterons 
caused a similar change in its character as 
by the pile radiation or gamma rays. The 
polymer cross-linked and formed an insoluble 
gel in organic solvents such as xylene or ben- 
zene. The analysis of the swelling experi- 
ments revealed that the number of cross-links 
increased linearly with absorbed dose. 

Changes of weight caused by irradiation 
also showed a similar behaviour to the results 
obtained by Charlesby¥. The weight at first 
increased, reaching a maximum at the ab- 
sorbed dose of 4.2x10® rads and then dec- 
reased. Fractional increase of the weight at 
the maximum, however, only about 2% and 
was smaller than the value of 8% obtained 
by Charlesby for the pile irradiation. The 
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thickness of the samples were of the same Baird Model B Double Beam Infrared Spectro- 


order of magnitude in both cases. 


(ii) Infrared absorption spectra 
Infrared absorption spectra of irradiated 
films of polyethylene were measured by the 


0.30 


0.20 


photometer. The films were held in place in 
the cell with a holder and compared against 


air. 
Fig. 2 shows the infrared absorption spectra 
of polyethylene irradiated in the air by deu- 
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Optical densities at 1720 cm-\(C=0) and at 964cm-\(C=C). 
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Fig. 3. 
terons. Curve A is that for an unirradiated 


sample and curves B, C and D are those for 
the samples irradiated by deuterons. The 
number of exposures given to those specimens 
were 2,6 and 12, and the absorbed dose given 
by the specimens were estimated as about 
1.4108, 4.2108 and 8.4x10® rads, respec- 
tively. In these curves the characteristic band 
at 964cm~! arises from the absorption by the 
unsaturation of the type of PHC=CHR trans, 
the band at 1720cm™! by the carbonyl groups 
and the band 3450cm-! by the hydroxyl 
groups. The absorption at these characteris- 
tic bands increases with the absorbed dose 
showing that the unsaturations, carbonyl 
groups and hydroxyl groups had been produced 
in the irradiated samples. This is in accord 
with the results obtained in the experiments 
of pile irradiation carried out by Dole, Keeling 
and Rose”, and also, of gamma ray irradiation 
by Ballentine et al®. 

The optical density at 1720cmz7! increased 


with the number of exposures but the increase 
is not linear as shown in Fig. 3*. The optical 
density at 964cm~7! also increased with the 
number of exposures. Moreover, the ratio of 
optical density of carbonyl groups, Eo, to that 
of unsaturation, Fee, at a given absorbed dose 
was found to be approximately constant and 
its mean value was 0.65, as seen in Table I. 
If it is assumed that the molar extinction co- 


: 
: 
: 


efficients of carbonyl group and unsaturation : 


are 188 and 85.4 mol///cm®, respectively, the 
ratio of the yield of carbonyl groups to that 
of unsaturations turns to be 1:3. From this 
result, the yield of unsaturations is three times 
larger than that of carbonyl groups in the 
polyethylene irradiated by deuterons. 

Results of gamma ray irradiation is given 
in Fig. 4. The dose rate used was 7.5 r/hr. 
The change in optical density at unsaturation 


* Tn the calculation of optical density, a base 
line was selected as to connect the both tails of the 
absorption peak by a straight line. 
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Table I. The ratio of optical density of carbonyl 
groups and that of unsaturations. 
I. Deuteron irradiation 


ee Beno | Hons | Boma) Heo 
0.0 0.009 0.0 
2 |. 0.070 0.122 0.57 
4 |... 0.091 0.158 0.58 
Bad Viv. 0.34 0.191: |)» 0.60 
8 level Oe Lag 0.199 | 0.64 
10 0.151 0.201 0.75 
12 0.150 0.219 0.74 
14 0.177 0.250 0.71 
16 0.175 0.275 0.64 


II. Gamma rays irradiation (does rate 7.0x10# 
rad/hr.) 


Dose LO%rad) 0 Hoag) |r ewe | Ee=o/Ec=c 
| 
15.3 0.221 0.029 | 7.8 
40.4 | 0.536 0.039 | 13.7 
60.8 | 0.67 | 0.08 | 19.2 
erat }weearongy |! 99.06%. Tb/.15.2 


produced by gamma ray irradiation is smaller 
than that of deuteron irradiation. The change 
at carbonyl groups, on the other hand, pro- 
duced by the former is larger than the by 
the latter. Hence, the ratio of Feo/Ecc in the 
gamma ray irradiation is much larger as seen 
in Table I. 
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This result may be compared with the result 
obtained by Ballentine, Dienes, Manowitz, 
Ander and Mesrobian®, that the value of 
Evco/Ece was 0.65 when irradiated by electrons 
of 2MeV and was 4.5 by gamma rays from 
cobalt-60 with dose rate of 2.5x10-°r/hr. 


§ 4. Discussion 


It is seen above that there is some differ- 
ence in Ee/Ecc between deuteron and gamma 
ray irradiation, gamma ray giving a larger 
value of Eeo/Ecc and also of Ee. Since the 
oxidation of polyethylene was not observed 
in the irradiation in vacuum”, the presence 
of oxygen in polyethylene resulting from the 
diffusion from the surrounding atomsphere 
must be related to the oxidation process, i.e. 
the formation of carbonyl groups!. The 
concentration of oxygen in polyethylene in air 
at one atomsphere is calculated to be about 
2.2 10-4 mol/cc, when the permeability con- 
stant of oxygen in the sample is taken as 
40 x 10-*° cc/cm?/sec/em in Hg at 20°C™, On 
the other hand, the consumption of oxygen 
during the irradiation of deuterons can be 
estimated as 2x10-*mol/cc per 2.3x 10’ rads 
from the number of carbonyl groups formed. 
The amount of consumption of oxygen is, 
therefore, only a small fraction of oxygen in 
polyethylene, in both deuteron and gamma 
ray irradiation. This shows that the process 
of diffusion is not important in giving the 
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Fig. 4. Infrared absorption spectra of polyethylene irradiated by deuterons and 


gamma rays. 
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difference in the effect between the deuteron 
and gamma ray irradiation. 

The difference of Eeo/Ece between deuterons 
and gamma ray irradiation may be explained 
in the following way be considering the cha- 
racter of radiations. 
produced in polyethylene by ionizing radia- 
tions may be interpreted in general, by pos- 
tulating primary processes and secondary pro- 
cesses!)-1, QOne of the primary processes 
is the rupture of side-bonds giving rise to the 
formation of polymer radicals and liberation 
of free hydrogen atoms. The secondary pro- 
cesses will include the recombination of these 
radicals and free hydrogen atoms and other 
entities. Also, the dihydrogenation process 
will cause the formation of unsaturations as 
follows, 

1 
—C-C- + H —> -C=C- + H, 
HH HH 

In the samples irradiated by deuterons, the 
specific ionization along the track is very high 
compared with that due to the secondary elec- 
trons from gamma rays from cobalt-60. The 
density of polymer radicals and free hydrogen 
atoms will also be very high, and their mutual 
recombination will occur so frequently, that 
the formation of unsaturation will be very 
prominent. In the case of irradiation by 
gamma rays, the specific ionization is low, and 
radicals and hydrogen atoms will be distri- 
buted some distance apart from each other. 
Therefore, their chance of mutual recombina- 
tion will be much less than in the case of 
deuteron irradiation. The chance of reaction 
of polymer radicals with oxygen atoms, on 
the other hand, will be about the same re- 
sulting in the relative increase of the forma- 
tion of carbonyl groups. 


(1) 


K. SHINOHARA, A. AMEMIYA and A. DANNO 


The chemical changes - 


The experiment of Ballantine et al, alsq 
give a similar tendency for Eeo/Ece, i.e. 
lower value for electron beams which, most 
probably, will have a much larger density o 
ionization than gamma rays, though the nu;| 
merical values do not coincides with ours. In| 
this case, if the radicals formed in the sam;| 
ples have life time not very short compared 


] 
| 


with the time required for the irradiation, the 
average density of radicals will be rathen 
high, giving rise to smaller value for Eco/Ecc: 
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Polyvinyl alcohol in the form of film and powder were irradiated in the 
air by gamma rays from cobalt-60 source, and by deuterons accelerated 
by a cyclotron. Weight changes, viscosity, solubility and infrared ab- 
sorption spectra of irradiated samples were measured as a function of 
absorbed dose. The reduction of the molecular weight of the irradiated 
specimens was observed suggesting that the effect was one of degrada- 


tion. 
groups in the irradiated specimen. 


$1. Introdnction 


It has been shown that the chemical changes 
produced by ionizing radiations on long-chain 
polymers bring about either cross-linking or 
degradation depending on the chemical struc- 
ture of the material and on the mode of ir- 
radiation!?»». For example, cross-linking has 
been observed for polyethylene”, natural 
rubber® and polystyrene®, while degradation 
for polymethyl methacrylate” and polytetra- 
fluoroethylene®. 

The physical properties of the irradiated 
polyvinyl alcohol have not been reported in 
detail. The only article referring to it is the 
general review of Charlesby”. In this articl, 
polyvinyl alcohol was classified in the group 
of polymer which crosslinks. 

In the present experiment polyvinyl alcohol 
was irradiated in the air by deuterons ac- 
celerated by the cyclotron at the Scientific 
Research Institute, and also by gamma rays 
from cobalt-60. After irradiation the sample 
turned brittle and became easily soluble in 
water. The molecular weight of the irradiat- 
ed specimen decreased with the absorbed 
dose. 


§ 2. 

Deuteron irradiation was carried out on the 
films of polyvinyl alcohol. The film to be ir- 
radiated was mounted on the surface of an 
aluminum rotating-drum as reported in the 
previous paper. The drum was rotated 
while moving up and down in order to radiate 


Experimental 


* Present adress; Japan Atomic Energy Research 
Institute, Tokyo. 


Infrared absorption spectra showed the formation of the carbonyl 


the sample uniformely. The rate of revolu- 
tion of the drum was variable in the range 
from 20 to 100 rpm, so that the absorbed 
dose can be adjusted from 4.2x10" to 22.5 
x10? rads per one exposure during one course 
of up and down. 

Gamma rays from cobalt-60 of about 120 
curies were used to irradiate, both, films and 
powder of polyvinyl alcohol. The dose rate 
in the center of the source cylinder was 7.5 
x10‘r/hr as measured by ferrous sulphate 
dosimetry. 

Films used for the experiment were of the 
thickness of 0.02mm and 0.04 mm. The 
thinner one was used for the measurement 
of infrared absorption spectra, and the thicker 
one for the measurement of the weight change 
and solubility. Viscosities and_ solubilities 
were also measured for powdered samples 
irradiated by gamma rays. The degree of 
polymerization of the samples were as follows, 


polyvinyl alcohol degree of polymerization 


film-A 780 
film-B 1670 
film-C 2680 
powder-A 760 
powder-B 1660 
powder-C 2680 


§3. Experimental results 
(i) Changes in weight in polyvinyl alcohol 
films 
Changes of weight in the fims of polyvinyl 


alcohol irradiated in the air, by deuterons 
were measured as a function of the number 
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of exposures. The behaviour of this change 
was different from that of polyethylene. In 
the latter case the sample increases its weight 
at first, to reach a maximum value, and 
then decreases gradually. The weight of 
irradiated polyvinyl alcohol decreased exponen- 
tially with the number of exposures as shown 
in Fig. 1. 

Microchemical analysis was carried out for 
the irradiated films. The percentages of 
carbon and hydrogen in weight were calculat- 
ed by the carbon dioxide and water formed 
on combution. According to the results of 
analysis, the weight fraction of carbon in the 


Ceres P=1670 
tf + Be 780 ; 
-1.6} 

| o— 
Bi2 en alg 
aah 
fos sone ee 
a r ’ * 
3-04 Ze 


io} 2. 4 6 Gr lov lowe ne is 


Number of exposures 


Fig. 1. Weight changes of polyvinyl alcohol films 
irradiated by deuterons. 


Ratio of (H atoms/ C atoms) 
Ratio of 2x (Ooloms/¢ atoms ) 


(0) 2 4 6 
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Fig. 2. The results of the Micro-chemical analy- 
sis of polyvinyl alcohol films irradiated by 
deuterons. 


unirradiated specimen was slightly smaller 
than that of the theoretical value calculated 
from the chemical formula. This may be 
due to the water adsorbed in the sample, 
since the polyviny] alcohol is very hygroscopic. 
This adsorbed water turned out to be 3.7% 
in weight. As shown in Fig. 2, the ratio of 
the number of hydrogen atoms to that of 
carbon atoms, H/C, decreased with the absorb- 
ed dose, but the ratio of the number of oxy- 
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gen atoms to that of carbon atoms, O/C, re- | 


mained almost constant. From these results, 


it was assumed that the gases evolved by the 


irradiation in the air was mostly hydrogen. 


Direct analysis of the gas evolved by the i| 
irradiation was also carried out as follows. || 
Powdered sample of polyvinyl alcohol was 
sealed in an evacuated glass tube and irradiat- || 
ed to about 10’ rads by gamma rays from || 


cobalt-60. The gases evolved by the irradia- 


tion were analyzed by a mass-spectrometer. | 
Table I shows the result of the analysis. || 
Small amount of carbon-monoxide and -dioxide || 


were also liberated. 


Table 1. Results of mass-spectrographic analysis 
of gases liberated by the irradiation of poly- 
vinyl alcohol in vaccum. 


molecules 


Hy CO 


volume % 91.0 6.2 


(ii) Viscosity measurement 
Powdered sample of polyvinyl alcohol ir- 


radiated by gamma rays in the air, was | 


found to be more easily soluble in water 
compared with unirradiated specimen. The 
molecular weight of these samples were 
obtained by viscosity measurement using the 
the formula (1)!, 


[yl=8.87 x 10-#P es Cia 
where [7] is the intrinsic viscosity and P the 


f=760 


Po=|660 


| 2 3 4 5 


‘ 


Absorbed dose (x|0" rads) 


Fig. 3. The relation between the degree of poly- 
merization, P,, and the absorbed dose, R, 
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degree of polymerization. Viscosity average 
molecular weight, MM, is calculated as wP, 
where w is the mass of monomer unit (CH, 
-CHOH). For the Poisson distribution of 
molecular weight, number average molecular 
weight, M, can be derived from the viscosi- 
ty average molecular weight”, 


Mn=M,/((8B+DP(8+1))/8, B=0.62 (2) 
where 8 is the power of Staudinger’s law 
unsed in equation (1), and is equal to 0.62. 

Linear relation is obtained between 1/P and 
the absorbed dose, FR, as shown in Fig. 3. 
In this figure, results of the measurements 
for different initial degree of polymerization 
were listed. This linear relationship between 
1/P and R can be expressed by 


1/P,—1/Py=aR (3) 
where Py and P, are the degree of polymeri- 
zation of initial and the irradiated specimen, 
respectively. As all three curves in Fig. 3 


are nearly parallel, we may be taken a single 
value for a, i.e. 


a@=4(5x 10-"/rad 
(iii) Change of the 


(4) 


infrared absorption 


spectra 
Infrared absorption spectra of irradiated 
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Fig. 4. Infrared absorption spectra of polyvinyl 
alcohol irradiated by deuterons and cobalt-60 
gamma rays. 
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films of polyvinyl alcohol were measured by 
the Perkin-Elmer Model 21 infrared spectro- 
photometer. Results are shown in Fig. 4. 
Curve-A in this figure is the absorption 
spectra of the unirradiated sample, curve-B 
that of the sample irradiated by cobalt-60 
gamma rays, the absorbed dose being 6.0 
x10" rads and curve-C that of the sample 
irradiated by deutron, the absorbed dose be- 
ing about 14x10’ rads. In both irradiated 
specimens the prominent absorption is observ- 
ed at 1710-1720 cm-!, which was scarcely de- 
tectable in the initial specimen. 

It is known that! a carbonyl group situated 
in saturated open chain ketones always exhibit 
a strong band near 1725-1705 cm7!, while nor- 
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20 
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Fig. 5. Change of optical density at 1720-1710 
cm-! divided with the thickness of the sample. 


(e) 2 


mal unconjugated alkyl aldehyde shows their 
carbonyl band at slightly higher frequency 
than the corresponding ketones in the range 
of 1740-1720 cm-'. On the other hand, non- 
basic aliphatic acids shows the absorption 
band in the range between 1725-1715 cm", 
when examined in the solid or liquid state. 
Therefore, the absorption spectra observed 
at 1720-1710cm-! shows the formation of 
ketonic and acidic type carbonyl. 

The number of carbonyl groups in the sam- 
ple produced by the radiation may be estimat- 
ed from the optical density. As shown in 
Fig. 5, the relation between the optical 
density of carbonyl groups and the absorbed 
dose is approximately linear in the specimens 
irradiated by cobalt-60 gamma rays.* The 


* ‘Tn the calculation of optical density, a base 
line was selected as to connect the both tails of the 
absorption peak by a straight line, 
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carbonyl concentration in the sample was 
obtained from the value of optical density by 
dividing it by the molar extinction coefficient. 
The value of the latter was given as 188 mol 
/llcom ~by Cross, Richard and Willis!2)!%. 
Fig. 5 gives the increase of the optical densi- 
ty with absorbed dose can be used to get the 
rate of formation of carbonyl group in a 
given monomer unit. The result obtained is 


a apa 2 igana 
ecste$- Ga. sie yidatoab 
t dat du 
H Hon 
Sere Ge eT 
it Onn OH 
H OQ. H H 
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The formation of ketonic carbonyl groups and the liberation of hydrogen molecules may be 


explained as 


H H- 
| Mm | 
C—C C= test p— 
HOH OH 
H H 

a bhiiytlecns cs > 
H OHH On 


If the distribution of molecular weight of 
the unirradiated specimen could by expressed 
by an exponential low, and if the breakdown 
of the main-chain bond occurs at random 
along the chain and is proportional to absorb- 
ed dose, R, then the probability of a given 
bond between monomers being broken by the 
radiation, 4, is obtained by the slope of the 
molecular weight vs dose curve (Fig. 3). 
The relation between the viscosity average 
molecular weight of irradiated specimen, M,, 
and the number average molecular weight 
Mn, obtained by the theoretical calculation”, 


may be written for polyvinyl alcohol as M, 


= 18 17,,.-*T hus 


Akibumi DANNO 


breakdown of main-chain and formation of 
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2.6 x 10-!8/rad. 


§ 4, 
It is seen above when polyvinyl alcohol is| 
irradiated by ionizing radiations in the air, 


Discussions 


carbonyl groups take place. One _ possible 
mechanism for such a breakdown of main- 
chain and formation of acidic carbonyl groups | 


by the irradiation in the air is 

H Eo wht 

edd ya i 
H on EOE 

‘oom 

Isanpioce te 4 
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H H H 
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bo On On 


(8) 
where M, is the viscosity average molecular 
weight of unirradiated specimen and w the 
mass of monomer unit. 

This relation can also be written as 


1/Pr—1/Po=#R/1.8 (9) 


where p, and Py are the average degree of 
polymerization of irradiated and unirradiated 
specimen, respectively, which can be deter- 
mined by the viscosity measurement. 

It was already stated above that the result 
of experiment can be expressed as 


1/P,—1/Po=4.5 104 R 


1/M,—1/M)=uR/1.8 Ww 


(4”) 


1958) 


Comparing (4’) with the theoretical formula 
(9), the value of 4% may be determined as 
=8.1x10-"4/rad. Therefore, the absorption 
of the dose of 108 rads will results in the 


_ breakdown of 0.8% of the bonds in the main- 


chain skeleton. There are 1.361022 mono- 
mer units in one gram of polyvinyl alcohol, 
so that 11.0x10!! main-chain bonds between 
these monomers will be fractured by one 
rad. By definition, one rad of absorbed dose 
liberats 6.2x 10" eV per gram of the substance 
irradiated. Therefore, the energy expendi- 
ture per main-chain fracture is 56eV. 

As was seen above, the probability of for- 
mation of carbonyl groups in a given mono- 
mer unit was estimated as 2.6x 10-"/rad from 
the infrared analysis. Thus 10° rads results 
in the formation of carbonyl groups of 2.6% 
of total monomer units. Comparing this value 
with the probability of breakdown of main- 
chain, it is seen that the probability of for- 
mation of carbonyl groups is three times 
larger, and the energy expenditure per car- 
bonyl formation is 18 eV. 
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Effects of lonizing Radiation on Polyvinyl Alcohol 
Changes of Physical Properties of the Irradiated Specimen 
Caused by Heat Treatment 


Il. 


By Akibumi DANNO* 
Faculty of Engineering, University of Tokyo, Tokyo, 
(Received February 1, 1958) | 


The physical Properties of polyvinyl alcohol irradiated by deuterons or 
gamma rays were found to change remarkably by heat treatment. Ir- 
radiation causes the decrease of the molecular weight and the increase : 
of the carbonyl groups. When these specimens are heated above 120°C, 
however, the solubility diminishes considerably and even gel formation 
occurs for highly irradiated ones. Infrared absorption spectra revealed 
that the number of carbonyl groups formed by the irradiation decreased 


greatly as a result of heat treatment. 


process of gel formation. 


Introduction 


§ 1. 

It is usually believed that physical pro- 
perties of polymers irradiated by ionizing ra- 
diatiohs remain unchanged after irradiation”. 

In polyvinyl alcohol, it was found, in the 
previous paper”, that considerable number of 
carbonyl groups are formed by the irradiation. 
Since carbonyl groups are rather active, the 
sample were subjected to heat treatment and 
the resulting changes of properties, which, it 
is thought, might arise from the action of 
carbonyl groups, were investigated. Two ef- 
fects of heat treatment have been observed; 
gel formation and the disappearance of car- 
bonyl groups. 


§2. Experiment 


Films of polyvinyl alcohol were irradiated 
by deuterons accelerated by a cyclotron”. 
Polyvinyl alcohol in the form of films and 
powder were also irradiated by gamma rays 
from cobalt-60 as reported in the previous 
paper”. 

Films of thickness of 0.02 mm and 0.04 mm 
were used. The thinner one was used for 
the measurement of solubility. Solubility and 
gel fraction were also measured for the pow- 
dered sample irradiated by gamma rays. 

Heat treatment was carried out by keeping 
irradiated samples at a certain temperature 
above 120°C for more than ten minutes in a 
thermostat. The samples were kept in air 
during the heat treatment. 


* Present adress; Japan Atomic Energy Research 
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Some discussion are given on the 


§3. Experimental Result 


(i) Changes of weight in heat treatment 
Weight changes of polyvinyl alcohol due to 
irradiation by deuterons or gamma rays and ) 
also by subsequent heat treatment were mea- | 
| 


sured. As reported in the previous paper”, 
weight of irradiated specimens decreased with | 
increasing radiation dose. A further change 
of weight in these specimens were observed 
after heating for one hour at 150°C. The 
relation between the decrease of weight and 
the absorbed dose is given in Fig. 1. 
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Fig. 1, Weight change of irradiated polyvinyl 
alcohol after heated at 150°C for one hour. 


A set of micro-chemical analysis of heat 
treated specimens was carried out. The re- 
sults are shown in Fig, 2. The ratio of num- 


EST; ee 


& 
: 


a1 


ber of hydrogen atoms to that of carbon atoms, 
H/C, decreases from 1.97 in the unirradiated 
specimen to 1.86 for highly irradiated speci- 
men. On the other hand, the ratio of number 
of oxygen atoms to that of carbon atoms, O/C, 
decreases from 0.50 in the unirradiated speci- 
men to 0.48 for highly irrdiated specimen. 
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Fig. 2. Micro-chemical analysis of heat treated 


polyvinyl alcohol (0.02 mm in thickness). 


Since the slope of the curve of H/C is grea- 
ter than that of 2x O/C, the liberation of hy- 
drogen in the process of irradiation and heat 
treatment is more predominate than that ex- 
pected from the liberation of H.O. Since the 
liberation of H,O is known to occur for un- 
irradiated polyvinyl alcohol by heat treatment, 
the change of weight of the irradiated speci- 
men by the heat treatment may be attributed 
to the liberation of H, and H.O. 


(ii) Gel formation of irradiated specimen 
caused by heat treatment 

When the powder of polyvinyl alcohol ir- 
radiated by gamma rays was heated to a tem- 
perature above 120°C for over ten minutes 
after irradiation, considerable fraction of the 
powder became insoluble in boilling water. 
Films of polyvinyl alcohol which were ir- 
radiated by deuterons and were heated above 
120°C, also, became insoluble in hot water 
above 150°C in an autoclave, and swelled to 
an extent depending on the amount of ab- 
sorbed dose. 

Gel fractions of the powdered polyvinyl! al- 
cohol after heat treatment were measured. 
The results are given in Fig. 3. In this figure, 
the ordinate in the gel fraction and abscissas 
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gives r/i, where 1=1/P; and itr=1/P,. Pi 
and P; are the average degree of polymeriza- 
tion of initial and irradiated specimens mea- 
sured by viscosity. r/i gives, therefore, the 
ratio of the number of molecules fractured to 
that of molecules which existed before ir- 


radiation. When the value of 7/i was smaller 
100 
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—> 60 
= 
Cc 
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@ Experimental point 
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Fig. 3. Gel fraction of irradiated polyvinyl al- 


cohol powder after heat treatment. 


than 0.6, the heat treated specimen was also 
completely soluble, and gel formation first 
occured when 7/i became about 0.6. This in- 
dicates that at 7/i=0.6 the linkage between 
molecules which are caused by heat treatment 
became so abandant that they finally form an 
Infinite network. 

(iii) The change of infrared absorption spectra 
due to heat treatment 

Infrared absorption spectra of films of poly- 
vinyl alcohol irrodiated by deuterons and sub- 
jected to heat treatment were measured. Re- 
sults are shown in Fig. 4 and Fig. 5. Fig. 4 
is that of unirradiated specimen which is 
heated at 150°C for one hour. Fig. 5 is that 
of a film subjected to the same treatment 
after irradiation of 6.5x10" rads. 

In the unirradiated specimen, no significant 
change on the infrared absorption spectra was 
observed before and after heat treatment. 
In the irradiated specimen, however, the ab- 
sorption at 1720-1710cm-! due to carbonyl 
groups is considerably diminshed after the 
heat treatment. These specimen did not di- 
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solve as was stated above in boiling water. 
It may be not unreasonable to conclude from 
these facts that carbonyl groups produced by 
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Fig. 4. The change of infrared absorption spectra 
of unirradiated specimen by the heat treatment. 
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of irradiated specimen by the heat treatment. 
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the radiation disappear during the heat treat- \ 
ment, and this disappearance has some conec- | 
tion to the formation of intermolecular lin- | 
kages which are formed. | 


§4. Discussion 
It is known that some intermolecular lin- || 
kages are produced by heat treatment®, in i 
ordinary polyvinyl alcohol which is not ir- | 
radiated but contains carbonyl groups. The ) 
irradiation of polyvinyl alcohol in air causes 
the main-chain bond fracture and the decrease | 
in molecular weignt as shown by our experi- | 
ment. Large number of carbonyl groups, 
however, are formed in this process and the 
heat treatment, carried out after the irradia- | 
tion, produces so many intermolecular linkages | 
that even an infinite net-work is formed when | 
the absorbed dose is high. ) 
Following tentative explanation may be | 
given to the process of forming an intermo- | 
lecular linkage, i.e. the reaction of the car- | 
bonyl group reacts with a neighbouring mole- 
cule to form a ketale linkage; 


—CH,—C—CH,— 
\ CH -C-CHe 
O ase 
ait O . 
OH OH | |  +H,0 | 
l | = CH=-CH_CHas 
a oe OT 
H H 


In order to make some calculation on the — 
condition of gel formation by main-chain bond 
fracture of polyvinyl alcohol, it is assumed 
that the molecular weight distribution of the 
unirradiated specimen follows an exponential 
law, and the breakdown of the main-chain 
bond occurs at random along the chain. The 
number of molecules existing in the initial 
and irradiated specimen are given by the fol- 
lowing formula, 


n(Pi)= No/Pi= Not 
n(P:)=No/Pr= Noli +r) 


Where N, is the total number of monomer 
units in the specimen. The difference r 
(="1/P,—1/P:) represents the probability of a 
fracture of the bond between two adjacent 
monomer units due to radiation. A calcula- 
tion giving gel point was published by Char- 
lesby® for the case, when the active groups 
are produced at the ends of fractured mole- 


s 


‘cules. In this calculation, it was assumed 
that only a certain proportion o of the end- 
groups become active. In the case of poly- 
vinyl alcohol, active groups seem to be formed 
in the intramolecular site and not at the ends 
as shown in the previous paper. However, 
a similar calculation can be carried out. In 
this case, if the number of these active groups 
are o times the number of fractured mole- 
cules, the gel point is given as the point 
where the ratio r/i becomes 


r/t=1/(40—1) 


The sol fraction can be given by 


_ {l—i/r : 
s-{ 2 -s} 

In this treatment, it is assumed that active 
groups are never produced at fractured end, 
but are always produced in the middle part 
‘of molecules only, and the end groups of the 
fractured molecules do not make linkages. 
Notwithstanding this difference, the same re- 
sults was obtained for the gel point as that 
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given by Charlesby®. 

Experimentally, gel point obtained was at 
r/i=0.6, so that the efficiency of formation of 
active groups, o, is about 2/3. Therefore, at 
least 4/3 carbonyl groups are produced per 
one fractured molecule. 
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Nuclear quadruploe resonances of I, Br, Cl, As and Sb isotopes in 
solids AsCls, SbCls, SbBrs, AsIs, SbI, AsI3-3Sg, SbI3-3Ss8, Sn, Sn: 2S, and 
SnI,-4Sg have been measured systematically. The newly obtained coupl- 
ing constants eQqg and asymmetry parameters 7 of the I’ resonances at 
77°K are as follows: eQg=1383.03, 1402.68 Mc: 7=0.002, 0.039 in Snk,- 
283, eQg=1364.3, 1368.3, 1405.0Mc and 7=0.00, 0.00, 0.03 in Snly-4Ss. 
In Snl,-4Sg an additional line was observed at 219.04 Mc corresponding 
to the first resonance. The second resonance of Sblz was at 254.637 Mc 
with eQqg=895.83 Mc and 7=0.565. Resonance frequencies of As” in Asl3 
and AsI3-3Sg at 77°K were 29.338 and 49.501 Mc, respectively. The first 
resonance of Sb! in SbIz was 25.406 Mc at 77°K and the corresponding 
resonance in SbI3-3Ss was 37.461 Mc at 297°K. SbBr3 showed two crystal 
forms which gave Sb!2! coupling constants of 319.920 and 316.02 Mc and 
asymmetry parameters of 0.082 and 0.182 at 304°K, respectively. On the 
Br resonances of SbBr3; three resonance lines instead of two hitherto 


reported were observed in both crystal forms. 
Coupling constants of trihalides were compared with their chemical 
The constants of AsI3 and SbI3 are different from those 


bond properties. 


of other compounds, while their sulphur moleculor addition compounds 


are in rather good agreement. 


AslI3 showed positive temperature dependency for arsenic isotope as for ) 


the case of iodine isotope. 


Introduction 


eA 

The nuclear quadrupole resonances of [2” 
in Asl, were first observed by Kojima, Tsu- 
kada, Ogawa, Shimauchi and Abe”. On the 
I”7 resonance in SbI; only the lower frequency 
line was reported by Schawlow”? and Barnes 
and Bray®, while on the resonances in the 
sulphur molecular addition compounds, Asl;- 
3S, and SbI;-3S,, the lower and higher frequ- 
ency lines were measured at 77°K by Robin- 
son, Dehmelt and Gordy”. They also men- 
tioned the resonance of I?” in Snl,-4S,. The 
resonance frequency, however, was not re- 
ported. 

Two resonance lines of each Br isotope in 
SbBr; which come from the nonequivalent 
positions of atoms were reported by Robinson, 
Dehmelt and Gordy® at 77°K, while ealier 
Schawlow” observed only one resonance line 
in Br®! at room temperature. On AsBr; three 
resonance lines of each Br isotope were ob- 
served by Kojima ef al.. Three lines were 
also observed on Cl** resonance in AsCl, by 
Livingston”. The Cl isotope in SbCl; exhibited 


two resonance lines®:?, one of which had 
double the intensity of the other. Since the 
crystal structure of SbBrs seems to be similar: 
to AsBrz, AsCl; and SbCl;, three eas | 
lines of Br isotope corresponding three non- 
equivalent Positions of atoms in a molecule 


should be expected. : 

The resonance of As™ in AsBr3; was mea- 
sured by Kojima ef al.¥ and the resonances in 
AsCl;, AsBr3, AsI; were measured by Barnes 
and Bray®. Among these resonance frequ- 
encies the frequency of AsI; is unreasonably 
high as expected from the nature of the che- 
mical bond. 

The resonances of Sb isotopes in SbCl; were 
studied by Dehmelt®, Wang? and Ogawa”, 
and Wang also measured the resonance in 
SbBrs; at room temperature. The Sb reso- 
nance in Sbl;, however, had not been reported. 

The present measurements have been made 
on the isotopes, of As, Sb, Cl, Br, and I in 
trihalides and sulphur molecular addition tri- 
iodides in the temperature range between 
77°K and room temperature. A systematic 
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Telation between the nuclear quadrupole coupl- 
‘ing and the nature of chemical bond was ob- 


BS 2. 


tained. Sn, and its sulphur molecular addi- 
tion compounds were also investigated. 


Experimental Procedure 


The frequencies to be observed cover a very 


wide frequency range from about 20Mc to 


450Mc. Four superregenerative oscillators 
were used for the detection. A tuned type 
transmission line which was described by Ko- 
jima et al. was used above 100 Mc frequ- 
ency range. In the frequency region below 
100 Mc, LC tuned push pull feed back oscil- 
lators were used, which were described in 
detail in the previous paper. The frequency 
range from 20 Mc to 70Mc was covered with 


one oscillator by using coils of various dimen- 


sions. Reactions in the oscillator coils pro- 
duced by resonating nuclei were amplified by 
three stage audio amplifier and displayed on 
an oscilloscope. 

While the nuclei whose spin number is 3/2 
have only one resonance line, the nuclei hav- 
ing spin of 5/2 have two resonances, i.e., the 
first resonance »v, (3/2< 1/2) and the second 
resonance vz (5/3 < 3/2). When the both reso- 
nances are measured, the asymmetry para- 
meter of the field gradient tensor, 7, can be 
determined. For the determination the two 
resonances must be measured at the same 
temperature of the sample. Otherwise the 
error in vy calculated from », and »v, will be 
large because of the difference in temperature 
at the sample. This precaution is essential 
when the asymmetry parameter has small 
value. In those cases a similar measuring 
procedure as previouly described” was used. 
For a sample which has a large asymmetry 
parameter the above mentioned difference of 
temperature did not lead toa significant error 
in the calculation of the asymmetry para- 
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The frequency between 10Mc and 200Mc 
was measured by the aid of an oscillator of 
the frequency range from 10Mc to 15Mc 
which was calibrated by standard frequency 
of JJY. For measurements above 200Mc, a 
single generator of the frequency range from 
30 to 300 Mc was used as a marker, and this 
marker frequency was measured with the 
frequency meter. 


§3. Resonances of Cl and Br Isotopes 


The nuclei Br7, Br®+ and Cl®* have a spin 
of 3/2. Nuclear quadrupole resonances of 
these nuclei exhibit only one resonance line, 
whose frequency is expressed as follows: 


me 1 Sp 

festeticliges slam 
where Q is nuclear quadrupole moment of 
nucleus. The asymmetry parameter, 7, is 
defined by |g@zz—Qyy/dzz| where qz is field gra- 
dient tensor component along the principal 
axis. Although asymmetry parameter is not 
obtained, nuclear quadrupole coupling constant 
eQq can be obtained by doubling the observed 
frequency unless the asymmetry parameter is 
large. 

The resonance frequencies of Cl® in AsCl; 
and SbCl; were measured. The results are 
listed in Table I. AsCl3 is liquid at room 
temperature and freezes about —16°C. Below 
this temperature three resonance lines were 
always observed. The obtained values are 
consistent with Livingston’s results at 77°K. 
Since the As resonance in AsCl; showed only 
one resonance line as described below, the 
three Cl resonance lines must belong to the 
same molecule. Cl%* in SbCl; shows two reso- 
nance lines, one of which has a large intensity 
of about twice of the other. This arises from 
the fact that there are two nonequivalent 
sites of the chlorine atoms of the molecule in 


(1) 


- meter. crystal lattice. 
Table I. Cl%> resonances in AsCl3 and SbCl;. 
| Temp Resonance frequency v (Mc/sec) 
Compound (°K) = £At¥ : s = Fase Yew 
I ) Il Il 

249 24.424+0.001 24.485+0.001 24.754+0.002 
AsCls 212 24.581+0.002 24 .652+0.002 24.941+0.002 

77 24.951 +0.002 25.052+0.002 25 .391+0.002 
SbCl3 302 19.187+0.003 


20.383 +0.001 


Br resonances in SbBrs3. 


(Vol. 


13,| 


Resonance frequency v (Mc/sec) 


Il 


161.887 +0.004 
162 .689+0.003 
164.768 +0 .002 


135. 253-40. 001 
135 .921+0.003 
137 .630-+0.005 
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Table I. 
Crystal | Isotope eR , : 
297 161.677 +0.003 
Br? 246 162.355+0.002 
77 164 .492+0.003 
I ti 2 fy 
298 135.047+0.001 
Br®1 246 135.629+0.001 
UT 137 .403+0.010 
299 132. 071 £0. 002 
II Br®1 245 132.507 +0.005 
Mh 1B3R Rie 005 


N25 62140. 002 
140.275+0.005 


167 .885+0.002 
168 .958+0.001 
171 .576+0.002 


140 .277+0.002 
141.150+0.001 
143 .324+0.001 


140.640+0.002 | 


141.261+0.005 


} 


) 
141.923+0.003 142.622+0.002 | 


The measured resonance frequencies of Br’ 
and Br®! in SbBr; as listed in Table II. SbBr; 
(Crystal form I) was obtained by slow heating 
of mixture of bromine dissolved in carbon 
disulphide and antimony powder. After distil- 
lation of the solution the crystal of SbBr; 
was deposited. Results in Table II show three 
lines. The measured resonance frequencies 
agree partially with the results of Schawlow 
indicating 135.56 Mc in Br® at 24°C and with 
those of Robinson ef al. indicating 137.428 Mc 
and 144.490 Mc at 77°K, the latter is higher 
about 1Mc than the highest line in the pre- 
sent experiment. The existence of three reso- 
nance lines, however, differs from their re- 
sults. The samples which were obtained in 
commercial (Crystal from IJ) exhibited differ- 
ent three resonance lines. The observation 
of the resonance frequencies in the tempera- 
ture from 77°K to room temperature indicated 
that these two forms of crystals did not inter- 
change from one another by varying the tem- 
perature. Some informations about these cry- 
stal forms might be obtained with a Zeeman 
analysis. 

Temperature variations of the resonance 
frequencies for these crystals are shown in 
Fig. 1 together with the values of other obser- 
vers. The ratio of the coupling constants of 
Br? to that of Br®' is equal to the ratio 
Q”/Q*! and has an average value of 1.19713-- 
0.00008 at the temperature used. 


$4. Resonances of I’ Isotope 

The isotope I'*’ has a spin of 5/2 and the 
resonance frequencies of it expressed by the 
following equations; 


59, _ 11098, 
Pas Wp pel ) 
aot 54” 1 174967 a | 


If these two frequencies can be observed, the; 
asymmetry parameter, 7, is determined. The; 


i 


equations are approximate solutions of the} 


144 


$ & ® 


Resonance Frequency 


Gi 
i) 


130 


* 12) 200 300°K 


Fig. 1. Temperature dependency of the resonance | 
frequencies of Br®! in SbBr3. Solid line shows | 
crystal form I and dotted line shows crystal 
form II. It also shows the measured values by | 
Robinson, Dehmelt and Gordy. (x), and by | 
Schawlow (A). | 


{ 


1958) 


i secular equations’. The higher terms of 7? 

are required when y is larger than about fif- 

_ teen percents. 

_ Ss compounds were made by distillation or 

- crystalization from a carbon disulphite solution 

containing iodide and sulphur. AsI;-3S, is a 
very stable compound and forms a large or- 
ange crystal. Resonance is also observed in 
the compound made by mixing melted iodide 
and sulphur. 

The resonance of I)?’ in AslIs, the first reso- 
nance of SbI; and the resonances in the cor- 
responding sulphur molecular addition com- 

pounds, AsI3-3Ss and SbI3-3S., at 77°K were 
reported by several investigators. In the pre- 
sent experiment these resonance frequencies 
were also measured from 77°K to room tem- 
perature to compare the tri-iodides with the 
corresponding sulphur molecular addition com- 
pounds. The resonance frequencies of [?2’ in 
iodides are listed in Table III. 
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The second resonance of [" in Sbl,; was 
first. looked for by Schawlow unsuccessfully. 
He interpreted this result by supposing that 
the frequencies », and », coincided so that 
only one resonance would be observed. The 
present survey at 77°K from about 350 Mc to 
the lower frequencies, however, revealed the 
existence of the resonance at the unexpectedly 
low frequency of about 260 Mc. It yielded an 
asymmetry parameter of 0.565. The iodine 
resonance of SbI; could not be observed at 
room temperature. At about —30°C a broad 
weak line appeared, and then the intensity 
increased and the line width seemed to be- 
come narrower as the temperature was de- 
creased. At 77°K the signal to noise ratio of 
vy; was as large as twenty. The signal to 
noise ratio of », at 77°K was about four, so 
that it was difficult to observe this resonance 
at the higher temperature. The deep red 
crystal at room temperature changed to a yel- 


Table III. [2” resonances. 
Compound Temp. (°K) v1 (Mc/sec) v. (Mc/sec) eQq (Mc/sec) v7) 
312 206 .553+0.003 401.985+0.010 1345.75 0.1467 
AsIs 245 206 .485+0.005 400.707 -+0.010 1342.08 0.1544 
77 207 .023 +0.005 395.979+0.010 1330.23 0.1891 
302 224 .462+0.003 448.920+-0.009 «1496.40 0.000 
AsI3:3Sa 245 405.408 +0.003 450.817+0.008 1502.72 . 0.003 
77 227 .543+0.006 455 .059+0.008 1516.86 0.007 
a 218 181.825-40.006 aa 
oie ae 174.356 40.001 254.637 £0.050 895.83 0.565 
— 297 183 .125-+9.002 366 .023 40.050 1220.33 0.02 
mbls-SSe 77 184.151+0.010 367 .023 40.050 1226.25 0.08 
301 203 .470+0.005 406 .902-£0.005 1356.36 0.008 
ale 204.490 + 0.005 408 .988 +0.005 1363 .28 0.000 
ail i 301 ~ 904.019-++0.005 408 .008+0.010 1360.04 0.002 
206.784 0.005 413.153+0.010 1377.40 0.028 
sad Bee 77 207 .458+0.005 414 .907-+0.010 1383 .03 0.002 
210.746 +0.005 420.675 -+0.010 1402.68 0.039 
poe 4 BPO so 201.961 -£0.02 403 897 +0.040 1346.3 0.00 
202.036 +0.020 404.081 40.040 1346.9 0.00 
206 .853-+0.020 413 .238+0.040 1377.7 0.03 
213.148-+0.020 2 
nici 77 204.64 0.03 409.35 40.10 1364.3 0.0 
205.25 +0.03 410.50 +0.10 1368.3 0.0 
210.99 +0.08 421.40-40.10 1405.0 0.03 


219.04 +0.03 
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low one at low temperature. This. seems to 
indicate some gradual phase change or rota- 
tion of the molecule. 

SnlI, is one of the substances which produces 
sulphur molecular addition compounds. As a 


comparison, the resonance of the pure single. 


crystal of SnI, was measured, although it had 
already been measured by Dehmelt!®? and 
others®™, The results are also included in 
Table III. On account of the large asymmetry 
parameter of SbI; the equations containing 
the terms up to 7® were used for the deter- 
mination of eQq. 


§5. Resonances in As and Sb Isotopes 


The measured resonance frequencies of As” 
in arsenic compounds are shown in Table IV. 


Table IV. As’ resonances in arsenic compounds. 


Temp. | Resonance Frequency v 
Compound (°K) (Mc/sec) 

243 76.207 +0.004 
AsCl3 213 76.873 40.002 
He 78 .866 +0 .004 

373 33.057 +0.002* 
Re 302 32.198+0.003 
os 213 31.079+0.003 
77 29 .338+0.005 
303 47 .545+0.003 
AsI3-3S3 DAG 48 .398 +0 .005 
Us 49 .501+0.005 


* high temperature phase. 


The resonance in AsCl; was observed at all 
range of temperature up to the melting point, 
—16°C. Although it was observed at 77°K by 
Barnes and Bray®, the resonance at higher 
temperature has not been observed. The 
resonance frequency at 77°K obtained in the 
present experiment is lower about 80kc than 
the value reported by them. The signal to 
noise ratio was rather good so that the mea- 
sured value at 77°K will be more reliable than 
their value. Resonance of As” in AsI,; was 
observed about 32Mc at room temperature 
but in powdered sample the signal to noise 
ratio was very poor. In the single crystal, 
of about 3cm’, the signal to noise ratio was 
only about four and the line width was about 
20kc. Resonance of As” in AsI3 was also 
reported by Barnes and Bray®, however, their 
value of 116Mc seems very high. The reso- 
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by using the equation of (1/2)-3.cosé 
(1+28)eQdatom;, where 22 ity (05) being electra 
negativity difference between As and I an 
6 is the angle of I-As-I which is known tf 


| 
| 


of the iodine resonance” or crystal structure!) 
The estimated resonance frequency is abou] 
48Mc. The present result is reasonable fron 
this estimation. The As” resonance of Asl3) 
3S, was 47.5Mc at room temperature having 
more good signal to noise ratio. 

As’ whose spin number is 3/2 has one reso 
nance, therefore 7 is not determined. Bu 
since AsCl, exhibits three Cl resonance line¢ 
corresponding to three nonequivalent Cl atom 
in a same molecule and the latter two sample 
show only one I resonance line, it is suppose 
that the asymmetry parameter of AsCl; is 
finite and those of AsI3; and AsI3-3S, are zero: 

The measured resonance frequencies of SH 
in antimony compounds are shown in Tabl 
V. Abundances of two isotopes Sb™ an 
Sb!23 are about 57 and 43 percent respectively 
For the resonance frequencies of Sb!*! havin 
a spin of 5/2, the equetions (2) are applicable 
and for Sb! having a spin of 7/2 the reso- 
nance frequencies are expressed by a 


equations: 


T 109, 196093. , 
r=; 500dn( 1 +39 7 27000” )° 
eS Wg, 50207 ‘) 
Ma 1400ae( 1 30” + 27000" )’ 
yO age 


=) sen A eee 
= 1 eQae( 1 10” 27000" 


The Sb resonance in SbBr3 occurs at two 
different frequencies corresponding to bromine 
resonances in two crystal forms. The reported 
frequencies of Sb in SbBrs by Wang” corre- 
sponds to crystal form I. In crystal form II 
the Sb atom has a large asymmetry para- 
meter of about 18 percent. These samples 
gave so large electric loss on the oscillator 
coil that the resonance frequency of Sb!”3 
could not be measured accurately. In the case 
af SbI; the line was very broad and the side 
bands of the line which shifted by the quen- 
ching frequency are overlapped each other. 
Only the first resonance of Sb121 was observed. 
The Sb atom has a axially symmetric field 
gradient with respect to the three I atoms 
similar to AsI;, so the second resonance could 


(2) 


& 
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‘ Table V. Sb resonance. 
Compound Isotope Temp. CK) vi (Mc/sec) | vy, (Mc/sec) ‘yz (Mc/sec) eQq (Mc/sec)] 7 is 
| Sb21 304 | 48.4394-0.005 | 95.836 +0.005 | | 319.920. 0.083 
4 SEB. f | Sbe3 29 .821+-0.005 | 58.016+0.005 87.279+0.010 | 407 .35 0.082 
3 5 
| Sb™@ 77 90.273+0.003 | 99.215+0.010 | | 343.95 0.100 
Sb128 31.186+0.004 | 60.107-+0.003 © | 422 .987 0.095 
a - = ‘ = Ss Co eee ee Sac asia : f = See 
a Sb2z | 304 49 .061+0.004 | 94.160+0.010 | 316.02 0.181 
: Sb128 31.990+0.005 | 56.544+0.005 | 85.989+0.010 , 402.689 0.182 
SbIs Sb | fZ4 |) 25.40e0l010,, -wdbla \peokegug7 ti|>. 0% 
Sb 297 37 .461+0.06 — | ry 
Sbly-3Se ee + 249.74 0 


37.77 +£0.06 


251.8 


* The value are assumed from the crystal structures. 


_be expected to be twice the first resonance. 
However, the resonance could not be found 
in the frequency range between 45 Mc to 52 
Mc. It is probably due to a small signal to 
noise ratio. 
SblI3-3Ss which was studied at room tem- 
perature, exhibited some spurious lines with 
intensities comparable to the true resonance 
line. Therefore, it was necessary to verify 
this resonance line by smearing it out with a 
magnetic field. The spurious resonances were 
more abundant in the frequencies below 30 Mc. 
They probably originate from electric vibra- 
tions in the crystal domains!. A few spuri- 
ous lines were also observed in AsI3-3Ss. 


§6. Discussion on Sulphur Molecular Addi- 
tion Compounds 


Several iodides have been known to have 
sulphus molecular addition compounds which 
are composed of its original compounds and 
definite multiples of the sulphur molecule’. 

Robinson, Dehmelt and Gordy” considered the 
quadrupole coupling constants of AsI; and 
SbI, to be approximately equal to those of 3S, 
compounds by the reason that the observed 
“resonance frequency of Snl,-4S; was near that 
of Snly. 

As shown in Fig. 3, AsI3; has a structure 
of macromolecular sheets and not molecular 
structure. On the other hands AsI3-3S,, in- 
vestigated by Hertel, has a single molecular 
structure, where the molecule AslI; is sur- 
rounded with six sulphur ring molecules as 
shown in Fig. 449. The effect of the sulphur 
molecules is to decrease the intermolecular 
bonds between the molecules of Asl;. In 


fact, the observed coupling constant of the 
I”7 resonance increased by about twenty mega- 
cycles indicating stronger covalent structure. 
For SbI; the same interpretation is true. Small 
intermolecular bonding results in a large 
amount of covalent structure. The observed 


Fig. 2. Crystal structure of AslIz3. a=7.187A. 
It shows a sheet in a unit cell which is normal 
to ¢ axis of crystal. 


Os7 NOK! 
\ | iN 
As I 
i | 
e.g —~———+ 
Fig. 3. Crystal structure of AsI;-3Sg. a@=14.2 A. 


Bond angle I-As-I is 101.7°18 
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asymmetry parameters are large in AsI; and 
SbI;, but their Ss; compounds have very small 
values. Indeed an accurate relative measure- 
ments of the first and the second resonances 
of AsI;-3Ss at room temperature yielded zero 
asymmetry parameter. 
77°K gave a small asymmetry parameter 
which came partially from unavoidable tem- 
perature difference between two samples in 
the separate detectors. The resonance in I?” 
in SbI;-3S, has less signal to noise ratio. How- 
ever, it seems that asymmetry parameter is 
finite. 

Sulphur molecular addition compounds of 
SnI, showed resonances which has less signal 
to noise ratio and broader width than those 
of pure Snl,. Robinson et al. indicated the 
structure of 4S; but Hertel showed 2S,. In- 
deed the amount of sulphur played a complex 
role in the present experiment. Fig. 4 shows 


a) 
b) 
c) 202 210 218MC 


Fig. 4. Splitting of the I? resonance lines in 
Snly (a), SnIy-2Sg (b) and SnI,-4Sg (): 


the resonance frequencies of Snl, as the 
amount of sulphur is increased. 2S, and 4S, 
might give the different type of crystals. 
When the mixing of sulphur was insufficient 
the resonance lines of two types were often 
observed. When Snl, was mixed with more 
than 4S, the intensity of resonance line de- 
creased abruptly. The samples of SnI, used 
to make those compounds were single crystals 
and powder which was not applied to special 
purification. Powder material easily gave 
SnI,-2S, and Snl,-4S,;. Pure single crystals, 
however, yielded SnlIy-2S, but not Snl,-4S,. 
Crystal structures of sulphur molecular addi- 
tion compounds of SnI, have not been reported. 

The resonance frequencies of SnI,-2S, and 
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The measurement at ~ 
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Snl,-4S, were plotted against the temperature} 
The results are reproduced (in Fig. 5). Twa 
lines of SnI,-2S; have the same intensities} 
This fact indicates that these lines are due 
to two pairs of iodine atoms in one molecule 
The splitting of multiplet in Snl,-4S, wa 
about 20Mc. It shows that the intermolecular 
bonding is larger than SnI, and the asymmetr ; 
of molecule is disturbed. ) 


215) 


210 


205 


100 


200 300°K 


Fig. 5. Temperature dependcy of first resonance 
of I®7 in Sn, (dotted line), Snl,-2Sg (QO) and | 
SnIy-4S3(@). Points at 257°K in Snl, was mea- 
sured by A. Schimauchi and S. Hagiwara. 


The line widths in AsI;-3Ss and SbI;-3S, 
were narrower than those of AsI; and Sbls;. 
It seems that the intermolecular interaction 
between AsI; molecules is reduced by the 
presence of sulphur molecules. On the other 
hand, addition of sulphur molecule in Snl, 
reduced the intensity of resonance by a factor 
ef a few tenths and broadened the widths of 
resonance line. The effect of Ss molecule is 
opposite in both cases. 


§7. The Quadrupole Coupling and the Elec- 
tronegativity 


The coupling constant is related with the 


———— 


_ 1958) 


number of unbalanced f electrons U» and with 
the coupling constant for a pure p electron 
which is twice that of free atom. 


€QGobs.= |Un- eQ pure pl. (4) 


4 U» is a quantity depending upon electronic 


structure of the molecule. 

The molecules of interest here are type 
MX;, i.e., arsenic and antimony trihalides and 
sulphur molecular addition compounds of tri- 
iodides. When double bond character and d 
hybridization are not considered for simplicity, 
the atom M has s- hybridized orbitals which 
form three covalent bonds and an unshared 
pair. On account of electronegativity differ- 
ence between M and X atoms, M is positively 
charged in these cases. Up is expressed by 
Gordy as follows’; 


where a represents percent s character of 
the bonding orbitals, 8 is ionic character of 


Table VI. 
Compound Isotope aon [Up| | jaa —ax| 
ek C135 50.4% 0.460 1.0 
Si 
As | 157.73 | 0.371 1.0 
“EAR Br? 414.1% | 0.538 0.8 
T: 
; As | 122.63 | 0.288 0.8 
a 1” «1330.28 «0.580! = 0.5 
i Ast | 58.63 | 0.138] 0.5 
pr | 1516.86 | 0.6621 ~~ 0.5 
AsI33 | 
sIssSs | ast | 99.00} 0.233 | 0.8 
A cis | 40.4" 0.368} 1.2 
Shi Sb! | 383.677 0.523/ 1.2 
Br? | 334.0%) 0.434) 1.0 
ae Sb 318.0 0.451, 1.0 
: Iz 895.83 0.390 0.7 
mis Sb | 169.73 | 0.231| 0.7 
134 feeres ioe —— 
| Ter | 1226.25 | 0.535 0.7 
SBls"SSe |. spist_.|_ 251.8 | 0.343 0.7 
@ averaged over multiple lines. 
> averaged for two crystal forms. 
¢ from Kojima et al. 
a 


from Dehmelt. 


each bond, and c is a correction for the change 
in screening caused by the charge. In this 
expression the s character is depends on the 
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bond angle, of X-M-X, @, in the following 
relation 


a=cos 6/(1—cos 6) , (6) 
This angle is approximately same in these 
molecules??), For the atom X, a single bond 
is formed to complete its octet. The principal 
axis of the field gradient tensor is along the 
bond direction. Upx is as follows; 


Upx=(1l—a@x)1—B) . (7) 


where ax represent percent s character of X 
atoms. 

The atomic coupling constants for iodine, 
bromine and chlorine atoms are now known 
accurately by the results of the atomic beam 
experiments??)-2),. The values of 2292, 769 
and 109.6 Mc were used for [?2’, Br7? and Cl**. 
For arsenic and antimony atoms the atomic 
couplings were calculated with the values of 
426 and 734Mc respectively which are esti- 
mated from the values of electric field gradi- 
ent g obtained from optical hyperfine struc- 
ture?) and the values of nuclear quadrupole 
moment Q?®, 

Table VI shows the values of Uy and the 
differences of the electronegativities of the 
bonded atoms?”, Molecular coupling constants 
investigated here and by other references are 
shown together in this table. 1—|U>»] is the 
deviation of the coupling from that of pure 
covalent p bond and gives a measure of the 
ionic character. Figs. 6 and 7 show the plots 


ie) 
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Oo2 04 O6 O8 ae) Ve 


1X, —X2\ 
Fig. 6. The values of 1~ | Up» | versus electro- 


negativity difference |v,—ay| in M atoms. @ 
is As compound and © is Sb compound, 
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of 1—|U,| against the electronegativity differ- 


ence. Except for AsI; and SbI; these plots 
are represented by the following equations. 
| Upmu|=0.08+0.37|x2—xx| , (8a) 
|Upx|=0.86—0.38|au—xx] . (8b) 


The relation (8b) is considered as expressing 
qualitatively the dependency expected from 
Eq. (7), since the s character, ax, is about 
14 percent and the ionic character of each 
bond, B, is nealy a half of the electronegati- 
vity difference between bonded atoms. The 
relation (8a), however, results very small value 
of s character for M atom adopting the same 
value of ionic character 8 for X atom. The 
smallness of s character contradicts with the 
result calculated from the bond angle X—-M-X. 
The assumption of s-p hybridized configura- 
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Fig. 7. The values of 1— | Upx| versus electro- 
negativity difference |wy,—ax| in X atoms. @ 
is As compound and (©) is Sb compound. 


tion alone is insufficient to interprete the ex- 
perimental result, therefore d hybridization or 
double bond character should be considered 
together with s—p hybridization. 

The coupling constants for both M and X 
atoms in AsI; and Sbl; are obviously apart 
from the linear relation (8). This fact indi- 
cates that the crystal structures of these mole- 
cules are quite different from those of others 
and these molecules deform appreciably in 
the crystalline state. In fact, AsI,; and Sbl; 
do not form molecular crystals. On the other 
hand, sulphur molecular addition compounds 
of AsI3; and SbI3; satisfy the linear relation. 
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In the compounds the molecules of AslI; and || 
SbI; are remained without large change. 


§8. Temperature Dependency 


Generally, the frequency of nuclear quadru- 
pole resonance line decreases with increasing 
temperature. This character was interpreted | 
by Bayer?® with the concept of the effective || 
field gradient which is averaged field gradient 
for the thermal vibrations whose frequencies | 
are large compared to the quadrupole reso- || 
nance frequency. The effective field gradient | 
and consequently observed frequency de-, 
creased when temperature increased. The. 
observed resonance frequencies of Cl** in AsCl; 
are plotted in Fig. 8, which also includes the | 
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Fig. 8. Temperature dependency of the Cl®5 reso- 
nance frequency in AsCls3. 
Livingston’s measurement. 


Open circles show 


300°K 
: 
: 


low temperature values obtained by Living- 
ston. 
shed at low temperature frequency change 
of resonance line becomes very small at low 
temperature. 


Since the vibrational effect is dimini- 


In Table VII the calculated values of logarith- 


mic temperature coefficient 1/y-0»/OT at 77°K 
is shown. 
that the temperature dependency of M atom 
in MX; type molecule is about two or three 
times larger than X atoms. 


From these figures it is concluced 


In the case of AsI; the observed frequency 


changes of both the nuclei As and I were 
positive, that is, decreasing temperature de- 
creases the resonance frequency. Fig. 9 shows 
the temperature changes of As resonance fre- 
quencies in AsI; and AsI3-3Sg. 
perature coefficient could not be interpreted 


Positive tem- 


NQR in As and Sb Trihalides 


Bloembergen™ studied the pressure effect for 
quadrupole resonances. The variable quantity 
of nuclear quadrupole frequency with tem- 
- perature is expressed 


> 
with Bayer’s theory. Kushida, Benedeck and 
: 


Table VII. Logarithmic temperature coefficients 
1/y-0v/0T (10*/°K). 
AsCls | AsBrs AsI3_ | AsI3-3Sg 
As 25 ey SS a gly gg 
Halogen —0.9 —1.0° 0.56 —0.59 
SbCl; | SbBr; | SbI; | SbI5-3S3 
Sb —0.9e (-1.6~2.0 ee. 
Halogen) ~°-* 1 ge, —0.5° | -0.73| —0.35 
« from Bray and Barnes. 
» from Kojima et al. 
¢ from Wang 
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Fig. 9. Temperature dependency of the As” reso- 
nance frequency in AsI3; (@) and AsIz-3Sg ((). 
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The first term represents the volume depend- 
-ency of quadrupole resonance frequency and 
the second term is the Bayer’s term. &,° is 
‘the amplitude of the normal modes of the 
vibration. In the case of AslI3, 7 in I)?” reso- 
nance increased with decreasing temperature. 
This term gives a decrease of coupling when 
temperature is decreased. However, in As” 
resonance 7 would be very small, probably 
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zero, for the links of six iodine atoms. There- 
fore the second term in the bracket has a 
small effect. The first term in bracket in- 
dicates a volume effect. The volume of AslI; 
decreases with decreasing temperature. This 
may produce a decrease of the p character of 
the field gradient and an increase of the hy- 
bridization of the intramolecular bond by in- 
crease bonding to surrounding molecules. 
Probably, the hybridization in AsI; has some 
d character and produces large ionic character 
which is expected from Figs.6 and 7. Thus, 
in the case of AsI; the first term in bracket 
which shows volume effect is predominant 
and over-compensates the effects of the other 
terms in above equation. 

The As resonance in AslI3 indicates a phase 
change at about 92°C which is shown in Fig. 
10. It corresponds to that the iodine reso- 


Resonance Frequency 


60 80 100°C 


Temperature 


Fig. 10. Temperature dependency of As? reso- 
nance frequency in AsI3 at above room tempe- 
rature. Phase transition was observed at about 
90°C. 


nance in AsI; split into three multiplets above 
90°C. Smallness of deviation of the reso- 
nance frequency at this phase change indi- 
cates that the crystal structure is not affected 
so much. 
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A Torsion Magnetometer for Determining Free Radicals 


in Some Organic Solutions 


By Hideo TAKAKI, Naoto KAwal, Chie MIYAKE and Tadasuke MorITA 
Faculty of Science, Kyoto University 
(Received February, 14, 1958) 


A torsion pendulum magnetometer whose sensitivity is 110-1 


c.g.s.e.m.u./division was made with fused silica. 


By using this, a process 


in which the free radicals appear and disappear was traced magnetically 
from time to time during the reduction of duroquinone with glucose, 
and the result showing a fair agreement with Michaelis’ was obtained. 
Secondly, we examined similar reactions by changing reducing agents, 


their concentrations and the temperature. 
of free radicals was calculated from the observation. 


Finally, the mean life time 
Then it was found 


to be shown as an exponentially decreasing function with temperature, 
and to be about 20 minutes at room temperature. 


§1. Introduction 


For several decades free radicals have been 
one of the leading subjects of investigation 
in the field of organic chemistry. A series 
of experiments have been made and a number 
of hypotheses have been set up severally on 
the nature, behavior and kinetics of what is 
called the radical reaction. On the other 
hand, the free radicals, having been found 
in most of all the living matters, have ac- 
centuated the attention of many biologists, 
biochemists and biophysicists. For instance, 
Bauer» has found in the living cells a plenty 
of free radicals which disappear with the 
death of the cells, suggesting that life depends 
on an excited state of protein molecules in 
the protoplasm. 

Of all the characteristics the said radicals 
possess, the most remarkable property is their 
magnetism. Since they always contain odd 
or unpaired electrons, they reveal themselves 
to be paramagnetics in a magnetic field. Con- 
sequently, the free radicals are the subjects 
to be investigated preferably by the magnetic 
measurement. By any other method the way 
of detection itself is extremely difficult. It 
is indeed Bauer and Michaelis who first in- 
troduced the magnetic method into this in- 
vestigation. Michaelis” studied in detail the 
reducing or oxidizing process of dyestuff in 
1938. 

In recent years much has been studied on 
them by the resonance absorption experiments. 
B. Commoner, J. Townsend and G.E. Pake® 
have proved that the concentration of free 


radicals abundant in living cells, such as leaves, 
roots, rabbit tissue, carrots, frog egg, etc. is 
in the range from about 2 too 200(x10-8) 


Cc 


Fig. 1. Apparatus. 
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moles per gram; while H.M.McConell,” R. 
Bersohn,» J.E. Wertz, etc., we learn, are 
going to further determine the hyperfine 
structure of semiquinone group. 

Thus, the investigators’ interest has so 
largely been focused upon the problems in- 
volving the radical reactions that it seems to 
be of fundamental importance to set up a 
sensitive apparatus capable of measuring the 
magnetic susceptibility of organic substances 
from time to time during the reaction, and 
then to infer how the free radical arises, 
reacts and disappears in the course of the 
radical reaction. The following is the de- 
scriptions of the magnetometer newly designed 
by us, together with some of the results. 


§2. Apparatus 


A sensitive torsion magnetometer was made 
with fused silica in the following way. As 
shown in Fig. 1, pendulum system of the 
magnetometer (C, M, B and B’) is fixed to 
a tripod through a thin quartz fiber (A) in 
such a way that the center of gravity of the 
whole pendulum system may be higher than 
the fulcrum. The solution to be measured 
is placed into a reaction vessel (B) and a 
suitable solution into a compensating vessel 
(B’). By placing the above-mentioned vessel 
symmetrically on either side of the truncated 
pole pieces of the electromagnet (N), the 
basic diamagnetism of both the two kinds of 
solution can completely be offset and only 
susceptibility change related with the reaction 
can be taken out. The amounts of the change 
can be measured directly from the deflection 
angle of the pendulum with the aid of a lamp- 
scale and a reflecting mirror (M). As already 
mentioned, the center of gravity (G) of the 
pendulum system is located higher than the 
torsion wire, so the restoring couple vector 
due to the torsion wire, is much reduced by 
the couple vector of the gravity, which, acting 
at the center of gravity of pendulum system 
downward, will rotate the system in the op- 
posite direction to that of the former. The 


situation may be expressed by 
0 


‘f 


where @, represents the deflection angle; /, 
horizontal component of paramagnetic at- 
traction between the magneticfield and the 
solution; t, torsion constant of the torsion 


r —~ 
t™— mgl 
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wire; J and 7, the distance from the foot of 


pendulum to G and to center of cylindrical 
vessel respectively; m, 


Fig. 2. Scheme of magnetometer. 


Sensitivity of our apparatus can be raised, 
when by adding suitable mass to the top of 
the pendulum (C) we elevate its center of 
gravity, because t-mgl can be decreased. 
Hence a very sensitive magnetometer is to 
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the total of the) 
pendulum system; and g, the force of gravity. | 


be attained, so far as t-mgl is kept positive. | 
The highest sensitivity ever reached by this | 


adjustment was 1x10- c.g.s.e.m.u. volume 
susceptibility per division. 
characteristics of the equipment that the 
samples, however large the charge may be, 
can be measured without changing the sensi- 
tivity. 

The calibration of our magnetometer is 
carried out in the following way; first, a 
small counter weight, say, 1mg is mounted 
upon the dish attached to the B, the resultant 
deflection is determined, and then the scale 
constant per unit force (dyne/div) is calculated. 
The attraction between total paramagnetics 
in the reaction vessel and the magnetic field 
is further expressed by 


foAx | HOE 4, 
Ox 
where A is the cross sectional area of the 
vessel, and x the paramagnetic volume sus- 
ceptibility of the solution which varies with 
time. 


§ 3. 
One of the results we obtained by using 


Determination of free radicals 


It is one of the | 
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| 

| this apparatus is given in Fig. 3. In the 
present experiment, we took up the reaction 
system containing H,O, NaOH, pyridine, 
duroquinone and glucose, in which process 


: +5 at 25:2°C there arises the free radical in question, as 
: Bs 

% O OE 

he) 


=> H,C- 


l 2 3 Se 


hour € 
Fig. 3. Solution of 0.020 g. of duroquinone; 1 cc. 0: 
of 1.0-N sodium hydroxide and lcc. of pyri- * 


dine, mixed with water up to 5cc., and 20mg 4 : as ; 
of glucose added. Fig. 4. Durosemiquinone radical, 


traction 


hour 


Fig. 5. Monosaccarides concentration dependency of reaction. 


hour 


Fig. 6. Temperature dependency of reaction. 
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an intermediate product of semiquinone, 
having paramagnetism as shown in Fig. 4. 
The positive shift of magnetometer in the 
Fig. 3, therefore, corresponds to the free 
radical accumulation. 
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Fig. 7. Temperature dependency of mean lifetime 
of free radical. 


We further examined the process of reactions 
by various monosaccarides, such as glucose, 
fructose, mannose, etc.. The results can be 
summarized in the following items in descend- 
ing order: 

That, if the temperature under which the 
reaction proceeds is kept constant, the velocity 
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their decay are strictly in proportion to the 
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is the fastest in fructose, the slowest in man- 
nose and the intermediate in glucose, re- 
spectively. 

That, in every monosaccaride, both the rate 
of production of free radicals and that of 


concentration of monosaccaride, (see Fig. 5), 
while Fig. 6 shows the temperature dependency | 
of the reaction, citing, as a representative i 
case, that of glucose. l 
Order of magnitude estimation of the mean | 
life time of free radicals: The mean life | 
time of semiquinone radicals was determined 
by integrating the concentration curve (re- 
presented in fractions) with respect to time, 
and them by dividing it by the total number 
of molecules. Thus, the obtained temperature 
dependency of the life time in the case of 
fructose is shown in a semilogalithmic diagram | 
Fig. 7. The life time of radicals depends 
upon the temperature, the concentration of 
monosaccaride and the kind of monosaccaride. | 
It is worth while to note here that the life 
time is remarkably prolonged as temperature 
falls. Extrapolate the line at the boiling | 
temperature of liquid oxygen, then the life 
time will amount up to about 10!” years. 
We wish to express our thanks to Professor 


R. Goto for his encouragement and assistance 
in preparing duroquinone. 
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On the Flow of a Viscous Fluid past a thin Screen 
at Small Reynolds Numbers 


By Hidenori HAstmoto 
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The slow steady flow of a viscous incompressible fluid past a thin 
screen with holes or slits is investigated on the basis of the Stokes 
equations of motion. It is found that the flow conductance o of the 
holes or slits (i.e. the ratio of the total flow Q to the pressure drop P) 
is given by 
Q_M 
P™ 8p’ 
where ¢ is the density of the fluid, » the viscosity, and M the virtual 
mass of disks or strips which are congruent with the holes or slits, 
moving broadside-on in a perfect fluid. The drag D acting on a part 
of the wall dW of the screen is also given by 

D= Ppt; 
where q» is the total flow of the perfect fluid through 6W in this move- 
ment with unit velocity. 

As examples, the cases of a single elliptic hole, a single slit, two 
parallel equal slits, and a series of parallel equal and equidistant slits 
are considered. Especially, in the last case, the total drag for an inter- 
vening strip is shown to be 4ruU/log | cos (ex/2)| where U is the velocity 
of the viscous fluid at infinity, and e the relative aperture of the screen 


c= 


O<e<)). 


Introduction 


§1. 

The flow of a fluid through an orifice or 
orifices in a screen is very important from 
the practical view-points, and many classical 
works are known, especially for the case of 
the perfect fluid. 

When the area of the orifice and the rate 
of flow through it are small, the effect of 
viscosity is so great that we must in general 
appeal to the Navier-Stokes equations for 
the theoretical study. 

However, the Stokes approximation seems 
to be adequate and useful in many cases, if 
we take into account the small Reynolds 
numbers of the flow field in the neighbour- 
hood of an orifice. 

In this paper the flow of a viscous incom- 
pressible fluid through an orifice or orifices 
in an infinitely thin screen is investigated 


from a general view-point, on the basis of 


the Stokes equations of motion. 

It is found that the flow conductance of 
the orifice and the drag on a part of the 
wall are proportional respectively to the vir- 
tual mass and the rate of flow induced by 


the movement of the disks or strips congru- 
ent with the orifices in a perfect fluid. 

About ten years ago Roscoe” studied the 
three dimensional flow past a plane obstacle 
and related its drag to its electrostatic capa- 
city. Our studies owe greatly to his idea 
and may be regarded as the complement to 
his study in this respect. He confined his 
study to the case of three dimensions, per- 
haps being afraid of the failure of the Stokes 
equations in the case of the two-dimensional 
flow. The existence of the solution is as- 
certained, however, in the case of the flow 
past a screen, having pressure difference 
between its two sides. The presence of this 
pressure difference seems to be an essential 
feature of our problem. 

As examples, the cases of a single elliptic 
hole, a single slit, two parallel and equal 
slits, and a series of parallel equal and equi- 
distant slits are discussed. The first example 
is considered by Roscoe without noticing our 
relation (3.9). He also estimated the conduct- 
ance of a slit (which is two-dimensional) 
making a limiting process, which is shown in 


633 


634 


our second example to be erroneous unfortu- 
nately. 

Recently, many studies have been made on 
the flow of a viscous fluid past an obstacle in 
the presence of other obstacles, e.g. walls or 


the same kind of obstacles, on the basis of 


the Oseen or the Stokes equations of motion. 
Most of these investigations must appeal to 
an expansion method assuming the ratio d/l to 
be small, where d is the representative 
length of obstacles (such as the diameter of 
a circular cylinder), and 7 is the distance 
between them. Our second and third exam- 
ples, being the exact solutions of the Stokes 
equations, may be useful to fill up the defici- 
ency of them, especially in the case of small 
aperture d>/. Tamada and Fujikawa” in- 
vestigated in detail the flow past a lattice of 
circular cylinders on the basis of the Oseen 
equations. Kuwabara®? also discussed the 
flow past a lattice of parallel flat plates. 
Their formulae for the drag on a cylinder 
agree with the result of the fourth example 
qualitatively in the limit of small Reynolds 
numbers and small d/l. 


$2. 

We take the x-axis perpendicularly to the 
plane of the screen, denoting unit vector 
parallel to the x-axis by i. The pressure p 
of the fluid at x=-:oo is taken to be p=+P/2 
without loss of generality. Let us consider 
the motion of the fluid induced by this pres- 
sure difference P. 

The Stokes equations for the steady slow 
motion of an incompressible viscous fluid are 
written as 


Fundamental Equations 


uAV=grad p, 
div V=0, 
where 4 stands for 
62/0.x? + 02/Oy2+62/022, 
V=(u, v, w) 


(2.1) 
(2.2) 


is the velocity vector, and y is the coefficient 
of viscosity. 
Our problem is to solve (2.1) and (2.2) under 
the boundary conditions 
i) 
ii) 


po +FP/2 as x > +o, (2,3) 
V=0_ on the wall of the screen W 

at x=0, (2.4) 
p and V are regular, one-valued and 


finite (or zero) throughout the field of 
flow including infinity. (2.5) 


iii) 


Hidenori HasiMoto 


(Vol. 13,| 

We have only to consider the positive half? 
space x >0, because the symmetry of (2.1)-) 
(2.5) allows a solution in which uw is even and. 
v, Ww, p are odd with respect to x: 


u(x, y; Z)=u(—x, y; Zz) ’ | 


v(x, ¥, Z=—vu(—x, y, 2), 

w(x, ¥, Z2=—w(—X, ¥, Zz); 

D(x, ¥, Z=—P(—%, J, 2) « | 

On account of continuity of V and p we can) 
conclude from (2.6) that } 
v, w, p=0 on the holes H at x=0. (2.7)| 
The boundary value problem of this type in| 
the positive half-space is quite similar to the) 


stamp problem in the elasticity, and has the | 
following solution 


V=i0—x grad @, (2.8) . 
00 
p=—2p Ma (2.9) | 


(2.6) | 


which satisfy (2.1)-(2.5) and (2.7) provided | 


that ® is a harmonic function: 


40=0 (2.10) 


and satisfy the following boundary conditions | 


o=0 on the wall W (2.11) | 

00/0x=0 on the holes H, (2.12) | 

graddof; as xe) (2:13)] 
4p 


grad ® being one-valued and regular Regs 
out the field of flow including infinity. 

must not contain the element whose area is 
This exceptional case corresponds to the 
flow past a disk etc., which should be exclud- 
ed from our problem. (2.8)-(2.10) are essen- 


co, 


| 
: 


tially the same formulae already used by | 


Roscoe in the study of the flow past a plane 

obstacle. 
The quantity of practical interest is the 
flow conductance of the holes: 
o=Q/P, (2.14) 


where 
Q= 


is the total flow through the holes H. By 


nvaking use of (2.8) @ is represented in terms 
of @ as follows: 


@-| ods. 
H 


| udS (205) 
H 


(2.16) 


The drag on a part of the wall dW is also 
expressed in terms of @ as 


1958) 


D=—2\ pds=4u| O75 
sw Ox 


where use is made of (2.6) and (2.9). 


(2.17) 


SW 


§3. Flow of a Perfect Fluid past Comple- 
mentary Disks or Strips 


Let us consider the velocity potential @, 
for the flow of a perfect fluid with uniform 
velocity Up at x=-too, past disks or strips H 
which are congruent with the holes under 
consideration. It is well known that @» satis- 
fies the following equations and boundary 
conditions 


40,=0, (3.1) 
Up=00,/0x=0 on H, (3.2) 
grad@,»—iUp as x0, (3.3) 


and grad 9» is regular and one-valued through- 
out the flow field including infinity. 

It will be seen that (3.1)-(3.3) are perfectly 
equivalent to (2.10)-(2.13) provided that U, 
and @» satisfy 


U,»=P/4p, (3.4) 


and 

7 on Wi, <(8.5) 
The condition (3.5) may be easily satisfied 
by taking a suitable additive constant in 9, 
if there is no circulation for each element of 
H. Thus if we know the velocity potential 
of a perfect fluid past H which is the com- 
plement of W, our problem is solved. 

We next proceed to find a formula which 
expresses the flow conductance of holes for 
a viscous fluid in terms of a quantity which 
is familar in the case of a perfect fluid. For 
this purpose we consider the motion of H 
with velocity iU, broadside-on in a perfect 
fluid. The velocity potential induced by this 
motion is evidently given by 

Oy—Upx 
using 9» determined by (3.1)-(3.3). 
tual mass M of H is defined 
MU,?=2T 


(3.6) 
The vir- 


Pe o\ [grad (Op—Upn}'dV (3.7) 


and is independent of Uy», where T is the in- 
duced kinetic energy of the fluid, p is the 
density, and dV the volume element of the 
flow field external to H. 

Making use of Green’s theorem and taking 
into account the relations (3.1)-(3.5) and the 
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symmetry of the flow field, we have 
MU,?= ~20 (Op—Upx)—- (Op—Upx)dS 
H Ox 
= 20Us| 0, dS, (3.8) 
H 


assuming that the surface integral over a 
sphere of infinite radius tends to zero. This 
assumption is allowed unless the total area 
of H is infinite as in the case of an infinite 
series of slits. In such a case (3.7) becomes 
infinite and (3.8) loses its meaning. However 
it is convenient to define a partial virtual 
mass of a hole of area OH, taking 6H instead 
of H as the domain of integration in (3.8). 

Introducing (3.4) and (3.8) into (2.14) and 
(2.16) we obtain for Q and o 


g—MU»_ MP 
20 8pu ” 


gee 
Son - 
When M denotes the partial virtual mass, Q 
gives of course the total flow through 6H. 
In addition, making use of (2.17) and (3.4), 
the drag D on a part of the wall OW is given 
by 


SW 


(3.9) 


Bs 
Up 
where gq» is the total flow of the perfect fluid 
through OW with uniform volocity i at 
infinity. 

Equations (3.9) and (3.10) are the required 
results, and complement Roscoe’s formula 
which relates the viscous drag Da of a disk 
with its electrostatic capacity C by 


Di S726 Ue. Gay 
where U is the normal velocity of the disk. 


| up dS=Pqp, (3.10) 
SW 


§ 4, Examples 

1) A single elliptic hole. 

The virtual mass of an elliptic disk H is 
known to be 


(2 
m= pore: /| V b? sin? 6+? cos? 6 dé 
0 


__ 16S? 


37s 


, (4.1) 


/2 

S=nbe, s=al’ V 6? sin? 6+ c? cos? 6d6 , 
0 

where 5 and c are the semi-axes, S is the 

area and s the periphery of H. Introducing 

(4.1) into (3.9) the conductance of the elliptic 

hole H is given by 
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: 4.2 
3S ee) 


which is the formula obtained by Roscoe 
without noticing the relation to M. 
For the sake of reference the velocity dis- 
tribution on the hole is found to be 
1 BE /giihg? 9 izhe 
7 LS Pe eo 
(2) A single slit of width 2h. 
For a strip or a flat plate of width 2h, M 
is known to be 


(4.3) 


M=7oh? . (4.4) 
This gives for the conductance of a slit of 
width 2h: 


h? 


gs = 0.39277 (4.5) 


Ooh = 


Roscoe estimated hs value to be 4h?/(3zp) 
= 0.4244 h?/ assuming (4.2) to be valid for 
a rectangle of width 2h and making its 
length L infinitely large. This interesting 
discrepancy seems to be due to the edge ef- 
fect of the elliptic hole which becomes im- 
portant as its thickness becomes small. 

Now, according to classical results, the 
velocity potential of a perfect fluid past a 
strip x=0, |y| </h is given by 

On=Uy Re f() , 
IO=VE+h, 
C=x4+1y. 
Introducing this into (2.8) and (2.9) we obtain 
for the velocity and pressure distribution on 


(4.6) 


H and W 
yf es y2 
i = h:, 
v=io=! 4uV4- ron Is (4.7) 
e ly) Sh. 
yl sh, 
Pre ae Ilzh, 
a? c= +04 
(4.8) 
dp___5,,0°0 OO _ » 0?|V| 
dx an Ox? ee ah Oy. 
a. y2\3 Pes 
= -a/V() z) y hae Bs (4.9) 
0. ly| > h. 


u—y curve is an ellipse in contrast with a 
parabola in the case of the Poiseuille flow. 
The behaviour of the flow at a great dis- 
tance 7 from the slit is also given by 


Hidenori HAstmotTo 


(Vol. 13, | 


V~ =f «-grad(—) dS 0 ee oo 
8u jf 
(4.10) | 


and 


_ Pl, wey) 1 | 
p~at [1- = +0(2) }> (4.11)) 
making use of 


O~ x7 Re(C+55 apr" -) 


ix h? 
nee pagers ie 


} 
3) Two parallel slits of equal breadth 
Let us consider two parallel slits h > x24 

) 


and —h<. y<. —a whose width / and distance 
d are I1=h—a and d=2a respectively. Im) 
this case ® is given by 


O=Refcl 
(4 C24 m? 
AG al, 
sof | eT rad 
which satisfies (2.11)-(2.13) provided that | 


2 h 
P_y,| 


(4.13) | 


see a = dy=0 


P—O— 3) 


9 bog (4.14) | 


or 

m=NWPE\V1—k*)/K(V1—k*) , R=alh, (4.15) 
where K and £ are the complete elliptic in- 
tegrals of the first and the second kind re- 
spectively. /(€) is the complex velocity 
potential of a two-dimensional perfect fluid 
past two flat plates (x=0, a<|»|<h) with 
uniform velocity iUp. (4.14) is nothing but 
the condition of zero circulation around each | 
plate, and is seen to assure (2.11), if we take | 
into account that the integrand of (4.13) is 
real for €=iy in the intervals |y|<a or |y| _ 
>h, and its contribution to (4.13) is purely 
imaginary. 

Putting €=iy in (4.13) and substituting in 
(2.16) the total flow Q past a hole is given 
by 


h h h (m?— y?) 
Q-| ®dy= yO -u,\" fee 
tiger © V (Pay) 


| ee 
ah 2 m| 


: al 14 phe | 
— = (1k) -S ES 4.16 
84 1 2 \ K(V1—?) J Sake 
making use of 0(0, h)=@(0, a)=0 and introduc- 


ing (3.4). 
The drag D acting on a plate lyl<a is 
given by 
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/§) D 400 @ m*— 
ee ees fea — 2 
- =i ax” r V@—-P Pow” 
of m?—h? _ th 
Kb) + hE) |= 7, (4.17) 


where we have used the relations (3.10) and 
(4.13) together with the Legendre relation 


E’K—KK’+EK’= - (4.18) 

where 
(E'=E(®), K'=K(®), =V1=R=Vin@. 
(4.19) 
Fig. 1 and Fig. 2 show the values of 


8yu0/(th?)=0/e.. and D/(2hP), where o» is the 


0:5 
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Oeh 
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a/vh 
Fig. 1. 


conductance of a single slit of width 2h 
given by (4.5). Making k (=a/h) or k’ 
(=V1—(@/h) ~ V (2D/h) tend to zero we 
obtain 
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eat 24 (o-1)4 Ow) | (4.20) 


Gane ee 2A 
= igh ttOH) ~ 7, (4.21) 
A=\log (|, )=!e (*)=t0g te , 
HP tara) | 
u l (4.23) 


“TER aOR) ~ 7 2A" 


According to (4.20) the blocking effect of a 
small intervening strip (width d=2a) in a slit 
(width 2h) is great on account of the presence 
of the logarithmic term. On the other hand 
if we keep the width of two slits (=h—a) 
constant and decrease the distance 2a be- 
tween them o increases from o, at a=o to 
Oon/2=20, at a=0, on account of the inter- 
ference between two slits. 

(4.22) shows that the drag for a small 
obstacle in a slit experiences the force of the 
magnitude zhP/log (8h/d), and (4.23) shows 
that the deviation of D from 2hP is given by 
IP, being a half of 2/P which may be inferred 
from naive consideration. 

4) A series of parallel equal and equidis- 
tant slits. 

We now consider the case where 


@=AReF(€) (A=real) (4.24) 
with 


F(G)=cosh( (4.25) 


1 dG feet: 6 
C cosh a G COs aT 
This ® is an even periodic function of € with 
a period ih, since cosh~(—|t|)=cosh7}|r|+7iz, 
and we take F to be real and positive at 
C=0. 

On the imaginary axis €=iy, cosh (zC/h) 
equals cos(zy/h), and F becomes purely 


imaginary at the interval W except H: 
l 


W: + tnh <y<-5 4 (n+Dh 


H: i tnh << f+nh 


W=O C1, a2, Sens. 104.26) 
On the other hand 
OF _ pg) = 1c sinh (xC/h) _ * 
Ox h V cosh? (x¢/h)—C? 
is purely imaginary at H and real at W. 
If we make x infinitely large we find 


(4.27) 
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fe ee C+O(e-@) as x00, (4.28) 


since 
cosh” £=log (E+ Vf—1)=log (28)+0( Fs 
(4.29) 


These show that (4.24) and (4.25) in conjunc- 
tion with (2.8) and (2.9) give the viscous flow 
through a series of parallel equal (width J), 
and equidistant (period h, distance d=h—/) 
slits, if we take 


h 
A= ee 
according to (2.11)-(2.13). 
Introducing (4.24) and (4.28) into (2.8) we 
obtain 
V—-iU, U=—AlogC as x00, (4.31) 
This implies the existence of the uniform 
flow iU at oc which may be expected by 
considering that the total flow is infinite in 
the present case. 
Taking into account the continuity and 
periodicity of the flow, we obtain 


Pe 


(4.30) 


zl 


Q= Uh= ey log cos Dh (4.32) 
for the total flow past one slit, or 
Q h mE& 1 
= += —|, €=— (4.33 
ae eee log cos ag i (4.33) 


for the conductance of a slit, where € is the 
relative aperture of the screen. 
The force D acting on a strip, e.g. 


1 1 
Bus Sing aie 


is given by 


ru ae (4.34) 


] rats) 
og cos 5 


D=Ph= 


by use of the momentum and periodicity con- 
sideration together with (4.30) and (4.31), 

Of course (4.32) and (4.34) can be obtained 
from (2.16) and (2.17) directly, but these in- 
tegrals are reducible to the integrals at x= 00 
if we make use of contour integrals along a 
rectangle 

i 7 

5 h- 9 h 
and note that ® and 00/0x are periodic harmon- 
ic functions, satisfying (2.11)-(2.12). 

Fig. 3 shows the values of D/(uU)=h?/(uo) 


> pho — Shoo , 


Hidenori HASIMOTO 


=4n / 


Making € or &’=1—€& tend to zero w 
obtain 


l ea 
og cos 5 | 


32 An 
= = —_ €2 
ra iager wee + O(€?) 


E=\/h=(h-d)/h 


Fig. 3. 


According to (4.35) the drag on a strip is 
inversely proportional to the square of the 
relative aperture €, and o ~ z/?/324~ o1 (see 
(4.5)), provided € is small. It is remarkable 
that the expansion formulae afford very good 
approximations even in the intermediate 
values of &, if we take only the first two 
terms (see Fig. 3). 

Recently Tamada and Fujikawa investigat- 


1958) 


ed» the flow past a lattice of circular cylin- 
ders (diameter d) on the basis of the Oseen 
equations and obtained a formula for the drag 
on a cylinder in the limit of small Reynolds 
numbers and d/h. Their values are qualita- 
tively similar to that obtained from (4.36) 
and are a little larger for the same values 
of d/h. Kuwabara’s result for a lattice of 
flat plates which are parallel to the main 
flow is also similar to (4.36) and give smaller 
values for the same values of d/h. These are 
in accordance with our intuition. 

In conclusion the author expresses his 
hearty gratitude to Professor Ko Tamada, 
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Professor Isao Imai and Professor Susumu 
Tomotika for their continual suggestion and 
encouragement throughout this work. The 
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of Education for a grant in aid for funda- 
mental research. 
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Asymptotic Behaviour of the Response Function of 
an Optical System with 
the Primary Spherical Aberration 


By Hirosi IT6 
Depariment of Applied Physics, Faculty of Engineering, Osaka University 
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An asymptotic calculation of the response function of an optical system 
which has the primary spherical aberration is carried out in the presense 
of a defect of focus. The evaluation of the integral for the response 
function is calculated by the aid of the approximate formulae for 
Fresnel’s integral when the coefficient of the spherical aberration is suf- 
ficiently large compared with the wave length of light. The response 
function denotes an interesting behaviour for various focal shifts even 
for a fixed value of the coefficient of the spherical aberration. When the 
shift is small, it has a strong decreasing character, and for larger values 
of it, the function becomes larger and begins to denote an oscillating 
property at last. The spatial frequency s extends from zero to 2 and 
the result is not valid. in the neighbourhoods of the end points because 
of the simplification of the calculation which is used. The result is 
compared with an experiment. 


—§1. Introduction 


Recently, many authors introduced “infor- 
mation theory” into the discussion of the 


which has the frequency response. The 
frequency response function derived from this 
assumption is now considered as the most 


‘ 


characteristics of the optical systems, and 
some of the concepts which have prevailed 
up to now in this field are being reconsidered 
from this new standpoint. One of the most 
interesting new ideas which have been brought 
forth by this theory is that, we can assume 
an optical system as a kind of linear filter 


powerful concept which would play an es- 
sential role in the performance test for optical 
systems, Duffieux, Hopkins”? and Linfoot® 
have introduced a reasonable definition for it. 
The complex amplitude in the image of a 
point source situated on the optical axis of 
an optical system can be given by the Fourier 


640 


transform of the pupil function. If we con- 
sider the frequency spectrum of the intensity 
in the diffraction image of the point source, 
it can be represented by the correlation func- 
tion and is given by the formula (1) in §2. 


This function has just the same form as that. 


of the time correlation function in the theory 
of time series although the spatial frequency 
stands as time. Numerous investigations?” 
have been done about the measurement of 
this function for various optical systems, but 
there are very few about the analytical cal- 
culations. Hopkins” calculated the effect of 
defocussing, and De” did that of the function 
for an astigmatic optical system with defect 
of focus. However, any direct analysis is 
supposed to be difficult when the system in- 
cludes every kind of aberration and even the 
numerical calculation seems awfully hard 
when the coefficients of the aberrations be- 
come large. On the other hand, it seems us 
that, there is a benefitable condition in case 
of the usual photographic lenses to try appro- 
ximate calculations by it. The aberration 
function appears as the phase of the pupil 
function and includes Seidel’s aberration coef- 
ficients. Although these constants are suffi- 
ciently small, the optical wave length is still 
smaller compared with them. We must notice 
that, these coefficients are considered to be- 
come smaller effectively as the aperture is 
reduced down smaller, and such discussion 
will fail for extreme cases. Taking advantage 
of this fact, we could expect to get some 
asymptotic expression for the response func- 
tion. Although this thought is valid in 
principle, it is still difficult in general case. 
Fortunately, since the aberration function for 
the presence of the primary spherical aberra- 
tion and the defect of focus is not complicated, 
such treatment is possible. Its calculation 
appears in §3 and §4, and the higher order 
approximation which gives some correction 
for it is in §5. The detailed calculation of 
the most important integral which plays an 
essential role is given in Appendix. The 
calculated values and observed values are 
compared for a single lens which is assumed 
to have only the primary spherical aberration. 


§2. General Formulae 


The definition of the response function is 
given as the following when an incoherently 
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1) 
lit or self-luminous object is imaged throug} 
an optical system in question. Of course, w( 


assume that the image is isoplanatic. 


worm (U7(24$.s)e(=—$s9)dady tf 


— 
e 


where 


F(x, y)=exp [1kW(x,y)] . 


sone cal 
= (0). 


(yh) 


W(x, y) is the aberration function of the opti | 
cal system and k=2z/2. 2 is the optical wave 
length. When the system has the primaryj 
spherical aberration in the presence of a de} 
fect of focus, the pupil function f(x, y) is given 
by 


exp| tk{ A(at+ y+ Mets | - 3 | 


A represents the marginal optical distance 
between a reference sphere centered on the 
chosen focal plane and the section of th 

emergent wave front in the sagittal ner 
W, is the coefficient of the primary spherical 
aberration when the exit pupil is considered 


as a circle of which radius is 1. Using (3) 
the integrand of (1) is written as ) 
exp [(px+qxy?+qx°)] . (4) 


p and gq are both the functions of the spatial 
frequency s, and are defined by 


q=kWis 


paEMs(o_1), (5) 
4 n 
where we put 
ee 
i. (6) 


By proper choice of the parameter 7, we can 
realize any focal setting for a given W,;. m 
takes negative values as well as positive ones. 
From (5), p changes its sign from negative to 
positive at s=(1/VY n). 

The region of integration for (1) is given 
by the shadowed region in Fig. 1 on the exit 
pupil plane. Then the response function is 


s -s/ 
y(s)=real part of =k exp [i(qx3 + px) |dx 
0 


(7) 


V1=Ce ; ‘ 
x |e" exp ligay*ldy 


where the limits of integration are written 
explicitly. 


Fig. 1, Domain of integration of (7). 


Ss 3. 
Instead of (7), it is more convenient to treat 
the integral 


1-(s/2) 
0(s) -| 
0 


v ‘ 
x |e" explianytldy. (8) 


Fresnel’s Integral 
exp [7(qx°+ px) |dx 


Putting the integral related to y as 
ia a 
fad=\""er™ exp liasy"ldy 
0 


and replacing Vqxy by a new variable o, we 
get 

f= 7 eae explic’|do. (9) 

V qx Jo i 

Vqxf (x) is exactly Fresnel’s integral® of 
which property is well-known. However, as 
the result is not represented by a simple 
function, we must be satisfied with its appro- 
‘ximation. When we put 


ax| a xt) ban 


Fresnel’s integral is represented by 


(10) 


Vo [40% S0 
vareo| ae esr (11) 
ylreta (u~0) 


_as the first approximation. These two func- 
tions are connected with each other at 7/4 
continuously but not smoothly. The true func- 
tion oscillates around this value and the error 
caused by this smoothing process will be es- 
timated later. The values of x corresponding 
to u=(z/4) can be obtained by solving the 


equation 
ge \? 7 
ax{ 1-(x+5) loz (12) 
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Since p and q are very large for almost all 
values of s, there is a conventional method 
to get these values. In Fig. 2, the maximum 


values of uw are sketched as the function of 
s when kW,=400. This function is 


iY eon ye lee ee es “iV. i 
s| 3 tipst\o! say eta 


(13) 


Fig. 2. Maximum value of ga{1—(#+8/2)?} as the 
function of spatial frequency. 


Except the neighbourhoods of s=0 and s=2, 
M is sufficiently larger than z/4. This func- 
tion w is zero at the both ends x=0 and 
1—(s/2), and has only one maximum between 
these points. From this fact, we may assume 
that there are two values of x which satisfy 
u=(7/4), and the one is very near the point 
x=0 while the other is in the neighbourhood 
of x=1—(s/2). These values are given approxi- 
mately by 


~~ Segre mine z . (4) 
sete) LPs v2) 
A 2 


These become infinite at s=0 or s=2, so that 
the result which comes from this simplifica- 
tion can not be applied near these points. 
The number of lines per millimeter on the 
object plane to be resolved by some optical 
system is too numerous for the region of s 
which exceeds 1, when the aberration is large. 
Probably, the usual lenses have no response 
effectively for such high values. Therefore, 
it will be sufficient for us not to consider the 
neighbourhood of s=2, although the divergence 
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near zero is undesirable and limits the appli- 
cation of the result. Within this reasoning, 
we are going to use the following represen- 
tation for f(x), that is 


A= het (aac). 
F(a)= 1 (UNE e x 
FOR. | || see 
(15) 
§4. First Approximation 


Using the relation (15), the integral with 
respect to x is given by 


| Bare exp [i(gx?- + pa)|dx 
+{" (Fala) — file) exp [i(qa? tpa)|dx 


+\" *(fal)— fale) exp [i(qa?+pa)ldx (16) 


a) 


The first term in (16) is also written as 


\- F(X) exp [i(qx3 + px)|dx 


_\" f(x) exp [i(qx?+px)|dx (17) 
1—(s/2) 


The second term of this becomes 
ve eo[ite(-4) 40(0-2)] 
ico Gan 


rR, Cae) (18) 
by partial integration. Note that this process 
also makes the result not to be applied in the 
neighbourhood of s=2. According to the 
definition (7), one of the necessary terms 
which comes from (18) is 


ZENA IS 5 Si ened ead 


|| Peng) 1g) 49) 


The error is the order of qg-§/? which is not 
serious unless s is very small. The first term 


in (17) is 
V x erlst exp [i(qx?-+px)] 
Gkm 
_. lara mae 20) 
By putting qx*=f%, this becomes 
Vin edt ( expli(i+at)] 
2 gh \ 7 dis (21) 
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where @ is defined by (p/g'/*) which changes 
its sign at s=(1//n). Apart from the coe 
fficient, the property of this integral is closel}| 
similar to that of Airy’s integral and its eval 
luation can be also done in the same manne} 
as that. Its detailed calculation is shown il| 
The result is not unique and ij 
divided into several cases. By the definition) 
of p and q, @ is given by 


C W,5)%( ss) : 

ae A 

a= ; é (2 : 

For a value of s smaller than (1/7 7 ), @ take# 
a negative value and becomes positive for at 
s larger than this value. This change of sig 
is very important, since the asymptotic be: 
haviour of (21) for positive @ is quite differen) 
from that for negative a. For a negative 
value of a, and for its large absolute value! 
(21) becomes 


# ) 

3/2 pee es | 

2 ( la| ) re : oF 
Pe meee | 


8 ((e)") 


If @ is positive and large, its asymptotic ex 
pansion is 


i B ex 
> kW) 


kRW,s* 
een 


205 1 


18 ,/a\? *° 608 oe { 
(gy Oy) 

. 3 : 
(24) 
I,’ decreases exponentially as s becomes larger 
while the decreasing property of J, is not so 
strong. It denotes an oscillating property. 
When @ is small, the integral (21) is repre- 

sented by the following infinite series. 


hl =a Sh tas Z eT ete) 


x gl m=0 m! a 6 


m 1 
MG he i 
: x COS 2n( 3 a ) } 


This result is most important since a is not 
so large in almost all the region of s which 
we are interested in. It gives the largest 
contribution to the response function because 
it is the order of q-¥/3, J, is of the order of 


(25) 
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q-* and any one of the other terms of which 
derivation will be shown later is the order of 
gq? or q-3/2, 

Now we are in the stage to calculate the 
remaining integrals which may be considered 
as the correction terms as well as i. In the 


following, we take two integrals among them 


as the examples and show their evaluations. 
One of the integrals which appear in (16) is 


y o(x) exp [7(qx?+ px)|dx 


|v -(43) meta} 


x xigsx fax : (26) 


aD fp ee es ' 
| J 1-(«+5) exp| i{p+a(1—7 emigsx? |e. 
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The factor qsx? is quite small even at the 
upper limit of integration, so that we assume 


exp, i} D+ af 1 -=))} is | 
neff. 


Expanding the square root term around x=0, 
and integrating by x, we get 


ant po ES 


Another integral which is in (16) is 


FOG?)s (27) 


(28) 


We put x=1—s/2—€ and take the following approximations 
y.i-(222Y Pe ae sgn ~ VEE 
exp | ifp+a(1—7)} rigs |~exp | —ias( seit z \o+ ze — ae ne 
+2igs(1—+-) ae. {p+a(1—+ hE | : 


. el ab VE exp | < 2asi( a {o+ af ee) | >e fee 


Inserting these results into (28), we get 


_ where 


C=Y 2 exp i “ —as( Tee be 


_ This is evaluated as the following by partial integration. 


Seals hala | 


ote 2)-2) |. 


1 


if a{2s—1— <. s) +9 


=/4-(8-1)7/(@=8) git 


dt . (29) 


2i{q( 2-1 


The integral which appears here is also Fresnel’s integral. 


is not so small even if we limit the domain of s up to 1. 
Taking into account the second order approxi- 


which has been used before is not sufficient. 


tion, this becomes 


ee ke 


The upper limit of this integral 
Therefore, the first approximation 
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by ag 3 sil am (s—lpP O(q-? 
ov aH 4 :)) CON giao ate Oy ay 
qi —- 


Just the same kind of approximation is applied to the remaining two integrals in (16). 
results are 


2cOs 
I= — li cane 
q ‘are 
p+3q(1-+) p+3q(1—>) 
; 1 S Ss 2 T 
4 sin i6q ey cos a(1—>) +0(2 a Sieh |S "a 
2 2 
I= s 2) 
Viz )a{ e+ 31-5) } 
+0O(q-9/) . 


Now the value of the response function is given by the sum of these six terms. 
T=Kht+h+h+ht+h+h+0¢?) . oy 


Although we use the symbol J,, J,’ must be employed for small values of s, and J,’ or 
is applied for larger values of s. In Fig. 3, five examples are given for different values of 
W, and v by using (31). Three J,’s should be used carefully, and /,’’ has been used actually 
for almost all region of s for all of them. 


03 
(1) kW = 200 n22 
(2) kW, = 600 n=2 
(3) kW, = 600 n=4 
0-2 
5 
2 : 
. 
tf 
r=] 
iw 
D 
cO'lF 
° 
a 
1) 
o 
a 
O 
-0.4 4 


0-1 0-2 0:3 0-4 0:5 0:6 npOr’ 0:8 0-9 re) Vl 
Spatial Frequency $ 


Fig. 3, 
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§5. Second Order Approximation 


The calculation of the response function which was expounded in the foregoing sections is 
quite consistent so far as we take (15) as the first approximation of Fresnel’s integral. As 


pointed out, J,’’ is the principal part and the largest correction terms are of the order of 


q*. If the second order contribution of Fresnel’s integral is the same order, we must add 
this to the result. If we take into account the second term, Fresnel’s integral is represented 


by 
\ et r / 


: +)-i5— (0) (32) 


eV een. 


Dalltets —iatlte# (20) (33) 
When we use this expression, the curve is not continuous at x, or x if we use the original 


values. However, the discrepancies are not serious, so that these simple values will be still 
used. The integral which arises from the second term of (32) is 


; Ss? , 
: 2, &XP ' i} b+ af Ld} x—1qs #] 
ag | ‘ 4 dx , 
2q 


x BNE 
1 Os ae pe 
ji («+5) 


where the following approximation is used. 


» Then we get 


2 
| {oa(1—“)} ios] 
; 1 r fe exp) if p af 4 BENG SG 7 
2 / s? x x 
——— 1 
; 4 


¥t (1-8) \" exp | if p+ (1-7) x— igsx? ld ; 


where only the first integral is necessary because the second one is of the order of q-?. 
_ The first one can be rewritten as follows: 


[a dx— i g(x)dx— iy g(x)dx , (34) 
0 0. 


} 
2 


aa)=exp| if p+ (1—*)f x— igsxt | /x E 


The result which comes from the second integral of (34) is 


where 


1 1\? 
as {An 
4n faz if 
st 5? \3?2 1 mh “a a. +Oq") « oy 
2q(1-“) soni 
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The real part of the integral 


can be easily shown to be of the order of q-?. The integral which comes from the first}| 


term in. (34) is 
: s? 
~ sin (j pt of 1 +5) hss) 
2 4 Ox . 


iS7 a) 0 Xx 
gny/ 1 
4 


Putting gsx?=&, it becomes 


» sin vEWe( 1-7) id - : 


2 | 
s? Jo E 
qny/ 1 
4 


This integral is also evaluated by the method of the steepest descent, and its result is 


I= al |1- 4 Va ; anf AEC} frown ‘ 
af/1-<L vew. (1-q) g 
Therefore, the correction which comes from (32) is 


lack dg 


Now we consider the integrals which come from the second term of (33). The calculation 
is done in the same line as before, and one of the results is 


The integral 


TCE earn am pre ar eae eee 
(real, “fl (wts)it exp| if o+a(1— {hx ase? fax 


is of the order of q-*/2, and is 


j= aa. viet 

Z 4 Bs 

SS Oe {1 : ) ie wi} tee Sai Be +OC 
Ss S 


@{as(1-$) (1-2) 


Any one of the terms which are of the order 
of q-*/* is very small in fact, so that we take 


L+It+Iy The error introduced by the calculation up 
as the correction which comes from (32) and to now will be necessary to be explained. 
(33). The absolute value of the error increases as 


$6. Discussion and Comparison with the 
Experiment 
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the spatial frequency decreases. At s=0, it 


] 


becomes infinite and also so at s=2. How- 


ever, if RW, is very large, it does not become 
serious even for sufficiently small values of 
-s. For example, the orders of the error at 


s=0.001 and s=0.1 are 10-* and 10-* respec- 


tively when kW,=600. 


From the examples which are given in Fig. 


3, several interesting features will be revealed. 
When kW, becomes larger, the response be- 


-comes smaller as we easily imagine. 


How- 


ever, for a fixed value of W,, the response 
changes remarkably for different choice of 


focal shift. The curves (2) (3) (4) and (5) 


have the same value of kW,, but different 


n’s. m=co means no focal shift. When x be- 
comes smaller, magnitude of defocussing be- 
comes larger. Of course, we are now consi- 
dering only the case where m is positive. 


This means that, the curve of the spherical 


- Otherwise, 
smaller than the ones given here. 


| 


than the preceding ones. 


aberration and the image plane are in the 
same direction from the gaussian plane. 
response becomes. considerably 
The be- 
haviour of the curve is similar to the case 
where m=co. Among these curves, (2) has 
the highest response almost everywhere. 
Probably, it corresponds to the best focus. 
The behaviour of the curve (4) is very 
interesting. It has an oscillating property 
and has several peaks. The last one is larger 
This phenomena 
has been recognized by numerical calculations® 
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when the aberration is large. 

In order to know the behaviour of the 
response function for the increase of the 
parameter m, we consider the first term of 
(23), and take the phase factor. The argument 
of the function 


Vibq 4:39 n 


takes its maximum value 


(36) 


_ RW, 
B= 
64n2 
at so =(1/2V yn). (86) becomes zero at s=0 
and s=2. However near these points, this 


expression is not valid because of the small 
values of a, so that we do not take these end 
points. If we assume u<cz, there is no node. 
If ~<y<2z, the function (36) takes zeros two 
times, and the corresponding response func- 
tions crosses s-axis twice. By the rule stated 
above, the number of nodes of the curve (4) 
must be four while the true number is six. 
The calculated value of yw is 9.375 and is 
nearly equal to 3z. If wis a little larger 
than 3z, two more nodes will appear. By this 
fact, this example is somewhat critical and 
not said to be a good one. Nevertheless, this 
method of estimation is very convenient to 
know the rough behaviour of the response 
function. About the other cases, yw’s are all 
smaller than z, and this means no node for 
every curve as we can see from Fig. 3. 
Recently, my friend, Dr. T. Suzuki designed 
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Fig. 4. Comparison of the calculated values and observed values of the response function 


for a single lens. 


F number is 3.67, kWi1=174 and n=. 
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and constructed a device which measured the 
response of optical systems. An experiment 
is done for a single lens which has only the 
primary spherical aberration. The experi- 
mental values are shown in Fig. 4 and com- 
pared with theoretical values. The correction 
which is given in §5 is now considered. The 
coincidence of them can be said good although 
the calculated values are always larger than 
the observed ones. We are not in the stage 
to analyze the errors of this experiment or to 
estimate the magnitude of them at present. 
However, since this experiment is difficult, 
one of them might come from some incom- 
pleteness of the instrument*. The discrepancy 
between them increases as s increases. How- 
ever, the loss of high frequency components 
is always inevitable in such kind of experi- 
ments. From the comparison with the experi- 
ment, the result obtained here seems to be 
still good even for small values of s. By our 
experience, the result is not reliable when 
W, is comparable with 4. For smaller values 
of W, or s, the numerical calculation! is 
recommended by using a good table of 
Fresnel’s integral. 

I should like to express my gratitudes to 
Mr. R. Kono and S. Lee and Dr. T. Suzuki. 
Kono and Lee helped me in deriving the 
curves appeared here. Dr. Suzuki presented 
me valuable advices and data. 


Appendix 
Evaluation of the Integral (21) 


a changes its sign at ss=(1|/~ 7), so that 
we must _consider the following two integrals 


» exp [2(t°+]a|2)] 
| ela, (1) 
- (t3—/alt 
i oe ee falta. (2) 


1. a@ is sufficiently large. 


Instead of the real value ¢, we consider 
a complex variable z and take the function 


CZ) =U(2+|alz) , (3) 
and the following contour integral is consi- 
dered. In case when positive @ is taken, the 


path of integration on complex plane is taken 


in Fig. 5. The one corresponding to negative 
* T. Suzuki is now planning to make a devide 
which has better respose. 
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sign is in Fig. 6. 


The saddle points are obtained by solving the} 
~ algebraic equation 


y 


Fig. 5. The contour F for the integral (4) when | 
a is positive. 


Cc 


Fig. 6. The contour 7 for the integral (5) when 
a is negative. 
: C (Zo) = 32° +a=0, (4) 
where 


tiy/ Jal (a@ is positive=case I) 
20 


+,/ (2 (a is negative=case II) 
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The path of the integration which passes 
through the saddle point A is given by 


—3y2+- |a|=0'; (case I) 


#—3ay°—lalet2( ISL)" 0 . (case II) 


The tangent line at A is parallel to x axis in 
case I and makes the angle z/4 with x axis 
case Il. The integrals along y axis are pure 
imaginary in both cases, so that we need only 
the paths which pass through A’s. Expanding 
€(z) in the neighbourhood of z=z, we get 


(2) = Cla) +2 (e—z9)? Sa (20) 


where €’(a)=0 since z is a saddle point. 
After expanding 1/2 near the point z=z, 
we put z—z=o in case I and z—z=pe/** in 
case II]. Then we integrate with respect to p 
from —co to -+co because any one of the 
integrands has a sharp maximum at A if a is 
large. Then we get the results (23) and (25). 
2. a@ is small. 

In this case, integration is done along the 
path OB for both cases. Putting z=pe*/*, it 
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Vo 


a a 3) I( — 9? 4- @2/3°t| @ 
non (-explieer “alo, 
0 0 
=er/6ri y e2/8> mat (|a|)™ © pmn1/2 exp (—p*)do. 
m=0 m! 0 


Putting o’=r, we can easily evaluate the 
integral and get the result. 
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Adsorption of Water Vapour on Glass and 


Other Materials in Vacuum 
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The adsorption of water vapour on lead borosilicate glass, soda lime 
glass, copper, nickel and alumina ceramic in high vacuum was studied 


by the time lag method of molecular flow originated by Barrer. 


The 


amount of adsorption at 273°~403°K and 2x10-5 mmHg was found to 


It is suggested that the adsorption 


of water vapour in this pressure region will not be a simple physical 


becomes 
be less than 1% of a monolayer. 
adsorption. 

§1. Introduction 


One of the main components of the residual 
gases in vacuum apparatus is water vapour.» 
It is often supposed that many kinds of 

, phenomena observed in vacuum systems are 


complicated due to this residual water vapour. 
Although the adsorption of water vapour has 
been extensively studied,» there are only 
a few data which will contribute to the high 
vacuum technique. Experimental difficulties 
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associated with the measurement of pressure 
have restricted most investigations to the high 
pressure region. The most sensitive pressure 
gauge in high vacuum technique, the ion 
gauge, cannot be used because of its in- 
candescent tungsten filament.” Other 
instruments for pressure measurement are all 
insensitive for the study of adsorption in very 
low pressure region. 

In the present paper, a preliminary study 
for the estimation of the rate of adsorption 
of water vapour on glass, copper, nickel and 
alumina ceramic by using the time lag method 
of molecular flow is described. 


§2. Principle of the Time Lag Method 


The principle of this method is similar to 
that of Barrer,® and is illustrated in Fig. 1. 


Qa 
L+| Time 
Time-lag 
(a) (b) 
Fig. 1. Principle of time lag method. 


The sample is packed into-a tube A con- 
necting two vessels V,; and V.. The whole 
apparatus is maintained at a constant temper- 
ature. At the beginning of each experiment, 
the apparatus is evacuated to a fine vacuum. 
When the pressure p,; in V; is increased by 
introducing a gas, the pressure Pp, in V», also 
rises by diffusion of the gas through A, but 
the latter pressure rise takes place with a 
time lag behind the former. The amount of 
time lag depends on the adsorption of gas in 
A. 

In the first part of this section, 2.1, we will 
consider the diffusion process and the time 
lag assuming no adsorption in A. In part 2.2, 
the influence of adsorption will be discussed. 
In part 2.3 we will finally discuss the esti- 
mation of adsorption by the time lag method. 

2.1. The Diffusion Process and the Time 
Lag when No Adsorption Takes Place in A®: 
Assuming that the flow is molecular, the 
transient isothermal flow along the axis of A 
will be expressed by the equation of diffusion 
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Oc 0c 
ee ene 
ot Oe 
where c represents the concentration in A, 
D the diffusion constant and / the length of || 
ALU Gin, “are the concentrations in V; and 
V, respectively and if c=0 at ¢=0, the ap- || 
proximate value of c, at time ¢=?f will be | 
Oc 


obtained as 
eH? 
ee) dis 
V2 \ ( zd Pm 


where 7 represents the radius of A and V; 
represents the volume of V,. If a@>c. is | 
always valid, the approximate value of the | 
concentration gradient at x=/ can be obtain- 
ed by solving Eq. (1) with the boundary con- 
ditions c=c, at x=0 and c=0 at x=/, and the | 
initial condition c=0 at t=0 (0<_x<l). 

The calculated variation of c, versus ¢ is | 
illustrated by the curve in Fig. 1. (b), which | 
asymptotically approaches a straight line. If | 
we elongate the asymptotic straight line to 
cut the time axis, we obtain the intercept ZL 
which is defined as the “time lag”. For 
the system shown in Fig. 1. (a), it can be | 
proved that 


(0<x<) (1) if 


C2 


(2)| 


(3) 


2.2. The Diffusion Process and the Time 
Lag when Adsorption Takes Placein A: The 
adsorption is expected to modify the rate of 
diffusion in the following way. If the adsorbed 
film is immobile as would be approximately 
correct at a very low pressure, 


0Cq 0°Cq OCa 

0D —a ‘ 
Ot Ox? Ot 

where cy and ca represent the concentration 
of the gas phase and the adsorbed film re- 
spectively, and v and @ represent the total 
volume of the pores and the surface area of 


the adsorbent per unit length of A respec- 


Vv 


(4) 


tively. If one assumes that the adsorption 
equilibrium is reached very rapidly, 

OC _ Of (Ca) 

ay a OF ee 


and LE can be evaluated from Eq. (4) and (5) 
for two limiting cases. 

In the first case we assume that the amount 
of adsorption is proportional to the pressure. 
For this case Barrer® and Clausing™ solved 
the problem in the following way. Namely, 
in this case, 


Reco Ca ( 6 ) 
where ks is a constant, and therefore Eq. (5) 
becomes 


Oa _ p Oly 7 
Bi eds (7) 
From Eq. (4) and (7), 
0 D 02 
at 4 a aie (8) 
(148!) 
v 
Thus the time lag LZ becomes 
P(1the® ) 
pops lenter todo (9) 
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Eq. (9) shows that Z is independent of c¢,. 
In the second case, it is assumed that the 
adsorption of the gas takes place completely 
in a region before the gas begins to diffuse 
into the next region.» For this case, with 
an additional assumption that the diffusion 
constant of the adsorbing gas in A is fairly 
large compared to the migration velocity of 
the adsorbate, Clausing obtained a simplified 
solution in the following way.™ Let the 
pressure at dx (Fig. 1 (a)) at an arbitrary 
moment be zero, and let N represent the 
number of adsorption sites per unit surface 
area of the adsorbent, and K the conductance 


(b) Water yapour 
Fig. 2. Time lag and build up of ps, in typical experiment. 
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per unit length of A. If all molecules which 
flow into dx during the time interval d¢ are 
adsorbed on the adsorption sites existing in 
dx, the following equation will hold: 


*o. Ot=Naox . 


(10) 


Gas molecules will flow into the region next 
to dx only after the completion of adsorption 
on all sites in dx. Thus it will take a time 
L for molecules to occupy all sites in A before 


they begin to diffuse into V.. JZ can be ob- 
tained by integrating Eq. (10): 
L=\"ae=\' Nex ine (11) 
or 
SNe? 
ao oe 


_ 1 Nx(molar volume) x 760x Txax/? 
~ 2 (Avogadro’s number) x 273x Kx p, 
(12) 
where J represents the temperature of ex- 
periment in °K and p, is expressed in mm Hg. 
Eq. (12) shows that Z is inversely proportional 
to pi. 

2.3. The Estimation of Adsorption by the 
Time Lag Method: The time lag L’ which 
an adsorbable gas (e.g. H.O) of molecular 
weight M would show if it were non adsorbing 
can be estimated by the following relation, 
if we know the time lag Zy) of a non adsorb- 
ing gas (e.g. air) of molecular weight M): 


The difference L—L’ will give an estimate 


Table I. Condition of the Experiments. 


and ¥, Tuzt (Vol. 13, 


rp, | M 13) | 
E Loy) 1. OF 


D«iV/M . 


This is because 
(24) | 


of the amount of adsorption. As shown 4 | 
Fig. 2 (a), (b), there actually is a very re-| 
markable difference between the time lag of | 
dry air and that of water vapour. 
§3. Experimental 


j 


Samples used in this study are lead boro- | 
silicate glass (Nonex type), soda lime glass, | 
OFHC copper, vacuum melted nickel and 
alumina ceramic (92~93% Al.O3). Glass 
samples were crushed into 10~20 mesh 
particles, washed in tap water, distilled water, | 
ethyl alcohol and ethyl ether successively. 
Metal samples were hacked into pieces of 
about 1x1lmm size, washed in water, ethyl 
alcohol and ethyl ether successively, and 
reduced in hydrogen. They were again re- 
duced in dry hydrogen after the insertion 
into the apparatus. Alumnina ceramic was 
crushed into 10~20 mesh particles, boiled in 
sulphuric acid for 1 hr., washed in water, and 
fired in a gas furnace at a temperature of 
1100°C for 30min*. The real surface area 
of each sample was determined by the BET 
method using ethylene as the adsorbate!”-1 


*) More detailed discussions of these treatments 
‘were reported in Ref. (7) and (138). 


i As 


on "fend Boros : ‘ | Alumina 
Sample | silicate glass Soda lime glass | Copper | Nickel | Peacnic: 
10~20 mesh ~ a tae inen se ann ee meen 

Shape particles 10~20 mesh particles pieces pieces | particles 
Weight (g) 38.5 _- 2o.o) Zone 93.0 56.1 33.0 
Specific surface area ; ts ) € 
(om! geo) 67 Ris} 6.0 40 | SYR 
Length of A (cm) 12.8 43 78> Ba 6.2: | > Bea tees. 
Radius of A (cm) 0.85 0.81 Ores: Orsi 0.84 | 0.83 — 

~“Condumance for dry air, : ee : 

K]l. at 300°K (cm’ sec-) 14.3 60 36 29 70.7 63.2 66.7 
Conductance for H,0, 18.1 76 12) 45 5) 36.5 89.8 80.2 84.6 


K/l at 300°K (cm? sec-?) 
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(Table I). The water vapour was supplied 
from distilled water which had been thoroughly 
degassed and: stored in the experimental ap- 
paratus. 

The whole apparatus was constructed with 
Nonex type lead borosilicate glass, special 
taps without grease were used in high vacuum 
side. Details of this apparatus has been de- 
scribed elsewhere.” 

Prior to each experiment, the whole ap- 
paratus was baked out at 380°C in high 
vacuum and evacuated to a pressure of less 
than 1x10-'’mmHeg. The ion gauge with 
which fp, was measured had been throughly 
processed by electron bombardment. 

The pressure ~; was kept at a constant 
value between 10-* and 10-° mm Hg by allow- 
ing the water vapour flow through a small 
leak into V; and evacuating it through a duct 
of appropriate conductance. /, was estimated 
by an oil manometer which was located in 
the high pressure side of the small leak. 
Throughout the time lag measurements, /p» 
was maintained 10-7 mmHg to 10-’ mmHg so 
as to the relation p,>/, held at all times. 

The water vapour which flowed into V, 
was examined by low temperature distillation. 
Hardly any decomposition products or im- 
purities could be detected. 


§ 4. 


The time lag versus pressure relation for 
each sample was obtained at a series of 
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temperatures. The results for lead borosilicate 
500 
rm) 
® 
Wn 
ia 8.8, 300°K 
50 


Sxl: 5) 


P,(mmHg) 


Fig. 3. Time lag of water vapour for lead boro- 
silicate glass, 
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glass, soda lime glass and nickel are shown 
as examples in Figs. 3, 4 and 5 respectively. 

The variation of time lag as a function of 
the tube length / was investigated for soda 
lime glass at 330°K and p,;=2.1x 10-5 mm Hg, 
and is given in Fig, 6. 


L(sec) 


Sain 5 
p(mmHg) 


Ixlo-4 


Fig. 4. Time lag of water vapour for soda lime 
glass. 


500 


e [=88cm 


Fig. 5. Time lag of water vapour for nickel. 


The amount of adsorption at p,=2x 10-5 
mm Hg was evaluated assuming Eq. (12). For 
this calculation, it is necessary to estimate K, 
the conductance of A. This can be carried 
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out in the following way: Asis seen in Fig. 
2, pb, reaches a saturation value f.; as time 
goes on because of the pumping action of 
the ion gauge with which fp, is measured. In 
this saturation state, the following relation is 
known to hold: 


LS 
Li fife 
In this equation, S is the rate of absorption 
of gas by ion gauge, which can be determined 


(15) 
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Fig. 6. Time lag of water vapour as a function 
of length of A. 
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Fig. 7. Amount of adsorbed water vapour vs. 
temperature. 
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investigated are illustrated in Fig. 7. 
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by the rate of pressure decrease in a known 
volume, and is approximately constant in this 
pressure region.’ The values of K estimated 
in this way are given in Table I. The calcu- 
lated amounts of adsorption for all samples} 


The following points can be concluded for 
all specimens studied: (1) The time lag LZ, 
of water vapour is very much greater than) 
the value estimated assuming no adsorption. | 
(2) L is proportional to log p, and /? (at least 
for soda lime glass). (3) The temperature 
coefficient of Z is negative. (4) The L~p, 
relations are explained by neither of the as-) 
sumptions in 2.2. (5) Therefore, the ad- 
sorption in this pressure region will not be a. 
simple physical adsorption. (6) The amount | 
of adsorption at 273°~403°K and p,=2%x10-*| 
mmHg is less than 1% of a monolayer (3.45) 
«10-5 cc STP).) 

Barrer et al. elongated the L~p, curve} 
(plotted to the ordinary scale) to cut the time lag | 
axis and assumed this intercept to be the 
true time lag. They explained the pressure 
dependence of the time lag assuming eam | 
the molecules adsorbed on the completed first 
monolayer are mobile. In our cases, however, 
the above assumption is inadequate because 
the amount of adsorption is less than 1% of 
a monolayer. 

The authors are indepted to Prof. K. Kinosita 
for his kindness in reading the manuscript, | 
to Prof. G. Tominaga and Prof. Y. = 

: 


for their kind discussions. 
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Specific Heats of Copper Ferrite 


By Tohru INOUE and Shuhichi IIDA 


Department of Physics, Faculty of Science, 
University of Tokyo 
(Received April 4, 1958) 


The tetragonal distortion of the spinel structure 
such as CuFe,0,, CuCr,O,4, NiCr20,, Mn30., ZnMn2O,, 
etc, has recently discussed. Among these, CuFe,0, 
is the only one that is ferromagnetic at room tem- 
perature. The tetragonal distortion of CuFe,O, was 
explained by Goodenough by using the idea of 
semicovalent bonding and recently by Dunitz et 
al.» by using the concept of Jahn-Teller effect. 
Bertaut®?) has found that CuFe,0O, becomes cubic 
after quenched from high temperature and concluded 
that the transition temperature from cubic to 
tetragonal is about 760°C. But this conclusion due 
to Bertaut is supposed to be incorrect because recent- 
ly Miyahara and Ohnishi? showed this transition to 
occur about 400°c by means of X-ray high tempe- 
rature camera and qualitative heat analysis. This 
transition temperature is below the magnetic Curie 
temperature. In this respect it should be noticed 
that Takei et al. has early pointed out the exist- 
ence of the anomaly at about 390°C from an abrupt 
change of the magnetization at constant magnetic 
field and Forrer et al.© has also pointed out the 
existence of the anomaly at about 360°C. 


Cp Cal/deg:ar 


02 


4Q = 250 Cal/mol 


0 100 200 300 400 500 600 
WG 
Fig. 1. Specific heats of copper ferrite 


In this connection we have measured the specific 
heats for CuFe,0O,. The result is shown in Fig. 1. 
It shows clearly the presence of a A-point at 390°C 
corresponding to transition from cubic to tetragonal. 
The peak at about 470°C is that associated with 
the magnetic transition of this material, 


Notes 


The apparatus used is the improved one of the } 
Takagi Nagasaki’s adiabatic calorimeter. The main) 
heater which is situated outside of the copper con-; 


tainer consists of the heating elements on the upper 


and lower surface of the cylinder as well as on the | 
side, and inside of the main heater there is another || 


outer heater for the fine adjustment. | 

The specimen was prepared as follows; the 
electrolytic iron and copper was dissolved in nitric} 
acid, dried by infrared ray lamp, calcinated at | 
1000°C in air for 6 hours, and pressed into the | 
shape of pot with lid. Then it was heated again | 
at 1000°C for about 10 hours and annealed at 
about 900°C for several hours. The purpose of the | 
last annealing is to transform all the cuprous ions | 
into the cupric ions. The specimen was about 70 ) 


grams in weight. 


heating rate of 1.5 degrees per minute. 
Inferring from the result of the measurement 


as high as 750°C, it is certain that there is no | 


anomaly at 760°C. After rapid cooling in vacuum 
from 750°C, the anomaly at 390°C was disappeared. 


But it recovered again by an annealing in air at 


900°C for several hours. The reason of this anomal- 
ous phenomenon might be due to the production of 
cuprous ions in the matrix and further study is now 
going on. 
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The Q-value for the N'(n, a)B™ Reaction 
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A gridded ionization chamber, with a cylindrical 


The measurements were perform- ) 
ed at the pressure of about 0.04mmHg and at the | 


Compt. Rend. 230 (1950) 213 © 


S. Miyahara and H. Ohnishi: J. Phys Soc. Japan 
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effective volume 18.5cm. in dia. and 8cm. in 
height, filled with a mixture of l-atm. nitrogen 
and 3~4-atm. argon gas was irradiated by D-D 
neutrons from a Cockcroft-Walton accelerator, and 
the Q-value for the N'4(z, a)C! reaction was de- 
termined from the pulse-height distribution obtain- 
ed either with a single channel pulse-height 
analyzer or with a gray wedge analyzer. The 
mean deviation of positions of peaks in the mea- 
sured spectra was about 20 kev. 

D-D neutrons were produced by bombarding a 
thick heavy ice-target with 150 kev deutrons, and 
those neutrons which were emitted at nearly a 
right angle to the D+-beam were used to irradiate 
the chamber, since the neutron energy for this 
direction is least dependent upon deutron ener- 
gies, the energy in our case being H,=2.40 MeV. 
The distance from the ice-target to the chamber 
was so chosen that the energy-spread of incident 
neutrons due to the angular width would not ex- 
ceed +0.05 MeV. 

An example of pulse-height spectra thus obtain- 
ed is shown in Fig. 1. Several peaks are clearly 
seen, and have been interpreted as noted in the 
figure. 

The relationship between pulse-height and _ parti- 
cle energy was calibrated with five natural alpha- 
sources having well-known particle energies?) 
(U8, U28t, Po, ThC and ThC’). The extrapolated 
pulse-height vs energy straight line crossed the 
energy axis at less than about 100kev, in good 
accordance with Cranshaw and Harvey’s results*) 
for pure argon. 

The average Q-value obtained from the (n, a) 
peak and EH, was Q=-—0.12+40.06Mev. On the 
other hand, Q became somewhat larger in the abso- 
lute value, when the neutrons in the 20°-direction 
to the D+-beam were used (Q=—0.17 Mev). This 
value is, however, less reliable because of the un- 
certainty in the estimation of neutron energies. 

Also, the peak II in Fig. 1 was used tentatively 
to check the results above. This peak can be as- 
sumed to correspond to the well-known (m, a) re- 
sonance reaction at H,=1.800+0.015 Mev” caused 
by the stray neutrons having a continuous energy- 
spectrum in this energy region. Such an interpre- 
tation affords Q=—0.18+0.05 Mev, in agreement 
with the former result within the limits of proba- 
ble error. 

All these results give considerably smaller Q’s 
as compared with other authors’.»):6 However, ours 
are in fair agreement with the current mass-Q- 
value (Qn= —0.15+0.01 Mev7:®)). 

The reason that other authors—with the excep- 
tion of Bollmann and Ztnti—obtained too large 
values (—0.2~ —0.5 Mev) is perhaps that they did 
not take into proper account the appreciable in- 
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constancy, with respect to the particle species and 
energies, of the energy loss of the particle per ion 
pair for the undiluted N»y-gas they used, as was 
pointed out by Bollmann et al.5) To reduce this 
effect, Bollmann et al. used argon-diluted nitrogen, 
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ENERGY IN MEV 


Fig. 1. Typical Gray-Wedge Pulse-Height Spect- 
rum. Peaks noted as IJ, II and III are due to 
the (mz, a) and (m, p) resonance reactionsinduced 
by stray neutrons with certain corresponding 
energies. 


but their figures (—0.28+0.08 Mev) still exceed 
the current Q@m. This is probably due to the pos- 
sible (systematic) error in their estimation of H,’s, 
which might well become appreciable for the angle 
of neutron emission far different from a right 
angle. 
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A Richter Type Magnetic Loss in Yttrium- 
Tron Garnet 


By Hisashi SEKIZAWA, Shiichi IIDA 
Department of Physics, Faculty of Science, 
Tokyo University, Tokyo, Japan 
and Tomonao MIYADAI 
The Electrical Communication Laboratory, Nippon 
Telegraph and Telephone Public Corporation 


(Received April 4, 1958) 


A magnetic loss of Richter type has been found 
in ferrites containing ferrous ions”, and it is attri- 
buted to the electron diffusion, i.e. the exchange of 
electrons between Fe?+ and Fe*+ ions. A similar 
phenomenon was observed for yttrium-iron garnet 
3Y,03 ° 5Fe,03. 

The specimen was prepared from 99.9% yttrium 
and high purity iron oxide. The constituent oxides 
were mixed and pressed into toroidal form about 
3cm in outer diameter. Then, it was fired at 
1430°C for 6 hours in air and cooled in the furnace. 
X-ray diffraction pattern of the powder specimen 
which was prepared together with the toroidal speci- 
men showed only the lines belonging to garnet phase 
with a=12.37A. Complex permeability of the speci- 
men at fixed frequencies (2, 1, 0.5 and 0.25 Mc/s) was 
measured by means of an impedance bridge varying 
the temperature from ca. 120°C to —180°C. The 
results are shown in Fig.1. There is a distinct peak 
of tan d for each frequency which shifts to higher 
temperatures for higher frequencies. The logarithms 


10) 20 40 60 80 100 =—:120 
a AAC 


Fig. 1. tang and »’ of yttrium-iron garnet. 
tang; after fired at 1430°C and cooled 
in furnace. 

tan 0, after heating up to 350°C. 

#; (Appreciable change was not observed 
by the heating up to 350°C.) 
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of the frequency at which the maximum of tand 
takes place were plotted against the reciprocal of 
the temperature and found to lie on a straight line 
as shown in Fig. 2. The activation energy E ob- 
tained from the slope of the line is about 0.50 eV. 
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TK 
Fig. 2. Plots of log f vs. 1/T of the maximum 
of tan for yttrium-iron garnet. 


No anomalous behaviour was found in the lower 
temperature range down to liquid oxygen tempera- 
ture. (Another specimen with lower purity had 
similar peaks below liquid oxygen temperature for 
the same set of frequencies). The measurements 
were performed again after the specimen was heated 
in air up to about 380°C, fairly above the Curie 
temperature (287°C). The peaks of tan @ vanished 
by this heat-treatment as shown also in Fig. 1. 
Yttrium-iron garnet contains no divalent metallic 
ions in stoichiometric composition”. But it has been 
found that the electrical resistivity of this garnet 
shows marked dependence on the firing tempera- 
ture), and it can be accounted for only by assum- 
ing the existence of ferrous ions in it. This fact 
points to the conclusion that the garnet can oxydize 
or deoxydize without accompanying any phase 
change but with an appearance of certain imper- 
fections (interstitial atoms etc.), as it is the case 
for most of the oxides. Thus it is also possible 
in the garnet that ferrous and ferric ions coexist in 
the same crystal sites and the electron diffusion 
among these ions may couple with the direction of 
the magnetic moment, as it is in the case of ferrites. 
Although the value of the activation energy obtained 
is higher than the one observed usually in ferrites, 
it is too small to be accounted for by the ionic 
diffusion. The disappearance of loss peak upon 
oxydation supports the mechanism mentioned above. 
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On the Measurement of Isotope Abundance 


of Lithium with Mass Spectrometer 


By Itiro OMURA and Nozomu MorItTo 


Hitachi Central Research Laboratory 
Kokubunji, Tokyo 
(Received April 1, 1958) 


An absolute measurement of the isotope abundance 
ratio of lithium has been carried out with a mass 
spectrometer. The instrument used is the Hitachi 
Mass Spectrometer, RMU-5, with a single filament 
surface ionization source. Samples used are lithium 
chloride N; on the market (Koso Chem. Co., Inc.), 
and purified lithium chloride Bs which was provided 
through the courtesy of Prof. Titani of Tokyo 
Metropolitan University. A droplet (about 0.2 cc) 
of aqueous solution (0.5 mg/1) is placed on the fila- 
ment and dried. 

The values of the ion abundance ratio (‘Lit /SLit) 
obtained were 12.48+0.05 for the sample N; and 
13.69+0.05 for Bs. The values which have been 
reported as the natural abundance ratio of lithium 
isotopes are scattered in a pretty wide range ap- 
proximately from 11 to 13. The results for the 
sample N, lies in this range and without any cor- 
rection according to the so-called isotope effect, it 
is equal to the value which has been believed to 
be the most reliable. The isotope constitution of 
the sample B; might have been changed during the 
purification. 

The change of the ion current and the ion abund- 
ance ratio after a sudden changed of the filament 
temperature was observed. Other processes were 
tried successively after the current as the abundance 
ratio had become constant. In the first process the 
filament temperature was suddenly increased from 
1025°C to 1075°C. In the second it was decreased 
from 1075°C to 1025°C for 30 seconds and again 
returned to 1075°C, while in the last process it 


was increased to 1175°C for 30 seconds and then 


reduced to 1075°C. After each of these processes, 
transient variation appeared not only in the curent 
but in the abundance ratio, as is shown in Figs. 1 
and 2. 

The abundance ratio of potassium isotopes was 
measured for reference. The ratio *K+/4K+ ob- 
tained was 13.96+0.05. In this case, as well as in 
the case of lithium, the isotopic correction seemed 
to be unnecessary. Similar phenomena as shown in 
Figs. 1 and 2 were again observed. 

The unexpected phenomena have a serious influ- 
ence on the analysis, but their origin is not clear. 
The mechanism of surface ionization seems to be 
much complicated. Although there are several 
plausible reports published on the measurement of 
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Positive lon Current (arbitrary units) 
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Fig. 1. Transient variation of ion current after 
a rapid change of filament temperature 
Sample: LiCl (Bs) 
Curve A: 1025°C-—>1075°C 
Curve B: 1075°C-1025°C (30 sec)>1075°C 
Curve C: 1075°C->1175°C (30 sec)->1075°C 
15 
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Fig. 2. Transient variation of ion abundance ratio 
after a rapid change of filament temperature 


Simple: __ LiCl (Bs) . 

Curve A: 1025°C—1075°C 

Curve B: 1075°C->1025°C (30 sec)>1075°C 
Curve C: 1075°C-»1175°C (30 sec)->1075°C 


the abundance ratio of lithium isotopes as well as 
on the necessity of the isotopic correction?—®) further 
investigation is desired. 

The authors wish to thank Dr. B. Tadano and all 
members of the Section of Mass Spectrometry of 
this laboratory for their helpful discussions and 
encouragement during this work. 
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Higher order Transitions in Double 
Nuclear Resonance Experiments 
in Solids 


By N. Bloembergen 


Harvard University, Cambridge, 
Massachusetts, U.S. A. 


(Received March 19, 1958) 


Saito has in a recent paper’ discussed the narrow- 
ing of one nuclear (A) resonance, while the other 
nuclear (B) resonance is driven hard by a large 
radiofrequency field near the resonance frequency 
wp. The experiments were conducted in TIF and 
TIBr. Saito mentions two observations, which 
remained unexplained: 

(1) The A resonance becomes asymmetric, when 
the driving frequency w zis slightly off the resonance 
value w,?. 

(2) The A resonance “collapsed” at first for 
intermediate values of driving field at the resonance 
frequency w,°, before the narrowed line appears 
for larger driving fields. 

It is the purpose of this note to call attention to 
some higher order nuclear spin transitions. Their 


(3,3 raha Lat | -3, 3-3, 3 | 8Cantnal®, sin @ | —3,— 3) 
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existence has recently been demonstrated in double 
resonance experiments in cesiumhalides», and they 
may also account for the observations of Saito. 
Consider for simplicity two nuclear species} 
I4=I,=3, in a coordinate system rotating with| 
the angular velocity wz. In this system of reference} 
the B spins are quantized with respect to the effec- 
tive field Hp°ff=xH 5" (wz) +2(o29—wz)/72- The A| 
spins are still effectively quantized in the z-direc-} 
tion. The magnetization of the B-spins in the 9-; 
direction, i.e. parallel to Hz*f, which makes an) 
angle @ with the z-axis, can be obtained from 
Redfield’s theory®” This author also showed that | 
the part of the interaction between a pair of A and 
B spins to be retained is 


SE ip—Capla Alle, Bcos0+3)T4 pt I? 3) sin @] 
(1)} 
Can=Qant(rpapeh?cqpt+baz) (1-3 cos? Baz). (2)) 


; 


Consider a radiofrequency field at the frequency | 
wosa=os+rye | Hee! | =wo42+re2H ep cosec@. Ener- 
getically this field can induce transitions in which | 
an A-spin is flipped from the positive to the nega- | 
tive z-axis (4m4=+1), and simultaneously a B-spin : 
is reversed with respect to the effective field 
(4mp,3=+1). The matrix element for this double 
transition is by second order perturbation theory 


7phpH z" cosec @ 


Since C4, and yzhzH," are of the same order of magnitude, this second order transition has an intensity 


comparable to the first order transition, in which only A spin is flipped (4m,=0). 
order transitions may also contribute appreciably». 


of the same magnitude. 


Third and higher 
Clearly the inverse process has a matrix element 


The processes 4m4=—4™m,n=+1 also exist with a resonance frequency w4°— 


yxy" cosec ©. The relative intensities of the three transitions are given by the following table: 


Resonant Frequency 


w49+7 pH," cosec © 


wa? 


w 49 - ypH pr cosec @ 


Z is the number of nearest B neighbors to an A spin. 


Nig — "Bo can be determined from Redfield’s theory. 
It is zero exactly at resonance (@=7/2), and has 
opposite sign on either side of w,°, m4t—247- has 
the normal Boltzmann value for sufficiently weak 
fields H4(w 4). 

It follows immediately that the absorption around 
w4? is asymmetric, and that the asymmetry should 
be reversed, it wz—w," changes sign. 

The “collapse” can be explained as a severe 
broadening of the line by second and higher order 


transitions, when y,hH,f<C4y. From Fig. 2 


Relative Intensity 


D cad 


{Z/(ng* +np-)} (mat ng —Rs- NRCan Sin? O/7 ghH,")* 


te =a 


{Z(/nz* + ng-)} (nat ng, — Na- Ny (Caz sin? @/7nhH gt) 


and Table I of reference 1 it can be seen that 
the collapse indeed occurs in this range. For 
yphHp'>SCy4y the higher transitions move away 
from the A resonance and become much weaker 


in intensity. The narrowing then becomes obser- 
vable. 
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Polarization Reversal in Triglycine 
Sulphate Crystal 


By Kiyasu ZEN’ITI, Kazuo HUSIMI 
and Keisuke KATAOKA 


Hlectrical Communication Laboratory, 
Nippon Telegraph and Telephone 
Public Corporation, Tokyo 


(Received March 3, 1958) 


Conventional methods for the study of switching 
processes in ferroelectrics use the switching cur- 
rent as the measure for switching of polarization. 
Such an observation cannot determine the absolute 
polarization of the crystal. We have applied the 
ultrasonic method” to study the switching process 
of triglycine sulphate crystal and compared the 
results with those obtained by the conventional 
pulse method. 

The crystals have been grown by S. Waku of 
this Laboratory by volatilization process. The 
sample used is 0.5mm in thickness and 4mm? in 
area of electrode which was prepared by vacum 
evaporation of gold. The spontaneous polarization 
is 3.34c/cm?, which is considerably larger than 
the value 2.24 c/cm? already reported. The crystal 
is markedly piezoelectric in polarized state”), which 
makes it very favour- 
able for the ultrasonic 
method. 

After setting 
crystal to 
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saturation by application of a field of 1.5kV/cm for 
several seconds, the crystal is switched to the posi- 
tive polarization step by step by successive applica- 
tion of voltage pulses from a pulse generator of low 
output impedance. The pulse widths are chosen 
from 10 usec to 1 msec with logarithmically linear 
steps and the field strengths are from 1kV/cm to 
5.5kV/cm with 0.5kV/cm steps. The polarization 
vs. time curves are shown in Fig. 1 for the case 
of pulse height of 4kV/cm. 

As shown in Fig. 1 the switching velocity be- 
comes very small near the saturation, therefore 
the value of switching times would depend much 
on its definition. We shall here define the switch- 
ing time tg by the equation 


by n 
f é-dt=(1+a)P, 
0 


where 2 is the switching current and a is the degree 
of polarization on reversal measured from the de- 
polarized point. In Fig. 2 are shown three switch- 
ing times to.0, to.4 and f.g as the function of the 
switching field. 

In conventional pulse method, the switching cur- 
rent has a sharp peak followed by a long and 
gradually decreasing tail. Strictly speaking, the 
switching time cannot be defined unambiguously 
in such a case, but for convenience we determine 
observed switching times tp, from the end of the 
tail, and these are also shown in Fig. 2. 

The switching characteristics are influenced seri- 
ously by the crystalization conditions. The switch- 
ing processes of another sample prepared in un- 
controlled condition is shown in Fig. 3. Not only 
is the switching time larger for this 
sample, but there appears an apparent 
saturation near 50% of the true satu- 
ration polarization. This apparent 
saturation occurs even in a good 
crystal when an unsuitable electroed 
material such as conductive point is 
used, or the sample is measused in 
damp environment. The apparent 
saturation in an un controlled sample 
may be due to the wide distribution 
of the polarizing rates of different 
parts of the crystal. In a good crys- 
tal, it is probably caused by a layer 
of low polarizing rate which is formed 
under the surface by the surface 
condition such as electrode material 
or moisture. 
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Isotope Shift in the Spectrum of W I* 
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By use of samples enriched in W183 and W1® respectively and of natural 
tungsten the isotope shift in the spectrum of W I was measured, and 
the ratio of the shift of the neighboring even isotopes was determined. 


The result is 


4y(186 — 184): 4v(184 — 182): 4v(182 —180)=83+42:100:66+5. 
Discrepant result of other observers is considered to be due to the 
neglect of the disturbing effect of the W'1**-components. 


Introduction 


ST. 

Using separated tungsten isotopes whose 
compositions are shown in Table I, Vreeland 
and Murakawa” (referred to as Part I) 
measured the isotope shift of the even isotope 
in the hyperfine structure (hfs) of the spectrum 


Table I. Isotopic constitution (percent) of 
the samples of tungsten. 
ample | Isotope 
abel | 380 | 192 | 183 | 184 | 186 
183 0.098 4.19 | 86.21 Ug Zea 
180 | 4.95 | 50.75] 15.28] 17.89] 11.14 
Natural-| 0.14 | 26.4 | 14.4 | 30.6 | 28.4 


of W I and calculated the nuclear magnetic 
moment of W'#8*. The isotope shift can be 
easily studied in the line 44269, owing to the 
large magnitude of the shift, but unfortunately 
this line was masked by the strong aluminum 
hydride band. Somewhat later, using natural 
tungsten, Murakawa” (referred to as Part II) 
studied the hfs of 24269 and of some other 
lines, and determined the ratio of the shift 
of the neighboring even isotopes: 4»(186—184: 
4v(184—182)=1:1.206+0.010=83-+41:100. Two 
years ago, using natural tungsten again, 
Murakawa® (referred to as Part III) detected 


* The work with separated isotopes was per- 
formed in the University of Wisconsin in 1950- 
1951 and was supported by the U.S. Office of 
Naval Research, 


a component due to W!® in the hfs of 24269 
and gave the ratio of the even isotope shifts: 
Ay (186—184) : dy (184—182) : dv (182—180)=1: 
1.2060.010: 0.88-0.07= 83-+1:100:73-+7. Sub- 
sequently Barr and Jenkins* (referred to as 


ASSIS | 


natural sample; 30mm etalon 


183 sample; 20 mm etalon 


v= 


Fig. 1. Enlargement of the interference patterns 
of the spectrum of W I. 
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B and J), using a sample enriched in W?®, 
measured the same ratio and obtained 4»(186— 
184): 4v(184—182) : 4v(182 —180) = 88: 100: 68. 

The ratio 4v(184—182):4»(182—180) given 
in Part III is in agreement with B and J 
within the experimental error of Part III, but 
the ratio 4v»(186—184):4,(184—182) given in 
Part II (and also in Part III) differs from that 
of B and J beyond the limit of error of Part 
iN 

The above-mentioned ratio was obtained in 
Parts II and III mainly by studying the hfs 
of 24269, whereas the conclusion of B and J 
is based on the hfs of 45015 and 24983. In 
order to study the hfs of 45015 and 24983, 
samples enriched in W18* and W?® respectively 
(in addition to natural tungsten) must be used. 
The plates that were taken previously using 
separated isotopes have now been re-measured, 
confirming Parts IJ and III, and a result which 
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is more accurate than Part III has been ob- 
tained. 


§2. Experimental Procedure 
As a light source a liquid-air cooled or water 


.cooled aluminum hollow-cathode discharge 


tube was used, whose construction was de- 
scribed by Arroe and Mack”. 
used as carrier gas. 


by a silvered Fabry-Perot etalon. Some of 


(Vol. 13, | 


Neon was | 
The hfs was resolved | 


the interference patterns are reproduced in | 


Fig. le 


§3. Result of Measurement 


In each sample (see Table I) the isotope | 
W?** is present and disturbs the determination | 
of the positions of the components of W184. 


and W222, 


On the other hand the sample W | 


183 contains the isotopes W18 and W?8 (in 


addition to W#48%, W486 and W489) and the 


WI A4983(%D.- 200,) 
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Fig. 2. Hfs of WI Ad 5515, and 4983. 


determination of the positions of the com- 
ponents of W'* (J=1/2) is disturbed by the 
components of W!** and W!®, 

We have therefore measured the patterns 
of both natural tungsten and W 183 and ad- 
justed the positions of the components due to 


W'** and W?*, so that both sets of analysis 
may be consistent with each other (see Figs. 
2 and 3)?. It was assumed that the center 
of gravity of the W'#8-components lies just 
midway between the W'!*‘-and W!82-components 
(Part II). 


958) 


; In Figs. 2 and 3 the hfs of the term 5d‘ 
®*D was calculated assuming that the con- 
figuration 5d‘ is of LS-coupling: Sogo and 
Jeffries’? »(W'8*)=0.115+-0.001 nm was used; 
Racah’s value €(5d)=2089 and the effective 
charge™ Z*(5d)=74—20=54 were assumed. 
This calculation would be sufficient for a one- 
igit discussion of the hts of dt ED» oi: the 


WI 25015 (°D; - 247,) 


Isotope Shift in W I 


WI 4887 (°D, - 2665) 


665 


case of 44404.5 (Fig. 3), the interval factor 
of the level 5d‘ *P,“ is required. Since another 
level with J=2 lies near, an assumption of 
pure LS-coupling would certainly be a poor 
approximation for *P,%, so that we have left 
the hfs of *P,“ undetermined. In adjusting the 
positions of the components of W128! and W'8 
for 24404.5 the component a was neglected. 


WI A4404,5(°P> - 3763) 
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Fig. 3. Hfs of WI 44 5015, 4887, and 4404.5. A number in parentheses was calculated. 


Since this has only a small intensity, it would 
have a small influence on the determination 
of these components. 

The position of the component W1®° was 
measured by a comparator and a microphoto- 
meter. It was found that only the distance 
W118 W189 can be measured accurately. From 
this the calculated distance W?*°—W!* was 
subtracted and the distance W!*?—W!® was 
obtained. The best accuracy was attained 
for 45515 (Figs. 1 and 2). In the case of 
24983 the accuracy is somewhat less. The 
component W?® of 45015 appears over-exposed 
on all the plates that were taken using the 
sample W 180, so this was abandoned. 

In our first publication (Part TI the process 
of obtaining the positions of W'* and W} 
was somewhat different from that adopted in 
the present measurement, but we consider 
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Fig. 4. Hfs of W I 44269. A number in paren- 
theses was calculated. 


the distance 4y(182—180) obtained in the 
present work to be more accurate than Part I. 
The ratio of the distances of the neigh- 
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boring isotopes that was determined from 
Figs. 2-4 (the hfs of 44269 is shown in Fig. 
4 for the sake of completeness) is summarized 
in Table II, and the weighted mean is 
A4y(186—184): 4y(184—182) : 4y(182—180) 
=83+2:100:665 . 


Table II. Isotope shift in W I. 
Line 4y(186 — 184): 4v(184 — 182): 4v(182 — 180) 
45515 84 100 : 66 
A5015 83 100 
24983 83 100 : 66 
A4887 85 100 
24404 82 100 
£4269 83 100 


The value of 4y(186—184):4»(184—182) given 
here is in agreement with Part II (and Part 
III), but not with the result of Band J. The 
value of 4v(184—182):4,(182—180) given here 
is in agreement with Part III and with B and 
J. Band J do not mention the use of separated 
isotope W 183. Since the isotope shift is 
small (of the order of 0.05cm-!) in the case 
of 45015 and 44983 which were studied by B 
and J, the effect of the presence of W'8* in 
the sample would certainly be not negligible. 
We therefore hope that by introducing cor- 
rection due to the components of W'!8®* to the 
data of B and J, the ratio 4»(186—184): 
Av(184—182): 4y(182—180) deduced from their 
data would come closer to our value. 

Full details concerning the hfs of W'8 
(magnetic effect) will be published elsewhere. 


J. A. VREELAND and K. MURAKAWA 
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Several specimens of polycrystalline boron, which have various electrical 
conductivities at room temperature, ranging from 8 (ohm cm)-! to 5x 10-3 
or less, were obtained by reduction of distilled boron tribromide. The 
spectroscopic analysis and the observation by the Debye-Scherrer X-ray 
pattern were carried out. Some evidence was obtained showing that the 
conductivity at room temperature may not increase with the amount of 
impurities but it depends rather on the difference in the crystal structure. 
Assuming a simple model, carrier concentration and mobility were es- 
timated from the data of conductivity and thermoelectric power. The 
result was that the carrier concentration may be nearly constant over 
the range from 100 to 1000°K and that the mobility may vary exponentially 


with the reciprocal of absolute temperature. 


Introduction 


§1. 

Electrical properties of bulk boron and 
boron films have been investigated by several 
workers, and an extensive survey of the ex- 
perimental results together with some optical 
properties was given by Moss.” Weintraub” 
found the specific conductivity of bulk boron, 
produced by reduction of boron tribromide by 
hydrogen using high voltage electric arc, to 
be 5.9x10-70-!cm-! at 23°C, increasing to 
about 1Q-1cm-! at 1000°C and the thermal 
activation energy to be about 1.25eV. Ac- 
cording to Laubengayer et al, however, the 
increase of electrical conductivity of a single 
crystal of boron prepared by them was less 
than one hundred fold between 20 and 600°C 
corresponding to an activation energy of less 
than 0.35eV. Moreover, a measurement 
carried out by Henninger® on the bulk boron 
prepared by Weintraub” suggested that the 
specimen might have layers of low conduc- 
tivity and the true conductivity of boron might 
be very low and have a small dependence 
on temperature. Recently, Lagrenaudie” 
measured various properties of boron on three 
‘groups of samples, viz., those obtained by 
dissociation of boron tribromide, those obtained 
by cracking of boron hydride on glass plate, 
and those obtained by fusion of amorphous 
boron. Samples produced by the dissociation 
seem to be very pure and consisted of con- 
sidereably large crystallin grains. Samples 


* Now at Faculty of Literature and Science, 
Nihon University, Kamikitazawa, Setagaya-Ku, 
Tokyo, 


produced by the fusion were impure and those 
by cracking on glass were pure but amorphous. 
All the samples were p-type semiconductors, 
having an intrinsic activation energy of about 
1.2~1.3eV according to the measurements 
on electrical conductivity, optical transmission 
and photoconductivity. Several impurity levels, 
having activation energies of 0.06, 0.30, 0.40, 
0.50, 0.60 and 0.84eV, were also obtained 
from the gradient of curves of conductivity 
versus the reciprocal of absolute temperature. 
It was also reported that the Debye-Scherrer 
X-ray pattern of the sample produced by dis- 
sociation contains new lines other than those 
observed by Laubengayer. The rectification 
of boron was hardly observed, and the mobility 
of carrier was reported to be small because 
Hall effect could not be observed, and a value 
of 3cm2/volt-sec was estimated from an ob- 
servation of the current variation due to in- 
duced charge. It may be concluded from his 
experiments that the energy difference between 
the valence band of boron and the first excited 
band is about 1.2~1.3eV. Anomary of the 
reflection of light was not observed at the 
absorption edge and the observed difference 
of absorption, between samples produced by 
dissociation and those by fusion, could not be 
interpreted by the difference in the amount 
of impurities. Johnston et a/® measured the 
temperature dependency of specific heat of 
boron and obtained a rather high value of 
1219°K as the Debye characteristic temper- 
ature, between 60 and 150°K, which may be 
consistent with the small mobility. 
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In our experiments, several specimens of 
boron of different impurity contents were 
produced by the reduction of boron tribromide 
using more or less different procedures. 
Measurements made on these samples showed 
that the electrical conductivity did not depend 
much on the amount of impurities but might 
depend rather on the crystal structure of the 
samples. Measurements of the temperature 
dependence of electrical conductivity, thermo- 
electric power and Hall constant at tempera- 
tures between 100 and 1000°K, were also car- 
ried out in order to obtain some information 
about carrier concentration, mobility, effective 
mass and energy band structure. However, 
our measurements of Hall voltage using both 
direct current and alternating current carried 
out over a temperature range from 150 to 
600°K were unsuccessful on account of very 
small Hall voltage. An analysis, therefore, 
was carried out using the data of thermoelec- 
tric power and electrical conductivity. The 
result obtained using a simple model was 
that the carrier concentration may be nearly 
constant over the range from 100 to 1000°K 
and that the mobility vary exponentially with 
the reciprocal of absolute temperature. 


§2. Preparation of Samples 


The preparation of samples was described 
in detail in the previous paper.” Following 
the method used by Laubengayer eft al,” 
powder of boron was made from boron oxide 
by the reduction with magnesium, which was 
then changed over to boron tribromide. After 
the distillation, boron tribromide was thermal- 
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Table I. The results of spectroscopic analysis. 


-tained. 


(Vol. 13, 


ly decomposed or reduced by hydrogen and 
the samples of pure boron were obtained. 
Five processes differing slightly from one} 
another were used in this final procedure and 
samples having different properties were ob- 

In the first process, the boron was thermally 
decomposed in vacuum and pure boron wall 
deposited on the filament of tantalum or} 
tungsten. Bromine liberated was taken offf 
by allowing it to combine with mercury. Byy 
this process, only sample No. 1 was obtained. 
In the second process, mixture of hydrogen) 
and a small amount of boron ee 
vapour was allowed to flow through the re-} 
duction chamber in which the filament pe 
held at a high temperature. Bromide was; 
reduced at the filament and boron was de-! 
posited on it. No mercury was used = 


on glass taps, and blocks of boron large enough 
for our purposes were obtained. The reduction 
was carried out at a temperature of about 
1300~1400°C, which was measured by an 
optical pyrometer looking through the glass 
wall of the reduction chamber. As the wall 
was blurred, the value of the temperature 
measured might have been lower than the 
actual temperature and could serve only nl 


an indication. (from No. 2 to 10) By spectro- 
scopic analysis of a sample produced by ie | 
process, some traces of mercury and bery-! 
llium was found. In the third process, silicone 
grease was used for glass joints and taps of 
the chamber to avoid mercury. The reduction 
was carried out at 1200~1300°C. (No. 11 to 
17) The sample made by this procedure con- 


Sample 
Sie: Impurities 
Process ie carey abettch: | Total Reduction 
measure-| scopic | Sy | : 
ment | analysis | c | Na | Mg | Al | Si | Ca} Ni} W | Pb| : 
First No. 1 | unknown 
Second 4 | a 30 30 | 1400~1500°C 
5 b | | 0.2 | 2 Bee 
Third 14 | | | | ce 
15 e 3.1) | i: Le 1200~1300°C 
16 d CeO Aa Ona doe) 15 tat 0.6 Ahad, 
Fourth 18 e 1 | 4 mt 6 approx. 
20 { tee 6} 12 1100°@ 
Fifth 21 g 0.4 | 2 2.4 | 1150~1200°C 
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1958) 


tained some silicon according to spectroscopic 
analysis. 


(Table I) In the fourth process, 
ordinary grease for high vacuum was used 
in place of silicone grease, attempting to 
reduce silicon. The reduction temperature 
was about 1100°C. (No. 18 and 20) The 
sample made in this process was not so pure 
as those in the third, in spite of reducing the 
amount of silicon. (see Table I) The boron 
tribromide used in this process was the same 
bromide as that used in the third process 


which had been kept in a container of hard 
glass for about half a year after the third 


process was carried out. 


It seems probable 


that bromine liberated from tribromide had 
attacked glass walls and produced various 


_ bromide during this period. 
' the reduction of bromide was carried out in 


after the distillation. 
used was that of the fourth. The 
- reduction temperature was 1150~ 
e 1200°C. 
tained in this way was the purest 
-as shown in the table. 
an optimum reduction temperature 
- for getting a large block of boron. 


ficiently. 
too low the rate of reduction was 


In view of this, 


the fifth process, as soon as possible 
The process 


Lauben- 
gayer's 


(No. 21) The sample ob- 


NO. 4 


There was {NO. 14 
NO.21 


If the temperature was too high, NO.I6 
local heating was apt to occur in the 
filament and it was broken before a 
block of boron had grown up suf- 
If the temperature was 


NO. 15 


NO.2 


too low for a block of sufficient size 


_ to be grown in a few days. Be} 
All the samples used for the meas- 
urement were obtained when tanta- 
lum ribbon was used as the filament. Fig. 1. 


After removing the tantalum ribbon 
and grinding with carborundum and 
water, specimens up to (5~10) x(1.0~1.5)x« 
(0.3~0.6) mm?’ were prepared for the measure- 


Bement. 


The spectroscopic analysis were carried out 
on the material which were taken from the 


~ same blocks as those used in preparing samples 
for the electrical measurements. 


As the 
quantitative spectroscopic analysis was dif- 
ficult, only relative amount of impurities are 


determined, assuming it to be proportional 


to the density of spectral line divided by its 
arc intensity value. As copper electrode was 


used, the content of copper could not be 
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determined. The results are shown in Table 
I along with the reduction temperature. A 
sample produced in the third process was 
compared with commercial boron which con- 
tained 1.5 % carbon and 1 % other impurities, 
by a spectroscopic analysis using carbon 
electrode.* It is concluded that the impurity 
content of this sample may be about the same 
as the commercial boron. Samples obtained 
in the second and fifth process seem to be 
purest, about 99.5%, and those in the third 
are most impure. 


§3. Debye-Scherrer X-ray Patterns 


Debye-Scherrer X-ray patterns obtained for 
various samples are shown in Fig. 1 together 
with that obtained by Laubengayer e¢ al® on 
a tetragonal single crystal of boron (not ideal). 


ere Ae | 
whic CX 


| it 
Hil : | | 


dtlee td 
| ‘es | 
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40 5:0 60 


2:0 
Spacing 


1-0 


Debye-Scherrer X-ray patterns, with that observed 


by Laubengayer et al, for reference. 


They show that the crystal structure of our 
specimens except No. 20 is similar to that of 
the single crystal. The ideal structure of 
tetragonal single crystal of boron was reported 
by Hoard® to have a axis of 8.73+0.02 A and 
c axis of 5.03+0.02 A. Its unit cell contains 
four deformed isocahedra and four large holes, 
two of which are occupied by special atoms 
having only four first neighbours, interspread 
among the very compact isocahedral groups. 


: For this spectroscopic analysis, we are in- 
debted to Dr. Matsuo of Matsuda Research Labo- 


ratory, Tokyo-Shibaura Electric Co. Ltd. 
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The patterns shown in Fig. 1 indicate that 
No. 14 and No. 21 have the same structure 
although they may contain different amount 
of impurities, and that No. 14, 15 and 16 
have different structures in spite of having 


nearly the same amount of impurities and _ 


that No. 21 shows a reflection from a plane 
of large spacing and its pattern resembles 
that of No. 1. 

The pattern like that observed by Lagre- 
naudie® on a boron sample produced from 
boron tribromide was not observed. 


§ 4. Electrical Conductivity 

The. electrical properties of the samples 
prepared in the first and second processes 
In the previous 


were reported previously.” 


4:0 5:0 
/T (Ky 


Fig. 2. Electrical conductivity. 


report, the results on two kinds of boron, 
the one showing low conductivity (No. 1) and 
the other showing high conductivity (No. 3, 
4 and 5) at room temperature, were presented. 
In the present paper, the resuls on the samples 
showing intermediate conductivity were in- 
cluded as well as the main results previously 
reported. 

Electrical conductivity was measured by 
direct current in the temperature range be- 
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tween 120 and 1000°K. To assure good 
electrical contacts with the electrodes an 
probes, usual technique of sputtering of gol 
or platinium was used. The specimen was 
held in vacuum of about 10-?mmHg_ durin 
the measurements. It was varified on some 
of the typical samples that Ohm’s law is 
satisfied in the range between 0.1 and 1.6 V/cmi 
at room temperature and at about 700°K. | 

The results are shown in Fig. 2. Con-: 
ductivities of all the samples increase et 
ponentially with reciprocal of absolute temper-. 
ature, showing that they have the usual 
characteristics of semiconductor. Absolute: 
value of each curve may contain some error, 
because the shapes of some samples are ir-- 


| 
regular. 


” 


If the conductivity in the range off 
straight line in Fig. 2, is ex- 
pressed by the relation . 


E | 
where. FE, k, T and op are thel 
activation energy, Boltzmann’ S: 
constant, absolute temperature; 
and some constant respectively... 
The value of £’s shown in the} 
figure may be obtained for the} 
points indicated on the curves. 
These values are not inconsis-| 
tent with those obtained | 


O= 0 Exp (- 


Lagrenaudie® and others.” 

All the samples seem to have) 
intrinsic conductivity of about 
10 Q-?cm-! at 1000°K but their 
conductivity differ at lower tem- 
peratures from sample to est 


ple, showing a structure sensi- 
tive characteristics. According) 
to the usual interpretation of 
the behaviour of semiconducting 
characteristics, the higher con: 
ductivity should correspond to 
a lower amount of impurities. | 
However, this does not seem necessarily to: 
be the case for our boron samples. For ex-| 
ample, No. 21 and No. 14 have almost the 
same conductivity, although the former seems | 
to contain much smaller amount of impurities. 
On the other hand, No. 14, 15 and 16 we 
may contain about the same amount of im- 
puritiés, show considerably different pehavi 
ours in conductivity. It seems, therefore, 
necessary to look for some other causes than 


7-Ox10° 
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ul 
d 
; 


the impurity content of the samples to ex- 


plain the difference in conductivity at lower 
temperatures. In this respect, it may be 
worth noting that the samples showing the 
same Debye-Scherrer pattern, No. 14 and 21, 


have almost the same conductivity and those 


generally show lower conductivity. 


showing different patterns, No. 14, 15 and 16, 
have different conductivities. It is also pro- 
bable that there are some correlation between 
the temperature of reduction and the con- 
ductivity, that the samples reduced at lower 
temperature in the process of preparation 
Those 
facts suggest that the conductivity of boron 
depends, unlike usual semiconductors, more 
on the structure of the crystal than on the 
impurity content. 


§5. Thermoelectric Power 


Thermoelectric power Q was measured in 
the temperature range between 150 and about 
1000°K. In the measurement above room 
temperature, the sample was placed between 
two electrodes of copper each of which had 
an auxiliary heater to produce temperature 
difference across the sample. Temperatures 
at both ends of the sample were measured 
with an alumel-chromel thermocouples of 0.25 
mm in diameter, which were welded to each 
electrode. The entire system was held in a 
quartz tube which was evacuated and heated 
electrically. The observation below room 
temperature was conventionally carried out 
with an apparatus, only one electrode of which 
had an auxiliary heater. The apparatus was 
covered with a glass tube and immersed in 
liquid air. The temperature was measured 
by copper-constantan thermocouple. The 
thermoelectric power was obtained from the 


- gradient of the thermoelectromotive force 


versus temperature difference across the 
sample, because the thermoelectromotive force 
did not vanish when the temperature difference 
measured was zero, although the relation 
between the electromotive force and the dif- 
ference was almost linear. This arose pro- 
bably from the small difference in temperature 
between the point on the sample where the 
electrode was applied and the point at which 
the temperature was measured. 

All the samples measured were p-type and 
the results are shown in Fig. 3. In Fig. 4 
the thermoelectric power is plotted against 
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the logarithum of the absolute temperature, 


showing that there is approximately a linear 
relation expressed by 


Q=Q)+a2 log T (2) 


where Q) and aw are constants. It seems that 
the sample showing lower conductivity at 
room temperature has larger value of a. 
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Fig. 3. Product of the thermoelectric power and 
the absolute temperature. 
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Fig. 4. The thermoelectric power against the 
logarithum of the absolute temperature. 


§6. Carrier Concentration and Mobility 

Carrier concentration and mobility of the 
boron samples were analysed from the data 
of conductivity and thermoelectric power. 
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As the samples are all p-type, all the car- 
riers were assumed to be holes in a single 
band. According to the expression used by 
Johnson and Lark-Horovitz,” the product of 
thermoelectric power and the absolute temper- 
ature is given by, 


eTQ=L,/Li— (3) 


where L;= [; eugeae, € is the Fermi energy, 
0 


f the Fermi distribution function, € the energy 
of holes, / the mean free path of holes, 
taking €=0 at the top of valence band. If 
we assume the mean free path is independent 
of energy (lattice scattering), 


2\" Ere, e)dé 
Jo 


Ce 
| f(, Odé 


0 


Fy(m) 
Se la 
LFun) 


xidx 
ea and y=C/kT. Fi(m)/ 


Fy(y) can be calculated by the expressions 
given by Stoner! when 7<0 or 7 >5. For 
the region 0<(7<.5 numerical calculation was 
carried out.* As L./L; was calculated as a 
function of € and 7, the Fermi energy € was 
obtained as a function of temperature, sub- 
stituting the experimental values of thermo- 
electric power in Eq. (3). 

The concentration of holes was then calcu- 
lated from 


no T)=2 Ns DE) (6, CCT) a 


(4) 


where F;(y7)= tse 


where D(&) is the level density. If it is as- 
sumed that the &-space has spherical sym- 
metry, D(&) will be given by, 


1 / 2m* \? 
COU ee (eel 1/2 
D¢€) ra 7 ) é 


where m* is the effective mass. Thus we get 


© 1 / IWm* \3/2 
=o. ax EVI F(E 
nT) 2\" ge) nee 


1 2m Se m* 3 
= /2 
alge) (Se) OTR) (5) 
where mp is the mass of electron. F/.(7) 
can be calculated in the same way as F,(7)/ 
Fi(y). If we assume that m* is ‘eave to mo, 


* The result of our calculation i is in good a agree- 
ment with those of H. Weiss, Z. Naturforschg. lla 
(1956) 13. 
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the experimental value of conductivity o(T).| 

The mobility may be obtained from Seitz’s} 
theory™ of the mobility in homopolar crystal} 
which gives 


e cht Mo No 
m* C2kT m*? 
c the sound 


where My is atomic weight, | 
velocity, 7%) the density of unit cell and the 
constant C can be approximated by 
CfeV)=1.7 x1070 
where @ is the Debye characteristic temper; 
ature. In evaluating this expression, the 
value of 1220°K, obtained from the obser 
vation on specific heat, was used for the 
Debye temperature. ! 


7 zm m* 


BRT 


a 6 


The sound velocity was 
interpolated as 1.4 x 10° cm/sec from a measure 
ment of the threshold energy of various 
metals for sputtering.» The density of unit 
cell was obtained assuming that the crystal 
structure of our specimens agree with those 
reported by Hoard et al. The result of th 

calculation gives 2.9 (mp/m*)*/2 cm2/volt-sec i 
the value of the mobility at 300°K. To equate’ 
the value of mobility just obtained to the 
value obtained from the analysis of experiment, 
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Fig. 5. The Fermi energy. 


m* must be taken equal to 150m, for the 
sample No. 16 at room temperature. Such a 
large effective mass may be unreasonable, 
and it was thought preferable to assume m* 
equal to mp in the later analysis. 

The results of the analysis are shown in 
three figures. Fig. 5 gives the temperature 
dependency of Fermi energy, Fig. 6 the carrier 
concentration and Fig. 7 the mobility. Below 
500°K the Fermi energies of the specimens 
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are all positive, that is, they lie in the valence 
band at low temperature. The carrier con- 
centration remain nearly constant from about 
100 to 1000°K. The mobility varies expo- 
nentially with 1/T. This dependence on 1/T 
is not so usual as a semiconductor. 

The assumption made in the analysis may 
be too simple to interprete the properties of 
boron. From the temperature dependency of 
conductivity (Fig. 2), several acceptor levels 
may be assumed to exist, but, if such levels 
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Fig. 6. Carrier concentration. 
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Fig. 7. Mobility. 


-are present, TQ (Fig. 3) must be constant in 
some range of temperature. It was not the 
case, however, the energy of the acceptor 
level could not, therefore, be obtained from 
the thermoelectric power. The very simple 
mode! was chosen only for simplicity. The 
results of analysis, of course, depend on the 
assumption we have made, but the dependence 
of mobility on the temperature obtained, re- 
sembles those of NiO reported by F. J. Morin.” 
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§7. Discussion 


It was suggested above that the conductivity 
of boron may depend more on the structure 
of crystals than on the impurity contents. 
The first evidence which indicated this is the 
fact that sample No. 1 and No. 20, which 
have smaller conductivities (Fig. 2) compared 
to other samples have a line in the Debye- 
Scherrer photograph (Fig. 1) showing the ex- 
istence of an extremely large spacing. The 
existence of this large spacing seems to show 
that the structure of these samples is mono- 
clinic! whose axis are reported to be a=10.0A 
b=17.8A, c=8.8A and 890°. Most of the 
other samples which lack the evidence of 
this large spacing is expected to belong to 
the tetragonal structure as already reported 
above. 

In the case of tetragonal crystals, the ideal 
structure has four large holes in a unit cell, 
two of which are always occupied. It has 
also been reported that the Fourier pro- 
jection of electron density on (001) plane gave 
a definite evidence for the presence of oc- 
casional “extra” boron atoms in these vacant 
holes. It seems most probable that these 
holes can be filled with extra boron atoms to 
a varying degree for different specimens. If 
this is the case, it may result in the difference 
of various properties such as electrical con- 
ductivity, density, and the difference of the 
intensities of Debye-Scherrer rings. All the 
atomic position of ideal structure are given 
by Hoard® in terms of D’,—P4n2. Two of 
50 atoms occupy the position 2(b) and 48 atoms 
the position 8(i). As the position 2(a) has the 
same symmetry properties as 2(b), it seems 
probable that the extra atoms may occupy 
the position 2(a) partially. An attempt was 
made to calculated the intensity of Debye- 
Scherrer patterns by assuming various degree 
of occupation, but consistent results could not 
be obtained yet. 

The densities of samples were measured 
by floating method and the results are shown 
in Table II, along with the conductivity at 
room temperature. If the extra atoms occupy 
the’position 2(a) partially, the value of the 
density should fall between 2.31 and 2.40. 
The observed densities of the samples No. 14, 
15 and 16, however, exceed the upper limit 
of 2.40. As those samples are prepared by 
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the third process which gave the highest im- 
purity content, this shows that the contri- 
bution of impurities must not be neglected 
in evaluting density, and therefore, it is not 
possible, in this case too, to set the relation 
between the degree of occupation and the 
density by straightfoward calculation. As the 
position 2(a) and 2(b) have four nearest neigh- 
bours, it seems that some silicon atoms which 
were observed as impurities, may occupy 
these positions in place of boron atoms as 
they prefer to have four nearest neighbours. 
Nevertheless, there is some indication among 
No. 14, 15 and 16, that the sample having 
higher density shows higher conductivity. 


Table II. The densities and the conductivities 


at room temperature. 


Process | Sample Density Pe aa 
| gr/cm3 ohm-! cm-1 
Third | No. 14 2.510 ES 
15 2.436 9.4x10-2 
16 2.444 5.3x 1054 
Fourth 20 2.362 3.0 <1053 
Fifth vAl 2.362 1S 


As the samples we have used were all 
polycrystalline, the grain boundary may give 
some influence on the observed conductivity. 
As preliminary measurement” of high frequen- 
cy effective resistance in the range from 100 
to 5x10® cycles at and above room temper- 
ature showed that the decrease of resistance 
at higher frequency was observed on the 
sample No. 1 but not on No.5. Lagrenaudie!®™ 
also observes a dispersion of resistance at 
low temperature. More detailed experiment 
are in progress. 

Morita’? observed the optical properties of 
boron film produced by the evaporation of 
our sample, in visible and near infrared. He 
observed that the absorption edge lie at about 
ly, corresponding to the activation energy 
of 1.2eV. Lagrenaudie also observed the edge 
at about 1, on the optical transmission and 
photoconductivity experiment. This optical 
properties may be inconsistent with the con: 
stancy of carrier concentration over wide 
temperature range except when the concent- 
ration is very large, 

Recently a report of Shaw, Hudson and 
Danielson’? appeared on the electrical pro- 
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perties of the single crystal of boron. Thei 
result on the electrical conductivity is in goo 
agreement with ours which is obtained fro 
the experiment on the polycrhstalline speci 
mens. This result suggests that the grai 
boundary of our specimens may not play 
major role on the behavour of conductivity) 
It is also reported that the mobility o 
electrons and holes is 0.7 and 0.9 cm?/volt; 
sec respectively and that the effective mass 
calculated exceeds ten times that of the ae 
electron and the mean free path is betwee 
one and one hundred minimum interatomi« 
distance. Qualitatively, the results may no 
be inconsistent with our results which sug; 
gest a small mobility and a large effectiv 
mass. 
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Introduction 

The extensive studies of the semiconductive 
properties of oxides of iron group transition 
metals by C. Wagner and others” led to 
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The oxide solid solution MeO (=x! MiO+m CoO) having a rock salt 
type structure is obtained; its lattice parameter varies with cation com- 
position according to Vegard’s law. The deviation from stoichiometry 
in MeO thus produced was found to be less than 10-2% (in excess of 
oxygen). Taking this well defined divalent oxide, MeO as a reference, 
change of oxygen concentration was studied as functions of both tempe- 
rature and cation composition, with special reference to the correlation 
between the nature of the defects in oxides introduced by reaction with 
oxygen in air and the various physical and chemical properties which 
they exhibit. It turned out that the whole reaction process is divided 
into five distinct stages when the temperature is raised from room to 
higher temperatures. At the first and the second stages, surface and 
subsurface reactions predominate. The third stage is characterized by 
incorporation of gaseous oxygen into the lattice. The first step of in- 
corporation takes place without change of crystal structure, resulting in 
formation of the oxide phase characterized by (1) having smaller unit 
cell dimension, (2) having random distribution of trivalent as well as 
divalent cations among the lattice sites and (3) having low activation 
energy for current carriers (~0.02eV). The second step is the spinel 
formation, resulted from the more ordered re-arrangement of these cations. 
As the result, the activation energy increases to ~0.leV. The fourth 
stage corresponds to transitional region in which the decomposition of 
the spinel into the rock salt type divalent oxide MeO occurs. The 
hysteresis is here appreciable in the reaction: oxide with spinel type 
structure 2 MeO. The reaction products at the fifth stage correspond to 
oxides with equilibrium intrinsic defects determined by the temperature 
and oxygen partial pressure of the atmosphere. Products of each reaction 
stage, without exception, proved to be p-type semiconductors. 


the conclusions that in the nearly stoichio- 
metric divalent oxide MeO, the lattice always 
carries cation defects due to the excess of 
exygen and localized positive holes produced 
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as the result of the increasing valency, the 
configuration of which may well be more 
specifically described as: 


(Mej*35, Mezs , Holes)O?- , 


and that the positive hole conduction is ac- 


companied by the exchange of the valence 


state of one cation with that of the neighbour- 
ing ones: Me?++Me*+—Me*++Me?*. This 
concept has been clearly demonstrated in 
nickel oxide by the method of controlled 
valency», and in magnetite, Fe,0,, by the 
application of principle of dilution». More- 
over, a model has been proposed to explain 
the conduction in NiO and a-Fe,0;, taking 
the above concept into account”. 

On the other hand, there still remain some 
difficulties in the experimental approach to 
the unified interpretation in case of the oxides 
of transition metals because of its intrinsic 
tendency of changing its valence quite easily. 
Thus, the semiconductive properties of the 
oxide are changed radically by the heat treat- 
ment as the result of the formation of oxide 
phases with varied oxygen composition (so 
called berthollide). In this connection, the 
systematic studies how the change of oxygen 
composition takes. place with temperature in 
an oxide are required for the through under- 
standing of the semiconductive properties of 
the oxide. We may well abreviate hereafter 
this reaction as oxide/oxygen reaction, because 
it is brought about by the reaction of the 
oxide with oxygen in the surrounding atmos- 
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* CoO percentage in divalent oxide, MeO. 


The specimens are prepared from fine 
powder of these oxides, by mixing the ma- 
terial with lavender oil to a creamy consist- 
ency, spreading it in a film on a smooth mica 
plate, allowing the film to dry, cutting it into 
a desired size, pre-sintering it at 1000°C and 
finally being subjected to a heat treatment 
at 500°C during several hours. After the last 
treatment, a flake can be easily removed 
from the mica plate. The flake thus obtained 
is mounted upon free ends of four platinum 
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phere. 
We have studied this problem in cases oF 
NiO, CoO and the oxide solid solution (4NiG 
+8CoO), the results proving to be quite i f 
structive, because the physical and chemicay 
behaviours of the same type of oxides witl 
different cations against the same reaction 
were successfully compared here. The pre} 
sent experiment was proposed, focusing at 
attention on the correlation between the lat} 
tice defects of the oxides and various physical 
and chemical properties in order to extend 
the results of the foregoing studies of oxide 
oxygen reaction throughout the whole range 
of the mixing ratio of NiO and CoO. Speci 
fically, we will take, in the following, a diva 
lent oxide phase MeO as a reference, and 
will discuss the stoichiometric deviation off 
the products of MeO/oxygen reaction from it. 
Informations about such deviations may b 
supplied from conductivity measurements, 
upon the basis of above mentioned conduction 
mechanisum. In the present experiment, 
measurements of thermo electromotive force 
are also carried out in order to supplement the 


conductivity data. 


§2. Preparation of Specimens 


We have already established the procedure! 
in obtaining the homogeneous oxide solid solu- 
tion of nickel and cobalt, MeO (=z NiO+ 
m CoO), from their carbonates. By the same| 
method, series of the oxide solid solution are 
prepared with varying cation composition: 


6 4 8 2 1 0 
6 8 2) 10 11 12 
75 oie 100 


wires of the stem shown in Fig. l-a, using 
the above mentioned creamy mixture as a 
cement. Then, the flake attached to the stem, 
is subjected to heat treatment again after 
being allowed to dry, being sintered at 1200°C 
if air during 1 hour and finally being quen- 
ched rapidly. Throughout these procedures, 
the flake of specimen is well sintered—well 
annealed platinum wires (0.5mm in diameter) 
never prevent the shrinking of the flake to 
take place—, at the same time, the platinum 


"wires are completely buried in the specimen, 
“assuring its intimate contacts with oxide flake. 
The flake is made small in size and weight, 
so as to satisfy the necessary condition for 
the present experiment that an equiliblium of 
the oxide/oxygen reaction is readily establish- 
ed at a temperature within an appreciably 
short time and also that the state in question 
is easily frozen in by rapid quenching. 


o 


quartz stem 


4 2 
specimen insulating quartz 


Fig. la. Specimen mounting and stem. 

Ii, Ly platinum wires (0.5mm in diameter) serve 
as leads for measurements of resistivity and 
thermo electromotive force. 

L;’, L,’ platinum wires (0.3mm in diameter) 
serve as auxiliary leads for measurements. 

Hi, H. small platinum heaters for temperature 
gradient along specimen. 

i, Jz Pt-PtRh couples for measurements of speci- 
men temperature and temperature difference. 


imen . 
prec quartz reaction 
furnace vessel 
SRR quartz stem 
Aead wires 


to vacuum system 


Fig. 1b. Setup of specimen and whole apparatus 
for investigation of oxide/oxygen reaction. 


The setup of the specimen as well as the 
whole apparatus is given in Figs. la and 1b. 
The Pt-PtRh thermo-couples J, and J, are 
welded directly to the lead wires L, and Ly 

respectively, so that the junctions are com- 
pletely buried in the specimen. The small 
platinum heaters H, and H. produce a tem- 
‘perature gradient along the specimen for the 
measurement of thermo electromotive force. 
~The auxiliary leads L,’ and L,’ are applied 
to the specimen in order to measure its re- 
sistivity by a potentiometer. All the contacts, 
however, were so intimate that the simple 
bridge method is applicable without any ap- 
preciable error. 

The measurement of resistivity is carried 
out continuously throughout the treatments, 
which serves to indicate how the reaction is 
proceeding and what kind of product is ob- 
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tained. Both measurements of the resistivity 
and thermo electromotive force can be carried 
out up to 1200°C under various surrounding 
atmospheres. The present report, however, 
concerns with the part of experiments carried 
out mainly in air, so in the following, if not 
specified, all experiments should be considered 
to be carried out in air. 


§3. Oxide for Reference 


We regard MeO=n NiO+m CoO, the diva- 
lent oxide, as stoichiometric oxide in the pre- 
sent system of the oxide solid solution and 
deal with the deviation from stoichiometry 
brought. about through MeO/oxygen reaction. 
Nevertheless, the only one we can prepare is 
not such an ideal stoichiometric oxide but one 
with excess of oxygen deviating from stoi- 
chiometry, i.e., Me,-sO or more strictly 
(Mej*sMess Holes)O"-. 7 We must, therefore, 
specify the nature of the reference state of 
an oxide more definitely. 


lattice parameter in A 


25 50 75 100% 
(NiO) CoO percentage in MeO (CoO) 
Fig. 2. Lattice parameter of oxides with rock 
salt type structure derived from the divalent 
oxide solid solution MeO (=x NiO-+m CoO). 
abscissa: m/(n--m) x 100. 
(1) reference oxide satisfies Vegard’s law. 
(2) products at the third stage reaction have 
a shrinked unit cell. 
(3) over shrinked oxide, coexisting with spinel 
type oxide. 


As will be described in §4, the specimen 
quenched after a heat treatment at 1200°C 
during 1 hour is identified with Me,-3O, hav- 
ing a rock salt type structure irrespective of 
the previous history. 0 cannot be determined 
analytically, but can be estimated to be less 
than 10-* by comparing its resistivity with 
that of NiO with known amount of Li, i.e., 
(Nij*osNii* Lis )O2-. The cation composition in 
the oxide solid solution is accurate within 1 
per cent. Me,;-sO has a characteristic lattice 
parameter Gme,_;0 to each composition of com- 


678 


ponent oxides and is little affected by 06 
value so long as it remains within the order 
of magnitude mentioned above. It varies, 
however, with composition of component ox- 
ides satisfying Vegard’s law: 


m 
Qye}_30= axio + mes Aco0 » 


n 
n+m 
where dyio=4.176A and doo=4.262A, as 
shown in Fig. 2. As the present experiment 
deals mainly with “ large ” variation in oxygen 
concentration and, furthermore, only the infor- 
mation about the direction in which oxide/ 
oxygen reaction proceeds is important, the 
specification of the divalent oxides for refer- 
ence just described will be quite sufficient. 


Procedure and Results of the Experi- 
ment 


§ 4. 


Me,-_sO/oxygen reaction is studied as a func- 
tion of the temperature, observing the change 
in resistivity R and thermo electromotive 
force @. Three different ways of heat treat- 
ment are carried out for each of 11 different 
oxide solid solutions mentioned in §2. We 
shall illustrate the procedures and results ob- 
tained in three typical cases of the oxide solid 
solution 4NiO0+8NiO, CoO and NiO. 


1) Oxide solid solution 4NiO+8CoO. 
Heating process The temperature is raised 
gradually from room temperature to 1200°C, 
the formation temperature of Me,-sO. The 
reference oxide has a high resistivity more 
than at least 108 ohm cm at the room tem- 
rerature, so that measurements cannot be 
made possible up to a certain temperature 
indicated as 7; in Fig. 3. When the temper- 
ature is raised beyond 7,, the resistivity is 
at first, still high, but measurable, and is 
order of 10° ohm cm, then it decreases gradual- 
ly. Thus a stationary log R—1/T relation is 
not obtainable in this region of temperature. 
It depends, not only upon the way how the 
measurement is made, but also upon the 
previous history. 

An essential difference appears in the tem- 
perature region above 7, in Fig. 3. If we 
observe the resistivity by fixing the tempera- 
ture at any point above 7., it decreases with 
time, and finally reaches a certain definite 
value within an accessible time. This fact 
indicates that a certain equilibrium exsist in 
the reaction Me,-sO/oxygen above T,. Thus, 
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in reality, an definitely stationary log R—1/ 
(and @—1/T) relation is obtainable, and i 

proves to be characteristic to the oxide solic 
solution. Log R—1/T and 9—1/T relations} 
thus obtained are shown in Figs. 4 and 5, re; 


ae 


1/T x10" 
Temperature in degree centigrade 


fe) 


20 


8 


Reciplocal absolute temperature 


tele) 


50 75 100 % 
CoO 
CoO percentage in MeO ( ) 


) 
(NiO) 


Fig. 3. Oxide/oxygen reaction in the oxide solid 
solution mNiO+mCoO proceeds with tempera- 


ture. It can be divided into five temperature | 
regions. 
abscissa: m/(m+m) x 100. 


1: divalent oxide is metastable: 

2: reaction proceeds at surface and subsurface 
of the oxide. 

3: oxygen is incorporated into lattice. 

(a) shrinked rock salt type oxide. 

(b) spinel type oxide coexists with over shrink- | 
ed rock salt type oxide. 

(c) pure spinel oxide. 

4: transition region for 3-5. 

5: divalent oxide Me;- sO is stable, in which 
6 decreases with increasing temperature. 


Sudden increases of resistivity and thermo 
electromotive force take place within a nar- 
row temperature region from 73 to Ty, there- 
after they decrease with increasing tempera- 
rature. At this stage, the specimen returns 
back to its original divalent oxide phase, 
Me,-s0. 

The stationary log R—1/T and 9—1/T rela- 
tions shown in Figs. 4 and 5, respectively, 
are divided into two regions, namely, high 
temperature region and low temperature one, 
the discontinuity existing between 7; and 7,. 
Cooling process The temperature is lowered 
gradually from 1200°C, the formation temper- 
ature of the reference oxide, to room temper- 
ature, The stationary log R—1/T and 9—1/T 
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relations, in this process, are shown also in 
Figs. 4 and 5, respectively. 

Comparing two stationary log R—1/T (and 
@—1/T) relations of the heating and cooling 


Resistibility in ohm cm (in logarithumic scale ) 
in) 


LO 5 20 25 30 1x10° 
Reciplocal absolute temperature 
(x108) 


Fig. 4. Resistivity vs. temperature obtained in 
heating (solid line) and cooling (dotted line) 
process. 

Reference oxides are: 
1 oxide solid solution 4Ni0+8CoO 
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2Ort2-5 3:0 +x 10° 


Reciplocal absolute temperature 
(x10° ) 

Fig. 5. Thermo e.m.f. vs. temperature obtained 
in heating (solid line) and cooling (dotted line) 
process. 

Reference oxides are: 
1 oxide solid solution 4NiO+8CoO 
2 CoO 
3 NiO 
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processes, it is seen that the reaction is entirely 
reversible with respect to heating and cooling 
processes as far as the high temperature re- 
gion is concerned. The sudden changes of 
resistivity and of thermo electromotive force 
are seen in both processes, but there is some 
difference in temperatures at which they 
occur. 

Quenching The equiliblium products at vari- 
ous temperatures are quenched from corre- 
sponding temperatures, defects being frozen 
in. Thus, the change in crystal structure 
with progress of the reaction is inferred from 
the results of the X-ray analysis of the 
quenched specimens. Results show that pro- 
ducts corresponding to the higher temperature 
region of the stationary log R—1/T or O—1/T 
relations are identified with Me,_sO, the refer- 
ence state of the oxide itself, and, on the 
other hand, those obtained at the lower tem- 
perature region are, in the order of increas- 
ing temperature, as follows: (1) rock salt 


R 


BSS 


ol 


(2) 


Resistivity in ohm cm (in logarithmic scale ) 
ia) 


le 


LO 1S 2-0 25 3-0 hig 
Reciplocal absolute temperature 
(x 10°) 


Fig. 6. The characteristic relations of resistivity 
vs. temperature for the 3rd. stage reaction pro- 
ducts. 

I, Il: for Me,-,O, shrinked rock salt type oxide. 
Ill: for mixed oxide, in which one with spinel 
type predominates over one with shrinked 
rock salt type structure (reference oxide is 
solid solution 4NiO0+8CoO). 
IV: for the cobalt spinel oxide Co3O, (refer- 
ence oxide is CoO). 
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type oxide Me,-sO, (2) rather amorphous oxide, 
(3) rock salt type oxide with shrinked unit 
cell compared with (1), (4) mixture of spinel 
type and shrinked rock salt type structure. 
The relative amount of oxygen increases from 
(1) to (4). The discontinuities in resistivity 
and thermo electromotive force are considered 
to result from the reaction: (4) 2 Me;-sO. 

The log R—1/T and @—1/T relations for 
oxides (3) and (4) are measured in the tem- 
perature range between room and their for- 
mation temperatures. It is found out that 
these relations are independent of the direc- 
tion of the temperature variation, indicating 
that these products are practically stable be- 
low their formation temperature. Some of 
the typical results are shown in Figs. 6 and 
7 respectively. 
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° 
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C2 10 15. 20,25 730 Lx 108 
Reciplocal absolute temperature 
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Fig. 7. The characteristic thermo e.m.f. vs. tem- 
perature relations for the 3rd. stage reaction 
products. 

I, Il: for Me,-2O, shrinked rock salt type oxide. 
II: for mixed oxide, in which one with 
spinel type predominates over one with 
shrinked rock salt type structure (reference 
oxide is oxide solid solution 4NiO+8CoO). 
IV: for the cobalt spinel oxide Co;O, (refer- 
ence oxide is CoQ). 


The curve III, the log R—1/T and 9—1/T 
relations for the oxide (4) described above, 
coincides with one of the low temperature 
region of the stationary log R—1/T and 0— 
1/T relations obtained in cooling process, re- 
spectively, so that we may conclude that 
even if the cooling was carried out very 
slowly, the reaction never proceeds reversibly 
at the temperature just below 7; in Fig. 3. 
The product obtained in the slow cooling 
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process is the mixed oxide (4). 


2) Pure cobalt oxide. | 
The general behaviours are much the same 
with those described in the case of oxide solid} 


solution NiO+2CoO. Only difference is the 


structure Co:0,. The log R—1/T and 9—1/ \\ 
curves for Co,0, is shown in Figs. 6 and 7) 
respectively. The stationary log R—1/T andl 
@—1/T relations for CoO/oxygen reaction ob-} 
tained in the heating and the cooling process} 
are shown in Figs. 4 and 5, respectively. 


3) Pure nickel oxide. 

In Ni-rich oxide solid solution, T; practically 
coincides with 73 in Fig. 3. The reaction in 
narrow temperature region (73 to 7,4) seems 
to correspond to the reaction: amorphous 
oxide reference oxide, Nij-sO. 


§5. Oxide/Oxygen Reaction 


It follows from the foregoing experimental | 
results that the progress of the Me,-sO/oxygen 
reaction with increasing temperature can be 
divided into five distinct stages. Their tem- 
perature regions are shown in Fig. 3. 

The first stage The divalent oxide shows no 

measurable change. We can tell nothing 

about this stage except that the resistivity is : 
more than 108 ohm cm. Very likely, oxygen 
is adsorbed on the oxide surface. 
The second stage No change in the crystal 

structure and the lattice parameter is detect- 

able. The resistivity, however, decreases 

markedly to the order of 10° ohm cm. The 

reaction does not attain any definite equilibri- 

um within finite period of time. The surface 

geometry and the initial 6 value in the diva- 

lent oxide affects largely the reaction in this 

stage, so that no stationary resistivity and 

thermo electromotive force can be obtained, 

in the heating process. The reaction, more- 

over, seems to be fairly reversible. It is 

likely that the incorporation of oxygen in the 

reaction is taking place mainly at the oxide 

surface. The conductivity may principally 

due to the migration of charges through grain 

boundaries. 

The third stage The interior of the oxide 

begins to take part in the reaction. An equi- 

librium, state at a temperature, say Tu, is 

frozen in below this temperature. Therefore, 

log R—1/T and O9—1/T relations which may 

considered to be characteristic of the reaction 


. 


product at Ta, are obtained in temperature 
region below its formation temperature, i.e. 
Ta. Some of such characteristic curves, 
are shown in Figs. 6 and 7 respectively. We 
may express the reaction product at this stage 
as Me,--O, in order to distinguish it from a 
reference oxide, where € measures a “ large” 
deviation compared with 6. & almost tends 
to the value corresponding to the composition 
in the oxide with spinel type structure. The 
crystal structure is still of rock salt type, but 
the lattice parameter decreases markedly with 
the progress of the reaction. The parallel 
relation between decrease of lattice parameter 
and increase in conductivity is much the same 
as is found in NiO substituted by known 
amount of Li atom, i.e., (Ni?*,,Nii+Li;s)O-, 
where it is believed that the addition of Lit 
into the lattice results the formation of Ni3* 
at normal cation site. The unit cell contracts 
Owing to the difference in ionic radius between 
Ni?*+ and Ni*®*, while the resistivity decreases 
in proportion to the amount of Li* incorpo- 
tated into the lattice, or Ni®* induced. In 
Me,-:O the excess oxygen introduces cation 
vacancies and simultaneously cation sites trap- 
ping positive hole in the neibourhood of these 
vacancies, the structure being 


(Me}*;-Me3z Hole:)O?> . 
Therefore, number of trivalent cations is 


comparable with that of divalent cations. 
With increasing number of trivalent cations, 
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the interaction between defects becomes more 
appreciable and at last the rearrangement of 
cations will take place, resulting in the oxide 
with spinel type structure: 


rock salt type oxide with shrinked unit cell 
— oxide with spinel type structure. 


The transformation seems, in some respects, 
to be cooperative. The oxide with over shrink- 
ed rock salt type structure, however, can still 
coexist with spinel structure except in case 
of Co-rich oxide solid solution. The lattice 
parameter of the oxide with shrinked rock 
salt type structure is shown in Fig. 2 for the 
comparison with that of reference oxide. The 
rather smooth change of the stationary log R 
—1/T and @—1/T relations which are obtain- 
able in the heating process, may be responsi- 
ble for the existence of mixed oxide phase 
(oxide with spinel type and one with over 
shrinked rock salt type, the former becoming 
predominant with increasing temperature). 

On the other hand, between the character- 
istic log R—1/T and 9—1/T relations for the 
oxide with shrinked rock salt type and those 
for the mixed oxide in which one with spinal 
type structuture is predominant, there appears 
marked differences. Curves in Figs. 6 and 7 
show the log R—1/T and @—1/T relations for 
such products obtained in the case of oxide 
solid solution 4NiO+8CoO and for Co;0,, the 
pure spinel type oxide, from which we can 
derive following results: 


| composition in Salih solie: 
F : resistivity* ionization thermo e.m.f.* 
products tion eo) Wich products (ohm cm) energy. (eV) (mV/°C) 
oxide with shrinked rock 
: 3-100 0.02 0.03 
oe type structure: (4NiO + 8CoO) 8.100 002 0:03 
1-€& 
mixed oxide in which one 
with spinel type is pre- 
dominant over one with (4NiO0+8CoO) 7-102 0.1 0.09 
rock salt type structure: 
_ spinel+Me;-<O 
peste spinel type oxide: CoO 8-104 0.1 0.1 
304 


* at room temperature. 


The log R—1/T relations in Fig. 6 for two 
products with shrinked rock salt type struc- 
ture show the parallel displacement, indicating 
the difference in defect concentration in both 
cases, and at the same time the existence of 


definite low ionization energy of the current 


carrier (~0.02 eV). These results are con- 
sistent with that obtained from O—1/T rela- 
tions in Fig. 7. Onthe other hand, the spinel 
rich oxide has a much more enhanced activa- 
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tion energy (~0.1 eV) and much higher re- 
sistivity. Comparing the log R—1/T and 0— 
1/T relations for the spinel rich oxide derived 
from solid solution 4NiO+8CoO with those 
for the pure spinel type cobalt oxide, Co;0,, 


it is seen that the activation energy is rather 


insensitive to the cation composition. This 
fact suggests a somewhat regular local ar- 
rangement of cations in the spinel structure: 
octahedral sites may be preferentially oc- 
cupied by cobalt ions and the conduction takes 
place through them as is believed to be the 
case in the magnetic spinel, Fe3;O,. 

This stage may be sub-divided into three 
temperature regions a, b and c as shown in 
Fig. 3, each of which corresponding mainly 
to following products: 

3(a) shrinked rock salt type oxide Me,--O, 

3(b) mixed oxide of Me,--O with the spinel 

type oxide, the latter becoming pre- 
dominant with increasing temperature, 

3(c) the pure spinel oxide. 

The fourth stage There is a critical temper- 
ature for the oxides with over shrinked rock 
salt type and spinel type structure to be stable. 
Both of them, sustaining comparable number 
of trivalent and divalent cations, decompose 
into the divalent oxide with normal rock salt 
type structure, Me,-sO, which is essentially 
the reference oxide itself. Surprisingly, when 
the decomposition takes place under low ox- 
ygen partial pressure, which is still high com- 
pared with dissociation pressure of coorespond- 
ing MeO, the oxide is readily reduced to a 
metal or a metallic alloy. As stated already 
in §4, the discontinuity of the stationary 
log R—1/T and @-—1/T relations which are 
obtainable in the course of heating and cool- 
ing processes, appears as the result of this 
decomposition. 

The fifth stage The reaction at this stage 
proceeds with increasing temperature towards 
the desorption of oxygen. Me,-sO approaches 
the nearer to the ideal stoichiometry the more 
higher the temperature is raised. 6 remains 
always positive and is a definite function of 
temperature, oxygen partial pressure and ca- 
tion composition. This stage may be regarded 
as the intrinsic defective state referring to 
the above condition. 


§ 6. Conclusion 


In higher temperature region than 73 (cf. 
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Fig. 3), NiO and CoO form an homogeneouj 
divalent oxide solid solution with rock sal} 
type structure over whole range of compone | 
oxide composition. It has an inherent tend} 
ency to be a non-stoichiometric oxide wit} 
excess oxygen and may be expressed all 
Me,-sO, in which 6 never exceeds at leas 
10-4 and decreases with increasing tempera 
ture. 

Provided the experimental conditions ar¢ 
suitably chosen, Me,-sO/oxygen reaction equil 
librium can be attained in the bulk of th 
oxide within an accessible time in temperatur¢ 
region between 7, and 73. 

In the range of component oxide composi 
tion from 75% NiO to 100% NiO, generaj 
behaviour of Me,-sO/oxygen reaction is foun¢ 
to be NiO-like, that is, the rock salt type 
structure of Me,-sO remains stable in tempe 
ature region lower than 73. 

On the other hand, CoO-like character may 
be taken to be a tendency to transform int¢ 
the homogeneous oxide phase with spinel typé 
structure Co;0, through CoO/oxygen reactio 
taking place in temperature region lower tha 
Tee 

In the range of component oxide composi 
tion from 25% CoO to 100% CoO, behaviours 
of the oxide solid solution are such that CoO 
like character is modified continuously by in 
corporation of NiO, or vice versa. The spine 
formation is suppressed to some degree by 
incorporation of NiO, while the affinity wit : 
gaseous oxygen is promoted by incorporation 
of CoO. Thus the third oxide phase, Me,_:0 
appears, where €>0. 

The crystal form of Me,-:O is mainly, af- 
fected by NiO-like character. On the other 
hand, oxygen content in it is already com- 
parable with that corresponding to the spinel 
type oxide. Thus, in this phase, number of 
trivalent cation is comparable with that of 
divalent and these cations are randomly dis- 
tributed among crystallographically equivalent 
cation sites in the rock salt type oxide. It is 
pointed out that the unit cell dimension, here. 
is appreciably smaller than in the divalent 
oxide, Me,-sO. The spinel formation from 
this phase may be considered as the result of 
ordered rearrangement of these cations. 

In the present oxide system, the tempera: 
ture region in which the third stage reactior 
proceeds, i.e., the temperature region from 
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T, to 7; is rather narrow, so that the oxide 
phase Me,-:O0 never developes to bring about 
the oxide Me,O;, in which all cations are in 
trivalent state. Throughout all of three oxide 
phase mentioned above, number of trivalent 
cation is always less than number of divalent 
cation, and p-type semiconduction is predomi- 
nant. On the other hand, in cases of iron or 
Manganese oxides, a temperature correspond- 
ing to 7; might be much higher. Thus the 
oxides such as Fe,O; or Mn,.Oys are really 
stable. It is interesting to note that in such 
Oxides n-type conduction is sometimes pro- 
duced*»®. This difference which appears in 
Me,-:O phase is due to difference in the rela- 
tive stability of divalent cations of transition 
elements in Me,-sO phase. 

In case of transition elements, it must be 
noted that the reaction product depends largely 
upon the valence state of transition element 
in the reactant. Thus, for example, such 
Oxides as Ni,O3 or Co,03 never appear in the 
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present experiment, although they are some- 
times cited in chemical literatures. 
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As a continuation of the previous investigation on the paramagnetic 
effect in tin we have investigated the same effect in indium. The mini- 
mum of current Jj) necessary for the occurrence of the paramagnetic 
effect has been represented by the same functions of the temperature T 
and the maximum of external magnetic field Hy, beyond which we can- 
not observe the quasi-paramagnetism at that temperature, as in the 
case of tin i.e. In=tyd(T-—T) and Hy=t(T,—-T)—Ig/yd. Here Iz, — and 
T: are characteristic constants of the superconductor and have values 
0.6 amp., 94.4 oersted/deg. and 3.422°K respectively for the case of 
indium: y is 0.27amp./mm.oe. The maximum of external magnetic 
field Hy and the specimen diameter d@ are measured in oersted and in 
mm. respectively. These formulas are understood ina good approxima- 
tion as those for the intersection of the plane J=J,+y7dH with the 
transition surface in the ([—~H—T) space. In parallel with the measure- 
ment of the magnetic flux, plotted as a function of the current at 
constant temperature and external magnetic field, a measurement of the 
resistance of the same specimen has been performed. The results obtained 
are in good accordance with an expression derived in a modified form 
from the theory proposed by H. Meissner. 
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the specimen current following a helical pa 
so as to connect the oblong superconductin 
grains oriented along the resultant field 


Introduction 


§1. 


A superconductor through which an electric 
current flows in the presence of an external 


magnetic field shows a remarkable quasi- 
paramagnetism preceding the change to per- 
fect diamagnetism, which is well-known now 
as the so-called paramagnetic effect in super- 
conductors.» In the previous papers? we 
reported the experimental results of the 
paramagnetic effect in tin. In these reports 
we confirmed that the paramagnetic effect 
was not an apparent but an intrinsic one 
observed, irrespective of the measuring pro- 
cedure, and claimed that the minimum of 
current required for the occurrence of the 
paramagnetic effect should be determined in 
the (I—H—T) space, instead of merely on 
the (J—H) plane as formerely proposed, 
where J, H and T were the current supplied, 
the external magnetic field and the tempera- 
ture respectively. 

H. Meissner formulated a theory of the 
paramagnetic effect at about the same time 
of the publication of the paper I, basing 
upon the idea that in the intermediate state 


(the vector sum of external field H and cu 
rent field Hr) produced a longitudinal flu 
greater than that due to the external fiel 
According to H. Meissner, the maximum 
quasi-paramagnetism, e.g. at constant exte 
nal magnetic field and temperature, occu 
when the resultant field H;: is equal to th 
critical field H. at that temperature. Ou 
previous result (the paper II) did not, how 
ever, agree with this prediction. Afterward 
H. Meissner gave a detailed analysis on ou 
experimental result (the paper II) and claim 
ed that our result substantiated rather tha: 
invalidated his theory.” 

In order to confirm this point we perform 
.ed measurements on the paramagnetic effec 
in solid circular indium cylinders. Furthe 
the resistance measurement was though 
quite important for the understanding of th 
nature of the paramagnetic effect. Never 
theless it seemed that the simultaneou 
measurement of the resistance and the mag 
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netic flux was hitherto very scanty except 
those of W. Meissner and R. Doll® and 
‘of A. Sellmaier®. No quantitative analysis 
of the experimental result was, however, 
‘given in these investigations. Basing upon 
‘H. Meissner’s theory, we have derived an ex- 
pression for the resistance as a function of 
‘current at constant magnetic field and tem- 
‘perature. In order to compare this result with 
the experiment we performed the resistance 
Measurement in parallel with the magnetic 
flux measurement. 

In course of the present investigation it 
came to our notice that J.C. Thompson who 
obtained the same expression as ours for the 
resistance as a function of current at con- 
stant field and temperature, obtained, more- 
over, an analytical expression for the appa- 
‘rent permeability as a function of current at 
constant field and temperature. Our result 
of magnetic measurement was compared with 


oir N, 


Lead wires 


Current leads 
to Pump = 
— to Manometer 


Liguid helium 


C3 


Fig. 1. Schematic diagram of the experimental 
apparatus. The outer Dewar vessel for con- 
taining liquid nitrogen and two pairs of large 
Helmholtz coils of square-type for nullifying 
the earth magnetic field are not shown. 
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the expression for the apparent permeability 
derived by J. C. Thompson. 

Special care was taken in the determination 
of the temperature within the specimen 
throughout the present investigation. 


§2. Experimental Details 


The experimental apparatus used in this 
investigation is for the most part the same 
as used previously” except two pairs of 
large Helmholtz coils of square-type located 
perpendicularly to each other in place of the 
Helmholtz coils previously used and a thin 
walled, slotted copper tube used as the re- 
turn current lead in place of the cylindrical 
copper mesh. The experimental apparatus is 
shown schematically in Fig. 1. A circular 
indium cylinder S and circular copper cylin- 
ders L; and L, of about the same diameter 
as that of S, soldered together with Wood’s 
metal at the upper and the lower end of S, 
are placed in a uniform, external, longitudi- 
nal, magnetic field, and an externally suppli- 
ed electric current flows down or up through 
them. 

The magnetization of the specimens was 
measured with the use of a _ballistic-type 
galvanometer which had a period of 13sec. 
We employed mainly the so-to-speak dynamic 
method* of holding YT constant throughout, 
taking H as a parameter and J as a variable 
which was changed in small steps: at each 
step the galvanometer deflection was measur- 
ed when H was reversed. A search coil C, 
was fixed around the center of the specimen, 
and a compensating coil C, connected in op- 
position to C, was fixed in a uniform mag- 
netic field, around a copper lead at a posi- 
tion sufficiently far from the specimen. The 
difference in the magnetic flux through two 
coils C, and C, induced a current in the bal- 
listic-type galvanometer circuit, when the 
external magnetic field H was reversed. 
Two coils C, and C, have nearly the same 
structure. We confirmed also the intrinsic 
nature of the paramagnetic effect in indium 


* We are indebted to H. Meissner who recom- 
mended us this dynamic procedure in place of the 


_ dynamic one, previously adopted, of holding 7' con- 


stant throughout, taking J as a parameter, and re- 
versing Hl which was taken as a variable and 
changed in small steps. The latter procedure 
might yield some inaccuracy in the measurement 
in-small magnetic field. 
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by the static method of measurement report- 
ed previously. 

The thin-walled, slotted copper tube 7 sur- 
rounding the specimen concentrically is used 
as the return current lead in order to nullify 
the magnetic field around the specimen due 
to the return current. The P.V.F. wire- 
wound solenoid system C3 is the same as us- 
ed previously. The earth magnetic field was 
cancelled with two pairs of large Helmholtz 
coils of square-type located perpendicularly 
to each other (one horizontally, the other 
vertically) which were not shown in Fig. 1 
for spatial reasons. A small heater F is 
placed in the bottom of the helium column. 
The manostat previously reported” was used 
to fix the helium vapour pressure to within 
0.2mm H,. The helium vapour pressure was 
measured with a mercury manometer. The 
temperature within the specimen was deter- 
mined together by vapour pressure thermo- 
metry using the 1948 Mond Laboratory Ta- 
bles and by taking the liquid helium column 
head into consideration. The determination 
of the liquid helium column head was per- 
formed as follows. Observing the liquid 
helium levels at the beginning and at the 
end of the measurement at a given tempera- 
ture, we determined the mean liquid helium 


> 


: Ampere Meter 
B,: Reversing Switch 


- 


: Selection -Switch 
: Reversing Switch 
: Standard Cell 

: Galvanometer 


DAB ® 


: Standard Resistance 
(0.00/02) 
: Specimen 


(e) 


Yoshio SHIBUYA 


(Vol. 1 


level during the measurement at that te 
perature and defined the mean liquid heliu 
column head by the distance of the mea} 
liquid helium level from the specimen-centr¢| 
The lowering of the liquid level during on} 


the level was high i.e. it lay near the liquil} 
helium Dewar cap A in Fig. 1, but it beca 
3~4cm when the level lay far below the caj 
A. The helium vapour pressure above thi 
liquid helium and the liquid helium colum) 
head thus determined served to determin) 
the true temperature within the specimen. || 

The indium specimens were prepared fro 
Johnson-Matthey spectroscopically pure indiur 
(>99.99% In). They were cast in vacuo i 
glass tubes and then drawn to the require 
diameter. After cutting the specimen tt 
about 80mm long, the specimen was seale¢ 
in a evacuated glass tube and annealed 


100°C for several hours. Although the melt 
ing point of indium was relatively low (abou 
156°C) and the room temperature annealin 
would be sufficient for indium, the annealin 
process above mentioned was performed b 
way of precaution. 
2.38 mm 


The specimen No. 1 was 
in diameter and about 80mm i 


Diesselhorst 
Compensation 
Apparatus 


Fig. 2. Potentiometer circuit for measuring resistance. 


length, and No. 2 was 1.63mm in diameter 
and about 75mm in length. Both specimens 
showed the same critical temperature 3.422 
mek. 
: The resistance measurement was perform- 
ed only with the specimen No. 2 by the use 
of a Diesselhorst compensation apparatus 
-which ensured to measure such a small po- 
tential difference as 10-°V. The galvano- 
meter used for the resistance measurement 
had a voltage sensitivity of 3x10-8V. Two 
 BS# 38 enamelled wires soldered with Wood’s 
metal to the specimen No. 2 near its both 
: ends were used as the potential probes. The 
potentiometer circuit for measuring the resis- 
tance is shown in Fig. 2. 
The parallel measurement of the magnetic 
flux and the resistance was carried out in 
such a way as follows. After measuring the 
potential drop between two potential probes 
for a certain value of J at constant values of 
_H and T, we observed the baliistic deflection 
of the galvanometer caused by the reversal 
of H. Then J was somewhat increased while 
-H and T were kept constant, and the same 
“procedure was repeated. This procedure 
started with 7=0 and ended with such a large 
current as 15amp. The current J was in- 
creased by about lamp. except near the cur- 
rent 7* where the maximum of quasi-para- 
magnetism occurred. The current increase 
was made in smaller steps near J*. 
The method employed for finding the criti- 
cal field H- consisted in raising the field 
steadily and watching for signs from the 
‘search coil that flux was entering the speci- 
men as the superconducting phase collapsed. 
This method was sometimes supplemented 
by the method of determining H. from the 
magnetization curve of the specimen obtain- 
ed by reversing H. We observed supercool- 
ing of some degree in both specimens. 


; 


§3. Experimental Results 


1. The determination, in the (J-H—T) 
space, of the minimum of current 
required for the occurrence of the 
paramagnetic effect. 

In the magnetic flux measurement for this 

purpose we employed the dynamic method 
described above. Typical examples of results 
obtained with the specimens Nos. 1 and 2 are 
shown in Figs. 3 and 4 respectively. a/b 
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shown in the inset of Fig. 3 or Fig. 4 gives 
the apparent permeability “4, which is a func- 
tion of J only, provided H and T are constant. 
u* which designated the maximum of y for 


In No.1 
T=3.339°RK 


H = 6.65 Oe. 


20 


~~ 0.0606. 


Ballistic deflections of the galvanometer 


Ballist. deflect. 


Current [ 


n eo Ss 2 a exe Wepsen Seen (rey Y 
0 e} 10 15 
Current I 
Fig. 3. Ballistic deflections of the galvanometer 
for No. 1 specimen as a function of current J 
for the specified values of magnetic field HA, 
when H was reversed. a/b shown in the inset 


defines the apparent permeability vp. 


In No. 2 
T= 3.290 °K 


Ballist. deflect. 


S 


5 H=49.97 0e 


0 Current I 


Ballistic deflections of the galvanometer 


ge cient aol oA 
9 5 10 15 
Current I 

Fig. 4. Ballistic deflections of the galvanometer 

for No. 2 specimen as a function of current I 

for specified values of magnetic field H, when 

H was reversed. a/b shown in the inset gives 
the apparent permeability p. 
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fixed values of H and T and plotted against J* 
where * occurred, and the extrapolation to 
the abscissa where w*=1 defined the mini- 
mum of current J) at that temperature. Jp 
changed with temperature and there was a 
one-to-one correspondence between Jp and 7. 
Figs. 5 and 6 show these extrapolations at 


I, No.1 


3.320°K 
Brg 7, 
3.364 
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Fig. 5. yw* for No. 1 specimen as a function of 
current 7* at the specified temperatures. 
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Fig. 6. m* for No. 2 specimen as a function of 
current J* at the specified temperatures. 


the specified temperatures for the specimens 
Nos. 1 and 2 respectively. From Figs. 5 and 
6 we obtained the ,—T relations for two 
specimens. In a similar way we plotted s* 
against H and obtained Ho, the maximum of 
magnetic field over which we could not ob- 
serve the quasi-paramagnetism at a given 
temperature, by the extrapolation of p* to 
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Fig. 7. »* for No. 1 specimen as a function of 
external magnetic field H at the specified 
temperatures. 


oersted 


aie Magnetic field H 

w* for No. 2 specimen as a function of 
external magnetic field H at the specified | 
temperatures. 


Fig. 8. 
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Fig. 9. Ip—T relations for the specimens Nos. 1 
and 2. 


the abscissa (Figs. 7 and 8). There was also 
a one-to-one correspondence between Ay) and 
T. Thus we obtained the H)—T relations. 


| 
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Further we obtained the J,—H) relations for 
two specimens from Figs. 5,6, 7and8. The 
Ih—T, the H\—T and the J,—A) relations 
thus obtained for two specimens are shown 
as straight lines at least in the measured 


region in Figs. 9, 10 and 11 respectively. 
oersted 
/0 
= 
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Fig. 10. Hy—T relations for two specimens. 
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11. Jy—Hp relations for two specimens. 


Fig. 


Just as in the case of tin, it was ascertained 
that the formula for the minimum of current 
required for the appearance of the para- 
magnetic effect was represented graphically 
by a straight line (the critical line) in the 
U—H—T) space, the orthogonal projections 
on the (/—T), the (H—T) and the (J—H) 
plane of which are the straight lines shown 
in Figs. 9, 10 and 11 respectively. 

The (J—T) projections having inclinations, 
proportional to the specimen diameter d, to 
the T-axis point to the transition temperature 
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Tc. The (H—T) projections are approxima- 
tely parallel to each other and 7.—Ty is in- 
versely proportional to d, where Ty is the 
intersection of the projection with the T- 
axis (Fig. 12). The (J—H) projections have 
inclinations, proportional to d, to the H-axis 
but intersect with the [axis at a definite 
value of current J,, irrespective of the 
specimen-diameter. Thus the critical lines 
terminate at the point (Jj, T,) on the U—T) 
plane. 


Fig. 12. Proportionality of T;—T, to the reci- 
procal of specimen diameter, 1/d. The straight 
line for tin was drawn by using data obtained 
previously (the paper II). 


In a similar way to the case of tin we 
obtained as the formulas for the U—T), the 
(H—T) and the (/—H) projection which satis- 
fied those relations described above the follow- 
ing three equations (1), (2) and (3) respec- 
tively. 


h=Erd(T.—T), CP 
Ay=&(Te—T)—Iy/rd, (2) 
hh=Ig+rdH . (3) 


Here &, JT. and J, are the characteristic con- 
stants of the superconductor. The value of 
y which was believed formerly to be also a 
characteristic constant of the superconductor 
was found to scatter widely according to the 
recent measurement.” This may be mainly 
due to the fact that w* in Figs. 7 or 8 isa 
slowly varying function of H. It cannot be 
decided at the present stage of investigation 
whether 7 is a characteristic constant of the 
superconductor, a constant originated merely 
from the circular nature of the specimen 
cross-section or a quantity depending upon 
the condition of the specimen surface. The 
numerical values of &, Tc, Jy and y for two 
specimens are tabulated in Table I. Averag- 
ing the values for two specimens, we decid- 
ed that €=94.4 oersteds/deg., To=3.422°K, Ig 
=0.6 amp. and 7=0.27 amp./mm. oerst. for 
indium. Of three equations (1), (2) and (3) 
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Table I. Numerical values of constants which 
appear in the formulas for the minimum of 
current Jp for indium cylinders. 

IKh=éyd(T.—T), 
Ho=t(Te—-T) —Iy/7d, 


Th=I,+7dH. 
Wem co ene 
| /2.38 mm ?) hae ) pee 
(36 mm l | \75 mm 1 
I, (amp.) 0.6 0.6 0.6 
~ (oerst./deg.) 95.5 4 94.4 
perapmnm. 0.26 0.28 0.27 
oerst.) 
GUS ELS) 3.422 3.422 SeAZZ 
[To (°K)] 3.412 3.408 


Fig. 13. Critical lines (lines of current minimum) 
for two specimens in the (I-H—T) space. The 
(I-—H) projections (1)’ and (2)! of the critical 
lines are represented well by Eq. (3) in the 
text which is analogous to the equation ob- 
tained by Meissner et al i.e. Ib>=I,+7dH. 


only arbitrary two equations are independent 
and the critical line in the (I-H—T) space 
is represented by the simultaneous equations 
of the two. Fig. 13 shows schematically the 
critical lines for two specimens in the (/—H 
—T) space. The quasi-paramagnetism can be 
observed only in the region of larger J and 
smaller H at each temperature than those 
given by the critical line. Eq. (3) coincides 
forn ily with formula 4=J,+ydH, obtained 
by Meissner e¢ al. Ty which does not ap- 
pear explicitly in the above equations is 
given by 7.—J,/Erd. 

It should be emphasized that such a some- 
what systematic structure in the apparent 
permeability-curve as reported in the previ- 
ous report (Fig. 16 in the paper II.) could 
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not be observed throughout this investigation. 
The existence of such a structure in the “4 
curve as found previously seems now to us 
to be apparent. 
obtain in this investigation such closed con- 
tours as found in the previous report (Fig. 


obtained might be spurious and be attributed 
to the experimental procedure formerly 
adopted. 

Although the extension of the /—T rela- 
tion to the absolute zero of temperature 
would not be permissible, it seems, in a 
similar way to the case of tin, from this ex- 
tension that there is a lower limit of speci- 
men diameter, d) for the appearance of the 
paramagnetic effect. This limit can be de- 
duced from the equation [j=&rdj)T:. For 
the case of indium, dy) becomes 6.9107? mm. 


2. The verification of the theory which 


predicts that the apparent permeabili- 
ty-maximum v* at a given temperature 
occurs at the point where the resul- 
tant magnetic field Hi[=(H4?+ H?)?] 
equals the critical field HA. at that 
temperature. 


As the previous report II suffered critism 
in regard to this problem”, we tried to con- 
firm the prediction in this investigation. In 
Fig. 14 the resultant field 


i= (H?-+ Ay*?)1/2= (2+ (47*/d)?)1/?] 


at the surface of the specimen No. 2 for 
several temperatures, obtained at the point 
where “* occurred were compared with the 
critical field He. As can be seen in Fig. 14, 
most of measured points lie below the thre- 
shold curve H,=136(7.—T) i.e. 


Ay=[H?+ (41*/dP]}?< AAT). 


Denoting provisionally H; for the maximum 
of quasi-paramagnetism at a fixed tempera- 
ture by H.*(/*,T) (the effective critical field), 


Te", tL Ds 


However, we found the general trend that 
H-* at a fixed temperature approached H. 
with the decrease of current J*, and H.* at 
the point (4), Ho) lay nearly on the H-curve. 
This situation can be seen more cleary in 
Fig. 15; where the orthogonal projections, on 
the (—H) plane, of the intersections (the 
Silsbee’s lines), for several temperatures, of 


Furthermore we could not} 


These results formerly) 
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the planes T=const. with the transition sur- ther with the *-lines for the corresponding 
face [H?+(4]/d)*}/?=HA(T) are shown toge- temperatures. It can be said that H,* at the 
ate point (Jo, Hy) coincides nearly with H, in ac- 
: cordance with the theory proposed by H. 


30 Meissner. This point will be touched again 
in the following. 


eer es Melk “ae an 3. Comparison of the resistance measure- 
Lote = ment at the superconducting transition 

4 with the theoretical prediction. 

74 The ratio of electric resistance at 4.2°K of 

\ the specimen No. 2 to that at 290°K was 1.7 


x10-*. The result of resistance measure- 
ment for H=2.66 Oe. at 3.301°K are shown 
in Fig. 16 (lower figure) where the resistance 


Critical magnetic field H, 


7 =3.30/°K 
H = 2.66 Oe. 
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Fig. 14. Comparison of the resultant magnetic 
field H; at the specimen surface (the vector 
sum of external field H and current field H;*) 
with the critical magnetic field Ho. oGn tae ia 8 
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Silsbee's lines for »s Fig. 16. Relative resistance R/R, (lower figure) 


the specified tempe- 
ratures 


(f+HaHe) y and yp (upper figure) as a function of current 
f ‘ I for constant temperature and magnetic field. 
Mine for each 
temperature 


is plotted as the relative resistance R/Rn 
against the current J. Rn, the resistance of 
the specimen in the normal state at that tem- 
perature which was measured in an external 
magnetic field strong enough to destroy super- 
conductivity, was 2.1 10-7 ohms in this case. 
The solid curve represents the relative resis- 
tance as a function of the current at con- 


Fig. 15. Orthogonal projections, on the (I—H), stant magnetic field and temperature, which 
plane, of the intersections (the Silsbee’s lines), | was derived from a_ calculation based upon 
for the specified temperatures, of the planes H. Meissner’s theory (Appendix): 

T=const. with the transition surface [H?+- <I 
R/Re=V201+V1—U*/1"I , 
(4I/d)?}/2= H,(T), and the »*-lines for the cor- [Ro=V2+Vv’ 2/1)" 


responding temperatures. where J* represents the current where the 
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maximum of quasi-paramagnetism occurs. 
This expression is quite the same as that 
obtained by F. London™ for the case of zero 
magnetic field. In accordance with the result 
that the perfect diamagnetism did not change 
abruptly to the maximum of quasi-paramag- 
netism at 7* but changed in the certain ran- 
ge of current to the maximum of quasi-para- 
magnetism at /*, the relative resistance did 
not appear abruptly at 7* where according to 
the theory we should expect it to be 1/2, but 
left the abscissa at about the same current 
where the perfect diamagnetism began to be 
destroyed (see the upper figure in Fig. 16). 
It can be seen, however, that the agreement 
between theory and experiment is fairly 
good. 

As described in the introduction J. C. 
Thompson who obtained the same expression 
as ours for the electric resistance as a func- 
tion of current and found also a fair agree- 
ment between theory and experiment, obtain- 
ed furthermore an expression for yz at 
constant values of H and TJ as a function of 
7 1.e. 

w=14+(4*—Dl2d/1*)? 

Sl 2g rv ry =i), 

and found that the experiment showed a good 
agreement with the theory in this case also®). 
Our result of magnetic measurement perform- 
ed in parallel with the resistance measure- 
ment above described is shown also in Fig. 
16 (upper figure) in which » was plotted 
against I. The solid curve represents the 
expression obtained by J. C. Thompson. The 
experiment agrees also fairly with the 
theory. 


§ 4. Discussion and Conclusion 


Although the same formulas for the mini- 
mum of current required for the appearance 
of the paramagnetic effect as obtained in the 
previous reports which dealt with tin speci- 
mens have been obtained in the present in- 
vestigation with indium specimens, it has 
become adequate to consider from the present 
investigation that some of conclusions in the 
previous report (the paper II) was apparent. 
We have not been able to draw out from the 
present investigation some of the previous 
conclusions (i) that the closed contour lines 
for 4 could be obtained on the (J—H) planes 
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at relatively higher temperatures near Ty, 
and (ii) that a somewhat systematic structure | 
in the w-curve as a function of H could be} 
obtained also at relatively higher tempera- | 
tures near Ty. 


As once thought of by us”, suggested also} 


Meissner®, the critical line (Jp-line) determin- | 
ed in the ((—H—T) space can be understood | 
as the intersection of the plane I=I,+7dH | 
with the transition surface H.2=H?+(4//d)?. 
We obtain the following equations for the | 
intersection. 


t+rV 0 +167*)d*He?— 161,? 


hams (+1672) ; 
i= —167(I/d) + V (1+ 167?) He?— 1619/4)? . 
- (1+167?) 


Although these equations are not such linear | 
equations as Eqs. (1) and (2) but quadratic | 
ones, they can be approximated by the follow- | 
ing linear equations respectively, provided | 
AH. > 41, /d. 


~&rd ToT) Ig 

0 (1+1672)1/2 (1+167?) ? | 
Hi ene Tyne, 

° (141672)? (1+1672)d’ 


since He=&(Te-—T). & should be understood 
as &’/(1+167?)/2, which is 95.5 oerst./deg. for 
&’=136 oerst./deg. and y ~ 0.25 amp./mm. oe. 


as compared with &=94.4 oerst./deg. (see 
Table I). Then we have 

h=€rd(Te—T)+1,/2 , (4) 

M=&(Te—T)—-L/rdx 0.5. (5) 

Eq. (4) differs from Eq. (1) by the second 

constant term, which is only 0.3 amp. in the 


present case. Eq. (5) differs from Eq. (2) by 
a factor 1/2 in the second term. When al- 
lowance has been made for the difficulty of 
the quantitative measurement inherent in 
such a investigation as on the paramagnetic 
effect, it should be approved that the agree- 
ments between Eq. (1) and (4) and between 
Eq. (2) and (5) are good. 

The result that the perfect diamagnetism 
and the zero resistance at constant values of 
Hand T began to be destroyed at about the 
same current slightly smaller than 7* cannot 
be explained with the theory. This unex- 
plained result may be due to other causes 
e.g. the end effect of the specimen. 


* Private communication. 


i i 


_ 1958) 


The result that the paramagnetic effect 
vanishes abruptly at J, seems quite curious. 
What comes across the mind in this regard 
is that the line (=J,+7dHp, though obtained 
as a straight line in the measured range, 
may not be a straight line near TJ, but the 
one, shown in trial with a dotted line in Fig. 
10, so curved as to lead the paramagnetic 
effect to appear at JT. and to be observed 
continuously from 7. down to lower tempera- 
tures. Such a speculation, however, would 
diminish in some measure the mystery of Jy. 
At the present stage of investigation we have 
no theoretical reason why the J—AH) line 
should thus become curved. Alternatively 
the mysterious constant J, may be connected 
with the boundary effect between normal and 
superconducting regions. If this is the 
case, the fact that the paramagnetic effect 
vanishes abruptly at J, may be not so curi- 
ous as it seems. It may be, however, 
meaningless to continue such a speculation 
further without establishing a concrete 
theory. 

As seen in Fig. 16, the specimen shows a 
small resistance of R=1/2 Rn» at that current 
where z* occurs. If the heating due to the 
current causes the temperature of the speci- 
men to be slightly higher than that of the 
liquid bath, we shall understand in some 
degree the discrepancy between H, and H.*. If 
this is the case, the theory of the paramagne- 
tic effect proposed by H. Meissner will be 
a fairly satisfactory one, except its draw- 
back that it cannot explain the mysterious 
constant J,. Although we cannot give an ex- 
act estimate of the heating of the specimen 
due to the current, it seems, however, un- 
likely that such small resistance of the speci- 
men as 1X10-’ ohms, through which the cur- 
rent of 5~10 amp. flows, causes a noticeable 
change in the temperature of the specimen. 
At any rate an essentially new concept 
seems necessary for the explanation of the 
mysterious constant Jy. 
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Appendix 


As described in the text, the maximum of 
apparent permeability occurs for given ex- 
ternal magnetic field H and temperature JT 
at J* where the resultant magnetic field H; 
at the surface of the specimen is less than 
the critical field He: 

Mi=[H?+(1*/2d)}}? 
=H (1* Tp) doh )y, 
where we used the rationalized mks-unit sys- 
tem in order to reconcile the unit system 
with that which was adopted by H. Meissner. 
As the current is increased above /*, the ap- 
parent permeability does not drop at once 
from its maximum value to the normal state 
value but decreases slowly toward it. 


Fig. Al. Cylindrical specimen in the stage I>J* 
for constant temperature and magnetic field, 
where J* is the current at which the para- 
magnetic maximum occurs. C is the intermedi- 
ate core of radius R through which the current 
I, flows and S is the normal conducting sheath 
through which the current J, flows. 


It seems reasonable to assume, following 
F. London and H. Meissner, that the speci- 
men in this stage consists of an intermediate 
core C of radius R, through which the cur- 
rent J, flows, surrounded by a normal conduct- 
ing sheath S through which the current i, 
flows (see Fig. Al). The radius of the in- 
termediate core F& is determined by the con- 
dition that the resultant field at R is equal 


“to se 
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I*/xnd=1,/27R . (al 
Regarding our H.* as H. in H. Meissner’s 
theory, from his theory [Equation (17)]” we 
have 
RI hrdéghin. k das) 
where E is the electric field and on is the 
normal state conductivity. 
Combining (1) and (2), we get 
LS2ixPenk. 
The current i, which passes through the 
normal conducting sheath, S, is given by 
L= ie 2onEnrdr 


R 
= dnEn(d/2?—I*?/z@onE ‘ 
The sum of the current % and J, must be 
equal to the total current 7. Then 
T=[4Lh=onEn(d/2)2*+1I*3/2@onE 
= F/Qn+QnI/4E , 
where 
2Qn=[7(d/2)?on]"} 
is the normal resistance per unit length R,//, 
Rn and 7 being the normal resistance and the 
length of the specimen respectively. 
Solving the above equation with respect to 
E, we get 
or 
Q= (2/21 +V 1-41] , 
where 
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= EIT. 
Then we have for the resistance R=2/ 
R=(Rn/2)[14+ V1—C*/D)?] . 
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Using circular cylindrical samples, we have shown in previous reports, 
that the minimum of current Jo) required for the appearance of the para- 
magnetic effect is composed of two terms J, and ;dHp and that Jy is 
independent of the sample size. In this paper, using the several kinds 
of non-circular cylindrical samples (rectangular, semi-circular, triangular, 
hollow circular, and three other forms which may show no paramagnetic 
effect), we have studied the same effect. 

In the former four samples, the value of Jy has proved to be the same 
as in the case of circular cylinders. In the latter three samples (sand- 
wich-type, cylinder and hollow cylinder with a longitudinal wedge-shaped 


slot) no paramagnetic effect has been found. 


$1. Introduction 


The formula /=J,+7dH» hitherto pro- 
posed for the minimum current requirement 
for the appearance of the paramagnetic effect 
in circular cylindrical superconductors has 
been shown, in the previous report,» to be 
one for the orthogonal projection on the 
U—H) plane, of the critical line in the 
(I—H—T) space, where J, H and T repre- 
sent the current, the external magnetic field 
and the temperature respectively. The charac- 
teristic quantity d, the diameter of the speci- 
men, which specifies the cross-section of the 
specimen appears only in the second term of 
the above formula. As J,, the _ so-called 
mysterious constant in the paramagnetic ef- 
fect, is independent of d in circular cylindrical 
samples, we are inclined to suppose that it 
should be the same in cylindrical supercon- 
ductors of non-circular cross-section, if the 
paramagnetic effect should be observed in 
them. It may be some aids to the clarification 
of the origin of the mysterious constant J, to 
ascertain whether non-circular cylinders, if the 
paramagnetic effect occurs in them, give the 
same J, as the circular cylinders. This is 
the reason why we undertook an experiment 
with non-circular cylindrical superconductors. 
We observed the paramagnetic effect in a 
rectangular, a semi-circular, and a regular, 
triangular cylindrical tin specimen, 
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The critical line representing the minimum 
of current in the ((—H—T) space was deter- 
mined after the same procedure as in the 
case of circular cylinders. It is represented 
by the simultaneous equations: 


h=ER(Te—T) , 
My=&(T-—T)—I,/8 . 


From these two equations the /—H relation 
i.e. J)5=l,+B8H) could be derived as in the 
former case. Although 8 was different from 
specimen to specimen according to the shape 
of their cross-sections, J, proved to be the 
same, irrespective of the shape of cross-sec- 
tion i.e. J, was 1.2 amp. for tin. 

Although it seems not adequate to deal 
here with the experiment with a hollow circu- 
lar cylinder, a description of additional meas- 
urements performed with it is given. The 
result was in agreement with that reported 
already by W. Meissner et al.” 

Furthermore we performed an experiment 
with non-circular tin cylinders having reen- 
trant cross-sections without observing the 
paramagnetic effect in them. We retraced 
also the experiment of W. Meissner and R. 
Doll with a tin specimen of sandwich-type 
consisted of two semi-circular cylinders which 
were insulated from each other by a mica 
foil and in accordance with their result we 
observed no paramagnetic effect in it. 
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§2. Experimental Details 


As the experimental apparatus and _ pro- 
cedure are almost the same as appeared in 
the previous reports®” here we do not repeat 
them. Most of the magnetic measurements 
were performed by the dynamic method and 
some by the static method. 

All the tin specimens except the rec- 
tangular cylindrical one were prepared from 
Johnson-Matthey spectroscopically pure tin. 
The rectangular cylindrical tin specimen was 
prepared from Kahlbaum pure tin. The 
specimen was machined to the size of 5mm 
in breadth, 1mm in thickness and 80mm in 
length. A tin rod of 6mm in diameter was 
cut longitudinally right in two with a cutter 
of 0.5mm in thickness, one of which was 
used as the semi-circular cylindrical specimen 
whose length was 80mm. Therefore, strictly 
speaking, the specimen was not semi-circular. 
The tin specimen of sandwich-type was con- 
structed from a pair of semi-circular cylinders 
thus prepared and an insulating mica foil. 
The regular triangular cylindrical tin speci- 
men was prepared by machinning a tin rod 
to the size of 5mm in an edge of the regular 
triangle and 70mm in length. The hollow 
cylindrical specimen was machined so as to 
have the outer diameter of 5mm, the inner 
diameter of 2mm, and the length of 70mm. 


Ine) ee f— 3 4 
| lof 2 bey 
} 
| l | 
/ | 
a tha at 
30 Ye ete 
(a) (6) 
Fig. 1. Cross-sections of tin cylinders showing 


no paramagnetic effect. The length is in the 


unit of mm. 


In three kinds of non-circular tin cylinders 
we could not observe the paramagnetic effect. 
One was prepared in such a way that a circu- 
lar cylinder of 5mm in diameter and 70mm 
in length was cut away to the cylinder axis 
longitudinally with a cutter having the angle 
of 30° [see Fig. 1 (a)]. The other was pre- 
pared from a hollow cylinder of 5mm in 
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third was the specimen of sandwich-type || 


outer diameter, 2mm in inner diameter and 
70mm in length by cutting it longitudinally || 
and perpendicularly to its surface with a cut- 
ter of 1mm thick at one side of the wall. || 


Its cross-section is shown in Fig. 1 (b). 


afore-mentioned. 

The annealing procedures of all the speci- 
mens were quite the same i.e. the specimens || 
were sealed in evacuated glass tubes seper- 
ately and were annealed at 190°C for two | 
hours. 

All these specimens were soldered with || 
Wood’s metal at their upper ends to copper 
cylinders of the same cross-section and length 
as theirs respectively. 


§3. Experimental Results ) 
1. Non-circular cylinder showing the para- 
magnetic effect. 


(a) Rectangular cylinder. 

A typical result obtained by the dynamic 
method is shown in Fig. 2, in which the bal- | 
listic deflection of the galvanometer was plot- ) 
ted as a function of current / for a given ) 
field H at 3.691°K. According to the similar 
procedure to that adopted in the previous re- | 
port the apparent permeability ~“ was defined. | 
“e* which corresponded to the maximum of | 
quasi-paramagnetism for constant values of 


m= Sn (Kahlbaum) 


90 T=3.69/ °K 


c= 
Ss 


~ 
Ss 


a 
Ss 


H=1.33 Oe. 


an 
Ss 


ee 


a 
Ss 


Ballistic deflections of the galvanometer 
w 
Ss 


0 ; ) aa m eo 15 
Current I 
Fig. 2., Ballistic deflections of the galvanometer 
for the rectangular tin cylinder as a function 
of current 7 for the specified values of magnetic 
field H, when H was reversed. 


1958) 


_ magnetic field and temperature was plotted 
asa function of the current / * where y* 
occurred, in Fig. 3 (a). It can be seen that 
in this case also there exists the minimum 
of current J) for the occurrence of the para- 
magnetic effect. In the same way the maxi- 
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mum of external magnetic field Hy at that 
temperature was determined (Fig. 3 (b)). Jo 
and Hy thus determined at several tempera- 
tures gave the —T, the Hj—T, and the 
Ij—H relation shown in Fig. 4 (a), (b) and 
(c) respectively. These three relations are 


Sn (Kahlbaum) 


—o— 7=3.62/°K 
—+— = 3.6.553°K 

-—— 3.682°K 

30 —— ——3.69/°K 


x 
20 
10 Neate) 10 
I, Current I* 
Pig. oe 
atures. 
temperatures- 
oersted 
x= 
(d) 
§ eB] 
§ 
S 
tS 
Ss 
S 
~ 
8 = 
ce x 
S x 
= = 
°K > 
/ 
eee ae Ae wiptpy00 3700 
ts OY we Temperature T 
~ 3700 ' 
wo» 1 
acl 
Ss 
3 
= 
8 | 
i 
! . 
a [, (424) 5 


Current mnimum f, 


10 .amp. 


OO 
— 3.653 °K 
= ROCA 


3.69/°K 


od 
Magnetic field H 


oersted 


15 amp. 


(a) »* for the rectangular tin cylinder as a function of current J* at the specified temper- 
(b) #* for the same as a function of external magnetic field H at the specified 


Sn (Kahloaum ) 


1/0 (Cc) 


Current minimum I, 


“« GA 


i120} 
0 


) 5 oersted 
Magnetic field maximum H, 


Fig. 4. (a)'h-T relation, (b) Hp—-T relation, and (c) Jj—Hp relation for the rectangular tin 


cylinder. 
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represented by three equations as follows: 


h=ER(To—T) , (1) 
Ay=e(To—T)— Tiss (2) 
hh=I;+B8H) ; (3) 


The critical line (the line for the minimum _ 


of current Jj) is represented in the J—H—T) 
space by the simultaneous equations of arbi- 
trary two equations of the above three. 
These equations are quite similar to those 
obtained in the case of circular cylinders ex- 
cept rd replaced by 8. The mysterious 
constant J, exists also in the present case 
and its numerical value is quite the same as 
in circular cylinders, i.e. J7=1.2 amp. Other 
constants are 7,=3.724°K, &=62.0 oerst./deg. 
and 8=1.61 amp./oerst. Similarly to the case 
of circular cylinders the critical line termi- 
nates at the point U,, T,) on the J—T) plane, 
where 7J,, which does not appear explicitly 
in above equations, is equal to T.—J,/EB and 
its value is 3.712°K in this case. 


(b) Semti-circular cylinder. 

One example of the ballistic deflections of 
the galvanometer plotted against J is shown 
in Fig. 5 which was obtained for specified 
values of H at 3.672°K. It seems, at first 
sight, curious that whereas the ballistic deflec- 
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tions caused by reversing H in the supercon}! 
ducting state should be proportional to H, th 


This is due to the procedure that we changed 


mm. €q Sa (FM.) 
T=3.672 °K 


40t 3.32 0¢, 


— 


20} 


Ballistic deflections of the galvanometer 


g H+ At 


0 5 10 ; 15 amp. 
Current J | 

Fig. 5. Ballistic deflections of the galvanometer | 
for the semi-circular tin cylinder as a function 
of current J for the specified values of magnetic | 
field H, when H was reversed. ) 
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(a) In—T relation, (b) Hj)—T relation and (c) Iy)— Hp relation for the semi-circular tin 
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‘the shunt-resistance of the galvanometer with deg. and 1.08 amp./oerst. respectively. Ty, is 
the magnetic field in order to plot the bal- 3.720°K. 

listic deflections for the magnetic field from 
0.66 Oe. to 3.32 Oe. in a limited space. This 


mm. 


F 120 A Sn(5M.) 
procedure does not, however, affect the de- 7=3.694'K 
termination of the apparent permeability 4. H0 fra 
Determining J, and HA) for several tempera- 


‘tures, we obtained the )—T, the H)—T, and ee 
‘the ,—H) relation shown in Fig. 6 (a), (b) and 
(c) respectively. These relations are repre- 
sented also by above three equations. In this 
case also the mysterious constant J, exists and 
‘its value is again 1.2 amp. Other constants 
appearing in the equations are 7.=3.732°K, 
-&=85.5 oerst./deg. and B=1.44 amp./oerst. 
Me is 3:722°K. 


70 2.66 Oe. 


130 


~ 
N 
Ss 


~ 
= 
Ss 


Ballistic deflections of the galvanometer 


ES 
(c) Regular triangular tin cylinder. i : ess eetadae el 
The ballistic deflection curves obtained at § (~~ 
3.694°K by the dynamic method are shown 90 
in Fig. 7. The circumstances are quite simi- acs 
lar to those in former two cases. The U—JA), C66 Oe. 
the (H—T) and the (J—A) projection of the 70 
critical line in the ((—H—T) space are shown i FESS Es REIL FRET BIT OY (Fe 
in Fig. 8 (a), (b) and (c) respectively. These Current I 


projections are also represented well by the 
above three equations (D, (2) and (3). We for the regular triangular tin cylinder as a 
obtained /,=1.2 amp. in this case also. The function of current J for the specified values 
values of 7., & and 8 are 3.734°K, 81.9 oerst./ of magnetic field H, when H was reversed. 


Fig. 7. Ballistic deflections of the galvanometer 
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Fig. 8. (a) I)—T relation, (b) Hp—T relation and (c) J)— Hp relation for the regular triangular 
tin cylinder. The critical field H, is represented by H-=t! (7,—T), where {/=150,5 oerst/deg. 
and 7%=3.734°K. 
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2. Hollow circular cylinder. 


We observed the quasi-paramagnetism in 
this specimen both with a search coil sur- 
rounding the specimen and with a search coil 
placed into the hole. One of the results ob- 
tained by the dynamic method at 3.662°K is 
shown in Fig. 9. It can be seen that the 


@ Snir) 


T=3.662°K 
150 H=266 oersted 


~ 
a 
S 

3 

3 


Ballistic deflections of the galvanometer obtained with the outer search coil (a) 


Ballist. deflect. of the galvanometer obtained with the inner search coil (b) 


0 Ss 10 1S amp. 
Current I 


Fig. 9. (a) Ballistic deflections of the galvano- 
meter for the hollow tin cylinder obtained with 
the outer search coil as a function of current 
I for H=2.66 oersteds and 7=3.662°K, when 
H was reversed. (b) The same obtained with 
the inner search coil. 
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@ sniam.r 


400 7=3.689'K 
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Ballistic deflections of the galvanometer 


4 5 10 1S amp. 
Current I 
Fig. 10. Ballistic deflections of the galvanometer 
for the hollow tin cylinder as a function of 
current J for H=1.33 oersteds and 7=3.689°K 
obtained by the static method, 
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of the specimen but also in the hole. | 
The result obtained by the static methqj 


in time of any one of J, H or T. The criticy 
line for the minimum of current required fq ! 
the appearance of the paramagnetic effe¢| 
was determined from the results obtaine 


method. It is represented in the J—H—T 
space by the same equations as in circul i 
tin or indium cylinders, which need not b] 
repeated here. We did not ascertain the cul] 
rent minimum requirement with the inne 
search coil placed in the hole. We observes 
a hysteresis in the magnetization curve wit} 
T=0 in this specimen which was a character 
istic of hollow cylinders. The hysteresis 


shown in Fig. 11 obtained by the statij 


Bee $ 70 
Magnetic field H 


1S oerste 


Fig. 11. Hysteresis in the magnetization curve 
for the hollow tin cylinder obtained by the 
static method. 


method at 3.667°K. The magnetic field wa: 
increased from 0 to 13.30 oerst. by smal 
steps, and vice versa; at each step a moving 
search coil connected to the galvanomete 
was dropped and the ballistic deflection wa: 
measured. 


3. Non-circular cylinders 
paramagnetic effect. 
Cylinder having a longitudinal, wedge 
shaped slot (Fig. 1 (a)). 

It may be justified both from Fig. 12 ob 
tained by the dynamic method and from Fig 
13 by the static method to conclude that th 
quasi-paramagnetism cannot be observed i: 
this specimen. This specimen showed 


showing n 


(a) 
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hysteresis in the magnetization curve with The ballistic deflection vs. current curve at 
-I=0, as shown in Fig. 14 which was obtained 3.676°K for a fixed value of H which was 
by the static method, in spite of the fact that reversed is shown in Fig. 15. We could not 


the specimen was a singly-connected body. observe the quasi-paramagnetism in this 
an. specimen. 
100 
@ sor) i 
( 7 =3.655°K @ snr) 
—— [=0 
ee 10.1 A 
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Fig. 12. Ballistic deflections of the galvanometer 
for the tin cylinder having a wedge-shaped 
longitudinal slot as a function of magnetic field 
H for the specified values of current J at 

3.655°K, when H was reversed. 
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Fig. 13. Ballistic deflections of the galvanometer 
for the tin cylinder having a wedge-shaped 
longitudinal slot as a function of current J for 
H=1.99 Oe. and T=3.655°K obtained by the 
static method. 


In Fig. 14 the ballistic deflections were plot- 
ted as a function of the magnetic field which 
varied from zero to 18.61 oerst. by small 
steps without returning back, and vice versa. 
(b) Hollow cylinder having a longitudinal 
slot at one side of its thickness (see its 
cross-section in Fig. 1 (b)). 


50 


Ballistic deflections of the galvanometer 


10 1S 
Magnetic field H 


20 oersted 


Fig. 14. Hysteresis in the magnetization curve 
for the tin cylinder having a wedge-shaped 
longitudinal slot obtained by the static method. 


mm, 


Ballistic deflections of the galvanometer 


0) 5 10 
Current [ 


15 amp. 


Fig. 15. Ballistic deflections for the hollow tin 
cylinder having a longitudinal slot as a function 
of current J for H=1.33 Oe. and T=3.676°K, 
when H was reversed. 


(c) Sandwich-type cylinder. 

The results of dynamic measurement and 
of static measurement are shown in Figs. 16 
and 17 respectively. In this case also we 
found no paramagnetic effect. 


§4; Conclusions 

The results obtained with non-circular tin 
cylinders showing the paramagnetic effect as 
seen in §3.1. are tabulated in Table I. As the 
experimental results cannot be compared with 
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Fig. 16. Ballistic deflections for the tin cylinder 
of sandwich-type as a function of magnetic 
field H for the specified values of current JI 
at 3.700°K, when H was reversed. 
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Fig. 17. Ballistic deflections for the tin cylinder 
of sandwich-type as a function of current J for 
H=1.99 Oe. and T=3.694°K obtained by the 
static method. 


Table I. Numerical values of constants which 
appear in the formulas for the minimum of 
current Jj) for non-circular tin cylinders show- 
ing the paramagnetic effect. 
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NQh=th(T.—-T) , 
Hy=t(T.—T)—Iy/8 , 
Lj—= +BH) . 
Sn M@ Sn M Sn 
(KahIbaum) (J. M.) | (J. M.) 
Tp (amp.) he ee 1.2 1.2 
t (oerst./deg.) 62.0 85.5 81.9 
8 (amp./oerst.) | 1.61 1.44 1.08 
Te (°K) 3.724 Onvee On iod: 
To Ck) Sisthlles Sa Se20 


(Vol. 1H 


the theory in contradiction to the case ¢ 
circular cylinders, because the analytical e3} 
pression for the magnetic field distributio i 
around such specimens cannot be easily ol} 
tained, the critical field H. was determine 
only for the triangular cylinder, which w 
represented by H-=&(T-—T) where €’=150)}) 
oerst./deg. and 7,;=3.734°K. 


The shapes of specimen cross-section dea 


| 


| 


were more or less rounded off. The faq| 
that the paramagnetic effect can be observe} 
in such specimens can be explained qualita 
tively with the idea* on which the theory 
H. Meissner® bases. In such specimens als4 
the resultant magnetic field of the externa} 
field and the field produced by the specime 
current shows a helical path, irregular as ii 
is, and the current flowing so as to connecj 
the oblong superconducting grains which reé 
main in the intermediate state along the re} 
sultant field produces a longitudinal fluy 
greater than that due to the external field. | 

On the other hand in such specimens show! 
ing no paramagnetic effect as dealt with ir 
§ 3.3. the paramagnetic effect may not be ob: 
served owing to the possibility that the heli: 
cal path for the current cannot be completed. 

B corresponds to yd in the formula obtained 
for circular cylinders where y having the 
dimension amp./mm. oerst. is more or less 
constant i.e. nearly 0.25 in both cases of tin 
and indium and d is the specimen diameter 
in mm. f seems to depend on the cross- 
section of the specimen. It is not, however, 
clear from the present investigation in what 
way £ depends on the cross-section of the 
specimen. Similar arguments can be said in 
regard to & The difference of TT. between 
the rectangular and the semi-circular or the 
triangular cylinder should be ascribed to the 
difference of their sources. 

The mysterious constant J; which appeared 
in the formulas for the minimum of current 
Ip in the (7—H—T) space for circular cylin- 
ders was 1.2 amp. for tin. The fact that J, 


exists also in non-circular cylinders and its 
value is also 1.2 amp., irrespective of the 
cross-section of the specimen, may throw a 
light on the explanation for J,. 

The discrepancies between our experiment 
reported in the previous paper®) which dealt 


1958) 


: with circular tin cylinders and the theory of 
_H. Meissner® could not be removed com- 
pletely by our recent results on circular in- 


aa 


o> wi 


dium cylinders. However, the facts that 
our recent results showed a qualitative agree- 
ment with the theory and that the paramag- 
netic effect observed in some specimens of 
non-circular cylinders can be explained qualita- 
tively with the idea due to W. Meissner et 
ai seem to substantiate to some extent the 
theory of H. Meissner on the paramagnetic 
effect». Nevertheless the explanation for the 
origin of the mysterious constant J, seems to 


_ be sought in a new direction. 
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The Effect of Tension on the Magnetostriction of 


Iron Single Crystals 


By Hideo TAKAKI and Jun-ichi HAYASHI 
Faculty of Science, Kyoto University 
(Received January 27, 1958) 


Under various tensions the magnetostriction of iron single crystals was 


measured at room temperature by means of strain gauge technique. 


Two 


magnetostriction constants 219) and A411 were found to be independent of 


tension. 


Formerly one of the authors observed a tension-dependent 


magnetostriction constant by using a mechano-optical lever, which was 
found to be due to the overlooking of the fact that the long rod specimen 
is not uniformly magnetized over the whole length on account of its 


demagnetizing field. 


It was found that the magnetostriction of the rod 


specimen must be measured only in its uniformly magnetized portion. 
The mean values of magnetostriction constants were: 


A100= 1972>G10-5 ? 


$1. Introduction 


In the previous work, one of the authors 
observed the effect of tension below the elastic 
limit on the magnetization and the magneto: 
striction of the long rod single crystals of 
iron. In this case we observed that a sharp 
corner of the descending hysteresis curves of 
magnetization, which was called ‘remanence’, 


Aui= — 22.6 x10-° . 


shifted by the application of tension to a little 
higher magnetic field side, the amount of the 
shift being dependent both on tension and on 
the crystal orientation of the rod axis of the 
specimen. The remanent magnetization, how- 
ever, was insensitive to the application of 
tension, thus satisfying Kaya’s law. In other 
words, the distribution of magnetic domains. 
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at the remanence point is determined uniquely 
by the crystal orientation of the rod axis. 
Therefore, taking the remanence and the 
saturation magnetization as two standard 
states, the magnetostriction constants were 
calculated from the descending hysteresis 


curves of magnetostriction of some single 


crystals which were observed by means of 
mechano-optical lever. It was concluded from 
this experiment that the 219 decreases with 
increasing tension and falls to about half the 
value under the tension of 1.0kg/mm/?, while 
the 2,1; remained unchanged. 

Recently one of the authors and Tsuji” 
observed the magnetostriction of the long rod 
single crystals of 3.2 percent silicon steel by 
using strain gauge technique, and compared 
the result with previous one obtained by the 
mechano-optical method. These two methods 
often gave a remarkable different result, 
which was thought to be due to the fact that 
the specimen is not to be uniformly magne- 
tized over the whole length on account of the 
demagnetizing field, especially in lower 
magnetic field. The magnetization of the 
rod specimen has the maximum value at its 
centre and decreases gradually to the end of 
the specimen. Accordingly the magnetostric- 
tion can not be uniform over the whole length 
of the specimen, either. Since the magneti- 
zation measured by the ballistic method cor- 
responds to that in the central portion of the 
specimen, the magnetostriction should also be 
observed in the same portion of the specimen. 
This requirement was not satisfied by the 
previous mechano-optical method of observing 
the change of a length over the greater part 
of the rod specimen, but it could easily be 
attained by the strain gauge technique. 

Since an applied tension is below the elastic 
limit and the anisotropy energy is large in 
case of iron, tension may not affect the rota- 
tion of magnetic domains in low as well as 
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high field. The magnetization of all magneti 
domains, therefore, are oriented along any a 
the easy directions of magnetization belo \ 
the remanence point, but their distributioi| 
may be affected considerably by tension ail 
well as by magnetic field. But since the dis} 
tribution may be affected considerably by ten| 
sion as well as by magnetic field. But sinc¢| 


the distribution of magnetic domains at thg| 


remanence point is to be uniquely determined} 
it should be, and actually is, independent 0} 
external tension. So we can take the rey 
manence point as one of the standard states 
for the calculation of the magnetostriction 
constants even in the case of measurement} 
under the application of tension. According} 
to the above consideration we have made the 
measurement by using strain gauge and cal} 
culated magnetostriction constants and thei 
dependence on tension. 


§ 2. 


The specimens used were four single cry-| 


| 
: 
) 
Experiment ) 


stals of the cylindrical rod of about 2mm 1 
diameter and 20-30cm in length, prepared by) 
the strain anneal method from vacuum melted 
electrolytic iron. Three in them were the 


Cli} 


C100] 


Fig. 1. Stereographic projection of the orienta- 
tion of the specimens. 


Table I. 

Specimen __ Direction cosines Q Length | Silenster Demagne Remanent Nearest 
number 1 mm mm ai ee Cage rientati 
TRE BE Fite, m n iw factor tion CHER rn 
61 0.036 | 0.697 | 0.717 | 236.8 | 1.990 | 0.00321 | 1155 «| ~——‘[110] 

105 0.522 0.542 0.659 230.4 | 1.955 | 0.00331 | 995 | [111] 

2 0.045 0.374 0.926 264.0 1.986 0.00265 1270.04 locks oL0l 
67 0.178 0.190 0.965 302.0 2.001 | 0.00212 | 1271 | [411] 


re 
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same as used in the previous measurement by 
the mechano-optical lever. The crystallo- 
graphic directions and dimensions of these 
specimens are shown in Table I and Fig. 1. 
The strain gauge used was that of type 
K-12-1 manufactured by Kyowa Musen Ken- 
kyusho Co.. Its gauge factor is 2.00+0.03 
and its effective length is 23mm. Two equal 
strain gauges, an active gauge and a dummy 
gauge were used, the former being fixed at 
the mid-position of the specimen by Duco 
cement, and the latter on a brass tube in 
order to avoid the temperature fluctuation. 
By using two additional gauges in two 
branches, a bridge circuit was constructed as 
shown in Fig. 2. After clamping the both 


SEE 
SSMS 
SERS 


nn taratorer ees 


E 


Fig. 2. Experimental apparatus and scheme of 
electric circuits. 
8; specimen to be measured, 5; brass tube bear- 
ing the dummy gauge, c; magnetizing coil, ¢; 
cotton cord, w; weight for loading tension. 


ends of the specimen by the chucks for load- 
ing, the specimen was placed in the brass 
tube which was attached by the dummy gauge, 
then the whole system was inserted into the 
magnetizing coil which was kept at constant 
temperature by circulating water. The ap- 
paratus is also shown in Fig. 2. All measure- 


ments were carried out at room temperature. 


The change of length was read by the deflec- 
tion of a mirror of galvanometer. The strain 
sensitivity was estimated to be 4x10-7 per 
1mm deflection of the scale at a distance of 
2m. We could attained more higher sensi- 
tivity, but the above value was found to cor- 
respond to a good dumping of the galvano- 
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meter. After demagnetizing the specimen in 
alternating field and then loading a tension on 
it, the hysteresis curves of magnetostriction 
were measured. The yield strength of the 
specimen was estimated from the _ stress- 
strain curves reported by Paxton and Church- 
man for the single crystals of Armco iron 
which were prepared and treated in almost 
all the same way as ours. According to their 
result, the yield strength of the iron single 
crystals is about 3 kg/mm? (as tensile stress) 
nearly independent of the crystal orientation, 
and no upper yield point appears. As the 
purity of our specimens is believed to be higher 


x08 
10 


Fig. 3. Descending hysteresis curves of magneto- 
striction of specimen No. 61, near [110], under 
various tensions. 


@ © under no tension 
@——@ 0.35kg/mm? tension 
x x 0.16 kg/mm? tension 
A—— A _ 0.64kg/mm? tension 
10) 500 } 1000 1500 Is 
Ir 

Ks ¥ 
al 

al (0) 

-15 

—20 


x10° 
Fig. 4. Descending hysteresis curves of magneto- 
striction of specimen No. 105, near [111], under 
various tensions. The signs of measured points 
are the same as in Fig. 3. 
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than that of Armco iron, the yield point may 
be lower. Consequently, we limitted the ten- 
sion within 0.6kg/mm?, in which range the 
material may be regarded as nearly elastic 
during the experiment. According to the 


Becker’s consideration, the internal stress_ 


should be induced by magnetostriction and 
given by Aol (E is the Young’s modulas), 


x 10° 
15) 


st 


Fig. 5. Descending hysteresis curves of magneto- 
striction of specimen No. 2, near [210], under 
various tensions. The signs of measured points 
are the same as in Fig. 3. 


x 10° 


Fig. 6. Descending hysteresis curves of magneto- 
striction of specimen No. 67, near [411], under 
various tensions. The signs of measured points 
are the same as in Fig. 3. 


which is evaluated for iron to be about 
0.5kg/mm?. This value is comparable to the 
higher values of applied tension. Magneto- 
striction under 0.8 kg/mm? was also observed, 
but in this case the specimen showed a little 
tendency to creep and no satisfactory result 
for calculating the magnetostriction constants 
was obtained. Descending hysteresis curves 


of magnetostriction under various tensions are 
shown in Fig. 3 to Fig. 6. 
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§3. Discussion and Calculation of Magneto) 
striction Constants 


Magnetization curves of each specimen hag} 
a sharp corner at remanence point, where the 
magnetization remained unchanged unde} 
various tensions. Magnetization curves 0 
three specimens out of the four were show i 
in the previous paper”, and the last one No) 
67 is similar to them in its behaviour. Com- 
paring the present result with the former one,}| 
we found that the behaviour of magneto-} 
striction curves is somewhat different from 
each other. As already mentioned by Takaki 
and Tsuji», below the remanence point mag- 
netostriction curves obtained by the two) 
methods are considerably different from each 
other for the specimen except one with [111] 
orientation, an example of which is shown in} 
Fig. 7. The above discrepancy between the 


x10 


Fig. 7. Comparison of the descending hysteresis 
curves of magnetostriction obtained by two 
measuring methods, specimen No. 61, [110]. 

obtained with strain gauge. 

obtained with optical lever. 

under no tension. 

under 0.64 kg/mm?. 


aya! 
b, b! 


two magnetostriction curves may be explained 
by the fact that the magnetostriction is not 
uniform over the whole length of the speci- 
men but its value is variable below the 
remanence. For the specimen of nearly [111] 
direction, however, the two methods gave 
nearly the same descending hysteresis curves 
of magnetostriction, and below the remanence 
this spécimen has the uniform and constant 
magnetostriction though it has not been uni- 
formly magnetized (Fig. 6). This is because 
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that the magnetic domains are oriented along 
any of the easy directions of magnetization, 
which are directed symmetrically around the 
rod axis, and the magnetostriction has the 
same value in any portion of the specimen. 
From Fig. 3 to Fig. 6, magnetostriction varies 
considerably with tension below the remanence 
point, but does not depend on tension between 
saturation and remanence as shown in Table II 
and Fig. 8. This result is quite different from 


Table II. Dfference of Magnetostriction between 
Saturation and Remanence under Various Tensions. 
Ji8 = eS LS 
-(2) x10® under tension 
Specimen | U /sat-rem 
“geal ned : ees 
Re enpeera Map wats MP otras "oer 
| kg/mm?) kg/mm?) kg/mm?| kg/mm? 
61 17.7.| 18.2 | 17.2 18.0 
105 21.6 19.9 20.6 Paleo) 
2 | ee Ae ise || Ea | ae 
GZ. Al = 1.3 oat 0 2339 124 
no. 67 
O 
O 02 0.4 0.6 : 
tension kg /mm 
‘°C 
x 
it 
S 
_— 
cols 
—— 
AO) 


Fig. 8. Difference of magnetostriction between 
saturation and remanence of four specimens. 


the previous result”, which must be considered 
to be incorrect. The specimen with the orien- 
tation near [100] was also measured but gave 
no satisfactory result which was probably 
caused by the fact that this single crystal 
specimen has a curved form at initially pre- 
pared state and stretched by tension. But this 
specimen has only small effect on determining 
magnetostriction constants because the coeffi- 
cients of Aygo and Ain have small values in this 
orientation as shown in equation (1). Any- 
how, it may be safely concluded that the 
magnetostriction constants do not vary with 
tension. This is further confirmed by the 
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calculation of the magnetostriction constants 
for various tensions. The method of calcula- 
tion is the same as in the previous report, 
that is, the difference of length between the 
state of saturation magnetization and _ re- 
manence is expressed by the following rela- 
tion, 


Ol f 3) 
=A 
( l Ne 3 fn ( 2 (1 


—3(Pm?-+ment-+n2P)} 


(a a pei | 
lt+m+n 


—3Ain(Pm?+nen? +n) , (1) 
where /, m and m are the direction cosines of 
the measured orientation referred to the cubic 
crystal axes. Using the equation (1) two 
magnetostriction constants 29 and A444, were 
calculated by the least square method. 2,1 is 
also determined by the other method. Namely 
magnetostriction for [110] specimen can be 
expressed at near to its saturation by the fol- 
lowing formula, 


6 Te 
eaaae Ax00 = an( 245 =i) 


(above remanence), 


(2) 
that is, the gradient of (é//1) versus J2/J;? 
curve gives the value of 41. Our specimen 
No. 61 deviates about 2° from [110] direction, 
but this deviation has only negligible effect 
on the calculated 44;. The calculated magneto- 
striction constants are shown in Table III and 


Table II]. Magnetostriction Constants of Iron 
Single Crystals under Various Tensions. 
Au x 108 
Tension calculated 
kg/mm? | 410%10° | dnrx10° | from [110] 
specimen. 
0 19.341.0 | —22.9+0.8 —22.9 
0.16 19.741.3 | —21.7+1.1 — 22.7 
0.35 19.4+0.6 | —21.840.6 —21.4 
0.64 18.4+1.1 | —23.0+41.0 — 24.3 
Mean TOR —22.6 


Fig. 9 in comparison with the previous result. 
Their rather large probable error may come 
from the lack of the number of the specimens, 
but the two constants were independent of ten- 
sion. The mean values of the magnetostriction 
constants over various tensions are: Aygo=19.2 
«10-8 and ayi=—22.6x10-§. Although the 
values of 4,, obtained by the two measuring 
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methods are both independent of tension, yet 
the one obtained with strain gauge is larger than 
the one with mechano-optical lever. This dif- 
ference may have the other origin. When 
we compare the mechano-optical method with 
the strain gauge method for the same portion 
of the same specimen, we get always greater 
value with the latter. Strain gauge being 
calibrated by a known strain, so we must 
suppose that the mechano-optical method con- 
tains some error probably caused by the mul- 
tiplying factor of the mechano-optical lever. 
Therefore we believe that the present result 
obtained by using strain gauge is more reli- 
able. 


(6) 0.2 08 


0.6 
tension kg/mm? 


0.4 


Aun 
a a ee a ee ee ee oe a enn 


—2o 


Fig. 9. Magnetostriction constants of iron versus 
tension. 


@ © Our results with strain gauge. 

®——@® Our results calculated from curves 
of specimen No. 61. 

x----x Takaki’s former results with me- 


chano-optical lever. 


In the above discussion we have assumed 
that the state of saturation and remanence 
are the two standards states*, but the process 
from saturation to remanence may somewhat 
vary with tension. From the exprimental 
results, the specimens [110] and [111] remain 
nearly unchanged under any tension, but the 
specimens having the orientation deviated 
from the principal axes take somewhat dif- 


* The demagnetized state is often taken as the 
standard state, but it is incorrect because the dis- 
tribution of magnetic domains is not uniquely 
determined in such a state. 
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ferent values under varying tension. In the} 
state of saturation and remanence the distri-}| 
bution of magnetic domains is uniquely deter 
mined, but this is not necessary the case on} 
the way between the two states. || 

The main factors to determine the domain} 
distribution are the magnetic anisotropy ener- || 
gy and the energy by external field. The energy | | 
by external tension is smaller than the above | 
two energies, but when external tension is | 
applied, it may affect the behaviour of mag-|| 
netostriction in the process from saturation to |] 
remanence. For the specimen with the orien- | 
tation of the principal axes, the distribution 
of magnetic domains is uniquely determined 
in the whole process between saturation and 
remanence. Generally speaking, magneto-| 
striction below the remanence point decreases | 
with increasing tension. In this case the 
magnetic anisotropy energy and the energy 
by external field become smaller and the 
energies from internal stress, surface free 
poles and other origins become comparable to 
the energy by external tension. Thus the 
condition of setting and fixing strain gauge | 
become an important factor, so that the dis- | 


cussion about the domain distribution is insigni- 
ficant below the remanence point. For example, 


x 10° 


1000 


2 i500 T, 


Fig. 10. Descending hysteresis curves of magneto- 
striction observed on the various lateral surfaces 
of specimen No. 61, near [110]. 


the magnetostriction of the specimen No. 61 of 
[110] direction was observed with strain gauge 
fixed on the various lateral surfaces of the cy- 
lindrical specimen in the central portion (Fig. 
10). Two strain gauges on symmetrical posi- 
tion give the different results, which mean 
that the condition determining the domain dis- 
tribution is very delicate and complex. Lee” 
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discussed the effect of the surface closure 


domains in relation with the specimen size, but, 
for our specimen size this effect is concealed 


_ in the experimental error. 
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Electronmicroscopic Observation of Coloured and Bleached 


Alkali-Halide Crystals 
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Alkali-halide crystals coloured with X-ray irradiation were observed 
electronmicroscopically using replica techniques. Crystals bleached by 
keeping them in air and by thermal treatment were also observed. Growth 
of crystallites was seen not only on the irradiated front face, but also 
on the side face and on the newly cleaved section. An interesting growth 
of crystallites was observed all over the front face with the progress 
in colouration. It was also seen on the side face that the growth of 
crystallites similar to that on the front face occured in accordance with 
the degree of colouration. At the inner part of coloured crystal, growth 
of crystallites was observed only along the steps or in the neighbouring 
part. By the process quite reverse to the crystal growth in colouration, 
crystallites grown during colouration disappeared in the process of bleach- 


ing. Results obtained were discussed. 


§1. Introduction 


With application of replica techniques, we 
found that small crystallites appeared on the 
surface of AgBr crystal in photographic emul- 
sion after optical colouration while observing 
the print-out effect. This process was con- 
sidered to be due to atomic or ionic diffusion 
to the surface from the inner part”. It was 
also found that the crystal MgO changed its 
shape with colouration due to the heating to 
high temperature”. From these phenomena 
crystal growth on the surface of alkali-halide 
crystal coloured with X-ray irradiation was 
expected. To confirm this, the present ex- 
periment was performed. While this experi- 


ment was in progress, several studies*” were 
published on the surface change of the alkali- 
halide crystals by X-ray irradiation, in connec- 
tion with the decrease in the density of alkali- 
halide crystals by colouration. These results 
will be discussed in comparison with our ex- 
perimental results. 


§2. Specimen and Experimental Method 


In this experiment, transparent natural cry- 
stals of NaCl and KBr were used. The small 
crystals of 5x3x3mm cleaved in air from a 
single block of the crystal were used as 
coloured specimens on one hand and standard 
specimens on the other, respectively. Speci- 


710 


mens were always used without any pre-treat- 
ment such as water-polishing or annealing. 
The front-, the side- and the cleavage-face 
after colouration by X-rays were examined and 
compared with the standard un-irradiated 
specimens. Each face to be examined is shown 
schematically in Fig. 1, where the incident 


X rays 


front face 


side face 


Fig. 1. Faces which was examined with the elec- 
tronmicroscope. 


(a) 


evaporation. 
@=~tan-1(1/6). 


detached from the front face, from the direct- 
ion of the shadows. 


§3. Experimental Results 


First, two NaCl crystals, one of which was 
kept in the desiccator and another in air for 
14 days, were compared. We could hardly 
find any difference between them, and so it 
can be said that humidity in air has no pro- 
nounced effect*. 

Under a comparatively uniform condition 
of irradiation, the change of the front face of 
NaCl crystals with duration of X-ray irradiation 
was next observed. Fig. 3 (a) shows the 
electron micrograph of the surface of NaCl 
crystal without any X-ray irradiation, while 
(b), (c), (d), (e) and (f) show the electron 


* This experiment was made during the season 


of low humidity, but in the season of high humi- 
dity we should pay attention to the effect of 
humidity». 
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(b) 


Fig. 2. Direction of evaporation in making oblique replicas. 


(a) front face: @~tan-1(1/3), (b) side face: 9=tan-1(1/3), (c) cleavage face: 
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beam of X-rays hits normally the front-face.|| 
Specimens were all irradiated at room tempe-}| 
rature in dark with X-rays of 40KV, 5mAl| 
from Fe target. The distance between the} 
specimen and the target was about 4cm.|| 
Aluminum foil of 0.02 mm thick was used as} 
a window of X-ray tube. Chromium oblique}| 
replicas reinforced by carbon were used for|| 
the electronmicroscopic observation. In mak- || 
ing oblique replicas, evaporation angle, meas- 
ured from the crystal surface, was about |} 
tan-1(1/3) for both the front and the side’ 
faces and about tan-1(1/6) for the cleavage 
face. It took about 1 hour for replication. 
Coloured crystals were exposed to room light 
only during this time interval. Much care 
was paid to the shadowing for the determina- 
tion of the orientations of crystallites grown 
on the surface, as shown in Fig. 2. We could | 
also distinguish, the parts locating closed to 


(Cc) 


Arrows show the direction of 


| 
| 


images of the front face of crystals irradiated 
by X-rays for 10, 15, 30 minutes and 1 and 
3.5 hours, respectively. The surface of the 
standard un-irradiated crystal is almost smooth 
and even in the special case it has only low 
steps as seen in (a). After the X-ray irradi- 
ation for a short time, fine crystallites having 
circular contour shown in (b) appear first 
here and there. It is known from (b) that 
crystallites are easy to appear along the 
steps. By further irradiation, crystallites 
grow to leaf-like pattern (c), and then the 
distinct parallelepipedal crystallites appear (d). 
Judging from the direction of shadows, the 
[100] direction of the crystallites is predomi- 
nantly parallel to the cube edge of the base 
crystal and parallel to the diagonal of the 
base crystal. By still further irradiation, how- 
ever, large circular crystal patterns appear. 
(e) shows a small portion of such a circular 
pattern, Crystallites still grow and distribute 
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all over the front face. After irradiation for that a very peculiar behaviour of the crystal 
a sufficiently long period, very large crystal- growth appears with the increase of X-ray 
lites are formed and the substrate becomes colouration and the surface change from (e) 
completely smooth (f). It should be noted to (f) is very similar to the behaviour of ag- 
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; Fig. 3. The change of the front face of NaCl crystals by X-ray irradiation: (a) 0, (b) 10, (c) 15, 
(d) 30 minutes, (e) 1, (f) 3.5 hours. 
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Fig. 4. Electron images of the side face of NaCl Fig. 5. Electron images of the OGENEEC noe of 
crystal coloured by X-ray irradiation for 4 NaCl crystal coloured by X-ray irradiation for 
hours: (a) the place nearest to the front face 4 hours: (a) the place nearest to the front 
(b), (c) the distant places farther from the front face, (b), (c) the places farther alway from the 


face. ; front face. 
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Fig. 6. The change of the front face of NaCl crystals by natural 
bleaching: (a) immediately after (b) 13 days after, and (c), 
(d) 33 days after the colouration by X-ray irradiation for 3 


hours. 


Fig. 7. Electron images of the side 
face of NaCl crystal bleached for 
33 days after the colouration by 
X-rays for 3 hours: (a) the place 
nearest to the front face, (b), (c) 
the distant places farther from the 
front face. 


Ww 
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Fig. 8. The change of the front face of NaCl crystals by thermal bleaching: (a) the surface 
of uncoloured standard specimen after thermal treatment: (b) the front face immediately 
after colouration by X-ray irradiation for 3.5 hours, (c), (d) the front faces immediately 
after thermal bleaching. 
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Figo 9: 
by X-ray irradiation: (a) 0, (b) 20 minutes, (c) 3, (d) 
4 hours. 


gregation of deposited thin film. 

Fig. 4 shows the electron micrographs of 
the side face of NaCl crystal coloured by X- 
ray irradiation for 4 hours: (a) shows the 
image of the place nearest to the front face 
while (b) and (c) show those of the distant 
places from the front face. In (a) large 
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Fig..10. Electron images of the side face 
of KBr crystal coloured by X-ray ir- 
radiation for 3.5 hours: (a) the place 
nearest to the front face, (b), (c), (d) 
the distant places in this order from the 
front face. 


Fig. 11. 


Electron images of the cleavage face of KBr 
crystal coloured by X-ray irradiation for 3.5 hours: 
(a) the place nearest to the front face, (b), (c) the 
distant places farther away from the front face. 


crystallites are seen, while crystallites are 
small in (b) and a few steps only appear on 
the smooth plane in the deeper place (c). 
Therefore, it is found that the behaviour of 
crystal growth on the side face also changes 
with colouration degree. In the case of (a), it 
should be noted that the [100] direction of the 
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crystallites is approximately parallel to the 
edge of the base crystal. 

For the observation of inner parts of coloured 
NaCl crystals, the section newly cleaved 
parallel to the side face of the crystal coloured 
by X-ray irradiation for 4 hours was examined. 
Fig. 5 shows the result obtained: (a) shows 
the image of the place nearest to the front 
face irradiated by X-rays, and (b) and (c) 
show those of the places farther away from 
the front face respectively. In (a), large 
crystallites are seen only along the steps or 
in the neighbouring place. While small cry- 
stallites are observed along steps in (b) and 
only a few steps are seen on the smooth plane 
in (c). It is noted that in (a) and (b) steps 
bend remarkably, while in (c) almost straight 
steps are only observed. 

The bleaching behaviour was next examined 
by keeping the coloured crystals in the air for 
a long time. In Fig. 6;"(a), (b) and (c) show 
this effect on the front faces of crystals which 
were photographed immediately after, 13 days 
and 33 days after the colouration by X-ray ir- 
radiation for 3 hours, respectively. (b) shows 
a part of a large circular crystal pattern and 
this is very similar to the pattern in Fig. 3 (e) 
which was observed in the process of crystal 
growth by X-ray irradiation. In this figure, 
(d) shows the image which was taken from 
the crystal bleached for 33 days after the 
colouration, and the crystallites in (d) are 
very similar to those in Fig: 3 (c). It is seen 
from these that the crystallites on the front 
face of NaCl crystal disappear on bleaching. 
Moreover, it might be conceivable from (b) and 
(d) that crystallites grown during colouration 
disappear during bleaching by the process quite 
reverse to crystal growth in colouration. 

Fig. 7 shows the side face of NaCl crystal, 
which was bleached for 33 days after the 
colouration. (a) shows the image of the place 
nearest to the front face, while (b) and (c) 
show those of the distant places farther from 
the front face. It is interesting to note that 
the crystallites on the side face does not disap- 
pear completely after 33 days, notwithstanding 
almost complete disappearance of the crystal- 
lites on the front face. The crystallites in 
(c) are very similar to those in Figi3 te); 

It was found from the observation of the 
part of section near the front face of NaCl 
crystals bleached for 33 days after the colou- 
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ration that crystallites still remained but steps 
became lower or nearly disappeared. 

Fig. 8 shows the results obtained by thermal 
bleaching. After heating for 10 minutes at 
300°C, specimens were slowly cooled to room 
temperature in 1 hour. (a) shows the image} 
after the thermal treatment in the case of 
uncoloured standard specimen. Any change 
is hardly observed by thermal treatment. (b)) 
shows the image of the front face immediately | 
after the colouration by X-ray irradiation for) 
3.5 hours, while (c) and (d) show those of the 
front face immediately after the thermal) 
bleaching. In (b) a pronounced crystal growth} 
is seen, while in (c) crystallites are very small. 
Therefore, it is concluded that the front face | 
becomes smooth also by the thermal bleaching. | 
Stratified laminar crystallites as shown in (d), | 
the lamellae of which are supposed to be 
formed in the earliest stage of crystal growth | 
during colouration, were rarely observed on | 
the front face of thermally bleached NaCl | 
crystal. . 

KBr crystals were next observed electron- | 
microscopically. Fig. 9 (a) shows the electron 
micrograph of the surface of KBr crystal 
without any X-ray irradiation. A step and the | 
smooth plane are only seen. In this figure 
(b), (c) and (d) show the electron images of 
the front face of crystals coloured by X-ray : 
irradiation for 20 minutes and 3 and 4 hours _ 
respectively. Rod-like and point-like patterns 
appear on the front face by X-ray irradiation 
for a short time. (b) shows the image of the 
place on the front face where the both kinds 
of crystal pattern appeared at the same time. 
After X-ray irradiation for 3 hours, a pat- 
tern very similar to deposited thin film was 
obtained all over the front face as shown in 
(c). By further irradiation, crystallites grow 
into larger ones and the substrate becomes 
smooth as in (d). Surface change from (c) to 
(d) is very similar to the behaviour of aggre- 
gation of deposited thin film as well as in the 
case of NaCl crystals. Fig. 10 shows the 
images of the side face of KBr crystal coloured 
by X-rays for 3.5 hours: (a) shows the pattern 
nearest to the front face, while (b), (c) and 
(d) show the patterns in the distant places in 
this order from the front face. In (a) and (b) 
many crystallites are seen and the substrate is 
not smooth, while in (c) and (d) leaf-like pat- 
terns such as in Fig. 3 (c) and small crystallites 


Se 


face. 


are only observed on the almost smooth sur- 
This phenomenon is similar to the case 


of NaCl crystals. Fig. 11 shows the electron 


“images of the cleavage face of KBr crystal 


coloured by X-ray irradiation for 3.5 hours. In 


this figure, (a) shows the image of the place 


nearest to the front face, and (b) and (c) show 


_those in the distant places from the front face 


, 


“respectively. 
-made along the same one step. 


In this case, observation was 
In’ (a) a 


large crystallite is seen only along the step 
-and most parts of the section are smooth. 


as seen in (b). 


The size of crystallites along the step becomes 
smaller with the distance from the front face 
At a farther distance only a 
few steps appear on the smooth surface as 
in (c). It is to be noted that in (a) the step 
bends remarkably, while in (b) and (c) it is 
almost straight. These results are consistent 
with those of NaCl crystals. 

The effect of thermal bleaching was also 
examined in the case of KBr crystals. It was 
observed that crystallites grown during colour- 
ation did not disappear completely by heating 


for 10 minutes at 300°C, although their com- 


plete disappearance may be expected by further 
treatment. 


§4. Discussion of Results Obtained 


It is clear from the present results that in 
the case of colouration of alkali-halide crystals 
by X-ray irradiation, crystal growth appears 
on the front face. The maximum height of 
crystallites was about 2500-3500A. Recently 
Leider® found by electron diffraction that cry- 
stallites larger than several hundred A ap- 
peared on the front face of NaCl crystal 
with X-ray irradiation. On the other hand, 


Smith, Leivo and Smoluchowski® found by 
- multiple-beam interferometry that steps having 


- periment. 


the height of about 180-1400 A only appeared 
on the front face of KCl crystal of X-ray ir- 
radiation. Leider’s result agrees with our ex- 
It has been found in electronmicro- 
scopic observation of KCl crystal coloured in 
the vapour of potassium that the straight or 
wound steps appeared first, and then crystal- 
lites appeared on the surface with further 
colouration. Therefore, it may be due to the 
sufficiently pure and well annealed KCI cry- 
stals that steps only were observed in the 
examination with multiple-beam  interfero- 
metry in the case of Smith and others. Saka- 
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guchi and Suita”? also obtained the value of 
about 3000-4000 A as the increase in thickness 
of alkali-halide crystals at the saturated colour- 
ation due to X-ray irradiation, from the meas- 
urement by electric micrometer. This value 
agrees with the maximum height of crystal- 
lites obtained in our experiment. Expansion of 
alkali-halide crystals due to X-ray irradiation of 
weak intensities was also observed by Lin®. 
The value of maximum relative linear expan- 
sion of 10-° obtained by him does not conflict 
with our result. It is, therefore, considered as 
atomic or ionic diffusion to front face from inner 
part of crystal that crystallites grow on the 
front face by X-rays. It may be reasonably 
understood from this mechanism that time 
lag occurs on the expansion of alkali-halide 
crystals due to X-ray irradiation of weak in- 
tensities®. 

Crystal growth on the front face was ob- 
served as very peculiar behaviours in the 
course of colouration degree. In the case of 
appearance of the distinct parallelepipedal 
crystallites, the [100] direction of the crystal- 
lites is, in general, parallel to the cube 
edge of the base crystal and parallel to the 
diagonal of the base crystal, though Leider? 
did not confirm accurately this fact. This 
phenomenon is considered to be physically 
reasonable. In earlier stage of colouration, 
crystallites are easy to appear along the steps 
as shown in Fig. 3 (b). This phenomenon 
shows that ions or atoms are easy to diffuse 
to the surface from the inner part of crystal 
through steps or micro steps. In a later 
stage, however, a surface change is very 
similar to the behaviour of aggregation of 
deposited thin film in both cases of NaCl and 
KBr, and also pronounced steps could not be 
observed in both cases though there may be 
micro steps which is unresolvable in our ex- 
periment. In this stage, therefore, surface 
migration seems to be an important factor in 
the crystal growth on the surface. It should 
be also noted that patterns such as Fig. 3 (e) 
and Fig. 9 (c) perhaps show the colloidal state. 

On the front face, crystal growth will appear 
not only along the steps, but also on the 
smooth area. On one hand, from the obser- 
vations on cleaved faces, it appears that cry- 
stal growth mainly happens along the steps. 
To explain this it may be considered that ions 
aggregate to the mechanical imperfections— 


716 


cracks or slips (perhaps dislocations)— leaving 
vacancies behind. This mechanism seems to 
be very similar to that of the internal latent 
image formation” in the photographic emul- 
sion. It was also, found that at the parts 
farther inside from the front face, crystal. 
growth becomes less marked with difficulty 
of penetration of X-rays, and steps more 
straight. The winding of steps is considered 
to be connected with crystal growth, because 
the winding of steps is most pronounced at 
the part nearest to the front face. 

Decrease in the density of alkali-halide cry- 
stals by X-ray irradiation, discussed by several 
investigators’ ®:!, may be explained from our 
experimental results which suggest that cry- 
stallites apear not only on the surface, but also 
vacancies are created inside the crystal, though 
Smith and others® attached great importance 
only to the internal mechanism. The surface 
structure appeared in earlier stage of X-ray 
irradiation may be explained on the stand- 
point of dislocation as a result of the climb 
of dislocation which occurs when the exciting 
radiation causes the dislocations to yield 
vacancies. This will explain some of the 
structure originated in the depth of the 
crystal where the radiation penetrates!. How- 
ever, crystal growth in later stage of X-ray 
irradiation cannot be discussed here as climb 
of dislocations, because it is not yet clear 
whether surface migration connects with climb 
motion of dislocation or not. 

It is very interesting that crystallites grown 
during colouration disappear in the course of 
bleaching, by the process quite reverse to 
crystal growth in colouration. If the coloured | 
state is considered to be the excited one and 
the bleached state the normal one, it may be 
physically reasonable that in the bleaching 
process ionic diffusion occurs to the inner part 
of crystal to fill up the vacancies created by 
X-ray irradiation. 

The delay of disappearance of crystallites 
on the side face grown by X-ray irradiation, 
as compared with that on the front face, may 
be due to the difference of degree of crystal 
growth. It has not yet been made clear from 
the observation whether crystallites appeared 
at the surface and the inner part of alkali- 
halide crystal are alkali crystal or alkali-halide 
one. However, both kinds of crystallites seem 
to appear perhaps at different stages of colour- 
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ation. 
Finally the relation between crystal growth 


l 


and colouration is to be discussed. Positi 
or negative ions removed from the latti 
points produce the crystallites and colo 
ration of crystal occurs from many vaca 
cies which are left in the crystal behind. I 
is reasonably understood that colouration ij 
most pronounced at the part nearest to th 
front face and it becomes less marked at t 
part father inside from the front face. Thi 
mechanism does not conflict with the co 
siderations hitherto accepted. From the ré 
sults in our experiment, it seems that there i 
not only the interaction between colour centen 
and dislocations as reported by Amelinckx!? 
but crystal growth is closely connected witl 
them excepting surface migration stage 
So, electronmicroscopic observation of crysiet 
growth or steps will be very important i 
learning the behaviours of ions in alkali-halidé 
crystals, though hardly any such observatior 
has hitherto been made. However, some o 

scurities may remain on the above-mentioneg 
phenomena and interpretations. To mak¢ 
these clear, several studies are being carrieg 
out under simpler conditions. ) 
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Previously one of the authors showed that the system with positive 
real impedance can be described within the framework of irreversible 
thermodynamics. In this paper we first remark that the impedance of 
the system which is describable by irreversible thermodynamics should 
necessarily be positive real. This conclusion is immediately drawn from 
the theorem of network synthesis that a system with non-positive-real 
impedance cannot be constructed from elementary RLC circuit. That a 
system is constructed from RLC circuit is the necessary and sufficient 
condition for the system to be described by irreversible thermodynamics. 
Then we examine some statistical properties of the harmonic oscillator 
with radiation damping, a typical example of the system with non-positive 
real impedance, which will help us to apprehend the above conclusion 
somewhat more intuitively. The main point is that in the presence of 
radiation damping, we cannot set up the Fokker-Planck equation for the 
fluctuation without having recourse to an approximation. The result of 
this approximation is however at variance with the requirement of the 


rigorous irreversible-thermodynamical description. 


§1. Introduction 

In a recent paper”, which in the following 
will be refered to as I, one of the authors 
showed that the system whose impedance is 
of the form 


Zio) =27/(iw) +2 + (bw)21-+ S cs[lio—ps) (1.1) 


(the so-called positive real impedance in the 
network theory) can be described within the 
frame work of irreversible thermodynamics. 
~The problem whether the physical system 
whose impedance are not positive real can or 
cannot be described by irreversible thermo- 
dynamics, was however remained open. In 
I it was shown that the irreversible change 
‘(including fluctuation) of the systern whose 
impedance is positive real can be described 
by a system of (say 7) Langevin equations of 
the second order, if we introduce 7-1 appro- 
priatea inner variables, in addition to the vari- 
able x under consideration. In other words, 
such a system eventually reduces to a many- 
dimensional irreversibe-thermodynamical sys- 
tem as treated in §2 of I. The problem 
mentioned above amounts to inquiring whether 


the system with non-positive-real impedance 
can or cannot be reduced to such a many- 
dimentional system. It is not self-evident 
that we can exculde the possibility of such a 
reduction, inasmuch as we have not examined 
the possibility of, e.g., taking the derivatives 
of the variable under consideration as inner 
variables, which seems to be natural in the case 
of the system with non-positive-real impedance, 
as will be seen below. The answer to this 
question is readily given by combining the well 
known theorem in the network theory that a 
network with non-positive-real impedance can- 
not be constructed from elementary RLC cir- 
cuits (which means that such a system cannot 
be described macroscopically by a set of dif- 
ferential equations of the second order tract- 
able by irreversible thermodynamics), together 
with the argument of Sait6”, extending his 
formulation of the ordinary irreversible 
thermodynamics to a system described by a 
set of differential equations of the second 
order. This extension is easily carried out 
starting from his original treatment by mak- 
ing use of the technique of Ostrogradsky, 
as was pointed out by Saité and Namiki”, 
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In effect consider a set of differential equa- 
tions of the second order 


Di(MijXj) +1155 + $15Xj)=0, (1.2) 
; : 


where the coefficients mi;, 71; and si; respec- 
tively form positive definite matrices. 
fluctuating force p(t) to be introduced into 
the right-hand sides of these equations have 
the statistical properties 


<pilt)> =0, 
Fionn ry, (1.3) 


according to the fluctuation-disspation theorem, 
where &;(iw) is the spectral density, and 
hence 


< pid) pi(t+r)>=2kT11j0(c). (1.4) 


These properties and further assumption that 
the distribution function of the fluctating forces 
is normal are necessary and sufficient for the 
system to be described irreversible-thermo- 
dynamically. A system with non-positive-real 
impedance cannot be described, as was men- 
tioned above, by a set of differential equations 
of the form (1.2), and consequently it cannot 
be described in the framework of irreversible 
thermodynamics. 

This is all that we want to conclude. We 
should like, however, to present a more 
detailed discussions on the harmonic oscillator 
with radiation damping, a typical system with 
non-positive-real impedance, in order to eluci- 
date the nature of such a system. 

We first examine in §2 the many-dimen- 
sional irreversible-thermodynamical system 
treated in §2 of I, in more detail, showing 
that the rank of the matrix of the quadratic 
from of dissipation function should be equal 
to that of the matrix whose elements are the 
coefficients of the diffusion terms of the 
Fokker planck equation describing this system. 
This means that the variables which contribute 
independently to the macroscopic entropy 
production or energy dissipation should neces- 
sarily contribute also to the diffusion terms 
of the Fokker-Planck equation. This is a 
natural consequence since the fundamental 
idea of irreversible thermodynamics is that 
each mechanism of energy dissipation is ac- 
companied with a microscopic fluctuation, 
which should appear as a diffusion in the 
space in which the process under considera- 
tion becomes Markovian. 

In §3 we take up the harmonic oscillator 
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with radiation damping, and show that we 
cannot obtain its Fokker Planck equatio 
without having recourse to an approximation} 
and if this approximation is admitted, the] 
resulting Fokker-Planck equation has only one 
diffusion term, despite the fact that there are 
two mechanisms of, and hence two variables} 
which contribute to, the energy dissipation)| 
According to the above-mentioned characteris}|} 
tic property of the irreversible-thermodyna;| 
mical system, this will mean that the harmonidt 
oscillator with radiation damping cannot b 
reduced to a many-dimensional irreversible?} 
thermodynamical system. 


=i 
| 


§2. A Characteristic Property of Irrever-7} 
sible-Thermodynamical System. 


Let us consider a many-dimensional irrever- 
sible-thermodynamic system which is described i 
by (I, 2.36), and assume that the matrix {Li; 
is singular, i.e., its rank R is smaller than 7 
Since {Li;} is symmetric, it can be diagonalized| 
by an orthogonal transformation* 


Crixk=y!, (2.1) 


as 

GiLiG;'= Didi;, (2:4 
where r—R D,’s are zero. Wecan let D:=0, 
i=R+1,...., 7, whithout loss of generality 
By this transformation, (I, 2.16) and the entrop 
production become 


3 | 
Tsyi t+ DD + Tm =p), (2.3) 
fae | 


and 


AS= S/T) DAG, (2.4) 


respectively, where s;;=GitswG;' and mj,= 
GikmmG;'. (2.3) and (2.4) indicate that theres 
are only R variables which contribute to thed 
energy dissipation. | 
If we derive the Fokker-Planck equation) 
corresponding to (2.3), we see that the ran 
of the matrix whose elements are the coeffici-} 
ents of its diffusion terms is equal to R,\| 
provided that the matrices {s;,} and {mj,} are} 
non-singular (this assumption bring about no 
loss of generality)». The Fokker-Planck 
equation is none other than the diffussiont 


equation for a Markov process in a 27-dimen-| 
sional phase space V with the coordinates} 


* We use here the summation convention for} 
the sum from 1 to 7. 
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{y;, y;}, i=1, 2,...., 7. Now the above re- 
sult shows that in the present case the process 
is completely causal and exhibits no fluctua- 
tion in a certain 27—R-dimensional subspace 
of V. Viewed from the angle of fluctuation, 
therefore, this is nothing but an R-dimensional 
process. Let us express this fact by saying 
that the process is stochastically only R-dimen- 
sional. In other words, there are only R inde- 
pendent mechanisms of diffusion; that is, 
those variables which independently contribute 
to the energy dissipation all contribute to the 
diffusion, whilst the variables other than these 
make no contribution. 

As was already mentioned in the introduc- 
tory section, this is a natural result in accord- 
ance with the fundamental idea of irreversible 
thermodynamics. 


Fokker-Planck Equation for the Har- 
monic Oscillator with Radiation Damp- 
ing. 


§ 3. 


Sait6 and Namiki#® gave a general method 
of obtaining the Fokker-Planck equation cor- 
responding to a given Langevin equation by 
throwing the theory of Brownian motion into 
the formalism of the quantum mechanics. 
In this section we try to derive after their 
method the Fokker-Planck equation for the 
harmonic oscillator with radiation damping. 

The stochastic property of the fluctuating 
force to be introduced into the Langevin equ- 
ation can easily be derived from the fluctua- 
tion-dissipation theorem. There seems to be 
no doubt about the validity of this theorem 
since it yields a correct results for the energy 
distribution of the radiation field which is in 
equilibrium with the oscillator». As is well 
known, such an oscillator is described macro- 
scocpically by the differential equation of the 
third order 


ak+mx+rx+sx=0, (Soa) 


at least approximately, where a=—(2/3)e?c-* 
(e: the electric charge of the oscillator; c: 
the velocity of light) and s=mo,? (wo: natural 
frequency of the oscillator). The impedance 
of the system is 

Z(iw)=s/(iw)+r+m(io)+ato)?, (3.2) 
and the fluctuation of the system is described 
by the Langevin equation 


ax+mx+raetsx=p(d, (33) 


Thermodynamics of Radiation Damping 


719 


which is obatined from (3.1) by adding the 
term of the fluctuating force p(t). The spec- 
tral density of p(t) is given by 


FP (iw)=(2/n)kT Re Z(iw) = (2/z) \kT(r —aw?), 


according to the fluctuation-dissipation theo- 
rem. This indicates that the term a% in (3.3) 
which represents the radiation damping and 
the term rx which corresponds to the ordinary 
viscous damping contribute independently to 
the energy dissipation, that is, that there are 
two independent variables which contribute 
to the energy dissipation. It is, therefore, 
reasonable to take x and x as such variables. 

The correlation function of p(¢) is given by 


PO pE+t)>=2T[r0(c) +ad"(r)], (3.5) 


as can easily been from (3.4). It is to be 
noted that this contains a very singular term 
0’’(r). AS was mentioned in §1, a system 
with radiation damping has a non-positive-real 
impedance and hence cannot be describable 
by irreversible thermodynamics. This fact 
manifests itself in the right-hand side of (3.5) 
which contains a term proportional to 0’’(f). 
However in order to cast the formalism into 
the framework of the irreversible thermodyna- 
mics, it is necessary to assume that the fluc- 
tuating force to be introduced into the right- 
hand side of (3.1) has a correlation function 
expressed by a 0-function. Thus we put 

(pOplt+t)>=r6(r), (3.6) 
instead of (3.5), where 7 is a constant which 
is determined below. Physically speaking the 
functions 6 and 0” are only the idealized ab- 
straction and should really be regarded as the 
functions such as, for example, those shown 
in Fig. 1 and Fig. 2, respectively with small 
correlation times to and t’. The correlation 
time t’ is somewhat larger than t). The 
irreversible thermodynamics is valid only 
when we neglect the behavior of the system 
within to, looking only upon the coarse-grained 
phenomenon. The assumption (3.6) does not 
mean that the term 0’’(t) can be neglected 
but it is an approximation to the whole right- 
hand side of (3.5) inculding the term 0’’(Z). 
The physical meaning of this approximation 
will be made clear in what follows. 

In this connection it is noted that the values 
at different times of a stochastic variable with 
correlation function represented simply by a 
0-function are completely independent, while 
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those of 6’’-type correlation function are not 


independent at contiguous times as is seen in 
Bige 2: 


§(T) 


Big. 2. 


As the Lagrangian we should take _ (= 
(1/2){a@%¥+mxe+ri+sx}. Putting x=u and 
x=w and regarding x, w and w as independent 
variables, we therefore obtain as the modi- 
fied Lagrangian” 


F' =(1/2)(aw+mw+ru+sx)? 


+pi(x—u)+pt—w). (3.7) 
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The momenta and the coresponding differentia | | 
operators are 


eo" 


Ti ~—=a(awtmwt+rut+sx), 
Ow 
7 0 / 
batsnciy sans b= a =p,  (3.8)] 
and 
pi —70/0x, p.x>—yd/Ou, x—>—70/0w, 


(3.9) 
respectively, where the coefficient 7 is to be4 
determined below. The Hamiltonian then is|| 
Fl =wrtxpitupr—F 
=up\+wp24+ (2/2a)(x/a—2mw—2ru—2sx).\Ih 


Thus the Fokker-Planck equation for the dis-} 
tribution function W(x, u, w, ft) is given im- 
mediately by i} 
70W/0t= HA W=—ru(d W/0x)—rw(0 W/ou) 
+(7/2a)(0/0w)|(r/a)(0 W/Ow) 
+2(mw+rut+sx)W] (3.11) 
It is not always necessary to solve this} 
equation in order to obtain various average} 
quantities. We have for example the equili-} 
brium value of <u>, by letting t-oo 


(m/2)<u?>.= 7 /4(r —sa/m). 


Since this must be equal to (1/2)kT, 7 is deter- 
mined to be 
7 =2kTr(1—sa/mr). (3.12) 

The Fokker-Planck equation obtained above }j 
contains only one diffusion term: In the pre- 
sent case there are two variables contributing 
to energy dissipation, whereas the process 
looks stochastically like only one-dimensional, 
contrary to the requirement of rigorous thermo- 
dynamical description mentioned in §2. In 
the coarse observation, which smoothes out 
the behavior within ¢’, the radiation damping | 
does not accompany its own fluctuation, but | 
only modify indirectly the magnitude of the 
fluctuation accompanying the ordinary viscous | 
damping, according to Eq. (3.12). 

It is a difficult problem to handle consistent- 
ly the term 0’(t). We shall not however 
worry about it since it is evident from the | 
argument given in §1 that even if we could. 
take into account the effect of this term 
rigorously, we cannot at any rate obtain the 
Fokker-Planck equation which has a full 
significance from the point of view of the ir- 
reversible thermodynamics. We think that 
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the peculiar property of the radiation damping 


mentioned above suggests the reason why the 
radiation damping cannot be treated by irrever- 
sible thermodynamics. 

However in order to incorporate, consistent- 
ly, the formalism of radiation damping into the 
framework of the irreversible thermodynamics, 
we put the first term of the differential equa- 
tion of radiation damping (3.1) a¥ equal to 
—w’ax, where w is the natural frequency 
given by w)?=s/m, as is usually done in simple 
calculation” assuming that the frequency of 
the motion is hardly affected by the radiation 
damping. Then the process can effectively 
be described by a differential equation of the 
second order with the coefficient of the damp- 
ing term r—sa/m. In this approximation, 
therefore, our system can be treated in the 
framework of irreversible thermodynamics. 
The approximation a%~—w,)?ax will however 
be valid only for a narrow neighborhood of 
the particular frequency w, and indeed the 
spectral density of the system in this approxi- 
mation (2/z)kT(r—sa/m) is nothing but the 
equation (3.4) at the frequency w=. 

It is however interesting to note that the 
coefficient of the diffusion term r—sa/m just 
coincides with value of y obtained above 
((3.12)), and it should also be noted that the 
6-function approximation (3.6) with ,=2kT 
(r—sa/m) given by (3.6) for the correlation 
function of the fluctuating force is strictly 
valid for the approximation a¥~—w,?ax. Our 
treatment in deriving Eq. (3-11) is, we surmise, 


a little better approximation than that of 


ALY —WyaAX 


§4. Conclusions 


We have shown above that the impedance 
of irreversible-thermodynamical system should 
necessarily be positive real. That the fluctu- 
ation of any system with positive real im- 
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pedance can be described by a system of 
Langevin equations of the second order means 
that we can regard the system described by 
a Langevin equation of the second order as 
the fundamental irreversible thermodynamical 
system, and every irreversible-thermodyna- 
mical system can be represented by a suitable 
combination of these fundamental systems. 
This conclusion corresponds to the well known 
fact in the network theory that every passive 
network can be constructed of elementary RLC 
circuits (which corresponds to our fundamental 
system). Our conclusion represents a generali- 
zation of the result of the network theory in 
the sense that the fluctuation has now been 
taken into account. It may be said that any 
system which can be represented macroscopi- 
cally by a model of passive network can be 
described by the irreversible thermodynamics. 
We can also say from the above result that 
the irreversible thermodynamics is valid only 
for the irreversible phenomenon which is 
described as an ordinary viscous damping 
proportional to the “velocity” x. This corro- 
borates the point of view of Cox® concerning 
the nature of irreversible thermodynamics. 


This work is supported in part by a Grant 
in Aid from the Ministry of Education. 
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Gel Formation of Aqueous Solution of Polyvinyl Alcohol 
Irradiated by Gamma Rays from Cobalt-60 
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Experiments were carried out on the irradiation of aqueous solution of 
For sufficient dose of radiation, the 
polymer molecules in the solution interlinked with each other and formed 
The change in degree of polymerization of the polymer 
with the absorbed dose, and the minimum dose Ry, required to produce 
a gel, were measured as a function of concentration of polyvinyl alcohol. 
In dilute solutions below the critical concentration, gel formation did not 
occur even for prolonged irradiation. 


polyvinyl alcohol by gamma rays. 


an insoluble gel. 


the phenomena. 


§1. Introduction 

A number of works have been done on the 
radiation effects of water and aqueous solu- 
tions of low molecular organic substances”, 
but only a few reports have appeared on high 
polymer solutions. Examples are radiation- 
induced-polymerization of aqueous solution of 
acrylonitrile» and the gel formation of aque- 
ous solution of polyvinyl pyrrolidone®. In 
both of these reports, it was suggested that 
the radicals formed in water play an impor- 
tant role in the polymerization of acrylonitrile 
or the gel formation of polyvinyl pyrrolidone. 
Such a phenomenon is frequently observed 
for the radiation-induced-decomposition of 
aqueous solution of low molecular weight 
substances”. Charlesby, in his work on the 
gel formation of polyvinyl pyrrolidone solu- 
tion, reported that the minimum dose, Fz, 
required to produce gel varies as the concen- 
tration of the solute is changed. The value 
of Ry was minimum at a certain concentra- 
tion and increased as the concentration is in- 
creased or decreased and below a certain 
concentration gel formation did not occur 
even for a prolonged irradiation. 

No detailed study on the radiation effect of 
polyvinyl alcohol has appeared hitherto. In 
particular, the only article concerning its 
water solution is that of Charlesby in which 
it is simply stated that polyvinyl alcohol be- 
haves in the same manner as_ polyvinyl pyr- 
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Some considerations are given on 


rolidone**. Polyvinyl alcohol is a polymer} 
which belongs to the so-called degradation) 
type polymer”, but it is shown in the present} 
experiment that it can be interlinked when| 
irradiated in water. 


§2. Experiments 

The polyvinyl alcohol in the form of pow- 
der was used in this experiment. It was} 
carefully fractionated to get uniform distri} 
bution of molecular weight and washed with} 
methanol to eliminate residual sodium acetate. | 
The amount of residual sodium acetate was¥ 
estimated to be less than 0.06—0.08% inj 
weight. Three samples differing in molecu-}| 
lar weight were used. The degrees of poly-) 
merization, i.e. the degree of polymerization} 
derived from the molecular weight divided) 
by the monomer weight, of the samples were} 
1050, 1740 and 2680, respectively. They were} 
dissolved in distiled water and solutions of/| 
concentration 1/16, 1/8, 1/4,,-+-, 4, 6, 8 and}| 
12 gr/100cc were prepared. The solution || 
was filled in a test tube of 170 mm in length|| 
and 12mm in diameter, leaving the air of|| 
about 5mm above the surface of solution, || 
closed with a cork and sealed with paraffin || 
wax. 


** In the course of the preparation of the present || 
manuscript, following paper on the irradiation of || 
aqueous solution of polyvinyl alcohol has appeared. | 
In this,letter, Berkowitch, Charlesby and Desreeux | 
studied the behaviour in the concentration range | 
below 3% and they observed the formation of micro- | 
gel), 
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Irradiation was carried out with a cylindri- 
cal cobalt-60 of approximately 120 curies. 
The source cylinder was constructed with 20 
rods of cobalt-60 and each rod was of 170mm 
in length and 3mm in diameter. These rods 
were arranged at equidistance on a circle 
of 64mm in diameter to form a cylinder. 
To extend, along the axis, the uniform part 
of the field at both ends, two pairs of 20 rods 
of cobalt-60 of 20mm in length and 3mm in 
diameter were arranged at both ends. 

The dose rate at the center of the cylin- 
der, measured with the ferrous-ferric dosime- 
ter, was 7.5x10‘r/hr. The distribution of the 
field intensity in the cylinder and also out- 
side of it was determined relatively to that 
of the center by the use of glass dosimeter. 
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QQ): Central Chamber 
@: Outer Chamber 
Co: Cobalt-60 rod 


Fig. 1. Schematic diagram of Co-60 Source. 


Fig. 1 shows the schematic diagram of the 
cobalt-60 source. Irradiation was carried out 
in the central chamber and also in the outer 
chamber, which is divided into six sub- 
chambers. The central irradiation chamber 
is 200mm in height and 52mm in diameter. 
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§3. Results of the Experiment 


Aqueous solution of polyvinyl alcohol of 
various concentration, described above, was 
irradiated at about 5°C by gamma rays from 
cobalt-60. Fig. 2 shows, as an example, the 
degree of polymerization, P,, of the polymer 
in the irradiated solution as obtained from the 
viscosity measurements. The initial degree 
of polymerization of this polymer was 1740. 
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Absorbed dose (¥IO°rad) 


Fig. 2. Change of degree of polymerization, P, 
of polyvinyl alcohol in aqueous solution. 


Figures attached to each curve give the 
number of grams of the polymer dissolved 
in 100cc of water. 

For any concentration, P, decreases at first 
as the absorbed dose increases but increases, 
in general, after passing a minimum value. 
For a further increase of the dose, P, passes 
a maximum and decreases again, when the 
concentration is below a certain critical 
value. Above the critical concentration, P, 
continues to rise rapidly showing that gela- 
tion occured. The critical concentration 
varies as the initial degree of polymerization 
of the polymer changes. For the sample of 
initial degree of polymerization 1740, the 
critical concentration was approximately 0.36 
gr/100 cc. 

In the solution above the critical concentra- 
tion, insoluble gel is formed. Fig. 3 shows 
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@ unirradiated sample 
@ irradiated with 1.6x10°%rads 


@® ” 3.3 x 10° rads 
@ ” 4.9x10° rads 
©) ” 13.3 x 10° rads 
Fig. 3. Photograph of various phases of gel formation. 
Po=1740 
concentration 4/100 cc 
dose rate 7.5 x 104 r/hr 
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Concentration, C© (g/100cc) 


Fig. 4. Dependence of degree of polymerization 
of polymer on Min. Dose for Gel Formation, Ry. 


various phases of gel formation. ||) 
gel at first and the gel formed 


solution. On receiving further 
radiation the gel shrinks, giving 
off some water. The water | 
given off increases with increas- | 
ing dose. It dose not contain 
dissolved polyvinyl alcohol. 

The gel of polyvinyl alcohol 
solution formed on receiving suf- 
ficient irradiation exhibits rubber 
like elasticity and often contains 
a number of bubbles. This rub- 
ber like substance is not dis- 
solved even when boiled in hot 
water of 150°C in an autoclave 
for one hour. It also retains its 
original shape through boiling in 
0.1N HCl solution or in 0.1N 
NaOH solution at 100°C for three 
hours. When the gel is dried 
up, it shrinkes remarkably to 
become a hard pale yellow sub- 
stance but swells back to the 
original form when immersed in 
water. 

Minimum dose R, required for gel forma- 
tion depends both on the degree of polymeri- 
zation and the concentration of the polymer. 
Fig. 4 shows the relation between the mini- 
mum dose R, and the concentration, C, defin- 
ed as grams per 100cc. As the degree of 
polymerization increases, the critical concen- 
tration increases, and at the same time the 
minimum point of the curve shifts to higher 
concentration. The curve, without much 
changing its shape moved upward, thus in- 
creasing the minimum dose R, at the same 
concentration with decrease of the degree of 
polymerization. 


$5. Discussion 


It is known that degradation process rather 
than cross-linking occurs predominantly in 
polyvinyl alcohol irradiated by ionizing radia- 
tion. When it is irradiated in the coexistence 
of water, however, the cross-linking type of 
reaction Occurs and gel is formed as is stat- 
ed above. Importance of the role of water 
in gel formation of polyvinyl alcohol is also 
seen from an experiment on the irradiation 


The solution as a whole turns to ||| 


is similar to the fragile gelatine ||) 
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| of films of polyvinyl alcohol swelled in water. 
In this experiment the yield of gel portion 
increased with the increase of the extent of 
swelling». Present experiment indicates 
that the amount of water needed to make 
gel per one monomer of polyvinyl alcohol is 
rather large but, at the same time, too much 
water prevents gel formation as is seen from 
the existent of the critical concentration. 

It would be natural to suppose that the 
energy absorbed by water from the radia- 
tion is transferred to molecules to cause 
some chemical reactions. If we write the 
total number of monomer units and the 
molecules of polyvinyl alcohol in the solution 
of 100cc as N and M, respectively, the mass 
of monomer unit as w, and the degree of 
polymerization of the polyvinyl alcohol as P, 
then the concentration of the solution, C, and 
the number of molecules, M, is 


C=wN, M=N/P (1) 


It may be assumed, as a first approxima- 
tion, that gel formation occurs at an absorb- 
ed dose of R, which is needed to link each 
polymer molecules in one gram of the solu- 
tion once on the average. For dilute solution, 
R, may be taken as proportional to the total 
number of molecules, M@. If the energy to 


make one cross-linking is represented by o, 
then 


R,=KoM (2) 


where K is a constant which varies with the 
life time of the active species of dissociated 
water, the interaction between these species 
and polymer molecules, the life time of poly- 
mer radicals produced by the reaction of 
active species with the polymer molecules, 
and the recombination probability of these 
species and the polymer radicals. In other 
words, K is a function of temperature and 
the distribution of molecules in the solution. 
From equation (1) and (2) we get 


R,= KoC/lwP (3) 


The minimum dose Ry, is, thus, expected 
to be proportional to C and inversely pro- 
portional to P. Fig. 5 shows the relation, 
obtained experimentally, between the product 
R,xP and the concentration C. Above the 
critical concentration, a linear relation exists 
between R,xP and C. Results obtained for 
three different degrees of polymerization i.e. 
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1050, 1740 and 2680, all lie on the same 
straight line, which is expressed by 
RoX P=5. lx 10" esr x 10° € 

=1,3713./4+-C )x 10 (4) 


20}/- 


ie © P,=1050 
& RI740 


x P)=2680 


Rg ¥ Po (1i0° rad) 


° 4 me Cas hs ee 
° ' 2 3 4 5 6 te 8 


Concentration (9/100cc ) 


Fig. 5. Relation between R, xP» and concentra- 
tion. 


The line does not pass through the origin, 
but intersects with the ordinate. This fact 
may be interpreted as showing that some 
pre-irradiation is necessary to bring the solu- 
tion to the state where equation (3) can be 
applied. The empirical formula (4) may be 
written in the form 

Ry—Ry=KoC/wP (5) 
The slope of the experimental curve, 1.37x 
108/P rad, is the dose absorbed by the solu- 
tion which causes the interlinkage of all the 
molecules contained in one gram of the solu- 
tion. Since the mass of the monomer 
(CH,CHOH) is 7.36 x10-*' gr, and the concen- 
tration C represents the grams of solute in 
100cc of water, the number of molecules in 
the unit mass of the solution is 1.3610” (C 
/P). By definition, one rad of absorbed dose 
liberates 6.210!%eV per gram of the substan- 
ce irradiated. Therefore, the energy per 
one linkage absorbed from the solution may 
be estimated as 62 eV. 

In the dilute solution below the critical 
concentration, the distance between polymer 
molecules in the solution becomes so large 
that the chance of linking which will be 
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caused by the collision of polymer radicals 
decreases to such an extent that the macro- 
gel will not be formed. 

The critical concentration may correspond 
to the distribution of molecules at which 


neighboring molecules just interact. In this . 


respect, following consideration may be of 
some interest. If all the molecules of poly- 
vinyl alcohol are assumed to have the same 
degree of polymerization, P, and to have 
segmental configuration, then the square 
mean end to end distance of the polymer 
molecule is given by /(P/n)/2, where 7 is the 
length of the segment and m the number of 
monomer units in one segment. Since the 
mass of the monomer is 7.36x10-* gr, and 
the critical concentration C, represents the 
grams of solute in 100cc of water, the num- 
ber of molecules in the unit mass of the 
solution is 1.36x(C,/P) x10”. 

If we divide the solution into cubes of equal 
volume and allow one molecule to exist in 
each cube then the length of the side of cube, 
a, is given by 

a= (7986 X10-3), P/C Ee (6) 


For the case of P=1740, C; is 0.36 gr/100 cc 
and we have 


l(P/n)!/2= 431(n)- 1/2 
G= ror 0ss cm 


eli 


The length of the segment / can be taken to 
be equal to 1.54 x 10-° x 27 cm, where 1.54 x 10-8 
cm is the length of the C—C bond and z is 
a number usually smaller than 10. Therefore, 


I(P/n)/?2= 43 x 1.54 « 10-8 x 2ni/2 
= Lida 10°°%/2 (8) 


If, at the critical concentration, the length 
of the cube a is supposed to be equal to the 
square mean end to end distance of the poly- 
mers, i.e. J(P/n)/2=a, the value of m should 
be taken equal to 6 which is a reasonable 
value. 

In the dilute solution below the critical 
concentration, the relation between the dose 
and the degree of polymerization is repre- 
sented by curves with a minimum and a maxi- 
mum as shown in Fig. 2. These results may 
be interpreted by considering that both de- 
gradation and cross-linking are taking place), 
A theoretical treatment of this phenomena 
will be published by Saito elsewhere. 

Above the critical concentration, a detailed 


discussion was given by Charlesby”. Gell), 
formation was explained by him by postisag 
ing indirect action and the effect of end-} 
linking. His argument was carried out oni) 
the aqueous solution of polyvinyl pyrrolidone, | 


\} 
but it may also be applied to polyvinyl 


il 


alcohol, as it does not rest upon any specialll 
chemical character of the polymers. Of) 
course, the mere existence of the critical ll 
concentration and of the minimum of the} 
minimum dose required for gel formation at i 
a certain concentration can be explained by | 
a simple probability calculation assuming that}] 
the energy absorbed by water is used for'}| 
the gel formation if the effects of both cross- ||} 
linking and degradation or even only of|}) 
cross-linking is assumed to take place”. |} 
Extensive treatment of the mechanism is not, | 
however, possible from the knowledge obtain- | 
ed from our experiment alone, and will not 
be concerned here. 


§5. Conclusion 


Polyvinyl alcohol which belongs to the so- |} 
called degradation type polymer can be cross- } 
linked when irradiated in the presence of 
water. The mechanism underlying its pro- 
cess, however, can not be made clear with- | 
out a more detailed physical experiments such 
as on the temperature effect* and also the 
chemical experiments are carried out. Espe- || 
cially, the interaction of H+, OH-, H, OH,» 
H,O0,, HO, etc. which are the products of ir- 
radiation of water, with the molecules of 
polyvinyl alcohol would be an important and 
an interesting problem which deserves detail- | 
ed investigation. 
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The Paramagnetic Resonance Absorption of Some Free 


Radicals in Sulfuric Acid Solution 


By Yasaburo YOKOZAWA 
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The paramagnetic resonance absorptions in sulfuric acid solutions of 
some organic compounds, bianthrone, perylene and thio-compounds were 
observed at 9kMc/sec under the range of room temperature to the liquid 
air temperature. One of these samples and the free radical of D.P.P.H. 
were attached to the different parts of the resonance cavity and their 
absorptions were separated through the difference of the static magnetic 
field in each position. The absorption intensities of the sample and the 
free radical were compared with each other and the number of unpaired 
electrons was calculated. In bianthrone the number was independent on 
temperature, while in perylene and thio-compounds it decreased with 
decreasing temperature. The activation energies of perylene and _ thio- 
compounds calculated from their temperature dependencies were respec- 
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tively 1.7 kcal mol-1! and 5.8 kcal mol-1. On the activation energies and 
the absorption intensities, some considerations were made. 


§1. Introduction 


There have been many papers on para- 
magnetic resonance absorptions of powders or 
liquid solutions of organic free radicals. The 
detection of the paramagnetic resonance ab- 
sorption was attempted on such aromatic 
compounds as anthanthrone, benzanthrone, 
pyranthrone, perylene, violanthrone and vio- 
lanthrene. However the absorptions were not 
detected except those of powder of violanthrone 
and violanthrene” and the sulfuric acid solu- 
tions of perylene», violanthrone and violan- 


threne. Of these substances we interested in 
perylene which had resonance absorption only 
in sulfuric acid solution. The paramagnetic 
resonance absorptions of bianthrone® and thio- 
compounds” in sulfuric acid were already re- 
ported. So the work was attempted to measure 
the temperature dependencies of absorption 
inténsities of these substances. 

The homogeneity of magnetic field of the 
electromagnet available in this work was too 
poor to resolve the hyperfine structures of 
paramagnetic absorption of free radicals. Only 
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the absorption area was thus studied at several 
temperatures. The inhomogeneity of magne- 
tic field smoothened the hyperfine structures 
of absorption line and the sensitivity of the 
apparatus was reduced. However’ the 
smoothened resonance curve facilitated the. 
measurement of absorption area. 

Few papers have reported the temperature 
dependency of absorption area but it seems to 
be important in order to understand the nature 
of absorption of free radicals. 


§2. Experimental Procedure 


Measurements were made at a frequency 
of about 9 kMc/sec in the range of room tem- 
perature to the liquid nitrogen temperature. 
The method of magnetic modulation was used 
and to eliminate the crystal detection noise, 
two ways were employed. The first way was 
a superheterodyne detection system similar to 
the one by Schneider and England®. The 
reflected power from the resonance cavity was 
balanced using a magic tee to a level at which 
a superheterodyne receiver could be used. 
A slide screw tuner in the arm opposite to 
the cavity arm of the magic tee was adjusted 
to select the absorption signal in the detection 
arm correctly. In this way an absorption 
curve was observed by a C.R.O. and the ab- 
sorption intensity was easily measured. When 
the cavity was cooled, beside the retuning of 
the cavity, the adjustment of the slide screw 
tuner was necessary not to include the dis- 
persion signal. As it was very troublesome, 
the transmission cavity was employed as the 
second way. In this way only the retuning 
of the cavity was necessary in the cooling 
process, but as the level of transmitted power 
was not low the superheterodyne detection 
was not available. As usual, to a small ab- 
sorption, the derivatives of absorption curves 
were recorded using a narrow band amplifier 
followed by a lock-in amplifier. The modula- 
tion frequency was 240c/s and the time con- 
stant of recording system was about 3 sec 
and the time necessary to sweep a full curve 
had order of 3 to 5 minutes. 

As sulfuric acid is dispersive in a micro- 
wave range and the @ of the cavity is greatly 
reduced, only a small amount of sample was 
available. A simple consideration shows that 
in the transmission cavity the optimum 
amount of sample is obtained when the Q 
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without the sample®. The amount of sull) 
furic acid solution used in this work wa} 
selected not to decrease the @ remarkabl i 
and the amount of sample soluble into thij| 
solvent had the order of a few mg. The soluj 
tion was closed in a polyethylene enveloped 
and attached to the bottom of the cavity. ||} 

The 2.1cm gap of the available electro) 
magnet necessitated some device for the 
resonance cavity used at a low temperature} 


as shown in Fig. 1. Both an input and an 
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Fig. 1. The resonance cavity used in low tem- 
peratures, where A represents a liquid air ves- 
sel, B, an insulater coat of asbestos, C, C’, 
copper constantan thermocouples, D, D’, ther- 
mal insulating wave-guides and S, S’ samples. 
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output waveguide feed were thermally in- 


sulated by bakelite waveguides, inside walls 


of which were plated by aluminium foils. 
Cooling was performed by the use of liquid 
nitrogen in the vessel attached to the cavity. 


Two samples were attached to the bottom 


and the ceiling of the cavity respectively and 
their temperatures were measured by two 
different copper constantan thermocouples. 
Though cooling was inherently inefficient, 
a constant temperature was obtained for 
a sufficiently long time to measure resonance 
absorptions. 

The resonance absorption of a-diphenyl-f- 
picryl-hydrazyl (designated as D.P.P.H.) placed 
separately in the portion where the sample 
occupied had several peaks. From the spac- 
ings of these peaks, the inhomogeneity of the 
magnetic field was estimated about 3 oersteds 
at a field strength of 3000 oersteds. Though 
the shape of the absorption curve is thus de- 
formed, the area of absorption is not influ- 
enced by the inhomogeneity, because each 
unit volume of sample contributes the equal 
area to the absorption intensity. By the in- 
homogeneity the hyperfine structure was not 
resolved and the sensitivity of apparatus was 
reduced, but the line shapes were simplified 
and the measurement of absorption area be- 
came facilitated by the lack of hyperfine 
structure. 


§3. The Measurement of Susceptibility by 
Paramagnetic Resonance Absorptions 


If the line width of paramagnetic resonance 
absorption is narrow, the next relation is 
easily obtained form Kramers’ equation 


A 
x(0)=a— , 
iS 


where x(0) is static magnetic susceptibility, g, 
g-factor, A, the area of magnetic resonance 
absorption and @, a proportional constant. 
Thus the static susceptibility is calculated 
from an absorption intensity. This method is 
superior to other methods when paramagnetic 
components are hidden in the diamagnetic part 
of molecules. 

To obtain the absolute value of magnetic 
susceptibility, the areas of absorptions of both 
a sample to be tested and a standard sample 
with known susceptibility attached to the same 
cavity were compared. As a standard sample, 
D.P.P.H. or other free radical such as 
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Wurster’s blue was used and it was attached 
to the bottom (ceiling) of the cavity with the 
sample to the ceiling (bottom). The setting 
of the cavity was adjusted so as to separate 
the absorptions of two substances through the 
difference of magnetic fields at their positions 
in order to compare their intensities. To 
ascertain the correctness of this procedure, 
two samples with equal amount of free radi- 
cal of Wurster’s blue, were attached to the 


Fig. 2. Paramagnetic resonance absorptions of 
two samples with equal amount of Wurster’s 
blue which are separated through the difference 
of the static magnetic fields in each position. 
In the right figure, one absorption line is broa- 
dened due to the inhomogeneity of static mag- 
netic field, the absorption area remaining un- 
changed. 


Bianthrone 


Wurster’s blue 


hoe Fa 


Fig. 3. Paramagnetic resonance absorptions of 
Wurster’s blue and bianthrone in sulfuric acid 
at different temperatures. 
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cavity as described above and their absorp- 
tion intensities were compared. Fig. 2 shows 


the results in different settings of the cavity. 
Both absorptions have equal areas in spite of 
the deformation of absorption curve. More- 
over, it was ascertained that the same mole - 
number of D.P.P.H. and Wurster’s blue had 
same absorption area and correctness of this 
procedure was thus established. 


§ 4. Results and Discussion 


(a) 

Photographs of the absorption of the sul- 
furic acid solution of bianthrone observed on 
a C.R.O. detected by a superheterodyne sys- 
tem are shown in Fig. 3. In this case, 
Wurster’s blue was used as a standard free 
radical. : 

As magnetic susceptibility y is expressed as 


Bianthrone 


D.P.P.H. 


Perylene 


18°C 18°C 


—157°C 


—52C° 


Fig. 4. Paramagnetic resonance absorptions of 
D.P.P.H. and perylene in sulfuric acid at a room 
temperature and in the low temperatures. 
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follows; 


_£BNS(S+1) 
aera oe 


where WN is the number of paramagnetic cen 
ters and other notations have their usua 
meanings, the ratio of the resonance absorp 
tion intensity of samples to that of Wurster’ 
blue at the same temperature, 7/xw.r. is pro 
portional to the numbers of unpaired electron: 
of sample, when the temperature of Wurster’ 
blue is above 190°K”® in which this free radi 
cal obeys the Curie’s law. Though the tem 
peratures of the samples and the free radica 
were different, the absorption intensity of th 
free radical at the sample temperature wa 
calculated. 

The ratio x/%w.». was independent on tem- 
perature and the number of unpaired electrons 
did not change. 

Heated bianthrone shows also the paramag- 
netic resonance absorption». The products of 
heated material and the solution in sulfuric 
acid have probably the similar structures. 


(b) 

The absorptions of perylene detected by 
a derivative curve at different temperatures 
are shown in Fig. 4. D.P.P.H. was used as) 
a standard free radical obeying Curie’s law 
down to a very law temperature”. The ratio 
of susceptibility of the sample to that of 
D.P.P.H. x/xpv.r.. decreased with decreas- 
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Fig. 5. The relation between the ratio of suscep- 


tibility of perylene in sulfuric acid to that of 
D.P.P.H. and temperatures. As for straight 
lines A and B, see the paper. 
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Ens temperature and the relation between 


the logarism of the ratio and the inverse 


of absolute temperature is shown in Fig. 5. 


was obtained. 


Nearly straight line with a bend at 180°K 
This absorption may be con- 


‘sidered to consist of two parts, A and B. 


The part A that is dependent on temperature 


“may be assumed to be caused by an excited 


state and from the slope of the straight line 
A the activation energy 4E is obtained as 


4E=1.70 kcal mol"! . (Co) 
As an excited state which has a resonance 


: absorption, a triplet state may be considered. 
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Under the assumption that 4E is equal to 
the energy difference between the ground 
singlet and excited triplet states, the popula- 
tions of these two states N; and N, can be 
connected with each other by the following 
equation; 
N,/Ni=3 exp (—4E/kT) . (4) 
From this relation N, is calculated using 
Eq. (8) and using Eq. (2), the magnetic sus- 
ceptibily of the sulfuric acid solution of 
perylene is obtained. The results are shown 
in Table I. The susceptibility of the part B 
was neglected, for it had the order of 10% of 


Table I. Ratios of molar magnetic susceptibility of sample to that of 
D.P.P.H. at a room temperature 
| 3 X/Xp.p.p.n. ah pp. 
Samples Structure formula 4 EF (kcal/mol) | (observed) (calculated) 
Perylene | sony Hex | wy 0.3240.06 0.40 
paneled oD 
Thiophenol | sH-< > 5.8 = 2x 10-4 
V0 wal ws | | 
Diphenylsulfide LZ 5 aa t 0.06+0.01 ” 
Dee ery ait | 
Thianthrene . lef | | ” 0.05+0.01 | ” 
Pte ac | 


the whole value at room temperature and was 
not important in the next rough estimation. 
Magnetic susceptibily is also measured by the 
absorption intensity. The total error consisted 
mainly 15% in measuring of line widths and 
a certain degree in measuring the amount 
of samples. The calculated and observed 
values are fairly in agreement. 

As the cause of the existence of contribution 
of the triplet state to magnetic susceptibility, 
next reasons may be considered: 

(a) In sulfuric acid, the structure of perylene 
is deformed so that the energy of the triplet 
state lowers, 

(b) Positive ions of perylene are formed in 
sulfuric acid so that an appreciable population 
of the triplet state at room temperature is 
yielded. 

According to the private communication 
from Dr. Niira, there are two fourfold 
degenerate states in perylene when it is con- 


sidered as a system of z electrons. The 
energy levels are shown in Fig. 6 together 
with those of naphthalene, where W is energy, 
a, a Coulomb integral and £, a resonance 
integral between neighbouring carbon atoms!” 
From this result, it is clear that the energy 
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Fig. 6. The energy levels of « electrons in 
naphthalene and perylene. W: energy, a: Cou- 
Jomb integral, 8: resonance integral 
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necessary to excite the ground state to the 
triplet state is large and the condition of (a) 
is very unlike even in the sulfuric acid solu- 
tion as was already stated by Weissman et 
al, In order that (b) is correct, four posi- 
tively charged ions, in which z electrons fill 
up to the lower fourfold degenerate level, 
must be considered. As the degeneracies of 
this level are removed by the interraction of 
next neighbour of carbon atoms, an excited 
triplet state exists near the ground singlet 
state. However, there are some questions 
about the appearance of four charged ions. 
Four charged ions may be not always neces- 
sary for the population of the triplet state 
at room temperature. The energy levels of 
positive ion may be different from Fig. 6 
especially in sulfuric acid, and the possibility 
of existence of triplet state of divalent ion 
near the ground state may be admitted. 
Divalent positive ion of perylene in sulfuric 
acid may be the cause of resonance absorp- 
tion. 

There is no other evidence of triplet state 
near the ground state. As the optical transi- 
tion from a triplet to a singlet state is for- 
bidden, the triplet state is detected only as 
a weak phosphorescence, which will be hidden 
in the strong vibrational spectra of molecules 
and perhaps it will hardly be observed. 

Weissmann eft al.}! reported the para- 
magnetic resonance absorptions of anthracene, 
tetracene and perylene in sulfuric acid solution 
and stated that singly charged positive ions 
were responsible for a part of resonance 
absorption. In the present work, the resonance 
absorption of anthracene in sulfuric acid solu- 
tion was also detected but it was so small that 
its temperature dependency could not be 
measured. 

Recently MacLean et al. stated that the 
paramagnetism in sulfuric acid was due to 
oxidation products of the aromatics. As re- 
ported previously”, the precipitates obtained 
by throwing the sulfuric acid solution into ice 
water showed a resonance absorption. It was 
very weak in the precipitate obtained from 
fresh sulfuric acid solution and became stronger 
in that obtained from old solution. This fact 
shows the existence of some chemical reac- 
tion in the sulfuric acid. 

It seems that there is no decisive reason to 
determine which opinion is correct. On the 
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nature of perylene in sulfuric acid, furthes}) 
experiments are desired. ll 


(ec) Thio-compounds 

In the case of the sulfuric acid solution o 
thiophenol, two absorptions were obtained asj 
stated by Wertz and Vivo” but the hyperfine 
structures of each line were not resolved due} 
to the inhomogeneity of magnetic field. The 
sulfuric acid solution of diphenylsulfide and 
thianthrene was observed to have only one 
absorption line on the contrary to the results 
by Wertz and Vivo”. The appearance of twal] 
lines may depend on the condition of era 
the sample into sulfuric acid. Even in the 
case of thiophenol, there was frequently the 
case that only one absorption line appeared.|} 
The results of the temperature dependency 


of thiophenol were previously reported.) 


Arbitrary unit 


Xo.ern. 


x 


A : Thiophenol 
B : Diphenylsulfide 


log 


C : Thianthrene 


0:0 .004 

fr 

Fig. 7. The relation between the ratio of suscep- 
tibility of thio-compounds in sulfuric acid to 
that of D.P.P.H. and temperatures. 
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Fig. 7 shows the results obtained in diphenyl- 
sulfide and thianthrene with the results of one 
absorption line of thiophenol. The activation | 
energies of thio-compounds were common and 
it was equal to 


> 4E=5.80 kcal mole-! . (5) 


The comparison of observed and calculated 
values of susceptibility is given in Table I. 
As thiophenol is liquid at room temperature, 
its amount was not measured and the com- 
parison was not made. Contrary to the case 
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of perylene, even the orders of both values 
are not in agreement*. 

This compounds may be in the dissociation 
equilibrium with free radicals in sulfuric acid 
solution. The temperature dependency of ab- 
sorption intensity may be caused by the change 
of a dissociation constant. Their common 
value of activation energy shows the fact that 
the absorptions are caused by the same origin 
in these substances. 

In conclusion some discussion must be done 
about the line widths. The unchange of line 
width is partly caused by the inhomogeneity 
of magnetic field. In the case of perylene, 
the line width was fairly narrow and showed 
the existence of exchange narrowing, whereas 
the diluted perylene in sulfuric acid solution 


was reported to have the hyperfine struc-. 


tures!) and fairly wide overall line width. 
Consequently, broadening of the resonance 
absorption in the process of decrease of tem- 
perature will be expected on account of the 
decrease of exchange narrowing with the 
decrease of unpaired electrons. In the case of 
thio-compounds the line width may be caused 
by the superposition of hyperfine structures, 
so the change of line width will not be ob- 
served. 

The author wishes to express his sincere 
thanks to Dr. K. Niira, Tokyo Institute of 
Technology, for his helpful discussion. He is 
also grateful to Messrs. I. Miyashita and I. 
Tatsuzaki for their assistance throughout the 
work. This work was supported in part by 
a Grant in Aid from the Ministry of Education. 
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In the same manner as in glow discharge, the moving striations are 
From the patterns of light oscillation, a light 
intensity wave travelling towards the cathode is obtained. The phenome- 
non of the moving striations is one manifestation of the light intensity 
wave which occurs due to an interaction between the following two waves, 
a space charge wave travelling towards the cathode and an electron 
The former changes the electron emission of the cathode, 
The stationary striations observed in the 
positive column also seem to be one aspect of the light intensity wave. 


observed in are discharge. 


density wave. 
and this produces the latter. 


Introduction 


§1. 


In arc discharge as well as in glow dis- 
charge, oscillations are usually observed in 
tube voltage, current and light intensity. 
Hitherto many experimental dataP~” have 
been reported concerning the striations in 
positive column of rare gas and mercury va- 
pour discharge. These informations, however, 
are insufficient to give a theoretical explana- 
tion for striations. In particular, no relation- 
ship has been discovered between moving and 
stationary striations. In 1951, Donahue and 
Dieke® reported the oscillatory phenomena in 
direct current glow discharge comprehensively. 

One of the present writers has previously 
reported the oscillatory phenomena of arc in 
hot-cathode discharge tube like fluorescent 
lamp»-?,. In his reports the mechanisms of 
electrical oscillations have been discussed, but 
the moving striations accompanied by these 
oscillations have not been mentioned. The 
oscillations were not the so-called “Plasma 
Oscillation,” and the frequencies were below 
2000 cycle/sec. The circumstances of these 
oscillations mentioned in his reports may be 
summarized as follows. 

The electrical oscillations are due to the 
periodical variation of the anode fall accom- 
panied with sudden ionizations and are very 
much influenced by thermoionic emissivity of 
cathode, Hg vapour pressure, arc current, 
etc.. These oscillations can be easily control- 
led by ion-supply into the anode fall. 

From these results we can say that, if there 
should happen periodical ionizations in front 
of the anode, the change of the space charge 
at the anode fall inevitably propagate towards 


cathode. In this view point we may expecti) 
that some sorts of moving striation appear in) 
the positive column and the space charge} 
wave modulates the thermoionic emission or} 
the discharge current. We have already re-| 
ported the phenomenon of moving striation 
several times®~!, In this paper we report 
collectively the experimental results of moving’ 
striation obtained hitherto. The discharge 
tube used is the same as ordinary fluorescent 
lamp, except that it has no fluorescent film |} 
on the inner surface of the tube wall. The) 
cathode is self-heated by the discharge cur- 
rent itself, so that its thermoionic emissivity 
will change with current. This point is the 
special feature of this arc discharge which | 
differs from the case of glow discharge. 


§2. Experimental Apparatus and Technique 


The experimental technique is almost the 
same as that of Donahue and Dieke. The 
experimental arrangement is shown in Fig. 1. | 
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Discharge tube mounted horizontally has the 
same cathode as that of 20 watt fluorescent 
lamp and is filled with 4mm Ar gas and Hg 
vapour. The arc discharge is maintained by 
a regulated rectifier power-supply in series 
with a variable resistance R. Photo-tube is 
movable horizontally almost in contact with 
the discharge tube. Light is admitted to the 
photo-tube through narrow slits. The electric 
circuit of photo-tube is shielded from the in- 
duction of electrical oscillations. Output cur- 
rents from the photo-tube circuit flow through 
a resistance at the input terminals of an 
oscillograph, and the driven sweep of the 
oscillograph is triggered by the voltage oscil- 
lations. The light output about a selected 
point in the arc discharge is given by the 
pattern on the cathode ray tube screen as a 
function of time. Thus the moving striations 
can be easily observed by plotting the phase 
of the light intensity depending on the obser- 
vation point of the arc discharge. The dis- 
Charge voltage can be studied as a function 
of time, external resistance and ambient tem- 
perature merely by bringing leads directly 
from the electrodes to the oscillograph. The 
cathode filament can be externally heated by 
making current to flow through it by a suit- 
able d.c. source, if it is needed to change the 
thermoionic emissivity of cathode. 


B 3. Modes of Moving Striations 


Oscillations in the tube voltage, the current 
and the light intensity were observed for the 
current over the range 0.02-0.4 amp. Oscil- 
lations are unstable at a certain range of the 
current which is shifted to the smaller or 
larger value according to the increase or de- 
crease of ambient temperature, as shown 
later. When the discharge is stable, regular 
oscillations are always observed and the posi- 
tive column appears quite homogeneous or 
shows the appearance of stationary striations. 
The light intensity oscillations have always 
the same frequencies as that of the voltage 
oscillations. This shows that these two oscil- 
lations are different manifestations of the 
same phenomenon, as Donahue and Dieke 
have already pointed out. The light at any 
point of observation has two components, an 
a.c. one and adic. one. For the simplicity 
of the measurement, we observed the a.c. 


component. 


Moving Striations (I) 
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Fig. 2 shows an example of the light inten- 
sity oscillations at different points in the tube. 
In this figure the zero of time is the moment 
at which the current takes its minimum value. 
The phase of the maxima of the light inten- 
sity oscillations retards and the amplitude of 
oscillation changes with the increasing distance 


Current: 0.09 amp. 
Period T=1.07*10"sec,. 


Current: 0.05 amp, 
Period T=2.03x10°sec. 


Parameter(in cm)=Distance of the observation point 
from the anode 


Fig, 2. 


from the anode. This indicates that the max- 
ima of light intensity oscillation travel from 
the anode towards the cathode. We shall 
call each of the maxima of the light intensity 
observed in the oscillation pattern a “ stria- 
tion” hereafter. Its movement over the whole 
length of the tube is shown in Fig. 3, where 
the abscissa is the distance of the observation 
point from the anode and the ordinate the 
time when a striation passes this point. This 
figure shows that there exist three different 
modes according to the current ranges. Mode 
(a): For the current 0.1-0.4 amp the moving 
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striation is observed only in the range 0-2cm 
in front of the anode, but nowhere in the 
positive column. Mode (b): For the current 
0.08-0.l amp the moving striation is observed 
also in the cathode-side region of the positive 
column as well as in front of the anode. 


Mode (c): For the current below 0.08 amp 
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Cathode 


the moving striation is observed over the 
whole positive column. In this case the plot 
of striation is represented by curve segments 
discontinuous just at the moments of the cur- 
rent minimum, each segment, therefore, be- 
ing always within one period. This disconti- 
nuity is, however, no characterististic pro- 
perty of the moving striation for the current 
below 0,08 amp, because for this current range 
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we can get rather continuous curve by chang} 
ing the experimental conditions, i.e. externay 
resistance, ambient temperature, etc.. 

Next, the variation of the amplitude of the{j 
light oscillation versus the distance from th¢j} 
anode is shown in Fig. 4, where the modeg| 
(a), (b) and (c) correspond to the modes (a)] 
(b) and (c) in Fig. 3 respectively. The curves 
in (a), (b) and (c) embody the visual appear} 
ances of discharge, as it is the case for mode 
(c). Generally, in the region where the movy 
ing striations are observed, the points aij 
which the amplitude of light oscillation takes] 
its maximum or minimum value correspond 
nearly to the brightest or darkest points im 
the tube respectively. From Figs. 3 and 4 
it is obvious that the phase of the striatior 
at the brightest points coincides just with tha 
of the current maximum. These facts sho 
that in this case the stationary striations may 
be understood to be one manifestation o 
moving striations. 

Now we mention some essential features 0 
light oscillation. When we keep our eyes on 
the phase of minimum of the light oscillation 
in Fig. 2, we notice that there are two typed 
of patterns of oscillation as follows. The one 
has a character that, though the maximu 
of oscillation retards, the minimum doesn’1 
and its phase coincides always with that of 
the current minimum as shown in Fig. 2 (adh 
The moving striations of modes (a) and (b 
in Fig. 3 belong to this type. The other has 
a character that both the maximum and_ thé 
minimum retard as shown in Fig. 2 (b). The 


moving striations of mode (c) in Fig. 3 belong! 
to this type. On the other hand, we cami 
notice that the patterns of oscillation have 
one or two maxima within one period of cur : 
rent oscillation according to the erie | 

| 


point. When the curve of the movement o 
striation is discontinuous as for mode (c) i 
Fig. 3, the patterns of oscillation have always 
two maxima at the neighorurhood of the dis 
continuity of the curve. If the movement of 
striation is represented by a continuous curve 
throughout the positive column, the patterns 
of oscillation will have only one maximum 
within one period at every point of obser! 
vation. 

We can get the instantaneous distribution 
of the variations of the light intensity through! 
out the positive column by measuring the 
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Current: 0-05 amp. 


T= 2-03 x10 Sec. 
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instantaneous deviations from the zero-level 
of light oscillation at different points of the 
tube. Fig. 5 shows a number of example of 
this distribution curve which were measured 
at different moments within one period of the 
oscillation. From these examples it is obvious 
that in the positive column there exists a 
travelling wave with a constant wave length 
towards the cathode. Both the amplitude and 
the shape of this wave are repeated periodicaly 
throughout the positive column. This means 


Amplitude 


2) 


Zero-level 


Current 
(@) 


that in the positive column there is no singu- 
larity to be regarded as the cause of the 
stationary striations. This travelling wave, 
however, changes its amplitude, shape and 
velocity as it moves along the tube. Fig. 6 
shows the changes of amplitude, zero-level 
and current with time. The zero-level of this 
wave (broken line in Fig. 5) oscillates perio- 
dically up and down with time in such a way 
that at the maximum or minimum current 
the displacement of the zero-level is maximum 
in the positive or negative side respectively 
and moreover the shape of this curve is simi- 
lar to the current wave form (compare (b) 
with (c) in Fig. 6). 
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From the curves in Fig. 5, we can trace 
the movement of the travelling wave as shown 
by curve (a) in Fig. 7. This curve is con- 
tinuous and quite different from that of the 
moving striation (see Fig. 3(c)). It is notice- 
able that the points marked with (°) at which 
this curve crosses with the horizontal lines 
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corresponding to the moments of the current 
minimum in Fig. 7 lie on the straight line 
(b). Since the gradient of the curve in Fig. 
7 represents the velocity, the curve (a) shows 
that the velocity of this travelling wave 
changes oscillatorily about the constant value 
obtained from the straight line (b). This con- 
stant value is just equal to the product of 
the wave length and the frequency of oscil- 
lation. From the view point of the wave 
modulation, it is obvious that there exists a 
travelling wave with constant velocity and 
this wave must be modulated by a sort of 
wave in our present case. We can, therefore, 
say that the travelling light intensity wave 
shown in Fig. 5 appears due to an interaction 
of two waves. In order to make clear these 
circumstances, we must answer, moreover, to 
the next question, what is the wave modulat- 
ing the travelling wave with constant velocity. 
About this problem we shall mention in detail 
later. 

We can thus summarize these experimental 
results as follows. The time dependent part 
of the light intensity is composed of two 
components. One component is represented 
by a wave which depends on time only and 
whose wave form is similar to that of current 
(see Fig. 6(b)), and the other by a travelling 
wave which moves towards the cathode chang- 
ing its amplitude and velocity periodically 
(see Fig. 5). We may expect that these two 
components should appear naturally as a re- 
sult of interaction of two waves as already 
mentioned. On the other hand, the time in- 
dependent part of the light intensity depends 
on the observation point. The distribution of 
this part coinsides just with the visual ap- 
pearance of the positive column and must be 
also given by the interaction of two waves. 


§ 4. 


The velocity of the moving striation is ap- 
parently different from that of the travelling 
light intensity wave and varies as the striation 
moves along the tube. For the sake of con- 
venience, we now consider the velocity calcu- 
lated from the straight line (b) in Fig. 7 in- 
stead of that of the moving striation for the 
current over the range 0.02-0.08 amp. Table 
I shows these velocities for different value of 
current. The velocities for the current larger 
than 0,08 amp, however, are rough mean 


Velocity of Moving Striation 
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values of the moving striations observed only 
in front of the anode, because for these values 
of current the straight lines mentioned in the 
former case can’t be obtained. We see that the 
velocity of the travelling wave or the moving 
striation increases with current. 


Table I 

Current Voltage Frequency Velocity 
(amp) (volt) (cycle/sec | (m/sec) 
0.03 A? Oe) tie teas 29.00 
0.05 42.0 493 33.06 
0.07 42.0 562 38.00 
0.08 42.0 592 40.00 
0.09 42.0 930 Vs 
0.10 41.0 979 46.99 
(Opals 40.0 1125 49.09 
0.20 40.0 1190 52.66 
0.25 40.0 1149 57.95 
0.30 39.0 1284 64.26 
0.35 38.0 1338 82.95 


Amb. Temp.: 23°C. Series Resistance: 54.89. Gap 
between Electrodes: 27 cm. 


0.040 : 


Table II 
Current BO). Melony ABE Be iS 
(amp) 13°Cs(/}|/ 20°C] "25°C. 1H) 208. 
0.025 | 36.95 32.12 32.30 26.96 
| 42.95 | 34.30 | 34.06 


20.07 


Series Resistance: 1502. Gap between Electrodes: 
48 cm. 


This velocity is very sensitively influenced 
by the external conditions, i.e. ambient tem- 
perature, external resistance, etc.. Table II 
shows some examples of the dependence of 
the velocity on ambient temperature. We 
see that the increase of ambient temperature 
causes to decrease the velocity of the travel- 
ling wave. 

The drift velocity of positive ion is equal 
to the product of its mobility and the field 
intensity. From the equation given by Com- 
pton and Langmuir, we obtain in our experi- 
mental conditions 

mobility of Hg ion =24.6 m/sec/volt/cm. 


Since.in our discharge tube the potential 
gradient in the positive column is about 1 
volt/em, the drift velocity of Hg ion is about 
24 m/sec. From that the velocity of the ob- 
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served travelling wave is comparable with this 
drift velocity, it follows that the travelling 
wave might be a propagating density wave 
of positive ions. 


§5. Characteristics of Frequency and Cur- 
rent Oscillation 


It has been already mentioned that the light 
oscillations are always accompanied by current 
oscillations. The curve I in Fig. 8 shows the 
dependence of the frequency on the arc cur- 
rent. The frequency increases with the cur- 
rent in this case. It is noteworthy that the 
frequency changes suddenly at the current 
0.lamp. Corresponding to this, the visual 
appearance of discharge changes remarkably 
in such a way that for the current below the 
discontinuous point it is of the form such as 
stationary striations and for the current above 
the point it is of the form such as uniform 
positive column. 
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Fig. 8. 


Next, expecting the enhancement of the 
electron emission, we have heated the cathode 
filament by d.c. 0.15amp. Then the arc vol- 
tage apparently dropped a few volts. As 
shown by the broken curve in Fig. 8, for the 
current below the discontinuous point the 
frequency increases, while for the current 
above this point it decreases. The frequency 
change is about 30 cycle/sec. The ambient 
temperature which determines the Hg vapour 
density in the tube has great influence on the 
frequency as well as on the character of dis- 
charge. The decrease of the ambient tem- 
perature shifts the discontinuous point towards 
the larger current region and diminishes the 
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frequency remarkably. 

The wave form of the current is shown in 
Fig. 9. There is the portion of the sudden 
increase of current. This sudden increment 
and the amplitude of current increase with 
effective current. The ratio of the time when 
the current becomes maximum after the mo- 
ment of its minimum to the period of the 
current oscillation decreases with the increas- 
ing current as shown in Fig. 10. 


Current 


Fig. 9. 
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Fig. 10. 


§6. Mechanism of Light Intensity Wave 


We have already mentioned that, whenever 
the moving striations are observed in the dis- 
charge, there exists a light intensity wave in 
the positive column. In this section we con- 
sider the mechanism which produces this light 
intensity wave. 

The oscillatory phenomena of discharge are 
considered to be necessary for the occurrence 
of the moving striations. In this sense, the 
causes of the current (or voltage) oscillation 
must be those of the light intensity wave. 
About the causes one of the writers has previ- 
ously reported a theory”. Thus, we can say 
as follows, if his theory may be adopted here. 

(1) In front of the anode there occur sud- 
den ionizations periodically, and then a great 
deal of positive ions which are too much to 
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sustain the arc are created at each ionization. 
These positive ions will be immediately neu- 
tralized by the electrons coming from the 
cathode side and there appears a true plasma, 
so far as the supply of the electrons is just 
sufficient to neutralize the positive ions. On 
the contrary to this, if the supply of electrons 
is insufficient for neutralization, the positive 
ions remaining to be neutralized will move 
towards the cothode as a positive space charge. 
This may be considered as the origin of the 
space charge wave travelling towards the 
cathode. 

Whether the supply of electrons is sufficient 
or not will presumably depend on the thermo- 
ionic emissivity of the cathode. Thus we can 
say these circumstances as follows. 

(2) If at the instant of every ionization the 
cathode is able to emit immediately electrons 
necessary to neutralize completely the positive 
ions created at the anode, the space charge 
wave will not occur. In this case the neu- 
tralization must be performed instantaneously 
at the moment of ionization. 

(3) If the cathode is unable to emit suf- 
ficient electrons for the neutralization, the 
space charge wave will appear and the movy- 
ing striations also will be observed. Here, 
we must pay attention to the manners of 
neutralization. If it takes much time for the 
complete neutralization, during this period a 
space charge wave will appear and damp away 
gradually with time. 

(4) The space charge wave accompanies 
necessarily an electric field intensity wave. 

(5) Since the light intensity is proportional 
to the drift velocity of electron determined 
by the electric field, the electric field inten- 
sity wave should accompany a light intensity 
wave. 

(6) The positive space charge wave arrives 
at the cathode and modulates the electron 
emission. According to this modulation, the 
electron density throughout the tube will 
change nearly instantaneously. 

(7) By this change of the electron density 
the amplitude of the light intensity wave will 
be modulated, because the light intensity is 
proportional to the electron density. 

From these fundamental processes, we can 
deduce further that the light intensity wave 
occurs as such a manifestation of the inter- 
action between the electric field intensity wave 
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and the electron density wave, as it is em- 
bodied by 


L«<Qvun=QkEn , 


where L is the light intensity, Q the mean 
excitation cross-section for electron, v the 
drift velocity of electron, 7 the electron den- 
sity, k the mobility of electron and £ the 
electric field intensity. If the electron tem- 
perature does not vary so appreciably, it may 


be justified that Q is constant. Therefore, 
in this approximation, we can say that the 
light intensity wave can be given by the pro- 
duct of the electric field intensity wave and 
the electron density wave. The former is a 
travelling wave which moves towards the 
cathode and its amplitude will depend on the 
quantity of the positive ions in front of the 
anode remaining to be neutralized, and the 
latter is a wave which is expressed by a 


periodic function of time only and whose | 


wave form is presumably similar to that of 
current. These two waves, of course, must 
have the same frequency as that of current. 


§7. Conclusion 


In the same manner as the case of glow 
discharge, the moving striations have been 
observed in arc discharge which was burned 
in a tube like fluorescent lamp with a self- 
heated oxide-coated cathode. This means that 
the cause and the characteristic properties of 
this phenomenon should be essentially the 
same in both discharges. From the patterns 
of light oscillations at various points of the 
positive column we have visualized a light 
intensity wave which travels towards the 
cathode changing its amplitude and velocity. 
The velocity of such a wave is apparently 
different from that of the moving striation. 
From the natures of this light intensity wave 
it has been deduced that there exist an electric 
field intensity wave travelling towards the 
cathode and an electron density wave which 
modulates the preceding wave periodically. 
Thus the light intensity wave occurs due to 
the interaction between these two waves. 
Not only the moving striations but also the 
visual appearance like stationary striations 
are apparent manifestations of this interaction. 
From the analysis of the moving striations 
we can get the informations of the movement 
of space charge in plasma. 
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In our experiment we could not detect a 
negative space charge wave which moves 
from the cathode towards the anode. But we 
believe that such a negative space charge 
wave corresponds presumably to the electron 
density wave mentioned above and, as the 
velocity of this wave is very fast, it is diffi- 
cult to catch this wave accurately. 

Concerning about the characteristic proper- 
ties of moving striations deduced from our 
assumption that the light intensity wave is 
given by the product of the electric field 
intensity wave and the electron density wave, 
we shall discuss in detail in the following 
paper. 
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Moving Striations due to Space Charge Waves 
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In the positive columm there exists a light intensity wave travelling 
towards the cathode. This wave is assumed to be proportional to the 
product of the electron density wave and the electric field wave. The 
equation for such a light intensity wave is considered. All the charac- 
teristic properties of the moving striations deduced from the analysis of 
the equation are presented here and are in favor to those of the 
observed moving striations. From the phenomena of the moving stri- 
ations, the informations of the space charge waves in plasma can be 


obtained. 


Introduction 


§1. 

As shown in the preceding paper”, the 
phenomenon of moving striations is one 
manifestation of a travelling light intensity 
wave considered to occur due to the interac- 
tion between the electron density wave and 
the electric field wave in the positive column. 
We assume the light intensity wave to be 


proportional to the product of the electron 
density wave and the electric field wave. 

In this paper we deduce the characteristic 
properties of moving striations from this as- 
sumption. For the sake of simplicity, the 
analysis is carried out for the essentially one- 
dimentional case in which there is no average 
charge density in the positive column and 
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the electric field wave travels towards the 
cathode keeping its amplitude and velocity 
constant. 


§2. Light Intensity Waves in Uniform 
Plasma 
The electron density wave is assumed to 
be a wave given by 


n(t)=nollt+ > x sin (Rwt+E&x)}. @) 


The electric longitudinal field wave is assum- 
ed to be the wave travelling in the +x 
direction with a constant propagation velocity 
Vo given by 
E=(%, t)= El + x Cx sin (Rat+0x)}, (2) 
where 
c=i-—.. @) 
Vo 
Here, w is the angular frequency of the 
electric oscillation, € and 0, are the phase 
constants of the kth harmonics of the two 
waves, vy and €x are fractions of the ampli- 
tudes of the kth harmonics, m is the mean 
electron density, and EZ) is the mean electric 
field. According to our assumption mention- 
ed above the fundamental formular of light 
intensity wave is given by 
L=nE=L){1+> 7x sin (Rot + &x)} 
-{(1+ >) €x sin Rot+0x)} , (4) 
where 
Lo= NE 3 
From (4) we can see first that this wave 
travels towards the cathode with periodically 
varying amplitude and with the same propa- 
gation velocity as that of the electric field 
wave. 


§3. Analysis of Light Intensity Wave 
The right side of Eq. (4) can be divided 
into three terms as follows. 


L= L(x) +LoAt)+LrB(x, 2), (5) 


where 
L(n) = oI +55 ar CK COS (4 F — tee), 
Jo 


(6) 
A= DT Hk sin (Rot + x) 4 (ada) 


Bix, t)=D. Cx sin (Rot + dx) 
a8 2 nC COS (Rot +kot+On+&x) 
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+ pps nei sin (kot + &x) sin lott 0:1). | 
(8) || 
Here it must be noted that the third term || 
in the right side of (8) doesn’t contain the || 
products of the same order harmonics. | 
Since the time averages of functions (7) 
and (8) vanish, the time average of L is just 
This means that the visual || 
appearance of the positive column should be || 
not uniform and similar to that of stationary |} 
striations. The schematic characters of the || 
three terms (6) to (8) match to those of the | 
three components obtained in our experiment. | 
For the sake of simplicity, we take only the 
fundamental harmonics R=1 into account, as 


n(t)=n{1+7 sin (wt+é&)}, (14 
B(x, i)= By} 1+ € sin (ot+ xt °)| - (2y 
0 
and 
yin <2 os eee 
E(2)=Lo {1 +5 n€cos (x a+e)h, 


(9) 


A(t)=7 sin (wt+6), (10) 


B(x, t)=€ sin (ot+ 0) 
ste 7 € cos (20¢— oxta+e) amie? 
me Vo 

omitting suffix 1. 

§4. Travelling Part of Light Intensity 
Wave 
Eq. (11) can be rewritten as 
B(x, t)=B sing, (12) 
where 


/2 
p=c{1 +f 7+ sin (of + at ae) 


I 


Pp: oft = \ra—7 cos (wi+ &) 
0 


+ =? sin 2(wf+€)—-++. (14) 


We see that the function B(x, t) represents 
a travelling wave which moves towards the | 
cathode changing its amplitude as well as 
velocity. The amplitude 8 is a function of 
t only, and its maximum or minimum occur 
in phase with those of electron density x. 
Its maximum and minimum values are (1+ 
1/2-)€ and (1—1/2-7)€ respectively. So that 
the value of y» can be determined from the 
ratio of the maximum value to the minimum 
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value measured experimentally. As 
ot=2unr+ > z—é€ 


at the maximum of the amplitude 8, this 
gives 


B(x, p=¢(1 +57) cor (2x-a+e) _ (15) 


By comparing (15) with (9), it will be known 
that the two waves Z(x) and B(x, 2) are in 
phase at this time. This means that at the 
brightest or darkest points of the stationary 
striations the amplitude of the wave B(x, ft) 
is Maximum or minimum. In our experiment, 
we have obtained also these relations. 

Differentiating (14) with respect to ¢, we 
obtain the phase velocity v of the travelling 
wave B(x, t) as follows. 


N= 0-7 


(n(t) Max] 
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v= rofl +51 sin (wot+6&) 

= ras cos 2(mt+&)— ++: (16) 

=f +Frsin (of +6} (16-a) 


being neglected the second and the higher 
power of 7. 

By comparing (16-a) with (1)’, we see that 
the phase velocity v changes periodically in 
phase with the electron density n(t) as shown 
in Fig. l(a). At the instant when x(t) is 
maximum or minimum the velocity v is also 
maximum or minimum. These features can 
be observed in our experiment. If the value 
of 7 is negligibly small, the velocity of the 
travelling wave B(x, t) is nearly constant 


| 


\ 


i 
i) 
! 
Moving Striation 
I 
1 

>~Trace of B{x,t) Wave ! 


ae 


Wie ! -_— 
oo ' \ 
et Moving Striation 
bumvaed ! 1 
o ——ae 
£ | 7 | ' \ | \ 
meaty ties! 
Trace of E(x,t) Wave 
PE | ' 
Ld Pape Lat 
Moving Striation | | 
Z ; I | 
sie eee eed 
1 | | 
fe) 
(a) 
<-One Maximum Region> na - One Maximum Regions] __|__ — nit Bi) 
SS A SORE dy TWOP 
Maxima; 


——> 


(b) 


Fig. 


and equal to the velocity vo of the electric 
field wave. 

In the preceding paper we have mentioned 
that the zero-level of the travelling wave 
oscillates periodically up and down. This 
point can also be explained clearly by (10) 
and (12). These two equations correspond 
just to the two components into which the 
a.c. part of the light intensity wave was 
divided. When the amplitude # of the tra- 
velling wave B(x, t) is maximum or minimum, 


i 


A(t) is equal to y or —y7. The former case 
means that the zero-level of the travelling 
wave is maximum at the positive side of the 
stationary zero-level, and the latter case 
means that it is minimum at the negative 
side. 


§5. Time-dependent Part of Light Inten- 
sity Wave and Moving Striations 
We will consider the moving striations. 
(10) and (11) can be rewritten as 


744 
A(t)+ B(x, t) 
={y sin (ot +€)+€ sin (wt+6)} 
— oad cos (wt-++-wt+d+€) 


=x sin (wt +é—¢) 


+£ cos (20 at ater), (17) 
0 
where 
w 1/2 
= {at C+ 206 cos (2x+e-a) ; 
0 
(17-a) 
1 

E= ait . (17-b) 


The first term in the right side of (17) con- 
tains g aS a phase angle. This ¢ is a func- 
tion of x and its expression changes with the 
relative magnitude of y and € as follows. 


In the case, 7 >¢, g is a periodic function 
One eas 


OF [s sin Go #+é-a) 
N Vo / 

ae sin a( 4 x+e—8)— 
2\7 Vo 


In the case, 7< €, ¢ is an increasing func- 
tion of x, as 


g=(2 ete eet sin (© x+éE— °) 


(18) 


Ih if % : 
ea ARLE Dy) foe en 
+ +(+) sis ee °) (19) 
Let 
 4+E—0 = Mp, A—2¢ = 0, 
Vo 
—9+ 5 —ESahy t=’, 20) 
A(t)+ B(x, t)=T' cos @. 
We then obtain from (17) 
I’ cos 9= x cos (wt’ +0)+€ cos (2wt’ +0) . 
(21) 


In order to make clear the characteristic 
properties of the moving striations, it is im- 
portant to know the time when /'cos @ takes 
its maximum value. Now, differentiating (21) 
with respect to ¢t, we can obtain 


d 
=~ ) 
dt (I cos @) 
= ofx cos (or+0+ = 


+2€ cos (2ut+ 0+) =oal” cos 0’, 
(22) 
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where 
I’ = (92 +4E+4E cos ot’)?, — (22-a) 


for the case x > 2é, 
Dw ap ae rie 9 + 40 E sin ot’ 


42 (2) sinwt’/-+ +++, (22-b) 
and for the case x < 2, 
0 =20t +047 — + sin wt’ 
i Ale ; sin wt’ — (22-c) 


The valve of 7” is always positive is so far 
as y-<2&. So the maximum or minimum 
value of I’cos@ will be obtained from the 
condition: cos®@’=0. And it will be im- 
mediately known that J” cos @ takes its maxi- 
mum value, if 


ee ge 
WO =2nr+ 0° 


This equation yields for the case x > 2, 


(23) 


ot=2nn+(5—&)+e— 2€ sin w(t—t)+--- 


(24) 
and for the case 7 < 2€, 
eo 
OL nnt(5 9 ) 
4 
apse 9 + ~~ sin w(t—typ)+-- (25) 


ie 
The coefficients of the sine terms in Eqs. (24) 
and (25) are smaller than unity. So neglect- 
ing the sine terms, we can say that the 
maxima of light intensity oscillation appear 
at interval of one or a half period respective- 
ly, that is, for the case x >2£, only one 
maximum will be observed within one period 
of the current oscillation while, for the case 
x <. 2E, two maxima will be observed. 


§6. Relation between y and & 
From Eq. (17-a) we see that 


max. value of y=y+€ > yf€=2E 
as y<.l and €<(l, and 


min. value of y= 


Fal 


Here 


SRG ES C= Ze) ne lr au) 


and 


C—7 S 7C(=268). Cl > Cem) 
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For the case |y—€|=2€, 


I= 5" p a>o (26) 
thus 1 >7>0 and 0.5>€>0, and 
wit. 
MT e? CPOE) (27) 
thus 0.5 >y>0 and1>y7>0. If 
as 
ober. (7 > €) 
or 
yer hol) 
1+¢ ; 
we obtain 
a Cmtes «Gal d) 
or 
Cy Fe MGC) 


respectively. Fig. 2 shows these circumstan- 
ces graphically. If the point (7€) is in the 
domain A or D, x >2& throughout the posi- 
tive column. While, if the point (7€) is in 


1-0 


the domain B or C, in the positive column 
there are two sorts of regions, that is, the 
regions in which x >2&, and the regions in 
which 7¥< 2£. Fig. 1(b) shows this example. 
From this figure we see that these two sorts 
of regions situate alternately in the positive 
column. This is the reason why two different 
types of the light oscillation pattern (the one 
has only one maximum within one period and 
the other has two maxima) are observed in 
the positive column, and at the same time 
this is also the reason why the curve of the 
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movement of striation is discontinuous. If x 
is always larger than 2€ throughout the posi- 
tive column, only the type of the oscillation 
pattern having one maximum will be observ- 
ed, and the curve of the movement of 
striation will be continuous. 


§7. Movement of Striations 


From (24) and (25) we can know the move- 
ment of striation. This movement will show 
quite different features according to whether 
y is larger or smaller than €. This is due 
to the facts that, as already mentioned, ¢ is 
a periodic or monotonic function of x accord- 
ing to the relative magnitude of 7 and €. 

1. The case: y >€. Neglecting the terms 
of the second and the higher power of €/y in 
(18) for the sake of simplicity, we obtain 


= ¢ sin (© x+E 3) = ¢ sin Oo. (28) 
v7] Vo 0 


If x >2E throughout the positive column, 
inserting (28) into (24) we obtain 


ot=2nn+(F— é)+ g sin Oo 
2 v7] 


- 2= Pes Be ee (29) 
If x > 2, this yields approximately 
ot=2nn+( > — e)+ sin 0).  (29-a) 


Thus the maxima of the light intensity oscil- 
lation appear nearly at the same time through- 
out the positive column, and those phase dif- 
ferences will be shown as a periodic function 
of x. In such a case, therefore, the so-called 
‘‘moving striation’’ will not appear, and the 
striation seems to move periodically back and 
forth according to the increase of x. 

If there exist the regions of y¥< 2& in the 
positive column, the curve of the movement 
of the striation is discontinuous as shown in 
Fig. 3. In these regions the striations move 
towards the cathode with a velocity nearly 
equal to 2v9. Thus in such a case the mov- 
ing striation will appear. 

2. The case: y<€. From (19) we obtain 
approximately 


u/ 


Q= ei il sin A . (30) 


If y > 2& throughout the positive column, the 
curve of the movement of the striation is 
continuous. 
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Inserting (30) into (24) we obtain 
ot=2nn+(F— e)+0 
SR Gee = Oy, ena 
G x 


If ~ > 2, this yields approximately 
ot=2nn+(F— 6) +0 ae sin 0). (31-a) 


As 9) is a monotonic function of x, this equ- 
ation shows that ¢ increases with x. There- 
fore, the striation moves towards the cathode 
and its velocity is more or lessv. If 7<6, 
the velocity is just equal to vw», and accord- 
ing to the increase of the value of vy, it will 
become to change periodically. And, when 
the value of y becomes larger than €/(1+€), 
in the positive column there appear the 
regions in which ~< 2£, and the curve of 
the movement of the striation will become 
discontinuous. In such regions the velocity 
of the moving striation is nearly equal to 
2v9. Thus, in this case (y<€) the moving 
striations are always observed. 

The coefficients 7 and € correspond to the 
modulation factors of the two waves (the el- 
ectron density wave and the electric field in- 
tensity wave) respectively. Therefore, we 
can say that the features of the moving 
striations are greately influenced by the re- 
lative magnitude of the modulation factors 
of these two waves as follows. When the 
modulation factor of the electron density wave 
is far greater than that of the field intensity 
wave, the moving striations will not be ob- 
served. And, when the modulation factor of 
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the former wave is smaller than that of the: 
latter wave, the moving striations will be 
always observed. Moreover, when the magni- | 
tudes of the modulation factors of the two) 
waves are comparable, the moving striations | 
will be observed and the movement of the. 
striation will be shown by curve segments. | 


§8. Relation between the Phases of the |} 
Minima of the Light Oscillations and | 


those of the Electron Density Wave 


In contrast to (23), the phases of the mini- 
ma of the light oscillations are 


0 =2nn+—-+n. (32) 

This equation yields for the case x > 2€, 
ot= nt2nn+( 5 — é) 

ae 

x 

and for the case x < 2€, 


+9 —2= sin w(t—t)+-+-, (33) 


ot=nx+unr—€& +2 


4+ sin w(t—t))—---, 


4& 
corresponding to (24) and (25) respectively. 
While the phases of the minima of the elec- | 
tron density wave are given by 


(34) | 


of=n+2nn+( 5 — é) ‘ (35) 
Comparing (85) with (33) it will be known | 
that, if 7 >€, the minima of the light oscil-_ 
lations coincide nearly with that of the elec- 
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tron density wave and they seem only to 
oscillate periodically back and forth at defini- 
te points in the oscillation patterns. Alter- 
natively, if »<(€, the minima of the light 
oscillations move towards the cathode with 
increasing x. These relations hold for the 
case x > 2é. 

Next, we shall consider the case y< 2E. 
In this case, as already mentioned, the schema- 
tic characters of (84) are hardly affected by 
the relative magnitude of y and €, because 
(34) does not contain the term g. The regions 
where x < 2& situate always at the vicinity 
of the points at which the value of @ is (2n 
+1)z (refer to Fig. 1(b)). Thus the term 
6,/2 in (84) has its value nearly equal to (m+ 
1/2)z. This means that, though the light 
oscillation patterns in such regions have two 
minima within one period of the oscillation, 
one of these two minima always coincides 
nearly with the minima of the electron den- 
sity wave. 

§9. Electron Density Wave and Current 
Oscillation 

As already mentioned, the modulation fac- 
tor of the electron density wave vy and then 
that of the electric field intensity wave € can 
be determined, if we measure the ratio of 
the maximum value to the minimum value 
of 8 given in (13). On the other hand, the 
modulation factor of the current oscillation is 
obtained from the oscillographic pattern of 
the current. Table I shows these moluation 


Table I 
Current E-Wave n-Wave |Current Wave 
(amp.) ¢ v7 a 
0.020 0.96 | 0.092 | 0.098 
0.025 0.86 0.087 | 0.092 
0.030 0.80 0.090. | 0.088 
0.040 0.70 0.069 | 0.073 


Temp.: 30°C. Series Resistance: 1509. Gap bet- 
ween Electrodes: 48cm. 


factors obtained in our experiment. From 
this table we see that the modulation factor 
of the electron density wave is always near- 
ly equal to that of the current wave. Here 
it should be noted that the modulation factor 
shows only the magnitude of the fundamental 
wave. If we consider our experiment from 
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the viewpoint of the relationship between the 
phases of minima of the light oscillation and 
the electron density wave, the current wave 
seems to correspond to the electron density 
wave. Therefore, we may take the current 
wave instead of the electron density wave. 
However, as already mentioned in the preced- 
ing paper, the wave form of the current 
does not coincide with that of the electron 
density, though these wave forms are similar 
to each other. Fig. 4 shows this example. 


n(t)-Wave Fory 


Current Wave Form 


Fig. 4. 


From this figure we see that the discrepan- 
cies between these two waves are remarkable 
at the earlier part of the period and negligib- 
ly small at the later part. From the harmo- 
nic analysis of these waves, the electron 
density wave seems to be’ obtained by 
neglecting the third and the higher harmonics 
of the current wave. At all events, the two 
wave forms are not identical, but the more 
the current changes slowly, the more the 
two wave forms will be similar to each other. 
In the discharge space the total energy con- 
sumed in unit time is equal to the product 
of current and field intensity. On the other 
hand, in our theory the energy radiated as 
light is proportional to the product of elec- 
tron density and field intensity. Therefore, 
the wave form of the electron density allows 
to estimate the manner of contribution of the 
current to the light emission. 


§ 10. Conclusion 


The light intensity wave has been assum- 
ed to be represented by the product of the 
electric field intensity wave and the electron 
density wave. This basic assumption explains 
all the experimental results and establishes 
the characteristic properties of the moving 
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striations as well as the stationary striations. 
We believe that in the positive column there 
exists a space charge wave travelling towards 
the cathode. This seems to play an essential 
role for the phenomena of moving striations 
irrespectively of whether the discharge may 
be arc or glow. 
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Flow Formation with Suction or Injection 
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(Received March 15, 1958) 
The problem of boundary layer control with suction or injection is 


discussed for the cases, (1) flow formation between two planes at a finite 
distance apart, (2) flow formation in the annular space between two con- 


centric circular cylinders. 


Exact solutions of the full Navier-Stokes equations are obtained in both 
Results obtained by Hashimoto for an infinite flat plate are 


the cases. 
deduced as a special case, 


Introduction 


§1. 


With the aim of reducing the drag suffered 
by a body and increasing the maximum lift 
several methods have been devised for the 
purpose of artificially preventing separation 
and delaying transition to turbulence. The 
method of suction has been found particularly 
useful. Many authors have studied steady 
boundary layer problems with a normal velocity 
imposed on the body. In view of its immense 
utility, especially in the field of aeronautical 
engineering, it is worthwhile considering un- 
steady boundary layer problems with suction. 

Hasimoto” has recently considered the un- 
steady motion of an infinite flat plate with 
suction or injection. He has obtained exact 
solutions of the Navier-Stokes equations for 
the cases when suction velocity is constant 
and when it varies as {-1/?, 

In the present paper we consider, (1) for- 


mation of couette motion and (2) flow for- || 
mation in the annular space between two |} 
concentric circular cylinders, when one of the || 


parallel boundaries is kept fixed and the other 
is started to move with a velocity U(¢) and 
simultaneously a normal velocity V(¢) is im- 
posed on the moving boundary. The case (1) 
is shown to agree with Hasimoto’s results for 
h, the distance between the two plates, tending 
to infinity. 


§2. Formation of Couette Motion 


Let us consider the unsteady motion of an | 
incompressible viscous fluid between two) 


parallel flat plates. Let h be the distance 
between the plates. We take a system of 
axes fixed in space; x-axis coinciding with 
one of the plates and y-axis normal to it. Let 
the plate y=0 be started at t=0 along x-axis 


with a velocity U(t) and let the plate y=h 


(Vol. 13,)} 


, 
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be kept fixed. Since the plates are infinite 
in length, all the physical quantities are in- 
dependent of x. The Navier-Stokes equations 
and the equation of continuity reduce to 


Ou, Ou _ Oy 
lee ~ "Oye ; eh) 
Ov, Ov_ Oy 1 Op 
at cy) ies ime (1.2) 
Ov_ 
iy Ges) 
The boundary conditions to be satisfied are 
0<y<h u=v=0 <0, 
y u=U(t); v= V(t); Lido. 
At y=h u=0 
(1.4) 
Equations (1.3) and (1.4) give 
v= Vine (1.5) 


Equations (1.2) and (1.5) then give 


ee tee LL. 
P=pho—oy dt 
where fp is the value of p at y=0 and 0 is 
the density of the fluid. 
Equations (1.1) and (1.5) give 
Ou Ou =—- Ou 
Bay Sage 
We shall now solve this equation in the 
cases V=V,=constant and Veft-/2, 
The case V=V 
In this case let us first find a solution in 
the form 


(1.6) 


u=U\t)F(y) . 
Substituting in (1.6) we get 
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Let 
Gis ' 
= es /s\ i.e. U=U,exp (Abt). 
Then (1.7) reduces to 
F”’—2BF’—K,F=0, (1.8) 


where V_op. 42K. Boundary conditions 
v 


to be satisfied are F(0)=1; F(h)=0. Solution 
of (1.8) satisfying the boundary conditions is 


F(y)=a@ exp [y(B+V B+ K,)] 
+Bexp[y(B—VB?+K)], (1.9) 


where 


—exp [—hV B?+ Kj] 
exp [hV B?-+K,]—exp [—hV B?+ Kj] ” 


exp [LV B?+ Kj] 
exp [hV B?+ Ki]—exp [—hV B?-+ Ki] © 


In order to obtain a general solution for 
the plate velocity as a general function of 
time we apply Laplace Transforms. 

Let 


(2 o— 


u*(y, p)= : exp (—pt)udt 


Equation (1.6) reduces to 


@ux* 
dy? 


where 


Sie 
The boundary conditions to be satisfied are 


u*(0, p)=U*(P) ; 
u*(h, p)=0. 


(1.11) 


(ee eth. VE’ (1.7) Thus the solution of (1.10) satisfying (1.11) 

CLO Tee : can be written as 

ut =U¥ exp cK) exp [(y—h) V K?+p/v]— exp Ley Aree | (1.12) 
exp [—hV K?+ p/v]— exp [AV K?+ p/v] 


We are now to get the inverse of (1.12). 


The expression within brackets on the right hand 


side of Eq. (1.12) can be expanded in an infinite series and hence, we get 


I “| exp [(yv—h)V K2+ p/y]— exp [—(y—h) V K+ p/] | 
‘ exp [—hV K?+p/»]—exp [hV K?+p/»] 


_exp(—K*v!)| $ _ (2nh+y? 
OW ave 2 pel PEEP Ayt 


AQ@n+ alll 


— > [@n+)h-9] exp| ie 


Finally making use of convolution theorem we get 
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exp (Ky) (*U(t—t) exp (—K*vt) _ oe 
aie \ 73/2 es (2nh-+ y) exp ie | 
aa s [2n+l)h—y] exp | - {(2n + 1)h— | ee (1.14) 
n=0 4yt 
As h-o 


OV ny 


73/2 


_, exp (Ky) ‘ jeu (-Kn—2 0 Dae 
0 4yt 


which agrees with the result given by Hasimoto. 


Flow formation without suction can also be 


obtained from (1.14) 8 putting K=0 and U=W). 


This gives 


u= U)[ > erfc (2ny.+7)— Serfc ((2n+1)yi— 


a result agreeing with Schlichting,” where y= y/2V vt ; 


)) 


ip h[2V vt . 


The frictional drag D per unit area of the plate is given by 


u (*U(t—t) exp (—k*vt) (“ze 2n?h? a 
Pav =H = Ze( eres: 

(Qn +1)2h7 [On 12h? ie an 
— Sexp| ee | TPE + bh(2n-+1)—1 | [dr (1.15) 

The case Vect-¥/2 E=7—-% > 

As in Ref. (1) we take this gives 
u=U()G™) , PL (1.18) 
where d& = 
1=5 vara Solution of (1.18) is z= 08 where @ satis- 
vt 


Equation (1.6) then takes the form 


1G" = Aut G—29vG' +2V VEG" ; 


In order that this may be reducible to an 
ordinary differential equation, we take 


(1.16) 


wit A, 2VV ot = 


In particular, taking 
A=2va , B=2V yp Vo; 


we have 
Gf Upt?/?; = . 


Equation (1.16) then becomes 


GG’ +2(y7—%0)G’ —2aG=0 , (Ta) 


where 


Putting 


where 


fies the differential equation 


ao 
dE 2 2w=0. 


Hence, the solution of (1.17) becomes 


(1.19) 


G=exp[—(y—m)" s “1K, exp [(97—70)"] 


. \ exp [<(—1)"ldy-+ exp I—7) 


(1.20) 


where K, and K, are constants to be evaluated 


from the boundary conditions 
GO)=1; Gm)=0, (1.21) 


where 


v/) = aft 
neo ae 

For the Rayleigh’s® case of impulsive start 
U=U, the expression (1.20) satisfying (1.21) 
becomes 

Gl ) = erf (71—70)—erf (7—%0) . 
erf (7) +erf (471—%0) 

In order to get the case of a flat plate we 
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again make hc and get 
G(y) = Ste a= 00) 
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which is the same as Hasimoto’s result. 
If the plate y=0 is started with a uniform 


erfc (—7) acceleration (i.e. a=2) we get 
ad? : 
G=exp [—(—n)* 41K exp (7-10) exp {—(n—m0)"}d-+Ky exp {(n—10)"}]— (1.22) 
where AK, and K, are given by 
oo [1+2(71—%0)"] Ka 20m = 10)? + (m1 = 0) EXP [= (1 = 90)" ]]_ 
2N ; ; 2N 
N=[(1+2y0")[1 + 2(41—70)?]%o— 41] — 0 EXP (—%07)[1 + 20771 — 90)" ] 
—[1+-2%07][%1—70] exp [— (1 —70)"]] 
and 
wv=| {exp [—~—myld7] = i= [{ expt] 
mM = n=n1 
§3. Flow through Concentric Circular aV 
: v= — (2.5) 
Cylinders iy 
We shall now consider the unsteady motion Equations (2.2) and (2.5) then give 
of an incompressible fluid confined between or - ° 
two concentric circular cylinders of radii @ p * o r Gas fa Ws g% , 


and b (b>a). We introduce cylindrical co- 
ordinates x, y, 0, x-axis coinciding with the 
common axis of the cylinders. Let the cylinder 
y=a be started at t=0 with a velocity U(t) 
along x-axis and the cylinder y=b be kept 
fixed. A normal velocity V(¢) imposed on the 
moving cylinder represents suction. Let u,v,w 
be the components of the velocity in the 
directions of x, y and @ increasing respectively. 
Evidently w=0. All the physical quantities 
are independent of x and @. The equations 
of motion and the equation of continuity 
reduce to 


Ou , Ou Ou 1 du 
- 2:1 
ar “ay ies y a5 ce 
du, @v. 126) iS 1 dv | 
at ay poy Lay yay» 
(2.2) 
aE (2.3) 
OY ou 
and the boundary conditions are 
axyv<b u=v=0 t<0 
At y=a u=U(t); v=V) Lido. 
At y= D u=0; 
(2.4) 


Equations (2.3) and (2.4) give 


where fp is the value of p at y=a and 9 is 
the density of the fluid. 
Equations (2.1) and (2.5) give 


Ou ae =| at 1 a 
df. Oy Oy y Oy)” 


We shall now slove this equation in the 
case when V=V,=constant. This equation 
can be easily solved by the method of sepa- 
ration of variables. 

We write 


(2.6) 


u=U(t)G(y) . 
Equation (2.6) then becomes 
LK eaGe TRG’ 


a 27 
ou 6 ae (2.7) 


where 
R=aV/v 
Taking 
WjiU=A ie. U=U,exp (Ad), 
equation (2.7) reduces to 


7 ik A 
y 


G Gear 7G é (2.8) 


The boundary conditions to be satisfied are 
G@)=1., GO\=0' , (2.9) 
The solution of (2.8) satisfying (2.9) is 
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G=y"[alaa(V A]¥y) + BKajlV Ary) » (2.10) 


where 


we a-®2KR(V Alvb) \| 
Inp(V Alva) Krp(V A]vb) — Iep(V A]vb) Krp(V Alva) | 
os —a-*2V Afb) 
Tep(V Alva)Krj(V A]vb)—Inj(V A]vb)Krp(V A]va) 


Tr/, and Krj, are modified Bessel functions of order R/2. 
To obtain the general solution when U=U(t) we make use of Laplace transforms. 
Let us write 


u*(y, p)= fi exp (—pt)u(y, tdt . 


Equation (2.6) then becomes 


du* ee A a> fal 
dy* wo ay  —v 


the solution of which is easily found to be 
u*= y*[BInp(V plyy)+CKrplV p/yy)) , 
and since u*(a, p)=U*(p) and u*(b, p)=0 we have 


U*( p)=a""[Blnp(V plva)+CKrp(V p/va)) , 
and 
0= Blej(V p/vb)+CKrj(V p/vb) . 
Solving we have finally 


Bhs “ayer KrplV (blvb)Te lV p)ey) = Ke plV. ply y)Irjo(V p]vb) ] (2.11) 
aki TrplV p]va) KrjV p/vb) —Iejo(V p/vb)Krj(V p/va) 4 : 


u* 


Now by the inversion theorem 


a Kal V plvb Inj V bly) — Krav blvy)TnpaVv b]»b) 

Tep(V b]va) Krpa(V p]vb)—InplV p/vb)KeplV p/va) 4 

Ps > aye Krpl(V blob Inp(V ply) —KrplV plvyTeplVv b/vb) edb. c>d0 
ani Tep(V b]va)Kr] x p]vb)—Injal V b] vd) Krpal V p]va) 


We write p=—va?. Then 


C—t0o 


Taj V plva)KrpV p/vb)—IepV ]vb) Krav p/va) 
=—* [Jnpp(aa) ¥nnl(ba)—Jnp(ba)Vny(a)] 
Let the zeros of Jrj(aa) Yrjx(ba)—Jnjx(ba) Yrp(aa) be a, a, +> 


Then the poles of the integrand are given by —va,?, —va,?, --- 
Let Rx» denote the residue at —va, 


Then 


_- Tan Tr )( bn) JR /2(AAn) 
Jpn) — J pj.(b&n) 


Rn= [Jie/2( Yn) Yxe/2(ban)— Jro(ban) Yrjo( yarn) Je- Yn" 
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Making use of the convolution theorem we get 
u= 


eel Vee = Set oe [ Jro( Van) Yr/o(b@n) — Jrjo(ban) Yrio(van)] 
= Fan 7eUtt—0) Sater : Tija(4atn) — PB) aaa eles ill 


In conclusion, I wish to express my sincere thanks to Dr. Y. D. Wadhwa for suggesting 
the problem and to Prof. B. R. Seth for his valuable guidance throughout the work. 
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The Magnetic Field at the Nucleus of 
Smt*+* induced by Paramagnetism 
of 4f-electrons 


By Junjiro KANAMORI and Kenzo SUGIMOTO 
Department of Physics, Osaka University, Osaka 
(Received, April 22, 1958) 


Recently, one of the present authors (K.S.) 
reported) the gyromagnetic ratio of the first ex- 
cited state (122 kev.) of nuclide Sm12, which was 
determined by investigating the influence of an 
external magnetic field on the angular distribution 
of de-excitation radiation following Coulomb ex- 
citation. As briefly discussed in the previous 
paper), the electronic magnetic moment of Sm**++ 
(of which the ground state is ®Hs/2) induces a 
magnetic field at the nucleus, which gives rise to 
some complicacy in the final interpretation of the 
experimental results. The purpose of this note is 
to give more detailed discussion on the calculation 
of the induced field. 

In the present case, we assume that the nucleus 
interacts with a thermal average of the electronic 
magnetic moment. (The validity of this assump- 
tion was discussed in the previous paper)*.) Thus 
we take the thermal average of the interaction 
between the nucleus and the 4f-electrons over the 
electronic states. The Hamiltonian of the nucleus 
in external field is given by 


FC = 04 FA1+ FO» 
=F 0— bnMer: T-pnHin: I, G1) 
where SF is the electronic energy which deter- 
mines the thermal distribution among the electronic 
states; Hz the external field; 52 the hyperfine 
coupling between the nucleus and the electrons. 
The effective Hamiltonian of SF». in the Russel- 
Saunders scheme is given by 


FE = — Pn Ain: T= 2 pnp asl [r>[(L- DT) 
+EL(L +1)(S- 1) —(3¢/2){(L- S)(L- 1) 
+(L-I)(L-S)}] , (2) 
§=(21+1-—4S)/S(2l —1)(21+3)(2L—1) (l=3), 
where ZL is the total electronic orbital angular 
momentum; S the total electronic spin; <1/7’> the 
average of the inverse cubic power of the distance 


between the nucleus and the 4f-electrons. Using 
J, M quantization scheme of the electronic states, 


* This assumption is also supported by recent 
work of Goldring and Scharenberg. We thank Dr. 
R. P. Scharenberg for sending us the preprint of 
their work, 


The reports should not exceed 800 words in length. A figure of size 


where J is the total electronic angular momentum, 
and neglecting the effect of the crystalline field 
which is not important at room temperature, the 
thermal average of Hin, is calculated to be 


<Hj,.>= — hBH ex: ee exp (— Wos/kT)- 
x (Ain srugsM)/kT + Peg S190 Tins at 


+ Hina aS 7)|4Wa's) 


+ > exp(—Wos/kT) , (3) 
iu 


where Wo, is the energy of each J level; gz its 
g-factor; 4Ws'1s=Woz'—Woz; the z-axis is chosen 
as the direction of the external field. 

In the case of Sm+++, as van Vleck discussed 
in detail in the problem of its susceptibility», we 
cannot confine ourselves to the lowest J level in 
the summation in (3), because at room temperature 
both the population of the upper levels with large 
g-factors and the mixing of different J states caused 
by the external field make important contributions 
to <Hj,>. These effects destroy the proportionality 
of the susceptibility and the quantity <Hj,> to in- 
verse temperature, which would follow, if the 
upper levels were not considered. The explicit 
form of <H;,> for Sm+*+ is given by 

<Hj> | Hex=(0.6227/T)-<1j/73>-10-% 

x [7.746 + 37.10e-7Y 4+-76.4e- 164 

+132e-277 4... 

—2.378(1—e-7)/y 

—3.02(e-74 —e- 16Y) /y 

—2.92(e-16y —e-27v)/y —..-] 
+-[3+-4e—"+5e-1ey4...-], (4) 
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induced magnetic field ‘‘ Hj,’’ at the nucleus 
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where y is |4|/2kT and & is the coefficient of the 
spin-orbit coupling. In the numerical calculation, 
we insert <1/r3>=51(413)A-% after Elliot and 
Stevens and either values, 220k and 191k for |a|/2 
after van Vleck»). The result is shown in Fig. 1. 

In the case of other rare earth ions except Eut++ 
and Pm+++ we can simplify (3) as follows: 


<i> = 243 <1/73>-CosI(T+ DRT , 
C=[(2—-gs)+§L(L+1)\(gz -1) 
— (3/2){HI+1) -L(L+1)-S(S+)}] , 
9s =1+[JI+1)-L(L4+1)4+ S(S+1)]/2H T+) . 
(5) 
For instance, the induced field at the nucleus of 
Nd+++* is obtained as 
<Hi,>=(392/T)- Hes , (6) 
where we used <1/r3>=40(+10)A-3 after Elliot and 
Stevens. 


We thank Prof. T. Nagamiya for kind discus- 
sions. 
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Plasma Oscillation in the Electrically 
Conductive Tin Oxide Film 


By Kozo ISHIGURO, Taizo SASAKI, 
Toshihiro ARAI and Isamu IMAI 


Department of Physics, College of General 
Education, University of Tokyo 


(Received April 16, 1958) 


In the previous paper”, the optical and electrical 
properties of the free electrons in the electrically 
conductive tin oxide films were reported. Accord- 
ing to the conclusion of the paper that the effective 
mass m* of the electrons in the conduction band 
should be 0.15~0.20 times of the free electron mass 
m, the complex refractive index of the specimen 
No. 15 was recalculated with the constants given 
under the column of m*=0.2m of Table I of that 
paper. 

The formulae used to calculate ~ and k are; 


2 
n?—k2= Ay, — “e e 
v2+v 42 
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2 


onk= —* 


v2--y 42 v 
where 


7.851 


Ay= 9430 — (v/1015)2 


Ne? \1/2 
io= ( 3 =plasma frequency =1.84 x 10! sec-1! 
mm 


1 
ae =relaxation frequency =4.37 x 1018 sec-1 
TT 
and the results are given in column 4 and 5 of 
Table I of the present paper. 


Va> 


Table I. 
y hy A 2nk 
sec.) | eV) | @ | ™ | *® | Garren 

6.00 x10% | 2.48) 0.50) 1.92 | 0:00) 0.00 
4.00 1.65), 0.7 |, H'-80' | OF007" “0700 
3.00 124.) ) 1.005) sh 43) || OZ00N) 0200 
2.00 OL8394{ ole50 I) F158.) 10F06) 0203 
1550 O562) | P2RO0N EL S8a ry Osloat Oe Ue 
1.20 0200] 2550 |) $1514 |CLO8SSs\) O838 
1.10 L4G 2572") FOZ 05479. 70.60 
1.00 0:41 | 3.0018 02921) 0267) (On7s 
0.95 ORSON os2 0.89 | 0.80] 0.69 
0.90 0537 ||) (3.3 0.87 | 0.95} 0.60 
0.85 OFS5 to 40 0.87 | 1.10] 0.49 
0.80 0333) 323 ON88> |) 127) 0539 
0.60 02254) to.0 DLO 2 0SsmnOelG 
0.30 OA) 41 ORO 2.334 Goalie LOO 
0.20 0.08 | 15.0 3.36 | 4.77 | 0.03 
0.10 0.04 | 30.0 Se 53ul ORGS OVOr 


It was shown recently by H. Frohlich and H. 
Pelzer», and also by J. Hubbard*®) that the pro- 
bability of the energy loss of a fast charged particle 
suffering a long range collision with free electrons 
in a solid was proportional to 2vk/(n?+-k?)?. The 
numerical values of this quantity are also tabulated 
in the column 6 of Table I of the present paper 
and the curve plotted against the photon energy 
is shown in Fig. 1. The curve has a very sharp 
maximum at hvmax=0.4leV, indicating that the 
energy loss of the electron beam penetrating the 
specimen would be observed in steps of hvmax. It 
should be noticed that as it was pointed out by 
Noziére and Pines, the real plasma frequency 
vmax does not coincide with the so-called plasma 
frequency v, but is shifted to vp/1.84 or vp/(Ay)¥/2, 
in which Ay represents the contribution of the 
valence and core electrons to the dielectric constant 
of the present specimen. It is also shown that as 
the half value width of the absorption band of the 
electron energy spectrum is given by nichy max, WE 
can evaluate the lifetime z+ of the plasma wave® in 
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the present specimen as t=//nkhvmax ~ 2.6 x 10-1) 
sec. : 

Such an aspect of the plasma oscillation is al- 
ready pointed out by Fréhlich and Pelzer» for Ag, 
but on the other materials, especially for semi- 
conductors, no example has been as yet reported. 

Since tin oxide film does not show any remark- 
able optical absorption due to lattice vibration be- 
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tween 0.32~200 » except the two bands at 2=33 p 
and 39» (Fig. 1)* and the intrinsic absorption edge 
due to the transition between the valence and con- 
duction band lies at 4=0.32 », it is free from any 
disturbances interacting with the plasma oscillation 
at A=3 yp, and the density of the free electrons in 
tin oxide is easily controlled by heat treatments. 
Therefore, the conductive tin oxide film presents 
an interesting example to study the plasma oscil- 
lation in a relatively simplified condition except 
that the impurity scattering of electrons is rather 
the predominant mechanism over the scattering 
caused by the lattice vibration to determine the 
electrical properties). 

The authors should like to express their thanks 
to Prof. H. Kanazawa of our institute for his 
theoretical help ‘and the introduction to the refer- 
ences. 
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* The transmission spectrum over the wide 
wavelength range by the powdered specimen method 
was obtained by the courtesy of Prof. H. Yoshinaga. 
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Magnetic Annealing of FesAl Single 
Crystal 


By Kenzo SUZUKI 


Department of Physics and Chemistry, 
Gakushuin University, Mejiro, 
Takyo, Japan 


(Received May 29, 1958) 


Recently, the magnetic annealing effect of cubic 
solid solution has been studied in detail by Chika- 
zumiY on the single crystal of Ni3Fe and by 
Yamamoto, Taniguchi and Aoyagi on the single 
crystal of Ni-Co alloy.» Their results were in 
rather good agreement with the theory, which was 
developed by Néel® and independently by Taniguchi- 
Yamamoto. For the purpose of observing the 
same efféct on the body-centred cubic crystal, which 
was expected to be insensitive to the annealing in 
<100> magnetic field, the author investigated this 
effect on FesAl crystal. 


1958) 


The specimen used was Fe;Al (110) disk (10.61 mm 
in diameter and 0.32mm in thickness). First the 
specimen was heated up to 650°C and annealed for 
30 minutes, and then it was cooled down at a con- 
trolled rate to room temperature in a magnetic 
field. After cooling the torque was measured. 
Then this torque data was analized by means of 
Fourier analysis and the anisotropy energy measured 
was separated into field-induced anisotropy FH, and 
usual crystal anisotropy H;,. Fig. 1 shows the 
obtained #, and Hy vs 6; curves for the cooling 
rate 3°C/min, where @, is the direction of annealing 
field. The 4@ is also plotted against 9, in Fig. 2, 
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Fig. 1. EH, and Ey vs 6; curve. 
(a): Theoretical curve with Ai=0, A,=9.8~x 
103 erg/cc. 
(b): Experimental curve with 4;=2.9x10% erg 
/cc, A2=9.8 x 10? erg/cc. 
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Fig. 2. 40 vs 6 curve. 


where 4@ is the deviation angle between the an- 
nealing field direction 9, and the minimum point 
0 of Ein, i.e. 406=6;—6- 

The anisotropy induced by magnetic annealing 
are generally represented by the formula. 
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(1) 


where a; and #; are the direction cosines of in- 
trinsic magnetization and magnetic field of an- 
nealing respectively, and A; and A, are the factors 
specified by the crystal structure. According to 
Néel and Taniguchi-Yamamoto’s theory, A; should 
be zero for b.c.c. crystal, so H#, must vanish for 
the <100> magnetic annealing. The theoretical 
curves are also shown in Fig. 1 and Fig. 2. It was 
found, however, by the present experiment that the 
<100> magnetic annealing does give rise to a 
finite value of H,, as seen in Fig. 1. The ex- 
perimental curves in Fig. 1 and Fig. 2 was well 
fitted by Eq. (1) by assuming A,;=2.9 x103 erg/cc 
and A,=9.8x10%erg/cc. The finite value of A, 
can be interpreted by assuming the contribution 
of the 2nd nearest neighbor interaction. Since 2nd 
nearest neighbor atoms form a simple cubic lattice, 
the anisotropy due to 2nd nearest neighbors should 
be represented only by A; term. Therefore the 
A, term in experimental EH, is to be understood 
as the result of the anisotropic distribution of 2nd 
nearest neighbors. 

By using experimental A; and A, values, we can 
obtain the ratio of the coefficient of dipole-dipole 
interaction between the lst nearest neighbors 1; to 
that between 2nd ones ly, 


By= —Ay > abi? — As Dd) cia jhib; , 
7 ss 


(2) 


the value of which would be rather reasonable, 
It should be pointed out that the contribution from 
2nd nearest neighbors was also verified by the ex- 
periment of magnetic anisotropy induced by cold 
rolling on Fe3Al single crystals.” 

The author sincerely thanks to Prof. S. Chika- 
zumi for his kind advice and important suggestions 
in the course of this investigation. 
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Magnetic Properties of Nickel and 
Cobalt Ferrite-Chromite Series 


By Syohei MIYAHARA and Tachiro TSUSHIMA 


Department of Physics, Faculty of Science, 
Hokkaido University, Sapporo, Japan 


(Received May 26, 1958) 


Though Néel’s theory on ferrimagnetism explains 
successfully the ferrimagnetism of various ferrites, 
it does not succeed to explain sufficiently the 
magnetic character of chromites; especially the 
spontaneous magnetizations of chromites at absolute 
zero temperature were not explained as the dif- 
ference of the moments of two sublattices. Thus, 
the problem of chromites are thought to be rather 
complicated. In this note an experimental study 
on magnetic properties of nickel and cobalt ferrite- 
chromite series is reported, that might make 
certain contribution to the problem of the ferri- 
magnetism of chromite. 

Chemical formula of the samples is given by Ni 
(or Co) Fe ,-,Cr,Oz,, where ¢ varies from 0 to 2. 
NiFe.O, was made from the mixed solution of NiCl, 
and FeCl;, and NiCr.0O, was also prepared from 
the solution of NiCl, and CrCl3;. Other samples of 
nickel series were made by mixing NiFe,O, and 
NiCr,0, in stoichiometric ratios. 

The specimens of cobalt series were made from 
powders of extra-pure CoO, Fe,03 and Cr.03. All 
samples were heated at 1100°C for about ten hours 
in air, then quenched to room temperature and 
were identified by the X-ray diffraction patterns. 

Magnetizations at various temperatures from 
liquid nitrogen to about 900°K were measured by 
Gouy’s method. The maximum field strength used 
is about 8000 oersted, which is strong enough to 
saturate the specimens, 

Saturation magnetization vs temperature curve 
shows normal form and decreases the magnitude 
as chromium content increases. Magnetizations at 
0°K are obtained by extrapolating the curve from 
nitrogen temperature. Their changes with chromium 
content ¢ are shown in Fig. 1. 

The variation of lattice parameters with chromium 
content ¢ is shown in Fig. 2, from which we can 
find that nickel ferrite-chromite has inverse spinel 
structure as long as ¢< 1.0, and it changes gradual- 
ly to normal as ¢ further increases. On the other 
hand cobalt ferrite-chromite changes its structure 
from inverse to normal as ¢ increases to 0.4 and 
remain normal for greater t. 

If we assume that the chromium ion always oc- 
cupies the octahedral site and nickel ion preferential- 
ly occupies the octahedral site, we can evaluate 
the difference of magnetic moments of the octahedral 
and tetrahedral sites of nickel ferrite-chromite. 
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When ¢<1, it is expressed by (2—2t)8, which | 
agrees well with the observed value; when1<t<2, | 
it is expressed by (4—4t)8, which clearly differs il 
from the observed value. | 


Magnetization 
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t ——> 
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Fig. 1. Magnetization at 0°K in 8. 
a) Nickel series 
— observed 
--- calculated 
b) Cobalt series, observed 
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Fig. 2. Variation of lattice parameter with ¢. 


Though we do not have enough information about 
cation distribution of cobalt ferrite-chromite to 
evaluate the magnetic moment, it is plausible to 
assume it to be a few Bohr-magnetons per atom. 
The magetizations of the samples extrapolated to 
0°K are, however, much less than the above value 
in the cobalt chromite side. This discrepancy 
should not be due to especially small magnetic 
moments of the ions, because it is confirmed*) by 
the Curie constant that the ions have ordinary 
magnetic moments due to spins. 
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On Magneto-Acoustic Resonance in Metals 
By Nobuo MIKOSHIBA 
Electrotechnical Laboratory, Tokyo, Japan 
(Received April 21, 1958) 


Recently Pippard)»» has proposed a concept of 
magneto-acoustic resonance®) for transverse acoustic 
waves to interprete the experiments of Bommel, 
who showed that the absorption coefficient in metals 
was markedly affected by the presence of a magnetic 
field. The object of this note is to point out the 
limitation of Pippard’s concept and to propose 
other possible magneto-acoustic resonance for the 
absorption of longitudinal acoustic waves at low 
temperatures. 

In general, the type of the interaction of acoustic 
waves with conduction electrons is different for 
three frequency ranges,®) i.e. 


1) the low frequency range: wr<l1, Al<1l, 

2) the intermediate frequency range: wr<l, 
kl>1 and 

3) the high frequency range: wr>1, Al>1 


where w and & are the angular frequency and the 
wave vector of acoustic waves; + and / are the 
relaxation time and the mean free path of con- 
duction electrons, respectively. From the relations 
w=sk (s: sound velocity) and J=zcvp (vo: Fermi 


velocity), we get 
or=(> i (1) 
Vo 


(s/vo is for example 1/350 for Cu), which gives 
classification of three frequency ranges. 

In the low frequency range we must treat acoustic 
waves classically as waves of a potential for con- 
duction electrons. But in the high frequency range, 
we can treat them as a coherent acoustic phonon 
beam and then the type of the interaction become 
very similar to the electron-thermal phonon interac- 
tion.9))7).8) Two approaches may be possible in 
the intermediate range; one is the approach from 
the low frequency range®) and the other from the 
high frequency range.® 

Pippard’s concept of magneto-acoustic resonance 
is based on the approach from the low frequency 
range. His resonance conditions are as follows 
(see Fig. 1): 

A) The mean free path of conduction electrons 


mane 
E(t+aa, 


E 
k 
k tH H 
le = 


\ E(t) 


Bigeal: Fig. 2. 
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must be larger than the dimensions of the circular 
orbits, 
l>2nr or Wet > 2T 
with the use of 7=Vo/we(me=eH/m*c) 
B) The diameter of the circular orbits must be 
equall to 


(2) 


On+1)==(2n+0), m=0,1,2,-+» (3) 


where 4 is the wave length. 

C) Transverse waves can produce a transverse 
electric field, only when thermal phonons scatter 
conduction electrons to follow the ionic vibrations.» 
This scattering process is negligiblly small in the 
high frequency range; however, some amounts of 
it may remain in the intermediate frequency range. 

Then 

ot <1 (4) 
is required. 

Above three conditions are reduced to 


wan(nt> )(= les ot <1, and wer >2n (5) 
iz Vo 


In such high frequency range as Pippard’s con- 
cept breaks down, longitudinal waves rather strongly 
interact with conduction electrons in a transverse 
magnetic field (see Fig. 2). The electronic motion 
in the plane perpendicular to the magnetic field is 
quantized, if wer >2x. When the energy of acoustic 
phonon fw is equal to the energy gap nfiwe (n=1, 
2,-+-) between quantized oscillator states, a new 
magneto-acoustic resonance absorption may occur. 
This resonance conditions can be written as 
Wet > 2r . (6) 
If 7~10-2cm at low temperatures, » >10" sec-1 
is required for Cu. But for semi-metals the at- 
tainable frequency, 109sec-!, may be sufficient to 
observe the resonance. 

We are indebted to Dr. M. Shibuya and Dr. W. 
Sasaki for their valuable discussions. 


W=NWe, Wt >1 and 
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Space Charge Phenomena in Nitrobenzene 
under High Electric Field 


By Pyong-un CHONG, Chiyoe YAMANAKA 
and Tokuo SUITA 


Department of Electrical Engineering, 
College of Engmeeriny, 
Osaka University 
(Received April 15, 1958) 


To study the dielectric breakdown in liquids, it 
is very important to investigate the prebreakdown 
phenomena which include essential mechanisms of 
destruction. We have studied the field distribution 
in nitrobenzene at room temperature using the Kerr 
electro-optical effect under conditions of D.C. and 
single rectangular pulse voltages. 

We used a conventional setup”) for optical meas- 
urement. The first slit, placed before the liquid 
cell, was 0.30mm which was as wide as the gap 
length of the electrodes. The second slit, placed 
behind the cell, was 0.03mm wide. It was made 
movable in the direction of the applied electric 
field by a micrometer, which enables to detect the 
transmitted light through one of ten sections be- 
tween the electrodes. 

The intensity of a light beam J under the electric 
field H, is given by 

J=3J) sin? (nxBl HE?) . 

Where Jo is the intensity of a incident light beam, 
B is Kerr constant (4.1x10-5 in esu for light of 
wavelength 5460A at 20°C) and J is the length 
of the electrodes in the direction of the light beam 
(~0.30mm). The intensity of the transmitted light 
beam was measured by a multiplier phototube 931 
A. So we can calculate the electric field distribu- 
tion between the electrodes. 

In carrying out the experiments we took care of 
the following points. 

a) We made the light beam parallel, uniform and 
not to be scattered by the electrodes very carefully. 
These were checked by measuring the light inten- 
sity of the ten sections between the electrodes with 
two Nicols made parallel without electric field. 

b) We changed the polarity of electrode and car- 
ried out the same procedure. In both cases we 
got almost the same results. 

c) In calculating the electric field strength from 
the intensity of the transmitted light beam, we 
tried to estimate it in a several ways, and made it 
sure that the results were consistent with each 
other. 


In Fig. 1 we show the electric field distribution. 
between the electrodes in CsH;NO,. The increase 
of the field strength near the cathode was obviously 
seen. For example, under the application of 8 KV, 


the field strength at the cathode section was more i) 
than 115% as high as the mean field strength. Al- 
most the same results were obtained in D.C. volt- 
ages and single pulse voltages whose durations 
ranged from 25sec to 100, sec. In the case of | 
single pulse voltages the observed light pulse always | 
indicated a time delay to reach a steady value as | 


{e) 
5 


field strength MV4m 


distance from The cathode 


Fig. 1. Field distribution under applying pulse 
voltages. 


Pulse voltage form 
(25 zs) 


Light pulse form 
under 6 kV. 


Light pulse form 
under 7 kV. 


Light pulse form 
under 9 kV. 


20 


delay time psec 
a 


5 
O15 02 0.25 
applied field strength MVom 
(b) 
Fig. 2. Delay time of the light pulse under ap- 
plying 25sec pulse voltages. 
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shown in Fig. 2. The delay time became shorter 
as the higher pulse voltages were applied. These 
phenomena seem to be caused by the movement of 
the positive ions. If we estimate the mobility of 
the positive ion, from this model, it is the order 
of 10-%cm?2/sec.volt.. This value seems to be a 
little larger than those reported before®)»), 

As there are many factors to cause the overesti- 
mation, it may be the upper limits of the positive 
ion mobility in CsH;NO.. 

We are now measuring the field distortion in 
nonpolar liquid containing dipolar solute molecules 
in connection with the experiments mentioned 
above. 
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Electric Breakdown and Conduction 
in BaTiO; Single Crystals 


By Yoshio INUISHI and Shigeyuki UEMATSU 
Faculty of Engineering, Osaka University 
(Received April 9, 1958) 


The nature of electric breakdown and conduction 
in single crystals of BaTiO; has been investigated”. 
BaTiO3 single crystals were grown by Remeika’s 
method and diffused edge silver electrodes were 
attached to them by evaporation technique. The 
temperature dependence of D.C. breakdown strength 
along C axis is shown in Fig. 1 with the scattering 
of data. The mean breakdown strength of 0.3~ 
0.5 MV/cm is rather insensitive to the temperature 
in comparison with large temperature dependence 
of low field conductance, although some drop in 
breakdown strength is seen above room tempera- 
ture. It is interesting that no marked change in 
breakdown strength is seen at Curie temperature 
where the transition from ferro- to para-electric 
phase occurs. 

The reported low value of breakdown strength?)»3) 
in BaTiO; ceramic (0.02~0.05 MV/cm) seems to 
suffer from secondary factors. The low field con- 
ductance o obtained from final conduction current 
at 500 V application is shown in Fig. 2 as a func- 
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tion of reverse temperature 1/7 (°K). 
Assuming the relation 


c=onexp(—W/kT) . 
We got 0.75e.v. for activation energy W above 
120°C Curie temperature. 


02 BoTiOs (0.05% Fees) 


O.C. Breakdown Strength 


=50 oO 50 100 I5Qr>%C 
Temperature 
Fig. 1. 


Conductivity o 


Ze 3.0 


x10" 
Inverse ‘Temperature Vr 


Fig. 2. 


A possible mechanism may be the migration of 
K+ ions introduced by KF. Fig. 3 shows the rela- 
tion between final conduction current and applied 
field. At low field, Ohm’s law is applicable. At 
higher field, however, current increases abruptly 
due to prebreakdown phenomena. From the tem- 
perature insensitivity of the breakdown strength, 
these prebreakdown current seems to be mainly 
electronic. 

The measurements of photoconductivity and Hall 
effect are now in progress which, we expect, will 
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bring us much more information on electronic pro- 
cess in BaTiO; single crystals. We wish to express 
our cordial gratitude to Mr. Kisaka of Matsushita 
Electric Co. for providing BaTiO; single crystals. 


Conduction Current 


BaTiO3(C axis) 


10 
° 02 04 06 — MV/om 
Electric Field 


Fig. 3. 
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Diffusion of Iron in Single Crystals 
of Copper 


By Yuzo TOMONO and Akira IKUSHIMA 
Department of Physics, University of Tokyo 
(Received April 4, 1958) 


Transition elements, when they are dissolved 
dilutely in noble metals, exhibit anomalous be- 
haviours in electrical and magnetic phenomena, and 
recently this problem has been investigated ex- 
tensively. The experimental study on the diffusion 
of transition elements in noble metals also seems 
to offer one of the important informations about 
the problem mentioned above. And as the first 
step, the diffusion experiment of Fe in single 
crystals of pure copper was performed, and the 
following is the report of the result. 

The specimens were prepared from 99.99% cop- 


per. Single crystals were grown in H, atmosphere |) 
by Tammann and Bridgeman method. Crystals 5} 
thus grown were cut and etched with dilute HNO; || 
into the form of short cylinders of 13m diameter 
and 10~20mm length. Then, they were annealed || 
to remove any residual strain at about 950°C for) 
about 10 hours in H, atmosphere. A subsequent | 
etching with dilute HNOs-alcohol solution showed || 
that the specimens were still single crystals. The | 


1261°K 
L2255K 
1174°K 


(Arb. Unit) 


Specific Activity 


10 20 iE 
Square of Penetration Depth (ioe 


Fig. 1. Typical penetration plots. 
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Fig. 2. Plot of logD vs 1/T. 


specimens were then plated electrolytically on 
their ends with the radioactive isotope Fe ob- 
tained from the Oak Ridge National Laboratory. 
The plating was made from a slightly basic FeCl; 
bath. During plating, the sides of the specimens 
were protected with vinyl tape. The thickness of 
the plated layer was estimated from the radioac- 
tivity to be about 5~10A. 

Diffusion heat treatments were made in Argon 
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atmosphere of 200mm Hg at 5 different tempera- 
tures. The temperature at the specimen was 
measured with a calibrated Pt-132% RePt thermo- 
couple. An electronic recorder was used during 
the heat treatments to watch any temperature 
fluctuations. 

After the heat treatment, the specimen was 
mounted on a precision lathe, and the material 
from each cut by lathe was collected in a glass 
dish. In order to avoid the positional error of the 
collected matter and also avoid the error due to 
the absorption of the radiation from Fe tracer, 
the collected matter on the dish was dissolved 
with dilute HNO; and then dried by using an in- 
frared ray lamp. The Geiger counter with the 
mica window of 1.18mg/cm? thickness was used 
under the shield with the lead blocks. 


Diffusion coefficients of Fe® in Cu. 
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Temperature | Diffusion time | Diffusion 
°K (sec.) coefficient 
132042 5.40 x 103 9.26 x 10-1 
126142 2.16 x 104 1.07%.10- 
122542 6.88 x 10* 2.42x10- 
117442 2.59 x 10 8.84x 10-2 
1130+2 3.25 x 105 ) 2.10 x 10-12 


The results thus obtained are shown in the table 
and the figures. The diffusion coefficient of Fe 
in Cu is expressed as D=Dy exp (—Q/RT) cm2/sec. 
with 

logipDp=6.21 +0.87 (Do in cm2/sec.) 
Q=93020+4820 cal/mole. 

The errors are the probable errors. The activa- 
tion energy and the entropy factor for the Fe in 
Cu are fairly larger than that of Co in Cu and 
Cu®t in Cu2. This tendency seems to be consistent 
with that of the residual resistivities due to solute 
transition elements in Cu», This result, however, 
disagrees with the data reported by Mackliet#, 
and this discrepancy will be examined by the pre- 
sent authors. The diffusion experiment of Mn*‘ in 
Cu is now in progress. 

The authors wish to thank Drs. Kunitomi and 
Sakamoto for many valuable advices. This work 
was partly supported by the Scientific Research 
Expenditure from the Ministry of Education. 
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Beta and Gamma Ray Spectroscopy of Co 


By Kazumasa KAMADA,* Tomoyuki TERANISHI** 
and Yasukazu YOSHIZAWA 


Department of Physics, Faculty of Science 
Osaka University, Osaka 


(Received May 27, 1958) 


Beta ray and internal conversion electrons of 1.17 
and 1.33 Mev gamma rays were measured by the 
two-directional focusing beta-ray spectrometer (90= 
40cm).2 The observed values of the maximum 
energy of beta ray, Eg, K-shell and total conversion 
coefficients, ax and a, and K/L+WM rations are 
tabulated in Table I with values reported pre- 
viously. Kurie plot of beta ray is shown in Fig. 
1, where the deviation in the low energy part is 
due to the counter window thickness. The K-shell 
conversion coefficients are determined from the in- 
tensity ratio of the K electrons to the beta ray. 
kK and L+M lines are not completely separated, 
as shown in Fig. 2, but one could obtain these 
ratios assuming that the shape of L+M line was 
same as that of K line. In Table I are shown the 
extrapolated values of Rose’s recent theoretical H2 
conversion coefficients?) with the finite nuclear size 
effect for K- and ZL-shells and without this for M- 
shell. 


(é) 100 


200 —peyy 000 


Fig. 1. Kurie plot of beta ray. 


It is interesting that the experimental values of 
ar of both gamma rays are in agreement with the 
theoretical values within experimental error, but 
K/L+M are not. Gamma transitions among the 
4+, 2+ and 0+ states of Ni®? have been pointed out 
to be pure electric quadrupole by angular corre- 
lation experiments and others. It has been shown 
by another experiment*® that K/L+M of #2 gamma 
transitions from the excited states of Cr®2 have the 


* Now at Mitubishi Rayon Co. 
** Now at Mitubishi Electric Manufacturing Co. 
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Table I. The maximum energy of beta ray, K-shell and total conversion coefficients, and K/L+M |} 
rations of 1.17 and 1.33 MeV gamma rays. 


Present Preceding Theoretical | 
Eig (keV) 3193 316#30 3149) 
306#59) 318+40 
309+38) 
ax x 104 abs by 1.50+0.06 1.48 
13372 1.16+0.06 al 
ax10t eee 1.65+0.07 1.78) 1.730 1.67 | 
Wes B yp 1.29+0.07 1.26) 1.290 V27 if 
K/L+M 1.177 9.1+0.5 ~10% 7.6 
1.337 9.1+0.5 ~10% 7.6 


same tendency. For 661 keV gamma ray of Bal37 m 6) C. Y. Fan: Phys. Rev. 87 (1952) 252. 
the experimental value) K/L/M was 5.661/1/0.27, 7) Waggoner, Moon and Roberts: Phys. Rev. 78 


whereas the theoretical one?) for M4 transition is (1950) 295; 80 (1950) 420. 

5.66/1/0.42. Therefore, the discrepancies of K/L+ 8) Bolla, Terrani and Zappa: Nuo. Cim. 12 (1954) 
M may be due to those between experimental and 875. ) 
theoretical M-shell conversion coefficients, in which 9) Lindstrom, Hedgran and Alburger: Phys. Rev. 
the finite nuclear size effect is expected to be 89 (1953) 1303. 

small. 10) Note added in proof—Dr. M. E. Rose have 


kindly communicated that the discrepancy in 
the Co® gamma rays is due to the neglect of 
screening in M-shell coefficients and these can 
be decreased by a factor 0.6. Using this 
factor the theoretical ratio becomes in agre- 
ement within experimental error with the ex- 
perimental ones. 
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A Note on Direct Observation of Dislo- 
cations by Electron Microscopy 


By Hatsujiro HASHIMOTO and Toshio NAIKI 


Kyoto Technical University, 
Sakyoku, Kyoto, Japan 
(Received February 28, 1958) 


It is widely known that Menter) observed dis- 
locations in phthalocyanine crystals by electron 


5250 5300 5350 B microscopy. Since one can understand his result | 

i by intuition, it has come to be generally believed 

Fig. 2. Momentum distribution of internal con- that the electron microscopy can give the proof 

version electrons of 1.17 MeV gamma transition. for the existence of dislocations. It must be noted, 

however, a dislocation appearing in an electron 

References micrograph does not always represent a dislocation 

1) Y. Yoshizaka: Nuc. Phys. 5 (1958) 122. existing in the crystal lattice. The present authors 
2) M. E. Rose: private communication. demonstrated this by an analogy in light optics. 

3) Katoh, Nazawa, Yoshizawa and Koh: to be In our demonstration, a plane grating of 664 

published. spacing.was irradiated by an almost parallel light 


4) Y. Yoshizaka: J. Phys. Soc. Japan 8 (1953) 435. beam of wave-length 4,900A. This corresponds 
5) G. L. Keister and F. H. Schmidt; Phys. Rey. to the electron optical system where a thin sheet 
93 (1954) 140, of phthalocyanine crystal (spacing 12 A) is irradi- 
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ated by 80K.V. electrons (wavelength 0.04 A). We 
covered one-half of the grating with a slightly 
wrinkled sheet of transparent paper, leaving the 
other half uncovered. We took some photographs 
of the grating at out-of-focus as well as in exact 
focus (Fig. 1). In exact focus (Fig. la), striations 
of the grating appear straight over the area of 
both covered and uncovered parts. At out-of-focus 
(Figs. 1b and c), however, the covered part is re- 
markably distorted while the uncovered part re- 
mains unchanged. In Fig. 1b, edge dislocations 


are appearing (indicated by arrows) and in Fig. lc, 


(b) 4a=1.0mm 


Fig. 1. Light optical demonstration. Images of 
a plane grating covered with wrinkled paper 
(left) and uncovered (right). 4a indicates de- 
focus, 7.e. distance between the object and the 
object plane. 


the distortions of the lattice look like dislocations 
with screw components. Similar phenomena are 
also observed when small segments of filaments are 
laid on the grating or when the grating is painted 
with transparent enamel, leaving brush traces. In 
any case, irregularities larger than the spacing 
produce distortions of the lattice in defocused 
images, often including ghost dislocations. 

In electron microscopy, films supporting speci- 
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mens often have defects and specimens are almost 
always covered with an uneven layer of contami- 
nation due to electron irradiation. Electron micro- 
graphs are usually taken at defocus of the order 
of 0.1 which corresponds to that in our demon- 
stration. For example, defocus of 4a=9.4mm 
(Fig. lc) corresponds to that of 4a=0.34 in the 
electron optical system. Thus it is highly probable 
that ghost dislocations appear in electron micro- 
graphs. According to our experiment, a ghost dis- 
location is usually accompanied by a diffuse region 
around or near it. 

We feel that Menter’s Figs. 6, 7 and 10 show 
true dislocations. However, we cannot entirely 
eliminate the possibility of ghost because diffuse 
regions similar to those observed in our demonstra- 
tion are appearing in his micrographs. We ex- 
amined many micrographs of dislocations taken in 
Japan? and found that some may possibly be 
ghosts. We think that a series of through-focus 
micrographs are needed to distinguish true disloca- 
tions from ghosts. The facts given in this paper 
are also applicable to dislocations in moiré fringes of 
crystal lattices*)») and images of superlattices)», 

The authors express their sincere thanks to 
Professor Kenzo Tanaka, Professor Ryozi Uyeda 
and Professor Keinosuke Kobayashi for their kind 
discussions. 
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On the Auger Ejection of Electrons from 
Nickel by Inert Gas Ions 


By Yoshiyuki TAKEISHI 


Tokyo Shibaura Electric Co., 72, Horikawa-cho, 
Kawasaki, Japan 


(Received April 30, 1958) 


We have approximately calculated distribution in 
kinetic energy and total yield, 7, of the secondary 
electrons ejected from nickel surface by inert gas 
ions (except Kr* ion) of lower energy. The methods 
of calculations were essentially similar to the used 
one in our previous study on clusty BaO-coated 
cathode, based upon the Hagstrum’s one” for 
tungten. In this report, we will use the same 
notations as defined in the previous paper.V 

The type of electron ejection in the present case 
is assumed the Auger neutralization for each inert 
gas ion, provided that the work function, ¢, and 
the width of conduction band, ey, for nickel are 
4.84 ev3) and 4.70 ev*), respectively. 

Then, neglecting the atomic energy level shifts 
near metal and the effects of the movement of 
incident ion, the distribution in energy, Ni(ex), of 
electrons excited in the process of Auger neutrali- 
zation is expressed as follows: 


Nilex)=espléx)\ | "ne(ex)neles) 


x O(éex —€1 —€9+69 — H;)deidey ( 1 ) 
which corresponds to Eq. (23)’ in the previous 
paper.Y Here &€) is ¢y+y, the energy difference 
between the zero vacuum level and the ground 
state in the conduction band, and #; is the ioni- 
zation energy of inert gas atom. 

Assuming that %(¢), the initial state density in 
the conduction band, is proportional to e!/2, and 
o(éx), the density of final state, is given, as usual, 
by cex/2, where ¢ is a constant, Nj(ex) can be 
calculated as follows: 

Ni(ex)=C2°/2-exV?-(ex +e9— Ej)? , 
Ey — ey ex CH —en+er 
= 09° €xV[4 {ex —1/2(ex-+e9—H)} « 
x {er(Ex +€9 — Hy) — ey} V2 
+(€x +6) — Hy)? sin-!{(e7 —-1/2(ex ++€y — H;))/ 
(1/2(ex +e0—H;))}] , 
Ey eo+er<ex<Hy—en+2er. (2) 
In this calculation, the Auger transform was effec- 
tively used. Here, c, is the normalization factor 
and 1.197 x10-% for Het+, Ne+, Art+ ions and 1.265 
Sala ee tOreeNCualOD's 

For the above-calculated N;(¢x) and the escape 
probability, P-(éx), the energy distribution, No(ex), 
of electrons which escape from nickel surface, is 
obtained by 
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Fig. 1. Distribution in kinetic energy, No(x), 
of secondary electrons. 


IN eV 


Noléx)=Nilex) Pex) - (3) 
Assuming that the angular distribution of excited 
electron velocities is isotropic, P.(¢x) is expressed 
by 
P&ex)=3[1—(eofex)/7],~ ex>e0- (4) 
Upon this assumption, No(éx) is calculated for each 
inert gas ion (except Kr+ ion), as shown in Fig. 1, 
where the abscissa is scaled in Hxy=ex—6), that 
is, the kinetic energy of secondary electrons. 

Finally, total electron yield, 7, per an incident 
ion, is easily obtained, by integrating No(#x) over 
Er. 7 values of 0.159, 0.128, 0.0506, and 0.0057 
are obtained for He+, Net, Ar+, and Xe? ions, 
respectively. 

In spite of the over-simplified calculations, the 
obtained values of 7 can fairly explain the cathodic 
phenomena with nickel cathode in normal glow 
discharges in inert gases, which will be partially 
reported in the following paper.» However, the 
calculated No(H#'x) and 7 should be justified by their 
direct measurements. Accordingly, we will leave 
the discussions after the direct measurements are 
done in future. 

In conclusion, the author wishes to express his 
sincere thanks to Mr. K. Nomura and Mr. R. Saté 
for their encourgements throughout this work. 
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A Note on the Normal Cathode Fall in 
the Glow Discharges in Inert Gases 


By Yoshiyuki TAKEISHI 


Tokyo Shibaura Electric Co., 72, Horikawa-cho, 
Kawasaki, Japan 


(Received April 30, 1958) 


1. The normal cathode fall, Ve, (obs.), has been 
measured for nickel cathode in glow discharges in 
He, Ne, Ar, and Xe gases, respectively (see Table 
I). Both cathode and anode were pure nickel and 
were same form of a dish, the diameter of which 
was 10mm. The other experimental conditions and 
procedures were similar to that in our previous 
work.) After sufficient stabilization of the cathode, 
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the d. c. tube drop,Y Ven (obs.), between anode 
and cathode was measured as the normal cathode 
fall. 

2. We have attempted to obtain the theoretical 
normal cathode fall, Ve» (cal.), for nickel, inserting 
the values of 7 calculated in the preceding paper,” 
into the following equation: 

Ven(cal.)=3.0(B/A) In (1+1/7)? , 
for He, ee) 
=1.42(a3/a1) In (1+1/7)® , 

for Ne, Ar, Kr, and Xe. 

The latter expression has been introduced by Dote®). 
It is resulted from modification in a/p expression; 
a/p=a,{1—exp [(~H/p—az)/as]}, H/p>az, where 
a, @,, and a3 are numerical constants which are 
cited in Table II. The results of calculations 
using Eq. (1), are shown in Table I. 


Table I. Normal Cathode Falls (in volt). 
Cathode | |. He Ne Ar Kr Xe 
p in mmHg | 20.6 eee 16.5 = 15.1 
metel Ver (obs.) | 145.0 143.0 142.5 — 196.5 
| Ven (cal.) | 149.2 146.5 142.0 — 205.0 
ry  (cal.)» | 0.159 0.128 0.0506 0.0057 
Pp | 15.1 15.0 14.9 6.6 
area Ven (obs. | 80.5 73.5 56.0 Si 46.5 
nxide Ven (cal.) 84.4 76.5 53.0 47.7 45.6 
y  (cal.)Y 0.481 .480 0.476 : 0.474 0.471 
Pp 20.0 36.0 10.0 _— 6.6 
Ven (obs.)Y 121.0 114.5 alo lyfall, — 250 ? 
papesten Vex (cal.) 116.4 118.1 114.4 128.3 173.3 
7 (obs. )®) 0.290 WAS 0.095 0.050 0.013 
p 42 pelteran 10 5.8 5.4 
molyb- Ven (obs.)® 109.5 107.0 103.6 120.0 134.4 
denum Vea (cal.) LAS 57 108.0 103.7 115.9 152.6 
y _ (obs.)® 0.300 .254 0.122 0.069 0.022 
3. By Eq. (1), Ven (cal.) has been computed Table IJ. Numerical constants in a/p 
again for tungsten cathode, using the corrected expression and Eq. (1). 
values of 7 for 10 ev inert gas ions, reported by = 
Hagstrum,») and also computed again for clusty a aa - 
BaO-coated cathode” (see Table 1). Ne are 9.4 200 
4. We have ma tried to aye Meena! a MG 13.93 24.5 455 
molybdenum cathode, using the values of 7 for Kr 17.17 26.5 510 
ev ions measured by Hagstrum®”, and to compare ot lig oa 
Ven(cal.) with Ven(obs.), reported already by Jur- ae 27. i 


riaanse et al® (see Table I). 

5. It is seen in Table I that Vée,(cal.) are in 
good agreement with V;,(obs.) for four cathodes. 
However there are some disadvantages: (i) For 
nickel and clusty BaO-coated cathodes, the values 
of + obtained by our over-simplified calculations 
were used. (ii) For tungsten and molybdenum, 
secondary electrons can be ejected by metastable 
Ne atoms”, which may be present in close pro- 
ximity to cathode in glow discharges, nevertheless 
this effect is not included in Eq. (1). (iii) Both 


our calculations and Hagstrum’s measurements 
were done for the “clean” surface adsorbed no 
molecules. 

Here we will only point out next two points for 
those problems: (i) It is easily deduced from Eq. 
(1), that 4Ven(cal.)/47= —1.42(az/a1)-1/y(1+7), which 
indicates that the variation of 10% in 7 gives the 
variation of at most several volt to Ven(cal.). (ii) 
It is supposed in our mind that in glow discharges, 
the ions impacting cathode sputter probably the 
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adsorbed molecules, and a considerably “clean” 
surface may be realized. 

In conclusion, the author is grateful to Mr. K. 
Nomura and Mr. R. Sat6 for their encouragements 
during this work. 
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Electron Spin Resonance of Eu** in 
Natural CaF, 


By On MatumurRa, Kazumi HORAI 
and Zen’emon MIDUNO 
Department of Physics, Faculty of Science, 
Kyusyu University 
(Received April 7, 1958) 


The electron spin resonance of natural CaF, 
crystals (Fluorite from Weardale, England) contain- 
ing a small amount of Eu+* has been analysed at 
3cm wavelength at room temperature. 


The typical 
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spectrum is shown in Fig. 1. 

Divalent europium has seven f electrons and a 
ground state of 8S7/.. In the absence of external 
magnetic field, this state is split by a cubic crystal 
field into two twofold levels and one fourfold level. 
The overall separation is 8a, where a is the crys- 
talline cubic field splitting parameterY. The theo- 
retical treatments were carried out by Kittel and 
Luttinger»), and De Boer and Van Lieshout). Us- 
ing their results, when the external magnetic field 
is perpendicular to |001| axis, the resonance fields 
are obtained for BH =a as, 


M=1/2<> -1/2: 
35 1155 10875 aa 
eee pal pea te 2 
ae iz 16 ?* 39 #\(5) Ho 


M= +3/2<5 +1/2: H=Hy)¥3(1- 56)(“F) 
195 


(eM GN 


M=+5/2<5 43/2: rats 
eer er pt 
M=+7/2<> 45/2: H=Hy+5(1-56)( ©) 


$Me BETS 


The parameter ¢=cos?@ sin?@ where @ is the angle 
between the magnetic field and |100] axis. 

With g=1.993 and a=0.0186 cm~-1, the calculated 
angular variation of the spectrum and the observed 
values for H1|001]| are shown in Fig. 2. The 
agreements seem to be almost satisfactory. The 
theoretical intensities of the fine structure com- 
ponents M=7/2; M=-—3/2; M=-—5/2; M=1/2; M= 
5/2; M=3/2; M=-—7/2 are 7:15:12:16:12:15:7, and 
the observed intensity ratios are (measured from 
high to low fields) approximately 7:20:14:30:15: 


m = 
§ s 

; : 

x x x 
$ s $ 
; : : 
x x * 
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18:7. The anomalous large intensity of the central 
line may be due to other impurities or imperfec- 
tions in the crystals. In addition, some rather weak 
complicated lines are also observed. The full re- 
port will be given in the near future. 


4 


Vv = 9585 MC/sec 


g=1993 
a =0:0186 cm"! 
— : Calculated 


© > Observed 
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Fig. 2. 
lines. 


Angular variation of the fine structure 
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Measurement of the Thermal Conduc- 
tivity in Semiconductors 


By Riro NII 


Electrical Communication Laboratory, 
Musashinoshi, Tokyo 


(Received April 19, 1958) 


We measured the thermal conductivity of BiyTe; 
and PbTe by Angstrém method. The apparatus 
for our measurement is shown schematicaly in 
Fig. 1. The sample was soldered on the bar of 
copper which was wounded by the heater I. The 
thermocouples T; and J, of Cu constantan were 
soldered at the positions shown in the figure. 
When the on off current of period 4 sec was added 
to the heater I, the sineous temperature wave. 
passed through the sample and diminished to zero 
amplitude before reaching to the other end of the 
sample. Then the thermoelectric motive force of 
the T; and Tz were given by the next forms. 


Vi=A cos wt +C1 
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V.=B cos (ot —B)+Cz 


And there exist the following relation between A, 
B and f. 


ol ol? K 
2in— = p 
B 
where K: thermal conductivity 
c: specific heat 
0: density 
z: temperature conductivity 
Sample 
Epes 
|__|} 
| Copper bar 
Fig. 1. The apparatus for the measurement. 
ai 
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Fig. 2. Temperature conductivity of Bi,Tes. 


Hence the measurement of the ratio A/B and phase 
difference P gave independently the temperature 
conductivity. The agreement of the values of 
calculated from A/B and @ was fairly good, but 
the accuracy of measurement was better for the 
case of the ratio A/B. The point in the figures 2 
and 3 are the values calculated for the measur- 
ment of A/B. 

. At first we show in Fig. 2 the temperature de- 
pendence of I/e of BiyTez. As is shown there, 
the curve bends at the temperature where the Hail 
coefficient of the same sample begins to decrease, 
and this behaviour corresponds to the results given 


_ -by-Goldsmid) and Satterthwaite et al. 
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Next we show in Fig. 3 the temperature de- 
pendence of K of PbTe. The values of thermal 
conductivity K, were calculated from the measured 
values of z and the values of ¢ and o. For the 


cm'sec-deg /cal. 
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calculation 


~S.Jofté 


700 T°K 
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Fig. 3. The thermal conductivity of PbTe. 
values of specific heat c of PbTe, we used the 


values given by Parkinson et al) below room 
temperature, and we assumed 12 cal./mol above 
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room temperature. The dotted curve in Fig. 3 is} 
the results given by Joffé.” He suggested from 
his results the heat conduction by excitons in PbTe, 
but our sample did not show the abnormal bend_|| 
of thermal conductivity by excitons. The 1/K)| 
curve of our samples deviates from a straight line}| 
at higher temperature where the samples become i} 
intrinsic. Price) considered the energy transport} 
by a bipolar diffusion due to a recombination of | 
electrons and holes for Boltzmann statistics and || 


is rather well. | 
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Elastic and Inelastic Scattering of Protons from Neon 


By Michiya Konpbo and Takashi YAMAZAKI 
Department of Physics, Faculty of Science, Osaka University, Osaka 
(Received April 7, 1958) 


The angular distributions of protons elastically scattered from Ne and 
inelastically scattered from Ne?” (Q=~—1.63 MeV) were measured from 
30° to 165° in the laboratory system at bombarding energies of 4.7, 4.9, 
5.1, 5.3 and 5.5 MeV. Photographic plates were employed for the de- 


tection of scattered particles. 


The distributions for the elastic scatter- 


ing of protons varied markedly with the primary energies, while the 
five distributions for the inelastic scattering had roughly similar shapes. 


$1. Introduction 


The angular distributions of inelastically 
scattered protons have been studied about 
several light elements and the asymmetric 
distributions about the centre-of-mass scatter- 
ing angle 6=90° were obtained except a few 
cases. To explain these angular distributions, 
the theories based on the mechanisms of com- 
pound nucleus formation,”»™>® direct nucleon- 
nucleon interaction,”:®»®© and surface interac- 
tion,?® were considered. There are, how- 
ever, many complexities on applying these 
theories. Even though only the compound 
nucleus mechanism is assumed among them, 
for instance, there exist some types of dis- 
tributions. If the reaction proceeds through 
a single compound level, the angular distribu- 
tion is expected to be symmetric about #= 
90° and then the distribution is characterized 
by the spin and the parity of the compound 
level.» If the interferences with other over- 
lapping levels are important, the distribution 
becomes asymmetric about @=90° and will 
change remarkably with the incident energy. 
If a large number of overlapping levels are 
involved in the compound nucleus and inter- 
ference terms can be neglected statistically, 
the distribution becomes symmetric about @ 
=—90°.)»2) Moreover, if the contributions of 
the direct interaction were superposed upon 
the mechanism of the compopund nucleus for- 
mation, the distribution becomes more com- 
plex and it will be difficult to separate the 
contributions of each mechanism. 

The angular distributions of protons elasti- 
cally scattered and inelastically scattered from 
Ne”, exciting it to 1.63 MeV, were measured 
at the proton energy of 9.5MeV® and the 
symmetric distribution about 90° was obtain- 


ed for the inelastic group. The distribution 
peaked in the forward direction were report- 
ed for the inelastic group at the proton energy 
of 4.2 MeV. McManus! has analyzed the 
9.5 MeV data in terms of the direct interac- 
tion theory,” because the large anisotropy is 
quite unlikely from the statistical considera- 
tion. Butler also fitted his theory® on this 
data. A good agreement was obtained with 
these theories, but it could not be concluded 
that this reaction arises from a direct inter- 
action. 

In the present experiments the angular dis- 
tributions of elastically and inelastically scat- 
tered protons from Ne?’ were obtained in the 
energy region from 4:5 to 5.4MeV. The ex- 
citation energy of the compound nucleus Na?! 
for 5MeV protons is about 8 MeV and it is 
expected that the compound levels are rather 
widely spaced. In this case the statistical 
theory,» of course, can not be applied but 
it must be needed to take account of the ef- 
fects due to individual levels. And adding tc 
this situation there might exist the contribu- 
tion of the mechanisms other than compound 
process in this energy regions. However, a 
small number of inelastic scattering data!» 1”. 1% 
has been reported at relatively low bombard- 
ing energies and these data were taken only 
at a fixed incident energy.!»!” Therefore it 
is interesting to investigate the angular dis- 
tributions at various incident energies. 


Experimental Arrangement and Pro- 
cedure 
The 5.7 MeV proton beam extracted from 
the Osaka 44-inch cyclotron was focused into 
the scattering chamber. The photographic 
emulsion technique was employed to study 
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OTS 


772 


the scattering of protons by neon. The ar- 
rangement of the scattering chamber, the 
beam collimating system and the beam in- 
tegrating system was same as described in 
the previous papers.» As a gas target 
was used in this experiment, the detecting 
systems were slightly modified from that 
previously described.” 

The gas target system consisted of target 
cell, gas reservoir, mercury manometer and 
evacuating lead. The target cell was a brass 
cylinder of 7.5cm in diameter, and the wall 
of the cylinder had a slot of 2.5cm in width 
covered with aluminum foil of 9 micron thick 
allowing both the incident beam and the scat- 
tered particles to pass through. The axis of 
the cylinder was set at the center of the 
scattering chamber perpendicularly to the 
beam direction. The target system was fill- 
ed with neon gas to the pressure of 15.0cm 
Hg. The pressure was measured by the 
manometer and was constant within 1 per 
cent throughout the experiment. The energy 
loss of incident protons to reach the center 
of the gas target was about 200 keV. 

The plate cameras used for the measure- 
ments of angular distributions and excitation 
function were same as the ones used for the 
foil-target experiments.!” In the measure- 
ments of angular distributions with gas-target, 
an annular slit-system was set at the interior 
of the plate camera. This had slits at 7.5° 
intervals corresponding to each plate, and the 
slits have baffles to prevent the scattered pro- 
tons entering into the plate through the other 
neighboring slits and to decrease the slit-edge 
scattering. The slits, 1.5mm in width, were 
cut by a milling machine and the accuracy 
of the widths was within 1 per cent. This 
arrangement was shown in Fig. 1. 
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The position and the thickness of the tar- 
get were defined by the width of the slit, the 
position of the slit, the scanned distance of 
of the plate, and the position of the centre 
of the plate. These relations were illustrat- 
ed in Fig. 2. 


plate 


scattered beam 


<— target cell 


<—— incident beam 


Fig. 2. Details of the detecting system. 20: 
0.150cm, 7: 19.05cm, d: 10.0cm, é: 0.15cm, 
Qn locO en lr ove lie 


The differential cross section do/d2 at the 
laboratory scattering angle @) is given by 


do/dQ= Ns sin 0)/NinG a ae 


where 

G=2) A sin a/rd G2) 
and Ns; is the number of scattered particles 
obtained by scanning an area of A cm? on 
the plate. N:; is the number of incident par- 
ticles and m the number of target atoms per 
cm’, 26 is the width of slit, a the glancing 
angle of plate, » the distance between the 
centre of the target and the centre of the 
plate, and d the distance between the slit and 
the centre of the plate. 

The errors of relative cross sections from 
the glancing angle @ were estimated to be 
less than 0.5 per cent and the errors from 7 
and d were negligible. Ni and ” were com- 
mon to each scattering angle. The thickness 
of a edge of a slit was 1.5mm, and the ef- 
feet of this thickness to the relative cross 
section was negligible and was less than 1 
per cent to the absolute value. Thus the 
whole systematic errors were estimated to 
be about one per cent in the relative cross 
section, combined the errors of the width of 
a slit. The absolute cross section, however, 


1958) 


might be accurate within ten per cent. The 
angular resolution was determined mainly by 
the scanned region of the plate and was 
about +1°. The angular setting of the 
camera was accurate within 1/2°. 

The effective target thickness at the scat- 
tering angle 4, Tmg/cm?, is expressed to be 


T=2b6ro/d sin 0) (>) 


where op is the density of the neon gas in 
milligramme per cubic centimeter. In the 
present experiments the target thickness was 
about 0.050 mg/cm? at the scattering angle 
4)>=90° and about 0.195 mg/cm? at 0)=165°. 

The plate camera for obtaining the excita- 
tion function was same as described before, 
but in this experiment it also had a similar 
slit system as the one used for measuring the 
angular distribution. The other experimental 
arrangements and procedures were same as 
previously reported.! The incident energies 
could be reduced with 100keV intervals by 
changing a thickness of absorber. 

The emulsion used were Ilford C-2 of 200 
and 100% and Fuji BT-6B of 150, in thick- 
ness. 


§3. Results 


Absolute cross sections could be obtained 
by observing the quantities involved in the 
formulae (1) and (2). As a check on the ac- 
curacy of the detecting system, the proton- 
proton scattering cross sections were measur- 
ed at several scattering angles by using a 
propane gas as a target and an agreement 
with the interpolation of the available data 
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Fig. 3. The typical range distribution for the 
scattered protons from Ne, observed at the 
laboratory angle of 67.5°. 1div.: 1.2 micron. 
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was obtained within the accuracy of 5 per 
cent. 

The range distributions for the scattered 
protons by neon at 0@)=62.5° are shown in 
Fig. 3. Since a natural neon gas was used 
for a target, a small amount of elastic group 
from Ne” (9.7%) was contained within elastic 
group from Ne” (90.0%). Inelastic groups 
were resolved corresponding to the lst excit- 
ed state of Ne?? (Q=—1.63 MeV) and the Ist 
excited state of Ne? (Q=—1.28MeV). Data 
were taken about the elastic group and the 
inelastic group from Ne”, and about one 
thousand tracks were counted for each point. 

Excitation curves for the Ne (p, p) Ne and 
Ne (p, p’) Ne® (Q=—1.63 MeV) were 
measured at a laboratory angle of 90° for the 
bombarding energies from 4.6 to 5.5 MeV. 
The bombarding energies were determined 
by considering both the thickness of absorbers 
and the range of tracks in emulsions. The 
energy spread of the incident protons were 
estimated to be less than 100keV. The 
results are shown in Fig. 4. 
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Fig. 4. The excitation functions for the reactions 
Ne(p, p)Ne and Ne2%(p, p’)Ne?(Q=—1.63 Mev) 
at the laboratory angle of 90°. 


Angular distributions were measured at the 
five bombarding energies indicated in Fig. 4 
by arrows. The distributions of the elastic 
groups are shown in Fig. 5 and the distribu- 
tions of the inelastic groups from Ne”? (Q= , 
—1.63 MeV) are shown in Figs. 6 and7. The 
cross sections of excitation curves and that 
of the angular distributions were consistent 
within expected experimental errors. The 
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angular distributions for inelastic scattering 
were fitted by the least square method with 
a series of the Legendre polynomials up to 
P,(cos 0). The coefficiects of Ps; and P, have, 
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Fig. 5. The angular distributions of protons 
elastically scattered from Ne measured at E'y 
47, 4.9) 5.1, 5.3, and 5.5 Mey. 


Table I. The coefficients of the Legendre poly- 
nomials obtained by expanding the angular dis- 
tributions of inelastically scattered protons 
from Ne”? and the integrated cross sections as 
a function of incident proton energies. 

#,: bombarding energy of protons, 
A,: the coefficient of P;(cos 8), 
or: integrated cross section 


Hy | Ao Ay Ay Ag Ag 


2 o7(mb) 
4.7 |30.8| 2.7 | =17.8| -4.2 | 41.6] 3897 
WS 526.6) VAR 51514") B® | M1994 M959 
BAL ).22.8| 5.5) 2igttl" Ophea) aby 
5.3 |.30.8| 4.4| -23.1| -7.2 | 0.6| 387 
Pea ied Ailes 6 lh 08 l ee Ood | o 188 


however, large uncertainties, if we take into 
account the statistical errors. These coeffici- 
ents and integrated cross sections are listed 


in Table I. The curves in Figs. 6 and 7 are 
calculated from the coefficients given in 
Table I. 
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Fig. 6. The angular distributions of protons 


inelastically scattered from Ne2(Q= —1.63 Mev) 
at Hy,=4.7 and 4.9 Mev. 
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Fig. 7. The angular distributions of protons ine- 
lastically scattered from Ne?Q= —1.63 Mev) at 
Hy=5.1, 5.3, and 5.5 Mev. 


8A. Discussions 


As shown in Fig. 4, the excitation curves 
of both the elastic and the inelastic scatter- 
ing indicate the resonance character. The 
total cross sections for inelastic scattering 
(Table I) vary with the primary energy and | 
have large values at 4.7 and 5.3 MeV. Since 
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the energy resolution of the primary beam 
was not so good, we can not conclude that 
these peaks are due to a single resonance. 
But it is expected that these peaks are caus- 
ed by few resonances or a certain strong re- 
sonance among the weak ones. The same 
situations were observed in the similar ex- 
periments on Si and Mg.’ The angular dis- 
tributions of the elastic scattering illustrated 
in Fig. 5 show the strong interference between 
the coulomb and the nuclear scattering and 
vary remarkably with the primary energy. 
These may be explained by assuming the oc- 
curence of resonance scatterings. 

The angular distributions of inelastically 
scattered protons at five energies have similar 
shapes, although the integrated cross sections 
vary markedly with the incident energy. 
The coefficients of the odd terms of the Le- 
gendre polynomals are generally small as 
compared with that of even terms and there- 
fore the distributions are nearly symmetric 
about 90°. The coefficients Ay and A, are 
large in every case, but the coefficients A, 
are generally small and can be neglected by 
considering the experimental errors. The 
coefficients A; may also be neglected except 
the case of 4.7 and 5.3 MeV. 

It is interesting that these distributions 
have similar shape to that obtained by Fre- 
emantle et al. at 9.5MeV, in spite of the 
different situations, that is in the present 
case few levels may be involved in the com- 
pound state while more levels may be involv- 
ed in the case of 9.5MeV. McManus!” 
analyzed 9.5 MeV data in terms of direct in- 
teraction theory. The theories of direct in- 
teraction type»? predict an angular depen- 
dence of inelastic differential cross section as 
follows 


do/dQceo S) Krj(gR) (4) 


where g=|ki—ko| is the momentum change 

between incident and outgoing proton, R is 

the nuclear radius, jz is the spherical Bessel 

function of order L, and L is restricted to 
\Jit+ J+ 1|max 2 L > |Jit+J74+1|min 

We cannot fit the present data with this 

theoretical distribution using the same para- 


meter as McManus’, because the present in- 
cident energy differs from that of Freemantle 


et al.» and a momentum change q at the 
same scattering angle differs from that of 
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9.5MeV. Even if the other direct interaction 
theories are applied in this case, the rapid 
variation of the cross sections with the bom- 
barding energy may not be explained. More- 
over, it is difficult to assume the strong in- 
terference between compound nucleus and 
direct interaction mechanisms suggested by 
Greenless et al. in the case of Mg*t. On 
the other hand, we can easily explain these 
features by assuming that only the compound 
nucleus mechanism contributes to this reac- 
tion, but we cannot exclude the existence of 
the direct interaction mechanisms. 

If we assume only the compound nucleus 
formation, we can discuss the natures of the 
compound levels. As was mentioned above, 
it is expected that a single or few levels may 
contribute to the reaction, then the inter- 
ference with the other neighbouring levels 
will appear in the angular distribution. How- 
ever, the fact that the odd terms of the Le- 
gendre polynomials (Table I) are small shows 
the interferences between the levels of dif- 
ferent parities to be small. When it is as- 
sumed that only a single incoming orbital 
angular momentum 7, spin and parity of the 
compound level /,, outgoing orbital angular 
momentum /7’, outgoing channel spin s’ con- 
tribute to the angular distribution, we can 
determine the shape of the distribution using 
the Blatt and Biedenharn’s formula.» Spins 
and parities of Ne” for the ground and the 
Ist excited states are already known as 0+ 
and 2+ respectively. From the fact that the 
coefficients A, are very small as compared 
with the coefficients A, and from the values 
of A:/A»y, the following cases will be probable 


1 Ie if s — A,/ Ao 
2 oer 2. of2 —O-01 
1 3/2— 1 3/2 =—0.80 
Pe S/2— 85/2 © *==0.20) 
3 b/2—-" 15/2” ~—=0.S1 
and observed A,/A» are as follows 
E>» A./Ao 
4.7 MeV —0.56 
4.9 MeV —0.75 
5.1 MeV —0.58 
5.3 MeV —0.75 
5.5 MeV —0.50 


We have neglected in the above calculations 
the even terms which are caused by the 
other types of proton waves or by the inter- 


776 


ferences between these proton waves. Actual- 
ly the coefficients of these terms may be 
involved in the observed Ay and 4:2, but 
these can not be eliminated from the observ- 
ed values. Therefore there are some ambigui- 
ties when the observed A;/Ay are compared 
with the theoretical ones. We also cannot 
know about the existence of the interference 
terms between the levels of same parities, 
while we see the interference terms between 
the levels of different parities being small. 
Consequently there may exist the levels of 
same parities in the energy region investigat- 
ed here, i.e. the peaks at 4.7 and 5.3 MeV 
are due to the single level or the superposi- 
tion of the above indicated levels of same 
parities. These conditions are different from 
that of the similar experiments on Meg*4 (0+ 
— 2+), where a large odd terms have been 
observed. }%)» 15) 
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The angular distributions and the excitation curves of protons inelas- 
tically scattered from Si?* (Q= —1.78 MeV) and Mg”! (Q= —1.37 MeV) have 
been measured in the energy range H,=4.8 to 5.7 MeV. A broad 
resonance was observed in each excitation functions. The angular dis- 
tributions in Mg** show an asymmetry about the centre-of-mass scattering 
angle @=90° and a strong dependence with the energy of incident protons. 
while in Si* the angular distributions are rather symmetric than in Mg™. 


$1. Introduction 

The angular distribution of the protons in- 
elastically scattered from Si**, being left in 
the 1.78 MeV level, was measured by Conzett 
at proton energy of 12 MeV.” He interpreted 
his result with the combination of a distri- 
bution symmetric about 90° and a distribution 
expected from a theory of the direct interac- 
tion.2»3) Similar experiments on the 1.37 MeV 
level of Mg’ were performed by many in- 
vestigators at proton energies from 4.7 MeV 
to 18 MeV.”»#)-1 These results are all asym- 
metric about the centre-of-mass_ scattering 
angle @6=90°. In the 10 MeV region®»9.1) 
the angular distributions change markedly 
with the incident proton energies. To explain 
this circumstance, Greenless et al.'» suggested 
an interference effect between the process of 
compound nucleus formation and direct inter- 
action. Yoshida! gave the treatment which 
regards the inelastic scattering of nucleons by 
a nucleus at medium energy as the surface 
interaction, and applied this theory to proton 
scattering by Mg™t at 10 MeV. He showed 
that the strong angular dependence of the 
inelastic scattering was due to the surface 
interaction while the main contribution came 
from the compound nucleus. 

In the region of the incident proton energies 
up to 5.7 MeV, the excitation curve of the 
1.78 MeV gamma rays following the inelastic 
scattering of protons from Si** were stud- 
jed!).15). For the incident protons near 5 MeV, 
the excitation curves of the protons inelas- 
tically scattered from Mg”, exciting to 1.37 


MeV, were measured.) 16 They show the 
resonance features. In this relatively low 
incident energy region the excitation energies 
of the compound nucleus are considerably low 
for Mg*t and Si?8, so it would be expected 
that so many levels were not excited. The 
main feature will be explained by considering 
the overlapping of a few levels, if the com- 
pound nucleus formation is the predominant 
process in this energy region. But the possi- 
bility of direct interaction might be considered 
adding to the compound process. 

In this paper the angular distributions for 
Si’? (Q=—1.78 MeV) were studied at 5.3, 5.4 
and 5.5 MeV. The angular distributions for 
Mg*t (Q=—1.37 MeV) at 4.8 and 5.7 MeV were 
also measured as the extension of the previous 
investigation performed at 5.1 and 5.4 MeV’ 
by one of the present authors. 


§2. Experimental Arrangement and Proce- 
dure 

The 44-inch Osaka University Cyclotron was 
used to provide a beam of 5.7 MeV protons. 
The experimental arrangement and procedure 
were same as the previous experiments.!)»!) 
The detectors were the Ilford C-2 nuclear 
emulsions, 200 microns and 100 microns thick, 
and the Fuji E7-6B nuclear emulsions, 70 
microns thick. 

For the study of silicon a foil of fused 
silica, 0.9 mg/cm? thick, was used. The mag- 
nesium target of 1.2 mg/cm? thick was _ pre- 
pared by vacuum evaporation onto a glass 
plate and was peeled off by a blade of a 
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safety razor. These targets were self-support- 
ing and were set at 45° with respect to the 
beam direction. The beam current was collec- 
ted by the Faraday cup connected to 0.025uF 
polystyrene condenser and was measured by 
electrometer. 


§3. Results 


The range distribution of the scattered pro- 
tons from silicon dioxide is shown in Fig. 1. 
Because of the large amount of oxygen in the 
target, the elastic scattering for silicon could 
not be resolved at small angles. The proton 
group of the first excited state at 1.78 MeV 
for Si?® (92.27%) was resolved from other in- 
elastic proton groups for Si”® (4.68%) and Si*° 
(3.05%) except the proton group of 2.03 MeV 
state for Si. The contribution of this group 
for Si? to the group of 1.78 MeV state for 
Si?® is considered to be almost negligible from 
the range distribution. A small amount of 
contamination of hydrogen was found in this 
target. 

In the case of magnesium the proton group 
of the first excited state at 1.37 MeV for Mg*4 
(78.60%) is resolved from the other inelastic 
proton groups for Mg” (10.11%) and Mg?*é 
(11.29%), and the elastic proton groups. A 
small amount of contaminations of oxygen and 
hydrogen was found in the magnesium target. 
As the elastic proton groups for magnesium 
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The range distribution of protons scattered from Si®,, 
observed at the laboratory angle of 150° (1 div=1.27 p). 
scanning area for the inelastic groups is 18times of that for 
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and oxygen could not be resolved at small 
scattering angles, the angular distributions of 
the elastic scattering of protons from magne- 
sium could not be obtained. The uncertainty 
in the absolute cross section was estimated to 
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be about 20% both for the ex- 
citation functions and the an- 
gular distributions, and it was 
caused mainly from the non- 
uniformity of the target 
thickness. 

The excitation function 
obtained for Si?® (Q=—1.78 
MeV) at the laboratory scat- 
tering angle @)=90° is shown 
in Fig. 2. There is a _ re- 
sonance feature at the incident 
proton energy of 5.4MeV. This 
agrees with the result obtain- 
ed by Okada and others! by 
studying the gamma-rays fol- 
lowing the inelastic scatter- 
ing of protons from Si?8. The 
angular distributions of pro- 
tons were measured at incident 
energy of 5.3, 5.4 and 5.5MeV. 
They are shown in Fig. 3. 
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The shape of the angular distributions does not 
change strongly near the peak of the re- 
sonance. At the forward angles the back- 
ground increased mainly due to the elastic 
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Fig. 3. The angular distributions of protons ine- 
lastically scattered from Si?8 measured at Hy 
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the statistical ones. 
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protons which had escaped from the emulsion 
surfaces. Moreover the proton groups due 
to the other levels of silicon, the amount 
of which was uncertain, were superposed on 
it. Therefore the estimation of the back- 
ground at the forward angles has some 
ambiguity. 

The excitation function’ previously ob- 
tained for Mg** (Q=—1.37 MeV) is illustrated 
in Fig. 4. There seems a resonance feature 
at the incident proton energy of 5.1 MeV. 
The angular distributions of the inlastically 
scattered protons were obtained at incident 
energies of 4.8 and 5.7 MeV. These results 
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The coefficients of the Legendre polynomials obtained by expanding the angular dis- 


tributions of protons inelastically scattered from Si? and Mgt and the integrated cross 
sections as a function of incident proton energies. 


Ey: bombarding energies of protons, Az: the coefficients of Pz (cos 0), or: integrated 
cross sections. 
Ey nl As Ay ve Ag o7(mb) 
| 
Sis as 16.8 3.4 —2.2 3.5 | —2.4 211 
5rd 36.3 Binal —6.1 6.3 —8.3 456 
Gayahs) S020 2.6 —7.5 6:0 —5.2 443 
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Real 49.9 —22.4 —19.1 —1.9 0.1 627 
5.4 26.4 Gals —11.8 —3.1 —0.5 332 
Dati 28.3 —12.9 =13.3 —0.1 —2.1 355 
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are shown in Fig. 5 together with the pre- 
viously obtained results’? at 5.1 and 5.4 MeV. 
These curves show apparent asymmetries about 
90° and the shape changes with variation of 
incident proton energy. 

All angular distributions were expanded into 
a series of Legendre polynomials by means of 
the least square method. These coefficients 
and the integrated cross sections are listed in 
Table I. The curves in Figs. 3 and 5 are 
calculated from the coefficients given in Table 
Ls 


§ 4. Discussions 
A. Silicon 

The excitation curve of Si** obtained in this 
experiment shows a resonance feature, and 
the resonance at 5.4 MeV is very strong. 
This is also seen in the gamma-rays following 
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the inelastic scattering of protons.” This 
indicates the existence of the contribution from 
the compound process, and it is expected that 
a single or a few levels may be excited. The 
shape of the angular distribution varies gradu- 
aly near the peak of the resonance, that is, 
the tendensies between the expansion coef- 
ficients are similar at 5.3, 5.4 and 5.5 MeV. 
Then, assuming that only the compound nucle- 
us formation contributes to the reaction and a 
single level contributes mainly to this process, 
the spin and the parity of the compound state 
will be assigned by the application of the for- 
mula of Blatt and Biedenharn!® to the angular 
distribution. 

The angular distribution of silicon at the 
resonance of 5.4 MeV protons could be fitted 
by the Legendre polynomials up to P, (cos @). 
If the spin of the compound level is 1/2 or 
3/2, the term P, (cos @) should vanish. If it 
is 7/2, the coefficient of P, (cos #) should be 
positive. It is improbable that the spin of 
this state is larger than 7/2, because the pene- 
trability of protons for such a state of large 
spin is small. In the case of 5/2*, assuming 
that a process due to the emission of d-wave 
proton is predominant, and mixing the con- 
tributions of outgoing channel spin 3/2 and 
5/2 to the reaction in a suitable ratio, the 
coefficients of P, (cos 0) and P, (cos @) are 
shown to be negative. In the case of 5/2-, 
the sign of the coefficients of even terms in 
Legendre expansion can be explained by as- 
suming the contribution from outgoing channel 
spin 5/2 to be predominant. Therefore, this 
angular distribution may be explained by as- 
suming the spin 5/2 for the compound state 
P*® corresponding to the resonance at 5.4 MeV, 
but the parity of this state cannot be deter- 
mined from this angular distribution because 
of the complexity of the channel spins and 
the interferences of different proton waves. 
Okada and others’? measured the angular 
distribution of the gamma rays following the 
inelastic scattering of protons from Si®® at 
incident energy of 5.4 MeV, and assigned 
5/2*.for this level. This is not inconsistent 
with our result. 


B. Magnesium 

The excitation curve of Mg’™ also has a 
resonance feature, and the shape of the an- 
gular distribution shows a strong dependence 
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on the energy of incident protons. These 
variations of the cross section and the angular 
distribution can be explained by the compound 
process, and it seems that the reaction does 
not proceed through a single level of the com- 
pound nucleus because of the presence of large 
odd term P, (cos 6). 

The angular distribution at 4.7 MeV meas- 
ured by Rhoderick® shows a peak in the 
forward direction. Our distribution at 4.8 
MeV has a slight rise in the forward direction 
and a minimum at about 80°. As the incident 
energy increases, a resonance feature appears 
in the excitation curve. But the angular dis- 
tribution at 5.1 MeV shows an apparent asym- 
metry about 6=90°. The angular distribution 
at 5.7 MeV is quite similar to that at 5.1 MeV. 
However, between these energies the coef- 
ficient of P; (cos @) in the expansion of the 
angular distribution changes its sign, and the 
distribution falls in the backward direction. 

The angular distribution at 5.1 MeV can be 
fitted by the Legendre polynomials up to P, 
(cos @). Since the coefficients of P3; and P, 
are regarded as zero and the coefficient of P, 
is negative, it would be expected to be 3/2 
for the spin of the compound state contributed 
mainly to the reaction. But the process 
through the outgoing channel spin 5/2 from 
the compound state 5/2- is also probable. As 
the angular distribution has the strong inter- 
ference term between the levels of different 
parities and the process is rather complex, it 
is difficult to determine uniquely the nature of 
the compound nucleus from this distribution 
by using the formula!® which has many ad- 
justable parameters. Miura and others’ also 
measured the angular distribution of gamma 
rays following the inelastic scattering of pro- 
tons from Mg’ at 5.1 MeV. 
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An observation of extensive air showers has been performed at Mt. 
Norikura (2840 m above sea level and 25°N geomagnetic latitude) by the 
aid of two multiplate cloud chambers, sparsely distributed 90 GM counters 
and two sets of counter hodoscope pile. In this experiment, the struc- 
ture of the air shower in the neighbourhood of shower axis was mainly 
investigated. 

For each observed air shower, the shower size, N, and the location of 
the shower axis were estimated. The air showers were divided into 
three groups characterized by the core structure which depends upon the 
shower size. The first group is of the small size shower (less than 1.5 
x 10°) which has comparatively poor core which fluctuates by the beha- 
viour of a few high energy particles. The second group is of the middle 
size shower (1.5 x 10°—5.5 x 105) in which the decaying nuclear component 
and the electron component are in state of equilibrium, and the electron 
component lateraly distributes as proportional to 1/r in particle density 
and 1/r2 in energy flow near shower cores. The third group is of the 
large size shower (larger than 5.5 x 10°) which contains many high energy 
nucleons and they are thought to be yet in the state of active nuclear 
cascade. 

Integral size spectrum was obtained as 6.1 x10-9(.N/10°)-1-° cm-2 sec-1 
sr-1 for the showers with a total number of particles 1.5x10°-5.5 x 10° 
and for large size showers the exponent of the spectrum increases with 


shower size reaching about —1.9 at N=10°. 


Introduction 


§1. 

The showers studied here are known as 
extensive air showers, usually abbreviated as 
EAS. It is now evident that EAS are produced 
by ultra energetic primary particles whose 
energies are of the order of magnitude of 10™ 
to 10%®eyvy. The phenomena are understood as 
extremely energetic nucleonic cascade of which 
the electron cascade is an outgrowth. Some 
natures of EAS at various altitude have been 
investigated by many authors”; i.e. Density 
distribution, size-frequency distribution, 
angular distribution, attenuation length and so 
on. The EAS were so far detected and 
studied mainly by means of the electron 
component, but the chief concern may be now 
about the experimental information pertained 
to the high energy mesons and nucleons that 
are only a minute portion of all the particles. 
To gain the information about ultra energetic 
nuclear interactions, the other trials to observe 
the direct information, as in the case of 
nuclear emulsion, can not be expected due to 
the small frequency of the event. Some 


authors” have reported their theoretical cal- 
culations to explain the structure of EAS us- 
ing the appropriate theory of multiple meson 
production assuming the interaction cross sec- 
tion and inelastisity at the collision of high 
energy nucleon and air nuclei. But little 
information is available as yet on the exact 
nature of the core of EAS which act essential 
part in the development of the EAS. One 
cannot be satisfied by experiments of the first 
approximation and by qualitative agreement 
between a theory and limited amount of ex- 
perimental data near the shower axis. Though 
the detecting efficiency of the shower cores 
is low, it may be important to derive the ex- 
perimental information concerning a_ small 
region in the EAS very near the central axis. 
A practical upper limit of the primary ener- 
gies of events that can be studied in such 
detail is about 10’ ev because of the limited 
frequency with which shower axes hit very 
close to a particular detecting equipment. 
The purpose of the present study is to 
observe the structure of the cores of EAS. 
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Total number of particles, the angle of in- 
cidence, the position of the axis, etc. are given 
for each EAS so that the view about the 
structure of the core depending upon these 
characters can be obtained. The present 
experiment has been done by the counter 
hodoscope and multiplate cloud chambers at 
2840 m above sea level and 25°N geomagnetic 
latitude. 


§2. Experimental Method and Apparatus 


A schematic diagram of the layout of 
various pieces of the apparatus in a horizontal 
plane is shown in Fig. 1, and a more detailed 
discription of the individual part is given 
below. Firstly, it was necessary to have 
a “core selector” (abbreviated CS below) so 
that the distances from the other detecting 
apparatus to the cores of the EAS should 
not be large. Three air shower trays ar- 
ranged on three apices of an equilateral 
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Fig. 1. Arrangement of apparatus. AS-l, 2, and 
3; unshielded counter tray composed of five 
counters of area 120 cm2each. CS; core selector. 
P-1 and P-2; penetrating particle detector. CL- 
1 and CL-2; multiplate cloud chamber which 
contains five sheets of 1cm lead plate. HP; 
hydrogen filled high pressure cloud chamber. 
90 counters of area 50cm? each are arranged 
in square lattice for determination of shower 
size and shower axis. 
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Fig. 2. Cross-sectional diagram of P-1, P-2 and 
GS. 
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triangle with a side of 4m (abbreviated AS-1, 
AS-2 and AS-3 below) are used to catch EAS 
and to produce the master pulse by the coin- 
cidence with CS. A cross sectional diagram 
of the CS is shown in Fig. 2. The type of CS 
in this experiment is similar to Cocconi’s 
one». A five-fold coincidence of any two 
counters among four counters inside the 
shield and the three AS trays which consist 
of each 5 counters was interpreted as indicat- 
ing a shower core which strikes nearby. The 
counters used in CS and AS trays were each 
of area 120cm?, and the shield was 10cm Pb 
on the top, 10cm Pb on the sides and at the 
ends, and 5cm Pb underneath the counters. 
Since most of the showers are nearly vertical, 
the effective shield was 10cm Pb. 

A position (7,0) of EAS core and a total 
number, N, of ionizing particles in EAS were 
determined by using 90GM counters on a 
square lattice. Density gradients of charged 
particles along to the orthogonal axes (x and 
y axis) can be obtained from the data of the 
counter hodoscope and the position of EAS 
axis is deduced by the use of experimental 
result of the lateral distribution®. From the 
position of the core and the mean density of 
charged particles at CS, the total electron 
number of EAS is estimated. Each counter 
was connected to each neon bulb which shows 
the discharge of the counter, and they were 
driven by the triggering when the master 
pulse took place. 


The apparatus labeled CL-1 and CL~2 in 
Fig. 1 were multiplate cloud chambers located 
near CS (lm and 1.5m apart from CS along 
to x and y axis respectively). The chambers 
were photographed from the perpendicular 
directions each other. The zenith angles of 
EAS, the nature of the penetrating particles 
(mainly that of N component), and the energies 
of electrons and photons in EAS are known 
from these cloud chambers. The sensitive 
area of each chamber is 0.119 m? and 0.116 m?” 
with 10% error respectively. CL-1 contains 
five sheets of 1cm Pb plate and CL~2 contains 
four sheets of 0.5cm Pb plate and three 
sheets of 1cm Pb plate. 

Another associated pieces of apparatus were 
two penetrating particle detectors labeled P-1 
and P-2 which show the particle density 
penetrating two layers of lead (15cm and 
25cm Pb). Front view and side view of their 
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sections are shown in Fig. 2. Each counter 
was connected to hodoscope and the record of 
the hodoscope was triggered by the master 
pulse. These detectors were placed at two 
different distances from CS, so that the density 
of penetrating particles could be observed as 
a function of the air shower size and the 
distance. from shower core. 


§3. Determination of the Position of Core 
and the Shower Size 


Using the lattice counters, the particle 
density, p, is given by the following equation; 


if n 
" S a nm ? Sue 


were S is a sensitive area of the counter, 7 
is a total number of the counters in the area 
and m is a number of discharged counters. 
And for the density on the limited region in 
the area (when the number of the counters 
used is smaller than 10) the following equation 
was used 


gags 1/(n—m) 
(2) 
Assuming that the lateral distribution func- 
tion does not depend on the size and Zenith 
angle of the EAS, the electron density, 0(7), 
at a distance 7 from the shower core can be 


expressed by the following equation; 


o(n=Noe(r) , (3) 
where WN is a total number of particles and 
g(r) is a lateral distribution function. The 
density, p, and the density gradients do/dx 
and do/dy, are obtained from the data of lat- 
tice counters. So, position of the core axis, 
x and y, should be obtained mathematically 
for given function, ¢(7). 

Practically, g has, however, very complex 
form and so the experimental distribution 
function, 1/7, was used in this experiment 
because the observed function is 779+ jn 
the region of distance, which covers the 
present experiment, of about 2 to 15m from 
the shower core”. Then Eq. (3) is modified 
into following expression; 


o(7)= A/r=Ne(r) , (4) 
where A is a constant which have relation, 
kA=N and k is determined as 616 by numeri- 


cal integration of experimental lateral distri- 
bution curve”. From Eq. (4) 7 and @ can be 
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easily obtained as follows; 


0(x) oh ha 
"V/ @plOx P+ (Op/Oy)* ’ Op/Ox 
where (7) is a particle density at CS. The 
size (total number of the shower particles) N, 
is given by a value of k-r-o(7). 

On a occasion that a core falls within 2m 
from CS, (in the region of lattice counters) x 
and y coordinates of the core are obtained 
from maximum points in histograms of the 
electron density along to the both axes, and 
the (7) is given by a mean value of densities 
at the center of each coordinate. 

In the event that a shower core hits near 
CS or boundary of the lattice counter arrange- 
ment, the size N is determined as o(r) x (1/2 
or 2/3)xL respectively where L is a half 
length of the side of the arrangement. ~ 

The obtained distance, 7, contains the error 
of about 50cm in the region of the lattice 
counter and about 30% errors on the outer 
domain of the area. 

The above analysis is not applied to so 
large showers that the most of the lattice 
counters were discharged. These events will 
be caused by the density larger than about 
1000 particles per m? over the lattice counter 
region. 


§ 4. Examination of the Lateral Distribution 


The assumption, in the preceeding section, 
that the average lateral distribution of the 
particles is proportional to 1/7, is examined 
by the data of multiplate cloud chamber. In 
order to estimate a fluctuation of local density 
of the particles, the top space of the multi- 
plate cloud chamber in which the tracks of 
20~30 particles were observed was divided 
equally and the number of tracks in each 
space was counted. The histogram in Fig. 3 
shows the frequency distribution of track 
number observed at the left half of the top 
space of CL-2. In the figure, a normalized 
binominal distribution in the case which total 
number is ten, fit well the histogram. This 
figure shows that the tracks at the top space 
randomly distributed in the unit of about two 
tracks. The distribution of the particles ob- 
served in cloud chamber should be corrected 
for the transition effect by the roof of the 
chamber (0.55cm Fe). Under the chamber 
roof, a particle should multiply into about 
1.44 using the Bethe’s multiplication factor 
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My=1+4+-2(1—7.2/Z)t/X, as cited by Williams”. 
In the factor, Z is the atomic number and 
t/Xo is the thickness in radiation length of 
the wall materials traversed. From the mul- 
tiplication factor, the distribution of the par- 
ticles in the atomosphere is roughly considered 
to be random distribution in the unit of about 
1.5 particles in average. 


20 


FREQUENCY 
° 


10 
NUMBER OF TRACKS 


Fig. 3. The histogram shows the frequency distri- 
bution of track number observed at the left 
half of the top space of CL-—2. The dotted line 
shows a normalized binomial distribution in the 
case of total number 10. This figure shows 
that the tracks at top space randomly distribute 
in the unit of about two tracks. 


The particle density in the top space of the 
cloud chamber was compared with the ex- 
pected density which is estimated from the 
size and the location of the shower axis ob- 
tained with the lattice counter’s data using 
the lateral distribution function of 1/r. 


§5. The Lateral Distribution of Energy 


Flow 


(1) A character of the core detector 

Coincidences of counters shielded by thick 
lead plate may be caused in general either by 
a high energy electron or photon striking the 
lead, or by a local shower generated by a 
meson or nucleon contained in EAS. The 
coincidences by a penetrating shower are ex- 
pected very few, because the density of 
meson and nucleon component in EAS at 
mountain altitude is only an order of one- 
hundredth of electron photon component which 
has only 10 to 100 particles in the area of CS. 
Five-fold coincidences used in the present ex- 
periment represent EAS which contains many 
high energy electrons and photons that can 
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not be scattered far from the core of the 
EAS. Under the lead absorber more than 
20cm thickness, the coincidences represent 
preferably penetrating component. These 
explanation are clearly shown by the absorp- 
tion curve of EAS by lead®. 

Under the thick absorber (about 10 radia- 
tion length or more) the shower particles 
decreases exponentially according to 
ky exp(—0.24t) and ky is approximately pro- 
portional to initial energy of the primary 
particle”. The absorption curve of EAS has 
also such relation from 0 to about 20cm lead, 
but, in the casee of EAS, k is thought to be 
correspond to sum of the energies of shower 
particles. In other words, the coincidence of 
CS indicates EAS containing a energy flow 
more than a certain value on CS. In the 
present experiment, the critical value of the 
energy flow for coincidence is estimated at 
about 50 Gev/m? from the lead layer of 10cm 
and particle density of about 40/m? under the 
lead absorber. 


(2) The lateral distribution of energy flow 

As shown in the preceding section, the 
detection of EAS by CS depends mainly upon 
the integrated energy flow of the electron 
photon component. Fig. 4 shows the relation 
of observed frequencies of EAS axes versus 
distances between EAS axes and CS. It shows 
that the frequency of EAS axes detected in 
area of 2zr dr between r and r-+dy is pro- 
portional to the area up to about 2.5m and at 
further distance the frequency decreases ac- 
cording to r-2dr. We can deduce the lateral 


NUMBER OF SHOWERS 


( 10 100 
DISTANCE (mM) 


Fig. 4. The observed number of showers for all 
sizes as a function of the distance, R, of their 
axis from the CS. 
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distribution of the energy flow of the showers, 
if it was a smooth function of r without con- 
sideration of the fluctuation of the energetic 
particles and it’s amplitude was proportional 
to the primary energy of the shower. Because, 
the observed frequency is estimated as fol- 
lows; 


RU arecerore i E-O+DdE=2ndrrk’ Ey) 
A 
EPO) 


0 
where £) is a critical energy of EAS which 
trigges CS at distance y from the core. There- 
fore, the funntion should be proportional to 
7y-/Y, Using known exponent 7 of the primary 
energy spectrum of 1.5 in the energy region, 
the function is proportional to r-?. 

The distributions are also shown in Fig. 5 
dividing into four groups: i.e. less than 
1.5-10°, 1.5-10°—5.7-10°, 5.7-10°—1.5-10° and 
more than 1.5-10° respectively. From these 
figures, we can also deduce the lateral varia- 
tion of energy flows of the EAS near shower 
cores (0-15m) as follows. The effective 
detecting area for EAS of size N was deter- 
mined from the distance 7m which gives 
a maximum frequency for each curve. Since 
they were the limits of the detection area for 
EAS of the minimum energy in each group, 
it is concluded from the observed value that 
ym for each group has following relation in 


the limited energy region, 
Tm? =ANin ’ 


(7) 


where a is a constant. 
The detailed discussion comparing the elect- 
ron photon component and nucleon or meson 


100 - CURVE (1) 
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Fig. 5. The observed number of showers for 
each size group as a function of the distance, 
r, of their axis from the CS. 
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component for triggering CS over a wide 
range of primary energies are complicated. || 
But it is reasonable to consider that the || 
present detector was triggered by a certain || 
value of energy flow and the energy flow is || 
distributed proportional to 7-2 at least for 
EAS of the size of 1.5-10° to 10° particles. 
The distribution is also expected from electro- 
magnetic cascade theory too, when the shower 
age is nearly equal to l. 


§6. Energy Spectrum of Electron Photon 
Component 


The energy of a cascade shower was esti- 
mated by means of multiplate cloud chamber. 
Practical ones are the track length and elect- 
ron number at the cascade maximum, both 
of which depend on the shower energy ap- 
proximately linearly. Although track length 
is undoubtedly prefered from the view point 
of the fluctuation, but in order to obtain this 
quantity experimentally one must have the 
whole shower development available for ob- 
servation. There are some difficulties in such 
a case that the energy of initial electron or 
photon is so high that the cascade develop- 
ment does not finish in the chamber, and so 
in this case estimated total number of elec- 
trons and the number at cascade maximum 
are used with some correction. 

The track length p is given by a product 
of total number of track segments *tota and 
radiation length of a lead plate measured 
along the direction of the shower axis and 
then the energy is given by 


Ey=¢p , (8) 


where c is a constant and has been estimated 
from conventional cascade theory®® and 
cloud chamber experiments”. In the present 
case, the value of the constant c was taken 
as 25 Mev from a thickness of a lead plate 
of 10mm. 

The number of electrons in the cascade 
maximuM max is a quantity which represents 
the maximum observable number of fast 
electrons in the foward half hemisphere. The 
factor which should be multiplied on #max was 
determined experimentally. Since a ratio of 
Nrotal tO Mmax Was about 4.0 around 1 Gev and 
it increased very slowly with energy, the 
factor was estimated at 100 Mev. The error 
of the estimation of energy seems to be about 
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30% on the average for energies of 300 Mev 
to 10 Gev. 

The integral energy spectra of electron 
photon component, for each group of size and 
various distances from shower axis, were 
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(c) 


100 1000 MeV 
Energy 


Fig. 6. The integral energy spectra of electron- 
photon component for group of size at various 
distance from shower axis. 

a)) Iox<10° 
b) 1.5x105—5.5 x 105 
C)) 25.5 54105 IE ah 06 


shown in Fig. 6. In these figures, we can 
see that the exponent of the spectra varies 
from 1.0 to 1.3 according to the distances 
(2m to 8m) from the shower axis. 

In these figures, the points at 30Mev are 
estimated from the number of the charged 
particles in the top space of the cloud chamber 
comparing with the integral energy spectrum, 
for energies smaller than critical energy in 
air, obtained by Richards and Nordheim™, 
and the data at other energies contains both 
components of photons and electrons since 
shower primaries can not be distinguished 
whether they were photons or electrons. 

The lateral distribution of the energy flow 
described in §5 is also interpreted from the 
observations of the lateral distribution of the 
particles and of the energy spectra at the 
distances as follows; 

1) In §4, the lateral distribution of shower 
particles was estimated as 7! on the average, 
but, as shown in Fig. 7, the distributions of 
various energy cut for group of each size 
have a tendency to be flatten in larger size 
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groups. -It depends upon the detection effi- 
ciency of CS mentioned already. If we assume 
expediently that CS and the cloud chamber 
(particle detector) were placed at the same 
position, a frequency with which shower axes 
of size N hit the area between vy and r+dr 
is given by; 


(a) -outrock density in The top 
space of cloud chamber 
Sal larger thon 200MeV 
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Fig. 7. The observed lateral distribution of the 
electron component of various energy cut for 
each group of size. 

a) 1.5105 
b) 1.5x105—5.5 x 105 
c) 5.5x10°—1.5 x 106 


FN, NdrdN=2nrdrF(\N)dN r<kN 
F(N, r)\drdN=0 r>>kN 
where F\N) is a differential size spectrum 


which is expressed as const-N-Y-!, Then | 
observed density pop (7) at distance, 7, is; 


? 


t, (9) | 


o(r) \Nsay, rydN 


Pe Cp eee: (10) | 


is f(N, YdN 
oN} 


where g(7) is a distribution function ((r) || 
=WV¢(7)) and N, and N, are lower and higher | 
limit respectively in the range now concerned. | 
In the region smaller than critical value if 
1, (71°=kN,;) in which detection efficiency is 
100%, observed density distribution is correctly | 
proportional to g(r) as shown by the integra- 
tion of Eq. (10); 
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Ny1-Y— N,3-% 
bo Not 


Pow (1) = g(r) ee =const-¢(r) . 


(11) 
In the region that the distance, 7, is larger 
than 7, the integration is as follows; 


aes re inl 

poi Nal en ay f+ 02 
where 7.2=kN,. And the observed density 
distribution is somewhat differ from the true 
distribution. The observed value of group 
III for large ry is increased by the reason 
shown in Eq. (12). Eq. (11) and the curves 
of group I and II, in the region larger than 
about 3m, show that the real particle density 

distribution is proportional to 77}. 
2) If the differential energy spectrum was 
expressed as f(7)E-*@-1, the observed energy 
flow distribution can be calculated as follows; 


if FOE Shh — fn EE) 


By 
_ ky 


“is 


(13) 


’ 


where F, and &, are energies determined 
from the integral energy spectrum in Fig. 6 
as above assumption can be applied. 

The observed density distribution is also 
similarly calculated; 


By ae 1 bey kegel: We 
f(NE-“MdE= f(N— (Ert-Er)=" 
By r= §! 7i 
(14) 
From Eq. (13) and (14), the mean energy is 
obtained as; 
1 g—} 
EY”) — s E,-8*!—E,-5*1 Ry 
Under the practical conditions s>l and 
E,;>F,, Eq. (15) is simplified into following 
equation; 


| iS ae ky 


=e (15) 


qt f ky 
ed =1+4+Eyr@ | 
1B ibis ky 


Substituting the present data as following 
E,=30Mev, k.=1000, k,=10°, 

then s varies for the variation of yr from 0 to 

10m about 0.3, and this shows good agre- 


ement with the present data of energy spectra 
in various distances from the core. 


s (16) 


§7. Number Spectrum of EAS 


The total number of the ionized particles 
of the observed EAS was estimated by the 
method described in §3. From the observed 
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integral number distribution shown in Fig. 8, 
the number spectrum can be obtained as fol- 
lows, assuming that the differential number 
spectrum is given by a power law; 


F(N)dN=SN-""1dN , (17) 
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Fig. 8. The observed integral number spectrum. 
The dotted line shows N-95. The number 
spectrum should be corrected for detecting area. 


where y and S may be taken as constants 
over a limited range of N. ‘The observed 
frequency of the showers with the size larger 
than No is given by the integration of the 
product of Eq. (17) and detecting area (Eq. 
(7); 


\. SN-!-!dNaN=SyaN) . (18) 


No 


From the experimental results described in 
§5 (2), Sp is obtained at 0.12 sec-!cm7?. 

The integral number spectrum is therefore, 

3.8-10-9(.N/10°)-!-> cm-? sec™! , 
within the range 1.5-10°*<(N<5.5-10°. From 
the zenith angle distribution the effective 
solid angle of detection is 0.63 and so the 
integral number spectrum per steradian is 
6; 10-°CN/ 10°" *. cm sect sre 

and for higher energy region the exponent 
increases with the size reaching about —1.9 
at 10°. 

The errors for above results can not be 
estimated correctly, but they seem to be about 
factor two and about a half for their upper 
and lower errors respectively. 


§8. Meson and Nucleon Component 
1) Composition of nucleonic component 
Although several measurements of the ratio 
of neutral to charged N-particles has been 
reported, their variation with the shower 
size has not yet been investigated. So in this 
experiment, a very preliminary study of the 
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ratio was made by means of the multiplate 
cloud chamber. 

For this purpose, 56 penetrating showers 
observed in the cloud chamber pictures were 
picked up, and the shower primary was inves- 
tigated. Then, those events were omitted 
where the nature of the shower primary ap- 
peared doutfull because of possible obliteration 
of its track by the electron showers. Thus, 
only 49 events were classified. Among them, 
17 cases had neutral primaries. Accordingly, 
a ratio neutral to charged primary was 
obtained at 0.53+0.20 on the average of all 
showers. 

To clarify the variation of the ratio with 
the shower size, the penetrating showers were 
classified with shower size, and the ratio was 
estimated at 0.72+0.40 for shower size N 
<6-10° and 0.40+0.24 for N>6-10°. The 
ratio 0.72 is in agreement with earlier deter- 
minations!». 

From the results, we can deduce a _ conclu- 
sion that a contribution of charged z-mesons 
among the EAS becomes predominantly with 
increasing shower size, even though the statis- 
tical precision is not enough. 


2) Energy spectrum of nucleonic component 

The energy of the penetrating shower 
observed in the cloud chamber is estimated 
from the energy of the electron shower 
associated with the penetrating showers 
(x°—2y7). Thus, the mean energy per second- 
ary particle was estimated at 2.0Gev. The 
energy per secondary particle was somewhat 
large for smaller multiplicity group than 
larger one, but the difference was not so 
much. 

The energy spectrum is shown in Fig. 9 and 
a point plotted at 1Gev was obtained from 
star frequency (the star means a nuclear 
interaction without more than one penetrating 
secondary particle, and the energy distributes 
around 1-2 Gev). The exponent of the integral 
energy spectrum was about —1.2. 

Average energy of the observed penetrating 
showers belonged to the group of N<6-10° is 
6.2 Gev and that for N>6-10° is 10.1 Gev. 

3) Abundance and abundance ratio 

By means of the hodoscope pictures of P-1 
and P-2 detectors, a classification of the 
penetrating particles into “ interacting” and 
“non interacting” particles is possible. In 
general, the former correspond to nucleon and 
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Fig. 9. The energy spectrum of nucleonic com- 
ponent which are obtained from the penetrating 
shower observed in the cloud chamber. A point 
plotted at 1 Gev was obtained from star frequen- 
cy. Dotted line shows E-!2. 


7z meson component and the bulk of the latter 
correspond to w-mesons. It should be consi- 
dered that the latter category includes also 
all the charged nucleons and z-mesons which 
failed to interact, and that a corresponding 
number of unobserved neutrons has to be ad- 
ded to the total. 

In the analysis of the hodoscope pictures, 
the event were classified as “ non interacting ” 
particles if one or two counters was dis- 
charged in two trays, and in such a way that 
a particle could reasonably be reconstructed 
comparing with the data from the cloud cham- 
ber. If more than two counters in first tray 
and more than three counters in second tray 
were discharged, and the projected zenigh 
angles estimated from the pictures were nearly 
equal to ones from the cloud chamber, the 
events were classified as interacting particles 
which interact at the top layer of 15cm Pb. 
If one counter in first tray and more than 
three counters in second tray were discharged, 
the events were also classified as interaction 
at second layer of 10cm Pb. 
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Composition of EAS near the shower axis at 2840 m elevation. 


Group I 


Shower size 


I Il 


1.3-104—1.8-105 


1.8-10°—6.0-105 


pp./el. (%) 1.55+0.26 


nlel. (%) 0.85+0.19 
N/el. (%) 0.70+0.17 
N/pp. (%) 


45.0+17.6 


6.0-105—1.5-108 


115250" 0 


0.92+0.08 
0.67+0.09 0.60+0.06 
0.48+0.07 0.33+0.05 


41.9+10.0 


35.4+7.9 


A summary of the results of the analysis 
of the penetrating events observed by hodo- 
scope is given in Table I. The results are 
qualitatively in agreement with Kasnitz eft 
al™ data. 


4) Lateral distribution of penetrating par- 
ticles 

The lateral distribution of N-component was 
obtained separately from s-mesons as shown 
in Fig. 10. The distribution of N-component 
should be corrected for saturation effect of 
the lattice counters and detection efficiency of 
CS. The correction is so complicate that the 
lateral distribution can not be corrected 
exactly. However, it may be natural to think 
that the obtained lateral distribution has 
a tendency to flatten the real distribution. 
As a result, it seems that the distribution is 
1/r or somewhat more steep function of 7. 
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Fig. 10. The lateral distribution of nucleonic 


component and “-mesons. 


§9. Discussion 

In this experiment, the lateral distribution 
of energy flow has been obtained as 7? for 
showers with size 1.5-10°—5.5-10°. The result 
shows that the lateral distribution of electrons 


is almost equal to one expected from the 
electromagnetic cascade theory for shower 
age 1, and so the angular distribution of the 
energy flow of secondaries in high energy 
interactions is thought to be considerably sharp. 
Therefore, in the high energy nuclear interac- 
tions which will develop into EAS, the grea- 
ter part of the high energy secondaries will 
be contained in core region of about 2-3m. 
The structure of observed small size shower 
(less than 1.5-10°) is also similar to large 
showers, but one must noticed for inefficiency 
of detection caused by CS selection. The 
detection efficiency may be favour for young 
showers and small size showers seem to con- 
tain the showers of various ages and they 
have comparatively poor core (less than about 
50 Gev/m?) in average. 

The number spectrum and an analysis of 
nucleon component show that the EAS of 
large size is in the active state of develop- 
ment. So, in such a state, a greater part of 
shower energy is still reserved in core region. 
The observed number spectrum is somewhat 
different from one obtained by scintillation 
detector placed at large span. Namely, in 
a part of large size (>6-105), the former 
spectrum is steeper than the latter. One of 
the reasons may be understood as that high 
energy nucleons are predominant (density of 
charged particles in core region is not so high 
expected by pure electromagnetic cascade 
theory) and the energy spectrum of high 
energy neutral z-mesons is steep. Although 
the population of the nucleons to shower 
electrons decreases as shower size becomes 
large, the observed mean energies of the 
nucleons rapidly increase. Nevertheless the 
maximum of the high energetic electron com- 
ponent which is favour to be detect by CS is 
higher altitude than maximum of total electron 
component about several radiation length. 
Then expected size is somewhat different by 
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the character of the detecting mechanisms 
and age of each shower. 

If the average primary energy of EAS 
having a given number of charged particles 
at a particular depth in the atmosphere could 
be calculated, the number spectrum would 
lead directly to the energy spectrum of the 
cosmic ray primaries. But since the EAS do 
not develop and propagate like purely electro- 
nic cascade showers, and since the detailed 
features of the nuclear cascade are thought 
to be still largely unknown, one can not cal- 
culate with considerable reliability their rela- 
tion theoretically. 

Nevertheless, even if the calculation has 
been performed, the fluctuation problem in 
the very early stages of the shower’s develop- 
ment and contribution of the heavy primary 
should be considered in the case when primary 
energy spectrum is derived. The fluctuation 
problem has been discussed by W. L. 
Kraushaar™ and he concluded that one tends 
to overestimate primary particle intensities 
by a factor of 1.4 if fluctuations are neglected. 
One of the author of this paper has analysed 
absorption length and the following result! 
was obtained. 

In lower atmosphere (lower than mountain 
altitude), under probably permissible approxi- 
mation, the following relation was obtained; 


An=LA+n) , (19) 


where J» is a observed attenuation length of 
EAS and L is a interaction mean free path 
of the primary particles of EAS. And 7 means 
a ratio of the primary particles, which have 
higher energies than the estimated energies 
corresponding to the observed shower sizes, 
to the other observed showers. Therefore, 
the true energy spectrum can be obtained by 
multiplying the factor 7/(l+7r). This shows 
that the observed size spectrum contains 
lower energy events than the estimated 
energies. Provided that A.» is 90 g/cm?) and 
L is 80g/cm? for the EAS with size 3-10¢ 
—3-10', the correction factor is about 0.1. So, 
if above interpretaion is correct, the intensity 
of primary particles with energy 10!°—10" ev 
would be overestimated at about ten times. 
The result of above correction shows a 
spectrum similar to obtained here but conclu- 
sions must be reserved because the estimation 
of sizes by the method used in the present 
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experiment is not so accurate especially in 
high energy region. 

Preliminary discussions for high energy 
events are as follows; 

1) Two cases of very high energy nuclear 
interactions were observed by the cloud 
chamber when shower axis was very near the 
chamber. And some cases shows in the 
chamber photographs that there is a high 
density region of electron component compare- 
ing to other region of same core, and the 
area of the region was thought to be about 
1m diameter. These discontinuities also 
depend upon probably very high energetic 
nucleons in the core although their amount 
may be very small. Occasionally these are 
thought to be survivals of the primaries and 
it seems to be possible to estimate the 
inelastisity in high energy nuclear interactions, 
but in this case as mentioned already, it 
must be care that there are young EAS 
which has been started at considerably deep 
atmosphere. 

2) High energy electron component has 
been studied concerning to nucleon component, 
and crude conclusion is that a separated young 
cascade shower, which is distinguished by 
accompanied photons and electrons from old 
cascade showers in chamber photographs, 
were mainly due to y rays produced by the 
decay of z°-mesons which were produced by 
nuclear interactions in air. It seems to be 
possible to estimate the intensity of high 
energy nucleons from these cascade showers. 
Detailed discussion will be appeared in next 
paper. 

Finally, as a next step of experiment of 
EAS we are proceeding a plan that is to 
observe size dependency of observed absorp- 
tion length and to investigate the behavior of 
N-component near shower core over determi- 
nation of the shower age of each EAS. For 
this purpose we are now constructing very 
huge multiplate cloud chamber (200x127 
x 80cm’) which contains twenty-one sheets of 
lead plate of 1cm thickness. 
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The dependence of carrier lifetime in pure germanium upon injection 
level has been studied using a photoconductivity decay method. The 
data are analyzed in terms of the recombination theory for transient 
conditions including the case of high injection level. The results show 
that at least two recombination levels exist in pure germanium: one is 
active in n-type and the other in p-type. The recombination level in 
n-type germanium is at 0.28eV from the conduction band and the cross 
section for capture of holes A, is about 4.7 times larger than that for 
capture of electrons A,. On the other hand, the recombination level 
in p-type germanium is at 0.25eV from the valence band or 0.31 eV 
from the conduction band and A,,/A»y is about 9.8. 


§1. Introduction 


Recent experiments on carrier lifetime in 
germanium have shown that several lattice 
imperfections act as recombination centers 
for electrons and holes. Among these imper- 
fections, copper and nickel have been most 
extensively studied?-®. For both impurities, 
the energy level was found to be close to the 
middle of the energy gap and the capture 
cross sections for electrons and holes were 
obtained. Similar properties have been found 
for “deep level” impurities, such as gold, 


iron, cobalt and manganese”. It has also 
been shown that dislocations play a prominent 
role for recombination processes?»?-”, Fur- 
thermore, the centers produced by thermal 
quenching! or by bombardment with high 
energy particles? have been observed to act 
as recombination centers. 

On the other hand, a number of studies 
have been made of recombination processes 
in pure germanium?’»!-1), Most of them 
are the measurements of the temperature 
dependence of carrier lifetime which yield 
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only the positions of recombination levels in 
pure germanium. However, since the other 
properties of these centers have scarcely been 
studied, it is difficult to identify these levels 
to the known levels or imperfections. 

In order to extend the information concern- 
ing the properties of recombination centers 
in pure germanium, we have studied the 
dependence of carrier lifetime on the injection 
level and equilibrium carrier concentrations. 
Similar experimental work has been made of 
silicon by Bittmann and Bemski!. 

According to the theory given below, the 
carrier lifetime at very low injection levels 
depends strongly on the electron or hole 
population of the recombination centers and 
the carrier densities. On the other hand, at 
very high injection levels, the lifetime ap- 
proaches the limiting value which can be 
determined only from the capture cross sec- 
tions and the concentrations of recombination 
centers. Thus, analyzing our data, we can 
obtain the information concerning the energy 
levels and capture cross sections of the re- 
combination centers in pure germanium. 


§2. Theory 

Assuming that only one set of recombination 
centers is active, the recombination process 
can be characterized by the effective capture 
cross sections for an electron and hole, An» 
and A,, the concentration of centers N,, the 
energy level of centers HE, and the equilibrium 
electron and hole densities m) and fo. 

In our experiments the time-decay of ex- 
cess carriers injected by a pulse of light was 
measured. Thus it is interesting to solve the 
recombination equations of excess carries dn 
and 4p under transient conditions. According 
to the analysis given in the Appendix B, the 
effective time of decay rt at any time ¢ is 
given by 

_ tett.Ady 


Crees Ap ; (ull) 


where Tt is defined by 
pear ad : ) dAp 
T Ag] «dts ” 


uidies Tap 

 Mo+po Mo+Po’ 
In this expression, t) and t.. are the limiting 
values of lifetime at very low and high injec- 


(2) 


and 


(3) 
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tion levels respectively, and are given by 


Notn ot pi 
oto TF mi ae (4) 
and 
T= ono » G5") 
where 
ei cele ’ 
vn AnN, (6) 
Pires te! , 
VpA,N, 
and 
m= Ne exp[—(Ec—E,)/kT], ! (7) 
pi= Ny exp [—(E,—Ey)/kT] . 


Here No and Ny are the effective densities 
of states for conduction band and valence 
band respectively, Ec is the bottom energy 
of conduction band, Ey, is the top energy of 
valence band, and vn and vy are the thermal 
velocities of electrons and holes respectively. 
These expressions are equivalent to the 
Shockley-Read expressions for steady-state 
lifetime!” (see Appendix A) and provide means 
for determining the values of t) and rt... 

From Eqs. (4) and (5), the ratio t/t. is 
given by 


To as a No +My 1 Dot pi 
To 1+ (Tno/Tv0) M+ Po 1+(Tv0/Tno)Mo+ Po 
(8) 


In an n-type material, where >), we have 


To 4 1 1 
Tica c 1 +Yn 1 +Yrn 
with a similar relation, 


ai mtrnb)(>-) ) (8a) 


eye | i a5 
Too eae ry ertrom)(=,) ; ee) 
for a p-type material, where ppm. Here 
Trn= Eo = A» ’ 
T po An 
A (9) 
Rn 
Tro Fateh : 


with approximation vz=vpy. Thus, the ratio 
of cross sections 7» (or 7p) and m (or p,) can 
be determined from the measurements of the 
dependence of t/t. on electrical resistivity 
using Eq. (8). 


§3. Experimental Method 

The specimens used in this study were in 
the form of rods, about 0.3x0.3x1.3 cm, 
which were cut from single crystals of n-type 
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Sb-doped germanium and p-type Ga- or In- 
doped germanium. The rods were carefully 
etched with CP-4 solution and ohmic contacts 
were soldered on the two ends. 

Carrier lifetimes were measured by observ- 
ing the time-decay of photoconductivity. The 
schematic diagram of apparatus is shown in 
Fig. 1. One surface of rods was illuminated 


= 
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SUPPLY ag ALE 

LENS { 


XENON SILICON 
SPARK 
TUBE 


Fig. 1. Schematic diagram of measuring circuit 
and equipment. 


by a short pulse of light approximately 2 usec 
duration from a high pressure xenon spark 
tube which creates excess hole-electron pairs 
in the specimens. The resulting change 4 V(f) 
in the voltage across the rods, was displayed 
on the oscilloscope. In our experiments, a 
Tektronix type 545 oscilloscope was used in 
conjunction with a Tektronix type 53/54D 
plug-in unit. 

The signal displayed on an oscilloscope is 
given by 

AV(f)=14 RE) 


where 4R(t) is the change in resistance of 
the specimen. As shown in Appendix C the 
time constant t* determined from (1/c*)= 
—(1/4V )(d4 V/dt) is not equivalent to the car- 
rier lifetime defined by Eq. (2). When the 
constant current is passed through the speci- 
mens, relation between t and t* is given by 


where V, is the voltage across the specimens 
in equilibrium state. 

From an oscilloscope trace apparent lifetime 
t* was obtained at any time ¢ and converted 
into t by Eq. (11). Varing the intensity of 
pulsed light the effective carrier lifetime t 
was measured as a function of 4g calculated 
from JV. 

Measurements were made at a temperature 
of 290°K. The values of fundamental para- 
meters, such as mobilities and concentration 
products, were taken from the data of Morin 
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and Maita!® except the density-of-state masses 
for electron and hole, for which the value 
Mn=My=0.75m)! was used. 


§ 4. Experimental Results 
According to Eq. (1) a plot of t(1+49) 
versus 4g should yield a straight line with 
intercept t) at 4g=0 and of slope r.. An 
example is shown in Fig. 2 for specimen 
which is m-type with m)=1.06 x 10!4/cm?. 
Values of ty) and rt. obtained for a number 


of different specimens are summarized in 
Table I. 
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Fig. 2. Lifetime versus injected carrier density 


in m-type germanium (1-2). 


Table I. Summary of data on carrier lifetimes 
in pure germanium. tp and typo were calculated 
from rt. and cross section ratio. (to) was ob- 
tained from the temperature dependence of 


carrier lifetime in »-type germanium. 


Carrier 4 = - wre. 

Sample’ St yl # SEC | # SEC | M SeC | # Sec |“ Sec 
1-n 1.06 110 | 240) 198 42 | 43 
2-n 0.882 176 | 350) 289 61 | 58 
3-2 5.03 Soml SOs eal 54 | — 
4m 1.60 186 | 490} 404 86 | — 
1-p 1.66 128 | 280 26) 254) — 
2-p Bia tlt 313 | 1120] 104) 1016 | — 
3-p 5.64 70 | 340 32 | 308 | — 


Fig. 3 shows the plot of t/t. versus the 
reciprocal of the electron density for m-type 
specimens. According to Eq. (8a), this plot 
should be a straight line. Using this linear 
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relationship, values of 7m and m, (or p,) were 
obtained from the intercept and slope of the 
line. In this analysis, the equation for de- 
termining m, has quadratic form. 
have two values of m, or E, (calculated from 
nm, by Eqs. (7)). One corresponds to E£,> EE: 


06 
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Fig. 3. co/t~ versus reciprocal of the equilibrium 


electron desity in »-type germanium. 
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hole density in p-type germanium. 


Table II. Results of analysis. 


Ratio. of Upper half | Lower half 
Type | cross section bs ae S gp 
et ty, Hare Iq ieee 
eae eV eV 
n 1:4.7 0.28 0.32 
p 9.8:1 0.31 OE25 


(upper half of energy gap), and the other to 
E,y< Ei (lower half of energy gap), where 


Ei:=3(Bo—Ev)+4rkT In (Ny/No) . 
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A similar plot for p-type specimens is shown 
in Fig. 4. 
Results of our analysis are presented in 


Thus, we Table II. 


§5. Discussion 


The experimental results presented above 
show that two recombination levels are opera- 
tive in pure germanium: one in m-type germa- 
nium and the other in p-type germanium. 
However, it is difficult to distinguish between 
two possibilities as to the location of the re- 
combination level in the lower or upper half 
of the energy gap from our experiments as 
any other information concerning the energy 
level is unknown. 

Fortunately, for 2-type germanium, we have 
the data on the temperature dependence of 
carrier lifetime as described in the preceding 
paper». They are shown in Fig. 5. In this 
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Fig. 5. 


case, the data are plotted as (to/t.—1)(mo/T?/2) 
versus inverse absolute temperature to facili- 
tate comparison with theory. The slope cor- 
responds to about 0.29eV. This value is to 
be compared with the values shown in Table 
II. Thus, within the experimental error, it 
can be concluded that the recombination level 
in v-type germanium is at 0.28eV from the 
conduction band. In addition, it is possible 
to obtain tp» from the measurements of car- 
rier lifetime of n-type germanium at low 
temperature”. These values of tp) are also 
shown in Table I and are in good agreement 
with the values determined from t. and rp. 

It is interesting that the cross section ratio 
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of m-type germanium is opposite to that of 
p-type germanium. For n-type germanium 
the cross section for capture of holes is about 
4.7 times larger than that for the capture of 
electrons. This result is to be expected if 
the recombination centers are acceptors so 
that the filled centers are negatively charged. 
Burton et al. have shown that copper and 
nickel act as the recombination centers of 
this sort». On the contrary, for p-type germa- 
nium, the capture cross section for electrons 
is about 9.8 times that for holes. This sug- 
gests that donorlike recombination centers 
are operative in p-type germanium. Similar 
results have been obtained for the recombi- 
nation centers in both p- and n-type silicon 
by Bittmann and Bemski™. 

From the values of recombination levels 
found in our experiments, (Ec—E,)!: (E,— Er)! 
is 1:5 for 0.28eV level in n-type germanium 
and 10:1 for 0.25eV level in p-type germa- 
nium using Ee—EHy=0.70eV. These values 
are in good agreement with the values of rn 
and 7» determined experimentally. Since any 
theoretical evidence is missing, this agree- 
ment may be fortuitous. However, if we ac- 
cept this result, it is suggested that capture 
cross sections depend on the level of recombi- 
nation centers with the relationship such as 

An: Ap=(Ec—E,)*: (E-—Erv) . 

It is interesting to identify the recombi- 
nation levels found by our experiments to the 
known imperfections. A number of chemical 
impurities which possess more than one deep- 
lying level are known to act as recombination 
centers™. If a single impurity is operative 
in both n- and p-type germanium, Ni (Ec— 
E,4=0.30eV, Ey».—Er=0.22 eV) and Co (Eo— 
En=0.30eV, Ey,—Ey=0.25eV) are responsi- 
ble for the observed recombination levels. 
If two sorts of impurities are active, Cu (Ko— 
En=0.26eV), Fe (Eco—En=0.27eV), Ni and 
Co are responsible for n-type, and Ni and Co 
for p-type. However, since the data of the 
capture cross sections are missing, it is dif- 
ficult to discuss further. 

Moreover, while the analysis described 
above is based on the assumption that a single 
recombination level is active in a given con- 
ductivity type, a few specimens show that 
multiple recombination levels model is valid”. 
An example of this is shown in Fig. 6. In 
this case, simple linear relation is not obtain- 
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Fig. 6. Lifetime versws injected carrier density 
in n-type germanium (6—7). 


ed. This deviation may be associated with 
multiple recombination levels, so no analysis 
has been made (see Appendix A). 
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Appendix A: Carrier Lifetime for 
Steady-State Conditions 


In this appendix, we shall consider the car- 
rier lifetime in a nondegenerate semiconductor 
where the recombination occurs through mul- 
tiple-levels. We have previously dealt with 
the case of low disturbances in carrier den- 
sities where only first-order terms need be 
considered®. It is the purpose of this ap- 
pendix to extend the simple theory to the 
case of large disturbances in carrier densities. 

For large values of injected carrier den- 
sities, Eq. (8) in the preceding paper must 
be rewritten in the form 

ARnj=nj{ Nin An—(no+njt+4n)ANy} , 

ARvj=T oi Nj 4p—( pot pit 4P)AN5*} , 

(Al) 
where Rn; and Rp, are the net rates of cap- 
ture of free electrons and holes respectively 


by j-level, 7nj and yp; are the rates of cap- 
turing an electron and hole by a single j- 
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trap, N;- and N;* are the concentrations of 
filled and unfilled recombination centers, N; 
is the concentration of recombination centers, 
and dn and 4p are the changes of carrier 
densities m and p of electrons and holes re- 
spectively. Here subscript 0 refers to the 
thermal equilibrium condition, and m; and ); 
are the densities of free electrons and holes, 
respectively, when the Fermi level equals to 
the effective energy, E;, of j-level. 

For the steady-state case (4Rnj;=4Rp;), using 
the condition of electrical neutrality 


4n=4p+>,4Nj*=4p—>4Ny, — (A2) 
J J 


it is easy to show that the lifetimes of elec- 
trons and holes defined by 


and 


are of the form 
o Pt ras } 
{(mo+4n)(1+Hpy)+601+An)}H ’ 
Op — Lede. 
{io(1+ Hy) + (pot 4p)1+ An)}H a 


Tr 


(A3) 
and the ratio of excess electrons and holes 
is given by 

An a: Ay 
Ap aided (A4) 


where 
7 sy TviNio 
ily : api 


) 


dAn 
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and 

By=rnjnotnjt AN) +7 vi Pot pst 4p) . 
If all Nj’s are small compared to any one of | 
the quantities m, po, 75, Dj, 

VE Pein V6 (<< Al 
or 
4n=4p, 

In this case, we have single lifetime t given 
by 
144g _ 


, A5 
a T Tp JF TyotTseAg o 
where 
rhe T pil Mo+Ni)+Tnj(PotPps) 
Not Po 
Tje=Tyjttnj ’ 
ee OD 
No+ po’ 
and 
ta aa ee eee 
rnjNj re YrjN5 


This equation is the simple extension of the 
Shockley-Read equation for the dependence 
of lifetime upon carrier density™. 


Appendix B: Carrier Lifetime for 
Transient Conditions 
For simplicity, we shall assume that a 


single recombination level is active. Then 
Eqs. (Al) and (A2) give 


Fi ita =n Not +++ 4n)An—rrl(no+m+4n)Ap - 


dt 
_ d4p 
dt 


(B1) 


~ =F (No + pot pit4p)4p—ro(potpitAp)dn . 


For the transient case, it is impossible to solve these equations exactly. We are interested 
in finding simple, approximate formula which may be used in analyzing experimental data. 
We first define the effective time constants of decay at any time ¢ to be 


oR a) 
Sit th a 


ddn 
host 
dap 


(B2) 
aren 


As a further simplification, we shall assume that N;, is small so that we may neglect the 
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change in carrier densities produced by changing concentrations in the recombination centers. 
In this case, t=tr=Ttp and 4n=Ap. From Eq. (Bl), we find that t is given by 


No* No" + No“ (tot mit dn)+ No*(pot pit 4p) 


1 
a tie tee : 
T ue Tr Not +notm+4n)+7 (No +potpit4p) ’ oe 
for 
{7n(No* +2o+m1+4n)+7 (No +potpit4p)} 
> Ayn v{ Not No + No“ (mo-+ 1+ 4n)+ No*( pot pit4p)} cS 
Neglecting No* and No, and putting 4r=4p, we get 
— Fro(totii t+ An) +tno( Pot pit dn) 
Not potdn ; 
or 
_totTody 
; 1+d4¢e ya 
Appendix C: Apparent Lifetime we get from Eqs. (C5), (C6) and (C7) ’ 
The signal measured by the photoconduc- 1 1\dv 
tivity decay method is given by ct ( ai 
4V(j}=i4 R(t) (C1) as ( 1 ye Psiel (C9) 
where 4R(t) is the change in resistance of the yr}dt 1+s t - 


specimen. This change in resistance corre- 
sponds to the change in conductivity 
40 =e(An- tnt Ap- Lp) . (C2) 
Experimentally, the apparent lifetime, c*, 
at any time f¢ is given by 


Silesian 
ce a) dt. ° 
and in general differs from the effective life- 
time t defined by Eq. (B2). For convenience 
we define some dimensionless parameters as 
follows: 

v=AV/V., r=4R/Ro, (C4) 
where subscript 0 refers to the equilibrium 


(C3) 


s=4o]oy, 


state. Then, from Eq. (C3) 
it iE \dy 
—= —(—)}— , C5 
oe ( v ie - 
and from Eqs. (B2) and (C2) 
fee ele 
Tae ae (C6) 


assuming that 4u= dp. 
When the specimen is driven by a constant 
current source, 
v=7. (C7) 
Using the relation 


r=s/(+s) (C8) 


Thus, from (C7), (C8) and (C9), the relation 
between t* and Tt is given by 


t= (lso)ehe (C10) 
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One to One Correspondence between Etch Pits and 
Dislocations in KCl Crystals 


By Masayoshi SAKAMOTO and Shunsuke KOBAYASHI 
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(Received May 10, 1958) 


Etch pits of KCl crystals obtained with dehydrated glacial acetic acid 
were observed. KCl is so soft, comparing with LiF, that dislocations 


are generated on it by slight mechanical shocks. 


Therefore, surfaces 


of KCl crystal are apt to be contaminated in the sense of the dislocation 


theory. 


It is supposed its depth usually reaches 100 » or more and also 


most of these generated dislocations are surface half loops and isolated 


loops. 
discussed. 


§1. Introduction 


There have been some excellent reports on 
the etching of alkali halide crystals¥. Re- 
cently, the authors could find a successive 
etching method for KCl crystals. From the 
observed results of these etching patterns, it 
is believed there should be one to one corre- 
spondence between etch pits and dislocations. 

As KCI crystals are remarkably soft*, they 
should be treated very carefully during the 
preparation of specimens by cleavage and be- 
fore and after the etching operation. Speci- 
mens increase pits density on their surface 
tremendously when they receive any slight 
mechanical shock from outside due to the 
operator’s carelessness. 

The same things also happen at the instant 
of cleavage when the cleavage front stops or 
when its speed drops below a certain value. 

It is believed that most of these etch pits 
generated on the surface have resulted from 
dislocations consisting of surface half loops 


* Values of Cu were reported: 0.40 x 1022 dyne/ 
cm? in KCl, 1.18x10"dyne/cm? in LiF. 


One to one correspondence between etch pits and dislocations is 


and isolated loops close to the surface which 


were already reported by J. J. Gilman and | 


W. G. Johnston regarding LiF crystals”. 


§2. Etching Method 


KCl ingots produced from melt* were cle- 
aved successively into small specimens of 5x 
5x10mm*. Glacial acetic acid fully dehy- 


drated was used for etching and aceton for : 
The wet specimens || 
just after rinse were dried by placing them |} 


rinse after the etching**, 


upon a special kind of blotting paper. The 


last treatment seems to be most important | 


throughout the whole process. 


The duration of each etching was ranging | 
from a few parts of a second to about 100 | 
Specimens were remarkably dis- | 
solved at the initial instant by 10 cc etchant | 
in'a small bottle, but the dissolution tended to i 


seconds. 


* We used KCl ingots produced at Horiba Manu- 
facturing Co. in Japan. 


* Recently, we found a better etching reagent © 


which is acetic acid saturated with Zn ions. 
several metal ions, Zn ion was the best. 


Among 
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(c) (d) 
Fig. 1. An example of successive etching. 
(a) First etching. (<1 sec.) (b) Second etching. (5 sec.) 
(c) Third etching. (20 sec.) (d) Fourth etching. (30 sec’) 
midal shape having a square base. The side 


Fig. 2. An example of double etching. (1 sec.) 


show a saturation in about 10 seconds. 


Fig. 1 shows a typical example of succes- 
sive etching. An etch pit appears in a pyra- 


edges of the base are parallel to [100] type 
directions. When the intensities with which 
the etch pits are produced are thought to be 
equal, all the pyramids are of the same size 
[Fig. 2], but the shape and size of etch pits 
are not generally so simple. Fig. 2 is a pic- 
ture of the second etching in double etching. 
After the fast first etching, the specimen was 
lightly pressed with a finger on a spot of its 
surface, and then it was etched again for a 
short time. In this picture, there were two 
kinds of etch pits with large basal square of 
the same size: one shaped like a prefect py- 
ramid, the other flat-topped. Both of them 
had appeared as small pyramids of the same 
size when they were first etched. It is pre- 
sumed that the causes which had produced 
the large perfect pyramids had continued to 
exist from the first etching till the second 
one, and that the causes which had produced 
the flat-topped pyramids vanished during this 
process. On the other hand, there is another 
kind of etch pits, also shaped like pyramids 
but smaller in size. Those small pyramids, 
shown in this picture, may be thought as new 
etch pits which have come out during the 
second etching. So these pits must have been 
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(a) 


(b) 


Fig. 3. Symmetric pattern of matching cleaved pieces. 


Fig. 4. Asymmetric Pattern 


generated by the stresses given with a finger. 


§3. Observed Results 
(a) Symmetrical Pattern of Cleaved Pieces 


When KCI crystals are carefully dealt with 
through the processes of cleavage and etch- 
ing, perfectly symmetrical pattern of etching 
like Fig. 3 can be got at any time. If the 
specimens are treated without caution, it may 
be very difficult to obtain symmetrical pattern 
of matching cleaved pieces [Fig. 4]. Though 
these two pictures were those of matching 
cleaved pieces, there are some asymmatrie 
pits near the boundary in these pictures. 


(b) Effects of Slight Mechanical Shocks 


In Fig. 5 two pictures are compared: one 
taken before, and the other after, the cleaved 
surface of the specimen was dropped from 


of matching cleaved pieces. 


the height of 1cm on to the flat plate of an 
optical microscope in parallel with it. Pits 
density, which had been about 10*/cm? before 
the fall, increased to more than 10°/cm? after 
that. Especially, it is considered that nume- 
rous small surface loops must have been gen- 
erated. 

Fig. 6 shows a side picture of one of the 
spots where the specimen was stressed by a 
metal pincet with a minimum pressure barely 
enough to hold it. Picture (a) shows the spe- 
cimen before holding, and (b) after that. In 
pitture (a) pits density is about 10?~10!/cm?, 
but in (b) the generation of pits is remarkable 
and reaches deep. The white part on the left 
side of (b) means an off-focal region which 
resulted from this dilation. There also hap- 
pened some breakdowns of the surface. Pits 
density near the surface is more than 108/cm?, 
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which exceeds the resolving power of the 
microscope, and may reach 10%/cm? at the 
depth of about 250 yw. 

Fig. 7 shows the effect of rubbing. The 


(b) After the fall. 


Before the fall. 
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Effect of a holding with a pincet. 


, & 
Before the holding. 


(a) 


cleaved surface of the specimen was placed 
on a piece of silk cloth with its face down- 
wards and then pulled in one direction for 3 
cm as.slightly as possible. Picture (a) shows 
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(b) After the rubbing. 


Effect of a rubbing. 
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(a) 


the specimen before the rubbing and (b) after have reached the depth of 100. It must be 
that. Pits density of (a) is 10'~10*/cm?, but noticed that a row of small pits along a clea- 
in (b) more than 10%/cm? close to the furface vage step in (a) has vanished in (b). It is 
and about 10%/cm? in the interior, Effects presumed that these pits resulted from shal- 
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mean size 400 [equal to about 65 mesh], 
was dropped upon the surface of the 
specimen from the height of lcm. The effect 
of this closely resembles the case of Fig. 8. 
Gilman and Johnston recognized this pattern 
with LiF up to 100 mesh carborundum but 
did not at 240 or more mesh. In the case 
of KCl, this was done up to 300 mesh [mean 
size 80 #] carborundum but not at 600 [mean 
size 40 “] or more mesh. 


Fig. 8. Effect of an impact with a small Ni-rod. 
(a) Before the impact. 
(b) After the impact. Etching of 1 sec. 
(c) Second etching after the impact (3 sec.). 


Fig. 10. Etching pattern of the place where the 
low surface half loops. cleavage front seemed to stop. 
Fig. 8 shows a picture of the successive 
etching when small Ni-rod, 4mm 
in length and 0.2mm in diame- 
ter, was dropped upon a cleaved 
surface from the height of 1 cm. 
Picture (a) was taken before the 
fall, (b) and (c) after that. Letter 
X-like pattern in (b) resulted 
from the impact of Ni top on 
the cry stal surface. It is pre- 
sumed that this pattern was con- 
sisted of rows of edge-type dis- 
locations. In fact picture (c) 
seems to indicate that these 
generated pits consisted of dis- 
location loops. 
Fig. 9 shows the pattern when 
carborundum particle, having Fig. 11. Etching pattern of a cleavage surface. 
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(b) Etching of 100 sec. 


Fig. 12. A deep etching-pattern. 


(a) Etching of 80 sec. 


Second etching (2 sec.) 
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carborundum pieces. 
First etching. 


(a) 


Fig. 13. 
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(c) Effects of Cleavage Itself where a cleavage front advances slowly and 

While an advancing cleavage front is ac- once stops. Characteristics of these pits are 
companied by a stress field, numerous etch those, as shown in Fig. 10, that these are lin- 
pits are generated especially in the regions ing up parallel to [100] direction and may be 
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thought to result from groups of screw-type 
dislocation loops. However, when an acting 
stress field is not uniform, this pattern may 
be in more complicated situation, including 
some paired etch pits presumed as groups of 
edge-type dislocation loops [Fig. 11]. When 
the velocity of a cleavage front advancing 
through crystal is more than a certain value, 
the generation of new pits will never happen. 


(d) 


Existence of Surface Half Loop and 
Tsolated Loop 


Fig. 12 and Fig. 13 show that most of newly 
generated etch pits on the crystal surface 
were probably surface dislocation half loops 
and isolated dislocation loops close to the sur- 


face. In Fig. 12, when the etching exceeded 
a certain depth by successive etching, several 


pairs of etch pits vanished in the same field 
of this picture. 

Fig. 13 shows the same thing. In a fast 
first etching of cleaved KCl surface especial- 
ly, it is noticed there are many paired etch 
pits. It may be known that this situation is 
essentially the same in Fig. 1, 8, 9, 11 and 
12. Therefore, we may the scheme of Fig. 
14 in order to understand any asymmetrical 


Symmetrically etched 
Surface 


[Symmetric] 


Surface 
half loop 


[Asymmetric] 


] \ d B 
sO ate 
loop ~~ 


Asymmetrically etched 
Surface 
Fig. 14. Interpretation of aymmetric pattern of 
matching cleaved pieces. 
A: Cleavage surface 
B-B: Symmetrically etched surface 
B-B’: Asymmetrically etched surface 
Small squres show etchpits 


pattern of matching cleaved surfaces like Fig. 
4. Also, completely symmetrical pattern may 
be obtained with fully cautious treatment 
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[Fig. 3]. 


(e) Effects of Breathing 


KCl is so hygroscopic that the specimen 
should be protected against operator’s breath- 
ing and other moistures. Fig. 15 (b) shows 
the case that the specimen accepted human 
breathing lightly on its surface and (a) the 
case not accepted. Fig. 16 shows the effect 
of water vapor. Fig. 17 shows the case that 
the specimen was once wetted and then dried 
out. These pictures are thought to be essen- 
tially the same. 


§4. Discussions 


It can not be thought that etch pits result 
from isolated impurities. Pits density of as 
grown crystals was usually about 10!/cm?, but 
the impurities contained in used crystals were 
0.00001 gr Ba, 0.00001 gr Ca and 0.00003 gr Fe 
per 100 gr KCl and therefore the number of 
expected defects due to these impurities will 
be about 109/cm? or more. 

It may not be insisted that etch pits must 
be present only when dislocations are accom- 
panied by impurities as the situation of metals. 
Because edge-type patterns in Fig. 8 and 9 
and screw-type patterns in Fig. 10 and 11 can 
be shown any time in the same specimen by 
the different stimulations respectively. This 
result was just the same even in the home- 
made crystals which were more impure. 


$5. Conclusions 


(a) Any etch pits can be persued spatially 
by the successive etching [Fig. 1]. 

(b) When KCI crystals are treated carefully, 
a complete symmetrical etch pattern of match- 
ing cleaved pieces can always be taken [Fig. 
ah 

(c) When any paired etch pits vanish at 
the almost same time in the successive etch- 
ing, it may be interpreted that these pits con- 
sisted of any dislocation loops [Fig. 12, 13]. 

(d) Especially, the surface of KCl crystal 
is apt to generate many surface half loops or 
isolated loops close to the surface by any 
slight mechanical shocks. This may be the 
reason why a symmetrical pattern of match- 
ing cleaved pieces could not be taken so easily 
[Fig. 4, 14]. 

(e) The observed results of etch pits did 
not give any inconsistent facts with the dis- 
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location properties. 

According to the reasons mentioned above, 
it is believed that there exists one to one cor- 
respondence between etch pits and dislocations 
in KCl crystals. 
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The internal friction of BaTiO3 ceramics has been studied under vari- 


ous conditions. 


amplitude, but is nearly independent of frequency and porosity. 


It depends on temperature, biasing field and vibration 


It is 


concluded that its main part is not caused by the ceramic and domain 
structures but is the property of the single domain crystal, which is of 
intrinsically dielectric origin, acting through piezoelectric coupling. 


Introduction 


§1. 

Barium titanate ceramics are much used as 
transducers for generation of ultrasonic waves. 
Considerable heat, however, is generated in 
the transducer at a high power level, and thus 
limits the maximum radiated power. The 
origin of this effect has been investigated by 
some authors. Baerwald and Berlincourt” at- 
tributed it to the dielectric hysteresis, but its 
main cause was interpreted as the internal 
friction of BaTiO; ceramics by Hueter et al” 
and the present author®. The temperature 
rise of the transducer becomes remarkable 
near its resonance, while the unpolarized one 
shows no anomalous rise. An example of 
these measurements is shown in Fig. l(a)”; 
the solid and dotted lines are the temperature 
rise of polarized and unpolarized ceramics in 
an oil vessel, respectively. This dissipation 
of mechanical energy near the resonance must 
be represented by an internal resistance Rint 


* The summary of §3 and 5 was read at the 
meeting of the Physical Society of Japan on 19th, 
July, 1956, and that of §4 and 6 on Ist, Nov., 
1956, 


in the equivalent circuit in Fig. 1(b). 
dielectric resistance, Raa: 
resistance). 


Ger: 
acoustic radiation 
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Oil temperature 16°C 
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Fig. 1. (a) Temperature rise of BaTiO3-ceramic- 


transducer. 
(b) Its equivalent circuit. 


Few papers refer to the internal friction of 
the BaTiO; ceramics. Mason»? has reported 
that the dissipation of mechanical energy be- 
comes smaller by aging. Hueter and Neu- 
haus® investigated the dependence of the ul- 
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trasonic attenuation on temperature and bias- 
ing field by a pulse method, and attributed 
the anomalies in the biasing effect to the dis- 
locations at the 90° domain boundaries on the 
basis of Mason’s argument. However, this 
mechanism seems to be insufficient to explain 
the greater part of the attenuation. 

The present paper attempts to study the 
subject in more detail; and at first to answer 
the question, whether the dissipation of vibra- 
tional energy in ceramic BaTiO; vibrator oc- 
curs mainly in the interior of grain crystal- 
lites, or it is caused by the ceramic structure. 
Dependence of the internal-friction upon vari- 
ous parameters—temperature, frequency and 
porosity—will be examined, and as a result, 
it will be shown that the energy dissipation 
during mechanical vibration mainly occurs 
within each grain (§5). In order to find the 
origin of the internal friction in the grain cry- 
stallite, its dependence on biasing field and 
vibrational amplitude will be measured and, 
taking account of the following reasons, both 
internal friction and dielectric loss of the ce- 
ramics are examined in parallel. 

A complication arises on account of the pi- 
ezoelectric property of single crystal and pre- 
polarized ceramics of BaTiO3, since in the 
piezoelectric crystal we have no longer an un- 
ambiguous relation between stress and strain. 
Instead, we have several alternative sets of 
relations among the quantities—electric field, 
polarization, stress and strain, and different 
elastic coefficients corresponding to different 
electrical condition, which are in general com- 
plex. In such condition, the internal friction 
will also depend on the electrical condition of 
the crystal. For instance, the elastic loss fac- 
tor, the “internal friction”, of an unplated 
bar of piezoelectric crystal will be the tan 0 
of s?, the elastic compliance coefficient for 
constant electric displacement, while the loss 
factor of a plated and short-circuitted bar will 
be the tané of s”, the compliance coefficient 
for constant electric field. Similarly, tan 6 of 
the dielectric parameter, the “ dielectric loss”, 
depends upon mechanical condition of the cry- 
stal; namely, the loss of free crystal is the 
tand of &”, the “free dielectric constant ”, 
and the loss of a clamped crystal is the tan é 
of €°, the “clamped dielectric constant ”. 

This situation gives rise to various possibi- 
lities in the interpretation of internal friction 
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of piezoelectric crystals, since energy dissipa- 
tion of intrinsically dielectric origin can con- 
tribute to the internal friction under certain 
conditions. Namely, Mason” has shown for 
a plated 45°X-cut bar of Rochelle salt crystal 
that most of the dissipation of vibrational 
energy can be explained as the dielectric loss 
of the clamped crystal. Price® also confirmed 
Mason’s view from the measurement of the 
attenuation of ultrasonic pulse in various di- 
rections. 

Since the electromechanical coupling is very 
strong in the single domain crystal of BaTiOs, 
we expect an effect similar to that in Rochelle 
salt, and it is the purpose of this paper to find 
that the same consideration applies to the in- 
terpretation of internal friction of pre-polarized 
ceramic BaTiO3. 

The internal friction and dielectric loss of 
the BaTiO; ceramics are found to be mostly 
caused by the dissipations within the grain 
crystallite, and the major contribution of the 
dissipation in the grain may be the average 
in some sense, involving mechanical and di- 
electric losses of single domain crystal. Ob- 
servation of the internal friction and dielectric 
loss of the ceramics, taking account of the 
order of electromechanical coupling in the 
single crystal, leads to the conclusion that.the 
main part of internal friction of ceramic 
BaTiO; is the dissipation of the dielectric ori- 
gin. 

Many reports have been published regarding 
the dielectric loss of the BaTiO; ceramics. 
The dielectric losses in the biased state of 
the BaTiO; ceramics were already investigated 
by Baerwald et al», but they appear to have 
confused the dielectric loss at low amplitude 
with that at high voltage accompanying the 
domain reversals. Accordingly, the biae de- 
pendence of the dielectric loss will be re- 
examined. 

§2. Preparation of Samples and Experi- 
mental Procedure 


(a) Preparation of Samples 

Commercial BaCO; and TiO, have been 
mixed in 1 to 1 mole ratio, calcined at 1200°C, 
crushed and pressed, and sintered at 1400°~ 
1450°C. Most of the samples have specific 
gravity 5.5~5.6, and the Curie points at about 
116°C. Samples of various porosities have 
been prepared by sintering at various tem-. 
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peratures. The specimens are in the shape 
of discs and bars. Silver eletrodes have been 
glazed on the proper faces. 


(0) Experimental Procedure 

The internal friction Qn-! have been mea- 
sured by the resonance-curve-method, compo- 
site-bar method and bridge (admittance-loop) 
method. 

In the resonance curve method, the frequ- 
ency of driving voltage of constant amplitude 
applied on the specimen (prepolarized cera- 
mics), is varied and one observes the electric 
current passing through maximum and mini- 
mum. Denoting the maximum and minimum 
currents by Im and Jn, and the frequencies 
corresponding to them by fm and fn, respec- 
tively, the internal friction Qm71 is obtained 
by the following formula: 


Ox =a (fn es ’ 
Fm Im 
This relation, however, holds true only in the 
case of small dissipation, and also requires a 
good sinusoidal wave-form of oscillator vol- 
tage. (Wave form distortion strongly affects 
the value of Jn.) 

The composite-bar method consists in ob- 
serving the resonance curve of a composite 
bar consisting of X-cut and Y-long quartz rod 


(2.1) 


and the specimen cemented endwise®. The 
internal friction is calculated by 
m VAGE n =e m) CETE a) it? ¢ 
1 a pa V(22 
iat wl ‘3 pisos a 


where m,=mass of the quartz rod, ms=mass 
of the specimen, fo=resonant frequency of 
the composite bar, and other symbols have 
the same meaning as above. 

Qm-! was also measured by the bridge 
method using a radio frequency impedance 
bridge (made by Yokogawa Electric Works). 
Admittance-loop was traced and the internal 
friction was computed by 


Qm*=(f2—fi)/fo » (2.3) 


where fo is the resonant frequency, and fi 
and f,.are quadrantal frequencies (f2—/i is 
the half-width). 

Actually, the values obtained by the reso- 
nance curve method were often found to be 
larger by 20~40% than those from (2.3) on 
account of the distortion of wave form. 
Therefore, the bridge method was mainly 
adopted, and the resonance curve method was 
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used in a few cases, where corrections were 
made to make the value consistent with the 
bridge method values. 


§3. Experimental. A. Dependence of In- 
ternal Friction of Ceramic BaTiO; upon 
Various Parameters 


(a) Temperature Dependence 

The temperature variation of the internal 
friction of the BaTiO; ceramics was examined 
by the composite bar method. The specimen 
was ca. 3X3x24mm' in size. Measurement 
was dode at the frequency of about 90 Kc/s 
and at temperatures between 20° and 140°C. 
Experiments were made with unpolarized and 
remanent-polarized (and short-circuited) state 
of the specimen. The effect of the polariza- 
tion is hardly found, as shown in Fig. 2. The 


=) 
m 


) 50 100 TT, "C 
Temperature 
Fig. 2. Temperature variation of the internal 


friction. 


values above 7c are not reliable and may be 
lower than shown, because of the error of 
small fr—fm in Eq. (2.2), the distortion of 
oscillator wave form, and the incomplete ce- 
menting, etc. 

Even in this curve, however, the internal 
friction above the Curie point 7c is several 
times smaller than that below 7c. The dotted 
curve shows the result for (Bao.9.—Pho.o4)TiO3 
by Hueter and Neuhaus”, showing a similar 
behaviour. 


(b) Frequency Dependence 
Several prepolarized discs of BaTiO; cera- 
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mics with diameters of 18~58 mm were inves- 
tigated in their radial and thickness modes of 
vibration. The internal frictions of these discs 
were measured with the impedance bridge at 
room temperature. The results are shown in 
Fig. 3. The dispersion of the measured values 
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Fig. 3. Frequency dependence of the internal 
friction. 


are likely to be due to the differences of aging 
and the errors in plotting the admittance lo- 
ops, etc. In the thickness vibration, it is dif- 
ficult to measure Q,,,-! because of the coupling 
with higher radial modes. 

The internal friction is seen to be nearly 
independent of frequency between 50 and se- 
veral hundred Kc/s. Hueter et al, on the 
other hand, report nearly constant attenuation 
per wave length of ultrasonic pulses for fre- 
quencies between 1~50Mc/s. So it may be 
said that the internal friction is independent 
of frequency over a very wide frequency 
range. 

(c) Bias Dependence 

Polarized ceramic disc 2mm in thickness 
and 26mm in diameter was used. After it 
was aged at 82°C for 45 hours, the variation 
of the internal friction was examined with 
varying positive bias by the resonance curve 
method. Fig. 4 shows the measuring circuit. 


high resist. 


Fig. 4. Measurement of bias dependence. 


The experiment was performed at 80°C. The 
Q-! values obtained by this method and cor- 
rected as mentioned in § 2 are shown in Fig. 
5. The biasing field was increased step by 
step, and the measurement was made in 6 to 
10 minutes at each step. The internal friction 
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Fig. 5. Bias dependence of the internal friction. 


of ceramics is found to increase by about 
40% at the bias of 6KV/cm. 


(d) Amplitude Dependence 

In Fig. 6(a), V» gives the voltage applied 
on the specimen. V; gives the potential dif- 
ference across a small resistance yr, and is 
proportional to the electric current through 
the vibrator. At each constant voltage, the 
frequency of the oscillator is adjusted to fn, 
the frequency corresponding to the maximum 
current, and the corresponding values of V, 
and V; were observed. The equivalent circuit 
is shown in Fig.6(b). It is now assumed that 
wo, L, C and Cy are independent of vibration 
amplitude and 1/w Cp) is larger than Ri. Ri 
is the internal resistance which is amplitude- 
dependent. When the amplitude of vibration 


(b) Co 


Fig. 6. (a) Measurement of amplitude dependenc. 
(b) Equivalent circuit of the vibrator. 
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is small, Ri; must be equal to the value ob- 
tained by the bridge method, (R:)p. Then 


(Qm-)o= @oC(Ri)o and Qn-*=a CR: . (yl) 
Hence 
Qn- 1(Qm-o= Ri/(Ra)o a (Tm/ Vo)o/(Um/ Vo) 
= (Vil Vo)o/( Vi/ Vo) « (3t2) 


When the mode of vibration is radial, the 
strain amplitude (effective value) at the centre 
is 

So= KIp ; (3.3) 
where /, is the “ piezoelectric current ” through 
the LCR branch and K is the constant of 
specimen given by 

4 dx 1 7.24 

WG? E3" ke J, (x1) ‘ 

(a=radius of the disc, €;”=free dielectric con- 
stant, d3:=piezoelectric constant, k,=electro- 
mechanical coupling coefficient for radial vi- 
bration, *,=root of the Eq. x/)(x)=(1—o) f(x) 
where /) and /,; are Bessel functions and ¢ is 
Poisson’s ratio). At the frequency fm, we 
have Im~(Ip))= V»/Ri; therefore, from (3.3), 


So~ KV./R: . (3-0) 
When Vi and V, are measured with varying 
Vv, Qm-! and Sp are determined at each am- 
plitude by (3.2) and (3.5) by using the values 
Of (Qm-1)o and (Rio. 
Using the same specimen as employed in 
(c), the following values are chosen at 80°C; 
K = 5.2x10-* (amp.~}) , 
(Ri)o ~ 400 , 
1/a@Co © 4500 . 
In the neighbourhood of 80°C, fo varies little 


(3.4) 


(3.6) 


O \ 2 x10" 


Strain amplitude So 


Fig. 7. Amplitude dependence of the internal 


friction. 
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with various Vy. From the measurement of 
Vi with varying V>, Fig. 7 is obtained, using 
Eqs. (3.2), (3.5) and (3.6). The abscissa is 
shown in the strain amplitude S) (the effec- 
tive amplitude) estimated approximately by 
(3.5). The internal friction is seen to increase 
rapidly at a certain strain amplitude. 
(e) Porosity Dependence 

Several specimens with disc shape were pre- 
pared at various sintering temperatures. Their 
apparent densities are 5.0~5.6 corresponding 
to different porosities, while the true density 
of the substance is 6.0. The internal friction 
was measured in radial vibrations by the 
resonance-curve method. The internal fric- 
tion of a few specimens with lower densities 
could not be determined by that method, and 
sO were measured by the compositebar 
method. Fig. 8 shows Qn! and the radial 
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Fig. 8. Porosity dependence of the radial coupling 
coefficient and the internal friction. 

coupling coefficient k,, where the abscissa is 

shown in density instead of porosity. While 

k, is considerably porosity-dependent, Qn is 

seen to be only slightly dependent on porosity 

in the range of this experiment. 


§4. Experimental. 3B. Parallel Examina- 


tion of the Internal Friction and Di- 
electric Loss 
(a) Bias Dependence and Aging Effect 
The specimen was the same disc as the one 
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used in §3 (c). The dielectric tan 6, or Q."1, 
was measured at 50Kc/s with the impedance 
bridge under a biasing field. The result at 
80°C is shown in Fig. 9. The measurement 


x10 


<b 


6 KV/ cm 


Biasing field 


Fig. 9. Bias dependence of the internal friction 
and dielectric loss. 


was done step by step, and the plotted values 
obtained are those after about 5 minutes at 
each step. The curve of the internal friction 
Qn is taken from Fig. 5. The internal fric- 
tion increases with the biasing field (by 40% 
larger at the d.c. field of 6KV/cm), but the 
dielectric loss is nearly independent of the 
bias. 

The aged sample was now biased and aged 
for several hours, and next, after the removal 
of the bias, it was aged again. This cycle 
was repeated several times and the internal 
friction and dielectric loss were measured 
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during these cycles. An example of the mea- 
surements is shown in Fig. 10. Internal fric- 
tion in the aged condition also is seen to be 
larger in the biased state than in the unbiased 
state. 


(6) Temperature Variation 

The specimen was in the form of a bar 
made of prepolarized ceramics, about 0.8mm 
thick, 2.6mm wide and 18mm long. The di- 
electric loss was measured by the impedance 
bridge, and the internal friction was obtained 
by the resonance-curve method in the longth- 
wise longitudinal vibration. Fig. 11 shows 
the results. The dotted curve at the higher 
temperature shows the dielectric loss of the 
unpolarized ceramics. These measurements 
show that the internal friction and dielectric 
loss vary in parallel. 


§5. Considerations.—The Internal Friction 
of the “Ceramic” BaTiO; 


On the ground of these knowledges on the 
dependence of the internal friction, this and 
next sections will deal with the problems on 
the mechanism of the dissipation in the BaTiO; 
ceramics. 

The measured internal friction ¢*()*=Qn7!) 
can be considered to consist of two parts: the 
internal friction in the grain crystallite duc, 
and that due to the ceramic structure q@e,. 
Namely, 


P*=heot Peer (5.1) 
The second part will be caused mostly in 


with. blas 6kV/cm 


without bias 


O 5 10 
Time . 
Fig. 10. Aging effects of the internal friction and dielectric loss with and without the bias. 
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Fig. 11. Temperature variation of the internal friction and dielectric loss. 


the grain boundary (#%ez). Its magnitude can- 
not be estimated directly, but it will be reason- 
able to assume that it dose not change ap- 
preciably above and below Curie point; then, 
Ycer Must be of the order of the internal fric- 
tion above 7c, and is shown to be several 
times smaller than the value of ¢* at room 
temperature. This means that most part of 
the internal friction of BaTiO; ceramics in 
the ferroelectric range is caused by the dis- 
sipation in the grain crystallite, dec. The dis- 
sipation due to the “ceramic” structure cer 
will not be important in BaTiO; ceramics. 

Porosity dependence measurement, which 
was performed in order to find the contribu- 
tion of deer, gave the internal friction which 
is nearly independent of porosity in the range 
examined. The result suggests again that 
the role of ¢ce, must be small. 

The first term of (5.1)—the internal friction 
deo in the grain crystallite—consists of the dis- 
sipation at domain boundaries, dps, and the 
contribution from that of the single domain 
crystal, Ysp. pz is not evaluable but it can 
be assumed to be small in the aged condition. 
(Its order of magnitude may be smaller than 
den, because the walls are thinner than grain 
boundaries.) sp will be the average of the 
mechanical dissipations in all domains with 
various orientations. Since the internal fric- 
tions of the unpolarized and prepolarized cera- 
mics are nearly equal, the averaging taking 
account of the domain distributions may 


hardly affect dsp. 


Further considerations of #ps and sp will 
be given in the following section. 


Discussions.—In Relation to the Dielec- 
tric Loss in the Single Crystal 


(a) Piezoelectric Relation in the Dissipative 
Crystal 

In the piezoelectric crystals, the relation be- 
tween stress and strain is complicated be- 
cause of the piezoelectric coupling between 
electric and mechanical quantities. Denoting 
the electric field, polarization, stress and strain 
by E, P, T and S, we have alternative sets 
of relations, such as 


86. 


T=c?S—aP 
6.1 
E=7°P—aS ie Se 
or 
T=c"S—eE ) 
6.2 
P=°E+eS I C4) 


corresponding to different choices of independ- 
ent variables. One set is derivable from ano- 
ther, and there seems to be no general argu- 
ment in favour of any one of these sets. 

In the ferroelectric substances, the. dielec- 
tric loss may occur on account of the lag of 
reorientation of dipoles, and this suggests that 
polarization P is the proper independent va- 
riable to represent electrical state. Strain S 
is chosen for the mechanical variable, since it 
seems to be the less ambiguous measure for 
the internal elastic state. Then, Eq. (6.1) be- 
comes fundamental relation between FE, P, T 
and S, where the elastic constant and clamped 
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inverse susceptibility are complex, so that 
Gc jc (6.3) 
The piezoelectric coefficient a@ may also be 
complex and must be examined experimental- 
ly. However, the phase of a of the single 
domain crystal cannot be determined, using 
the present samples, which are of ceramic 
form. In the case of Rochelle salt, the piezo- 
electric coefficient fi4, which corresponds to 
a, has been shown to be unaffected by phase 
transition and considered as real by Mason”. 
Although BaTiO; differs from Rochelle salt 
in several important points, it may not be too 
unreasonable to assume here that a is real. 
Tan 0’s of c? and 7° will be denoted by and 


g; 


BING a le oat ll ge 


= Cle» and. wh=a¥ lx, (6.4) 
(b) Internal Friction and Dielectric Loss 

Tan 6 of the elastic constant c” for constant 
field and that of the free dielectric inverse 
susceptibility y7* of the single domain crystal 
will be given by 

p(c")= 1/1—FP’)- ($+ ¢) 
G(x) =1/A—-F)-(e+R yp) )’ 

where & is the appropriate electromechanical 
coupling coefficient and the second terms re- 
present the piezoelectric coupling effect. 

Although the elastic and dielectric constants 
of the ceramics may not be the simple ave- 
rages of c” and x” but depend on all the qu- 
antities, c”, c?, x” and x° of the single cry- 
stal, they may still be considered as the ave- 
rages in some sense. Similar averaging may 
be considered for the phase of these quanti- 
ties. Accordingly, denoting the internal fric- 
tion and dielectric loss of ceramics by ~* and 
g* (b*=Qmn- and g*=Q.-}), they will be ex- 
pressed as 


p*=A(o+fo)t+’ ! 
g=A' loth h)+y J- 


Experiments have shown that #* as well as 
¢y* is almost the same for the unpolarized and 
the remanent-polarized states. The first term 
in the expression for ~* corresponds to sp 
in §5. @ represents the dissipation except 
that within each domain; i.e. the dissipation 
in the grain boundary, in the domain bound- 
ary, etc. gy’ is similarly the dielectrict loss 
due to the ceramic and domain structures. 
In the prepolarized ceramics, the dissipation 
terms due to the macroscopic electromechani- 


(6.5) 


(6.6) 
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cal coupling must be added to both formulae 
(By’ and B’d’ respectively). But, as the ex- 
istence of the remanent polarization does not 
affect }* and y*, these terms will not be con- 
sidered here. (B and B’ are of the order of 
k*2, where k* is the macro electromechanical 
coupling coefficient. As k* is about 30%, these 
dissipations are at most 0.1x10-% or less.) 
The constants A, A’, f and f’ are certain 
averaged values and must depend on the dis- 
tribution of domain orientations. But the ab- 
sence of the differencs between the internal 
frictions of the unpolarized and prepolarized 
ceramics suggests that these constants are lit- 
tle influenced by the domain distributions. 
The value of ~’ is supposed to be at most 


of the order of the value above Te. Then it 
may be taken as 
ob’ = (0.5 ~ 0.6) x 10-3 - (6.7) 


gy’ may also be expected to be smaller than 
the dielectric loss above Tc, of which the di- 
electric tan 6 of y(=x°=¥x*) constitutes a main 
part; and then 


G: SO6 81033, (6.8) 
At room temperature, the measured values 


of ~* and ¢* in sufficiently aged BaTiO; cera- 
mics are 


xm ones =S 
ek ek isin et: 
When the relations 
A=A’ and f=f’. (6.10) 
are assumed, and the values 
Ff ~ 0.45 ~ 0.5 (6.11) 
are chosen, then 
se 


Accordingly, most part of the internal friction 
* of the ceramics can be interpreted by the 
dielectric tand of x° in the clamped crystal, 
assuming a@ to be real. 

(In the above discussions, the piezoelectric 
coefficient @ has been assumed to be real. 
When a@ is complex and its tan é is denoted 
by #/2, another term ?/(1—k?)-a@ must be ad- 
ded to both formulae in (6.5). Correspond- 
ingly, the term Aga should be added to the 
first equation in Eq. (6.6) for ceramics and 
A’g’a to the second.. But, if it is allowable 
to assume that f= f’/=g=g’ = 0.45 ~ 0.5, the 
magnitudes of ¢ and @ will be very small.) 
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This conclusion will be examined in the light 
of existing data on BaTiO;. The interrelation 
among dielectric, piezoelectric and elastic pro- 
perties of BaTiO; crystal has been investi- 
gated theoretically by Devonshire™. He as- 
cribed the anomaly of BaTiO; to the dielectric 
one, and assumed that the elastic compliances 
s’’s for constant polarization did not vary at 
the transition. (It was shown that s” varied 
at the transition by the amount corresponding 
to the change of the crystal lattice. Its va- 
riation, however, is only of the order of 30%.) 
Accordingly, ~, which is tand of s?, may be 
considered to be unchanged at the transition. 
Then, ~ may be smaller than 0.5x10-%. As 
regards the electromechanical coupling coeffi- 
cient, Mason ef al!» reported the value k33= 
67.5% for the single crystal. From the re- 
ports of Devonshire and Mason, the values of 
the piezoelectric coupling for the single cry- 
stals that k33 ~ 65%, kis ~ 80% and ks, ~ 15% 
will be used. As the constant f in Eqs. (6.6) 
is of the order of k?, it may be permissible to 
assume that f is nearly equal to 0.5. The 
author has tentatively extended Marutake’s 
calculation™ on the physical constants of 
BaTiO; ceramics to the case of complex coef- 
ficients, and has also obtained A= A’ ~1.9 
and f=/’~0.48. Above conclusions may, 
therefore, be permissible. 

The frequency independence of the internal 
friction can be understood from the frequency- 
independence of dielectric loss already re- 
ported. 

Biasing field causes the increase of the in- 
ternal friction, while the dielectric loss is 
nearly independent of the bias, and so the in- 
crease of the internal friction cannot be inter- 
preted by achange of g. This may be mainly 
due to the increase of dpz, which is presum- 
ably caused by the internal strains at the do- 
main boundaries accompanying the 90° domain 
rotations (e.g. dislocations). 

The amplitude dependence of the internal 
friction cannot be interpreted as that of g, 
and it may be caused by the amplitude effect 
of the dissipation in the domain boundary or 
grain boundary. Further study will be desi- 
rable to elucidate these points. 

The mechanism of the dielectric loss in the 
clamped crystal (tan d of y%) is not yet clear. 
Direct measurement of the phase of a on sin- 
gle domain crystals is also very desirable. 
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$7. Conclusions 


From the preceding experiments and discus- 
sions, the following results are obtained: 

(1) The internal friction of BaTiO; cera- 
mics is dependent on vibration amplitude and 
biasing field, but independent of frequency and 
porosity in the range investigated. 

(2) The main part of the internal friction 
of BaTiO, ceramics is the average of the dis- 
sipation of mechanical energy in the single 
domain crystals, and the dissipation due to 
the “ceramic ” and domain structures is small. 

(3) The dissipation in the single domain 
crystal cannot be considered to be the intrinsic 
mechanical loss, but considered to be caused 
by the dielectric tan 0d of %° of the clamped 
crystal, which acts through the piezoelectric 
coupling, assuming that the phase lag of the 
piezoelectric coefficient a is small. 

In order to confirm the above conclusions, 
it is desirable that measurements are done 
on the internal friction, dielectric loss and the 
electromechanical coupling coefficients of the 
single crystal. 
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Effects of Monovalent Metals II 


The Thermoelectric Powder for Anisotropic Media 
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In the part I of this article, it has been shown that the thermoelectric 
power of monovalent metals at high temperatures is interpreted, at 
least semi-quantitatively, based on the spherical energy band model. 
However, it has also been shown that the model gives no possibility of 
the positive sign of the thermoelectric power of pure metals at low tem- 
peratures. Therefore, in this part II, the thermoelectric power at low 
temperatures is calculated for an arbitrarily anisotropic energy band. 
The results show that there is a possibility to give positive thermo- 
electric powder for pure metals at low temperatures if the shape of the 


energy surface is appropriate. 
model used in I is discussed also. 


§1. Introduction 


In the previous paper! (to be referred to 
as I), we have investigated the thermoelectric 
effect and the transverse galvano- and thermo- 
magnetic effects of monovalent metals using 
the model of the general spherical energy 
band, and have given an interpretation of 
the positive thermoelectric powers and the 
negative Ettingshausen and Ettingshausen- 
Nernst coefficients of noble metals at high 
temperatures. For the thermoelectric power 
of pure metals at low temperatures, however, 
the model of spherical band has given no 
possibility of the positive sign which are 
observed actually for noble metals®. As 
stated in I, for the change of the distribution 
function f(k) of the conduction electrons due 
to the lattice scattering at high temperatures, 
each of the transitions to or from nearly all 
states (k’) on the Fermi surface gives respec- 
tive contribution to (0f(k)/Of)con, and so the 
anisotropy is averaged out in a certain ex- 
tent. The situation is quite similar in the 
scattering due to the impurity atoms or lat- 
tice defects. In these cases, the spherical 


The relation with the spherical band 


band model is good, at least semiquantitative- 
ly, for the purpose of calculating the conduc- 
tivities or thermoelectric power. (To calcula- 
te the magnetoresistance effect, it is neces- 
sary to take into account the anisotropy of 
the band structure even in these cases*.) 
On the other hand, for the lattice scattering 
at low temperatures, only the electronic sta- 
tes (k’) near the state & contribute to (O0f(k) 
/Ofcon, and therefore (Of(k)/Ot)con depends 
strongly on the local behaviour of the energy 
band near the state k. Hence, in this case, 
the anisotropy of the band structure becomes 
important and the spherical band model be- 
comes useless. 

Therefore, in this paper, the electrical and 
thermal conductivities and the thermoelectric 
power of monovalent metals at low tempera- 
tures are calculated for an arbitrarily anisotro- 
pic energy band, and especially it is discussed 
qualitatively what kind of the band structure 
gives possibility of the positive thermoelectric 
power of pure noble metals at low tempera- 
tures. Since the effects of non-equilibrium 
distribution of the lattice waves give negative 
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contribution to the thermoelectric powers, the 
effects may be neglected for our purpose to 
investigate the possibility of the positive sign 
of the thermoelectric power. 

Now, it is generally not easy to solve the 
Boltzman equation for the anisotropic energy 
band. Using the fact that the wave vectors 
of all the conduction electrons lie inside the 
Debye sphere of phonons for non-polar semi- 
conductors, Radcliffe has obtained the time 
of relaxation for arbitrarily anisotropic band 
structure. But his method can not be used 
in the case of monovalent metals. 

Jones» has discussed qualitatively the 
thermoelectric power of noble metals based on 
the anisotropy of the band structure, but 
since his theory assumes the existence of the 
universal relaxation time, the theory can not 
be applied to the lattice scattering at low 
temperatures. However, the fact that the 
wave numbers of phonons which scatter the 
electrons are small compared to those of 
electrons on the Fermi surface makes the 
calculation tractable if we use the variational 
principle of Kohler® to obtain approximate 
solutions. Sondheimer’s unpublished results 
of the calculation by such a method have 
been quoted by Wilson in his text-book”. 
But the calculations have had an important 
error. This is easily seen from the fact 
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that the electrical conductivity o given by 
(10.63.1) of Wilson’s text becomes negative 
for a special case that the band structure is 
sherical and (d?E/dk?)n-¢ is negative. 

In §2 a transport equation for a pure 
metal of anisotropic energy band at low tem- 
peratures is derived, and the solution of this 
equation is given in §3, by using the varia- 
tional principle. We discuss the results in 
§ 4 and show: 

(1) that the qualitative behavior of the tem- 
perature depence of the electrical and ther- 
mal conductivities is not modified essentially 
by the introduction of the anisotropy in the 
band structure, 

(2) that the ratio of the electrical conductivity 
to the thermal conductivity at low tempera- 
tures is modified by the anisotropy, and 

(3) that the thermoelectric power of pure 
metals at low temperatures is remarkably 
modified by the anisotropy, and if the feature 
of the band structure are appropriate, the 
thermoelectric power may become positive. 

In §5, the effects of the impurity scatter- 
ings are calculated and the relation between 
the calculation in this paper and the spheri- 
cal band approximation used in I is discuss- 
ed. Thus the meanings of the parameters 
a and @ appeared in I become clearer. 


If the electric field F and the temperature gradient pT are in x direction, Boltzmann’s 


equation can be written in the form, 


1 OE Ofy 6 f.. 
Gas on 


h Oke OE 


(1) 


E oT %) 
SAEs a. 
te ay ae coll 


where /(k) is the distribution function of electrons, fy the Fermi distribution (=1(e"+D, 
n=(E—€)/«T), —e the electronic charge, € the Fermi energy and the other simbols have their 


usual meanings. 


yrs eee 
aad 167? MreT 


Yq 


+folk+q){(1—fo(k)}3(Ex—Exrqg—hva) {Ok+q)—Ok) }dq 


The collision term (0f/Ot)con is given by® 


© NL folk folk +9)}0(Ex—Envat hve) 


(2) 


where C is the interaction constant between electrons and lattice waves used by Wilson, 4 
the volume of the unit cell, M the mass of lattice ion, g the wave number vector of phonon, 
vq the frequency of phonon, N, the number of phonons of wave number q, and @ is given by 


f=fo—o- 2 (3) 


OE 


In (2), we have assumed that C does not depend on k. Strictly speaking, C may depend 
on k and q, but at low temperatures we may assume that C depends only on k. However, 
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the effect of the anisotropy is derived principally from the geometry of the energy surface, 
and so we may neglect the dependency of C on k for the purpose of qualitative discussion. 
Now, we put the solution of (2) in the form 


O= (noe (4) 


The exact solution of (2) can not be written in such a simple from as (4) if the energy | 
band is not spherical, but the physical quantities such as the electrical and thermal conduc- | 
tivities and the thermoelectric power calculated by the variational method take the statio- 
nary values when the trial function of ® coincides with the exact solutions and so the physi- 
cal quantities may be insensitive to the form of the trial function at least semiquantitative- 
ly. If we put (4) into (2), we can integrate with respect to the orientation of g and reduce 
the triple integral to a single integral as follows. We represent the vector gq in the polar 
coordinates (g, %, ®), in which the polar axis 2’ is taken in the direction of the outward 
normal vector n to the constant energy surface through the point & in the k-space, (direct- 
ed to the higher energy side), and the azimuthal angle @ is measured from the axis x’ 
which are in the plane determined by z’ and x axes. (See Fig. 1.) The radius of curvature 
o of the intersected curve between the energy surface and the plane determined by nm and 


q vectors is given by 


a sit (—9)-+ = cos? (o—$), C9) 


P1 

where g; and p, are the two principal radii of curvature and # is the angle between x’ axis 
and the dirction which gives the principal curvature 1/o:. The signs of p, 9; and p. are 
taken to be positive if the centers of curvature C, C; and C, lie inside the energy surface 
and negative in the opposite case. Considering that q<k~ |o|, we assume that the center 
of curvature of the intersected curve between the constant energy surface through the point 
k-+q and the plane determined by n and q vectors coincides with the center of curvature 
C. (See Fig. 2.) Then the radius of curvature p’ is expanded in the form 


2 


Pa @ \ ( ¢ 
=o+(qcose + £ )—— +2 )4... 
0p (a Ss a0) ms q cos +55) . (6) 


in which it is noted that gcos#’ and gq’/o is the small quantities of the same order of 
magnitude from the energy conservation. The energy Ex+¢ is expanded as 


OE 1 O34 
| ny ee eM Bat, t aap PATS 
kta Bee 0) + aa (0 panes | (7) 
Re 
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Fig. 1. 
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where 0F/0n (=|grad, E|) and 02E/0n? are the derivatives of the energy Ex in the direction 
of nm. From (6) and (7) we have 


OE g\, 1/@E “i oF g@\? 
ExioE= — 5) 
k+q k an (4 cos le oar - an (4008 8+ ) (8) 


Using (8), we can rewrite the d-function in (2) in the form, 


O(Er+q--Exthy,) 


1 {1 0? F/On? —(1/0)(0E/On) ae la ( 


~ q@E/an)t——SS*« EO N)® 


nae = hvq 
Si3 "tog, aa aS i) 


in which we have used a theorem on the 0-function in which the argument is a quadratic 
from of a relevant variable. (See Eq. (11) in I.) In the term ®(k+q)—@(k) in (2), if we use 
the form (4), there appear the terms of 0E/0k. which are given by 


OE OE 
a les 0 10 
ts ), at ie sl 
and 
OE s 3 ae 
( ) = |gradz+¢/|(cos ¢ cos 0Esin g cos @ sin 8) , (11) 
Okx ki+@ 


where ¢ is the angle shown in Fig. 2. The negative sign in (11) is taken in the case when 
the center of curvature C lies outside the energy surface. Now the contribution of the 
second term in the bracket of (11) vanishes when the Eq. (2) is integrated with respect to 
@, and so we neglect the second term hereafter. From the assumption that the two curves 
shown in Fig. 2 have a common center of curvature, we have 


oe OE 
lgradk+gE|= an? e°—p), ; (12) 

and from Fig. 2 and the energy conservation we have 
— les g 1a hyvq ) 13 
cos y=1 an ¥ TaE|on) ; (13) 


Therefore, the first term of (11) becomes 


E OE PE/On , a Le, or tT. 14 
(Se ese™ On °° 9L1* Grom” 25 (GEyone OBI)” | 8 


Putting (9), (10) and (14) into (2) and integrating with respect to ® and #, we have 


of 1 (T\ 0E/Okz al [ (1/0) rT af ON pl clack 
ee hA iz) aE|On OE \ air {++ apn ag (55 7)f ‘(G) z feta é 
02E/0n?—(1/p)-0E/On Hee Ee Nig Mee ; 15 
{1- (OE/On)? aTel I eas Mein Bis” (19) 


where 47! = C*4hqo/(8x?Mu), z=hv./kT, O the Debye temperature, q the maximum wave 


number of phonons, m the sound velocity, and (1/p) and (1/0?) are the average of (1/p) and 
(1/02) with respect to ®. If we put 


4 Le a) eae (2) 
on)=(eF+T 5% )e (n) + an’ (7), 
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the Boltzmann equation separates into two integral equations 


Eee Ze), Peal (16) |f 


Now, if the Fermi surface does not touch to the zone boundary, the effect of Umklapp | 
processes may become negligibly small at low temperatures. But if the Fermi surfaces | 
touches the boundary, we must not neglect, even at low temperatures, the Umklapp proces- _ 
ses which are associated with the phonons of small wave numbers and transfer the states 
of the electrons near the zone boundary to the states near the same zone boundary in the | 
adjacent zone (or the states near opposite boundary in the reduced zone scheme). We note | 
here that in our calculation the Umklapp processes of this type are perfectly taken into ac- | 
count automatically. 


§3. Solution of the Boltzman Equation 
The variation principle used first by Kohler® states that the solution 9 of the Boltzmann 
equation is such as to make the integral 


a maximum, subject to a certain subsidiary condition. In the present approximation, by | 
putting (4) and (15) into (17), the integral (17) is replaced by ) 


@) -@))— (OE/Oz) ny (2) 
(CQ2 aC) «T\\ aE/On c™) _A(c™)dSdzy , (18) | 
which is made a maximum, subject to the subsidiary condition 


(OE/Okz)? _, (OE/Okz)? Of 
8 (7) (n) y= n-1 JU. p(n) 
ke \\ BE|On ° Lc) dSdy {lz aE/on Oy ° dSdy , (19) 


where dS is the surface element on the constant energy surface. Now if we put the trial 
function c™(y) in the form 


C9) = CoO +E , (20) 


after the usual manipulation of the variational method, (See §2 in I) we obtain the electri- 
cal conductivity o, the thermal conductivity «7 and the thermoelectric power S as follows; 


eens 


oath “its ’ (21) 
pi DL (aa, @-—a, Pay)? 
Kr AnhAT (ay®)2dy , (22) 
See: Va, fora eT dy tayPa,® dy . a5 
‘ (a6 ) di 
where 
_, (OE/Okz)? OF, 
7 = En 1 (OE /Okz)* OF > - 
a \\ Eon On ny’ dSdy , 28) 
and 


(OE/Oke)_, 
jae | of Lq\dS dn . (25) 
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The calculations of a, and d,s are given in the appendix. Putting (24) and (25) into (21), 
(22) and (23), we have the final results: 


eS ae 0) 
a eA (5) % x ea (26) 
Dorm 1hkT ahr \urs ey Ss ) 
Kr i Ar?x?@3 {l-+4o ke) Ta 7 eine =) ’ (27) 
ga BET (foldfildE) fi f+ (2/3) qu TO)" 2fs(dfsld E) fil dfald E)} (28) 
3e Si fo{1+(2?/3)q0( T/0)? -fs/fo} ; 
where 
"8. Yah @/T 2dz 
ir) \ (e?—1)\(1—e-*) ’ 
and 
_ (@E/Ok-)? _ (@E/Ok-)? 
ei =| aE/on “>” ‘i -\enoe (29) 
—(@E/Oke) (1 _ (@E/0k.)? 02E/On? 
ee ees a eh eee 


in which the integrations are taken on the constant energy surface in the first Brillouin 


zone. In Eqs. (26), (27) and (28), fn (w=1, 2,---, 4) and dfn/dE denote their values on the 
Fermi surface. 


For the crystals which have cubic symmetry, (29) can be rewritten in simpler forms 


Dee Ri nd oA BM Ra ae ee 
f=a\ees. f=] fas, t= G(s. 4-3 Gromee® (30) 
§4. Discussion 
If the energy band is spherical, (30) becomes 
_ 42, /dE _4n _ 4x 4x,, dE /dk? 31 
h=s" ie ? f=ah Ss=3 ’ f= (dE|/dky? ? ( ) 


and so (26), (27) and (28) become 


1 3hqv ( iy : i 2) (32) 


a 2€Akpta?\ O So 
1 27hT? zm ge /(T\ e) 33 
Kr - 273 K*ky2a2O {i+ 3 = (C) ) IIs ile ; ( ) 
ga eT 2lecho+ 7?/3 (4/ako+2B/a2)(qo*/ ko’) TIO)” (34) 
3e 1+ (?/3)(qo"/ko?)(T/0) 


(where a@=(dE/dk)a-¢ and 8 = (@E/dk?)n-¢) 


These results agree with Eqs. (29), (32) and (35) given in I. (Wilson’s Eqs. (10.63.1) and 
(10.63.2) for o and «7 reduce to the right forms in the free electron model, but not in the 
general spherical band model.) 

Now our results have been derived under the assumption that the temperature Is much 
lower than the Debye characteristic temperature. But our results give the correct expression 
in the case of the spherical energy band and the model of the spherical energy band is ap- 
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proximately good at high temperatures at least semiquantitatively. Therefore, Eqs. (26), 
(27) and (28) may be regarded as an interpolation formulae which are valid at all tempera- || 
tures at least semi-quantitatively. (There is a weak point, however, that these equations ||| 
do not involve the effect of the Umklapp processes of usual type which are important at 
high temperatures and considered in I.) | 
From (26) and (27), it is seen that the temperature dependences of the electrical and || 
thermal conductivities of the anisotropic media are not altered from those of isotropic i} 
media. This provides a justification of the usual approximation of spherical band model or 
the free electron model in the derivation of the temperature dependence of the electrical ||} 
and thermal conductivities. The ratio of the electrical to thermal conductivities at low tem- | 
peratures is given by 
Cle we ae fa (35) {fl 


Kr mK? Qo" fs 


For the case of the spherical energy surface, the ratio f./f; becomes (37?m)?/* where is 
the number density of electrons. Klemens has shown that the experimental values of 
oT*/«r for monovalent metals are generally smaller than the theoretical values calculated 
by the assumption of the spherical energy band, and especially for noble metals, the ex- 
perimental values are several times smaller than the theoretical values, and thus he has 
concluded that the Fermi surface of noble metals touches the zone boundary. These facts 
may be interpreted from our results as follows. 

From (30), the ratio f./fs is given by 


ke iG 
ts 0 
Now, in the region near the zone boundary, the Fermi surface may bulge outwards to the 
boundary, and the mean curvature should become larger than the curvature of the sphere 
of equal volume. Therefore, the value of the ratio f/f; would become smaller than the 
value expected for the spherical energy surface. Especially, if the Fermi surface touches 
the zone boundary, the absolute values of the principal curvatures 1/p, and 1/p. (one of 
which is negative) at the region near the zone boundary become very large, and so the 
value of the ratio f/f; would become very smaller than the value for the case of the 
spherical energy band. 

The thermoelctric power of pure metals at low temperatures is given by 


s= eT fldfildE)—fifs 
3e Tif 


and, since f; and f, are positive, the sign of S is determined by the sign of fi(dfi/dE)—fi fi. 
To calculate d/i/dE, we use the approximation of concentricity shown in Fig. 2, and, in (30), 
we expand 0£/0n and the surface element dS at the Fermi surface. Then /;\(E) becomes 


no 3), [SE ECEY' +20. 


where dS) is the surface element on the Fermi surface. Therefore, we have 


, (37) 


df) 2 Ll. {OMB (ORS. (E 
(SE ys | +2(-> tase, (38) 


and 


o( pon fs)= [as\ aon dS+2 jas\(/, Jas ie as| ee dS. (39) 
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For the spherical energy band, (29) reduces to 
i; : 
2\dS p dom 2(4n ho! 
0 


and thus the thermoelectric power becomes negative as shown in I. Therefore, it must be 
the anisotropy of the band structure that gives the positive thermoelectric power for the 
pure noble metals at low temperatures. 

For the anisotropic energy band, since the first and the third terms of the right side of 
(39) are of the same order of magnitude and of opposite signs, if the second term has large 
negative value, the thermoelectric power would become negative. (For the positive hole 
model, p (=constant) is negative and (39) becomes negative agreeing with the usual results.) 
Since, at present, the detailed behavior of the band structure is unknown, we can not cal- 
culate the right hand side of (39) with necessary accuracy. However, there might be a 
possibility of positive thermoelectric power if on the certain regions on the Fermi surface 


the mean curvature (1/0) has very large negative value. As Klemens has shown, if the 
Fermi surface of noble metals touches to the zone boundary, the Fermi surface near the 
zone boundary must have a saddle type shape (1/(0:02) is negative), and the absolute value 
of the negative principal curvature would be larger than the positive principal curvature, 


and so (1/p) would become negative. 

However, since our results are only approximate solutions which may be good when the 
anisotropy is not so remarkable, further investigations must be required to obtain a decisive 
conclusion. 


§5. Relation with the Spherical Band Approximation 


Our method described in §3 may be applicable approximately to the lattice scattering at 
high temperatures and the impurity scattering, if the anisotropy is not so remarkable. 
Therefore, by comparison of the results in these case with the results obtained in I based 
on the spherical band approximation, we can clarify the meanings of the parameters a@ and 
8 appeared in I, where @ and § have been defined based on the averaged spherical energy 
band which, however, have not clearly defined. 

For the impurity scattering, the time of relaxation t exists and it may be regarded ap- 
proximately to be dependent of the energy of the k state only». Therefore, the change of 
the distribution function due to the impurity scatterings can be written in the form, 


Cf) -— A Ba. : 
This term gives to the electrical and thermal resistivities additional residual parts 
n= (41) 
and 
A xh? (42) 
ima) Tale lce 


respectively. Eqs. (41) and (42) coincide with more general expressions! 


Pe e tu2dS (43) 
12x? } |gradk E| 
eT tu*dS (44) 


Kr 


~ 367 | |gradx E| ’ 


if we assume that ct depends only on the energy of electrons. If we use the spherical band 
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approximation, (41) and (42) agree with (28) and (31) in I. If we writte (28) and (31) in I in 
the form 
1 377h? 


ee ey eae } (45) | 
6, @kiPat 


and 


if) aa Of? (46) | 


? 
KK? Dea 


and compare (45) and (46) with (41) and (42), we see that the parameter a appeared in I 


corresponds to 
OE 
‘ <a , oA 


where < » denotes the average on the Fermi surface. 
For the thermoelectric power of impure metals, we easily obtain 


see part ae) Cn ce nae) (my mack hee 


3 (Osha 
— 48 
/|pctooja+ a (T) Atl ne 
In (48), if we use the spherical band approximation to the term due to the impurity scatter- 
ings and the term which survive at high temperatures, we have 


sa AE [a(t Bt en hrc) abe (2) MMe 


/ Tee 8 =) Ft |: (49) 


and, therefore, we see that the parameter 8 appeared in I corresponds to 


BIW PS 
se) eo 
From (47) and (50), the meanings of a and 8 have become clearer than those given in I. 
The exact expression of the parameter 8 in the case of complicated Fermi surface will not 
be written in such a simple form as (50). However, if we regard 8 as a phenomenological 


parameter which has the order of magnitude of the right hand side of (50), the calculations 
given in I would not lose general validity in the case of rather complicated band structure. 


Appendix 


Calculation of a,“ and dys 
The calculation of a, is straightforward, and the results are as follows; 


avr= —fy ; APY= —Cfi ; a = -* or 5 a ‘ | 
a=—TeT (Caf), aaa Zp. | 


The calculation of dy) and d,, is also straightforward, and we have 


ea a) ae fae ia (A-2) 
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ad ae 
dn= 4) fal + : a'(% ¥ mee if (A-3) 
We have neglected in d;, a term which has J, since this term gives numerically only a 


small contribution to d,, and is beyond our approximation. 
di» is given by 


dyy=— eps 
n= const Salon) 


Baha ict | 
(teen a) ic ye ine “1 +-¢°) a 


5 (OE/Ok-)? 


-oO/T 


(3) rad (SY ata eat 
=4-( 5) eT fe ie a home beg) = «Ta Be ear (A-4) 


Here we have neglected also the term of J; arising from the integration which includes f;(£). 
dy. is given by 


antes) Fat + XGEY rl its 


Nee Dae (OE/Okz)? (1 —z8 2dzdn 7 
(6) 2 ISL (OE/On)? (24S ager a [t—e-*] ae 


The second term of the right side of (A-5) vanishes, if we expand dS as 


dS= asof1+2() (22) «Ta , 


and the third term gives a small term including J; which is neglected in our approximation. 
Thus we have 


du=dio , (A-6) 


from which Onsager’s reciprocal relation can be derived easily. 
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An Order-Disorder Transformation Phenomenon in the 
FeTiO,-Fe,O, Solid Solution Series 


By Yoshikazu ISHIKAWA* 
Institute for Solid State Physics, University of Tokyo, Tokyo 
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The effects of heat treatments on the magnetic properties of the syn- 
thesized solid solution vFeTiO3;-(1—2)Fe,O03 of ilmenite and hematite were 
examined in detail for compositions « around 0.5. It was confirmed that 
a transformation from an ordered state (ferrimagnetic one) into a dis- 
ordered state (antiferromagnetic one) takes place cooperatively at a dis- 
tinct transition point. This transformation temperature is lowered with 
decrease in the ilmenite content from 1100°C for w=0.65 to 600°C for 
x=0.45. The completely disordered specimens could not be obtained for 
the composition «0.6 by the quench method while the completely 
ordered state could not be attained in the specimens with «=< 0.5 because 
of decrease of the transformation temperature for these specimens and 
a reduction of the rate of ion diffusion at such low temperatures. The 
results obtained were discussed by using the Bragg-Williams approxima- 
tion. It was noted briefly that the reverse thermo-remanent magnetism 
found in this system is closely related to the order-disorder transforma- 


tion phenomenon which exists in this system. 


§1. Introduction 


The order-disorder transformation phenome- 
non which was first observed in a Cu~Au al- 
loy? has been found in many substitutional 
binary alloys and investigations of this phe- 
nomenon have been carried out both experi- 
mentally and theoretically by many investiga- 
tors. The results obtained have been reviewed 
in literatures”. 

On the other hand, such a transformation 
phenomenon has been observed very rarely 
in ionic compounds. This may be due to the 
situation that in the ionic compounds a change 
in the arrangement of cations usually increases 
the electrostatic energy greatly. 

There are many magnetic oxides whose 
magnetic properties are greatly affected by 
the heat treatment. For example, in magne- 
sium ferrite, MgFe,0,, which has a nearly in- 
verse spinel structure and has the saturation 
moment of 1.1 4s when prepared by cooling 
slowly, the intensity of magnetization in- 
creases when it is quenched from high tem- 
peratures. This phenomenon is interpreted 
as a result of an increase in the magnesium 
content on the tetrahedral sites in the qu- 
enched specimen. Pauthenet and Bochirol have 
reported® that the value of x varies with 
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temperature according to a Boltzmann distri- 
bution law given by Néel”: 
x(1+x)/(1—x)?=exp(—E/T) , 

where E is an energy involved in an inter- 
change of a Mg ion on an octahedral site and 
a Fe ion on a tetrahedral site and is 1200°K 
for MgFe,0O,. We can see by this equation 
that the change in the distribution of cations 
in this specimen does not take place coopera- 
tively because for a cooperative phenomenon 
FE must depend on x. 

On the other hand, a change in the distri- 
bution of Li ions on the octahedral sites in 
LiFe,O,” or a change in the arrangement of 
holes in FeS.© has been reported to take place 
cooperatively, but detailed investigations of 
such cooperative phenomena have not yet been 
made. ; 

We have reported in previous paper that 
the magnetic properties of the solid solution 
of FeTiO; and Fe.O;:xFeTiO;-(1—x)Fe.O; are 
greatly affected by the heat treatment. For 
example, the specimen with x around 0.5 
which is feebly ferromagnetic when it is qu- 
enched from 1200°C can be changed to strong- 
ly ferrimagnetic by an appropriate heat treat- 
ment”. | Such a change in the magnetic pro- 
perties by the heat treatment makes the mag- 
netic properties of this series very compli- 
cated. It is, therefore, necessary to examine 
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more carefully how these properties are af- 
fected by various heat treatments. 

In the course of these experiments, we have 
found the change in the magnetic properties 
takes place cooperatively having a distinct 
transition point for the specimens with x 
around 0.5. As we have expected in the pre- 
vious papers”:® that the ferrimagnetism and 
feeble ferromagnetism in this series are cor- 


related with the crystal symmetries R3 and 


R3C respectively, this phenomenon may be 
explained as a kind of order-disorder trans- 
formation phenomenon where Ti and Fe ions 
are distributed at random in the feebly fer- 
romagnetic specimen, while are arranged in 
order in the ferrimagnetic one. Hence it 
may be worthwhile to examine whether such 
a transformation phenomenon in the _ ionic 
compound can be explained by the theories 
which have been successfully applied to the 
order-disorder transformation phenomena ob- 
served in many alloys. 


§2. Experimental Procedure 


In order to investigate the order-disorder 
transformation phenomenon in the solid solu- 
tion series, it must be necessary, first of all, 
to recognize what physical quantity is most 
affected by the heat treatment. We have re- 
ported in the previous paper that the electri- 
cal conductivity and Seebeck voltage have lit- 
tle correlation with the change of crystal 
symmetry”. On the other hand, as the order- 
disorder transformation temperature lies far 
above the Curie temperature of the specimen 
and the magnetic susceptibility at such a high 
temperature was found to be little affected 
by the heat treatment®, the change in the 
ordering can not be observed directly at the 
temperature where such a change really oc- 
curs even by the magnetic method. Hence 
we detected the degree of order at a desired 
temperature of the specimen by measuring 
the intensity of magnetization at room tem- 
perature of the specimen quenched from that 
temperature where it had been left in thermal 
equilibrium. 

The experiments were carried out by using 
six specimens having the composition x around 
0.5, which had been prepared in advance by 
the method described in the previous paper®*. 


* This paper will be referred to as I hereafter 
in this paper. 
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Each specimen was sealed into a quartz cap- 
sule which was carefully evacuated to an ap- 
proximated oxygen pressure so as not to re- 
duce or oxidize the specimen or not to preci- 
pitate the spinel phase during the heat treat- 
ment. Then, the specimen was placed in a 
furnace and after having been annealed at a 
constant temperature until its equilibrium 
state it was quenched into water. It was 
confirmed that it required more than twenty 
four hours to attain the equilibrium state at 
low temperatures (400~500°C), only one hour 
at high temperatures (> 700°C). The varia- 
tion of the intensity of magnetization of the 
quenched specimen with temperature was 
measured in a field strength of 85000Oe in 
order to find the Curie temperature of the 
specimen. This procedure can be carried out 
without disturbing the arrangement of cations 
because the Curie temperatures of all speci- 
mens used in this experiment are below 300°C 
and a rearrangement of cations can hardly 
take place at such low temperatures. By re- 
peating the same procedure for the specimen 
quenched from each temperature on both heat- 
ing and cooling processes we obtained the va- 
riation of the intensity of magnetization at 
room temperature with the quenching tem- 
perature for each specimen. The quenching 
temperature was limited below 1250°C, above 
which the oxygen ions might flow into the 
quartz capsule through its wall. 


§3. Experimental Results 


The results obtained by the above procedure 
were shown in Figs. 1-6. (a) of these figures 
show the variation of the magnetization at 
room temperature with the quenching tem- 
perature and (b) the thermomagnetic curves 
of the specimen when it was quenched from 
the temperature attached to each curve. In 
Fig. 1, a case for x=0.51 is given, where we 
found the magnetization at room temperature 
decreases with the quenching temperature and 
disappears sharply at 790°C. As we shall 
show in the latter section the magnetization 
at room temperature is approximately propor- 
tional to the long range order parameter S 
introduced by Bragg and Williams, hence we 
can consider this curve indicates the variation 
of the long range order with temperature. 
From this figure we can understand that the 
change in the magnetization or the crystal 
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Fig. 1 (a). The variation of magnetization at room temperature of a specimen with x=0.51 
vs. quenching temperature. (b). The thermomagnetic curves of the specimen quenched from 
temperatures attached to each curve. The magnetization is measured in a field strengh of 


8500 Oe. 
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Fig. 2 (a). The variation of magnetization at room temperature of a specimen with r=0.56 vs. / 

quenching temperature. (b). The thermomagnetic curves of the specimen quenched from 
temperature attached to each curve. - 


symmetry takes place cooperatively at a de- at the critical temperature. It may, there- | 
finite transition temperature. Furthermore we fore, be concluded that this transition is of | 
found the magnetizations measured on both the second order. We found from Fig. 1(b) | 
heating and cooling processes accord well that when the specimen was quenched from 
and no temperature hysteresis was observed higher temperatures and hence the magneti- 


1958) 


zation at room temperature was decreased, the 
Curie temperature was shifted to the low 
temperature side. Such a tendency has al- 
ready been reported in I, where we showed 
only two extreme values in the perfectly 
ordered and the perfectly disordered states. 
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Fig. 3 (a). 
quenching temperature. (b). 
temperature attached to each curve. 
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In Fig. 2(a) the variation of the magnetization 
at room temperature of the specimen for x= 
0.56 with the quenching temperature was 
shown, The magnetizations measured on both 


heating and cooling processes were also found 
to accord with one another. 


This curve is 


The variation of magnetization at room temperature of a specimen with w=0.61 vs. 
The thermomagnetic curves of the specimen quenched from 


o (0) 


200(°C) 


The variation of magnetization at room temperature of a specimen with x=0.68 vs. 
The thermomagnetic curves of the specimen quenched from 
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very similar to the one found in Fig. 1(a), but 
the transition temperature is raised up to 
890°C in this case. Futhermore it must be 
noticed in the figure that when the specimen 
was quenched from a temperature higher than 
the critical temperature the magnetization at 
room temperature was rather increased. This 
strange phenomenon was observed in all spe- 
cimens with x greater than 0.56. From Fig. 
2(b) we fined the variation of the Curie tem- 
perature with the quenching temperature is 
similar to the case for x=0.51. In Fig. 3(a) 
a case for x=0.61 is shown. We find from 
the figure the situation is very different from 
the two former cases. In this case the de- 
crease of magnetization began rather sharply 


pe lento or) (a) oOo 


O 


O 200 400 600 800 1000 O 


Quenching Temperature 
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at 960°C attaining to a minimum value at ||) 
1000°C. When the quenching temperature || 
was higher than 1000°C the magnetization at || 
room temperature was increased and the fe- | 
ebly ferromagnetic specimen or perfectly dis- || 
ordered one could not be obtained for this i) 
composition. In Fig. 4(a) a case for x=0.68 ||| 
is snown, where we find the decrease in the || 
magnetization at room temperature began to || 
take place at the quenching temperature || 
1050°C, but the decrease is very small. It |} 
must be noticed, as we showed in the figure 
by an upward arrow, that when the specimen | 
was quenched from 1150°C and the magneti- 
zation of the quenched specimen was measured |} 
soon after the quenching it took the value | 


(b) 


100 200 300 (°C) 


Fig. 5 (a). The variation of magnetization at room temperature of a specimen with x—0.48 vs. 


quenching temperature. (b). 
temperatures attached to each curve. 
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Fig. 6 (a). The variation of magnetization at room temperature of a specimen with «=—0.465 vs 


quenching temperature. (b). 
temperatures attached to each curve, 


The thermomagnetic curves of the specimens quenched from 
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18.6 e.m.u./gr at room temperature, but it was 
found to be increased up to 20.5e.m.u./gr 
after keeping it at room temperature for a 
day, which means a recovery process can take 
place even at room temperature for this spe- 
cimen. The decrease of the Curie tempera- 
ture with the decrease in the magnetization 
at room temperature was also observed in 
both cases of x=0.61 and 0.68 as Figs. 3(b) 
and 4(b) show. It must be noticed in Fig. 3(b) 
that the thermomagnetic curves of the speci- 
mens quenched from 1210C° and 970°C accord 
well with one another, which suggests that 
the phenomenon of the reincreasement of the 
magnetization at room temperature above the 
critical temperature is not due to a different 
ordering mechanism but is due to a recovery 
of the ordering during a short period of the 
quenching which may be longer when the 
quenching temperature is higher. It is also 
expected that when the quenching tempera- 
ture is higher the crystal imperfection is in- 
creased in the specimen, which may promote 
the rate of ordering in the recovery process 
as has been reported in the case of Cu;Au 
alloy! 12, The situation that the short range 
order might not be destroyed completely at 
about 1200°C in the specimen of the higher 
ilmenite content may also contribute to this 
phenomenon. It was thus found that the dis- 
ordered state can not be established in the 
specimens for x > 0.6. 

On the other hand, in cases of x=0.48 and 
x=0.465, we can also find the critical tempera- 
ture as are shown in Figs. 5(a) and 6(a), but 
the maximum values of the magnetization at 
room temperature are considerably smaller 
compared with those of the specimens with 
x > 0.5, indicating the perfect ordering can 
not be established in these specimens at any 
cost. This situation may be explained by a 
fact that the transition temperatures were 
lowered to 700~600°C in these specimens. 
As the rate of diffusion of cations is greatly 
reduced when the annealing temperature is 
lowered below 500°C, the establishment of the 
ordered state becomes very difficult in these 
specimens. By carefully comparing Fig. 1(a) 
with Fig. 2(a), we may expect even in the 
specimen with x=0.51 the perfect ordering is 
not established. We have thus understood 
the situation that when the content of FeO; 
exceeds 50 mol percent the saturation value 
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of magnetization of the annealed specimen 
decreases sharply as has been reported in I. 
In every cases the magnetizations measured 
on both heating and cooling processes accord 
well each other and so the transition is ex- 
pected to be that of the second order. 
Through these results we have confirmed 


Fes O; 


<— x FeTiO; Mol per cent. 


Fig. 7. The phase diagram of the FeTiO;-Fe,03 
system. Cross marks indicate transition points 
determined experimentally, while a broken line 
is calculated by using the Bragg-Williams ap- 
proximation. 
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Fig. 8. The variation of the Curie temperature 
with the magnetization at room temperature or 
with the long range order parameter. Numerals 
attached to each curve indicate the FeTiO; mol. 
per cent. 
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that though the magnetization of all specimens 
used in this experiment is affected by the heat 
treatment, the transition from the perfectly 
ordered state to the perfectly disordered state 
is observed only in the specimen with x=0.56. 

The critical temperatures of these speci- 
mens thus obtained are plotted in Fig. 7 
against the composition. The liquidus-solidus 
lines drawn in the figure were estimated from 
the melting points of FeTiO; and Fe,0;. We 
can estimate from the figure that the critical 
temperature of the specimen with x=0.4 is 
about 550°C, hence the increase in the mag- 
netization by annealing can not be expected 
in the specimen with x less than 0.4. In Fig. 
8 we showed the variation of the Curie tem- 
perature with the magnetization at room tem- 
perature or with the degree of long rang 
order. As this figure shows all curves have 
the same characteristics that the rate of de- 
crease in the Curie temperature is large for 
a slight decrease in the degree of order from 
the perfectly ordered state but its rate is de- 
creased for a further decrease in the degree 
of order. 


§ 4. Discussion 


We have investigated in the above section 
the effect of the heat treatment on the mag- 
netic properties and expected that the trans- 
formation from the ferrimagnetic state to the 
antiferromagnetic state corresponds to the 
transformation of the arrangement of cations 
from the ordered state to the disordered state. 
In order to confirm this expectation a neutron 
diffraction analysis was conducted by G. Shi- 
rane et al in both quenched and annealed 
specimens of x=0.5 and found that diffraction 
lines indexed by (100) and (111) were intensi- 
fied greatly in the annealed specimen’. This 
fact indicates that the ordering of Ti and Fe 
ions was established by the annealing process, 
while patterns in the quenched specimen can 
be interpreted by assuming the disordering 
of Fe and Ti ions. We have, thus, confirmed 
that the phenomenon which we observed in 
the solid solution is a kind of order-disorder 
transformation, hence in this section we shall 
try to discuss this phenomenon by using the 
Bragg-Williams approximation. 

In order to simplify the problem we neglect 
the difference between Fe*? and Fet® ions. 
Such a simplification may be permissible be- 


Y. ISHIKAWA 


(Vol. 13, 


cause the interchange of the positions of Fe*? iH 
and Fet? ions can take place merely through the | , 
electron transfer and therefore the required | 


energy for an interchange of Fe*? and Fe*® 


ions is negligible compared with that of Ti and | 


Fe ions. Hence the order-disorder transforma- 


tion phenomenon in the solid solution xFeTiO;- || 
(1—x)Fe,0; is reduced to that in a binary al- || 


loy of Fe,-zTiz. Since, as we have showed 
in I, the cation sites can be divided into four 


sublattices Ai, As, B; and B, in the rhombo- 1 
hedral structure, two types of superstructures ||} 


among these four sublattices are possible in 
the Fe-Ti system. One is at FeTi and the 
other at Fe;Ti. The former corresponds to 


pure ilmenite and the latter to the solid solu- ||) 


tion of 0.5 FeTiO;-0.5 Fe.O3;.. Though the for- 
mer is really observed in pure ilmenite, the 


latter is not expected to exist because the | 


critical temperature does not show any ano- 
malous change for x around 0.5 in Fig. 7. 
Accordingly, we can neglect the difference 
between A; and A, or B, and B, in this sys- 
tem as we did in I. Then, the problem is 
reduced to a case where two kinds of cations 
Fe and Ti are distributed among two sublat- 
tices A and B. Let the total number of ca- 
tions in one mol be, N. If fre denotes the 
fraction of Fe ions, fri=l1—ffe denotes that 
of Ti ions. As the fraction of A sites 7, does 
not generally agree with fre in this system 
we put fre=ra+0, where 0>0 in our case. 
Accordingly fri is given by fpi=l—ra—o. 
Next we shall describe the fraction of A sites 
occupied by Fe ions by Pa which takes the 
value 1 in the perfectly ordered state and 
ra+0 in the disordered state. We shall define 
the long range order parameter S as 

fie ne es (1) 


1— TA 
in this paper which takes the maximum value 


ry 
Sn=1— ; ; 
l= 7, zh 


in the perfectly ordered state and is zero in 
the disordered state. The numbers of Fe 
ions on A sites [Fe/A] and on B sites [Fe/B] 
are expressed by using the above quantities 
as 

[Fe/A]=ParaN , 

[Fe/B]= (7, +9)N—[Fe/A]=(74+0—Para)N . 


(3) 
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If we assume the magnetic moments of one 
kind of sublattice are aligned in the same 
direction, coupling antiferromagnetically with 
those of another kind of sublattice, the re- 
sultant magnetization per mol /; at O0°K is 
given by 


Js= JrelFe/A]—Jre[Fe/B]= JreN(2Para—ra—9) 
= JreN[20. —ra)raS+(2ra—l)(ra +O], (4) 


where /re is the magnetic moment of a Fe 
ion. In case of Fes-zTiz Eq. (4) is reduced to 


Js=JreS , (op) 


since N=2Na, ra=} and d=3(1—x), where Na 
is the Avogadro number. This equation 
means that the resultant magnetization at 0°K 
is proportional to the long range order para- 
meter S. In the actual case, the measure- 
ment is carried out at room temperature and 
the magnetization on the A sublattice is ex- 
pected not to be saturated. The ordinates in 
Figs. 1-6/a), therefore, are not necessarily 
proportional to S in a strict meaning, but we 
can approximately say that these curves ex- 
press the change in the degree of order with 
the temperature. In the perfectly ordered 
state, Js is given as 


Js= Jpell1—Q—x)]=xJre=4e . 
The long range order parameter S can be 


calculated by the Bragg-Williams method and 
is found to be 


(6) 


oiler + (er 11-1 
ey—1 

in which y= V/RT and the ordering energy 

V is assume to be 


following the Bragg-Williams assumption’. 
The transition temperature 7, obtained from 
Eqs. (7) and (8) is 
Te=(V/4K)(1—402)=(V/4K )x(2—x). (9) 
In Fig. 9 we showed by the solid line the be- 
havior of S(T) obtained from Eqs. (7) and (8) 
by a graphical method in case of *=0.56 for 
which composition the most typical order- 
disorder transformation phenomenon could be 
observed. The broken line in the figure in- 
dicated the experimental results for *«=0.56. 
Considering the roughness of the theory and 
the simplification made in the calculation, the 
agreement is rather well and the theoretical 
curve would approach to the experimental 
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values if the short range order were taken 
into account. The variation of critical tem- 
perature with the composition x was also cal- 
culated from Eq. (9) by assuming (V)/4K)= 
1300°K and the result was drawn by the 
broken line in Fig. 7. We found from the 


S 0°6 


-) 
& 


= 
Oo 


9° 
mo 


Long Range Order Parameter 
fe) 


0-6 
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Fig. 9. The dependence of the long range order 
parameter S(T’) calculated in a case of x=0.56 
upon temperature. Hollow marks indicate the 
the experimental results. 


figure our theory explains well a tendency of 
the decrease of critical temperature with the 
composition. The deviation of the theoretical 
curve from the experimental result may be 
due to an effect of the short range order. 
We have thus found the order-disorder trans- 
formation phenomenon observed in the FeTiO;- 
FeO; solid solution series could be fairly well 
explained by the Bragg-Williams approxima- 
tion. 

On the other hand, the decrease in the Curie 
temperature with the decrease in the degree 
of order must be attributed to the situation 
that the number of pairs between Fet? and 
Fe** ions decreases and that between Fe*? 
and Fe*? ions increase with the decrease in 
the degree of order as we discussed in detail 
in I. It is, therefore, very difficult to obtain 
the dependence of the Curie temperature on 
the long range order parameter S because for 
this purpose we must distinguish Fet? from 
Fet*® which difference has been neglected in 
our theory. 
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The Reverse Thermo-Remanent Magne- 
tism 


§ 5. 


The queer phenomenon of the reverse 
thermo-remanent magnetism* or shortly re- 
verse TRM, was first discovered for certain 
ferromagnetic oxide minerals containing the 
ilmenite-hematite solid solution by T. Nagata 
S. Uyeda and S. Akimoto’. Uyeda has con- 
ducted a series of detailed studies on the me- 
chanism of this phenomenon?!®:2, Main re- 
sults of his study will be summarized as fol- 
lows: 

(1) The phenomenon of reverse TRM, be- 
ing found not only in natural but also in 
synthesized solid solution series xFeTiO;— 
(1—x)Fe.03, is an intrinsic property of the 
solid solution series. 

(2) Among the solid solution members, only 


(e-m-u/cc) 


-2:0 
Fe TiOz ‘se 


—— FeTiO; Mol. per cent 


60 50 40 30 20 


0 Fe,05 


Fig. 10. The intensity of thermo-remanent mag- 
netization at room temperature vs. composition: 
T RM plotted are the total T R M produced 

by field cooling in H=2.0 Oe. 
© Specimens quenched from 1200°C. 
x Onnealed specimens. 
(after Uyeda!) 


* The reverse TRM is a phenomenon that the 
residual magnetization which a ferromagnetic spe- 
cimen acquires when it is cooled through the Curie 
point in a magnetic field is oppositely directed to 
that of the applied field. 
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those with 0.7>>x> 0.45 show the reverse || 


TRM whereas those with different x values ||) 


show only normally directed TRM as is shown | 
in Fig. 10: the reverse TRM is a peculiar ||) 
property of the specimens which show the ||| 
order-disorder transformation dealt with in the 
present paper. 

(3) As for the specimens showing the order- |} 
disorder transition, the TRM is normally di- | 
rected in the disordered state and the reverse ||| 
TRM develops with the increase of the degree |} 
of order. The reverse TRM seems to be pre- 
served in the specimen which have seemingly 
been attained to the completely ordered state 
by prolonged heat treatment. 

(4) When the composition and the degree 
of order of a specimen is properly chosen, the 
reverse TRM occurs even when the magnetic 
field applied during cooling is as intense as 
2x104Oe. Consequently, the origin of the 
phenomenon is considered to be related with 
a superexchange interaction and not with 
macroscopic magneto-static one, such as de- 
magnetizing field. 

Uyeda’s study has further indicated the ex- 
istence of weakly ferromagnetic second phase 
in the specimen having the reverse TRM and 
the Curie point of the second phase should be 
higher by 30~50°C than that of the bulk. 
Based upon these results, he considered the 
origin of the phenomenon as follows!. In 
the specimens with 0.70 >x> 0.45 of xFeTiO;-— 
(1—x)Fe.O3, a parasitically ferromagnetic dis- 
ordered phase (A-phase) coexists with a fer- 
rimagnetic ordered phase (B-phase), where 
Tca > Tcp, the boundaries between them being 
in a good registry. The spins in the two 
phase are coupled in a way that their sponta- 
neous magnetizations (js) are directed anti- 
parallelly by some unknown mechanism related 
to the superexchange force over their bound- 
aries. If such is the case, when the specimen 
undergoes a field cooling from above T:,, the 
spins of the parasitically ferromagnetic phase 
are aligned in the direction of the field first, 
and then the spins of the ferrimagnetic phase 
are directed reversely. In order to explain 
the fact that the reverse TRM property is 
preserved even after the ordering has ap- 
parently .completed, Uyeda pointed out that 
it would be necessary to assume some me- 
chanism of “fossilization” of the disordered 
phase in the ordered matrix. However, ac- 
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cording to our study reported in this paper, 
the Curie point was found to rise considerably 
with the increase of the degree of order. 
Therefore, it seems unlikely that the second 
phase (A-phase) is the residual part left dis- 
ordered during the process of formation of 
the order. We should rather like to assume 
that the second phase (A-phase) may be 
something related with the surface structure 
of the ordered domain which develops in the 
disordered matrix. One expectation is that 
the A phase may be a ferrimagnetic thin 
layer on the surface of the ordered domain, 
whose composition and Curie point are slightly 
different from those within the domain. The 
existence of such a thin layer has ordinally 
been expected in the development of the 
ordered domain’™. By such an assumption 
for A-phase, we can interpret more reaso- 
nablly the experimental fact that the reverse 
TRM is preserved even in the completely 
ordered specimen, because such a_ surface 
structure of the domain can be left undisap- 
peared on the boundary of the domain even 
after these domains come to contact closely 
with each other. 

As a concluding remark of this section we 
sould like to note that the detailed investiga- 
tion of the reverse TRM will give us some 
light on the minute structure of the ordered 
domain in the process of the formation of 
order in these oxide specimens. A further 
study of the detailed mechanism of the re- 
verse TRM is now under progress in coopera- 
tion with S. Uyeda. 
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Diffusion of Cadmium into Single Crystals of Copper* 
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The diffusivity of cadmium into single crystals of copper has been 
measured in the temperature range from 725°C to 950°C using radioactive 


isotope Cd!5 as a tracer. 
and H=45,700 cal/mol. 


The results indicate that Dy=0.935 cm2/sec 
These values are compared with the correspond- 


ing values for the diffusion of zinc into copper in order to investigate 
the effect of the difference in atomic radii. 


§1 Introduction 


In order to study the effect of excess valency 
on the activation energy of solute diffusion, 
the diffusion coefficients of several kinds of 
atoms into monovalent noble metals have 
been investigated experimentally and theo- 
retically.»»)»3),5)6) However, the effect of 
the atomic size in the diffusion process has not 
yet been investigated sufficiently. Although 
this effect has been considered to contribute 
to the activation energy of the diffusion,”>® 
the experimental evidences have revealed less 
effect than expected.»1” . 

Since cadmium and zinc have different ionic 
radii and the same valence the comparison of 
the diffusivities of both atoms will give an 
information on the effect of atomic size. The 
purpose of the present paper is to measure 
the activation energy of cadmium diffusion 
into copper single crystals and to compare it 
with that of zinc which has been obtained by 
Hino, Tomizuka and Wert.!” 


§2 Experiment 


Single crystals of copper (99.98% pure) were 
grown by the Bridgeman technique. The spe- 
cimens were formed from these crystals into 
drum shaped piecess. In order to obtain the 
specimen possibly free from the mosaic struc- 
ture, the diffusion surface of the crystals was 
carefully cut with a jeweler’s saw, ground 
with fine emery, whetted with a stone and 
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etched carefully with dilute HNO; solution. 
The estimated thickness of the plated layers 
ranged below 200A. 

The specimens were then placed in pairs 
with active surfaces together, in quartz tube 
filled with argon gas of about a half atmosp 
heric pressure at room temperature. In some 
specimens which were annealed near melting 
point, a thin mica plate was used as the sepa- 
rater between two active surfaces in order to 
avoid the cohesion of both crystals. The 
temperature control was kept within +2°C 
for every diffusion anneal. 

After the diffusion anneal, the side surface 
layer of the specimen was removed by the 
Boley watchmaker’s lathe to eliminate the 
effect of surface diffusion. The sections, 0.003 
cm to 0.010cm thick, were then removed by 
using this precision lathe, and the activity of 
each section was determined with a thin mica 
end-window Geiger-Miiller counter tube in a 
standard scaling unit. Each cut was weighed 
to check their thickness and compared with 
the value obtained from the reading of the 
gauge. For the counting, two methods were 
actually used; the first was to measure the 
sample in a circular dish of the same geometry 
and the second was to measure by solving 
the sample in dilute HNO, solution in circular 
metaaclyle vessel. In our case, the accuracy 
of the counting was almost unchanged for 
two cases except less counting efficiency for 
the latter. 


§3 Results 
Diffusion runs were made at temperature in 
the range from 950°C to 725°C for periods 


ranging from 3 hours to slightly more than 
4 days. As is shown in Fig. 1, a linear curve 
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was obtained for every sample, when the 
logarithm of the concentration of radioactive 
cadmium was plotted against the square of 
the penetration distance indicating a little 
effect of imperfections in the crystals. The 
linear lines in this figure fitted for the meas- 
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Fig. 1. Penetration curves for diffusion of cadmi- 


um into single crystals of copper. 
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Fig. 2. Diffusion coefficients plotted as log D ver- 
sus 1/T. 
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ured points were obtained by the aid of the 
least square method, which allows the diffusion 
coefficient to be determined directly. 

The Table I summarizes the results of in- 
dividual samples and Fig. 2 gaves the loga- 


Table I. Diffusion Data of Cadmium into Copper 


Chews Temperature Time Diffusion Coeff. 


(deg. C) (sec) (cm2/sec) 
1 950 9.87 x 103 8.74 x 10-11 
2 900 9.90 x 108 1.46 x 10-10 
3 850 7.56 x 104 2.88 x 10-10 
4 825 6.50 x 104 5.19 x10-10 
5 800 8.64 x 104 9.51 x 10-10 
6 775 8.84 x 10! AS 10—2 
7 750 8.64104 2.45 x10-9 
8 725 2.89 x 105 6.12x10-9 


rithm of diffusion coefficient as a function of 
the reciprocal absolute temperature. It was 
found that the measured values were ex- 
pressed by the Arrhenius equation D=D,exp 
(—H/RT). And the frequency factor D, and 
the activation enthalpy H were calculated by 
means of the least square method. 
The values thus calculated are 


D° =0.935=-0271 cm/sec, 
H=45,700=+900 cal/mol. 


§4 Discussion 

Since the primary purpose of this work is 
to investigate the effect of atomic size of the 
solute atom, it is interesting to compare the 
obtained results with those for zinc into copper 
and with the theoretical value. The diffusion 
of zinc into single crystals of copper has been 
measured by Hino and others'» and_ their 
results are represented by 


D,=0.34 cm?/sec, 
and 
H=45,600 cal/mol. 


It should be noticed by comparing their results 
with ours that the activation enthalpy H is 
nearly the same for both cases, while the 
frequency factor is a little larger in our case. 

From a theoretical consideration some dif- 
ference of the activation enthalpy is expected 
due to the difference of ionic radii of zinc and 
cadmium. Firstly, it should have an influence 
upon the coulomb contribution to the formation 
vacancy. According to Blatt, the redistri- 
bution of screened electrons near the impure 
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atom with positive excess valency should cause 
the larger formation energy of vacancy at the 
neighboring site of a larger impure atom, since 
the apparent excess valency becomes smaller 
than that of smaller impure atom. The more 
accurate theory of Fujiwara, in which the 
exchange interaction of the core electrons has 
been taken into account, also indicates the 
less screening effect of cadmium atom than 
zinc in copper. This effect should cause the 
larger formation enthalpy of vacancy for 
cadmium than for zinc. Secondly, the migra- 
tion enthalpy of the impure atom also in- 
creases in the case of cadmium diffusion 
because it has larger ionic radius Therefore, 
the theoretical consideration should result the 
larger activation enthalpy of cadmium dif- 
usion than that of zinc diffusion in any case. 
Thus the theoretical expectation contradicts 
with the experimental results of the present 
authors and Sawatzky. 

However, these conclusions are very ten- 
tative and more work should be carried out 
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for the measurement of the diffusion of solute 
atoms which have different atomic size and 
the same atomic valence. 
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Diffusion of Cobalt into Iron-Cobalt Alloy** 
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The diffusivities of Co® into 50-50 atomic percent iron-cobalt alloy 
were measured by means of the lathe sectioning method for the temper- 


ature range including f.c.c. to b.c.c. phase transformation. 


The ex- 


perimental values were expressed by 
D=1.1 x 10-4 exp (—41800/R7) 
D=2.6 x 10-8 exp (— 27400/RT) 


The activation energies for diffusion in the b.c.c. and f.c.c. lattices 
were compared with the theoretical values calculated by the approximation 


cm2/sec for f.c.c. structure, 


cm2/sec for b.c.c. structure. 


of the closed shell repulsion with the Born-Mayer potential. 


And it is 


concluded that the vacancy mechanism is responsible for the diffusion 
in the body centered cubic metal in the same manner as in the face 


centered cubic metal. 


§1. Introduction 
The diffusion coefficient 


* Now at Japan Atomic Energy Research In- 
stitute, Tokai-mura, Ibaragi. 

** This research was supported in part by Grant 
in Aid for Scientific Research by the Ministry of 
Education. 


in solid solution 


alloy is affected not only by the physical 
character of each constituent atom but also 
by the lattice structure of the alloy. Among 
these, the effect of the physical character of 
each atom, such as the atomic size or the 
atomic valence, has been investigated by 
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many researchers.Y»»»») Few studies, how- 
ever, have been carried out on the effect of 
lattice structure.” 

It has been considered in the crystal lattices 
of usual metals and alloys that the vacancy 
plays an important role for atomic diffusion.» 
Especially in metals with the face centered 
cubic lattice, such as in the case of mono- 
valent noble metals, it has been definitely 
shown from the observation of Kirkendall 
effect and the theoretical consideration” 
based on the accurate results obtained by 
the tracer method that the vacancy migration 
is most predominant. 

In the body centred cubic lattice, on the 
other hand, the both interstitial and vacancy 
mechanisms are considered to be approvable, 
although the ring diffusion process proposed 
by Zener® and Le Claire” is disproved by 
the recent observation of Kirkendall effect.‘ 

The purpose of this paper is to determine 
the mechanism of diffusion in the body 
centered cubic lattice by measuring the change 
of activation energy during b.c.c. to f.c.c. 
phase transformation, and by comparing the 
results observed with the corresponding values 
expected theoretically. Based on this idea, 
the specimen material should have a lattice 
transformation from the body centered cubic 
lattice to the face centered cubic lattice at 
an appropriate temperature. Fortunately, 
the iron-cobalt 50-50 atomic percent alloy has 
a phase transformation of the required type 
f.c.c. to b.c.c., at about 980°C and forms an 
ordered structure of the Cs-Cl type below 
760°C, and satisfied the condition mentioned 
above. 


§2. Experimental Method 


Purity 99 percent iron and purity 98 percent 
cobalt were cast into cylinders of 15mm dia- 
meter by the vacuum melting method. After 
forging, they were cut and machined into 
the drum-shaped specimens, 10mm in diameter 
and about 20mm in length. One face of 
each specimen was polished mechanically and 
electroplated Co® for about 10A thickness. 
The plated specimens were sealed off in 
quartz tubes in which argon gas was filled, 
and placed in a furnance for diffusion anneals. 
The temperature was held constant within 
limits of +2°C over the time of diffusion an- 
neals which ranged from several hours to 
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three months, depending on the temperature, 
covering the range 840°C-1250°C. 

The measurement was performed by means 
of the lathe sectioning method which was 
concluded to be most accurate to determine 
the diffusion coefficient by using the radio- 
active isotope. After the diffusion an- 
nealing, the sectioning, was done on the 
Boley’s precision lathe. In order to eliminate 
the effect of surface diffusion, a thickness of 
approximately 6(D?)//2 was removed from 
the side before sectioning where D is the 
expected diffusion coefficient and ¢ the time 
of anneal. In sectioning, the thickness of 
each cut varied from 1/100mm to 5/100mm, 
and the depth of penetration of each cut was 
measured by a dial gauge and corrected by 
means of the weighing of all cuts. The 
material from each cut was placed under the 
Geiger-Miiller counter tube upon the same 
geometrical conditions to determine the amount 
of radioactive cobalt. 

In the case of volume diffusion the specific 
activity c which depends linearly on the Co® 
concentration of each cut falls off exponentially 
with the square of the penetration depth z. 
That is 


In c= —2?/4Dt-+const. (ois) 


where D is the diffusion coefficient and ¢ is 
the time of diffusion anneal. 


§3. Experimental Results 


The diffusion measurements were performed 
at the different ten temperatures over the 
range 840°C-1250°C. Results plotted in Fig. 
1 show that the specific activity of each cut 
decreases exponentially with the square of 
penetration depth. This fact indicates that 
there is no observable effect of the grain 
boundary or surface diffusion. According to 
Eq. (1), the diffusion coefficients corresponding 
to the temperatures of anneal were calculated 
from the penetration curves with the aid of 
the least square method. In Fig. 2, the 
logarithms of the diffusion coefficients thus 
calculated are plotted against the reciprocal 
of the absolute temperature. 

The diffusion coefficients for five temper- 
atures over the range of 1000°C-1250°C where 
the specimen has the face centered cubic 
lattice and those for three tempratures over 
the range 840°C-925°C were it has the body 
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centered cubic lattice exhibit to satisfy the 
Arrhenius equation, respectively. The value 
at 950°C is anomalous since its diffusion was 


2: 
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Fig. 1. Penetration curves for the diffusion of 
cobalt into iron-cobalt alloy. 
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Fig. 2. Diffusion coefficients plotted as log D 
versus 1/T. 
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carried out near the transition temperature. 
By means of the least square calculations, ||| 
the temperature dependence of the diffusion ||| 
coefficient in both structures is given by 


D=1.1x 10-4 exp (—41800/RT) cm?/sec 

Tle EGC 
D=2.6 x 10-* exp (—27400/RT) cm?/sec 

in bicico ml 


where R is the gas constant and T is the 
absolute temperature. The probable errors 
of the activation energy and frequency factor 
are determined by the statistical analysis to 
be +4%, +70% in the face centered cubic 
lattice and +3 %, +40 % in the body centered 
cubic lattice, respectively. 

Comparing both equations with each other, 
we find that the activation energy for diffusion 
in the body centered cubic lattice is by about 
14.4 kcal/mol smaller than that in the face 
centered cubic lattice. 

In recent years, Gerstricken and Dekhtyar 
reported very large values of the diffusion 
coefficients which was determined by the ab- 
sorption method for the temperatures cor- 
responding to the face centered cubic region 
of the same alloy.. This difference of dif- 
fusion coefficients is supposed to be due to 
the inevitable experimental inaccuracy of the 
absorption method. 


§4. Discussion 


It has been concluded from the observation 
of Kirkendall effect in the face centred cubic 
and body centered cubic metals that the dif- 
fusion mechanism in both lattices is attributed 
to the movement of lattice imperfections. 
There are, however, two fundamental mecha- 
nisms of atomic diffusion with lattice imper- 
fections, namely diffusion by means of inter- 
stitial atom and of vacancy. The purpose of 
the following calculation is to determine the 
prefered mechanism in the body centered 
cubic structure. The activation energy for 
diffusion is mainly influenced by the cohesive 
character of metals which is consisted of two 
main factors, namely the coulomb and ex- 
change interaction. Since the coulomb inter- 
action is not appreciably affected by the change 
of the interatomic distance and it is more 
difficult to estimate theoretically, in this case 
the computation of activation energy has been 
restricted within the repulsion of closed shells. 
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The constants in this potential have been 
generally determined by the elastic moduli, 
but those for the iron-cobalt alloy have not 
yet been measured exactly. Therefore we 
emplyed the values derived by Huntington 
for copper’ and corrected them by replacing 
the interatomic distances in the iron-cobalt 
alloy for each structure. The differences of 
atomic number among iron, cobalt and copper 
is very small and those have the atomic radii 
of the same order of magnitude. Hence it 
may not introduce any great error even if 
the constants for copper are used instead of 
those for iron and cobalt in Born-Mayer’s 


potential. The expressions of potentials for 
this calculation are 
E,=0.038 exp 13.6(7)>—r/70) ~e.v. in f.c.c. 
E,=0.038 exp 10.8(79—7/ro) e.v. in b.c.c. 


In the following paragraphs, the results of 
calculation for the differences of the free 
energies between the normal and saddle point 
configurations for the two processes will be 
given by using the above formulas as the 
repulsive force. And these configurations for 
the two diffusion mechanisms and the two 
lattice structures are shown in Fig. 3. 


Lee: 


5 DiGc: 
a) SADDLE CONFIGURATION OF VACANCY CASE 


ec 
b) SADDLE CONFIGURATION OF INTERSTITIAL CASE 


Fig. 3. Configurations involved in the vacancy 
and interstitial mechanism of diffusion. @ de- 
notes an atom at an ordinary lattice site. © 
denotes vacancy. G) denotes atom at a saddle 
point of migration. ; 


1) Vacancy case 

In Fig. 3a, the saddle configurations of 
vacancy mechanism for the face centered 
cubic and body centered cubic lattices are 
shown. In these configurations two atoms 
are taken off from adjointed positions in the 
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metallic lattice leaving two vacancies after 
them. And then one atom is placed on the 
saddle point which is the middle point between 
the two vacancies. In the case of the face 
centered cubic lattice, one of the atoms which 
are taken off from the interior, is put on the 
surface with a net decrease of 17 repulsive 
bonds and the other atom is placed at the 
saddle point which has the four nearest 
neighbour atoms. These four atoms are 
mutually adjacent and displaced to the both 
vacancies in order to make the repulsive 
energy minimum. Similarly in the case of 
body centered cubic lattice 11 ordinary re- 
pulsions decrease and 4 new bonds take places 
between the diffusing atom and its nearest 
neighbours which are displaced so as to 
minimize the repulsive energy. 


2) Interstitial case 

Fig. 3b shows the saddle point configurations 
of the interstitial mechanisms for the face 
centered cubic and body centered cubic lattices 
respectively. In both cases, one atom is taken 


Table I. Diffusion of cobalt into 


iron- cobalt alloy. 


Number Temper- | Diffusion 


of | ature veer coeff. D 
curve | (deg C) | | (cm2/sec) 
1 | 1250 4.18x108 | 1.14«10-11 
2 1200 5.02 x 105 6.63 x 10-1 
3 1150 8.75 x 105 3.93 x 10-1 
4 1050 2.47x108 | 1.46x10- 
5 1000 2.88x108 | 7.02x10-2 
6 960 3.52108 | 1.12x10-2 
7 925 OESOe1Ol ee 2 ite 10a 
8 875 1.59x10° 1.50 x 10-2 
9 840 | 7.52 x 108 1.13x10-2 
Table II. Calculated and experimental values 
of activation energy. 
fCres DEGze 
Vacancy | 0.53 e:v. | 0.31 e.v 
Interstitial 5) 32) | See 
Experiment | 1.74 | eS 


from the surface and another atom from 
ordinary lattice point which leaves a vacancy 
in the interior. These two atoms are placed 
on the saddle points which are on either side 
of the vacancy. In the face centered cubic 
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lattice, therefore, the calculation is performed 
under the conditions that on the surface 6 
ordinary bonds are broken and on saddle points 
8 atoms are displaced. For the body centered 
cubic lattice, in the same way, the processes 
contain 4 ordinary bonds broken and 8 atoms 
displaced at the saddle configuration. Results 
of the calculations of the activation energies 
due to these mechanisms mentioned here are 
shown in the table II with the experimental 
results. 

The calculated values indicate that the 
activation energy in the body centered cubic 
lattice is much smaller than that in the face 
centered cubic lattice and this behavior is in 
qualitative agreement with that observed. 
Since the above computation does not include 
the electronic contribution for the activation 
energy, the calculated values are expected to 
show smaller values than those in which the 
electronic contribution is taken into account. 
In fact the calculated values are greater than 
those observed, therefore it is to be concluded 
that the interstitial mechanism of diffusion 
is unreasonable for both lattices. 

One of the remarkable results of the present 
experiment is the very small frequency factor 
compared with that observed in the usual 
self-diffusion experiment. For example, the 
frequency factor D) for copper self-diffusion 
is 0.47 cm2/sec, while the present Dy is 1.1x 
10-4 cm2/sec in the face centered cubic lattice 
and 2.6x10-*cm?/sec in the body centered 
cubic lattice. 

As well known, Dy is expressed by 

Do= vay exp (4S/R) cm?/sec. 
Where »v is the lattice vibrational freqency, 
a is the lattice parameter, 7 is a geometrical 
parameter determined by the lattice structure 
and 4S is the entropy of activation. Accord- 
ing to the theoretical and experimental works 
published previously, the value of Dy is small 
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in the grain-boundary diffusion, because the 


restricted diffusion path decreases the entropy i) 
And also for the case of iron- || 
cobalt alloy it seems to be probably that the || 


of activation. 


diffusion path of cobalt are restricted by the 


kind of neighbouring atoms in the disordered ||) 


distribution of iron and cobalt atoms. 


The iron-cobalt alloy with the composition || 
of 50-50 atomic percent shows the ordered ||) 
Experiments to | 


structure below 750°C. 
measure the activation energy and frequency 


factor of diffusion in the ordered structure | 
will be obviously interesting in the consider- |} 


ation of ordering and diffusion mechanisms. 


But, since it must be performed in relatively | 


low temperature range, there will be a 


number of experimental difficulties, e.g., the | 


effect of grain-boundary diffusion and the 


extremely long period of diffusions anneal | 
which is necessary because of the decreasing | 


of the diffusion coefficients. 
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The measurements of diffusion coefficient of cobalt into copper have 
been carried out in the temperature range from 950°C to 700°C using 


Co® as tracer. 


The result indicates that the diffusion coefficient is given 


by the equation D=5.7 exp (—55200/RT') cm2/sec and, therefore, that the 
activation energy is appreciably larger than that of copper self-diffusion. 
From this experiment it has been definitely shown that, for the negative 
value of excess valency Z, the effect of screening on the solute diffusion 
in metals plays an effective role in the same manner as the effect ob- 


served for the positive value of Z. 


$1. Introduction 


The diffusion experiments of cadmium, in- 
dium, tin and antimony into single crystals 
of silver» have indicated that the activation 
energy for diffusion decreases with increasing 
excess valency Z, which is the difference of 
valence electrons between solute and soluent 
atoms. This fact has been successfuly inter- 
preted by Lazarus’ theory® which is based 
upon Thomas-Fermi approximation on the 
screening potential around impurity atoms. 
After that, Alfred and March” have developed 
an improved theory in which they used cor- 
rected forms of screening potential. For 
positive values of Z, these theories have been 
proved to be fairly reasonable because the 
calculated values are in agreement with the 
experimental results, mentioned above. 

On the other hand, for negative values of 
Z, experiments to examine the theory have 
not yet been performed. According to these 
theories, it will or may be expected that the 
activation energy has to be larger for the 
impurity atom diffusion with the negative 
value of Z than that of self-diffusion, in con- 
trast with the prediction that the diffusion is 
accerelated by the local stress”. The present 
report aims to be compared with the result 
for self-diffusion in copper and to confirm 
theoretical values of activation energy. 


§2. Experimental Results 


Cylindrical single crystals of copper were 


* Now at Japan Atomic Energy Research Insti- 
tute, Tokaimura, Ibaragi. 
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prepared by Bridgeman method, cut and ma- 
chined to form drum-shaped specimens. The 
specimens were electro-plated with the layer 
of cobalt-60 of about 20A thicknes from CoCl, 
solution, sealed off in quartz tube with argon 
gas, and annealed in the furnace in which 
temperature was held constant to within 
+2°C, for periods of several hours to 20 days. 
Specimens which were annealed were sec- 
tioned on a precession lathe and analyzed by 
counting technique in the preceeding paper®. 

Six diffusion runs were performed over the 
temperature range from 950°C to 700°C. The 


SPECIFIC ACTIVITY (ARBITRARY UNITS) 
Oe Qu 


4 5 6 c 
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penetration curves for all specimens are shown 
in Fig. 1 which indicate a strict proportiona- 
lity between the logarithm of the specific 
activity and the square of the penetration 
depth. The logarithms of the diffusion coef- 
ficients, calculated from these data, are plot- 
ted against the reciprocal of the absolute 
temperature in Fig. 2 and a summary of the 
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DIFFUSION COEFFICIENTS (cm%ec) 


10 
id” 
BOs eS. Oe 95" (O.6. OS 
YT (°K) x 10° 
Fig. 2. Diffusion coefficients plotted as log D 
versus 1/T. 
Table I. Diffusion of cobalt into copper. 
| Unit of | Tem- | Time | Diffusion 
Curve (depth)? |perature (sec) coeff. D 
| (cm)? | (deg C), (cm2/sec. ) 


7.20x10¢; 7.05 x10-10 


1 |4.55x10-5 950 

2 (2.27x10-5 900 4.14 10¢ | 3.42 «10-10 
3. 2.27«x10-5| 860. 4.32105) 1.42 x 10-10 
4. 1.71x10-5 800 2.43105! 3.88 10-11 
5  1.71x10-5 750 | 6.62x105) 9.27x10-” 
6 


|1.71x10-8/ 700 | 1.90 x 108 | 


2.31 x10-2 


data are shown in Table I. The straight line 
obtained by a least-square method is given 
by the equation 


D=5.7 exp (—55200/RT ) cm?/sec. 
Statistically estimated errors are 2% for 
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activation energy and +6% 


factor. 


for frequency) i 


§ 3. Discussion W 

It is interesting to compare the activation] 
energies calculated by Lazarus, Alfred andi} 
March substituting the value Z=—2 for cobalt }}j 
in copper, with the result mentioned abovelf 
and the experimental data of ps || 
for copper according to Kuper, et al. These} 
values for activation energy are shown inf 


Table II. | 


Table II. 
[Co in Cu | Cu self. | Lazarus bree 
(exp.) | (exp.) (theo.) | (theo.) 
/ : 
Activation | 
energy DOE = 1) | gerade Jame 59.8 
(kcal/mol) | | | 


According to a classical consideration, the 
local strain around an impurity atom reduces 
the difficulty of the atomic jump from one 
equilibrium position to the other in the crystal 
lattice. Therefore, the activation energy of | 
the difiusion should decrease by the intro- 
duction of impure atom. And, in addition, 
the main contribution of closed shell repulsion | 
also reduces the activation energy because 
the ionic radius of cobalt is smaller than that 
of copper. However, in contrary, the result | 
of this report exhibits a increase of activation 
energy for the diffusion of cobalt into copper. 
Thus as a sole propable mechanism, one must | 
take into account the effects of screening of | 
the solute atoms on the Fermi electrons of | 
solvent lattice. ) 

In conclusion, one of the most interesting | 
aspects of the present results is that the | 
activation energy obtained here is about 8 | 
kcal/mol larger than that of self-diffusion for | 
copper. This provides the strong support for | 
the expectation of theories, though it is hard | 
to say that the calculated values are in nu- 
merical agreement with the observed one. 

Finally, if the activation energies are meas- | 
uxed for other impurities with the different 
values of negative Z in the same solvent, it 
might seem possible to justify the theory for 
the effect of screening on solute diffusion in 
higher accuracy. 

The author wishes to express his sincere 
thank to Prof. T. Hirone for his kind inten- 
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kind inspection of the manuscript. 
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In the interpretation of the fine structure of the X-ray absorption 
spectrum in solids, the life time of the state of the electron ejected by 
absorption of a photon is considered. The life time is mainly determin- 
ed by the inelastic collision cross section between the ejected electron 
and the atoms in the crystal. With the assumption that the inelastic 
cross section has a magnitude of the order of one square Angstrom, 
Kronig’s method for the molecule is applied to the solid in order to 
obtain the variation of the transition probability. The wave function of 
the final state of the transition is obtained as the sum of the plane 
wave, whose amplitude decreases with increasing distance from the 
absorbing atom, and the waves scattered by the neighboring atoms. 
The calculated results for the K-absorption spectra of copper, nickel 


and iron agree well with experiments. 


§1. Introduction 

An acceptable theory of the fine structure 
of the X-ray absorption spectrum was first 
proposed by Kronig.¥ According to his theory 
the origin of the fine structure is ascribed to 
the zone structure of the energy levels of the 
electrons in the crystal which is a result of 
the effect of the periodic field in the crystal. 
The X-rays are absorbed by the electrons 
which make transitions from the X-ray K 
levels to empty levels lying above the Fermi 
surface. These empty levels are grouped 
into zones and there exist forbidden and allow- 
ed bands. Because the absorption coefficient 
is proportional to the procuct of the transition 
probability and the state density, a fine struc- 
ture occurs. In his theory the variation of 
the transition probability was neglected and 
the fine structure was explained mainly by 


the variation of the electronic state density. 
His computation of the latter, in which an 
electron in a lattice was treated as nearly 
free and the field of the lattice as a perturb- 
ing potential, is very precise. But his cal- 
culation predicts much more fine structure 
than experiment reveals. So he _ suitably 
grouped anomalies in the density of states 
curve and, by such grouping, explained the 
position of absorption maxima and minima of 
the fine structure. 

On the other hand, for the fine structure 
of a gas molecule he computed” the fluctua- 
tion of the absorption coefficient caused by 
the variation of the transition probability 
and, in order to calculate the state function 
of the final state of the transition, he adopt- 
ed the following method. An ejected electron, 
which is treated as a plane wave, is scattered 
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by the partner atoms in the molecule and the 
final state is assumed as the sum of the plane 
wave and the scattered waves. This method 
has been applied by several other authors.” 

Hayashi® assumed that the wave of an 
ejected electron is reflected by atomic net 
planes and gives rise to a quasi-stationary 
standing wave around the atom which has 
ejected the electron, when the wavelength is 
such that the corresponding Bragg angle is 
equal to z/2. Since this standing wave has 
a large amplitude around the center atom, a 
strong absorption occurs. Among _ possible 
standing waves he took waves of p-type sym- 
metry to consider the transition from the kK 
level and calculated the positions of the 
absorption maxima, with considerable agree- 
ment with the results of experiments for Cu, 
Ni and Li. In his theory the net planes 
which cause the standing wave were chosen 
on the. assumption that the reflecting power 
of the net planes is determined by the num- 
ber of neighboring atoms and an atom must 
exist on the normal which is drawn from the 
center atom to the net plane. The neighbor- 
ing atoms, then, play a major part in reflec- 
tion. He suggested that the existence of this 
quasi-stationary state was due to the additional 
potential field caused by the missing K 
electron. 

The following approximation has been pro- 
posed by Kostarev® to obtain the wave func- 
tion of the ejected electron. The potential 
field of the neighboring atoms surrounding 
the absorbing atom is averaged to be spheri- 
cally symmetrical. The ratio of the absorp- 
tion coefficient of a solid to that of an isolat- 
ed atom is given by the ratio of the transi- 
tion probabilities which itself is given by the 
ratio of the squares of the amplitudes of the 
wave functions in the two cases. And in 
this calculation it is assumed that the both 
wave functions coincide at points distant from 
the absorbing atom. 

The knowledge which has so far been 
obtained from experiments on the absorption 
spectrum of crystals is mainly as follows: 
The fine structure depends on the crystalline 
structure and for crystal lattices of the same 
structure the energy separation measured 
from the main edge is inversely proportional 
to the square of the lattice constant. These 
facts are explained qualitatively by Kronig’s 
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theory. Experimental results also show that ||) 
the fine structure depends on the kind of | 
element and the positions of the neighboring ||} 
atoms in the region of comparatively high |) 
energy.» Hayashi’s theory and Kostarev’s ||| 
theory conveniently explain this fact. | 

Kronig’s theory is based on the calculation | 
of the stationary state in the crystal and is | 
easily acceptable theoretically. But as regards | 
the comparison with experimental results, he | 
has only proposed a graphical representation | 
and this does not coincide with, the experi- | 
ments quantitatively.* This is indicated in (f) 
of Figs. 2, 3, and 4 which show the positions 
of the anomalies of the absorption coefficient |} 
by vertical lines according to Kronig’s method. 
The height of each line corresponds to the 
multiplicity of the equivalent lattice planes | 
which cause the discontinuous zone of the — 
energy. 

If we try to interpret the experimental re- |} 
sults quantitatively, we must consider the fol- | 
lowing points. In the Kronig computation } 
only the variation of the state density is con- | 
sidered, whereas one should also include the © 
variation of the transition probability. Second- | 
ly, it is necessary to calculate in a more | 
precise way than Kronig did the wave func- | 
tions of the eigenstates, because in his theory } 
only the degeneracy of the two states is con- | 
sidered near the discontinuous plane in wave | 
number space, whereas near the cross line | 


or point of these planes higher degeneracy |} 


These cross lines or points increase || 
number 


occurs. 
rapidly in 


changed considerably. If we could take ac- 
count of these features and of the spreading | 
of the spectral bands” caused by the life | 
time of the state of the ejected electron and 
that of the K-excited state,” a fairly per- 
fect interpretation of the fine structure would 
be given. 

It will be shown in the present paper that 
if one considers the life time of the ejected 
electron, which can be done through a sim- 
plified calculation, one can more readily in- 
terpret the fine structure quantitatively. In 
the process of the transition by absorption of 
the photon energy, the electron ejected from 
an inner K-level to a nearly free space makes 


* A modified graphical representation has been 


proposed by Kurylenko,®) 


in the higher energy || 
region so that the form of the zone must be | 
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a wave packet around the absorbing atom, 
corresponding to the uncertainty of the 
energy, and this wave packet spreads with 
the lapse of time. The wave function is the 
solution of the time dependent Schrédinger 
equation for the initial condition that the 
function is that of the K state, and the po- 
tential field which determines this wave 
function is the field within the wave packet. 
Then, in obtaining the transition probability, 
it may be possible to use wave functions 
which satisfy the time independent Schrédin- 
ger, equation with a potential field that ex- 
tends over the inside of the wave packet but 
not outside of it, instead of using the eigen- 
functions in the whole crystal. The ampli- 
tude of the wave function of the ejected 
electron decreases with time, and if the life 
time is sufficiently small the transition pro- 
blem in the crystal could be limited to a 
small space around the absorbing atom. 

The life time is determined by the inco- 
herent cross section of the collision of the 
ejected electron due to the thermal motion 
of atoms and by the cross section of the in- 
elastic collision with atoms. At room tem- 
perature it will be determined mainly by the 
inelastic collision except in the case of ionic 
crystals. The cross section of the inelastic 
collision will have a value larger than one 
square Angstrom and, for this value, the 
ejected electron almost decreases on passing 
through a few atomic layers. Therefore we 
can calculate the transition probability accord- 
ing to the principle mentioned above. 

To calculate the wave function of the eject- 
ed electron, the authors adopted the method 
which had been used by Kronig and Peter- 
sen” for a gas molecule, modified by intro- 
ducing the decrease of the amplitude caused 
by scattering. The calculation was applied 
to the case of copper, nickel and iron with 
the approximation that the potential field of 
each atom is of a well type. 


_§2. Calculations 

The wave function of the ejected electron: 

As has been mentioned in §1, we must 
obtain the wave function of the ejected elec- 
tron, whose amplitude decreases with increas- 
ing distance from the absorbing atom. As 
the rough approximation, we may use the 
eigen-function obtained in the potential field 
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of the neighboring atoms in the finite domain 
which we determine suitably by the life time. 
But when this problem is treated as the scat- 
tering problem, it will be possible to obtain 
a more proper solution. 

The wave function of the ejected electron 
can be expressed by the sum of the wave 
for an isolated atom and the waves scattered 
by the neighboring atoms. In the first ap- 
proximation, we have only to consider the 
primary scattered waves; but when we con- 
sider the multiply scattered waves the ap- 
proximation will become better. 

In the case of the isolated atom the eject- 
ed electron is expressed by a series of spheri- 
cal waves and, at points distant from the 
absorbing atom where the field of the absorb- 
ing atom can be neglected, it can be replaced 
by a series of plane waves, exp (ikr), where 
k/2z is the wave number vector. The effect 
of the neighboring atoms is to decrease the 
amplitude of the ejected electron in the scat- 
tering process. The ratio of the intensity of 
the scattered wave to that of the incident 
wave in a collision is o,=0a+¢ina, Where de 
and Gine are the cross section of the elastic 
and the inelastic collision respectively. We 
assume that the amplitude of the ejected 
electron decreases as exp(—y/2r), where 4 
is (da+dine) p, p being the number of atoms 
per unit volume and 7 the distance from the 
absorbing atom. Now let the incident wave 
at the s-th atom at distant 7; from the ab- 
sorbing atom, qi, be equal to 


exp Gi ore) exp (ikr). (Gis) 


2 

When dine is zero or small and the decrease 
of the amplitude is due only to the elastic 
scattering, the total probability of existence 
of the electron does not change with collisions 
and therefore we must consider multiple 
scattering. In this case, the result gives the 
eigen-function in the whole crystal and 
Kronig’s method for solids is more suitable 
than the present method. When dina is 
large, the scattered waves from the distant 
atoms and the multiply scattered waves de- 
crease and the present method is suitable. 

The elastic and inelastic cross sections for 
slow electrons in crystals has not been 
measured, but it has been suggested by 
Farnsworth that slow electrons can only 
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Table I. Values of the cross sections of several elements for the collision of an electron: 
mental values are quoted from the reference 13). 
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Experi- 
Theoretical values are calculated by numeri- 


cal integration of the scattered amplitudes, which are obtained from the atomic structure factors 


for X-rays, with respect to the scattering angles. 
The structure factors which are calculated from the Thomas- 


tion, Morse’s method is used. 


In the calculation of the inelastic cross sec- 


Fermi distributions are referred to the same reference. 


Experimental values 


Calculated values for Cu 


Energy of the elec- 


Total cross sec- Elastic cross Ionization cross 


Elastic cross Inelastic cross 


| 
| 
| 


tron in eV. tion in A?, section in A?. section in A?. section in A?. section in A2. 
Zn Henk yA Hg Hg A | 
25 25445 4 1201a13 4 Brat UsSalery| 200 384 
50 PAY) AGES Res oe, 3 5 3 | 114 206 
100 18-13 34 6.5 2 Fad BiQemw 61.6 110 
200 ieee 2 4.8 3 | 3219 57.9 
} } 
penetrate a few atomic laryers.. The values 


calculated by the present authors using the 
form factor and Morse’s!” and _ Bethe’s!” 
methods seem to be too large, in comparison 
with the experimental data on gases. Mea- 
surements have been made for several ele- 
ments, including rare gases, alkali metals, Zn 
and Hg. These data are listed in Table I. 
We cannot use these values for the atoms in 
the crystal, but it is perhaps not too wrong 
to assume that the cross section for inelastic 
collision for a slow electron is larger than 
one square Angstrom. In the present paper 
the authors choose a few values of yw arbi- 
trarily, and calculate the variation of the 
transition probability in each case. As will 
be shown in the result of the calculation, the 
small difference in the values does not af- 
fect the result. 

The wave function ~ of the ejected electron 
is represented by 


P= Pit di Pot > Pott > Psytyub ors, (2) 


where ¢; is the incident wave and #, is the 
wave scattered by the s-th atom for the in- 
cident wave ¢, and ¢s,: is the wave scattered 
by the ¢-th atom for the qs, that is, the 
secondary scattered wave, and so on. Each 
wave is as follows: 

1) Incident wave; qu. 

This is represented by 


exp . pr tikr) 


and near the nucleus of the absorbing atom 
situated at point A in Fig. 1, we put 


exp (ikr) . C3) 


Fig. 1. Showing the relation between positions 
of the absorbing atom and the scattering atoms 
and the several vectors and angle used in the 
calculation. The absorbing atom is situated at 
A and the scattering atoms are situated at B 
and C. k/2rx is the wave number vector of the 
incident wave. 


2) The primary scattered wave; s. 

The incident wave to the s-th atom is given 
by Eq. (1), and its scattered wave is repre- 
sented by 
M00 exp (ikry) exp jikre— 5 wot) | po wey 


b 
where @; is the scattering angle and ™ the 
distance from the s-th atom situated at B. 
In order to obtain the transition probability 
from a ls state, it is enough to calculate the 
wave function in the spase where the wave 
function of the ls state exists, concentrated 
in the vicinity of the nucleus. Then the 
spherical wave Eq. (4) is replaced by the 
plane wave, 
, qs Exp (tksoP) } 


SI(m—7Yo,s) (5) 
1's 


qs=— exp {(krstikrs)—urs} , 
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where 7o,s is the angle between r; and k, 
and kso/2z is the wave number vector in the 
direction from B to .A. 

3) The secondary scattered wave; de,e. 

The wave scattered by the s-th atom is a 
spherical wave, but we approximate the in- 
cident wave to the ?¢-th atom by the plane 
wave, 


Eu) exp | kr ikrs) ee (r+ ra} 
st 


-@XD (iKkstIe) , 


(6) 


where 7o,s: is the angle between re and k, 
rss the vector drawn from B to C, re the 
position vector from C, and ks/2z is the 
wave number vector in the direction from B 
to C. The above approximation is not so 
good as the approximation of Eq. (4), but the 
secondary scattered wave is weak compared 
with the primary scattered wave, so that the 
above approximation should be permissible. 
The wave scattered by the ¢-th atom for the 
incident wave (6) becomes, near the point A, 


ds,t EXP (1K tor) , (7) 


where 


‘ _F(To,st) f(7 — Ft, st) 
S, 
Vst Vt 


qd: 
ve | re se ear oes 


—firetrat ro} - 


In the above formulae kr/2z is the wave 
number vector in the direction from the ?¢-th 
atom to the absorbing atom, and /7t,: is the 
angle between rz and Fst. 

A) The third scattered wave; s,t,u. 

In the same way, the third scattered wave 
s,t,u iS obtained and the formula in the vici- 
nity of A is as follows. 


Qs,tju @XP (thuor) (8) 


_S(Fo,st) Frst,tu) f(z —Tu,tu) 


Vst You Tu 


s,t,u 


- exp | ira iron bikers) 


= a (retract rent ra} , 


where ry, is the vector drawn from the ¢-th 
atom to the u-th atom. 7st, is the angle 
between re and Feu, 7u,tu is the angle between 
Yu and ru, and kuo/2r is the wave number 
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vector from the w-th atom to the absorbing 
atom. 

The scattered waves of higher orders are 
obtained in the same way, but, as these 
terms are not taken into the actual calcula- 
tion, they are not given here. 

The total wave function of the ejected 
electron is given from Eggs. (2), (3), (5), (6), 
(7) and (8) by 


g=exp (kr) +2 Qs exp (iksor) , (9) 


where 
Qs=Gst = dust >, Qu,t,stc°* . 
uU, 


The transition probability from 1s state: 


The transition probability from the 1s state 
to the state of which wave function is re- 
presented by Eq. (9) has been obtained by 
Kronig.2»> The transition probability is pro- 
portional to the quantity, 


2 
py [Yotavde: == {1 a> (Qs*+Qs) COS Yo,s 


= 3, Qs*Qe cos 73,07} (10) 


[ute exp like 


where q» is the wave function of the 1s state, 
Ys,’ is the angle between rs and rs, and 


N gure exp (tkz)dt 


corresponds to the transition probability in 
the case of the isolated atom. Then, by 
calculating the term of the braces in Eq. (10), 
it is possible to obtain the variation of the 
transition probability relative to that of the 
isolated atom. The simplicity of Eq. (10) is 
due to the symmetry of q, and when the 
initial state is L, that is for an L absorption 
spectrum, the transition probability will have 
a more complicated formula. 

When the incident ray is unpolarized and 
the absorber is an assembly of fine crystals, 
the transition probability represented by Eq. 
(10) is averaged over all directions of the 
vector k. So the term which gives the dif- 
ference of the transition probability from that 


of the isolated atom becomes 
aS \c — >) (Qs* +Qs) COS 70,5 
Ar 5 


— > Qs*Qs: COS 7s,s}d2 
8,8” 


== ohne (qs*+Qs) COS To0,s 
4n g 


— > gs*gs’ COS 7s,°— Dd (qt,s*+qt,s) COS Yo,s 
$.87 Syt 


— >) (qu,t)s*+Qu,t,s) COS To,s+-*- }dQ, (11) 
8,t,u 


where d is the solid angle regarding to the 
k vector. 

We proceed with the evaluation of Eq. (11). 
In the calculation it is assumed that the 
potential of each atom is a well type potential 
hole of radius @ and with a depth Vo, and in 
order to obtain the scattered amplitude, /(9), 
Born’s approximation is used, that is, 


2m {sin (2kr sin 6/2) F 
6)= 2 
#) js {. 2kr sin 6/2 ona 
_ _ 2m cosK _ sink 
eee (in aatain gata A”) 
where 


K=2kasin 6/2. 

In Eq. (11) we carry out the integration 
before the summation. The integrated for- 
mula of each term of Eq. (11) becomes as 
follows. 


Ie 


~ Gk on bye OXP (aks) ray] + 


and 


\o COS 7o,s 2 = 2n( — om Voa® ) exp (— 7s) 
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1) Integration of the first term: 
From (4) 


{a COS 7,sd2 


1 

= = exp (—nretikrd| exp (ikren)xFixdds , 
$ —1 i) 
a3) | 
where | 

F(x)=fia—7o,s) : 
In Eq. (13) ka is small compared with krs, 
and kr; has a comparative large value; for 
example, when the energy of the electron is 
20 eV. and rs is the distance to the nearest 
neighbor in Cu, the value of krs is 5.9 and k 
becomes larger as the energy of the electron 
increases. In the present paper the authors 
do not consider the fine structure in the 
vicinity of the main absorption edge, so the 
integration of Eq. (13) is expanded into a 
series whose n-th term includes the n-th 

power of 1/krs by partial integration: 


G—COS f.es 


if 


exp (ikrix) Fe a teFs)}| ar (14) 


i 1 cos 2ka _ sin 2ka 1 
x - 213) speseah ate (Ree 
ines ikrs? | exp( : ro (2ka)? (2ka)s al 
1 Lcos2ha oo Ef I 1 : 1 i 
+ =| exp (2ikrs i ——— — et Ae : 
k?73 | Dae? 4 (2ka)? ‘errs “ara ) si 2hal + (+ eka) [+-- te 


Then the integrated formula of the first term 


(15) 


, taking only the first term in (15), becomes 


1 
in| orton COS Yo,s do~( ae - Voa' dies —Hfe) sin 2kry: MiKo), Pi 
where 
MK js Se es ee 
Lor Ky 


2) Integration of the second term: 


Qs*Qs = 
1 s¥. 


The term which must be integrated with respect to dQ appears below, and 


> 


(7 —To,s)f(@ —7Yo,s") exp {ik(1'" —13) +ik( rs — rs) — (re re)}. 


, in the same 
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manner as in 1) directly above, the authors use the partial integration method and take the 
first term alone. 


| P2G—roufin—roe) exp {ik(re— 1} dQ 


ca , > 2at 
= | EXP (7Rrss* COS To, 88’) SIN Yo, 887 drow F*(x2—-7o,s) fit —7o,s)dy 
0 0 


a 


ik = Qn 
ao haan exp (thse COS To, ss’) | I*(x—-To,sf\z—To, "dy 
URY ss 0 


Yo, 39/79 


{f*(a—Yo,s) f(a —Yo,s')} de 


w P 22 
: \ EXD (1Riss" COS 7 0,58") drow) 
IRI ss 


0 0 O70, 88° 


2 
= “a Vo a) a ; [exp (¢krss’) M{ K..(7s,ss’)} —exp (—ikrss)M{K-(rs,s8’)}] . 


Where M is the same function as in Eq. (16), 


where K .(7s,ss')=kaV 2(1-+cos 1s,ss’) ; 


K_(7s,ss')=kaV 2(1—cos Taeatl , 


and 
1 * jor k * * 
ie qs" Qs’ COS 7 s,s’ dQ = — pa (Qs Qs’ + QsQs’ ) cos dis5s2 dQ 
4x aS 8x 8,8’ 
sf Ses” 


2 Re e f 
ss 4 & om Vea? ) by exp {—“(7s+ rs")} Cos 7s,s{Sin h(—rst reer + 7°) M{Ks(15,28")} 
a h $s’ Rrs¥syVs 

Ss” 


x M{K.(7rs-,ss’)}—sin k( —1s—TVssr+ rs) Mf K_(7s,ss')}M{K_(77,ss’)}] 5 alye 


When rs=frs- 


i |e is Fond = ae ie [ror ae. 


An's ms 


The above term changes slowly with k, so that it is excluded from the calculation. 


3) Integration of the third term: 
In the same way we obtain the integrated formula of the third term. 


__ 2m Vea") exp {—H/2-(re+Vest7s)} COS Ys,t 


i RkrirtsYs 


x [sin k(e+rest+7s)M{K_(r1,0s)}+sin k(—re+rest 1s) M{ Ka (71,08) JIM Ks (rs,0s)}. (18) 


(co t,s) COS To,s d2= ( 
4n 


4) Integration of the fourth term: 
The fourth and other terms can be calculated in the same way; for example, the fourth 


term becomes 


1 (am 3\' exp {—H/2:(Yutrurt+rest1s)} COS Ts.u 
Fea Coe cos rod =( I Voa ) Rrufuttsrs Hi 


x<[sin Rut Tut tVts+ rs)M{ K-(yu,tu)}+sin k(=—fu+ Tut +Tts+ rs) MI K4(ru,tu)}] 
x M{K-(rut,ts)}M{K4(7s,t8)} : 


(19) 
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§3. Application to Actual Crystals 

The calculation was applied to copper, 
nickel and iron. The values of total cross 
section shown in Table II were chosen. The 
ejected electron decreases to l/e as it moves 
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a distance 1/2, 1 or 2 times the lattice con- 
stant, respectively. 

In Eq. (11), the first term is the largest 
and the second and the third term follow it, 
and we have only to consider the first term, 


Table II. The values of the total cross sections used in the calculation. 


Element | Cu | Ni | Fe 
L, ae the lattice constant | 0.5 1 2 0.5 1 2 | 0.5 1 2 
unit. 
pv, in A-1 02069) 402 138 “02277, 0.071 0.142 0.284 0.087 0.174 0.349 
Bie slge a7 2.06" © "4.11 8.22 


Chi Thal AN? WAS oA. eS) 


as long as the cross section of the elastic 
collision is not large compared with that of 
the inelastic collision. From Eq. (16) the dif- 
ference between the absorption coefficient* 
for solid and that for an isolated atom is pro- 
portional to the following term, if one assumes 
that 


| |ee peice de) 
is constant: 
= pa - 4 Vo oe 


cos 2ka _ sin 2ka ) 

(2ka)? (2ka)3 §’ 
where Ns is the number of atoms which are 
at equal distances from the absorbing atom 
and the summation extends all over the dif- 
ferent 7s. The value of a is small compared 
with 7;, so that the term in braces in Eq. 
(20) is a modulating factor for sin 2krs. The 
value of the summation is determined main- 
ly by the terms of small 7s, even if the value 
of uw is small. 

This follows from the consideration of 
several factors: 

(1) For large 7; the terms sin 2krs have 
short periods with respect to k; (2) the am- 
plitude N;/r;? decreases with increasing 7s; 
(3) the intervals between successive shells of 
neighboring atoms become smaller with in- 
creasing 7s. 


-exp (— urs) sin 2krs (20) 


* The absorption coefficient is given by the 
product of the transition probability and the state 
density, and in deriving Eq. (20), it is assumed 
that the state density is proportional to k as in the 
case of the isolated atom. Of course the state 
density will fluctuate in the solid, but the magni- 
tude of the fluctuation is small compared with the 
fluctuation of the absorption coefficient. 


13S) 


Then the small difference in the value of 
mw and the domain of the summation do not 
affect the total summed value. Table III 
shows the values of Ns/7s? for f.c.c. and b.c.c. 
crystals. 


Table III. Distances from the absorbing atom to 
the neighboring shells and values of WNs/r;? 
where WN, is the number of the atoms in each 


shell, in f.c.c. and b.c.c. crystals. 7s is ex- 
pressed in unit of lattice constant. 
Gc bic.c. 
No. rs N/rs? | rs N3/73? 
1 0.707 24.00 | 0.866 10.67 
a 1.000 6.00 1.000 6.00 
3 1.225 16.00 1.414 6.00 
4 1.414 6.00 1.656 8.73 
5 1.580 9.60 | 1.732 2.67 
6 1,782 67 » | 9.08 eee 
7 NSO BEL} 2.76 S208 
8 2.000 1:50 ~| 2.236 4.80 
9 2.120 8.00 | 2.445 4.00 
10 2.240, \. 4.80... |. 2.595. &.74 
ll 2.345 4.36 | 2.825 1.50 
12 2.450 4.00 | 2.955 5.48 
13 2.550 11.08 | 3.000 3.33 
14 | |<. S8T6Rah 2:40 
15 | | 3.315 2.18 


Figures 2,.3 and 4 show the calculated 
value of Eq. (20) for copper, nickel and iron 
for each value of 4. Curve (b) is the value 
summed up to the 7th shell in the f.c.c. 
lattice and up to the 8th shell in the b.c.c. 
lattice, when ys is zero. The curves (f) in 
the figures show the positions of the anoma- 
lies of the absorption coefficients according to 
Kronig’s method. The height of each verti- 
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Fig. 2. The fine structure of the X-ray absorption spectrum of Cu at K absorption edge. 
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(a) Experimental curve. (b) Summed value of the formula (20) from the 1st 
neighbors to the 7th neighbors, for »=0. (c) Summed value of the formula 
(20) from the lst neighbors to the 13th neighbors for »=0.069A-1. (d) Sum- 
med value of the formula (20) from the Ist neighbors to the 7th neighbors, for 
w=0.138 A-!. (e) Summed value of the formula (20) from the lst neighbors to 
the 7th neighbors, for ~»=0.277 A-1, 


Dashed lines. 

(c) Calculated value for the second term (17) and the third (18), for »=0.069 A-}. 
The summation is extended over the values of s,s’, 1,1; 1,2; 1,3; 2,2, and of 
Slee leo 2s onload) auCalculated waluesfor the second term (17) 
and the third (18), for »=0.138 A-!. The summation is extended over the same 
values of s,s’ and s,t in (c). 

(f) Positions of the anomalies of the absorption ceofficient by Kronig’s method for 


solid. 
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Fig. 3. The fine structure of the X-ray absorption spectrum of Ni at K absorption edge. 
Solid lines. 


(a) Experimental curve. (b) Summed value of the formula (20) from the lst 
neighbors to the 7th neighbors, for »=0. (c) Summed value of the formula 
(20) from the Ist neighbors to the 13th neighbors, for »=0.071 A-1. (d) Sum- 
med value of the formula (20) from the lst neighbors to the 7th neighbers, for 
p=0.142 A-1, (e) Summed value of the formula (20) from the Ist neighbors 
to the 7th neighbors, for »=0.284 A-1. 


Dashed lines. 

(c) Calculated value for the second term (17) and the third (18), for ».=0.071 A-1. 
The summation is extended over the values of s,s’, 1,1; 1,2; 1,3; 2,2, and of 
8,t, 1,1; 1,2; 1,3; 2,2; 2,1; 3,1. (d) Calculated value for the second term (17) 
and the third (18), for »=0.142 A-1. The summation is extended over the same 
values of s,s’ and s,¢ in (c). 

(f) Positions of the anomalies of the absorption coefficient by Kronig’s method for 
solid. 


1958) 


Fine Structureof X-ray Absorption Spectrum 


857 


fe 
(a) | 
| an ‘s l 1 eS et 
100 200 eV 
aL 
(b), | 
Oo | (\ wane = TAK it abe yt 1 
100 200 eV 
S -IF || |0-4 
Az 4 
= eri) ; 102 
re NY / x rid es. gS 7 
< HUE BENS cme en Seas Iss ae da SSO 
\ ‘ if 100 200 ev 4 
0.4; Y/ J-0.2 
Q2 | 
(d) | ‘ae 
x o N S ae ma Sees), A 1 | _—  et ee 
O | v \ : | ee apap t Sees aid _ V 
L WN f 100 200 eV | 
p Xe 
ae 0.4 
(e) 10-2 
1 4 an 1 n 1 hes og it L O 
100 200 eV 
4 -0-2 
: | i | Ay | | | | 
ul | igi n 4 | | 4. 1 1 | 1 fl | 
100 200 eV 


Fig. 4. The fine structure of the X-ray absorption spectrum of Fe at K absorption edge. 


Solid lines. 
(a) Experimental curve. 


(b) Summed value of the formula (20) from the 1st 
neighbors to the 8th neighbors, for »=0. (c) Summed value of the formula 
(20) from the lst neighbors to the 15th neighbors, for »=0.087 A-!. (d) Sum- 
med value of the formula (20) from the lst neighbors to the 15th neighbors, 
for »=0.174A-1. (e) Summed value of the formula (20) from the lst neigh- 
bors to the 8th neighbors, for »=0.349 A-1. 


Dashed lines. 


(c) Calculated value for the second term (17) and the third (18), for »=0.087 A-1. 


The summation is extended over the values of s,s’, 1,1; 1,2; 1,3; 1,4; 2,2; 
rep aomanGaOigistien nie dior | Ae 2.2092 .3% Oe. 2 hens Te) AS 2s Ald. 
(d) Calculated value for the second term (17) and the third (18), for w= 
0.174 A-1. The summation is extended over the same values of s,s’ and s,t 
in (Cc). 


(f) Positions of the anomalies of the absorption coefficient by Kronig’s method for 


solid. 
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cal line, which shows the position of the 
anomaly, corresponds to the multiplicity of 
the corresponding discontinuous plane of 
energy in the Brillouin zone diagram. In the 
calculations of (b), (c) and (d), the radius of 
potential hole a@ was taken to give the best- 
fit results with experiments. Considering 
that its value is the order of one tenth that 
of the lattice constant, these were found to be 


a=0.42 A for copper, 
a=0.42 A for nickel, 
a=0.60 A for iron. 


In order to estimate the above values the 
following facts were taken into consideration. 
In Eq. (20), the term modulating the amplitude 
changes its sign at the value of k which 
satisfies the 


in 2ka 
Oh ee in 
cos 2ka oe 
hence 
ph ee <OIS55.. 


a 


Experimental curves in the same figures 
are refered to Hayashi® for Cu and to our 
own data for Ni and Fe, photographed with 
a Johann type spectrograph, 25cm radius of 
the Rowland circle and by reflection from the 
(130) planes of quartz. With this spectro- 
graph the half width of Cu Ka, line is 
0.6x.u., with 7mm opening of the crystal 
surface, and it may be assumed that the 
crystal is bent with a considerably high ac- 
curacy. The experimental curve obtained by 
Hayashi is the density curve itself but ours 
give the logarithm of the X-ray intensity. 

The abscissa in these figures is the value 
of energy of the free electron corresponding 
to the wave number k/2z, and retains, of 
course, the wave packet uncertainty. The 
value of (—2m/h?-Voa*) is not necessary in 
Eq. (20); however, it does become necessary 
when one considers the terms Eqs. (17) and 
(18). The ordinate is the value for the case 
that the cross section for elastic collision is 
25% of the total cross section, at 46.5eV. in 
copper, 48eV. in nickel, and 4leV. in Fe. 
The relation between (—2m/h?- Voa*) and the 
cross section of the elastic collision is given 
by the equation, 


j=l Vege vee 1 
a= (55 ; ) (kay? |_4 4 (2ka)? 
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+ 1 Oka? sin 2ka 
ee ae sha) |. (21) 
8 (2ka)s 


In order to make clear the effect of the 
second term, and the third, these terms were 
calculated over a few neighboring shells; the 
results are shown by the dashed curves in 
the same figures. In iron the ratio of these 
terms to the first term is large compared 
with that for f.c.c. crystals. This is due to 
the b.c.c. structure, that is, to the fact that 
the value of Ns/r2 for a b.c.c. structure is 
small compared with that for a f.c.c. crystal 
and the amplitude of the first term in Eq. 
(11) becomes correspondingly small. Thus 
the second and the third terms affect the 
result, when o. is not small. In the calcula- 
tion of these terms the main part arises 
from those pairs of atoms for which 7¢,s or 
Ys,s’s 1S small, this result being due to the 
character of the Born scattering. 


§ 4, 

Calculated results shown in Figs. 2, 3 and 
4 are in fairly good agreement with experi- 
mental curves in the energy region of 50-250 
eV.. In the energy region below 50eV. the 
magnitudes of the fluctuations in the calculat- 
ed curves are greater than those of the ex- 
periments. Perhaps this is a consequence of 
the assumption that the total cross section is 
independent of k, and also that Born’s ap- 
proximation becomes poor in the low energy 
region. When the second term and the third 
are taken into consideration better results 
are obtained for copper and nickel, but it is 
not so for iron. There are questions about 
the choice of the parameter @ and about the 
effects of the terms neglected in the present 
calculation, but it will be meaningless to dis- 
cuss these points further so long as a well 
type potential hole is assumed and Born’s 
approximation is used. 

The authors have calculated the variation 
of the transition probability on the assump- 
tiog that the magnitude of the total cross 
section of the atom in a crystal is of the 
order of one square Angstrom and the inelas- 
tic part of the cross section is not small, and 
in this way good results have been obtained, 
although, to a rough approximation, the 
simple form of the potential hole and Born’s 
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approximation were adopted. That our results 
are so good, may be due to the validity of 
the assumptions. If the assumption for the 
inelastic cross section is proper, the fine 
structure of the absorption spectrum will be 
related only to atoms in the neighborhood of 
the absorbing atom; consequently the present 
method allows one to obtain a clearer picture 
of the relation between the structure of the 
substance and the spectral fine structure, 
since one can treat the problem for various 
substances, from molecules to crystals, with 
a unified method. 

In order to modify the present calculation, 
it is necessary to consider the following 
points. One must calculate accurately the 
scattered amplitude for the actual potential 
field and consider the additive potential field 
due to the missing K-electron. This is parti- 
cularly important for calculations on insula- 
tors. Also the departure from the free elec- 
tron approximation, which is adopted in the 
present calculation, must be _ considered. 
These are important in low energy region. 
In addition, the variation of the cross section 
with respect to Rk should be obtained in the 
whole energy region. The thermal motion 
of the atoms has not been considered in the 
present calculation but its effect can be 
obtained by averaging the calculated result 
with respect to the positions of the atoms. 

In conclusion, the authors wish to express 
their sincere thanks to Prof. T. Nagamiya 
for his kind comment and advice, to Asst. 
Prof. T. Nishiyama and Asst. Prof. Y. Toyo- 
zawa of Kyoto University for useful sug- 
gesions, and to Mr. S. Yomosa and Dr. J. 
Kanamori for valuable discussions. They 
also express their gratitude to Profs. C. H. 
Shaw, J. Korringa and E. L. Jossem of Ohio 
State University for reading the manuscript 
and giving them kind remarks. 
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The pure quadrupole resonance spectra were observed on Cl®> and Cls” 
in BClz and Br®? and B*! in BBr3 at several temperatures. The spectrum 
of each nucleus consists of characteristic doublet (vy and y,;) with the 
intensity ratio of ca. 3 to 5. The Zeeman study with a single crystal 
of BBr3 was-also carried out at liquid nitrogen temperature (77°K), to 
determine the asymmetry parameter 7. The results are as follows: 

C185 Cle? Br’? Br®l 
vy 21.582+0.001 17.008+0.002 175.293+0.002 146.434+0.002 Mc, 
MIT 21.578+0.001 17.004+0.002 175.264+0.002 146.411+0.002 Mc. 


vp-vyzy 3.68 +0.10 kc — 26.1+0.5ke 21.6+0.5 ke 
n — — 0.45+0.05 — 
eQq 42.9 Mc — 340 Mc — 


The ionic character and the double bond character were estimated to be 
4=0.42 and f=0.11, respectively for the B-Br bond from the above 
results. In BCl;, f=0.06 was obtained by assuming 2=0.50. The double 
bond characters of these compounds are fairly smaller than usually 
assumed. 

The doublet separation cannot be explained by direct nuclear dipole- 
dipole interaction. A reasonable explanation was made by taking into 
account the effect of the intramolecular vibration: the isotopes of boron 
B” and B" provide different mean square amplitudes to the bending 
vibrations of BX3, which in turn produce a difference of g for B!X3 and 
B"'X; molecules. The effect was calculated by use of the normal frequ- 
encies of BClz; and BBr3. A fair agreement was obtained between the 
observed separation of the doublet and hte calculated one. The observed 
intensity is also compatible with the assumption. 


pectation has been well 


$1. 

In nuclear quadrupole resonance spectrum 
the frequency of the absorption line is deter- 
mined by the coupling of the quadrupole mo- 
ment of a nucleus with the electric field 
gradient at the nucleus. In molecular crystals 
the field gradient is mainly fixed by the dis- 
tribution of valence shell electrons in bonding 
and nonbonding orbitals, but a minor contri- 
bution of intermolecular field cannot be 
neglected because of high resolution of this 
spectroscopy, and, in fact, even a slight non- 
equivalence of the positions of atoms in the 
crystal can be detected by a difference of 
absorption frequencies. Thus the number of 
absorption lines corresponds to the number of 
nonequivalent positions of the nuclei in the 
crystal, though accidental coindidence of the 
absorption lines often takes place. This ex- 


established by 
a number of studies” for substances whose 
structures were determined by the X-ray 
analysis. 

In his early work Livingston» reported two 
line separated by five kilocycles for Cl* 
nuclear quadrupole resonance spectrum of 
BCl;. On the other hand Rollier and Riva® 
found by the X-ray diffraction that all the 
chlorine atoms are equivalent in BCl; crystal. 
Hence from the relation mentioned above only 
a single line is expected for Cl®* nuclear 
quadrupole resonance spectrum of BCl;, and 
doublet actually observed has to be attributed 
to another effect. The main purpose of the 
present study is to make clear the origin of 
the doublet by the measurement of the reson- 
ance lines of BCl; and BBr;, the latter com- 
pound being known as isomorphous to the 
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former». In connection with this, the nature 
of B-halogen bond will be discussed from the 
observed coupling constants and the asym- 
metry parameters obtained from the observa- 
tion of the Zeeman effect. Two accounts are 
taken into consideration in the present work: 
a) dipole-dipole interaction between the neigh- 
boring nuclei and b) boron isotope effect on the 
mean amplitudes of molecular vibration. It 
is confirmed that the latter is the cause of 
the doublet. 

After this study had been finished, the 
present author noticed that Douglass® also 
made a study on boron trichloride with similar 
intention and his conclusion was quite close 
to the present one, though the effect a) was 
not definitely excluded because his measure- 
ment was carried out only on boron trichloride. 


Experimental 


§ 2. 

A. Preparation of Materials. Boron trich- 
loride was prepared by passing dried chlorine 
gas on metallic boron at 400°C. The product 
obtained was purified twice by vacuum dis- 
tillation. 

Boron tribromide was prepared by heating 
a mixture of potassium borofluoride and 
aluminium bromide. As the raw _ product 
contained some partially fluorinated com- 
pounds, probably BFBr., it was fractionally 
distilled to get a fraction boilling at 91°C. 

B. Measurement of Frequency. Two radio- 
frequency spectrographs of superregenerative 
type were used: one for chlorine resonance 
and the other for bromine. The oscillator- 
deterctor circuit of the former was similar to 
that used by Dean”, and that of the latter 
was almost the same as that by Kojima. 
The frequency ranges of the circuits were 15 
to 45Mc/s and 110 to 300Mc/s respectively. 
The absorption signals were displayed on an 
oscilloscope screen or recorded on a_pen- 
recorder through a lock-in amplifier and 
a phase-sensitive detector. For the accurate 
measurement of the frequency of an absorp- 
tion line a signal generator was first adjusted 
to the absorption signal with the aid of an 
oscilloscope, then frequency of the signal 
generator was mixed with harmonics of 1000 
kc which was generated by a 1Mc crystal 
oscillator calibrated within the order of 10~° 
by JJY frequency standard. The beat signal 
in the range of 500 to 1000kc was picked up 
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and the beat frequency was measured with 
the precision of 0.3 kc by a frequency-calibrated 
heterodyne receiver. Small separation be- 
tween the doublet lines was measured by the 
comparison with a quenching frequency on a 
recorder chart. 

C. Observation of Zeeman Effect of a Single 
Crystal. The magnetic field used for the 
Zeeman effect of quadrupole resonance line 
was furnished by a Helmholtz coil of inner 
diameter of 16cm, the field strength being 
108 oersted/amp. A single crystal of BBr; 
was prepared by use of the apparatus shown 
in Fig. 1. An ampule, 1.5cm in diameter 


copper cylinder 


liquid air 


Fig. 1. Apparatus for the preparation of a single 
crystal. 


and 5cm in length containing ca. 10g of 
BBr3;, was lowered slowly (5-6mm/hr) into 
a copper tube (3 mm thick, 2.5 cm in diameter, 
and 13cm in length) which was cooled by 
liquid air. The single crystal thus prepared 
was annealed by storing it for a few days in 
a Dewar vessel filled with dry ice. 


§3. Results 


A. Resonance Lines without Magnetic Field. 
The measurement of the spectrum was made 
at the temperatures of liquid nitrogen and 
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oxygen for BCl;, and of liquid nitrogen and 
oxygen and dry ice for BBr;. Signals of 
high signal-to-noise ratio were observed both 
for BCl; and BBr;. In the case of bromide, 
however, no signal was observed at first. 
It was found to be attributed to the broaden- 
ing effect of gq by the random neighbor con- 
figuration which was caused by the contami- 
nation of a small amount of fluorine 
compounds. A similar broadening effect has 
been found in the case of solid solutions of 
p-dihalogenobenzenes”. 

The absorption pattern of the two compounds 
displayed a similar shape of closely lying 
doublet lines: the stronger one, »;, on the 
high frequency side and the weaker one, »y, 
on the low. The typical recording curve of 
Br®! in BBr; is shown in Fig. 2. The 
frequencies measured at various temperatures 
are given in Table I. The frequencies of Cl* 
at the liquid nitrogen temperature are in good 
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(Voli-13, 


Fig. 2. Resonance line of 
recorded as a derivative curve. 


Table I. Observed frequencies of the pure quadrupole resonance spectra of boron 
trichloride and tribromide (in Mc). 
HAS 90°K 196°K 
BCl; vy 21.582+0.001 21.552+0.001 
(ca. 3 kc) 
C135 VII 21.578+0.001 21.549+0.001 
(cas 2' ke) 
C137 vy 17.008 -E0.002 16.986 +0.002 
VII 17.004+0.002 16.983 40.002 
BBrs Vy 175.293+0.002 175.123+0.003 173.084+0.010 
(ca. 20 kc) 
Br? VII 175.264+0.002 175.100+0.003 173.059+0.010 
(ca. 15 kc) 
Br®1 vy 146 .434+0.002 146 .302+0.003 144.590+0.010 
VII 146.411+0.002 146.277 +0.003 144.570+0.010 
Doublet separaration measured at 77°K 
BCl; C1 3.68+0.10 ke BBr; BY 26:1 05S 


Br®l 21.6+0.5ke 


Values in the parentheses are the band widths. 


agreement with those reported by Livingston”. 
By integrating the differential curve taken on 
the recorder, the intensity ratio was estimated 
to be 3 to 5. More accurate value of the 
ratio was not obtained not only because it 
depends on the base line assumed somewhat 
arbitrarily, but also because superregenerative 
detection is known to be less reliable for the 
shape of the absorption line. For bromide 
the absorption was also recorded by autodyne 
operation. The curve was almost similar to 


that by superregenerative one. The line | 
widths were fairly large, rough estimate of 
them being given in Table I. The separation 
of, the lines was measured at the liquid nitro- 
gen temperature. The results are also listed 
in Table I. 

B. Zeeman Effect The main purpose of 
the observation of Zeeman effect of BBr; is to 
obtain asymmetry parameter of the halogen 
atoms. On account of the low melting point 
of the compound (—46°C), a great difficulty 
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was imposed to study the Zeeman effect of this 
substance. Furthermore the doublet structure 
of the original line made it more complicated. 
Thus the analysis was made to the step which 
was sufficient to obtain y with the aid of 
knowledge of crystal structure by the X-ray 
diffraction. 

Now the frequencies of the Zeeman com- 
ponents are given in the case of /=3/2 by the 
following expression which is exact in y and 
is approximate to the first order in the applied 
magnetic field H 


: (1) 


paver 
Se 


fa gpgl@E-DOE r+) He 
+2(E—1)(2E—y+1) Ay + (E+2)2H2 pe? 
+{2(E+1)(2E —yn—-1)H2? 
42(E+1)QE+y—-1) y+ (E —2)°H2}""] , 
(2) 


where 


ne 1/2 
E=(1 A (3) 
y# is the magnetic moment of the nucleus, and 
H., H, and Hz are the components of the 
applied magnetic field in the direction of 
three principal axes of the g tensor (|gzz| 
<|qyy|<qgzz|). Thus a single line splits in 
general into four. According to the results 
of electron diffraction®, infrared spectrum, 
and the Raman effect, BBr; molecule has 
three B-Br bonds in the directions of 120° 
with each other, all lying on the same plane. 
Crystal analysis give the same structure» ™, 
Therefore, a magnetic field will in general 
give rise to a pattern of twelve-component 
lines, which may be too complicated to 
analyse directly. The analysis was made 
first by determining the direction in which 
the Zeeman pattern has a component line at 
its center (ss=0 in Eq. (1)). The relation 
between the splitting pattern and the direction 
of the applied field is conveniently under- 
stood by a sphere shown in Fig. 3, in which 
the molecule is put at the center of the sphere 
and on the equatorial plane with a B-Br bond 
in the x-direction. A point on the surface of 
the sphere corresponds to a direction of the 
magnetic field relative to the molecule. The 
circles drawn on the surface of the sphere 
show the directions in which central lines are 
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to be observed. The curve is circle when 
7=0, but becomes elongate towards the z- 
direction as 7 grows up. In order to get the 
direction of a bond, first the area is located 
where two lines BCD and EFG run nearly 
parallel (actually about twenty degrees apart), 


Z 


Fig. 3. Sphere showing angular relation of Zee- 
man patterns. 


and then the point A is determined by meas- 
uring the split patterns on the bisecting line 
of the two parallel lines. The arc CAF 
provides a measure of 7. The point C (or 
F) is the direction making an angle of 
60°—CAF/2 with the bond direction. This 
angle is given from Eq. (2) by letting s.=0 
and fie, 


e“CaAr ey 
tan (60 i \-3 Nien (4) 


From the length of the arc CF, 21-+1°, 7 was 
calculated to be 0.45-£0.05. 

C. Temperature Dependence of Resonance 
Lines. The variation of the reasonance lines 
with temperature was found to be normal in 
bromide. Since the lattice frequencies of the 
crystal are not known, exact reasonance 
frequency free from the effect of the lattice 


vibration is not obtained. Therefore, the 
value extrapolated to 0°K, 175.9Mc/s, is 
tentatively taken as v, for Br” of BBr3. This 


frequency, with the value of 7 obtained at 
77°K, was used to calculate the coupling 
constant: 


(eQq)"=2% ts (1 +50) =340 Mc/s. (5) 
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For BCl;, 7 was not measured and, accord- 
ingly, taken 7=0.24 as estimated in the dis- 
cussion described later, eQq was found to be 
42.9 Mc/s. 


§ 4. 

A. Boron-Halogen Bonds in Boron Halide 
Molecules. The B-X bond of boron trihalide 
molecules may be _ represented by _ the 
resonance among the following three struc- 
tures: 
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If the scheme is assumed, the amount of 
unbalanced p-electrons which is directly con- 
nected to the field gradient can be calculated 
by a procedure similar to that used by 
Kojima™. The z-axis is taken to be parallel 
to a B-Br bond, the x-axis to be perpendicular 
to the molecular plane, and the y-axis to be 
in the plane and perpendicular to the bond. 
The double bond in the configuration II in- 
volves a z-orbit in addition to the o-orbit. 
The s-hybridization of a p.-bond in I or in II 
is assumed to be 15%!. The factor e, the 
increase of g by a positive nuclear charge at 
the halogen nucleus in the configuration II, is 
assumed to be +0.15 as given by Townes™. 
In the configuration I the contribution to the 
field gradient q at the bromine nucleus comes 
from (1—s)gs of the bonding electrons in po 
plus s orbit, 2sq. of the nonbonding electrons 
in s plus fo orbit, and 2g. and 2qy of the 
nonbonding electrons in pz orbits. In the con- 
figuration II gq comes from (1—s)qc(1+e) of 
the bonding electrons in pp, plus s orbit, 
2sqe(1+e) of the nonbonding electrons in z- 
orbit, and qgz(1+e) of the bonding electrons in 
z orbit of the double bond. The configura- 
tion III contributed nothing to q because in 
the first approximation X-ion has a_spheri- 
cally symmetric distribution of electrons. 

Now if the double bond character of the 
B-X bond (the fraction of the configuration II 
in the resonance structure) and its ionic 
character (that of III) are designated by f and 
i respectively, then it can be easily shown 
that the total field gradients in the x-, y- and 
z-directions are given by 


Qux=(0,.425—0,4257 —1.086 fq , 
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Quy = (0.425 —0.4257+0.639 fq , 
and 
Quz=(—0.85+4+0.857+0.447 fq , 


where g denotes the q-value of a pure 4p. | 
orbit electron of a bromine atom in the bond | 
Thus the amount of | 
the unbalanced p electrons of the halogen |} 


direction, that, is qo. 


atom in the bond direction Up», is 


Up==—qe/q= +0.85—0.85i—0.447F , (6) || 


and the asymmetry parameter is 
7 (dee—Qyy)/Qzz= L725 710s é 
The observed values 


proposed by Dailey and Townes!” 
1=0 25 10m bebe 


gave 


the same boron atom, the ionicity of the 
halogen atom should be fairly reduced and 
the ionicity of 0.42 obtained above seems 
unreasonable. However, it is hardly attributed 
to the neglect of the effect of intermolecular 
partial bond which is seen in some compounds 
such as iodine and bromine™. A recent 
result of the X-ray reinvestigation by Atoji 
and Lipscomb’ shows that the bond length of 
B-Cl is not quite different from that in the 
vapor state and the nearest intermolecular 
Cl---Cl distances have regular Van der Waals’ 
values, which indicates that the bonds are 
essentially confined in the molecules but not 
shared between two molecules. The situation 
must be similar in BBr3, and it is also con- 
sistent with the normal temperature variation 
of the resonance frequencies in BBrs. 

If U, of B-Br bonds in other molecules 
could be explained by taking ionicity of 
Townes’ value 0.35, the large apparent ioni- 
city obtained in BBrs; might be due to the 
effect such as intermolecular bonding or large 
crystalline field. However, U» of B.H;Br is 
0.39*, which is consistent with ionicity of at 


* The coupling constant of Br7? in BsH;Br meas- 
ured in the microwave spectroscopy is 294 Mc/s 
in the a-axis direction (C. D. Cornwell, J. Phys., 
18 (1950) 1118). By transforming the g tensor 
using the molecular geometry, the coupling constant 
along the direction of the B-Br bond is estimated 
to be 298.4Mc. Unknown asymmetry parameter 
in this case does not appreciably affect the trans- 
formation, since the a-axis is closely parallel to 
the B-Br bond, 
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(7) | 
of y=0.45 and of | 
U n= (€QQ)ovs] (€QQ)atom = 340/769.8= 0.442 provide | 
the results of f=0.12 and 7=0.42. The s-curve | 
relation between ionicity and electronegativity | 


Judging from the fact that | 
in BX; three halogen atoms are attached to | 
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least 50%. The decrease of ionicity from 
B.H;Br to BBr; is normal and an ionicity 
higher than Dailey and Townes’ value is 
necessary to fit to the U,» of both of the two 
compounds. Therefore, it is hardly probable 
that large intermolecular effects exist in BBrs. 

Although no asymmetry parameter was 
measured for BCl;, the situation must be 
quite similar. Thus by assuming 50% ionic 
character for B-Cl bond, f=0.06 is obtained 
from U,=42.9/109.7=0.392. Hence by use of 
Eq. (6) 7 is calculated to be 0.24**. Contrary 
to this result, Gordy! estimated f=0.29 and 
7=0.46 for B-Cl bond in this compound. 
These values provide an abnormal result that 
the maximum gq does not lie in the B-Cl bond 
direction but in the y-axis, and the value of 
7=0.90 obtained seems to be unreasonably 
large. From a relation of bond distance to 
the bond character Pauling!® estimated that 
configuration II is the dominant one, and, 
accordingly, B-X bond has about 1/3 double 
bond character and about 2/3 single bond 
character. Though the present treatment 
utilizes some simplifying assumptions, it may 
be noted that the double bond character is 
found to be appreciably lower than Pauling’s 
estimate in both of the two compounds. A 
similar situation was also met in the case of 
p-dichlorobenzene!™»!?: the double bond 
character derived from quadrupole resonance 
data was far less than that formerly estimated 
from the bond distance. 

B. Origin of Doublet Structure. As des- 
cribed above, the doublet lines are not ex- 
pected from the crystal structure. It is 
another evidence of nonstructural origin of 
the doubling that the two lines showed similar 
behavior in the temperature dependence of 
the frequencies and in the Zeeman effect. 

The doublet separation of the Cl** resonance 
line, about 4kc, is of the order of spin-spin 
interaction. The largest spin-spin coupling 
acts between the pair of boron and halogen 
atoms which form the direct bond, for it is 
the shortest inter-atomic distance in the boron 
halide crystal. The B-Cl distance of 1.75A 


** At the first glance it seems unreasonable for 
estimating 7 to use the value 42.9Mc/s of the 
eQq which was obtained by assuming 7=0.24. The 
assumed value of 7 was used to make a small cor- 
rection for the asymmetry factor which is often 


neglected, In fact the correction is only 1%. 
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from the X-ray analysis and the spin moment 
of 2.7 nuclear magnetons of B! (the abundance 
ratio of B" being 81%) give the splitting of 
the order of 2.1kc in case when 7v=0. It 
should be noted that Douglass calculated the 
splitting due to the same spin-spin interaction 
for B-Cl in case of y=+1. Change in vy gives 
different patterns but the total splitting is of 
the same order. Similarly the splitting is 
found to be 4.5kc for bromine by assuming 
B-Br distance to be 1.87A and y=0. The 
calculated value for Cl* is almost the same 
order as the observed one, 4kc, but for Br? 
it is too small to explain the observed separa- 
tion 26kc. It clearly indicates that the spin- 
spin interaction is not the main origin of the 
doublet. Each line of the doublet is remark- 
ably broad, the width being almost 2 kc for 
BCl; and 10kc for BBr3, which may be at- 
tributed to the spin-spin interaction discussed 
above. 

A reasonable explanation of the doublet 
structure can be found in the difference of 
the mean square amplitudes of molecular 
vibrations in B’°X; and in B'X3 molecules as 
Douglass pointed out. When a bond with g of 
axial symmetry oscillates about a space-fixed 


axis, the q decreases to a(1-4 >), where 


go is its original value and <6?> denotes the 
mean square amplitude of the angle of oscil- 
lation. In crystals the oscillation may be 
either lattice mode or intramolecular vibra- 
tion, so that the difference in <62> caused by 
boron isotopes will reflect on a change in 
resonance frequency, and thus _ produces 
a doublet. Douglass calculated this effect and 
concluded that, though the agreement be- 
tween the observed and the calculated is not 
very good, this is more likely to be the origin 
of the doubling. 

In the present paper a similar calculation 
is also made for both BCI; and BBr;. The 
procedure and the values used in the calcula- 
tion are somewhat different from Douglass’ 
ones a) in the formula of temperature depen- 
dence of vibration in the presence of 7, and 
b) in the frequencies of the normal vibrations 
and force constants. 

Wang! derived a formula for the effect of 
molecular torsional motions on the shift of 
the quadrupole frequency of a nucleus with 
spin 3/2 in a field gradient without axial 


866 T. CHIBA (Vol. 13, 
symmetry. and 
His final formula is one is we i : (16) 
nv=a( 1 +37)" ( 8 ) 870? v4 2kT 
3 Normal frequencies used in the present cal- 


where 


gf =a 1-5 (Oe) + 6049) + 3-109?) —O2) 


1 2 2 
+5 B—0) 220 | (9) 


and 


Vf =(al| 9+ CO?) —<Oe>) 


1 1 

= mCOAY+ B=) +5 (B—1) 02X05 | 
(10) 
and <0,?> and <@,?> are the mean amplitudes 
of osillations about the x and y axis, qg and 7 
are referred to the molecule at rest. Sub- 
stituting Eqs. (9) and (10) into Eq. (8) and 

expanding it in the power series of <6), 


hy=hyyl—ac6z?) — BC Oy) ’ (11) 
where 
1/2 
hvy=-e0q{ 1+") . (12) 
and 
1 1 
a=(3+27n+—7? /? hol raatesdis 
(reede)/Auede) | 


p=(3—29+5 7") /2( 14-57") : 


Eq. (13) is more appropriate than that used 
by Douglass, since the latter is lacking in the 
terms arising from (m, m=2)th energy matrix 
elements which have a significance of the 
first order. 

In this calculation, the procedure of com- 
puting the mean square amplitudes about 
a space-fixed direction by use of a relation of 
Cartesian displacements to the normal vibra- 
tions is applied. This is convenient for treat- 
ing complicated molecules. The Cartesian 
displacements X are related to the normal 
coordinates Q by the well-known matrix ex- 
pression of X=AQ, where A=M'B'U’ 
x(Z-1/ ™. Therefore 6; can easily be ex- 
pressed by the normal coordinates: 


=> DyQs. (J=x, y or 2) (14) 
Thus by taking time-average, 
lps PY Div Qi?) . (15) 


culation were those determined recently by 
Lindeman and Wilson??. From these normal 
frequencies generalized force constants, one 
for out-of-plane and three for in-plane 
degenerate modes were obtained. Then 
<0?)’s were obtained by the method described 
above. The difference in the mean amplitudes 
due to boron isotopes gave different values 
of B'°X; and B"'X3. The calculated values of 
the splitting were compared with the observed 
ones in the form of a fraction to the resonance 
frequency, that is, 


2. a((0-2530—(0.2a%1) + B( 00? yB—COr" Yh), 


(17) 
The results are shown in Tables II and III. 


Table II. Calculated difference of mean square 
amplitudes (<@2>g10—<@2>pl1) between B!°X3 and 
BUX; at 77°K (in 10-4). 


vibrational 


ia he BCl; | BBrs 
i | 0.577 0.577 
v3 0.329 0.294 
v4 —0.010 / —0.004 
Table III. Calculated and observed splitting given 
in the fraction to the original frequency, 
Avy x 104. 
(4y/\)ealca (4v/v Jopsa 
‘out-of-plane in-plane | total 
BCls 0.716 | 0.549 | 1.265 1.70 
BBry | 0.586 0.540 | 1.126) 1.49 


A fair agreement between the observed and 
the calculated values is seen in the Table. 
It is noted that the out-of-plane mode makes 
larger contribution than the in-plane ones. 
The mean square amplitude of B!!X; is small- 
er than that of B'’X; and, therefore, the 
resonance line due to the former lies on the 
higher frequency side than that of the latter. 
As pointed out by Douglass, it is in good ac- 
cord with the intensity ratio of the two lines; 
the line of higher frequency is stronger than 
that of lower frequency, which is expected 
from the abundance ratio of boron isotopes. 
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Several accounts will be considered with 
regards to the small discrepancy between the 
calculated and the observed values. 

1. The use of force constants obtained in 
the gaseous state instead of those in the solid 
state. Since the normal modes in the solid 
state are not known, the mean amplitudes 
were calculated by use of the data in the 
gaseous state. In the molecular crystal, how- 
ever, it cannot be considered to be very 
serious. 

2. The neglect of the stretching effect. The 
dependence of g on the stretching coordinate 
of the bond was neglected in the calculation. 
Actually for some compounds, a small change 
of eQq associated with the stretching of a bond 
was found from the microwave spectroscopy”. 
The change is associated with the increase in 
the mean bond distance by the anharmonic 
part of stretching vibration. Unfortunately, 
there is no way of estimating the effect for 
the present case. 

3. Bond orbital following effect. In the 
above calculation, the direction of the princi- 
pal axis of the maximum gq is considered to 
lie on the line connecting the boron to the 
halogen nuclei. However, if the bonding 
orbital does not follow exactly to the direc- 
tion, the bending angle of g is not equal to 
that of B-X. Then, the mean amplitude 
<@) is likely to be larger than that in the 
above calculation. Similar effect was found 
in the case of ICN by the microwave spectro- 
scopy”», where the change of eQq from the 
ground vibrational state to an excited state 
of the bending mode was slightly larger than 
that calculated from the mean amplitude. 

From the above discussion, it is easily 
understood that the agreement given in Table 
III is quite good. At any rate it is safe to 
conclude that the origin of the doubling is the 
isotope effect of the mean amplitude. In the 
present study fine structure was not detected 
both in BCl; and in BBr3;. Judging from the 
close resemblance of the line shape in BCI; 
and BBr;, the doubling mechanism must be 
the same for both cases. 

A definite evidence which excludes both 
direct and indirect spin-spin effect* from be- 

* The latter effect is referred to in the book 
by Das and Hahn as being cited from Douglass’ 
conclusion. This is, however, far from the con- 
tents of his thesis. The author is grateful to 


Professor S. Kojima for pointing out this misquo- 
tation. 
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ing the origin of doublet is presented by the 
following observation. If the spin-coupling 
is the main origin of the doubling, the 
ratio of the doublet separation of Br7? and 
Br*! must be proportional to 79/481=0.927, 
since the spin-coupling is proportional to the 
product of the magnetic moments of boron 
and halogen nuclei. On the other hand, if 
the doublet is due to the isotope effect of 
molecular vibration, the separation is propor- 
tional to Q7°/Q®!=1.197, since the observed 
separation should be 34eQ(4q), where 4g is the 
same for Br7? and Br*!. The doublet separa- 
tion was carefully measured both for Br’ and 
Br*! lines and the result was 26.1/21.6=1.21, 
which agreed with the latter prediction. 
Therefore, it is sure that the origin of the 
doubling is the isotope effect of boron on 
molecular vibration and the spin-spin coupling, 
thought it is present, may be only effective 
within each line of the doublet. In fact, vy 
line is appreciably broader than vy in both 
compounds, which may be associated with the 
magnetic moment of B' and B! nuclei. In 
BCl; similar consideration cannot provide 
a conclusive evidence since Q*5/Q?7=1.27 is 
close to 2°5/137=1.20. 

The lattice vibration might be effective in 
the similar sense to the splitting of the re- 
sonance line, since the difference of the 
masses of isotopes of Cl®* and Cl*’ or Br7® and 
Br®! cannot be overlooked. If one of the lattice 
mode, for example, a torsional oscillation 
about the figure axis, is considered, the split- 
ting due to the isotope effect similar to that 
described above will occur in BCl;*°, BCl,%*Cl*7, 
BCI1*°Cl,37 and BCl3°’. However, lattice frequ- 
encies are considered to be so low that the 
condition hy<kT is fulfilled. As seen in the 
Appendix, the effect of isotopic mass does not 
enter so long as the force constant remains 
unchanged. Thus the vibrations which are 
effective in the isotope splitting are only 
those having hy >>kT and, consequently, it is 
sufficient to consider only intermolecular vib- 
rations. 
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Appendix 


Effect of Isotopic Mass on the Mean Amp- 
litude. The magnitude of a change of a mean 
amplitude caused by mass difference depends 
on hyv/kT. It is illustrated by a simplified 
one-dimentional model. 

The mean amplitude of a vibration of 
frequency is given by 


L gaeal) hens 1 1 ) 
<A mit coth ar et a hgeuen Laie 
(A.1) 
where 
pa a, (A.2) 
2x’ m 


and f and m denote respectively a force 
constant and an effective mass of the vibra- 


tion. The fractional change of the mean 
amplitude Tas caused by a fractional 


change of the mass 4m/m is, therefore, given 
by 


(A.3) 


4¢A* os Ee 
<A?» m @ 


Fee sod 


where 


> /_Am 
m 


ING 
«A% 


cal 
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x=hv|[kT . 
The value is plotted against x in Fig. 4. 
From the curve it can be seen that the isotopic 
mass difference has a negligible effect when 
hv<kT, provided the force constant remains 
unchanged. 
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A study on the Zeeman effect of Cl35 nuclear quadrupole resonance 
spectrum was carried out on a single crystal of cyanuryl chloride. Three 
distinct g-tensors were found in this crystal, two of them being equiva- 
lent. The directions of the principal axes were determined within the 
accuracy of 1°. It was concluded that in the crystal all molecules are 
disposed parallel (or antiparallel) to one another and three C-Cl bonds 
of a molecule are on a plane, making an angle 120° with one another, 
one of them being not equivalent to the other two. A large asymmetry 
parameter, 0.26, was obtained. From the coupling constant and the 
asymmetry parameter, the double bond character and the ionic character 
of C-Cl bonds were estimated to be 10% and 17%, respectively. The 
large double bond character was considered to be associated with the 


large electronegativity of nitrogen atoms in the ring. 


$1. Introduction 

The first study on the Zeeman effect of 
nuclear quadrupole resonance spectrum in a 
single crystal was accomplished by DehmeltY 
for the iodine nuclei in tin _ tetraiodide. 
Livingston and Zeldes® made a study on the 
iodine nuclei in iodic acid and showed an 
evidence of extra Zeeman components resulted 
from proton interaction. Dean* made a study 
on the chlorine nuclei in f-dichlorobenzene. 
Meal applied the Zeeman study on the chlo- 
rine nuclei in p-chloroaniline to the crystal 
analysis. Kojima et al.*©) made comprehen- 
sive studies on the Zeeman splitting of nuclear 
quadrupole resonance lines of single crystals 
of bromine and p-dibromobenzene, obtaining 
accurate values of asymmetry parameters. 

Two valuable informations are obtained 
from the Zeeman studies. One is the spatial 
orientation of the principal axes of the elec- 
tric field gradient tensor (qi;) at the nucleus. 
As the principal axis of the g-tensor is con- 
sidered to lie on the bond direction at such 
a nucleus as chlorine in the C-Cl bond, the 
Zeeman effect is useful for the study of the 
crystaline structure or of the molecular struc- 
ture in the solid state. The other information 
is the asymmetry parameter 7 of the q-tensor. 
Although in the case of /=1 or J>2 it can 
be obtained from the nuclear quadrupole reso- 
nance spectrum in the absence of a magnetic 


field, in the case of /=3/2 as chlorine nucleus 
it can only be obtained by the Zeeman study. 
The most important contribution to 7 in such 
a case as chlorine in the C-Cl bond is con- 
sidered to come from the double bond charac- 
ter of the bond, since a single o-bond provides 
no asymmetry to the g-tensor. Hence the 
measurement of the asymmetry parameter 
gives a unique method for estimating contri- 
bution of z-bond. Thus the Zeeman effect is 
valuable for the study on the nature of a 
bond. 

The molecular structure of cyanuryl chlo- 
ride was studied by Akimoto” by use of the 
electron diffraction by gaseous molecules, but 
the crystalline structure is not completely 
known; only its space group was reported to 
be CS by Hoppe al al. The nuclear quadru- 
pole resonance spectrum of the chlorine nuclei 
in cyanuryl chloride without the applied mag- 
netic field was recently reported by Negita 
et al.»», whose results are in good agree- 
ment with those of the present work. 


§2. Theory 

The Zeeman effect of nuclear quadrupole 
resonance spectrum was first solved by 
Kriiger™ in the case of axially symmetric 
g-tensor. Bersohn!” expanded it to the atoms 
with asymmetric qg-tensors and nuclear spin 
quantum number of half integers and calcu ~ 
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lated the energy levels to the first order in 
the magnetic field H and to the second order 
in the asymmetry parameter 7. 

The principal axes of a g-tensor are defined 
as the x, y and z-axes, the z-axis represent- 
ing the direction of the largest component and 


the x-axis that of the smallest one. Then 
OSes, 
where 
= (Grx—Qyy)/Gzz - (1) 


In the absence of a magnetic field, the 
energy levels of m=+3/2 or +1/2 of quadru- 
pole coupling for a nucleus with a spin quan- 
tum number J=3/2 are degenerate, so that 
only one resonance line is observed corre- 
sponding to the transition between the two 
levels. By applying a magnetic field, each 
doubly degenerate level splits into two mixed 
levels and the resonance line splits into four 
lines corresponding to four transitions as 
shown in Fig. 1. Although the transition be- 


+3 


Fig. 1. Splitting of the energy levels for 7=3/2 
by the Zeeman effect. 


tween two mixed levels of m=-+1/2 is also 
possible from the selection rule 4m=-+l, its 
resonance line exists at a region of so low 
frequency that it is not observed in the usual 
work, when the applied magnetic field is small. 
By an approximate calculation to the first 
order in H the frequencies »,, »,’, vy. and 
v,’ of four splitting lines are given by 
Diy, Poses (2) 

Voy ly = pater 


where ») is the unperturbed resonance fre- 


quency given by 
zz 1 9 1/2 
= 20de g E=( Li 7) 


omer ih) 
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and s and ¢ are the splittings given by 


s SP. Dine wate (7 |i ies ee 2 
i} agg UAE 22H? — (BE 68). 


+2 E — VCP — Hy7) 

+[(4&2+ 2E —2) H?— (3&?+ 6& —6)H/? 

—2y(E+1)(A2’—Ay)}/?} (4) 
where yv is the nuclear magnetic moment, 
H,, Hy, and H. are the components of the 
applied magnetic field in the three principal 
axes of the g-tensor, and # is Planck’s con- 
stant. Eqs. (2), (3) and (4) hold for any 
value of y. In the ordinary case where 7 is 
small compared to 1, Eq. (4) can be reduced 
to the following approximate formula of the 
second order in 7*: 


* eieele 2 2 Bist 2)]1/2 
: f((9H2+ 17 H?—-3H2)] 


+|[(4H?—3H-,*)—4y(H?—H,’) 
+ (1/3)y*( H?—3H2?)}/?} . (5) 
The direction of the principal axes of the 
q-tensor at the nucleus under consideration 
can be obtained by comparing the observed 
splitting curves with the theoretical ones 
(Fig. 2). 


oa 
ae ? 
= 
5 | 
oO 
& 
fy 
a 
7) 
‘ 
-2 
———~> Field direction 
(angle from the Z-axis) 
= 2, n=0 ea ad N=0-2 
Fig. 2. Angular dependence of the Zeeman effect. 


The splitting frequencies, when the mag- 
netic field is applied parallel to the principal 
axesy are given by 
Sy=So(1+y) , 
te=So(l—y), ty=so, 


Sz=So , 


S2=25 ) 

tz=So , 

heen nA Nei 45: eal ele 
* The coefficients of the 72-terms in Eq. (5) 

slightly differ from those of Bersohn’s! and 

Kojima’s®»® formula. 
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where 
2 uv 


6 


3 h 


It should be noted in the z-direction the outer 
splitting is twice as large as the inner one, 
and the latter is equal to the outer splitting 
in the x-direction as well as to the inner 
splitting in the y-direction. It provides a 
good clue for the determination of the princi- 
pal axes, as shown later. The asymmetry 
parameter 7 is calculated from the splitting 
in the direction of the axis x or y as follows: 
Sy—ly 


cast (7) 


The parameter 7 can also be obtained by 
measuring the directions in which three-line 
patterns are observed. The directions of the 
three-line patterns are given by putting ¢=0 
into Eq. (5); it is easily shown that 

y={-—3(A2—H,?)+[9 A2?—H,?)? 
+6 H?—3H,)?]'/?}/(H?—3H-2) , 


= Se—le 
Sx 


(8) 
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where the + signs must be taken as 7>0 
by the definition. 


$3. Resonance Spectrum in the Absence of 
Magnetic Field 

The sample was purified by recrystalization 
of commercial cyanuryl chloride from benzene 
solution. 

Without the applied magnetic field two 
resonance lines vy and v;; with the intensities 
of vr: vrr=2:1 were observed at room tem- 
perature for both nuclei Cl*® and Cl’. The 
signal to noise ratio was very high. The 
lines were sharp, the line-widths being about 
lke. Their frequencies ‘are in good agree- 
ment with the observation by Negita et al.» 

The resonance frequencies were measured 
at several temperatures as tabulated in Table 
I. The frequency changes with temperature 
are plotted in Fig. 3. It is noted that vr; is 
higher than v; at 294°K (the room tempera- 
ture), but they are reversed at 197°K (dry ice | 
temperature) and coalesce to one line at 77°K 


Table I. Pure quadrupole resonance frequencies in chlorine nuclei of cyanuryl chloride. 
C135 C137 
Temperature v5 vz735 vy p35 —y 7735 pt vrrst vy pt —y 7734 
(Mc) (Mc) (Mc) (Mc) (Mc) (Ke) 
294 36.2997 36.3172 -17.5 28.6078 28.6202 —12.4 
197 36.5502 36.5446 + 5.6 
Vis 36.7708 36.7708 0) 


y7?9/y37=1.26891 +0.00002, 


(Mc) 
Ow 
O- 
z 


Ol 
® 
()) 


Frequency 


300 


ie) 100 200 


> Temperature (°K) 


Fig. 3. Temperature dependence of the Cl* re- 
sonance frequencies. 


(liquid nitrogen temperature). This anomalous 
feature in temperature dependence suggests 
an existence of a transition point between 


vr7r?/v 7797 =1.26894+0.00002 (at 294°K) 


77°K and 197°K, but in order to comfirm the 
existence it is necessary to detect abrupt 
change of the resonance frequencies at a 
specified temperature. 

The mean frequency of the two lines at 
0°K is estimated to be 36.83Mc by extrapo- 
lation. The ratio v,;*9/y;37 and vr1*°*/yr7*" are 
in good agreement with the ratio Q*/Q* of 
the quadrupole moments of the two nuclei. 


§4. Zeeman Effect of the Resonance Lines 
for Cl* 

A). Preparation of a Single Crystal. A 
single crystal of cyanuryl chloride was pre- 
pared by the pointed-bottom-crucible method?”, 
The apparatus is schematically illustrated in 
Fig. 4. A diaphragm was put between the 
electric furnace and the cooler to keep a 
suitable temperature gradient. The sample 
contained in an ampule with a sharp-pointed 
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bottom was melted in the furnace and then 
lowered into the cooler to freeze into a single 
crystal. A good single crystal was obtained 
at the lowering rate of about 3mm/hr under 
such a temperature gradient as shown in 
Ig Os 


B). Apparatus for Observation. A super- 
regenerative spectrometer! was used. The 
splitting frequencies were measured by record- 
ing the resonance lines as derivative curves 
of the absorption. 

The magnetic field was furnished by Helm- 
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Fig. 4. Apparatus for preparation of single crys- 
tals. 
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tus shown in Fig. 4. 
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holtz coil with a field strength of 108 gauss/ 
ampere at the center (Fig. 6). The field 
actually used was about 10 gauss. The Helm- 
holtz coil can be rotated in a whole range of 
angle about the vertical axis, but it cannot 
be inclined beyond 40° from the vertical axis 


A,B; Helmholtz coil. 
C,D; Goniometer. 


E; Sample. 


Fig. 6. Magnet for the Zeeman effect. 
because of the contact of the lead-wire of the 
rf-coil with the edge of the Helmholtz coil. 
All the spherical angles were covered by car- 
rying out several runs at different angular 
positions of the crystal mounting. 


C). Method of Observation. The observa- 
tion with the applied field showed that the 
line vy; splits into eight lines in general and 
vrr into four. Since a resonance line of a q- 
tensor splits into four lines by a magnetic 
field, the above result indicates that vy; is 
due to one kind of q-tensor grr, whereas yr 
due to two kinds of g-tensors gr and qr’ which 
are equivalent each other except the direction 
in the crystal. Any direction on the two 
planes which bisects the angles between the 
principal axes zr and zy’ (the direction of the 
maximum q components of qr and q7’) is 
equivalent for both qx and q,’. Hence the 
fields in these directions yield the same split- 
ting lines for qr and qz’, so that v7 splits into 
four lines: Such planes were first determined 
by searching the directions where the four- 
line patterns of v; were observed. These 
planes are called XZ- and YZ-planes. The 
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Z-axis, the intersection of the two planes XZ 
and YZ, is perpendicular to both z, and 2z,’. 
In other words, z, and 2,’ are on the plane 
XY thus determined. In order to determine 
the angle between z, and 2,’ on this plane 
and to locate the direction of the grr re- 
ferring to the axes X, Y and Z, the split- 
tings by the magnetic field in the directions 
on the planes XY, YZ and ZX were observed. 

The splitting frequencies were measured 
by referring to the difference between the two 
resonance lines vyr—»v;, and were reduced to 
the values at a certain field strength by use 
of the value of electric currents in the Helm- 
holtz coil. 

D). Results. A good confirmation of the 
directions of the principal axes of the g-tensor 
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is provided by the consideration of the sym- 
metry property; an axis is determined to be 
one of the principal axes, if symmetric split- 
ting curves with respect to this axis are ob- 
tained in two planes involving it. The ob- 
served Zeeman splitting curves are plotted 
against the direction of the field in Fig. 7. 
The X, Y and Z axes, therefore, correspond 
to the three principal axes of the qrr-tensor; 
the X-axis is the principal z-axis, because in 
the X-direction the outer splitting srr is twice 
as large as the inner splitting tr, as required 
by Eq. (6). The Y- and Z-axes are the y- 
and x-principal axes, respectively, because 
the inner splitting ¢;; in the Y-direction is 
equal to the inner splitting frr in the X-direc- 
tion as well as to the outer splitting sr; in 


Fig. 7. Angular dependence of the Zeeman effect of Cl3® resonance lines in cyanuryl 


chloride. 


a) In the XZ plane 
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Bigs 
b) In the YZ plane 


the Z-direction (compare Eq. (6)). 

For the q-tensors, gr and gr’, the X-axis is 
also concluded to be one of the principal axes 
from the symmetrical shape of the splitting 
curves of y; in the XZ- and YZ-planes. Eight 
splitting curves of »; in the XY-plane are 
classified into two groups: one due to the qr- 
tensor and the other due to the gq,’-tensor. 
Two inner splittings tr; and —t; which are 
symmetric with respect to v; are due to the 
same gq-tensor, for instance, gr, and similarly 
tr’ and —t,’ which are symmetric with the 
formers with respect to the X- and Y-axes 
are due to the other, qr’. The splitting curves 
due to the same g-tensor must have the same 
symmetrical dependence on the angles whether 
they are outer or inner. -ts; and -tt,, there- 


fore, compose a group of splitting curves due 
to qr, and +s,’ and +?fr’ compose a group 
due to gr’. Since the Z-axis is one of the 
principal axes for both the gr- and q;’-tensors, 
the others must be on the XY-plane; they 
were found to lie in the directions (X¥+30°Y) 
and (X—60° Y) for the gr-tensor and (X—30°Y) 
and (X+60°Y) for the gr’-tensor, where (X+ 
30° Y) designates the direction 30° far from 
the. X-axis towards the Y-axis on the XY- 
plane. The principal axes x, y and z are 
assigned from the splittings in each directions 
as tabulated in Table II. It is noted that the 
principal x-axes are along the Z-axis for all 
q-tensors. 

The values of the asymmetry parameters 
y are determined from the splittings in the 


| 
| 
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Higa 7. 
c) In the XY plane 


Table II. The principal axes of the q-tensors. 
v-axis y-axis z-axis 
Che Z X+30°Y X —60°Y 
qr’ Z X—30°Y X+60°Y 
qi Z VW xX 


(the exp. error; +1°) 


directions of the principal x- and y-axes by 
using Eq. (7): 

4r=0.230.03 for qr and qr , 
and 


nr11=0.26+0.03 for hae e 


The directions giving three-line patterns 
are shown in Table III. The angles between 
these directions and the principal z-axes in 


the XY-plane are 51°-52° for the gqr- and ar’- 
tensors, and 51.5° for the qrr-tensor. From 


Table III. The directions giving three-line 
patterns. 
qr qi’ qr 
X Y-plane X—8°Y X+8°Y X+51.5°Y 
X+69°Y X—69°Y 
YZ-Plane 2Z+37.5°Y Z+37.5°Y None 
ZX-Plane None None Z+31°X 


(the exp. error; +1°) 


the angle 51°5°, the value of y is also calcu- 
lated by Eq. (8) to be 


4=0.26+0.08 . 
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This is in good agreement with the results 
from the splittings in the directions of the 
principal x- and y-axes. 

The observed splitting curves are in good 
agreement with the theoretical ones which 
are calculated by putting into Eq. (5) the ob- 
served directions of the principal axes and 
the asymmetry parameters of the q-tensors 
(see Fig. 7). Slight discrepancies are found 
in the splitting of vzr near the Z-axis. 

The intensities of the outer splitting lines 
are weaker than those of the inner, and they 
increase by approaching to the x- and y-axes, 
whereas they decrease to the z-axis and then 
become unobservable at the z-axis, just as 
expected from the theory. But an unexpected 
feature appeared in a small range close to 
the x- and y-axes, where the intensities of 
the outer splitting lines decreased. 

The pure quadrupole coupling constant is 
calculated by Eq. (3) by using the value of 
y together with that of the resonance fre- 
quency v)9=36.83Mc which is extrapolated 
from the observed to 0°K; the result is 


(eQq)c15=73.0 Mc . 


§5. Discussion 


A). Directions of the C-Cl bonds. The 
chlorine atoms corresponding to the electric 
field gradient tensor qr, qr’ and grr are denoted 
by Cl,, Clr’ and Clrr, respectively. Since in 
the C-Cl bond the principal z-axis of the gq- 
tensor at the Cl nucleus is considered to agree 
with the direction of the bond, the principal 
Z-axeS Z,, 27° and zrr of the above g-tensors 
represent the directions of the bonds C-Cl,, 
C-Cl,’ and C-Cly;. Hence there are three 
kinds of directions of the C-Cl bonds in the 
crystal. These three directions correspond 
to those of the three C-Cl bonds in a mole- 
cule, because one molecule of cyanuryl chlo- 
ride contains three Cl atom whose bond direc- 
tions are different from one another. 

From the directions of the z-axes listed in 
Table II, the angles between the C-Cl bonds 
are obtained to be either 60° or 120°. Here 
are two values because of the quadratic nature 
of q-tensor, but it seems most plausible to 
prefer the latter such a molecule as cyanuryl 
chloride. The error of measurement of angles 
is about 2°. Thus 


“N LN TaN 
ClrClr’ = ClrClzz =Cl7’Clrr=120°+2° , 
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The angles can also be obtained from the 
directions in which three-line patterns were 
observed: that is, 


xeES 
ClrClri= 119% 3 
US. 
Coch and Gly’ Clr=119.5—120.5° : 


which agree with the value mentioned above 
within the range of experimental error. 

The most probable structure of cyanuryl 
chloride molecules is thus concluded to be 
the planar structure as shown in Fig. 8, 


Fig. 8. Disposition of cyanuryl chloride mole- 
cules in the crystal. 


where all the constituting atoms are arranged 
on one plane and the angles between the C-Cl 
bonds are all 120°+2°. Although the Zeeman 
effect determines the angles between each 
pair of the three C-Cl bonds, it cannot give 
the relative positions of the bonds with the 
triazine ring. Therefore any configuration 
cannot be discarded in which the triazine ring 
inclines from the XY-plane, so long as the 
three bonds remain at the directions described 
above. 

The nuclear quadrupole resonance spectrum 
obtained above gives informations on the 
crystalline structure too. As only two lines 
which corresponded to the three Cl nuclei in 
a molecule were observed, it is concluded 
that all the molecules occupy equivalent posi- 
tions in the crystal with the molecular plane 
parallel to one another and with all the C-Cl 
bonds parallel or antiparallel to the corre- 
sponding bonds in the other molecules. The 
atoms Cl; and Clr’ are located at equivalent 
positions in the crystal, but not equivalent 
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to Clrr. This fact, together with the result 


AS 
of the Zeeman effect that the angle Cl,;Cl, 


is equal to that of ch cl’, leads to the con- 
clusion that the crystal has a plane of sym- 
metry through the C-Cl;; bond and _ perpen- 
dicular to the XY-plane. The frequency shift 
between v; and »;; must come from a slight 
difference of the environment of the chlorine 
nuclei in the crystal. 

It was observed that by cooling the crystal 
cracks run parallel to the XY-plane through 
the crystal, that is, to the molecular planes 
in the crystal (see Fig. 8). 

B). Asymmetry parameter. The asymme- 
try parameters of Cl atoms in cyanury! chlo- 
ride were found to be remarkably large in 
comparison with those in chlorine derivatives 
of benzene. It may be attributed to the large 
double bond character of the C-Cl bonds in 
cyanuryl chloride. 

The ionic character 7 and the double bond 
character f of the C-Cl bonds are estimated 
from the values of 7 and the coupling con- 
stant (eQq)ops! by the method used by 
Kojima ef al. for p-dibromobenzene®. Ac- 
cording to them, the number of unbalanced 
p-electrons contributing to the g.-component 
is given by 


Uyp=3(Nz+Ny)—Nz 
=(1—i—f)(1—s)+2(1+6(1—2s’) (9) 


if the resonance scheme shown in Fig. 9 is 


"2 Ap + 
oti 3Cli +Cle 


IN Ay i fen + se 
es Se Cl AK, Cl prayer, 
I I 0 


Fig. 9. 


assumed for the C-Cl bonds. The z-electrons 
consisting of the double bond in III are as- 
sumed to be supplied from the p.-orbit of 
chlorine atom. sand s’ denote the s-character 
of the o-orbit due to the sp-hybridization in 
the configurations I and III*, and € denote 


* In their treatment of p-dibromobenzene, Ko- 
jima et al. neglected the s character of the «-bond 
in the double bond: i.e. they assumed that s’/=0. 
It may be reasonable to keep the term s’, as in 
the above argument. 
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the change in the screening effect by a posi- 
tive formal charge at the chlorine atoms in 
Ill. Townes and Dailey’)! estimated s= 
s’=0.15 and €=0.15 for chlorine atom. 

Since. Upy=1 for a free atom, Uy, is calcu- 
lated by 


p=(€QQ)obs/(€QQ)atom ? (10) 
where (€Qg)atom is the quadrupole coupling 
constant in a free chlorine atom, that is, 
109.7 Mc, and (eQq)obs is the observed in 
the molecule, that is, 73.0Mc. Hence U,= 
0.66 for cyanuryl chloride. 

The asymmetry parameter 7 is given by 


_Uz—Uy_ 3 f(1+6&) 

TASC EE PES 
Thus the double bond character f is obtained 
to be 10% from 7=0.26 and U,=0.66 by use 
of Eq. (11), and from it the ionic character i 
is calculated to be 17% by Eq. (9). It should 
be noted that the double bond structure III 
is aS important as the ionic structure II. This 
feature has already been pointed out by Negita 
et al.. 

The asymmetry parameter 7, the double 
bond character f and ionic character i of the 
C-Cl bonds in cyanuryl chloride are compared 
with those of benzene derivatives in Table 


% (11) 


Table IV. Comparison of the nature of the 
carbon-halogen bonds in cyanuryl chloride with 
those in benzene derivatives. 


7 5 a 
p-dichlorobenzene» 0.08 3% 24% 
p-dibromobenzene 0.12 5 15 


cyanuryl chloride 0.26 10 17 


IV. The C-Cl bonds in cyanuryl chloride 
have smaller amount of ionic character and 
considerably larger amount of double bond 
character than those in jp-dichlorobenzene. 
The C-Br bonds in p-dibromobenzene have 
an intermediate double bond character between 
them, and the same order of ionic character 
as cyanuryl chloride. These features may be 
explained in terms of electronegativities of 
the constituting atoms; the electronegativity 
of nitrogen is 3.0 which is larger than that 
of carbon, 2.5, and comparable with that of 
chlorine, 3.0'. In cyanuryl chloride electrons 
are attracted towards both the chlorine atoms 
and triazine ring, and then the contributions 
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of the configuration III with the double bond 
should be comparable with that of the ionic 
configuration II and larger than that of the 
double bond structure in p-dichlorobenzene. 
The comparison with p-dibromobenzene is also 
established by considering the electronegati- 
vity of bromine 2.8 which is smaller than 
that of chlorine. 

It may be interesting to compare the results 
with 1, 3,5-trihalogenobenzenes which have 
the same symmetry as cyanuryl halides. The 
comparison of the nuclear quadrupole reso- 
nance frequencies was carried out by Negita 
et al., between cyanuryl chloride and 2-chloro- 
pyridine and between -1, 3, 5-trihalogenoben- 
zene and monochlorobenzene and similar tend- 
encies were concluded. 

The x-directions of C-Cl bonds are con- 
cluded to be parallel to the Z-axis, that is, 
perpendicular to the molecular plane for all 
the Cl atoms. It is a definite evidence that 
electrons in the p-orbits which are perpen- 
dicular to the plane of the molecule take part 
in forming the z-bonds. 


C). Temperature Dependence of the Reso- 
nance Frequencies. Both of the resonance 
frequencies v; and vz; decrease with the in- 
crease of temperature. This tendency may 
be explained by the torsional oscillation of 
molecule as stated by Dehmelt!, Bayer, 
and Wang?». According to Bayer, the tem- 
perature coefficient of resonance frequency is 
expressed as a function of temperature as 
follows: 


LS GY Ou, ie 
vodT 2 AnthT? © In(er?md®T —1)2 pe) 
where »v and v9 denote the resonance frequen- 
cies at T°K and 0°K respectively, and ym the 
torsional frequency corresponding to the mo- 
ment of inertia In. When hym/kT<1, 
Lod BR gy 
Vo dT 87? m LinY in? 1 
Thus so long as the frequency of torsional 
oscillation is assumed to be independent of 
temperature, the temperature dependence is 


regarded as almost linear as shown by Deh- 
melt!”, 

The temperature coefficient for each reso- 
nance line is obtained as follows: 


A dy 


EY m/KE 


(14) 


= —0.703 x 10-4 deg-" , 
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eb dvr 
Vo aii 


where the extrapolated value 36.8 Mc was put | 


= —0.637 x 10-4 deg“* , 


In, Yo. 
as those of ordinary organic compounds; for || 
example, for p-dichlorobenzene, Wang”) ob- | 
tained —0.916x10-4deg-! at 16.9°C and Ku- 
shida, Benedek, and Bloembergen?” —0.60 x 
10-4 deg-! by correcting the volume change. 

The difference of the temperature coef- 
ficients between v; and v;; may be explained 
by the nonequivalence of the positions of Clzrz 
and the other two in the crystal. If the 
three Cl atoms were all equivalent in a crystal, 
all the modes of torsional oscillations with the 
axes in the molecular plane would be degene- 
rate. The degeneracy is, however, removed 
in cyanuryl chloride by the anisotropy men- 
tioned above, so that the frequency »;; depends 
on two modes of rotations around Y and Z 
axes, but »v; depends on all the modes. », 
and vr; have, therefore, different temperature 
coefficients, which are given by 


1 dvrr 3k il i) 
a ; 15 
a {Bye + a ( ) 
and 


Vo dT 
1 der Sey 1 


ydT = 8r|_ Lv2 
aay aterrnngre”y 
+ rane cos? = tie cos | 5) REG) 


where J+, Jy and J, are the moments of 
inertia about the axes X, Y and Z, respec- 
tively, and vz, vy and vz are the correspond- 
ing torsional frequencies which have not yet 
been measured for cyanuryl chloride. 

In the case of f-dichlorobenzene?»~2®, it 
was found that the contribution of the Z- 
mode is twice as large as that of the Y-mode. 
If the same ratio is assumed for cyanuryl 
chloride, Eqs. (15) and (16) provide the ratio 
of 

pt ey yt? Tepe 1. 4 OS (17) 
Since Jv? is proportional to the force constant 
against the rotational motion, Eq. (17) indi- 
cates that the molecule can rotate more easily 
about the X-axis than about the Y-axis. It 
seems quite reasonable, because the X-axis is 
a symmetry axis, whereas the Y-axis is not. 


§6. Conclusion 
1). Cyanuryl chloride molecule has a planar 


They are almost in the same value | 
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structure in the crystal, the angles between 
C-Cl bonds being all 120°-+2°. 

2). At room temperature each molecule 
occupies an equivalent position in a crystal, 
the corresponding C-Cl bonds being all paral- 
lel (or antiparallel) to one another. One of 
the C-Cl bonds is nonequivalent to the other 
two. Thus two resonance lines are observed 
with the relative intensity of yyy: vp-=1:2. 

3). Large asymmetry parameters in the Cl 
atoms, 77;=0.23 and 77;=0.26, were observed, 
from which the double bond character and 
the ionic character are estimated to be 10% 
and 17%, respectively. The large double 
bond character was explained as the result 
of large electronegativity of nitrogen atoms 
in the triazine ring. The electrons in the p- 
orbits perpendicular to the molecular plane 
play a role of z-bond in conjugation with the 
ring. 

4). The difference between the tempera- 
ture coefficients of v; and vr; was discussed 
by the anisotropy of the crystal field. 
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In the frame-work of the crystalline field theory, the excited states of 
Cr3+ in Al,O; and the optical transitions to these states are studied tak- 
ing into account the effect of trigonal field and spin-orbit interaction. 
Initial splittings and optical anisotropies of the broad band (transitions 
to quartet states) and the sharp lines (transitions to doublet states) are 
examined. For the sharp lines, the Zeeman effect is also examined and 
the Zeeman patterns are predicted. Comparing these theoretical results 
with those of the experimental ones given in Part B, the assignments of 
U, Y bands and R,, R2, Bi, By lines have been established. It is shown 
that the g-shifts of the excited doublets observed in the Zeeman pat- 
terns can also be explained under such assignments. It is also shown 
that the experimental data of the optical absorption can be reasonably 


connected to those of the paramagnetic resonance absorption. 


§1. Introduction 


In the last several years, it has been beli- 
eved by many authors that the optical spectra 
of normal complex ions of the first transition- 
metal elements are reasonably explained by 
the crystal-field or the ligand-field theory of 
d-electrons. It is true that the theory pre- 
dicted the positions of the absorption bands 
and lines in agreement with the experiments 
and gave reasonable order of magnitudes for 
the intensities and widths. However, we still 
feel that a more definite evidence than those 
mentioned above is needed to confirm the 
theory because the number of the observed 
absorption bands in the individual complex is 
rather limited and the detailed analyses of 
the sharp absorption lines have not yet been 
made. The main purpose of this series of 
papers is to give a more sound foundation to 
the crystal field theory of optical absorption 
than that previously established by examining, 
both theoretically and experimentally, the 
details of the optical spectra of ruby. 

The reason why we adopt ruby for this 
purpose is as follows: 

Similarity of the spectra to those of Cr 
alum: A single crystal of ruby whose colour 
is, as well known, due to Cr**+ impurities in 


Al,O3 crystal shows similar spectra to those 
of Cr alum; The spectra in the visible region 
consist of two bands (obs. max. at ~18000 cm7? 
and ~25000cm-!) and of several groups of 
lines situated at ~14400 cm-! and ~21000 cm7}. 
From the knowledge of the crystal structure 
(§2), we can see that Cr+ impurities which 
substitute Al’* ion of Al,O; are surrounded 
almost octahedrally by six nearest O?- ions 
and are therefore subject to a strong cubic 
field just as in the case of Cr3* ion in Cr alum. 
In addition to this cubic field, there is a rela- 
tively strong trigonal field whose axis is the 
optic axis C;. Thus we can safely assume 
that the same treatment will be applicable to 
both Cr alum and ruby to explain their opti- 
cal spectra. 


Contrast to Cr alum: It has a distinct optic 
axis and, as will be reported in a later paper, 
shows a remarkable optical anisotropy which 
is not observed in the case of Cr alum. Itis 
stable both at high and low temperatures so 
that we can get much informations on the 
optical behaviours at these temperatures, while 
Cr alum is unstable at high temperature and 
shows phase-transition at low temperature 
which complicates the interpretation of the 
line spectra of Cr alum greatly. It shows a 
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relatively strong luminescence in the red 
region where the sharp line absorptions are 
observed. This luminescence is absent in Cr 
alum. 

Thus ruby can provide us with more useful 
and definite informations than Cr alum that 
has been regarded as a representative material 
with its abundance of spectra, the elucidation 
of which has been the success of the crystal 
field theory. 

Of course, ruby, as a diluted antiferromag- 
netic substance Cr.03, has many interesting 
problems in-its own and thus the present 
study may also be interesting from another 
point of view. 

Experimentally, we have a fairly abundant 
knowledge about ruby. Deutchbein® has ex- 
amined many narrow spectra of both absorp- 
tion and emission many years ago and Leh- 
mann® has performed an elaborate experiment 
on the Zeeman effect of the characteristic 
doublet R,; and R, observed at ~14400 em-!. 
There remain, however, some doubts with 
respect to the quantitative aspect of his ex- 
periment. In view of the importance of the 
Zeeman effect in the analysis of the line 
spectra, measurements of the Zeeman effect 
were made again under experimentally better 
conditions both for the line spectra of R,, R, 
and B,, B,. The absorption lines B,; and BP, 
are located at ~21000cm7! and their Zeeman 
effects have not been observed yet. These 
will be reported in the second paper (Part B). 

As for the broad bands, detailed quantita- 
tive measurements, especially on splittings 
and anisotropies, seem absent as far as we 
know although Thosar® has briefly reported 
the optical anisotropy of the first band (at the 
longer wave-length side). The results of ex- 
perimental studies on these bands will be given 
in a later paper. 

The knowledge about the ground state of 
ruby are provided by the recent experiments 
of paramagnetic resonance”. 

The present paper is devoted to the theore- 
tical consideration which enables us to analyse 
the experimental facts already known and 
those to be reported later. Although details 
of the newly obtained experimental results 
will be given in later papers, the results that 
seem definite and important will be sometimes 
reffered to, if necessary, in order to confirm the 


theory. 
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§2. The Crystal Structure 


The crystal symmetry of ruby® is, as well 
known, rhombohedral with its unit cell con- 
taining two molecules of Al,O;. Some of Al’+ 
ions are considered to be substituted by Cr+ 
ions. Their nearest neighbours are six O?- 
ions, which form a distorted octahedron 
around Al** or Cr%+ ion, which has neither 
inversion nor reflection symmetry (dv) as Fig. 


Fig. 1. A portion of the Al,O3; arrangement pro- 
jected upon a plane normal to the 3-fold axis 
C3 and passing through the apex of a unit 
rhombohedron. Fractions give distances below 
the projection plane measured in terms of the 
height of the unit rhombohedron. Atoms of 
Al (or Cr) are small, the oxygens are large 
circles. (Wyckoff, 1948) 


1 shows. The symmetry of this distorted oc- 
tahedron is C3; whose principal axis passes 
through the apexes of the unit rhombohedron. 
It may be noted that the four positions of Al** 
in the unit cell are energetically equivalent, 
since the four distorted octahedrons are trans- 
formed into one another by translation or both 
by translation and inversion at the central 
ion. 


§3. The Hamiltonian for the Cr**+ Ion and 
Wave Functions for d-electrons 


In our previous pepers” on the octahedral 
complexes, the effect of spin-orbit interaction 
has been completely neglected. For the 
analyses of the line spectra of ruby, the spin- 
orbit interaction plays an essential role toge- 
ther with the trigonal field as we shall see 
later. Thus the Hamiltonian which we must 
take for the Cr** ion in ruby is 

CE Ace, 


ar: 
— Verig+ Vso ( ) 
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where &,j is the Hamiltonian for the cubic 
case without spin-orbit interaction, Virig the 
trigonal field and Vso the spin-orbit interac- 
tion. Judging from the similarity of the ab- 
sorption spectra of ruby to those of Cr alum, 
we may suppose that the cubic part will be 
larger than the other two terms. #’ will 
be treated as a small perturbation to the cubic 
system. 

The eigen-functions of 4, for the chro- 
mophoric electrons are already known. They 
are given in (3.7) of I*, where the z axis was 
chosen in the direction of the fourfold axis of 
the octahedron. The principal axis of the 
trigonal field in ruby is, however, just one of 
the three fold axis of the octahedron, and it is 


GE +1)=(Us, u-) 
g(Fy +1)=(a, @_) 
ge(Fi 0)=a 
(Fy +1)=(x+, x-) 
g(F, 0)=%o 
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more convenient to take this axis as the axis 
of quantization in the present case. The cubic 
bases, namely, the unperturbed eigenfunctions 
are accordingly transformed so that they span 
the irreducible representations of both On and 
Coo**, 


oF M)=S eT r)CrITM), 3.2) 


where g(I’r) is the previous cubic base be- 
longing to the 7 component of the cubic re- 
presentation J’ and is abbreviated as 


g(Er)=(u, v) 
¢(Fir)=(a@, B, r)* , (3.3) 
o(Far)=(E, 0, €)* 

while g(I’M) are abbreviated as follows: 


irreducible representation E of Cz» | 
E 


(3.4) 


These are at the same time the trigonal bases which belong to the irreducible representation 
of C3. as shown on the right column of the above table. 
The matrix elements of the unitary transformation (y|"M) are given by 


(Er|EM) 
U+ Uu— 
lio yee ale) 
v —tV 2) ily 2 B(x) 
r(C) 


where o=e?/5 and @=w?. 

Since almost all of the matrix elements of 
operators needed in this paper are already 
given in IV, we now proceed to the discus- 
sions of what follows from the theory. 


§4. Optical Anisotropy and Splitting of the 
Absorption Bands 

As pointed out in §1, the similarity of the 

absorption spectra of ruby to those of Cr alum 

leads us to the expectation that the absorption 

band at ~18000cm™7!, which we call U band 

hereafter, corresponds to the transition (/.*)*A» 


§ 2 of IV). 


(irl FM), (For | FM) 


A+ ae ao 
(X+) (x-) (Xo) 
a FV odana led any LAY aaceeneaeel 
mal SuimalV Bact Wei 
Sy st Pa pee 


at ~25000 cm! (called Y band) to the transi- 
tion (f23)*A.—> (f2e)F;. This expectation 
will be confirmed if this assignment could 
explain the experimental facts®, namely the 
splitting and the optical anisotropy of these 
bands. : 

Let us denote by U+ and Y+* the absorp- 
tions of U and Y when the electric vector E 
of the incident light is perpendicular to the 
optic axis C3, and by U// and Y// those when 
E is parallel to C;. The outline of the ob- 
served splittings and anisotropies of the bands 


** Although actual symmetry of the field which 
electrons subject to is C3, it is allowed to treat it 
as if Czy when we deal with the crystal energy of 
d-electrons. 
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to be reported later is as follows: Each ab- 
sorption peak of U// and Y// is found at the 
shorter wave-length side of the corresponding 
peak of U+ and Y*. The splitting amounts 
approximately to 500cm7! for both U and Y. 
The absorption intensity of U+ is much higher 
than that of U/ (the ratio is more than 2), 
while the absorption intensity of Y* is fairly 
low compared to that of Y// (the ratio is 
about 1/2). The intensity of U+ is comparable 
to that of Y+. 

These experimental facts, especially the 
marked optical anisotropies of U and Y offer, 
as we shall see, important evidences in favour 
of the above assignments. The study of the 
optical anisotropy in the present case is as 
powerful as the study of the optical rotatory 
power. The importance of the study of the 
rotatory power in making the assignment of 
*F, and *F, has been recently emphasized by 
Moffitt”. 


(a) The splitting 

Strictly speaking, we must take the spin- 
orbit interaction into account as well as the 
trigonal field, in order to discuss the splitting 
of the bands. Let us, however, neglect the 
effect of the former fora while. Then group 
theory shows that 4#F, level splits into two 
sublevels *E and 4A, of Cz and ‘Ff; into ‘+E 
and ‘A, under the action of the trigonal field. 
If we adopt the assumption of strond field 
limit (i.e. neglect of the configuration interac- 
tion among the cubic levels), the positions of 
these split components measured from the re- 
spective unperturbed positions of ‘F, and ‘FP, 
are given by 


, 4h GRoxs Veric|tPavs) = K/2 
2p 4 
Fa a i, (4F2xo| Verig|{P2%0)= ik 

4E (fF ia4| Virig/*Pia+)= K/2 | 
f2p 4 s 
fs ales i. (4Fao| Verig*Piao)=—K salisen 


ld Fy as Vic Pavan 
7; on & 

fre A hice (*Fya| Verig|*Piao) = —2K 

in terms of a parameter K which measures 

the strength of the trigonal field and is related 

to the splitting on one electron level f2: 

(foxx|v rig fex4)=—K , (foxolVtrig| fox) = —2K . 
(4.2) 

(The e level is not split by the action of tri- 

gonal field. Note also that the trigonal field 

as a tensor operator is of type F» and Virig 

= V,(Fy) in the notation of IV’). 
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Thus, as far as we neglect the interaction 
among the sublevels split from different cubic 
levels, the magnitudes of the splitting of 
fret, and f.2e4F, are both 3K/2. 4A, and 
“A, sublevels are on the shorter wave-length 
side of each ‘E& sublevels, in case K is nega- 
tive, and vice versa. As will be seen in the 
next subsection, the present case seems to be 
just the former one, and we have 


K~ —-350 cm7 (4.3) 


from the observed splitting. This value of K 
in turn justifies the neglect of the effect of 
spin-orbit interaction in discussing the splitting 
of ‘Fy, and ‘F\, since the order of magnitude 
of the relevant matrix elements of Vso will be 
that of the spin orbit coupling parameter 
A=€/3 which will be at most as large as ~90 
cm! (see § 5). 

(b) The optical anisotropy 

In the case of octahedral complex ions, all 
electric dipole transitions between the multip- 
lets fo"e”’SI'g were forbidden at the equilibrium 
configuration of nuclei because of the presence 
of centre of symmetry and the observed in- 
tensities of the absorption bands of these ions 
have been explained by taking the vibrational 
distortion of the octahedron into account. 

In contrast, the environment of Cr** ion in 
ruby has no centre of symmetry. The natu- 
rally unsymmetrical field (the hemihedral part 
of the trigonal field Vnem) will make the elec- 
tric dipole transition slightly allowed even in 
the absence of vibrational distortion. Although 
the effect of the latter might not be quite 
negligible, we will discard it in the discussion 
of the optical anisotropy and concern ourselves 
only with the effect of the former. This is 
also somewhat justified by the experimental 
facts to be reported later that the dependence 
of the oscillator strength of the absorption 
bands on temperature is slight at relatively 
high temperatures and that the band shapes 
vary with temperature roughly in the same 
way as that of allowed transitions. 

The dipole strength of the transition be- 
tween the ground state ‘A; and the component 
M of the excited state ‘7’, is the square of 
the absolute value of the following matrix 
element: 

(‘Asal PIT oM) 
id (4Asg|Pl*T uM’) (Pu M’| Viem|*l'oM) 
13 WET) —-WET'w’) 


Py! 
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(*Asg| Vitem|*?'u’ M’) 4P uM’ |\P\4T'oM) 
WEAsa)—- WEP a’) 


a ee 
oe 
(4.4) 


where 4/7,’ is the higher excited state with 
odd parity and W(‘Iu’) is the energy of that 
state. P is the electric dipolement vector 
Ser: of the system, P=(P:, Py, Pz). It is 
more convenient to use the following linear 
combination of P. and Py corresponding to 
the present choice of bases, 


R= 37 5 (Pe HP) 

4.5 
ee 5 (Pe iPa ay) 
IE =e, ’ 

so that 
P=—P_kt—Psk-+Pok® , 

See RS nde 

ka 5 a ’ 
il : 

-= ——_({—7J 4.6 
k V3 (i—7j) , (4.6) 
ko =k 
Wer Pa le P= SP +e), 


where i, j and k are the unit vectors in the 
directions of x, y and z coordinate axes re- 
spectively. 

Vnem must be invariant under the trigonal 
rotation, and changes sign under the inversion 
with respect to the origin. If it is expanded 
in powers of the coordinates of electrons, the 
first term which will be predominant is of 
the form « > zi. This term is of type Fix as 


an irreducible tensor operator and will be de- 
noted as Vo(Fyu) in the following. If we assume 
Vhem= Vo(Fi«), the excited state 47,’ in (4.4) 
is restricted to ‘Fy, since P is also an opera- 


tor of the type Eee Then we find 
(*As| Plt Fra) = +5 —-a(tA, > *Fy)-k* , | 
(*A2|P|*Fo%)=0 ’ 


(4.7) 


1 —/a(tA,— 4F)- Be , 


(*As|P|*Fias)= Te 


(*As|P|*Fiao) = ed: 


wa “OG As > By) ees 


(4.8) 
where a@’s are suitable proportionality factors 
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which can be evaluated from (4.4), and the 
corresponding dipole strengths are 


WA, > ‘Fy 4E)= we, WCAs>*F.M) 
oc lat, Py ELP) 


WtAz2—> *Fy:4As)= WEAs > *Fom)=0, 
(4.9) 


WA, > 4h 4EAE)= >) WEA,>4RM) 


M=a,,a 


co ay 4F)P-P+P), 


WA > *Fi:4A1)= WtA2 > *Fid) 


x Slats — 4F;)|?k? . 


(4.10) 

The transition probabilities for the linearly 
polarized light E//C3 are given by the coeffi- 
cients of k? and those the linearly polarized 
light EC; by the coefficients of # or j? in 
(4.9) and (4.10). Thus with the assignments: 


UM: fo3 *Asg > (f2?@)* Fog: 4A 


Us: 20)! Fag :4E 

— (f27e)* Frog (4.11) 
Y/ — (f27e)*Fig:tAs 
Vek: — (f7e)*Fig:4E 


we have the following ratios between the 
dipole strengths; 

o(U!/):@(U+)=0:1 

o(Y//):w(Y*) =4:1 \. 

Although the result are not quite satisfac- 

tory, the present simple treatment seems to 
explain the qualitative feature of the observed 
optical anisotropy in each absorption band 
under a reasonable assumption. The causes 
of the discrepancy between the theory and 
experiment may be as follows; the assump- 
tion Viem= Vo(Fiw)* and the neglect of the 
vibrational effect. We need, however, more 
detailed knowledge of the trigonal field and 
the vibrations excited in the crystal in order 
to improve the results. These problems will 
be left for future investigations, together with 
the unexplained ratio of the absorption inten- 
sities of U to that of Y. 


(4.12) 


§5. Splitting and Optical Anisotropy of the 
Absorption Lines 


For the absorption lines R; and R, of ruby, 


* Note that (4.7) and (4. 8) holds as long as we 
assume Vhem is of type F\,. They were derived 
by consideration solely based on the transformation 
properties of operators and wave functions. 
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we expect the assignments /,34A,— split 
components of /,32E or /.32F,, and for Bi 
and B, f.?4A.,— split components of /.32F,, 
just as in the case of Cr alum. In this sec- 
tion, we will discuss the splitting of 5: 2E, 
*F, and ?F, levels due to the action of the 
trigonal field and the spin-orbit interaction, 
and also the optical anisotropy of the absorp- 
tion lines corresponding to the transition to 
these split components from the ground state. 
(a) The splitting 

As pointed out in IV, the splitting of 2E is 
described by the effective Hamiltonian 


FE ett=AS:T(A2) , (9.1) 


where 4 is a parameter to be determined em- 
pirically and 7\ A.) is an orbital operator whose 
matrix representation is 

1 \ 


| (5.2) 


U+ | 
EM 


u_ | 


The eigenvalues of the above Hamiltonian 
and the corresponding eigenfunctions are 


ree AX PGCE, 3, u)** 
Wi=3r 2A es eee oe 
r Tw: VCE ae U+) 
Ce A ‘i i : . 
Wit Ber a). OF 


It remains to express the parameter 2 in 
terms of known matrix elements. This is 
easy if we confine ourselves to the second 
order perturbation in 7’. Since *E does not 
split by the sole action of the trigonal field 
or of the spin orbit interaction, but split only 
through the interplay of these two, it follows 


CEMSM| SFA ett)? EMsM) 
1 
re ap ogo WE)— Wer) 
x {?EM;M| Verig|? Ms’ M’) 
- CMs’ M’|V0P?EMsM) 


+complex conjugate} . (5.5) 


If the intermediate states ?/" are restricted to 
those in configuration /,? that makes a large 
contribution in the above summation, the sum- 
mation reduces to a single term with ?77=?Fy, 
since 2& does not couple with ?F, either 
through the trigonal field or the spin-orbit 
interaction. To make the following discussion 


* These are the two-valued representations of 


C3. 
** 2 denotes the spin quantum number Ms. 
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clear, the coupling scheme among the doublets 
in configuration /,? and the quartets in con- 
figuration f,%e are illustrated in Fig. 2. Eva- 


4 
2 
Fy 
oF, 
ae 
25 
Vitig = Vo( Fe) 
4n5 


Fig. 2. The coupling scheme among the doublets 
2H, 2B, and 2f; in configuration f,3 and the 
quartets +A.( f.?), 4#(f22e) and 4F\( fie). 


luating the matrix elements in (5.5) with the 
aid of the tables given in the Appendix and 
comparing (5.5) with (5.1), we find 


A4CE)=4KC/{WCE)—WeF:)} (5.6) 
where € is defined by 
C=—2Ah, 3, %4+|Vs0l fo, 3, X4) ’ (5.7) 


while €’ which appears in the following dis- 
cussion is defined by 


C’=—v 2 (fs, 4, X+lvsole, 4, 4+), (5.8) 


in which vsy=€s-l. In this section we assume 
that € and €’ are isotropic. The second order 
terms which come from V?,,, and V4, cause 
only a shift of *# as a whole. 

The effective Hamiltonian for ?F, is of the 


form: 
SE t= FVota(SzeTx+ SyTy) + 40ST ’ (5.9) 


where Vy) and Tx, Ty, Tz are the operators 
whose matrix representations are given respec- 
tively by 


Wise 


Rs 
bo 
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‘he tes Xo % ie Xo Seta ar Xe 
Xs = De X i} V2 tee! 

Se ae —1V/V oi Ty: x = ON te ¥ i (5.10) 
%o |—1/V 2 —l/V¥2 0 Xo —i/V 2 dia 2, 0 Xo O} . 


The eigenvalues of (5.9) and the corresponding eigenfunctions are 


Ao A {PCPs Ay Xe) 
ny (ee 2 Byala 
Vee 2 B ier —t, 4-) pes 
Jee 2 = (VCR, —3, x4) cosa+¥ (2h, 4, x) sina 
Se ay pnt Me be ; 5.2 
a shone VEE ay fuer aes 3, x-)cosat+¥(?F,, —4, x) sing ( ) 
Xo A — (VF, 3, %) cosa—V¥(?2F., —4, x+) sina 
—— 0 ne als 
Ue Ui rrr ioe we a RMN ap pee) Metab er Sh 


where 


‘an 2a=v 7A /(3F—>), Paes (5.14) 
F, 2 and 2) can also be expressed in terms of K and €. Let us first consider F. Since 
(fo3 ?F5MsM| Vitrig| fo? ?F2MsM) vanishes, trigonal field splits *F, through the second order 
perturbation: 


ete 1 pen (52 12 7\(2 7 wie 
i Tiki ao Ce ae 6.15) 


This, however, causes the shift of *F, as a whole as well as the splitting. The magnitude 
of the shift is equal to the trace of the above expression divided by 6. Subtracting this 
from (5.15) and comparing suitable matrix element of the resulting expression with the cor- 
responding element of the first term of (5.9), we find under the same assumption as before 


FCF.) = —2K?/{ WCF) — WCE)}— K2/{ WAP.) — WeF)} . (5.16) 


(fo3 ?F3MsM| V's0| fo*2F2Ms’M’) also vanishes and the second and the third term in (5.9) come 
from the second order perturbation: 


eo AR Pa 2 ae 77\(2 (a4 2 7 7 
2d WOR) Wer) OMe Vivi! MM \CP MM’ |Veol*FxMiM)-+c.c.}. (6.17) 


Proceeding as before we obtain 


A CF) =2KE/{WCF:)— WCE)} + KOK WCE:)—-WeR)} , 


AF) = —4KC/( WCF) — WCE) —2KC{ WCF) — We) , er 


where the contributions from the second order down at once by changing the sign of 2, Ao 
term V%, are neglected, since they are esti- and writting *Fia, etc. for ?Fyx, etc. in (5.11)~ 
mated to be negligible if we use the value of (5.14). F, 2 and 4) in this case are expressed 
€ to be determined later. in terms of K and € in the following way: 
The effective Hamiltonian for 2/; is of the tee. / 

same form as that for ?F,. The matrix ele- fae A GE tee ee oie 
ments of the operator T for F, state is just A GR) = — KE WCK:)— WEF:)} , (5.20) 
the opposite sign (negative) of the correspond- ACE) =2KC/{WCK)—WeFs)} , 
ing elements for F, though those of Vo) are in which the second order terms V2, are again 
same for both F, and F,. The eigen-values neglected. 

and the eigenfunctions for ?F, is thus written We will now discuss the splittings of the 
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doublets in greater detail. 
*E splits into two Kramers doublets 2A(?E) 


and A(?E). Here 2A lies on the shorter wave- 
length side if A?E)>0. This is really the 
Case since it was found in § 4 that K is nega- 
tive. Further considerations on the aniso- 
tropy and the Zeeman effect of the charac- 
teristic doublet R, and R, establish the fol- 
lowing assignments in agreement with this 
prediction: 


Ri(14418 cm-}): £4, > ECE) 


R(14447 cm“): 4A, > 2A(2E) ‘e (5.21) 


Using the observed splitting 4?£)~30cm-} 
and taking W?E)— W(?F;) to be ~ —6500 cm-!, 
the magnitude of € is found to be ~140cm-!. 
This is fairly small compared to the free-ion 
value ~270cm~! adopted by Owen!, but not 
unreasonably small in view of the fact that 
the value of € generally decreases in crystals. 

With this value of €, the approximate values 
of F, 24 and 2% can now be estimated for 
°F, and ?F, using (5.16), (5.18) and (5.19), (5.20) 
respectively: 


F(?F,)~—60 cm! 


Ao@Fs)~ +45 cm7! s (5.22) 
AGF y)~ —22 cm-! 

FC?Fi)~+20 cm} 

A?@ky)~ +15cm7} (5.23) 
AC F,)~—8 cm7! 


and for these values, 
a?tk,~0, a?@h)~0, 
where it was assumed that W(?F,)—-WCE)= 


WCF,)—WCF,). The predicted arrangements 
of the split components of ?/, and ?F, are 


2 Fp 


Eo 2A Ee 
zr, | _ | | 


Fig. 3. The splittings of 2?#, and 2F. 
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given in Fig. 3. The lines that correspond 
to the transitions to the split components of 
°F, are not yet identified. As to those of 7F, 
it is fairly certain, as will be seen in the fol- 
lowing, that the following assignments can be 
made for B, and By: 


B,(20993 cm-1): 4A, > 2A(2Fy) 


io! : G26) 
B,(21068 cm-): 4A, > Ea?F>) 


If aZFy)~0, we have ’4~75cm7! from the 
observed separation of B, and Bs. 

As far as we are concerned with the split 
components 2A and &, the predicted arrange- 
ment is qualitatively good*, but quantitatively 
not quite satisfactory (compare the experimen- 
tal value of 4) with 2p in (5.22)). This disagree- 
ment is perhaps partly due to the omission of 
the interaction between ?F, and any higher ex- 
cited doublet which will be larger for ?F, than 
for the deeply lying 2£, and partly due to the 
assumption W(2PF.)— WCE) ~ W(?F,)— WF). 
Though the position of ?F, has not been known 
yet, it is highly probable that ?F, has a higher 
energy than that of 2E judging from the sign 
and the magnitude of the g-shifts of the split 


components 2A(?Z) and EE) (§6 (e)). This 
will increase the theoretical value of A(?F%). 


(b) The optical anisotropy 

We assume as in II that the intensities of 
the line absorption are borrowed from those 
of the absorption bands through the spin-orbit 
interaction, that is, the dipole strength for 
the transition from the component a of the 
ground state ‘A, to the component b of the 
doublet 2/) is given by the square of the 
matrix element 


(¢A,a| PT) 
=> (¢A,a|PltT’ cL’ c| Vsol?l"b) 
RWS Wer hs 
where c is the components of the excited 


quartets ‘F, and ‘fF. This means that the 
contamination of the doublet states to the 


(5.25) 


* Though the arrangement of 2A(?F.) and Ha(?F2) 
is qualitatively good, we cannot observe any ab- 
sorption line at the long wave-length side of them. 
Somewhat broad line can be observed at the shorter 
wave-length side (21357 cm-! at 78°K)”). Thus, our 
theory might be wrong even qualitatively with re- 


spect to the predicted position of E,(2F>). 
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ground quartet is neglected*. 

Using the tables of the Appendix, the dipole 
strengths evaluated by the formula (5.25) are 
given in Tables I and II, with a=0 in (5.12, 


S. SUGANO and Y. TANABE 
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and for 2Fy 


Table I. The values of |(44.M,|P)?#/Ms’, M’)|?, 
in which M; is quantized with respect to the z 
axis. 


i 
1 


5.13). z’s and o’s are expressed in terms of 
€’ and the dipole strengths of the bands. 2H 2A E | 
Using the abbreviations, M;’, M’ #9 
0,4 =(4 . 1j2,%., —1/2,u— —L20y ee 
P, (U) (*As| Pal F.Xo, +) (5.26) ig uM, / + | / + 
Po *(Y)=(tA_| Pal*Fido, +) 2 9 | 2 
hi re expressed as follows; for the com- Be oa feel 
Bhey, i Be 12° (twee 0:06) aaee eee 
ee 112 josbae cl6 '® aoc each RAL, te 
Ta ne 4 Ce PSU) % —3/2 ma |2 | o—a/2 
3 WCE)—WEF?) 65.27) 
O+a= 2 ee ees . 
3 WCE)—W(4F) |’ 
Table II. The values of |(44,Ms|P|222Ms', M’)|2 and |(44.M;|P|2F.Ms’, M’)|?, 
ih which Ms; is quantized with respect to the 2 axis. 
2.F,(2.B) 24 Ea Ey 


M;’, M’ c 
es ’ oF a , - - - ri re + : ts! ei 1 2. Pes 5 
. a, 2) Cx(G-) 2, wa(a—) —1/2, e.(a,) 1/2, 2=(G_) /2, 2o(ao) 1/2, 20(av) 


3/2 rea/2 0°, 4/2 o’q/2 
1/2 F403 Peele «| ra/6 e=a/3 ta’ [3 o_ 4/6 
—1/2 o 4/6 o-a/3 | o+0/3 raf | 4/6 ra’ /3 
~3/2 ral2 o° /2 | o, 2/2 | 
PTT | Pa(U) | 2°(Y) f : 
2 WCF.) — WEF: | *|WeF)—-WER) |S’ 
pis es PAHOW  ; Pub Y) : | 
2 WF2)— WF2) WCF) — WAFS) | 
crs Pot (¥) |? 
0 — 97/2 
“a boar WER) — 
Tae Sc Pat Y) : 
WF2)— WEF.) |’ 
ule) WF:)—W(¢F:)  WeF)—W(F) | ’ 
and for ?F, 
iipusel caf {| eNO hey +9) PY) 3) 
728 WeF)— WF) Weh)—WeER) | J’ 
Gag Seok Cc” ; w*(U) Fl 3Pa* ies oe : 
ar Wwe + W(4Fy) Wek)— W(tFi) ‘ 
_ 2 pn Pot yaye. |’ 
5 0" aR) WORD | eur 
To = 2 C” Pa° (U) | 
3 WCE)—WEF,) | ’ 
be! 1 en P.*(U) 3P.*(Y) 2 
WCF) — WER) ~~‘ we F)= W(tF,) : 


* Note that ‘Fy, and» 4B hybridize with ‘the neighbouring doublets 2H, 


extent than that 2, does with the ground quartet. 
lets that couples with the ground state. 


2F, and 2F, to a larger > 
Note also that 2, is the only one among the doub- 
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where a=z and a=x for E//C; and E.\C; respectively. 
Then we observe that, for the sum of the strengths of the split components, S'e, the fol- 


lowing expressions should be given: 


aR) == 16 Px*(U) 2 
Die CE) ={ttat(o+a+o-2)}=— C” | . a\C 
3 \ y; 9 ¢ ee WCE)— Wtky) ’ (5.30) 
2 2 r , , 
De CP) = (2 atta! +(6s0+5-a) + (5,4 +g) + (q+ 5%4)} 
2 ers P.*®(U) 2 I P.*(Y) 2 
ae a , 
3 k=0,+,- W(CF:)— WF») sie % i WF) —W(F,) ; (5.31) 
Ea CF)=5-(Brat a+ (rat o-2) +H ('g+0'.,) + (gto? 4)} 
2 oe | Po) 2 P.*(Y) 2 
=e 2 72 a 
3° aire W2(F,)— WER) ek, ee WeF)—WEF) | ° (5.32) 


The relative magnitude of these quantities 
can thus be estimated from the observed rela- 
tive strengths of the bands. 

If we could neglect the effect of the vibra- 
tionally allowed part of transitions, we have 


Tez=Te =Or2=0,,=05,=0, (5.33) 
and 
O42 =O-z =O, 
=o __=0 , (5.34) 
0, = 0, = 0°, 
since for the real trigonal field 
(Pa*b ale (6.35) 


Thus it becomes possible to predict several 
relations among the intensities of the split 
components. Using the parameters o, 0°, 
m=nz and z’=7z.’, the calculated intensities 
are given in Table III. Comparing these with 


Table III. The calculated absorption intensities 
of the line spectra corresponding to transitions 
to the split components of 2H, 2, and ?F\. 


ELCs E|/C3 

on { 
| ee | o | T 

ag ee. ee 
le | 50/3 | n/3 
24 | 2a /3+00/3 | “ 

2F, a) Me SS 

or |) Bs 4 20/3+00 | n/3 

ya eucee sie eames 
By 4 4c! /3 | 2n'/3 


the experimental results given in Fig. 1 of 
Part B, we shall see that the assignments 
given in subsection (a) explain nicely the ob- 
served intensity ratios between R,1-// and 
R,+// and between B,// and B,// (the super- 
scripts denote the polarization). In order to 


explain the ratios between B,+ and Bt, Ri+ 
ane R,//, and B,+ and B,// it is necessary to 
know the relations among the parameters a, 
o°, zx and zx’. It will be shown in Part B 
that if we assume the relations o~2z for ?E 
and o°~20, x~3e for 22, all the above-men- 
tioned intensity ratios observed are explained. 

We notice that for B, the absorption is 
stronger in the case £E//C3 than in the case 
E1C; while for R, the relation is reversed. 
This can be easily understood since B,(B2) 
borrows most of its intensity from Y band 
which shows a strong absorption for the light 
E//C3 while R,(R:) borrows all of its intensity 
from U band whose anisotropy is reverse to 
that of Y band. 

If the transitions corresponding to U and Y 
bands are assumed to be allowed only by the 
hemihedral part of trigonal field and the rela- 
tion o~o’ is assumed to be approximately 
valid, we can use the observed anisotropy of 
these bands to get the relations among the 
parameters o, o°, z and z’. Putting 

wo(U!): o( U+):0( Y!/): o( Y*2)=1:3:3:6 
to give approximately the observed anisotropy 
of the bands, we obtain the relations o~1.5z 
for 2E and o°~40, z~2o for 2Fy. This should 
be compared to the above mentioned empiri- 
cal relations. The agreement is fair. 

We will next see to what extent the rela- 
tion (5.30) is satisfied. Inserting the observed 
intensity ratios of R’s absorptions, (Ri*): 
w(R,!’): o(R2*):0(Rs!)=10:2:7:4, we obtain 
SCE)/S22E)=6/17=1/3 which nicely agrees 
with the observed anisotropy of U band, 
w(U//)/a(U+)= 1/3. 

E,(2F;) is yet unidentified. The line that will 
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correspond to this level will show marked 
anisotropy, because using the observed aniso- 
tropy of U and Y bands the relation 2’~4z 
can be derived and so together with the em- 
pirical relation z~3o (the approximate relation 
o~o’ is also assumed here as before) we sup- 
pose that the parallel component will be six 
times stronger than the perpendicular com- 
ponent. The strength of the parallel com- 


ponent of the line corresponding to E,(?F») 
thus calculated becomes more than twice that 
of By. 

The lines that will correspond to the com- 
ponents of ?/, borrow their intensities almost 
equally from both U and Y bands if they are 
located near R, and R,. The expected ani- 


sotropy of these lines (corresponding to Ea(?Fi) 


and 2A(2F,)) are somewhat similar to that of 
R, and R, and there is a possibility that R, 


and R, correspond respectively to £,(2F,) and 
2A(F,). This possibility is, however, excluded 
by the consideration of the Zeeman effect which 
will be discussed in the following section. 


§6. Zeeman Effect of the Absorption Lines 
(a) Zeeman splitting of the excited states 
For the discussion of the Zeeman effect of 
*F, we use the following simplified effective 
Hamiltonian: 
PF t= 4S:T( As) + 2/8 HoeS:z 
SG B AoeSz a AoySy) 
+(87/ BHoet+g 1’ BAoxt+& 1’BHoy)T(A:2) , 
(6.1) 
neglecting the term of PMy-g-S- WE) in (3.2) 
of IV, which is negligible in the present case. 


The splitting factor g* for 2A(? E) and EC? E) 


* The sign ‘of the” 9N/- values of the split com- 
ponents are defined in the following way: The 
states correspond to the wave functions of the upper 
(lower) lines of (5.3), (5.4), (5.11), (5.12) and (5.13) 
have Zeeman energy 49//8Ho(—49//8Ho). The nega- 


tive sign taken for g//(H,) might be queer at the 
first sight. It is, however, natural if we notice 


that, in the present case, M=M;+M is the quan- 
tum number for the state Y(27’, Ms, M) and we take 
the definition of the’ g,; factor, Zeeman energy= 


g//8 MH), just as in the case of the Zeeman effect 
of free atoms. 


Simple consideration based on the selection rule 


shows that this negative g//(H#) value is the cause 
of the appearance of the side component of R, when 


E//C3 (4M=0, mod 3)Ho//Cz3 and the strong central 
component when H# LC; (4M=-+1, mod 3) 
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when A)//C3 is readily found as 


S/(2ZA)=S1/+2871/' , 6.2) 


Bi(E) =—(g/—2g7/) , 
When H,1C:, it is also found that 


£1 (2A) = 2g. , } (6.3) 


Bi age, 


and a magnetic field causes the shifts of 2A 


and E as follows; 


for 2A(?E) 


BEP/ACE) , (6.4) 
for E(?E) 


— B?A?/22E) 3 

but this is negligible if ACE) is very large 
compared to the Zeeman energy just as in 
the present case. 

The orbital angular momentum is quenched 
in 2?E and the first order correction in gy;, 
g)/ and g,’ vanishes, namely 

4. cc. b=0 ‘ 


. Se ae 
(6.5) 


W?E)—WCT) 
as long as intermediate doublets are limited 
to those of fa? (see Fig. 2). We thus expect 


gi@A)=2, gs2A)=0, 66) 
Site) =—-2, gi(k) =0. 
For 2F, and 2/,, we take the Hamiltonian, 
PF t= 1/8 HoeSz+ & 1 BA ozSz+ HovSy) 
+8// BHo:T:+ 81’ BAozTz+AovTy) « 
We find then for the components of ?F3 


: (6.8) 


(6.7) 


gi(2A)= gy — 
&//(Ea) = —(gi/ CoS 2a+ 2g7/’ Cos? a) , 


2gn' » 


8)/( Ev) = 81) Cos 2a—2g7/' sin? a , 


and of ?F, 
g(2A)=37/+2g7/' , 
&/ (Ea) = —(g// cos a—2g;/' cos? a) , (6.9) 
gy (Ep = 9// COS 2a+2g7//' sin? a 


When Hy 1Cs, assuming large initial splitting 
of the components, we find for ?F, 
gi(2A) =0, 

|e. (Eal=|gi sinta—Y 2g,’ sin 2a , 
|g. (Ey) |=|g1 cor a+ Fg,’ sin 2al , 
and for ?F, 


(6.10) 
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gi(@2A) =0, 
|g. (Ea)|=|g. sin? at+Y 2g,’ sin2a| , 


| (6.11) 
|gi(E>)|=|g. cota—/ 2g,’ sin 2a] . 


The first order correction in gy), g,/’ and 
g.’ vanishes also in this case, and we obtain 
§//=2, §1=2 (spin part) and gy’=1, gi’=1 
(orbital part). Thus we get, assuming a=0, 


Absorption Spectra of Cr+ in Al,O3 


891 
erase 212A) 0, 
CPi Oat gia) =0, + (6.13) 
gikeiese . leiths)|\=2. 


(b) The selection rules 

The selection rules or the strengths of the 
Zeeman components are obtained from Tables 
I and II given in §5 in case My//C3. In case 
Hy) 1C3, the spin functions of the ground 


for "=F, ‘ s 
quartet are quantized with respect to the x 
g(2A)=0, gi(2A) =0, axis, along which a magnetic field is applied. 
g) iE )=-4, go (Ex) =). (6.12) The ground state wave-functions, in which the 
(Es) = 2 \e.(E)| <= 2 quantization axis of spin is x, are expressed as 
Sih Loe) = A ol re a linear combination of those in which the 
for ?F, quantization axis is z as follows; 
3 1 3 3 
PMS = --— |= 7 =— OV eae, 
(109 m8 aah {ann «$e = 8) 
Vs eee 1 
———— CI im wa i. AC) (a 
taal (Me => )ae(M dh. 
= (6.14) 
1 v3 3 3 
@) — + — )= —— J) = @ =. Ca eae 
v(M a ) Ro |FE(M \+9(M } 
1 i 1 
—- —— L (2) ee ee | Vaca Qs : 
2/2 (™ 2 )ae(™ 2 ) 
Table IV. The Values of | > |(142M,|P|2EM,’, M’)|2, in which Ms; is 
3° M’ 
quantized with respect to the x axis. 
<— 2H z of 
a 2A H 
4A, Ms; cS 
3/2 ra/8+3(o+0+0-a)/16 | no/S +3 (exetonsalfl6 
1/2 3ra/8+ (o+0-+o-a)/16 | ra/24+11(o40-+0-a)/48 
-1/2 Sele Goat aea) (16 | ne/24+11(o .a+0-a)/48 
—3/2 Ta/8+3(¢+a+0-a)/16 Ta/8 +3 (¢+a+o-@)/16 


Table V. The tables of S |(442Ms|P)2F,Ms’, M)|2? and SS |(44,M;|PPF\M,', M2, 
a,’ M’ H,’; dM’ 


in which M; is quantized with respect to the w axis. 


Ha 


pa GF) v 
2A 
*As Ms ; F okt 
3/2 xa/8+(o¢ato-a)/8 +(0% ,+0° ,)/16 | 
1/2 3re/8+(o+at+o-a)/24+(0%,+0° ,,)/48 | 
—1/2 3ra/8t+(c+rat+o—a)/2A+(o yg tor4)/48 | 
—3/2 ra/8+(crato-a)/8 +(o4q+orq)/16 


Using (6.14) the strengths of the Zeeman com- 
ponents in this case can be derived also from 
Tables I and II, they are given in Tables IV 
and V. In the predicted Zeeman patterns 
(Figs. 4, 5), the absence of the vibrational ef- 


tal8 +(o4a+o-a)/8 + (6% q+or9)/16 
ra/24+(¢+a-+0-a)/244+3(o4.4+o2 9)/16 
na/24+(040-+0-a)/24+3(o%,4 +o 4)/16 
ral8 +(crato-a)/8 +£(0,4+o29)/16 


6 : WER) BO es 
fect is assumed, i.e., 72=7,,=042= 09.,=0,,=0. 


(c) Zeeman splitting of the ground state 
The Zeeman levels of the ground state have 
been well examined by paramagnetic resc- 
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ofp cp Hgl Cs 
ley 
E1C; ‘ag < 
=24§ 0 248 oe 2 
wT 
Ho= 0 
wf) E ICs 
Ee Ee ee eS 
° °o$ 
Holl C3 12 T/2 
NRPS E ICs 
Sse oe rs -2+8 2+s 
Fig. 4 (a). The predicted Zeeman patterns (Ho||C3) for 2#7. Splittings are given in 
PH unit. 


nance. To analyse optical Zeeman patterns, 
the knowledge about them is also necessary, 
so that we shall summerize it below: The 
energies of the split components of the ground 
quartet are 


WM = +5-)= + gy) BHy ; 
(6.15) 
WM = +5 )= + 5B) Ho +8 , 
when Hy 1C,; and 
3 3 
1 1 
W( Mm = +5)= og S01 Bo + - , 


when Hy) LCs; (2BH) > 0). 
The paramagnetic resonance experiment has 
shown that 


|d|=0.38cm™, gy) = Mi 2. 


(Vol. 13. 


(d) The Zeeman patterns 


Now we are ready to predict the Zeeman: 


patterns, and they are illustrated in Figs. 4 
and 5. From the detailed comparison of these 
patterns with the experimental ones that will 
be made in Part B, we may conclude that the 
assignments (5.21) for Ri and R, and (5.24) 
for B, and B, are established. 

Moreover, from such comparison, we find 
that 0 is positive and the g-values of the split 
components of ?£ and ?F, show fairly large 
shift from those expected in (6.6) and (6.12). 


(e) “g-shifts of the excited states 
The observed g7/-shifts of the split com- 
ponents of ?F are 
gi(2A) = 2-24 , 
lgiAE)| = 2+24 , 
Aes 02 % 


(6.17) 


1958) 


Absorption Spectra of Cri+ in AlOz 


893 


2A("e) 


i 
= 


E1C3 EllC3 
me? 
2+5/2 ives 
2 — 
2-4/2 st 
E (#E) 2A (7E) 
ye 
cS o 
20/3 =O 
E1C3 
os fe) 
10/24 Ge 
3%/g Ho LCs 6 30/e 
E 1G 
=15-8f fof \ 15> Sb “18-972 fay 15-Y 
-05 0.5 2 -0.5 0.5 
Of= 0: Sat a 
H= O yi 
_ EllCs 
wee os ee Ae 
° CMS 
1c 
1/24 18 , = sve 1/8 
-1.5-8/2 | aN 15—-oP =15-8? | o. \ 15-92 
-05 0.5 -05 05 


Fig. 4 (b). 


These relations show that in (6.3) g,/ de- 
viates from zero and g///=—0.2. Such a large 
deviation seems curious at first glance. 

In order to explain the cause of such shifts, 
we must consider the second order effect in 
of’. Group theoretical consideration shows 


The predicted Zeeman patterns (Hp | C3). 


that the operator of type 7(A.) can be found 
only in the reduction of the products of ope- 
rators LzX Verig X Virig and S:zX VirigX Vso into 
their irreducible parts. Hence we have (see 
Fig. 2) 


2) / ={CE, 4, us|L2|2F, 4, as) Ah, 3, Q+| Virig|*Po, 4, X4)CFo, 4, x4! Virig/?E, 3, ¢s)-+C.€.} 
HWCE)— WOR) WCE) +WCR)} 
+(CE, 4, t+| Virig|* Po, 3, %4)CFY, 3, Aedl Ps, 3, x4) CF, 3, 44|Vitig FE, 3, Us) 


|(WCE)—- Wek)? 


H{CE, 3, Us| Verig|*F2, 3, X4)CFo, 3, KAAS, 3, XJ) CF, z, %4| Vspl2b, 3, Us)+C.C. } 


/KWCE)—WeF)} 


—3{CE, 3, u4| Virig|*F, 4, tHCK, 4; %4| Vsol*E, 2 U+)+c.c.}CE, 3, Ux|2Sz\2E, 4, Us) 


KWO@E)—Weks)? 


—HCE, 3, TWAS Se on “u){CE, 4, WetV trig 2; 3, x)?CF2, %, £4| Veol2E, 3, us)+c.c.} 


WCE)—WCF)} - 


(6.18) 
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‘(€O||"Y) susoyjed ueusez pojorpeid ayy = *(e) GE BIy 


Sri O S4i- 
£3 | | 
oie z/ a/b 
£/uz 
O° ce) 
0) || 
=Y 
= eyaz! 
$+2 8+42- 
\2 oO 42 
£0T]3 %o Yo Yo Wo a 9/0 
FOIOH “ : f 
a; ae) 
Yo 
ia 
(‘4 2 423 


— 


€ 


¢- 


o/u 


S+e 3+E- 
£on3 
£ 
OH a Je 
8 
EON 3 
O= 0H 
i 
{ oO l- 
£9T A 
FONOH , %PrYo 
O° 
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2A (?F, 2F,) Ea(*Fe ,?F;) 
fe 
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of 
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Ho= O 20/3 
ELCs 
fe) O 
30%, 
Hor Ba os 40%, . °A2* 
Ate Ho. Cs es) 
| | ELCs | | | BF 4 
-3 v2! O s= 2 rey 
mig 
Ho=0 W3 
ElIC, | 
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31/8 HoLCs | 
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Fig. 5 (b). The predicted Zeeman patterns (Hp | C3). 
The terms on the last three lines cancel out, and we have 
&)/ CE)=—lK?*{WCE)— WCF) K WCE) — WeF2)}—-6K2/{ WRE)— Wes) } . (6.19) 


The second term is fairly small (if K~—350cm™, W?E)—W(C?F,)~—6500 cm=}, it becomes 
~—0.02), but the first term will make a large contribution, since ?/, is supposed to be near 
2F. If we estimate the separation of these levels from the above formula, using the em- 


pirical value of g//(?E) =—0.2, 
WCE)—WF\) =—1200 cm"? , (6.20) 


which is a reasonable value for this separation and we expect from this that the energy of 
2, is higher than that of 7. 
Similar consideration shows that the deviation of g//?E) from 2, 4g//?E), also comes mainly 
from the second order correction (also see Fig. 2); 
AgyCE)=2CE, 2, U+|Le|?Fi, 2, a+.{ Ch, 2, a+|Vso/?Fo, 2, X4)?F 9, 2, X+| Virig PE, 2, U+)+C.C.} 
KWCE)—W?Fi)KWCE)—WF2)} 
+2((CE, 4, U+|Veol?Fo, 4, X4) Fa, 4, x+|VirighAi, 4, @+)+.c.} 
°F, 4, @+|Le)?B, 3, us) {WCE)=WCR)H WCE)— WCFs)} 
=—8€ K/{ WCE)—WCeR)KWCE)— WF2)} , (6,21) 
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which is estimated as ~0.05, using the values 
€~140cm-! and (6.20). Such a small value 
of 4g//?E) also justifies the use of the simpli- 
fied Hamiltonian (6.1), because the neglected 
terms are found to be of the order of magni- 
tude of this deviation 4g//?E) multiplied by 
BH). 

It must be remarked that a large deviation 
of g//(?E) and a small g//?E)-shift are due 
to the special situation, Vtrig > Vso, in our 
problem. 

By the same reasoning we might expect 
the deviation of g///?PFi) to be of the same 
order of magnitude as that for g,/(?E) while 
g-values for ?F, are fairly close to those given 
in (6.12), since any crystal level cannot be 
expected to lie near ?F, as close as 7/, does 
to 2E. Such an expectation, however, is be- 
trayed by the experimental results (Part B 
§ 5), 

Bi2A)= 2d’ , |g)/(Ba)\= 4-24’, 404, 
(6.22) 


where the deviations of g,/’s from those given 
in (6.12) are large. Therefore we must ex- 
amine another cause of such a large deviation 
1Oe Bey. 

In 27, (also in ?/;), orbital angular mo- 
mentum is not quenched and it gives finite 
value of g// in (6.8) and (6.9); 


2// =(fia+|L,| Fias)= —(Pia_|L.| Fia-_) 
= (15 %-|L,| Foxe) = —(Fyx4|L2| Fox+) 


=e (6.23) 
where & is defined as 
Rk = (fox-|le| fox-)= —(foxelle| foxs). (6.24) 


If f.-orbital is constructed from pure d-orbi- 
tals, Rk is equal to 1 and we have (6.12) and 
(6.13), but if we are allowed to suppose that 
f2-orbital is deformed by making a covalent 
bonding with the surroundings and accord- 
ingly is not of pure d-character, k is not ne- 
cessarily equal to 1. Thus, in place of gy,’s 
in (6.12) and (6.13), we have for 2F, 


gi\2A) = 2(1—k) , 


gi(Ea) = —2(1+k) , (6.25) 
WIE) 2. 
and for #F, 
g/(2A) = A1+R) , 
(Ea) = —2(1—k) , (6.26) 
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Violets; 


To satisfy the empirical relations (6.22), we 
must choose il 
Rk 2210.6 . (6.27) 

In 2 the orbital angular momentum is qu- 
enched but it contributes to g//@?E) and 
Ag)(2E) through higher order correction of 
type L.V?.,,.. Thus the right hand side of 
(6.19) and (6.21) must be multiplied also by 
k. Then (6.20) becomes 


WCE)—WF,)=700cm"!.  (6.20)’ 


Connection to the Paramagnetic Reso- 
nance Absorption 


§7. 


The analysis of the optical absorption spec- 
tra affords important informations not only on 
the excited electronic states but also on the 
ground state. For instance, the analyses of 
the Zeeman effect of the line spectra (Part B 
§ 4) and the polarization-shift (Part B §3 (d)) 
show that, of the two Kramers doublets 
M;= 3/2 and Ms= 1/2 of the ground quartet 
4A,, Ms=+3/2 is the lower, and lead to the 
following value for the natural splitting 


0= W(+1/2)— W(+3/2)=0.36+0.03 cm-!. (7.1) 
This value should be compared with the fol- 


lowing precise value determined by the method 
of paramagnetic resonance absorption 

|d|=0.38 cm! . (72) 
It should be noted, however, that this method 
gives us only the absolute value of 6, whereas 
the optical absorption could determine the 
sign as well as the approximate value. 

Since detailed knowledges of the excited 
states are now in our hands, we can go a little 
further and examine whether this value of 6 
is consistent or not with the other empirical 
values determined here. 

It will then be noticed that the sign of 0 is 
inconsistent with the sign of K if one accepts 
the usual theory of the natural splitting, which 
leads to the following formula for 6 


o= ; C°K /K WtA2)— WEF). (7.3) 


This formula is, however, derived under the 
asstmption of isotropic spin-orbit interaction, 
and is not adequate for the present case, be- 
cause the g-value of the ground quartet ob- 
tained by the paramagnetic resonance absorp- 
tion shows the anisotropy», namely 


480//= —80/;+2.0023= 0.0183-+0.0006 


Ago = —8o1 +2.0023= 0.0156-+0.0006 ne 
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and this should be understood as the indica- 
tion of the anisotropy in the spin-orbit inter- 
action which has been assumed to be isotropic 
in the present paper. 

The anisotropy of g-value is correlated with 
the anisotropy of the spin-orbit coupling para- 
meter €’ in the following way: 


Agiy=S #6, she (WCF, —W(tA,)} , 
3 (7.5) 
Ager = Es’ / (W(t) —W(tAs)} 


where R’ is a parameter to describe the de- 
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crease of the ce momentum in crystals; 


Ro = ———(fox-|l|eus) , (7.6) 


Tt 


which is unity for e and f, function con- 


structed from pure d functions. (7.5) then 
gives 
k’€ 4’ =110~ 100 ( 


The formula (7.3) for the expression of 0 
should be reexamined. The shift of the Kra- 
mers doublet due to the perturbation #’ is 
given by 


WiM= 3, (*A,Mg| Vool*FoMe M’)(F2My M’ | Veol*AsMe) 


W(tA:)— W(tF3) 


42, (*A2Ms| Voo|*P2 Ms’ M’) AFM M’| Virig|tFoMs’ M’)(4F2Me! M’| Vso|4AsMs) 


{W(tAs)= 
oMs| Verig 4 Pi Msao)(4FiMsao| Vs0|4F2 Ms’ M’)(4F.Ms M’ | VeoltAsMs) 


W(Fs)}? 


Cc. - BG7RS) 


ye 
My! aL’ 


{WCA2)— WEF) H WCA2)— WEF 2)} 


Taking the difference W(1/2)— W(-+3/2), we find after evaluating relevant matrix elements 


d= (CH?— C2) /{WER)— WAI} + GOEAE DK | WEF) — WEA} 


-2,/ 2K EOE EAE) oa (WEF) — WEA) (WER) — WeAs) , 


where K’=—1Y 2 (foxs|vtrigleus). K’=K if 
fo and e are d-functions and vtrige3z?—7’. 
The second term in the above expression cor- 
responds to (7.3) and gives a negative contri- 
bution to 6 but we find that this is almost 
cancelled out by the third term which has 
been overlooked by Van Vleck’, if we esti- 
mate the third term assuming K’=K, €//=€,7/ 
and €,=€.,’. The first term which is positive 
(€1// >€.1’) in the present case, gives 0 with 
the positive sign, 

d~0.3~0.6 , (7.10) 
if we take k’=k=0.6, which is a reasonable 
value. The values of €’’s are accordingly 

€7//~200 

oth L. (7.11) 
The problem of natural splitting is thus rather 
delicate one and we will not pursue this prob- 
lem further, since the inconsistency caused by 
the formula (7.3) is now removed. 


§8. Conclusion 
Although several problems remain unsolved, 
the main purpose of the present paper, i.e. 


(7.9) 


the assignments of the absorption bands and 
lines of ruby Cr**:Al,03, has now been achi- 
eved. The results and unsolved problems are 
summarized below. 

(a) For the U and Y bands the assignments 
(4.11) has been made. The anisotropy shown 
by these bands is understood qualitatively, but 
not quantitatively. The parameter K which 
is a measure of the strength of the trigonal 
field was determined from the splittings of the 
bands: 

Ke — 350 cmipyes. 
For R; and R, the assignments (5.21) 
has been made. The anisotropies of the lines 
are closely related to that of the bands, and 
this problem needs further investigations. 
The second order perturbation formula (5.6) 
leads to the following value of the spin-orbit 
coupling parameter for /, electrons: 
G=— NAO Cine ss 

For B, and B,, the assignments (5.24) has been 
made. The separation between 6, and B, 
could not be correctly given by the formulae 
(5.16) and (5.18) derived under the assumption 


(b) 
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of the strong field limit. 

(c) For the assignments of these lines, the 
analyses of the Zeeman effect offer most con- 
clusive evidences. 

(d) The large g-shifts of Ri and R, excited 
states observed in the Zeeman patterns have 
been explained by taking into account the 
second order correction of the type Vii,-L:. 
The correction is fairly large if the excited 
state 2F, lies near 24. From the sign and the 
magnitude of the observed g-shift, ?/, is ex- 
pected to lie at the shorter wave-length side 
of 2E separated approximately by ~700cm™. 

(e) The observed g-values of B, and By 
excited states have also been explained by 
introducing the reduced expectation value of 
the orbital angular momentum (for /2 orbital) 
in the crystal. As the value of the parameter 
k which indicates such a reduction (6.23), we 
have 


k~0.6. 


(f) The line that corresponds to E,?Fy) is 
yet unidentified. The lines corresponding to 
the split components of ?/; are also not iden- 
tified yet. 

(g) It has been shown that experimental 
data on the excited states (optical absorption) 
can be reasonably connected to those on the 
ground state (paramagnetic resonance). 

(h) As to the problem of intensity, the 
present theory is not satisfactory in that it is 
semi-empirical, and it is hoped to establish a 
theory that could predict the absolute inten- 
sities of bands and lines as well as the widths 
of the bands and the lines which have not 
been touched upon in this paper. 


Acknowledgements 


We should like to express our sincere thanks 
to Professor M. Kotani for his deep interest 
in this work and encouragement, and to Pro- 
fessor G. Kuwabara and Mr. A. Misu for their 
permission to use the experimental data of 
the absorption bands prior to publication. 
The authors also wish to express their thanks 
to the members of Prof. Kotani’s laboratory 
for stimulating discussions. 


Appendix 
Al) (f° *Eus| Virigh fe? *Paxz)=—V 6 K 
(Fo Foxa| Virigl i? Pas )=FY 31K 
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AIL (4:327MsM| Voo| fo? 20°’ Ms’ M’) 
=(—)Me¥s'( fa? TL" || Veoll fo? *P)/V 27) 
(1/2 M,|1/2 Ms’1M;— Ms’) 
x(CM|I’M FM —Ms) , 

where (/’) is the dimension of the irreducible 

representation T. (M|I’M’F,\M;’—Ms) is 

given in Table VIII of (IV). (1/2 Ms|1/2 Ms’1Ms 

—M,’) is the Wigner coefficient given in TAS. 


(—)¥s-™ s/f 2 (1/2 Ms|1/2 Ms‘1 1) 


epee it 1/2 -1/2 
1/2 iy 
12 | 
(—)¥s™s'/¥ 2 (1/2 Ms|1/2 M;'1 0) 
ee 1/2 -1/2 
YO “etlh oe 
—1/2 -1V6 
(—)¥s-¥ sf 2 (1/2 M,|1/2 M1 —1) 
ogee i 12 ~1/2 
1/2 
—1/2 VS 
(fo? I" || Voll fo? 22”) are evaluated in IV. 
(Fo3 2E || Veoll fo 2F2) = —V 6 i : 


(F23 ?F || Vsoll £28 °F 2) = cot 
AIT) (f23?°MsM| Voo| fo2e 41’ Ms’ M’) 
=(—)8s'(F23 2D || Veoll fe 4) AT) 
(1/2 Ms|3/2 Ms’1M;— Ms’) 
x MI’ M’ FM’ — Ms) 
(—)¥™s'/Y¥ 2 (1/2 Me|3/2 Ms’ 11) 


nn 32 12-12-32 
1/2 12/3 
—1/2 | —1/2 
(— Mss] 2 (1/2 Me|3/2 My’1 0) 
i. ai 32 12 12 —3/2 
WB youl “U6 
Red) <i -1V6 
(—)Ms™8/Y 2 (1/2 Ms|3/2 Me’1 —1) 
ie 
1/2 1/2 
—1/2 Vey 3 
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The absorption intensities, widths and wave-numbers of f;, RM. and By 
By lines of Cr?+ in ruby for the polarized light #1C3; and H//C3 are 
experimentally studied at 20°K and 4.2°K. Zeeman effect is also stu- 
died, using a magnetic field Hp=24,000¢, for both R and B lines. The 
Zeeman effect has not been observed yet for the B lines, while Lehmann 
has already observed the Zeeman effect for R lines. In our results of 
R lines, the quantitative aspects of Lehmann’s experiment are improved. 
The comparison is made with the theoretical results given in Part A 
and it is shown that nice agreements can be obtained when suitable as- 
signments of the spectra are adopted and when fairly large g-shifts of 
the excited states are introduced. 


The general behaviour of the many absorp- 
tion and emission spectra of ruby has been 
revealed by the original work of Deutschbe- 
in.» From this we know that, among the 
numerous observed spectra, ;, R, lines in 


§1. Introduction 

Among the bound transition metal ions 
which show extremely narrow absorption 
spectra e.g., Cr?+, Mn?*, Co?* and Ni’? in 
complex salts or Cr** impurity in oxide cry- 


stals, ruby Cr?+: Al,O; seems to be the most 
appropriate material, as explained in §1 of 
the first paper of this series, to start the 
studies of these line spectra. 


the red region and B,, B, in the blue region 
are conspicuously strong and sharp. Espe- 
cially on Ri, Rz lines, Lehmann” has examin- 
ed their optical Zeeman effect at 83°K and 
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has obtained the Zeeman patterns that depend 
on the directions of the electric vector FE of 
the incident light and of a magnetic field Ho 
relative to the crystal axis C3. 

On the other hand, the Zeeman splitting of 
the ground level of ruby has been recently 
measured by the paramagnetic resonance 
method and its splitting factors have been 
precisely determined. This enables us to ex- 
pect that the optical Zeeman pattern must 
contain some Zeeman components of the 
ground state whose separations are already 
known, when the optical Zeeman pattern con- 
sists of more than two components and the 
excited state concerned with is considered to 
be a Kramers doublet. This is because that, 
in this case, at least two of such Zeeman 
components must correspond to the transitions 
from the different Zeeman levels of the 
ground state to the same Zeeman level of 
the excited state. 

In Lehmann’s Zeeman patterns, however, 
it is impossible to find out the Zeeman com- 
ponents whose separation corresponds to any 
separation among the Zeeman levels of the 
ground state. The theoretical investigation 
given in the first paper also showed that 
though the qualitative aspects of Lehmann’s 
results could be reasonably explained, the 
splitting factors he had measured were far 
from the theoretical expectation. In such a 
situation, it was felt necessary to repeat the 
studies of the Zeeman effect of these line 
spectra at experimentally better condition.* 

In this paper the Zeeman effects of R:, R, 
(§4) and By, B, (§5) lines are studied at 
20°K and 4.2°K. The Zeeman patterns of B,, 
B, have not been observed yet. To determine 
the magnitudes of Zeeman splittings precise- 
ly, we have tried to make the spectral widths 
narrow by using ruby of low Cr*+ concen- 
tration as well as by performing the experi- 
ment at very low temperatures. The con- 
centration dependence of the spectral width 
and position (§ 3) has been found in the pre- 
liminary course of our work. 

Besides the Zeeman effect, it will also be 
useful for the spectral assignments to examine 
the change of absorption wave-numbers 


* Prof. G. H. Dieke of the Johns Hopkins Uni- 
versity has kindly informed us that Zeeman ex- 
periment on ruby has also been completed in his 
laboratory but the results are not published yet. 


S. SUGANO and I. TSUJIKAWA 


(Vol. 13, 


and intensities (anisotropy) of these spectra 


when we use polarized light of E1C; and l 
The results of such examinations at I 


E//Cs. 
20°K and 4.2°K (§3) will also serve for ex- 
tending Paetzold’s work” which has aimed at 
the problem of the interaction between chro- 
mophoric electrons and lattice by examining 
the temperature dependence of the absorption 
wave-numbers and the widths of these spectra 
at temperatures higher than 80°K. 


§2. The Experimental Methods 


The samples used in our experiments are 
synthetic rubies of 4mm thickness (sample 
A) and of 1mm thickness (sample B). The 
crystal axes are determined by X-ray and we 
cut the sample to make the principal axis C3 
(optic axis) to lie in the plain, perpendicular- 
ly to which the incident light is passed. The 
result of chemical analysis shows that sam- 
ples A and B contain 0.28 and 2.56 weight per- 
cent Cr.OQ3 respectively. 

In our spectroscopic studies, a_ grating 
spectrograph in Eagle mounting with disper- 
sion 2.5A/mm in the first order has been 
used. The light source is a 60-W Zircon- 
lamp and the diffracted beam is detected by 
photographic methods. The comparison 
spectra are supplied by Ne-lamp (6929.468A, 
7032.413 A lines) or Cd-lamp (4679.156 A, 4799.- 
918A lines) corresponding to the case of 
determining Ri, R. or B,, Bz absorption 
wave-lengths. In the determination of the 
latter, however, it is sometimes more con- 
venient to utilize the emission lines of the 
light source (the arc lines of Zr, 4739.478A, 
4772.312A) as the comparison spectra. 

To get the light beams polarized perpendi- 
cularly to each other, Wollaston’s prism is 
placed in front of the slit and through the 
separated parts of the slit both polarized 
beams are passed simultaneously. Thus in 
every exposure we can get two kinds -of 
spectral photograph corresponding to the 
polarized beams ELC; and £//C3. In this 
case, the astigmatism of the concave grating 
is eliminated by the cylindrical lens suitably 
placed in front of the photographic plate. 

Further in our absorption measurements of 
Rk, and Rs, we have inserted, between the 
light source and the sample, the red filter in 
order to cut the light of shorter wave-length 
which lies in the region of the broad absorp- 
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tion bands U and Y located at ~5500A and 
~4000A; Ruby shows relatively strong emis- 
sion at the same positions as those of Ri, Ry 
when it is excited by visible light in the 
region of U and Y and so in the absorption 
measurements we must suppress the undesir- 
ed emission parts of R,, R: lines by exclusion 
of such excitation light. 

To keep a sample at low temperatures, it 
is immersed in liquid helium or liquid hydro- 
gen contained in a Dewar vessel. The 
magnitude of the applied magnetic field to 
study the Zeeman effects is 24,000¢. 


§3. Properties of the Line Spectra in Ab- 
sence of a Magnetic Field 


(a) The optical anisotropies: Though no 
quantitative measurement of the absorption 
intensities has been attempted, the optical 
anisotropies observed in Ri, RR, and Bi, B, 
absorption lines are remarkable and so they 
are schematically described in Fig. 1. The 


Fig. 1. The optical anisotropies observed in fi, 
R, and B;, By absorption lines. Only the re- 
lative intensities are schematically represented 
for R’s and B’s spectra. The most intense 
lines R+ and Bi! in each group are normalized. 


relation between the intensities of R, and R, 
is inverted when the polarization of the in- 
cident light is changed. The same situation 
also occurs in B,, B:, though the relation 
between the intensities of B, and B, is just 
contrary to the case of R, and R, for each 
polarization. 

The qualitative aspects of these anisotro- 
pies are not changed when temperature or 
concentration of Cr** is varied. 

(b) The spectral widths: A tremendously 
large difference is observed between the 
spectral widths of the relatively dilute sample 
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A and highly concentrated sample B. In 
sample A, the spectral widths are very nar- 
row and their approximate values are as 
follows; * 


R\+ R.+ Ry! R,!/ 
0.7, 0.6, 0.6, 0.6, (cm) 
B,+ B+ Bul B,// 
I he 2.6, 19, 2.0, 


No noticeable difference is observed among 
the spectral widths observed at 86°K, 20°K 
and 4.2°K for R lines and between those 
measured at 20°K and 4.2°K for B lines. In 
sample B, the widths of Ri, R, are appro- 
ximately 3cm71 and those of B,, B, 8cm7} 
which are about four times larger than those 
observed in sample A (also see Fig. 2). 

Ru 
' 20°K * sampleA 
Ras 


Ry Ne Rey 
Ru 20° K: sampleB Re 1 


4 
Rey 


| Ne (6929-4684) 


Fig. 2. The microphotometer traces of A; and 
Rz spectra of samples A and B observed at 
20°K. 


The spectral widths in sample A are such 
that in R,, R, lines the widths of R,+ is a 
little larger than the other components and 
in B,, B, lines the widths of B,+ and B,// 
are clearly smaller than those of B.+, B,//. 

(c) The absorption wave-numbers: The 
absorption wave-lengths of Ri, Rk, and B,, By 
absorption lines for the polarized lights (EL 


* Throughout this paper, superscripts | and 
]/ indicate the direction of H and subscripts 1 


-and // indicate that of Hp relative to the optic axis 


C3. 
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Table I. R, R, absorption wave-lengths 4 and wave-numbers v for the polarized 
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light at low temperatures. 


(Volenia: 


Sample A (dil.) Sample B (conc.) 
Temp. Polariz. Spect. : ; Sane: meal 
A(A) v(cm-1) (A) v(em-1) 
Ry 6933.93 14417 .87 6933.0 14419.8 
ELCs 
Re 19.98 46.93 18.8 49.4 
Anes = oi a1 Oe mins le 
BING Ry 34.03 17.63 32.0 19.8 
NOs Re 19.83 47.24 18.8 49.4 
5 Ry 6933 .90 14417 .93 6933 .0 14419.8 
ge R, 19.95 46.99 18.8 49.4 
20°K awl 
‘ne Ry 33.93 17.86 33.0 19.8 
NCs Rp 19.75 47.41 18.8 49.4 
Ry 6934.01 14417.70 6933.2 14419.4 
H1C3 
Ry 20.06 46.76 19.0 49.0 
86°K == = aaAiS 
BIC Ry 34.01 17.70 23.2 19.4 
NCs a 19.91 47 .08 19.0 49.0 
Exp. error +0.02 +0.04 +0.1 +0.2 
Table II]. 8B, By absorption wave-lengths 4 and wave-numbers vy for the polarized 
light at low temperatures. 
Sample A (dil.) Sample B (conc). 
Temp. Polariz. Spect. = —— — a - 
(A) v(cm-) XA) | v(em-}) 
By 4762.24 20992 .7 4762.3 20992 
EH 1LC3 
By APA 21067 .7 45.3 21068 
4,.2°K - ———— —- ~~~) -—. 
B 62.18 20992 .9 62. 
B//Cs 1 3 | 20992 
By 45.35 21067 .4 45.3 21068 
By 4762.26 20992 .6 4762.2 20993 ; 
ECs 
Bz AD 27 21067 .7 45.6 21066 
20°K°? aa = — Ra = eas See aed 72, 
By, 62.18 20992 .9 62.2 20993 
E//Cs 
Bz 45 .37 21067 .3 45.6 21066 
Exp. error £0.03 Mi Re aes a hax 
Table II]. The separations of: ; and R, absorption spectra and their polarization- 


shifts v!—vw//. (em-}) 


Sample A Sample B 
4.2°K 20°K 86°K 4.2K | 20°K 86°K 
v(Ry+)— (Ry) 29.06 29.06 20: 0GidNideekieean: pilabenetimenseidaaiae 
29.6 29.6 29.6 
v( Rall) (Rall) 29.61 29.55 20.38 | * 
(Ri) =(Ri/!) 0.24 0.07 0.00 ae eee So 
(Ry) —v(Ra/!) 0.31 0.42 0.32 eon —- tomer 
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C; and E//C3) have been measured precisely 
as possible and they are given in Tables I and 
II. The experimental error given in the 
tables is caused mainly by the difficulty of 
determining the position of an absorption peak 
because of the finite spreading of the 
spectrum. 

The most remarkable fact found in such 
measurements is that the absorption position 
of the spectrum slightly shifts when the 
polarization of the incident light is changed 
(called hereafter polarization-shift). The 
directions and the magnitudes of these shifts 
are shown in the last two rows of Tables III 
and IV, together with the observed separa- 


Table IV. The separations of B, and By absorp- 
tion spectra and their polarization-shifts yt —v//. 
(cm-}) 


Sample A | Sample B 
| 4.2°K | 20°K 4.2°K 20°K 
Bol) —v(By+ 75.0 | 75.1 
v(Be1) —v(Bi+) 76 76 
V(Bl/)-v(By)) | 74.5 | 74.4 
Hee CB PPG flip. golh sri 
(Bol) —v(Bo/) 0.3 ee Mage ea 


tions between FR; and R, and those between 
B, and B,. These separations and polariza- 
tion-shifts seem independent of the change of 
temperature except for the separation »(R,//) 
—v(R,//) and the shift v(Ri+)—»(R,). 

The temperature dependence of the absorp- 
tion wave-numbers of R; and R, is illustrat- 
ed in Fig. 3. When the temperature is in- 
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Fig. 3. The temperature dependences of the ab- 
sorption wave-numbers of Fi, R//, Rt and Ri! 
(sample A). 
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creased from 4.2°K to 20°K, these spectra 
shift towards the shorter wave-length side 
(blue-shift), while they show a red-shift at 
high temperatures. The shifts thus found 
at very low temperatures are, however, so 
small (the order of these magnitudes is dif- 
ferent from that observed at high tempera- 
tures) that they cannot be observed in case 
of B lines, being within the experimental 
error. 

In sample B, the absorption positions of Ri 
and R, lines seem to be shifted towards the 
shorter wave-length side beyond the experi- 
mental error (Table I) in comparison with 
those measured in sample A, while these 
concentration-shifts are not clearly observed 
in B;, B, lines. 

(d) Discussions: The observation of opti- 
cal anisotropies provides us with a very use- 
ful information for the spectral assignment, 
especially in case the spectral width is broad 
and experimental studies of the Zeeman effect 
are impossible to be made. Theoretically the 
absorption intensities of the line spectra in 
our case are supplied from those of the ab- 
sorption bands by interplay of spin-orbit 
interaction, i.e., the intensity of R lines is 
supplied from U band and that of B lines 
mainly from Y and partly from U. Thus 
the optical anisotropies of these lines are 
determined both by the anisotropies of the 
absorption bands and by the strengths of 
spin-orbit interactions. In Fig. 1, the results 
of the theoretical estimates of optical intensi- 
ties (Part A §5 (b)) are also given under the 
presumption that the spectral assignment has 
been made as follows,* 


Ri: $A fd ae 
Bs: 2A 

By: ke geek 
Bes =e Ey re 


We see that the qualitative features of the 
observed relative intensities for the fixed pola- 
rized light are reasonably explained by the 
theory, though the theory does not explain 
the intensity ratio between parallel and per- 
pendicular component of a spectrum. Our 
experimental results recommend the following 


* On the meaning of the notations, see Part 


A. Throughout this paper, we use the notations 
already used in Part A without explaining their 


meaning. 
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approximate relations among the theoretically 
introduced parameters; o ~ 2z (for ?E), oo ~ 
20 and xz ~ 30 (for *F)). 

The problem of the observed separations 
of R: and R, and of B, and B, lines has 
been already discussed in Part A. The 
separation is determined mainly by the magni- 
tudes of the trigonal field and the spin-orbit 
interaction. The remarkable constancy of 
the observed separations (except v(R.//)— 
v(R,///)) at low temperatures will indicate 
that little change of the crystal parameters 
occurs at these temperatures. The excep- 
tional case »(R.//)—v(R,//) is brought about 
by the anomalous temperature dependence of 
R,// spectrum. Although R,// is the faintest 
spectrum among k’s, its observed anomaly 
seems to be really the case being beyond 
the experimental error. This anomaly re- 
mains unexplained. 

The polarization-shifts can be easily under- 
stood if attention is paid both to the selection 
rule and the initial splitting of the ground 
state (see Figs. 4 and 5 of Part A). Thus 
the assignments are also confirmed by observ- 
ing these polarization-shifts. If the sign of 
0 is defined positive when the Kramers 
doublet M;==+:3/2 is lower than the doublet 
M;==+1/2, the theoretically predicted polari- 
zation-shifts are as follows under the above- 
mentioned spectral assignments; * 


0/2 < v(Ri*)—W( Ri) <6, 
v(R2*)—v(Ri/)=—6 , 
V(By)—(Bi)=—6, 

0/2 << (B+) —v(By!/) S 6. ([8|=0.38 cm=?) 


The experimental results given in Tables III 
and IV (except v(Ri+)—»(Rj//)) satisfy these 
relations within the limit of the experimental 
error when the sign of 0 is assumed positive. 
The exceptional case of v(Ri+)—»(R,//) is be- 
cause of the queer behaviour of R,// spec- 


* In the following relations, inequalities occur 
because fy+ and B,4+ are expected to be un- 
resolved doublets separated by 6 (Figs. 4 and 5, 
Part A) and the observed peak of an unresolved 
doublet is considered to be located between the 
middle of the unresolved doublet and the stronger 
component of the doublet. The observed peak will 
be just at the middle of the unresolved two com- 
ponents when their intensities are same. In the 
following discussions, inequalities always appear 
in such cases. 
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trum which has been already pointed out. 
Since the polarization-shift of R. spectrum is 
measurable with rather high precision, its 
measurement is one of the ways to determine 
optically the natural splitting 6. The value of 
6 thus determined from the polarization-shift 
of R, is 6=0.36--0.03 cm! which agrees well 
with the result of the paramagnetic resonance 
experiments, |6|=0.38cm7}.# Such an optical 
method is superior to the paramagnetic re- 
sonance method only in determining the sign 
of 0. 

The problems of the spectral widths and 
the temperature-shifts will not be discussed 
in detail in this paper. The slight broadness 
of i+ compared with the other components 
of R; and R, can be understood since theore- 
tically Ri+ spectrum is the superposition of 
two lines separated by 06 while the others 
are singlets. To interpret the difference 
between the widths of B, and B, lines, how- 
ever, it is necessary to take other effects 
into consideration. The curious temperature- 
shifts of R lines observed at very low tem- 
peratures show that Paetzold and Kromer’s 
experimental formula? v=a+ (T/O) at T< 
@ (9: Debye temperature) is not good for 
R lines at these temperatures. 

The observed concentration-broading and 
concentration-shift seem to offer very interest- 
ing problems, but to discuss such problems it 
will be necessary to make further experi- 
ments. 


$4. Zeeman Effects of R,; and R, Absorp- 
tion Lines 


The Zeeman patterns of FR, Rs, absorption 
lines of sample A obtained at 20°K and 4.2°K 
in the four cases, Hy//C3 E1.C3, Ho//C. E//Cs, 
Hy) LC; E1C3, and Hy 1C3 E//C3 are illustrat- 
ed in Figs. 4 and 5 together with the diagrams 
of transitions. 

The observed splitting factors g’s and the 
central wave-numbers v°’s of these patterns 
are listed in Table V. Among these Zeeman 
patterns, those of Ri (Ho//Cs E//C3) and of Ry, 
Rs (Ho C3 E//C3) are too faint to make direct 
measurements of the original plates precisely. 
Therefore, suitably reprinted plates with high 
contrast have been used for the measure- 
ments. 

In the reprinted plates, it is found that, 
though the relative positions of absorption 
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Fig. 4, 5. (a), (b): The observed Zeeman patterns (full curve) and the patterns (vertical lines) 
derived from the transition-diagrams (c). The intensities and the shapes of the observed pat- 
terns are only qualitatively illustrated. In the patterns (vertical lines) of 4.2°K, difference in 
electron population of the Zeeman levels of the ground state is taken into account. (He Wine 
numbers in brackets indicate the transition probabilities when H||C3 and the others (without 
brackets) are those when #'.C3. In the calculation of the transition probabilities, the empirical 


relation o~2r is used and x is put equal to 1. 


lines are represented fairly well, the distance terns are not tabulated. In Table VI the 
between an emission (comparison spectrum) quantities derived from Table V which are 
and an absorption line is sometimes slightly useful in the following discussions are also 
changed from that measured on the original given. 

plate. Thus in order to avoid the confusion All the qualitative features of the Zeeman 
such unreliable measurements on the absolute patterns obtained at 20°K are in agreement 
positions of the absorption may create, the with those obtained by Lehmann at 83°K, 
central wave-numbers v°’s of these faint pat- but the quantitative features of our patterns 
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Table V. The observed splitting factors (in @Ho unit) and the central wave-numbers v\(cm~?) 


of Ri, R, Zeeman patterns. 


The central wave-number v® is defined as the wave-number of 


the central Zeeman component when three Zeeman components appear, and is defined as the 


wave-number in the middle of the inner two components when four components appear. On 
the notation of g’s, see Fig. 4. 
i as aa oe  20°K . Lire Ue. it 
Ue ee —— a" = | Exp. error 
BHo=1.12cm-1 R, Re Va Ry | 
a eee we q - ; pia cp 1.92 
g 1.46 1.80 1.45 +£0.07 
ELC; Oe 2.04 1.64 2.12 1253 
| yo 14417 .51 14446.85 | 14417.66 14447.16 | +0.04 
Hy |/Cs feo] ergy +0.1 
g 4.38 4,42 | +0.07 
Ei//Cs g!! 2.0 os +0.1 
yo — 14447 .31 — 14447 .29 +0.04 
| } 
g! Pests) 2.09 ele rss Aa 
g!! 1.96 1.92 1.98 2.03 +0.07 
ELCs gl! 1.80 Mears} 1.80 ATS | 
Hy LC3 yo 14417 .89 14417.21 | 14417.96 14447 .31 +0.04 
g’ 2.2 2.0 jaa i bay 
E|/C3 go.) 2.0 2.0 129.4 202 | eo] 
gi! 1.6 1.6 1.9 ales 


are entirely different from those of Lehmann’s. 

To simplify the description, we assume 
from the beginning the spectral assignments 
given in §3 (d) which are established most 
definitely from the observed Zeeman patterns. 


Case I. H)//C3 and EC; (Fig. 4 (a)): 

The observed splitting factors of the Ze- 
eman patterns in this case are far smaller 
than those theoretically expected, even though 
they are increased compared with those of 
Lehmann’s. 

The only way to fulfil the previously given 
proper requirement that the Zeeman pattern 
in this case must contain some of the Ze- 
eman components of the ground state is to 
introduce the g-shifts of the excited states 
assuming the central component to be the un- 
resolved doublet. In fact the central com- 
ponent seems broader than the side compo- 
nents. That this is due to the superposition 
of two lines can be made clear by observing 
its apparent shift relative to the side com- 
ponent when the temperature is varied from 
20°K to 4.2°K. This is because, if the central 
component is the superposition of closely lo- 


cated two lines, the decrease of the number 
of electrons populated in the upper Zeeman 
levels of the ground states at 4.2°K makes 
one line of the superposed two central lines 
weaker than the other. As a result, the ap- 
parent peak of the central component shifts 
to the stronger one while at 20°K it will be 
almost at the middle of the two. 

The quantities 1/2(g,/’’—g;/’) measured at 
20°K and 4.2°K given in the second row of 
Table VI show such apparent relative shifts 
of the central component for both R, and Ry. 
Keeping the above-mentioned explanation of 
the apparent shifts in mind and refering to 
the theoretically obtained diagram of transi- 
tions, we expect the following values for 
1/2(g” —g"); 

1/2(g7/—g//') =6 for Ry 

- =( for R; 

>0d and < d+ |4,| for R, 
>—|4:| and <0 for R, 
where 4, and 4, denote the half g-shifts of 
the excited states of R; and R, respectively 
and their magnitudes will be determined in 
the following analysis. With the values 4, 


at 20°K 


at 4.2°K, 
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=0.22, 4.=—0.26 and 6=0.34 (in BH) unit), 
these relations are held actually in Table VI 
almost within the limit of experimental error. 

The g-shifts of the R, and R, excited states 
are determined from 


1/2(87/ +81 )=20.—-A1 
=2+4. for R., 
where g is the g-value of the ground state 
and is known as 1.98. The sum of the left 
hand side is made to eliminate the effect of 
the natural splitting 6 of the ground state. 
From Table VI, we obtain 


4,=0.22 (+0.04), 4.=—0.26 (+0.04), 
Ge (Ri) = Sot 241=2.42 , 
Sep R2) = $o+24.=1.46 , 


where g//(Ri) and g//(R2) are the g-values of 
the FR; and R, excited states respectively. 
Looking at these results, we notice at once 
the following simple relation to exist between 
Rei’, 


Table VI. The useful quantities to confirm the 
assignments. These are derived from Table I 
and Table V. g/; and gs denote the splitting 
factors in cases of H//C3 and Hp | C3 respective- 
ly. The subscripts of v//9 and vi°% also indicate 
the direction of a magnetic field. vo is the 
absorption wave-number in case of no magne- 
tic field. 


Ones 


E1C3 Ry . Re 
| 20°K 1.75 BHo 1.728Hy 
RON'F+9I")' goon | 1.78 | 1.72 
| 20°K 0.29 —0.08 
aN" —-91I')) 4 90K 0.33 ~0.19 
_ ; 20°K Gem, —0.14emn-! 
igs 4.2°K “01 4 | +0.23 
. 20°K 1.96 8H | 1.92 8H) 
94 4.2°K 1.98 2.03 
20°K 1.97 1.91 
HGL'+I9L") 4 oo 1.96 1.95 
a no Se7 [angen 0.35 0.36 
J. — 93 4.2°K 0.33 0.33 
20°K —0.04cem-! +0.23cm-1 
len aah: 4.2°K +0.09 +0.38 
E//C3 
20°K Orc» 
ee —See 
pe 4.2°K +0.05 
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Sei NRi) + Bei (Ro) = 4, 
since 

4, =—A, (a0). 
The explanation of such an interesting rela- 
tion between the g-shifts of the R, and R, 
excited states is given in the first paper. 


Case II. H)//C3 and E//C3 (Fig. 4(b)): 

The ge; (R:)-shift is more clearly observed 
in this case in the Zeeman pattern of R, 
where the separation of the two components 
& must be 2g)—24,=4.52 (40.07) if the 
same //(R,)-shift as determined from the 
pattern.of R.+ in the previous case is used. 
The observed values of g’s for the both tem- 
peratures (Table VI) agree with this within 
the limit of experimental error. 

The observed Zeeman pattern of R,// which 
is the faintest among the patterns of R, and 
R, we have obtained, however, does not 
seem to be explained within our scheme 
even qualitatively. Against our expectation 
on this pattern that it consists of two weak 
components separated by 2g)+24,=4.40 
(0.07), the observed pattern consists of 
three components and the separation of the 
side components is 4.1 (0.1) even if the 
central component is disregarded. Our pre- 
vious short report® has erroneously described 
this Zeeman pattern. 


Case III Hy \C3 and E1C3; (Fig. 5(a)). 

In this case, the Zeeman levels of the 
ground state are directly represented: The 
paramagnetic resonance experiment has show 
that the separation of the four Zeeman levels 
of the ground state are gy—d/2, go and go+ 
6/2. lt gi’’, gi’ and g:’ are identified to 
be g—6/2, g) and g)+06/2 respectively, the 
relations, 

£7 =H=1.98, VAe+e")=s0 
gi -— gi" =0=0.34 
must hold among the observed g.’s. Table 
VI shows that the observed g.’s actually 
satisfy these relations within the limit of ex- 
perimental error. The positive sign of 0 is 
also confirmed in such a comparison. In the 
Zeeman patterns observed at 4.2°K, the 
uniformly decreasing inclination of the inten- 
sities of the longer wave-length side com- 
ponents which is due to the decrease in 
electron population of the upper Zeeman 
levels of the ground state at 4.2°K is consis- 
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tent with the above-mentioned identification 
of the observed g.’s. In this case, the g- 
shifts 4g-1’s, i.e., deviations of the g-values 
of the excited states from zero, will split 
each of the four Zeeman components into 
two lines separated by 4g-:, but, if 4ge.’s 
are smaller than the spectral width, these 
closely located two lines cannot be resolved 
and the apparent position of such a superpos- 
ed component will not be changed from the 
case of 4g,,=0. In addition to this situation, 
since the superposed two lines correspond to 
the transitions from the same Zeeman level 
of the ground state, the apparent tempera- 
ture-variations of the splitting factors similar 
to those previously explained in case of A)// 
C; and E1C3; are not expected. In Fig. 5, 
the finite g-shifts of the both R; and Ry, ex- 
cited states are assumed although they can- 
not be determined from the observed patterns. 


Case IV Hy1C3 and E//C3 (Fig. 5 (b)): 

An accurate measurement of the splittings 
is impossible in this case because the inten- 
sities are weak. It may be said, however, 
from Table V that no noticeable difference 
of the splittings is observed between case II] 
and case IV, which is resonable from the 
theoretical point of view. The relative inten- 
sities of the components, which differ from 
those observed in case III show a nice agree- 
ment between experiment and theory. 


A remaining quantity to be discussed is 
the central wave-number v°® of the Zeeman 
pattern whose definition is given in the foot: 
note of Table V. According to the diagram 
of transitions, the difference between v® and 
vy observed in case of no magnetic field, dy 
=y—y», must satisfy the following relations; 
when A)//C3 and E1C3 


0 > 4y(20°K) > 0 (=0.38 cm-) 
Av(20°K) > 4(4.2°K) > 4y(20°K) —| 4) | 
(|4;|=0.25 cm-1) 
TOT. fea 
4v(20°K)=0 
(4o| > 4v(4.2°K) >0 (|4s|=0.29 cm} 
Hor leo; 
when H,//C; and E//C; 
4v(20°K, 4.2°K)=0 
when Hy LC; and ELC; 


for: 
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0 > 4v(20°K, 4.2°K) > 30/4—6 
(=0.10cm-!) for R); 
Av(20°K, 4.2°K)=30/4 
(=0:28'em-4)"tor Ro: 
The observed 4y’s given in Table VI seem 
to deviate from these beyond the limit of ex- 
perimental error. All deviations are systema- 
tic in such a way that they are negative at 
20°K and positive at 4.2°K. 


§5. Zeeman Effect of B, and B, Absorption 
Lines 


The observed Zeeman patterns of By, B, 
absorption lines are illustrated in Fig. 6 and 
Fig. 7 together with the diagram of transi- 
tions. The spectral widths of B; and B, lines 
are about three times broader than those of 
R, and R., but they are still smaller or com- 
parative to the Zeeman energies. Therefore 
we have obtained the Zeeman patterns, 
although not so clear as the case of RF lines, 
which depend on the directions of Hy and EF 
relative to the crystal axis C;. Thus, together 
with the theoretical considerations given in 
the first paper, it is possible to establish de- 
finite assignments of B lines by using the ob- 
served patterns. For example, a_ possibility 
that one of these spectra may be identified 


to the transition ‘A, > £,)2F:) can be easily 
excluded by the fact that the theoretically 
predicted Zeeman patterns corresponding to 
it (Fig. 5, Part A) consists of an unsplit 
component when A)//C3; and E//C, (it consists 
of two components separated by 28H) when 
H//Cs and E.1.C3). We cannot find such a 
pattern in the observed Zeeman patterns. 

In the following discussions, we will as- 
sume from the beginning the assignments 
given in §3 (d), in the same way as we 
have done in §4, and will show to what 
degree such assignments are convincing. 

To observe the faint and diffuse Zeeman 
patterns, it was necessary to use the suitably 
reprinted plates instead of using the original 
ones. 


* 


Case I H)//C3 and E1\C; (Fig. 6(a)): 


The Zeeman splitting can be observed 
rather clearly in B,+ spectrum at 20°K while 
only vaguely in B,+ at 20°K. In the diagrams 
of transitions, the finite g.,/-shift (from zero), 
4,’, of the B, excited state and also the finite 
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&//-Shift (from 4), 4,’, of the B, excited state 
are assumed. Comparing the experimental 
patterns with those expected from such 
transition diagrams, a rather good agreement 
can be obtained if 4,’ satisfies the relation 
80-244! ~ ops(Bz)=2.4+0.5 (so. 4.’ ~ 0.24 
0.25) and if 24,’ is small compared with g%. 
Even when 4,’ differs from ZeETO, Lops(B1)= 
2.1+0.2 is reasonable considering the fact 
that at 20°K the observed position of the 
apparent peak will be almost at the middle 
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of the closely located two lines since their 
intensities become equal when we assume 
the relation o) ~ 2c. The necessity that 
4,’ (0) must be introduced will be seen in 
the analysis of Case II. 


Case II Hy//C; and E//C3 (Fig. 6 (b)): 
Among all the observed Zeeman patterns 
of B, and By, the Zeeman pattern of B,// at 


20°K in this case is most clear. Thus the 
most definite conclusion can be derived from 
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Fig7(c) transition-diagrams:*— both El. Cs and E/Cy HolCy 


The observed Zeeman patterns (full curve) and the patterns (vertical lines) 
The intensities and the shapes of the observed pat- 


terns are only qualitatively illustrated. The observed splitting factors are also given in BH) unit. 
In the patterns (vertical) of 4.2°K, difference of the electron population of the Zeeman levels of 


the ground state is taken into account. (e)s 


The numbers in brackets indicate the transition 
probabilities when E||C3 and the others (without brackets) are those when ELC. 


In the calcu- 


lation of the transition probabilities, the empirical relations ¢°~20 and r~3o0 are used and o is put 


equal to 12, 
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this pattern. A nice agreement can be ob- 
tained between theory and experiment also 
in this case, when 4,’ and 4,’ satisfy the fol- 
lowing relations, 


320-241 = Zobs(Bi)=5.20.2 
39 +242’ = Zops( Bz) =5.340.4 . 
From these relations we obtain 
Aj i= Ora al 
and 
A./ = —(0.30.2) 


the latter of which is consistent with the 
value of 4,’ (4, ~ 0.20.25) obtained in case 
If, 

The g-shifts 4; and 4.’ seem to satisfy 
the relation 4,’+4,’=0, and the theoretical 
examination of such g-shifts (§6(e), Part A) 
shows that they are directly due to the re- 
duction of the orbital angular momentum of 
fo-electrons in the crystal. 


Case-Hl. Hy Cocand LE Cp (Pie: oF (a): 


The observed patterns seem to be the en- 
velopes of the unresolved Zeeman components. 
The reasonable interpretation of these pat- 
terns can be made in such a way that the 
observed two peaks of B, correspond to the 
stronger two side components and the pattern 
of B, is determined mainly by the inner two 
components which are stranger than the side 
components in this spectrum. The reason 
why none of the split structures is seen in 
this case (also in case IV) while they are re- 
presented in case I even though slightly in 
B,, may be due to the relatively large g- 
shifts (from zero) of the excited states. 
Thus in the transition-diagram of Fig. 7 the 
finite g-shifts of the excited states are assum- 
ed though their magnitudes cannot be deter- 
mined from our Zeeman patterns. The rea- 
sonable splitting g.p.(B,)=6.0+0.3 of B, will 
not be affected by introducing such g-shifts. 

Slight blue-shift of the apparent peak and 
narrowing of the apparent width of the un- 
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resolved Zeeman pattern B,+ at 4.2°K com- 
pared to the Zeeman pattern observed at 
20°K (the situation is also the same about 
the Zeeman pattern B,// in case IV) clearly 
show that the observed broad pattern is the 
envelope of the Zeeman components. 


GCaseviVa + HeiltG2-and LEN.Ghis. Wat): 


In the same way as explained in case III, 
the patterns obtained in this case can also be 
explained reasonably. 
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Measurement of Free Induction Decay Time and 
Spin-Lattice Relaxation Time of Bromine 


Nucleus in Sodium Bromate 


By Tsuneo HASHI 
Department of Physics, Faculty of Science, University of Kyoto 
(Received April 5, 1958) 


Using transient techniques, the free induction decay time 7;* and the 
spin-lattice relaxation time 7, were measured for Br? and Br®! in NaBrO; 


at room temperatures. 


9.8x10-5 sec for Br®!, 
steady-state measurement. 
for Br79 


The free induction decay curves were well de- 
scribed by Gaussian curves with 7*=10.2x10-*sec for Br” 


and 


Comparison was made with the result of the 
The measured values of 7, were 2.1 x10-% sec 
and 3.0x10-%sec for Br®!. 


The agreement of the ratio 


T,(Br*})/T)(Br®)=1.4 with the known ratio Q2(Br7)/Q2(Br*1)=1.44 indicates 
that the quadrupole relaxation is principally responsible for spin-lattice 


relaxation. 
detail. 


Introduction 


SHR 

The experiments on pure quadrupole reso- 
nance were, up to the present, performed 
mostly by the steady-state method. So, while 
the measurements of the resonance frequency 
were reported in abundance, those of the line 
width and the relaxation time were relatively 
few. It is due to difficulties in observing the 
accurate line shape with a frequency modulated 
superregenerative detector as ordinarily used 
in such experiments”, and also due to the 
existence of the broadening caused by the 
distribution of electric field gradients result- 
ing from temperature gradient, strain and 
imperfection in the sample”. It is very dif- 
ficult to differentiate such a broadening from 
others by merely the measurement of the line 
width. 

In general, three types of mechanisms are 
considered for loosening precessional coherence 
in the spin system, namely, (1) different fixed 
rates of precession caused by static local 
fields, (2) random fluctuation of precessional 
frequency and phase, and (3) spin-lattice rela- 
xation. These three contribute simultaneously 
to the line broadening. 

Transient or pulsed techniques” offer ad- 
vantages over the steady-state measurement 
of line width in obtaining separate informa- 
tions about these three mechanisms. 

In the present paper, the transient pure 
quadrupole resonance experiment on bromine 
nuclei is reported. Transient experiments on 
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The apparatus and procedures are also described in some 


pure quadrupole resonance were performed 
by Bloom, Hahn and Herzog*®, Herzog and 
Hahn”, Proctor and Tanttila®, and Woessner 
and Gutowsky®, but these authors were 
chiefly concerned with Cl®> nucleus. When 
bromine compounds are used, the measure- 
ments on both Br” and Br®! isotopes are easily 
performed, because of their sufficient natural 
abundances. The analysis of relaxation is 
much facilitated by comparison of the meas- 
urements on both isotopes. 

The present paper includes a brief theory, 
the description of the apparatus and proced- 
ures, and the result of the measurements on 
the free induction decay time 7,* and the 
spin-lattice relaxation time 7, for Br?’ and 
Br®! in sodium bromate. The result of ex- 
periment on the spin echo will be published 
in the near future. 


§ 2. 
Quantum mechanical descriptions of the 
transient nuclear induction associated with 
nuclear quadrupole coupling have been given 
by Bloom, Hahn and Herzog*®, and Das and 
Saha”. These authors treated the case where 
the electric field gradient had an axial sym- 
metry. For bromine nuclei in sodium bromate, 
the above analyses are directly applicable. 
We consider a nucleus with spin /=3/2 in 


Theory 


axially symmetric field gradient. The r-f 
magnetic field: 
H;=2H,coswt, H,=0, H,=0, (1) 
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is assumed to be applied in form of short 
pulse of width ¢. and begining at t=0, where 
the z-axis is chosen to be the symmetry axis 
of electric field gradient. The transient 
response of the nuclear magnetic moment to 
the driving pulse is described by the expec- 
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tation values of Jz, J, and Lk. 
If the conditions: 


|w—awo |<1|tw , (2) 


are satisfied, the expectation values of Iz, Iy 
and J, are given by 


and w>1/tw, rf 


Cya¥ 3 ooh sin G37 Hits) sin wo (t —tw) 4 

4kT - 
(ly=0, ( 
(1.)=0 (tPtw) , 


where w»’ is an angular resonance frequency associated with zero field quadrupole splitting 


of the bromine nucleus. 


In order to take into account the static distribution of w»’ over the sample, we assume: 


* 
&(4o)= a exp| 


V 2% 


(4) 


3 (CR | 
2 > 


where 4w=wop— and wo is the center frequency of the distribution of ap’. 
Upon averaging (3) over the distribution (4) and multiplying with rAN, the expectation 
values of the magnetization for the sample are obtained as: 


_V 3 Noor? 
eae eF 
My=M.=0 


where WN is the total number of spins in the sample. 


sin (V 3 rMitw) sin wo (t—tw) exp las Saaea | 


2T "2 
(t>tw) ’ 


(5) 


Relaxation effects are omitted here. 


The free induction voltage induced in a coil placed along the x-direction is proportional to 


the time derivative of M.z. 


If the second pulse of the same form is applied at the time rt after the first pulse, the spin 


echo is obtained centering at t=2r as follows: 


4kT 


2T.*2 


M.= _V 3 Noorh? sin (V/V 3 7 Aitw) sin? Ma tite, sin wo(t—2r) exp cence ) t; 


M;=M;=0 


§3. Apparatus and Procedures 


The block diagram of the apparatus is 
shown in Fig. 1. It is divided into four 
parts: timer, transmitter, receiver, and 
synchroscope. The timer consists of a basic 
trigger generator, two delay multivibrators, 
a one-shot multivibrator, and a mixer. Each 
component is of usual design® and not described 
here. The output pulse of the basic trigger 
generator initiates the two delay multivibrators 
and each produces the output pulse with proper 
delay time. The delay multivibrators are iso- 
lated from each other by the cathode follower 
stages being utilized at inputs and outputs. 
The separation of the two pulses is continuous- 
ly variable from 0 to 30msec, After mixing, 


(t(>tt+tw) , 


these two pulses in turn trigger the one-shot 
multivibrator and produce two successive 
rectangular pulses, of which the widths are 
continuously variable from less than 3sec to 
more than 200 “sec. The repetition period of 
the pair of rectangular pulses is determined 
by the frequency of the basic trigger genera- 
tor, and is chosen to be longer than the spin- 
lattice relaxation time 7, in order to ensure 
thermal equilibrium of the spin system till the 
next onset of the pair of pulses. The output 
pulse from the basic trigger generator also 
trrigger the synchroscope. The time sweep 
is adjusted so that it covers the time of 
interest. 


When further pulses are required as in the 


1958) 


Synchroscope 


Fig. 1. 


case of the stimulated echo experiment, they 
are easily provided by the addition of delay 
multivibrators of the same kind. 

The transmitter consists of a pulsed oscil- 
lator, a power amplifier and a tank circuit. 
For observing free nuclear quadrupole preces- 
sion signals, much stronger and much shorter 
r-f pulse is required than for the case of 
nuclear magnetic resonance in liquid. It is 
because the characteristic time 7;* in solid is 
generally much shorter than in liquid, and 
the conditions: - 7,*=?. and 3 7Hit.=2/2 
must be satisfied for 90° pulse as shown in 
(2). If these conditions are not satisfied, the 
free induction decay time depends on HA, and 
tw. For bromine nuclei in sodium bromate 
(NaBrO;) the r-f pulse with H, of more than 
10 gauss and ft» of shorter than 10sec is 
required. 

The power amplifier is of usual tuned-grid 
and tuned-plate type and consists of two 
4X-150A’s connected in push-pull and the 
available power is sufficient to produce such 
r-f pulses. Since the tuning circuit with 
very high “Q” would cause some undesirable 
transients and make the tuning very critical 
at such high frequencies (~180Mc/sec for 
Br?9, ~150Mc/sec for Br*1), the Q’s are lowered 
and thus the amplifier has the bandwidth of 
about 3Mc/sec. The broadband character is 
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Multi- 
vibrator 


Trigger Vertica 
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Transmitter 


Cascade 
Amplifier 
Converter 


Amplifier 
Detector 


Receiver 


Block Diagram of the Apparatus. 


necessary, on the other hand, for the faith- 
ful reproduction of the envelope of the enve- 
lope of the oscillator waves. It also permits 
the fine adjustment of the oscillator frequency 
without retuning the amplifier, and is very 
convenient for the present experiment in 
which the resonance must be achieved by 
adjusting the frequency of the transmitter. 
The driving point of the amplifier tubes is 
chosen below cutoff by supplying a fixed bias, 
in order to prevent shot noise!”. 

The pulsed oscillator is normally held below 
cutoff and brought into oscillation by the ap- 
plication of rectangular pulses from the timer. 
The switching action is provided by a tube 
connected in series with the oscillator tube 
2C39A. The author has not used the con- 
tinuous oscillator and gated power amplifier 
system because the leakage past the gated 
amplifier in off-periods would make serious 
trouble to the receiver, which is extremely 
sensitive and tuned to the oscillator frequency. 

The output power of the power amplifier is 
led to the tank circuit, which consists of a 
coil of three windings and about 1 cm diameter 
and a small tuning condenser. The sample 
is placed in the coil and subjected to the oscil- 
lating magnetic field. Since the quadrupole 
interaction is temperature-dependent!®,’, air 
cooling is used to keep the sample at a_ con- 
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stant temperature, and further, the tank 
circuit is situated apart from the power 
amplifier tubes in order to prevent the sample 
from heating by them. 

In free nuclear quadrupole experiment, the 
receiver should have the short recovery time 
of sensitivity from the saturation caused by 
strong r-f pulses, because the free nuclear 
quadrupole precession singnal is weak and 
appears immediately after the strong driving 
pulse. The receiver consisting of a cascode 
amplifier and a converter followed by a broad- 
band rather i-f strip® has been found to be 
sufficient for this purpose. The cascode 
amplifier and converter is a modified televi- 
sion superheterodyne tuner similar to those 
used by Bloom, Hahn and Herzog®. The 
broadband i-f amplifier is a six-stage 6CB6 
stagger tuned radar amplifier with bandwidth 
of about 4Mc/sec. Its center frequency is 
30 Mc/sec and the maximum gain about 
110 db. 

Since, as shown in (5) there is no component 
of the nuclear magnetization perpendicular to 
the axis of the applied oscillating magnetic 
field, the crossed coil system can not be used 
in the present experiment. The input coil of 
the cascode amplifier is therefore coaxially 
coupled with the tank coil. Although no 
special precautions are taken to reduce to 
reduce the receiver blocking, it has a recovery 
time of less than 20sec, when intense pulse 
is applied to the input. The amplitude of 
the detector is limited below one volt to 
avoid overloading of the video amplifier. 
Signals are displayed on the synchroscope 


Table I. Measured values of 7T.*, 7, and their ratio. 
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screen and the measurement of the relaxation 
time is made by photographic method. 

In order to obtain accurate 90° pulses, the 
adjustment of both frequency and pulse width 
is necessary. frequency is adjusted so that 
the amplitude of the free induction is maxi- 
mized. During the process the pulse width 
must be held at the minimum possible value 
because subsidiary maxima exist when the 
pulse width is longer than 90°}#. After the 
adjustment of the frequency, the pulse width 
is increased until the maximum amplitude of 
the free induction is obtained. This is a pro- 
per 90° setting. 

Samples were prepared by the recrystalliza- 
tion from aqueous solution. In order to reduce 
the strain and imperfection in the crystal, 
the recrystallization is performed by evapora- 
tion at a very slow rate. 


§4. Results and Discussion 


The free induction decay time 7.* and the 
spin lattice-relaxation time 7, have been 
measured for both Br’ and Br*! in sodium 
bromate (NaBrO;) at room temperatures. The 
measured values of J7.* and 7, which were 
reproducible within the error of +5% are 
summarized in Table I, together with the 
ratios between both isotopes. For samples, 
two single crystals and a powdered specimen 
were used. Single crystals were prepared by 
repeated recrystallization and considered to be 
fairly perfect, whereas the powdered specimen 
was not so pure as the single crystals. 

The free induction decay curves obtained 
for these samples were all well described by 


; [ omeprst) | T(Br8t 
Ty#(10-8 sec) | T,(10-8 sec) eee | fe 
' 2.1 chr 
Single Bs" 10m (8°C) 
crystal |__| — 0.96 1.4 
No. 1 , ‘ 
: 81 3.0 
Br 9.8 (8°C) 
2 in owt “ie Sina TH) ‘orkyhee 
| 
pau 
Single ab hho (°c) | 
fi Na Sy tae ah en = 0.98 1.4 
ile Br’! 8.2 3.1 
(8°C) 
Bri? 5.7 2-4 
Powdered (5°C) 
specimen |— oi aaa Ind 
81 o 
Br 6.3 (5°C) 
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yaussian curves of Eq. (5) within experimental 
rrors. In Fig. 2 is shown an oscillographic 
lisplay of a typical free induction decay 
urve, which is due to Br*! in single crystal 
No. 2. The experimental free induction decay 


$ Wa SSK 38 
HH 


Fig. 2. Oscillographic display of the free induc- 
tion signal due to Br®! in a single NaBrO3 crys- 
tal (No. 2) at 150 Mc/sec. Separation between 
time markers is 10. sec. 


° 4 experiment 

—; a Gaussian Curve 
Aexp (-t72Te] 
Te= 8:2 X10°sec 

6:0 A=7-0 


Free Induction Amplitude (Arbitrary Units) 
@o 
° 


6 10, 15 20 
t (in units of 1O°sec) 


Fig. 3. Free induction decay curve for Br®! in 
a single NaBrO 3 crystal (No. 2). 


urve was compared with a Gaussian curve 
s shown in Fig. 3. The values of 7.* listed 
n Table I were obtained by adjusting so that 
he experimental decay curve could be repre- 
ented by a Gaussian curve. Since the free 
nduction signal could not be observed within 
he region from f=fw to about 20sec later 
ecause of the receiver saturation, there was 
0 way to examine the shape of the free 
nduction decay curve near t=tw. However, 
f there were any deviations from a Gaussian 
urve in that region, they would not affect 
he principal features of the experimental 
lecay curve. The Gussian shape of the free 
nduction decay curve indicates the fact that 
he local field is essentially static, and the 
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effects of the fluctuation of the local field and 
the spin-lattice relaxation on the free induction 
decay is not significant”. The insignificance 
of the spin-lattice relaxation is directly con- 
firmed by the measurements of 7; as shown 
latter on. Therefore, the mechanisms mainly 
responsible for the free induction decay are 
considered to be the static part of (1) the 
magnetic dipole-dipole interaction with neigh- 
boring nuclei, (2) the distribution of electric 
field gradients in the crystal due to strain, 
imperfection and temperature gradient, and 
(3) Zeeman effect caesed by the earth’s 
magnetic field. 


In order to estimate the contribution from 
(1), the author has calculated classically the 
root mean square local field parallel to Na—Br 
axis from both Na and Br neighbors. Such 
a calculation yielded 7,*=19.7x10-°sec for 
Br” and 18.3x10-° sec for Br®!, respectively, 
which are much longer than the observed 
values. It is. expected that the remaining 
contribution to the decay is mostly due to 
the mechanism (2), since the contribution 
from (3) is small®. As shown in Table I, 
there are some changes in 7,* with samples, 
which are considered principally caused by 
different dontributions by the mechanism (2), 
since they are the only contributions which 
are considerably affected by the process of 
recrystallization. The longest value of 7.* 
was obtained for crystal No. 1, which is then 
the most perfect crystal among the used 
samples. 

The corresponding line shape in the steady 
state measurement which is given by the 
Fourier transform of the free induction decay 
curve’ 5), is Gaussian i.e. « exe [—(4w7,*)?/2]. 
Using the values of 7,* for crystal No. 1, the 
calculated line widths between half maximum 
points are 3.7kc/sec and 3.8kc/sec for Br” 
and Br®!, respectively. These values are con- 
sistent with those obtained by Koi for a most 
perfect crystal’, using regenerative spectro- 
meter. Koi concluded that the main contribu- 
tion to the broadening for his most perfect 
crystal, should come from the mechanism (1), 
i.e. magnetic dipole-dipole interaction with 
neighboring nuclei. His argument was based 
on the circumstance that if the magnetic 
origin (1) is predominant, the broadening of 
the line for Br®! should be larger than that 
for Br7, and the converse is true, if the elec- 
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tric origin (2) is predominant. Though the 
present measurement for crystal No. 1 is 
consistent with Koi’s conclusion, the experi- 
mental accuracy is not sufficient to differentiate 
between the contribution by (1) and (2) un- 
ambiguously from the above reasoning alone. 
In order to examine the situation more pre- 
cisely from another point of view, the author 
is performing a double resonance experiment, 
in which the changes in the free induction 
and echo signals for bromine nuclei are exa- 
mined by the application of the continuous 
r-f field with resonance frequency of the 
sodium nuclei. The result will be published 
in the near future. 

The spin echo signal which is like two free 
induction decay curves placed back-to-back, 
is so broad that the echo envelope decay time 
cannot be quantitatively measured for crystals 
whose 7;*’s are relatively long. In order to 
make precise measurement on the echo enve- 
lope decay time, it is necessary either to ap- 
ply the magnetic field or to make an artificial 
temperature gradient. Fig. 4 shows a typical 
spin echo signal in the presence of an artifi- 
cial temperature gradient. Observed echo 
envelope decay time 7./ was relatively unaf- 
fected by the temperature gradient. The 
value of 7.’ is of the order of 2x 107‘ sec and 
much shorter than 7;. It indicates that the 
effect of the fluctuation of the local filed on 
the free induction decay is not completely 
absent. The measurement on spin echo will 
be reported more precisely in conjunction with 
the double resonance. 

The measurement of 7, is made by the 
application of two r-f pulses. As the spac- 


Fig. 4. Spin echo signal due to Br” in a single 
NaBrO3 crystal in the presence of an artificial 
temperature gradient. The sweep length is 
about 1.2 milliseconds. 
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ing t between the two pulses is increased, i 
the initial amplitude y(r) of the free induction || 
signal following the second pulse rises ex- i 
ponentially with time constant 7, towards the | 
initial amplitude yp) of the free induction signal | 
following the first pulse. Fig. 5 shows the | 
variation of the initial amplitude of the free 
induction signal following the second pulse | 


with the spacing rt, and Fig. 6 the linear rela- | 


tion between log[y—»(r)] andr. The values 
of T, were estimated from the figure. Since 
these values were much longer than 7,*, the 
effect of the spin-lattice relaxation on the free 
induction decay was not significant. 

It is noted that the measured values of 7; 
are almost equal for different samples, even 
when the 7.*’s are apparently different. The 
ratio between both isotopes 7\(Br®")/7;(Br7) is 


Fig. 5. Variation of the initial amplitude of free 
induction signal following a second pulse with 
the spacing from the first pulse. Signals are 
due to Br’? in a single NaBrO ; crystal (No. 1). 
Separation between makers is 0.1 m/sec. 


for Br 
T= 21X10 %sec 


loglyo- y(z) ] (arbitrary units) 


T(in units of O-3X10"sec) 
Fig. 6. Relation between log[yo—y(r)] and c. 
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so constant and almost equal to the ratio 
(Br7\/Q?(Br®!)=1.44. These facts show that 
e spin-lattice relaxation is insensitive to the 
homogeneity of the electric field gradient 
1d the principal mechanism for it is the 
iadrupole relaxation. 
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Principal axis systems and asymmetry parameter of the electric field 
gradient tensors were determined by studying Zeeman effect of nuclear 
quadrupole resonances of As’ and I27, The iodine resonance in Asls 
showed that there are three principal axis system swhose ~ axes form 
a trigonal pyramid having an apex angle of 91.7°+2.5°. The fact that 
this angle did not agree with the bond angle of 88°02’ supports the 
mechanism of resonance switching of the bond. The arsenic resonance 
in AsI3 has only one principal axis system whose 2 axis is along the 
trigonal symmetry axis of arsenic tri-iodide molecule. The asymmetry 
parameter obtained from Zeeman study was nearly zero. 

The iodine resonance in AslI3-3Sg also showed that there are three 
principal axis systems. This fact well agrees with the result from X-rays 
that the most possible crystal structure of AslI3-3Sg is Cin. Three z 
axes are parallel to the edge of a trigonal pyramid with an apex angle 
of 101.7°+0.5° which is close to the bond angle 100°+2° (/ I-As-I) of 


Asl; molecule in gaseous state. 


The electric field gradient tensor of 


arsenic resonance in AslI3-3S3; was nearly axial symmetric about the 
trigonal symmetry axis of the molecule. 


Introduction 


Se 


The pure quadrupole spectrum of arsenic 
tri-iodide was first studied by Kojima, Tsukada, 
Ogawa, Shimauchi and myself. The isotope 
I” has two resonance lines corresponding to 
the transitions of mz=+1/273/2 and m,= 
+3/2— +5/2. The frequencies of the lines 
were 206 Mc and 401 Mc at room temperature, 
which yielded the coupling constant of 1345 
Mc and the electric field gradient asymmetry 
parameter of 14.5%”. These reseults were 
explained with the mechanism of resonance 
switching of the bond®. The structure of 
solid arsenic tri-iodide is that any given 
iodine atom has two nearest neighbors of 
arsenic atoms at the same distance of 2.99 A, 
one being molecular partner and the other 
belonging to the neighbor molecules and that 
there are no other neighbor atoms closer 
than 4.14A. From this structure Kojima et 
al, proposed the mechanism that the covalent 
bond of the iodine atom is resonating between 
these two arsenic atoms with fractional im- 
portance of fifty percent. If the mechanism 
of this resonance switching is correct, the 
~* A doctorial thesis submitted to Tokyo Univer- 
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principal z axis of the electric field gradient | 
tensor will be perpendicular to the bond. On 


the other hand, if it is not applicable, the | 


principal z axis will be along the bond. The 


orientation of the z axis of the electric field | 
gradient tensor can be determined by Zeeman — 


study on pure quadrupole spectrum». 
study is also useful for the determination of 
crystal structure and for analysis of nature 
of the bond between the quadrupolar atom 
and its neighbors?~”. 

Recently, the isotope As” in arsenic tri- 
iodide was studied by Ogawa”. The reso- 
nance frequency of it was 32Mc at room 
temperature, since the spin number of the 
isotope is 3/2, the possible transition is m:= 
+1/2°+3/2. Therefore, the asymmetry 
parameter of the electric field gradient tensor 
can not be determined without Zeeman study. 

In the present experiment Zeeman studies 
have been carried out on the resonance lines 
of the isotopes I'?? and As’ in a single crystal 
of arsenic tri-iodide, whose frequencies are 
201 Mc and 32 Mc, respectively. 

Similar study has been carried out on sul- 
phur molecular addition compound of arsenic 
tri-iodide (AsI3-3Ss). The two resonance fre- 
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juencies of the isotope I” in this compound 
-orresponding to the transition m:=+1/27 
+3/2 and mz=+3/22+5/2 were measured 
by Robinson, Dehmelt and Gordy”. The fre- 
yuencies were 224Mc and 448Mc at room 
emperature, which yielded that the electric 
jeld gradient tensor at the iodine nucleus is 
Axial symmetric. 

Arsenic resonance in this compound was 
also studied by Ogawa®. She reported that 
the isotope As’ has a single resonance frequ- 
ency of 47.5Mc at room temperature. The 
asymmetry parameter of the electric field 
gradient tensor is not yet obtained. 

It is known from X-ray analysis that in a 
crystal of sulphur molecular addition com- 
pound of arsenic tri-iodide each arsenic tri- 
iodide molecules are isolated by neighboring 
six sulphur molecules, although the precise 
arrangement of atoms in the unit cell has 
not been obtained. In this case the direction 
of the z axis of the electric field gradient 
tensor will be different from the case of 
arsenic tri-iodide previously mentioned. The 
Z axis can be determined by the aid of Zeeman 
effect. 

In the present experiment Zeeman study 
has been applied to the resonance lines of 
224 Mc of the isotope I??? and that of 47.5 Mc 
of the isotope As* in a single crystal of sul- 
phur molecular addition compound of arsenic 
tri-iodide. 


§ 2. 


Arsenic tri-iodide was prepared by the re- 
action between a solution of arsenic trioxide 
m concentrated hydrochloric acid and a solu- 
tion of potassium iodide in water. The pre- 
cipitation of arsenic tri-iodide was filtered off 
und dried. Then it was recrystallized from 
sarbon disulphide by evapolating the solvent. 


Experimental Procedure 


Single crystals of arsenic tri-iodide of about 
0 gr. were prepared with the method of 
Mointed bottom crucible’. The sample en- 
‘losed in a grass envelope, whose inside dia- 
meter is 23mm, is slowly lowered from an 
ven maintained well above the melting tem- 
erature of the sample through a region hav- 
ng steep temperature gradient into a cold 
oom which is cooled with a large water bath. 

Sulphur molecular addition compound of 
rsenic tri-iodide was obtained from a solution 
f arsenic tri-iodide and sulphur in carbon 
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disulphide. Single crystals of this compound 
were easily grown from this solution. 

Two superregenerative detectors were pre- 
pared for the observation of the resonances 
of two isotopes. One used for the iodine 
resonance was the transmission line type'? 
and the other used for the arsenic resonance 
was the ordinary type with LC tuned circuit!. 
Frequency modulations were applied for the 
oscillators with a vibrating condense. The 
detector out put was amplified and presented 
on an oscilloscope. In order to remove un- 
desirable amplitude of modulation components, 
some filters were used. 

A magnetic field for Zeeman studies was 
produced by Helmholz coils!” which are ar- 
ranged with mean separation of 7.5cm. The 
Helmholz coils were mounted on a goniometer 
in which azimuthal traverse was available for 
complete 360°. The axis of Helmholz coils 
was in a horizontal plane, which contained 
the axis of the rotation of the sample. 

The angle of the azimuthal traverse and of 
the rotation of crystal was read with a scale 
having the least count of 0.2°. The magnetic 
field used for the most experiments was about 
100 gauss. Sometimes, however, 300 gauss 
was applied for the precise studies. The 
oscillograph display of the resonance of iodine 
in sulphur molecular addition compounds of 
arsenic tri-iodide are shown in Fig. 1, as ex- 
amples. The photograph (a) in Fig. 1 shows 
the shape of resonance line at zero magnetic 
field. The photographs (b) and (c) showing the 
Zeeman patterns were taken when the mag- 
netic field oriented to the direction B which 
is indicated in Fig. 4 and the strength of the 
field was 50 gauss and 350 gauss, respectively. 
In the field of 350 gauss the only central 
zerosplitting line, which will be mentioned 
later, remained in the oscillograph. This line 
changed sensitively by the rotation of the 
crystal as shown in Fig. 1 (c), (d) and (e). 
So that the direction of the magnetic field for 
zerosplitting can be determined accurately. 

The directions of the magnetic field for the 
zerosplitting were measured and the loci of 
the’ directions were mapped on a sphere. 
From these loci the directions of the z axes 
of the electric field gradient tensor were de- 
mined. 

After Zeeman studies the used crystal of 
arsenic tri-iodide was examined by X-rays. 
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(b) 


(c) 


$3. Method of Analysis 


In a static magnetic field the twofold de- 
generacy of each energy levels of the pure 
quadrupole interaction is removed by Zeeman 
effect and a single resonance line, correspond- 
ing to the transition mz=-+1/2—3+3/2 splits 
into four lines. The frequencies of these lines 
are given by the following equations!» 1.10; 
(1) 
(2) 
where vy is the frequency of the unsplit line 
and S and s are the separation frequencies 
of outer pair and inner pair, respectively. 
These values for nuclear spin J=3/2 are ex- 
pressed as follows: 
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Figs. 0: 
(a) Absorption line in the zero field. 
(b) 
at the orientation B indicated in Fig. 4. 
(c) The Zeeman pattern in the field of 350 gauss 
at the orientation B. 
(d) 


Ionine resonance in AslI3-3Sg. 


The Zeeman pattern in the field of 50 gauss ) 


The Zeeman pattern in the field of 350 gauss _ | 


at the point where @ is 1° less than the | 


orientation B. 
(e) 
is 2° less than the orientation B. 
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The asymmetry parameter y of the electric 
field gradient tensor is defined by the follow- 

ing equation: 
Qux—Quyy 
=i 7 
a (7) 


where @zz, Gyy and gz are components of the 
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The Zeeman pattern at the point where @ 
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electric field gradient tensor which are refer- 
red to the principal axis system. These com- 
ponents are in the following relation: |gr.|< 
Quu| <lgzz|. In the equations @ and ¢ design- 
ate the orientation of the static magnetic 
field referred to the principal axis system of 
the electric field gradient tensor and y is the 
magnetic moment of nucleus. The equations 
for the nuclear spin of J=5/2 are calculated 
using the theory of Ist order Zeeman effect*. 

The inner pair coalesces in a single line 
when the magnetic field orients along some 
special directions @, ¢ which are defined by 
the following equations for nuclear spin J=3/2: 


De 2 
sin? @6= ———____ 
3—7 cos 2¢ bai 
and for J=5/2: 
8— (668/81 7? 


(9) 


The directions satisfying these relation make 
an elliptic cone whose axis is the z axis. This 
cone is called as zerosplitting cone and repre- 
sented on a sphere by an elliptic locus. Corre- 
ponding to each principal axis systems, one 
elliptic locus is obtained. The directions of 
the z axis can be determined as the center 
of the locus. When the electric field gradient 
tensor has the axial symmetry, the direction 
of the z axis can be simply determined by 
averaging the maximum and minimum angles 
of the zerosplitting direction”. In the usual 
cases where the electric field gradient tensor 
leparts from the axial symmetry such simple 
letermination is not available except in some 
special cases where the x—z plane or the y—z 
slane of the field gradient tensor contains the 
-otational axis of crystal. In this case the 
lirection of the z axis can be determined by 
the method of mapping the zerosplitting loci. 
[The asymmetry parameter 7 can be also cal- 
culated by the following equations: the equa- 
ion for nuclear spin J=3/2 is 


et (3(sin? Omax ae sin? O min) 


= = (10) 
sin? Omax+sin” Omin 
ind the equation for J=5/2 is 
_17(sin? 6max—Sin? Omin) (11) 


as 24(sin? Omax + Sin? Omin) ; 


The equation for the nuclear spin of 7=5/2 


* The paper reported by Bersohn has some mis- 
yrints. We have recalculated the equations for the 
ases of spins 3/2 and 5/2. 
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is obtained by neglecting the small terms of 
the equation (9) which contain the factor of 
7°. Inthe cases where the nuclear spins are 
greater than 5/2, 7 can be obtained accurately 
from the measurement of resonance frequen- 
cies. 

The angle & between two directions 9,, 9, 
and 0,, @, is expressed by the following 
equation: 


cos & =sin 0, sin 9, cos (0,—®,) 
+cos @; cos 9, . (12) 


§4. Results and Analysis 


a) Arsenic Tri-iodide 

i) lodine By observing the Zeeman patterns 
on the oscilloscope the zerosplitting loci were 
obtained. The measured results for the iso- 
tope [7 are shown in Fig. 2, where closed 
loci show the zerosplitting loci for each z 
axes. When it is plotted on a sphere, the 
zerosplitting cone produces an elliptic locus. 
Since the loci inF ig. 2 are reproduced on a 
plane, the loci are deformed from ellipses. 
These deformed loci, however, clearly corre- 
spond to the elliptic contour on a spherical 
coordinate system. Three directions of the 
z axes were obtained. The coordinates of the 
z axes are given in Table I, where the direc- 
tions in prime system correspond to the nega- 
tive directions of the z axis. The experi- 
mental inaccuracy mainly comes from the 
measurement of rather weak absorption of 
iodine resonance, having half maximum width 
of about 26kc. From the Zeeman study it 
was found that the zerosplitting loci show 
trigonal symmetry and the symmetry axis 
has the coordinates of (9=75°+1°, 9=82°+1°) 
and (@’=105°+1°, 0’ =262°+1°). Using the 
equation (12) and the values given in Table 
I, the angles between each z axes in both 
systems were obtained. The results are listed 
in Table II with the angles between each z 
axes and the trigonal symmetry axis. The 
experimental error is estimated from the in- 
accuracy of the measurement of the angles 
@ and @, being +1°. 

ii) Arsenic The measured zerosplitting loci 
of the arsenic resonance are shown in Fig. 3. 
The coordinates of the z axis are given in 
Table III with those of the trigonal symmetry 
axis mentioned before. Since the resonance 
line of As’ was weaker than the resonance 
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$ 
Fig. 2. The zerosplitting loci for 27 in Aslz. @ and @ are polar coordinates specifying 
the direction of magnetic field for the zerosplitting with respect to the laboratory system 
fixed to the crystal. 4j,-- represent the positive direction and A,’-- do the negative 
direction of the z axes. J’ and J” represent the direction of trigonal symmetry axis of 
the loci.. 
Table I. Coordinates of the z axes. Focuser Voltage % 
re) o oF a es 1 i T fon T eae = a Lary, — 4 
° ° ° 30Fr ; aN a 
A 68.2°+1 Pye ae il | 
Ay 129.7° 41° 98.0°-£1° eob : ee es 
As 46.0°+1° 139.0°+1° ® 90h B 4 
4 mt e 
Ay! 111.2° 41° 204.0° 41° vor ee . 3 } | 
A,! 50.5° +1° 277.0° 1° Gal ae hak i 
A;! 134.0°+1° 318.0°+1° i 4 
63060 90120 150 160 210 240 270 300 330 360 
Table II. Angles between the z axes and between J 


the 2 axes and the trigonal symmetry axis. 


Angles between the z 


Angles between the axes and the trigonal 


@ axis symmetry axis 
Ay A, 93.2°+2.5° TA, 56.7°+2.5° 
A, A3 91.5°+2.5° TAs 5661 225° 
Az Ay 91.2°+2.5° T Az; 56.1°+2.5° 
Ay!A,’ 91.1°+2.5° DAT. 56 plese 2 oe 
A,'A3! 91.2°+2.5° T’A,! 56.3°+2.5° 
A3'A;’ 91.5°+2.5° T'A;’ 56.4°+2.5° 
Average 91.7°+2.5° Average 56.4°+2.5° 7 


line of I”, the experimental error was larger 
than that of the iodine resonance, though it 
was slightly reduced by the facts that the 
Zeeman pattern is simple and the locus is al- 
most circular. Only one z axis was obtained 
in arsenic resonance and the orientation was 
approximately parallel o the axis of trigonal 
symmetry of the zerosplitting loci in iodine 
resonance. 

The asymmetry parameter 7 is probably 
zero. The upper limit of y was estimated by 


Fig. 3. The zerosplitting loci of arsenic reso- 
nance in AsI;. The coordinates 0 and @ are 
same as before. 


Table Ill. Coordinates of trigonal symmetry axis 
and the 2 axis of arsenic resonance. 
) @ 
ip 75 °oe> 82°+1° 
qT 105°+1° 262° +1° 
B 74° +2° 82° 42° 
RB! 


105° +2° 


263722 


the aid of the equation (10) to be less than 
0.15. The rather large limits has its origin 
in the large experimental error. 


b) Sulphur Molecular Addition Compound 
of Arsenic Tri-iodine 

i)* Iodine The measured zerosplitting loci of 
the iodine resonance are shown in Fig. 4. 
Since the iodine resonance in this compound 
was rather sharp, Zeeman studies were pos- 
sible with a small crystal of about 8 gr. 
Although three different directions of the z 
axes were obtained similarly to the case in 
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180 210 240 270 300 330 360 


Fig. 4. The zerosplitting loci for I7"in jAsI3-383,"6 and @ are the polar coordinates fixed 
to the crystal, as before. Rotational axis was parallel to the growing direction of crystal. 


Ch: “3 Cy’, 


arsenic tri-iodide, the pattern of zerosplitting 
loci was different from the pattern of arsenic 
tri-iodide in that the loci were crossing mutu- 
ally. This indicates, as shown later, that 
the angle between the z axes is larger than 
the angle in the case of arsenic tri-iodide. 
The measured coordinates of the z axes are 
listed in Table IV. Since the iodine isotope 
in this compound has the electric field gradient 
tensor of axial symmetry, the orientation of 
the z axes was determined by the simple 
method, i.e. the coordinates 9 and @ of the 
z axis were obtained by averaging the maxi- 


Table IV. Coordinates of the z axes of iodine 
resonance in AsI3-3Ss. 


0 o 
Ci 634° £022% 29.8°+0.2° 
Cz 63.67% 20.2° 149.8°+0.2° 
C3 63.6°+0.2° 270.0° +0.-2° 
Cy! 116.4° +0:2° 209.8° +-0).2° 
C.! 116.4°-2052° 329 97-2027 
C3! 90.0°+0.2° 


Geo Oeze 


Table V. Obtained angles in AslI3-3S,. 


Angles between the 
crystallographic ¢ axis 
and the z axes 


Angles between the 
2 axes 


CCge 2101 .8°32025° c C1 63.7°+0.2° 
GCs 1019° 20.5" oe Cele Gale s0l 22 
CAC RMIT 220253 c C3 63.6°+0.2° 
Cy'Cy’ 101.8°+0.5° c’C;! 63.6°+0.2° 
Gi’G3'_ 101.7°+0.5° c'C,! 63.6°+0.2° 
Goi Cyl J 10k.5° 42025° c'C3' . 63.5°+0.2° 
Average 101.7°+0.5° Average 63.6°+0.2° 


-.; represent the positive and the negative directions of the z axes. 


mum angle and the minimum azimuthal angle 
of the zerosplitting direction and those of the 
latitude angles respectively. The rotational 
axis of the crystal was along the direction of 
the crystallographic c axis which seemed by 
inspection to be in accord with the growing 
direction of the crystal. Angles between the 
Z axes were obtained from the data given in 
Table IV by using the equation (12). The 
results are listed in Table V with the angles 
between the crystallographic c axis and each 
directions of the z axes. The experimental 
error estimated from the inaccuracy of the 
measurement of 9 and ® was +0.5°. 

ii) Arsenic The results of arsenic resonance 


in this compound are shown in Fig. 5. The 
oF Ta EES aa T is T T T ic eae 
30 
60+ ® 
E 
thd stoma 
120 e \ 
E 
150f a. 
[So 
WEDS 


0 30 60 90120 150 180 210 240 270 300 330 360 
b 
Fig. 5. The zerosplitting loci of the arsenic re- 
sonance in AslI3-3Sg. In this case the rotational 
axis was oriented about 60° with respect to the 
growing direction of crystal. 0 and @ are same 
as before. 


accuracy of the measurement was reduced by 
the weakness of the arsenic resonance. Arse- 
nic had only one z axis, whose coordinates 
are expressed by 9@=121°=£2°, @=62°--2° and 
6’ =59°+2°, 0’ =242,.5°+2°, In the present 


924 


case the rotational axis of the crystal was 
different from the axis in the case of iodine 
resonance and oriented about 60° from the 
crystallographic c axis for the sake of con- 
venience of experiment. The zerosplitting 
loci were approximately circular. Owing to 
the inaccuracy of the measurement of the 
direction of magnetic field the asymmetry 
parameter was determined in the limits of 
EE Qplibs 


§5. Discussion 

A) Arsenic Tri-iodide 

The crystal structure of arsenic tri-iodide is 
well known™. A typical arrangement of 
atoms in the crystal is shown in Fig. 6. Any 


O) 


o 


As if 


Fig. 6. Typical arrangement of atoms in a crys- 
tal of arsenic tri-iodide. Bond angle “I—As—I 
=88°02’. Bond distance As—I=2.99 A. 


given iodine atom has two arsenic atoms as 
the nearest neighbors and an arsenic atom 
is neighboring six iodine atoms. Then arsenic 
tri-iodide forms a layerlike macromolecule. 
From the crystal structure the bond angle 
ZI-As-I is estimated as 7=88°02’ for each 
of three angles. 

To account for the observed values of the 
pure quadrupole resonance is arsenic tri- 
iodide two alternative assumptions may be 
proposed: 1) Simply the solid arsenic tri- 
iodide csnsist of isolated molecules of Asls;. 
2) The resonance switching of the bond takes 
place. 

According to the assumption 1, the z axis 
will be along the bond and the angle between 
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the z axes will be 88°02’. On the otherhand, 
the assumption 2 yields that the covalent bond 
of the iodine atom resonantes between the 
two nearest arsenic atoms, so the direction || 
of the principal axis will be different from i) 


(bd) 


Fig. 7. (a) The direction of the principal axes. 
If the covalent bond of iodine I) resonates 
between two arsenic atoms Asj) and Asc). the 
principal axes of the field gradient tensor are 
as follows: 

The w axis is the inner bisector of the angle 
AAS —Iq)—-Asc) and the z axis is the normal 
to the plane of Asqa)—Iqa)—Asg). 

(b) Comparison of the principal axis system. 
Dashed lines show the case according to the 
assumption 1 and solid lines the case obtained 
from the assumption 2. Z%,--, Z%',-+., indicate 
the directions of the 2 axes at nucleus Iq) in 
in the case of assumption 1 and 2, respectively. 
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the bonding direction and take such a direc- 
tion as shown in Fig. 7. Fig. 7 (a) shows 
that the z axis for the nucleus Iq) is perpen- 
dicular to the Asq)-Iq) bond. However, its 
direction is very close to the bonding direc- 
tion of Asq-Igy. In Fig. 7(b) it is found 
that three z axes orient parallel to the edges 
of a trigonal pyramid. The directions of 
three bonds are also make another trigonal 
pyramid. If the apex angles of these two 
trigonal pyramid are denoted by 6 and y, the 
relation between these apex angle is expressed 
by the following equation: 
- oe 7 

6=2 cos 5 sec ore 
Putting 88°02’ for the bond angle 7, 6 is ob- 
tained as 91°54’. This value well agrees with 
the average value of 91.7°+2.5° obtained 
from the experiment. 

The difference between the zerosplitting 
loci based on the alternative assumptions is 
easily obtained with the help of spherical 
trigonometry. The obtained difference is 
shown in Fig. 8, where the trigonal symmetry 
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Fig. 8. Comparison of the zerosplitting loci based 
on the alternative assumptions. Dashed curves 
show the loci according to the assumption 1 and 
the solid ones the case obtained from the as- 
sumption 2. The trigonal symmetry axis of 
the molecule is taken as the origin of the co- 
ordinates. Points represent the measured d. direc eC 


tion of the magnetic field for th the e Zerosplittit ste 


axis of the mdlecile! howaeratmas the origin of 
thé cdofdinates:!¢iFig’ 18 oshows! that there 'is 
no erossing lof cthecléci an! thé dase @f thd as! 
sumption 92; sivitereas( nnutuallse ross) takes 
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place in the case of assumption 1. Since the 
experiment indicated that there are no cros- 
sing of the loci near about the trigonal sym- 
metry axis shown in Fig. 2, the assumption 
2 is preferable. 

The crystal structure indicates that an arse- 
nic tri-iodide molecule has at trigonal sym- 
metry axis parallel to the crystallographic c 
axis. So it is reasonable to assume that the 
arsenic has the axial symmetrical tensor of 
the electric field gradient whose principal z 
axis orients along the trigonal symmetry axis 
of arsenic tri-iodide molecule. As mentioned 
in the last section the arsenic resonance in 
arsenic tri-iodide showed that there is only 
one z axis and its direction agreed with the 
trigonal symmetry axis of the zerosplitting 
loci which were obtained from the iodine 
resonance. Although the measured asym- 
metry parameter has the error of 0.15, the 
electric field gradient tensor at the arsenic 
nucleus in arsenic tri-iodide seems to be axial 
symmetric. 

From the analysis of the Laue pattern the 
trigonal symmetry axis mentioned before was 
determined to be parallel to the crystallo- 
graphic c axis. The growing direction of the © 
crystal* obtained from the same analysis well 
agreed with the result of the Zeeman study. 

B) Sulphur Molecular Addition Compound 

of Arsenic Tri-todide 

The crystal structure of this compound is 
shown in Fig. 91. Any given arsenic 
tri-iodide is surrounded by six sulphur mole- 
cules in a unit cell and is isolated completely 
from the other arsenic tri-iodide molecules. 
The bond angle and the bond distance is not 
yet given in the literature. The Zeeman 
study indicated that the iodine resonance has 
only three different z axes. Then, arsenic 
tri-iodide molecules in sulphur molecular ad- 
dition compound of arsenic tri-iodide make 
same trigonal pyramidal form, which oriented 
in one direction on a crystallographic ¢ plane 
There are no up and down of:apéxes awith 
respect to the .¢ Plane and total, ‘arrangement 
is, completed, by; the;simple ‘translations anlypoi 
> Since iodine ins this,compound hhasithe Axial 
symmetric field -gradient,) iterim} resonable hte 
assume: that;the bordlanglelequal toi theangle 
>p*5lIn the present case therétystal has beth |yrowre 
along the direction {270 0) ifthe fern “of! gett op 
ie aan hone 02 sodibbs «aslyos 


926 


between the z axes of the electric field gradi- 
ent tensor. Thus the bond angle /I-As-I is 
determined as 101.7°=E0.5°. 

Fractional importance of ionic bond charac- 
ter 8 can be obtained from the following 
equation!”: 

U,»=(1—a@)(1—8) (14) 
where a is the amount of s-hybridization of 
the P, bond and U, is the numbers of un- 
balanced p-electron of the resonance atom 
which is obtained from the observed frequen- 
cy and the atomic measurments. Introducing 
the value wa=0.15'®, U,»=1493/2292=0.6514, B 


As I Se 


Fig. 9. Arrangement of the atoms in a unit cell 
of the crystal of AsI3-3Ss. 
@=14.2A c=4.48 A. 


is obtained as 23.7%. Then, the bond dis- 
tance As-I can be determined by the aid of 
Pauling’s formula with Schomaker-Stevenson 
correction for ionic character. Introducing 
the single covalent radii for the iodine atom 
and the arsenic atom, the bond distance of 
2.01 A is obtained. The distance between the 
iodine atom and the nearest sulphur atom, 
being calculated as 3.28A, is greater than 
the sum of the single covalent radii of the 
iodine atom and the sulphur atom 2.37 A and 
smaller than the sum of the van der Waal’s 
radii of the atoms, 4.00 A. In this estimation 
the position of the sulphur atom was so as- 
sumed that the distance was minimum taking 
into account the known structure of sulphur 
molecular addition compound of arsenic tri- 
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iodide and sulphur molecule™, which forms 
puckered rings with S—S distance of 2.12 A\ 
and the bond angle of 105°. Therefore, thes) 
interaction between iodine atom and sulphur] 
molecule seems to be fairly weak one. 

From the consideration of the crystal struc-} 
ture obtained above it can be assumed that} 
the arsenic tri-iodide in sulphur molecular ad-} 
dition compound of arsenic tri-iodide has all 
trigonal symmetry axis oriented parallel to) 
the crystallographic c axis. Then the similar} 
discussion to the case of arsenic tri-iodide is} 
possible about the arsenic resonance in sulphur 
molecular addition compound of arsenic tri-} 
iodide. It was obtained from Zeeman study 
that arsenic has only one z axis oriented} 
parallel to the crystallograpeic c axis and 2) 
is less than 0.15. Although 7 was not deter- 
mined accurately, it should be zero from the 
crystallographic consideration. ; 


eG: 


The structure parameter of molecule of solid 
arsenic triiodide, sulphur molecular addition 
compound of arsenic triiodide and free mole- 
cule of arsenic triiodide are summarized in 
Table VI. The angles between z axes “| 
AsI; and AsI;-3S, are those determined by the : 
present Zeeman studies. The bond angle of 
AsI3-3Ss is assumed to be equal to the angle 
between the z axes. The bond distance in 
AsI3-3Ss is estimated from the quadrupole 
data. The asymmetry parameter are obtained 
by the present Zeeman studies except those 
in parentheses which are obtained from the 
measurement of resonance frequencies. Mo- 
lecular structure of arsenic tri-iodide in gase- 
ous state was studied by electron diffraction 
method and found to be a trigonal pyramidal 
form. 

In Table VI it must be noticed that the 
molecular structure of arsenic tri-iodide in 
solid state is considerably different from the 
structure in gaseous state, though the struc- 
ture in sulphur molecular addition com- 
pound of arsenic tri-iodide is near to the one 
in" gaseous state. H. Hertel reported that the 
molecular structure of arsenic tri-iodide in sul- 
phur molecular addition compound seems to 
be somewhat compressed form. This agrees 
with the shortening of the distance As-I. The 
bond angle ZI-As-I is close to the angle in 
gaseous state. The bond distance As-I of 
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Table VI. 


Zeeman Study on N. Q. R. in Asl; and Asl;-3S3 


Constants of molecular structure of arsenic tri-iodide on three states: 
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Solid, 


AslI3-3Sg and Gaseous State”. 


Bond angle / I-As-I 

Angle between the z axes 

Bond distance As—I 

Distance between I and the nearest neighbor atom 
7 (127) 


Distance between As and the nearest neighbor atom 


7 (As) 


Solid 


AsI3-3Sg Gaseous State 
88 .0° 101 .7°+0.5° 100° +2° 
91.7°+2.5° 101.7°+0.5° 
2.99 A Zao 2.58 A 
2.99 A (As) 3.28 A (S) 
0.14+0.06 (0.145) =0+0.01 (0) 
2.99 A (I) 4.05 A (1) 
==) +0815. =0+0.15 


* 


arsenic tri-iodide in solid state is greater than 
the one in gaseous state. This shows that 
there are more strong intermolecular interac- 
tions among arsenic tri-iodide molecules in 
solid state than sulphur molecular addition 
compound of arsenic tri-iodide. These facts 
support the conclusion that the resonance 
switching of the bond takes place in AsI; and 
does not in AslI3-3Ss3. 
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The studies on the configurations of a linear high polymer have based 
upon the problems of the random flights which have been discussed so 


far mainly in the form of the Fourier transformation. 


In this paper these 


problems being treated by the operational method, the general expres- 
sions for the distributions of the end-to-end distance, of the distance 
between the i-th segment and the centre of gravity and of the segment 


density around the centre of gravity are obtained. 


It can be seen that 


it is rather preferable for the random flights of which each displacement 
has finite length to use the operational method. This method can be 
applied to the general random flights problems by adopting the dis- 
continuous integral in the form of the Laplace transformation. 


§1. Introduction 


In order to understand the physical proper- 
ties of a high polymeric substance, it is very 
important to have knowledge of the configura- 
tions of each polymer chain of which the 
substance consists. Therefore, as soon as the 
Concept that a high polymer consisted of the 
linear or branched sequences of the same 
{Honomer units was established, this problem 
began to be investigated by many authors. 
At. present, the solution has been obtained in 
considerably satisfactory form. 

Considering the fact that a linear high 
polymer consists of a number of the same 
funitssand is considerably flexible in the joint- 
ing points, the problem is equivalent in the 
first\\ approximation to the random flights 
préebleém which was first studied by Lord 
Rayleigh”. At present, the configurations of 
A'fiteat high polymer are approximated by 
the Gaussian distribution which can be obtained 
from, the random flights with fixed bond 
Jength under suitable approximations. The 
more refined treatments tend to the calcula- 
tions of the correction terms for the Gaussian 
distribution. 

The well-know Gaussian distribution has the 
following form: the probability that the end- 
to-end distance of the random flights chain 
with fixed bond length b) has a value in the 
range r to r+dr is equal to 


Institute, Daini-Nishi 2-Chome Oyodoku, 
Japan. 


Osaka, 


W(r)=(3/22nb,2)3/?2 exp { —372/2nbo?} -4ar7dr 


where 2 is the numbers of the bonds. 

In the derivation of the above equation, the 
two assumptions i.e. (i) r<mby and (ii) m>1 
have been made. For usual purposes, the 
above equation with the effective bond length 
b instead of by successfully can be applied to 
the real polymer chain. But, when the chain 
configurations deviate extremely from _ its 
equilibrium one, for example, in the cases of 
extreme extension of rubber, the deforma- 
tions under the large shearing stress in solu- 
tion and crystallization, the above equation 
ceases to be correct. 

In this paper, the problem is solved with- 
out any assumption and a useful method for 
treating the analogous problems is shown. 
Of course, the several authors have treated 
the same problem already. First, W. Kuhn, 
F. Griin® and H. M. James, E. Guth® obtained 
the solution containing the inverse Langevin 
function. Second, L. R. G. Treloar® and M. 
C. Wang and E. Guth® obtained the rigorous 
expression. Following the second method of 
M. C. Wang and E. Guth”, the general random 
flights problem is treated by the operational 
method, more or less skilfully. 


§2. End-to-End Distance 
Random Flights Chain 
The problem is set up as follows. The 
probability that the length of the &-th dis- 
placement of the random flights chain with x 
displacements occurs in the range y to y+dy 
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is assumed to be ox(y)4zy2dy. Obviously, 
ox(y) is equal to the density distribution of 
of the one end at the distance 7 from the 


other end of the k-th displacement. (7) is 
assumed to be normalized as follows: 
\ ox(o)4ay?dy=1.  (k=1, +--+, 2) (1) 
0 


Then the probability that the end-to-end dis- 
tance of the resultant random flights chain 
with m displacements occurs in the range ¢ to 
r+dr is defined by W,(r)dr. As a result of 
Eq. (1) 


| W2(ndr=1 . (2) 
0 

We require the relation between W,(r) and 
px(7), etc. 

In this paper, fixing our eyes upon the fact 
that the random flight chain with k displace- 
ments results from that with R—1 displace- 
ments after one additional displacement, we 
derive the recurrence formula relating W:(r) 
and Wx-1(7) and solve this by means of the 
operational mothod. The probability that, 
when (the end-to-end distance of) the random 
flights chain with k—1 displacements occurs 
in the range € to &+dé and the k-th displace- 
ment occurs in the range vy to y+dy, the 
random flights chain with & displacements oc- 
curs in the range 7 to r+dr, integrated over 
all possible values of € and y fixing 7, must 
be the probability that the random flights 
chain with k displacements occurs in the range 
ry to r+dr irrespective of the situations of 
that with k—1 displacements and the k-th 
displacement i.e. W:z(r)dr. 

In Fig. 1 A, B and C are assumed to be 


psofiqot at (@) .pa (P) pd gsoitslor od7 2 
Fig. 1. yd 
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the starting point of the first displacement, 
the end points of the (k—1) and k-th displace- 
ments respectively. Then the probability that 
the end-to-end distance of the random flights 
chain with k—1 displacements being &, that 
with k displacements occurs in the range r 
to r+dr and the length of the k-th displace- 
ment 7 to 7+dy, is equal to the volume 
enclosed between two spherical shells, the one 
having its centre at A and the radii 7 and 
y+dr and the other having its centre at B 
and the radii 7 and 7-+dy, multiplied By 
ox(y)dy. The co-volume of two _ spherical 
shells is the volume which is produced by 
rotating the infinitesimal parallelogram dS 


about the axis AB. 
Let ZCAB=86, then 
P=E'+r?—2ré cos 6 . 
Differentiating the above equation, fixing & 
and + 


ndyn=Ersin 6dé . 
Hence 
ndn 
Esin 0° 
The area of the parallelogram is equal to 


‘CD=rdo = 


ndndr 
Esin 0° 
Consequently, the co-volume is equal to 
eaqrdndr 
E : 
The above quantity, multiplied by ox(y) and 


integrated over all possible values of v, fixing 
y and & 


§ 


is the probability that the random flights 
chain occurs in the range 7 to r+d7, fixing &. 
The above quantity, multiplied by Wz-1(&)dé 
and integrated over all possible values of & 
(from 0 to co) must be equal to Wi(r)dr: 


r+é 
a 2n7y:oxn)dn , 


ir—&t 


oo T//, r+é 
Wi(r)dr=rdr el tett) ge | 2774- ox(y)dy--- 
G E ir-flerriotensy 
(k=2, Seat n) . nist@o) 
Employing,.a, function) Fx(x) )defined\ by 


-2nsis FAST Wilt,» (2 AR Bhes” “(2) m) 374 ait. 

Hg. 3)v beeomesqest (\v)ay 
-taneb .sdtiemord. ,f frye =s bas 2 yolsnsisg 
Tn =\ Ra@ae | Ber-oiidn 
0 I 


i 
Ir=£1 


bre ()aX\ to 2ecrrro} 
DITB Wa LO effitor 
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For solving Eq. (5), it is inconvenient that 
the absolute notation is involved in the lower 
limit of the integration on 7 in the right hand 
side of it. To avoid this difficulty, we employ 
the following device. Although ox(7) and 
Fi(r) are defined only in the positive range 
of their variables, the definitions are extended 
to the negative range so that ox(y) becomes 
the even function and Fi(r) the odd function 
of their variables respectively: 


209: orn=Wely) 720 6 
’ Vl hs ele) Pot 6) 
Fy(—1r)=— Fir) G7) 


After the above procedure, the domain of 
the integration of Eq. (5) illustrated in Fig. 2 
by J turning into J+ JJ, Eq. (5) becomes 


Pi=\" PeaGde |" eddy. (8) 


ha ah 


5 


Differentiating Eq. (8) with respect to r we 
obtain 


F’= ch FelEr-B)dE. (9) 


First we treat tentatively the problem by the 
Fourier transformation. The right hand side 
of Eq. (9) is the well-known convolution type 
in the Fourier transformation. Operating the 
transformation on both sides of Eq. (9) we 
obtain 


Fils) = —(V 2z/ts)gx(s)fe-r(s) , (10) 
where fx(s) and gx(s) are the Fourier-trans- 
forms of Fx(7) and wWe(y) respectively with the 
parameter s and 7=7/—]. From the defini- 
tion 
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Win=4rr (7) , 
Wil”) =2rrp(n= Wi(n/2r=Fyn)/2 . 
Hence 
Fils) =2¢r(s) . (11) 
From Eqs. (10) and (11) we obtain 


Sl(S)= ayes 


qr-1 gnol 


aal 
Operating the inverse transformation on Eq 
(12) the required probability is 
n/{2-1. o vi) eee 
Wrl=2(—1r-1 22 aa gniS) gilS) 


qn-1 gro-l 


gn(s)**+ rls) . 


a 


—co 


(13 


The integration involved in above equatio 
which was obtaind already by Lord Rayleig 
and S. Chandrasekhar is difficult to be car 
ried out for the random flights consisting o 
the displacements with the finite length, as 
seen in their papers. It seems to the autho | 
that the procedure of the integration by M.. 
C. Wang and E. Guth involves a question al-+ 
though their result is correct. But by the 
Laplace transformation the problem can be 
solved more easily as follows. 
ox(7), etc. are assumed to fulfil the condi} 
tions 


xexp (isr)ds . 


orn) =0 


where Mz, etc. are the finite positive num- 
bers. Under these conditions the resultant 
random flights chain also has a finite length: 


Fx(r)=0 lr|=M , (15) 


y= Mk , (14) 


where 
M> em Ma. 


As is well-known, the Laplace transforma- 
tion is defined only in the positive range of 
the variable. Therefore if Fi(r) is trans- 
formed directly, the procedure is erroneous 
in neglecting the negative part of the vari- 
able. To avoid this difficulty we define a new 
function Gx(7) which is produced by shifting 
Fi(v) toward the positive range of the vari- 
able by the amount M and transform this 
fiinction: 


, Gi(7)=Fi(r—M ) - (16) 
According to Eq. (15) 
Gi(r)=0 720% (17) 


Using the relation Eq. (16), Eq. (9) is replaced 
by 


7 


Gi (N= — |" Gnern—Dat 


which reduces to 


Cine — |" Grn@rnr-Bdé 


according to Eq. (17). From Eq. (14) and (6) 
the integrand in the right hand side of Eq. 
(18) is zero for € in the range r—E<—M. 
Therefore Eq. (18) can be written as 


G'(N= =| Gia wlr—BdE. (19) 


(18) 


Again, from wWe(y) we define the function 
Ux(m) in the analogous way to Gi(r): 


Ua) =Win—M) . (20) 
Substituting Ux(y) for wWe(y) and replacing r 
by r—M Eq. (19) becomes 


Gy (r-M)= —\"Gr(EUur—Ende bg NES 


The right hand side of Eq. (21) is the well- 
known convolution type in the Laplace trans- 
formation. If g(s) and wx(s) are assumed to 
be the Laplace-transforms of Gi(r) and U;z(z) 
with the parameter s, after operating the 
transformation on both sides of Eq. (21) we 
obtain 


gu(s)= MS APD). p(s). 22) 
After the analogous manner to Eq. (11) we 


obtain 
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£i(s)=2u,(s) . 
From Eqs. (22) and (23) we obtain 


gu(s)=(— 1125 


(23) 


nm 
II us(s)/s) exp {(n—1) Ms}. 
k=1 

(24) 
This equation is analogous to Eq. (12) in the 
process employing the Fourier transformation. 
Although we can obtain G,(v) from Eq. (24) 
by the theorem of the inverse transformation 
it is very convenient to make use of the 
tables of the transformations in textbooks, if 
nls) has a simple form. 


§3. Random Flights Chain with Fixed 


Bond Lengths 
The random flights chain with fixed bond 
lengths is the most familiar and important 
one. In this case we may adopt 


nC Og — be) 


Ande? ) 


<0. It) & 


where 6(7) stands for Dirac’s 6 function. 
From Eq. (6) we obtain 


a oe 
Wel) = 55 3? (lal bx) . 


By using Eq. (26) for W(y) the Laplace- 

transform of Ux(7) becomes 

_ lexp (—2bxs) 
2b; exp (—bes) 

Using Eq. (27) for ux(s), Eq. (24) becomes 


(26) 


ux(S)= “exp (—sM). — (2%) 


Sn(S)=— 


which is expanded in the form 


1 1 
8xlS)= S Qn-1 by: - - bx ree 


1 


i<i<jan Ss 


1 
eer ee by exp(—bxs) / 


1 
exp{—s(M—L+2b;+2b;)}—--++(—1)" 


\exp(—sM), (28) 


% 
r= 


exp {—s(M-L)}— si CRE (NRE 


exp {-s(M+D) | (29) 


shot 


To obtain Gn(v) we must know the inverse transformation of exp (—as)/s""1. After a direct 


examination we can see that it is equal to 


[t—a]"-?/(n—2)! 


where the bracket [ ] has the following meaning 


[¢]=t 
=0 


t=0 
EU. 


Operating the inverse transformation on Eq. (29) by the aid of the above theorem we obtain 
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i 


Grlr)= ~ 2n-1(y—2)! b, arth On 


> [v—M+L—2);—26;)"?—--- +(—D*fr—M-Lp} 


Inv<jsn 


where L is the contour length of the chain: 
pe SH. 
k=1 


Obtaining F,(7) from Eqs. (16) and (30), rewriting it by the property that it is the odd 
function of 7 and lastly using Eq. (4) we arrived at the required result 


ei if 
Wl) = Tid)! bi-+ +b 


1sSi<jxn 


Asap: Ipeteh 26, Fp... paar agile 


If we carry out the integration in Eq. (69) in the paper of Chandrasekhar, multiplied b 
4zr’?, we shall have the same expression as Eq. (31). 
In the special case in which all 0,’s are equal to b Eq. (31) becomes 


i 


Wik), ie (Dl k=0 


which coincides with the expression obtained 


‘Reduction of the Problem of End-to- 
End Distance to That of the Segment 
Distribution around the Centre of 
Gravity 


§ 4. 


The problem discussed in the preceding 
sections can be summarized as follows 
(i) Now, let 


Qke= | XK 
Vic (33) 
Bk 


be m, three dimensional vectors and distribute 
symmetrically around the origin of each 
coordinate system. Assuming the probability 
that (=|yx|) occurs in the range 7 to 
netdy; to be 

Aran ox nn)dnr > 


we require the probability, Wnr(r)dr, that the 
absolute value of the resultant vector 


r= +92 **°Hn (34) 
occurs in the range 7 to r+dr. 

The problem which we wish to solve in 
this section is as follows 

(ii) Let us define a new vector derived from 


the vectors in Eq. (33) 


R=aiyi tant ++ dngn « (35) 
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{lr —M+Ly-* 3 [y-M+L—2b) 


ere > 2b" 


x (—1}¥ nCi[nb—2kb—r]"-2 , 


already by Treloar and Guth and Wang. 
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Then we require the probability, Wn(R)dR, 
that R(=|R|) occurs in the range R+dR. 
The ax’s are arbitrary scalar quantities. If 
we assign the proper values for ax’s, then R 
can stand for the vector from the centre of 
gravity to each segment. : 

To reduce the problem (ii) to (i) we change 
the variables from 7 to & as follows 


(36) 
(37) 


aani= Ex , 

nx=Ex/|ax| , 
where &=|&|. After the above procedure 
we must solve the problem: 


(iii) Let & be a vector of which the ab- 
solute value & occurs in the range & to 
&k+dé&x with the probability 


(47cEx?/|au|®) ox(Ex/|ax|)dEx . (38) 
Then what is the probability that the absolute 
value R of the resultant vector 
R=&:+8.4++--+&n, 


occurs in the range R to R+dR? 

If we compare the problem (iii) with (i), 
we can see there is no difference between 
them except that px(y.) is replaced by 
Ox( Hx] |ax|)/\ax|>. 


(39) 
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§5. The Distance between the Centre of 
Gravity and Each Segment and the 
Segment Density around the Centre of 
Gravity 


We first require the distribution function 
of the distance between the centre of gravity 
and each segment of the random flights chain 
which consists of the bonds 0, ---,dn in 
length and has the same weights on both 
ends and all jointing points. In this case Eq. 
(35) becomes 


R=ayitGian2t+ BS + Gingn (g=0) dip GEA n) 


(40) 
where aix’s are given by 
Qin=k/(n+1) k<2t } (41) 
=(n—k+1)|(m4+1) i<k. 


The distribution functions of each displace- 
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Eq. (41) for ax and Eq. (25) for px(y) in Eq. 
(38) 


ea Sas 
Oin(En) = rs Buen Bix) , (42) 
where 
Bix=hbx|/(n +1) k<i 
=(n—k+1)di/(m+1) i<h. oe) 


In comparison of Eq. (32) with Eq. (25) we 
see the procedure employed in section 3 can 
be applied to this case only by replacing by 
Bix. In this case Eq. (28) becomes 

- 1 se oe 
Sin(S)= DSi are {UL Bix exp (—Bixs) 
x exp (—sM) (44) 
where 7 in gin(s) refers to the 7-th segment. 
In the simplest case where 


ment, when the problem is reduced to that of by =b,= +++ =bn=b (45) 
the end-to-end distance, are obtained by using Eq. (44) becomes 
Bey be + (na +1)” | ‘ J—exp ene, n-7] _exp eo ge aa 
p(s) 2”-1H"7! (—1)! s?-1 Uf exp {—kbs/(n+1)} {U1 exp {—kbs/(n+1)} mt ) 
(70,7), (46a) 
= end SS te 1—exp SS eeea inal axe one 6b 
Lon(s) Znn(S) Qn-1y1 prgn-1 i exp {—kbs/(n+1)} p( ) . ( ) 
For convenience we define 
2bs 
ate 47 
a=exp i a y (47) 
b a Sh (48) 
eres =0 = 2, 


After simple consideration we see Li is the maximum value of the distance between the 


centre of gravity and the 7-th segment of the chain. 


We define Aix by 


i n- (MDL, /b i 
Teese") ii (l—a*) = “ss Aga \(G2=0, 2) , (49a) 
m= k= k=0 
n / (m+1DL, Jd " 
[id=a)\= "Ss Agat= "Ama. (49b) 
Bed k=0 k=0 


Transforming inversely Eqs. (46a) and (46b) by the same method as in section 3, we obtain 
the required distribution function of the distance between the centre of the gravity and the 


i-th segment 


(n+1)"R 


(n+1)Z, [d 


Win(R) — 


2-141 (m—i)! (m—2)! b” 


m2 
Aix E — FR z (50) 


k=0 


The square bracket in Eq. (50) again has the same meaning as in Eq. (30). . 
If the mean numbers of the segments found-in the volume element d V at a distance R 
from the centre of gravity is assumed to be Dn(R)dV, D,(R) is simply given by 
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Dr R)= in? >» WinlR) - | 
If we define Ax by 
i n—t (n+1)/ i| 
SS nCra7{/An(n+1)-(C1/24-OV TT (1—a*) Il (1—a*) a i "S ss Ara® ‘ (5 
i=0 k=l k=1 k=—-n(n+1)/4 


the required distribution function of the density of the segment becomes 


CEaYs eens A |- 2bk =a 54 
2°14! (n—2)! cb" R k=-n~m4iy/4 viens : Or 


§6. Conclusion tion function of each displacement is co 
Although the distribution function discussed tinuous and the latter expression for that 
in this paper has only one variable, that with which the distribution function of each diss 
two variables can be treated by the analogous placement is discontinuous and limmited i 

method”. The method employed in this paper the finite range of the variables. 
may be extended also to the general random A duaewitagen ed 
flights problem as follows”. For this purpose 


the discontinuous integral of Diricht, employed The author would like to express his sincere 


ey: titudes to Professor I. Sakurada and 
6) his paper, ans : : : | 
Dig eandracektar’ ak ee Professor A. Nakajima for their continual dis: 
1 (* Sin (xxx) ate aN cussions and encouragements. He is alsd 

Js 0K grateful to members of the Research Group 
on Polymer Science of Kyoto University | 
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7 
which has the property 


Op=1 whenever KOT RCO 
=0 otherwise, 


their useful discussions. 
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The distribution of electrons around a vacancy in metal is studied 
using a model which was introduced in our previous paper in order to 
treat the impurity atom. 

The arrangement of nuclei of matrix metal at each lattice point, except 
one where the nucleus is missing, i.e., vacancy, is treated by the cellular 
method. The deviation of the potential in the cells neighboring to the 
vacancy, from the periodic one for the pure metal is taken into account. 
In the first approximation, the lattice distortion due to the vacancy is 
neglected. 

The Thomas-Fermi equation, in which all the electrons, i.e., valence 
electrons as well as core ones, are taken into account, is solved numerically 
in each cell and connected smoothly by a suitable set of boundary con- 
ditions. 

As a result of our calculations for the case of a vacancy in copper, we 
find that there is the charge of —1.7e inside the atomic sphere for the 


vacancy. 


Introduction 


§1. 

In our previous paper” (referred to as I 
hereafter), we have investigated the perturb- 
ing potential around a substitutional impurity 
atom introduced in originally perfect copper 
crystal by using our newly proposed model 
(denoted as M,). According to this model, 
the positive charges of bare nuclei of foreign 
and matrix atoms (the atomic number of those 
foreign and matrix atoms are denoted as Z; 
and Z respectively) are put at each lattice 
point and all the electrons, i.e., valence ele- 
ctrons as well as core ones, are treated with 
Thomas-Fermi (abbreviated as T. F.) method. 
Therefore, we need not worry about the pro- 
per choice of the number of valence or con- 
duction electrons per atom. And with the 
use of the cellular method, we have been able 
to construct the potential which tends to the 
periodic potential field due to the pure matrix 
metal as we go far from the impurity atom. 

Here in this paper, we shall apply our model 
M, to the case of a vacancy in the lattice of 
the matrix metal by treating the vacancy as 
the limit of the impurity with Z7%;=0. Thus 
the problem of a vacancy, where 4Z=Z;—Z 
has very large value in absolute magnitude, 
can be treated quite similarly to the one of a 
substitutional impurtiy and it is considered as 
an extension of Slater and Krutter’s treatment 
for pure metal.” 


In the treatment of vacancy, most of the 
authors have hitherto used a simple model in 
which only the conduction electrons have taken 
into account in T. F. method and, futhermore, 
the T. F. equation has been linearized. In 
that model, first suggested by Dexter, the 
vacancy in monovalent metal has to be treated 
as a single negative point charge in the uni- 
form charge distribution where the positive 
charges due to nuclei and negative charges 
due to core electrons are smeared out. Con- 
sequently, according to this scheme, a Ni atom 
in Cu or a Pt atom in Au should have the 
same effect as a vacancy. 

But in this paper, since we use our refined 
model M,, approximation of the smearing out 
of the charge is not made, and T. F. equation 
is solved exactly in its non-linear form. After 
we finished our calculation, a paper by Lee 
and March” came into our notice in which the 
vacancy was studied in a way quite similar 
to our present one. However, our treatments 
are more refined than theirs, because they 
neglected the deviation of the potential from 
spherical symmetry. 


§2. General Considerations about a Vacancy 
in Metal 


We shall now apply the model M, in I to 
the case of a vacancy in metal by simply put- 
ting Z:=0. We introduce a vacant lattice 
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point by removing one of the matrix atoms 
(hereafter abbreviated as m-atoms) which are 
arranged in the face-centered cubic crystal. 
In the first approximation, we assume that 


the lattice is not distorted due to the removal. 


of this atom and that the concentration of the 
vacancies is so small that the interaction bet- 
ween the vacancies is negligible. 

We take all the electrons in the crystal into 
our consideration and we assume that the po- 
sitive charge+Ze corresponding to the bare 
nuclei of m-atoms are located at each lattice 
points (denoted by Rn) except one (denoted 
by #&o) where no positive charge is present. 

Then the crystal potential can be obtained 
as the solution of the T. F. equation which is 
appropriate for these arrangements of positive 
charges and a vacancy. 

Now let u(r) be the electrostatic potential 
at the point r valid over the entire crystal 
containing the vacancies in which every atom 
is supposed to be at rest at its lattice point. 
u(r) is given, as usual, by the solution of 
T. F. equation: 


Purn=au’ , (els) 
where 
3276 . 
a= Te (2me)3/2 , (Gena 


As was the case for the impurity, our pro- 
blem is treated by cellular method. The poly- 
hedron Po, belonging to the vacant lattice 
point and P,, belonging to the m-atoms are 
replaced by the spheres Sy and S, of equal 
volume. Hereafter, the potential in S) and 
Sn are denoted by mw and wu» respectively. 
Then mw and up can be obtained by solving 
the equation (1) under the following conditions 
in the vicinity of each lattice point: 


uo= finite, near Ry , (3a) 
Ze ; 
Un=—— +finite terms, 
ce, 
near Rn n2<0. (3b) 


Our following formulations can be obtained 
only with replacing the circumstances concern- 
ing the impurity in I with those of vacancy 
and all of the formulas as to the m-atoms are 
just the same as those in I. Therefore, we 
need not give the details of the whole treat- 
ments but only its main scheme. Hereafter, 
the number for the formulas expressed in 
italic represent those in I. 
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Hitherto, most of the authors who investi 
gated the problem as to the vacancy as welll 
as the impurity, did not take into account thé 
deviation of the potential from spherical symi 
metry. But, in I, we introduced this deviatio 
and in the present study of the vacancy, wéi 
shall follow the same procedures, i.e., weé 
assume that (i) the potential in the atomid{ 
sphere in the distance from the vacancy musf| 
tend to that of the pure metal which is taken 
as spherically symmetric as usual, and that 
(ii) in the atomic spheres S, neighboring tc 
So, the potential has much lower symmetr 
and we take into account this lower symmetry 
by writting: . 


where U(r) is the potential for perfect crystal 
and the small term f, expresses the deviatio 
from the spherical symmetry. Further, (iii)) 
in the atomic sphere Sp of the vacancy, the: 
potential has the spherical symmetry. Strictl 
speaking, the potential should have some de- 
viation from spherical symmetry. However,| 
due to the higher symmetry of wz in So, we 
assume that the deviation fn can be neglected 
in the first approximation as was the case in 
i® 

The potentials uw in Sp and w» in its neigh- 
boring spheres Sy obtained by integrating the 
T. F. equation under the boundary conditions 
at the center of each sphere, involve a certain 
number of parameters which we shall deter- 
mine by virtue of an appropriate set of boun-. 
dary conditions at the surface. 


ii, 


n=<0 , (4) 


§3. The Potential uw) in a Vacancy 


The potential #%, which we have assumed 
as spherically symmetric, of T. F. equation 
within the sphere Sy of the vacancy is to sati- 
sfy: 

1 @wor) — 
Oa nk 
x ar" é 


(5) 
As r tends to zero, wy tends to a finite value c,. 
c, remains as an adjustable parameter whose 
value can be determined in such a way that 
uy may be smoothly connected to up of its 
nearest neighbors. 

Introducing the usual dimensionless vari- 


ables (#0, «) through the following relations: 
r=b-x=0.885-ay-x (6b) 
Bohr-raditts 


Ho= bo (6a), 


az: 
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the Poisson equation (5) is transformed into 
the following dimensionless form: 
Ph _ bo? 
da Vu’ 
with the boundary condition: 


(7) 


¢0=0 when z—0. (8) 
In the region where x is small, ¢» is assumed 
to be expanded in the following Taylor series: 

ho=Ciywt Coa? +Cyak+ess. (9) 
By inserting (9) into (7), we find that ¢ 9 is 
expanded with an adjustable parameter C; as 
follows: 


do=Cie+ 


eee 


ee x (10) 
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For the interval 2 which corresponds to the 
interval (0, r-) of xr, we carry out the nu- 
merical integration for different values of C. 
Here, 7- is the atomic radius of matrix atom. 


§4. The Potentials uw» 

As to the calculation of the potentials u, 
within the spheres of m-atoms in the neigh- 
borhood of the vacancy, we perfom it just in 
the same way as in I. For the details, the 
readers should refer to the formulas from (7) 
to (24)inI. Fig. 1 (a) and 1 (b) in I express 
the present circumstances only by replacing 
the impurity z-atom with a vacancy and for 
the potential U(r), those values obtained in 
I are used. (see from (25) to (28). 

Therefore, we describe here only the out- 
lines. We choose one of the twelve nearest 
neighbor m-atoms to the vacancy, fer example, 
m,,, atom (atomic sphere Sj,,) in Fig. 1 (a) of 
I. Then the boundary conditions to be satis- 
fied are constructed between S;,; and each one 
of its twelve nearest neighbors by assuming 
that the deviation f, from the spherical sym- 
metric potential U(r) of pure metal does not 
vanish only within the spheres of the nearest 
and the next nearest neighbor m-atoms to the 
vacancy. Then the deviation fn (7, 9, %) is 
expanded in spherical harmonics as follows: 


Tnlr, 9, $) 

= ator) +a1%0(7)Pi(cos 8) + a2%2(7)P2(cos 8)+--- 
+ bo72(7)P2?(cos 8) cos 26 
+b373(7)P3?(cos 6) cos 26+-+::. (11) 

Considering the number of our boundary con- 

ditions, i.e., from (11) to (17), we take into 

account six coefficients dp, @1, @2, a3, b, and 

b; in this expansion and we can express @::- 
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and 6; as multiples of a. 

Then the remaining parameter c, in uM is 
determined by the following implicit equation: 


A alors e1)— U(%e) 
— (0u/Or) 

This is exactly the same equation as (24) in 
I. As to the values Ay and U(r), we use 
those values obtained in I. With this value 
of c;, denoted as ¢o, the function mu) is com- 
pletely determined and, further, the explicit 
value of @ is also determined from the bound- 
ary condition between Sy) and S,,1, i.e., from 
the formula either (22) or (23). 


(12) 


$5. Results and Discussions 


According to the above-stated general for- 
mulations as to the vacancy in face-centered 
cubic crystal, we have actually carried out 
our calculation for the vacancy in copper. ° 

As the value of A» in (12) depends only 
upon the concerning metal, we use likewise 
the value 0.48 obtained in I. As stated before, 
the formulas and the values concerning the 
matrix metal obtained in I are used again and 
only those concerning the vacancy are calcula- 
ted here. 

Thus we find the following results. 

@) The correct value of C, in (10) corre- 
sponding to the solution wz is found to be 
03235. 

(iil) The numerical value of a is —-0.00092e 
from (22). Consequently, the coefficients a, 

- and b, --- in (11) are calculated as the 
multiples of ad as were given in Table I in I. 

(iii) The total charge o contained in the 
central sphere S) belonging to the vacancy is 
estimated about —1.7e from (36). As was the 
case in IJ, it is contributed mainly from the 
nearest neighbor m-atoms to the vacancy. 

(iv) The perturbing potential V(v) caused 
by the presence of the vacancy might be al- 
lowed to define as V(r)=—e(u—U). And our 
obtained curve is shown in Fig. 1. This curve 
agrees with that of March® (Figure 2 in his 
paper) within the accuracy of graphical repre- 
sentation. 

(v) For the sake of explaining our results, 
éspecially the potential through S, and Si,1, 
the Fig. 2 is shown, in which the potential is 
shown along the line RoRi,1. (The line RoR 1 
will be referred in Fig. 1 (a) in I. In Fig. 2, 
our obtained potential is represented by a solid 
line. The potential wz in the vacancy is finite 
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Fig. 1. Perturbing potential as a function of 7 
(atomic units used). 
solid line: Our potential 
dotted line: Jongenburger’s result 
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at Ry and monotoniously increases towards thé 
boundary Q;,, and then connected smoothly 
with the potential uw», which deviates from U. i 
in S:,1 at Q1,:. In order to compare the pre;| 
sent case with the perfect crystal, the potentia | 
U in the perfect crystal is also shown by dot-} 
ted line, which is infinite at each lattice point. 
The deviation f, from U in the case of they 
vacancy is estimated to be about thirty per-} 
cent. 
In order to investigate the vacancy in cop-} 
per, Jongenburger® adopted, as the scatteringy 
field due to a vacancy, the negative of thes 
Hartree field of a free Cu* ion, supplement 
by the potential due to the spherical hole ial 
the free electron gas. He expressed the com- 
bined potential approximately in the form V(r”) 
=24/r-exp(—2.5r) (ina.u.). In Fig. 1, Jongen- 
burger’s potential is shown by dotted line for 
the sake of comparison. The use of the 
negative of the Hartree field seems to be reaso- 
nable in his treatment in which the periodic 
variation of the potential in the pure metal is 
completely ignored, but the shielding due to 
the free electrons is more or less arbitrarily 
represented by introducing a spherical hole 
in the otherwise uniform free electron distri- 
bution. In this respect, the models based : 
: 


1 mel: —t 
Center of Boundary R, 
vacancy Q ‘ 
Ro i (mia) 


Fig. 2. Graphical representation of the potential through S) and Sj,; along the 
~ 


line Fpl},1. 


Thomas-Fermi equation will give in principle 
more refined discription. 

(vi) Furthermore, from the calculated val- 
ues of |ao| and |o| for the cases of 4Z=—29 
(the present case), and —2 and —1 (the pre- 


vious ones), it is found that these values are 
not linearly proportional. The values core- 
sponding to the vacancy are about two times 
of the linearly extrapolated value from those 
of 4Z=—2 and —1, 
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(vii) March et al.” pointed out in their first 
paper concerning the vacancy, that in T. F. 
method electrons are not allowed to penetrate 

‘into the regions of negative kinetic energy. 
Therefore, they assumed a sphere with suita- 
ble radius around the negative point charge 
in which there is no electrons. Though such 
artifical technique is certainly necessary for 
their model, it is not necessary for our model 
in which all the electrons are taken into ac- 
count. 

(vili) However, as stated in I, we do not 
believe that our model M, is completely sati- 
sfactory, since T. F. method can not account 
for the shell structure of electrons in metal. 
Therefore, we are developing the method in 
which the distribution of core electrons is 
represented by the use of Hartree field and 
the electrons outside these cores are treated 
by T. F. method. We hope to be able to 
report the results in near future. 


§6. Acknowlegements 


The author wishes to express his sincere 
thanks to Prof. Masao Kotani of University 


An Application of the Cellular Method to a Vacancy in Metal 


939 


of Tokyo for his continued guidance and en- 
couragements throughout this work and Prof. 
Frederick Seitz of University of Illinois for 
his kind interest. The author’s appreciations 
are due to Prof. K. Umeda, Dr. S. Kobayashi 
who kindly discussed and to Mrs. H. Komuro 
for her assistance in the numerical calculation. 

He is also indebted to the Ministry of Edu- 
cation and the members of Kotani Laboratory 
of University of Tokyo for their financial 
aids. 


References 


1) H. Fujiwara: J. Phys. Soc. Japan 13 (1958) 
250. 

2) J. C. Slater and H. M. Krutter: 
AZ (1935) 559. 

3) D. L. Dexter: Phys. Rev. 87 (1952) 768. 

4) P. M. Lee and N. H. March: Phil. Mag. 2 
(1957) 1226. 

5) P. M. Lee and N. H. March:loc. cit. 

6) P. Jongenburger: Appl. Sci. Res. B3 (1953) 
Pa 

7) L. C. R. Alfred and N. H. March: Phys. Rev. 
103 (1956) 877; Phil. Mag. 2 (1957) 985. 


Phys. Rev. 


JOURNAL OF THE PHYSICAL SOCIETY OF JAPAN Vol. 13, No. 8, AUGUST, 1958 


Characteristics of the Beam Type Maser. II 


By Koichi SHIMODA 
Depariment of Physics, Faculty of Science, University of Tokyo 
(Received April 17, 1958) 


Experimental investigation of the characteristics of the ammonia maser 


is given and compared with theory. 
agree fairly well with the theory descibed in the previous paper. 


Observed saturation characteristics 
The 


change of oscillation frequency shows the expected increase with focuser 
voltage which arises from unresolved hyperfine structure of the 3,3 line. 
Small discrepancies are explained by the velocity distribution and different 


saturation of each hyperfine component. 


Frequency pulling due to cavity 


detuning was measured in detail and compared with theory. Thus the 
velocity spread of the effective molecules in the cavity can be estimated 


as roughly +30%. 


Tentative estimate of the center frequency on UT2 


is compared with other measurements. 


§1. Introduction 

Theory of the beam type maser which takes 
the velocity distribution into consideration was 
described in the previous paper”, hereafter 
referred as I. The saturation characteristics 


and the frequency change of an ammonia 
maser with focuser voltage were theoretically 
calculated. In this paper some of the ex- 
perimental results with the maser on the 3,3 
line of ammonia are described. The use of 
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the 3,2 line which was suggested in I and also 
by Townes has already been investigated by 
Bonanomi et. al.,» hence preliminary work on 
the 3,2 line is left out of this paper. 


§2. Experimental Apparatus 


A vertical cross-section of the experimental 
ammonia maser is shown in Fig. 1. In order 
to pump out the scattered molecules as fast 
as possible an oil diffusion pump is located 
near the beam source. A 4-inch oil diffusion 
pump, TOD-4F (Tokuda Mfg Co.), is connected 
directly below the flange. The ultimate vacu- 
um without using liquid air trap was mea- 
sured as 610-7’ mmHg air equivalent. 

An eight-pole focuser is surrounded by a 
cylindrical trap which is cooled by liquid oxy- 
gen or liquid nitrogen in a helical copper 
tube. Because the cold surface is fairly large, 
the operating tank pressure arround 1x10-° 
mmHg can be easily obtained with sufficiently 
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Fig. 1. Cross-sectional view of the experimental 
ammonia maser. F: focuser, C: cavity reso- 
nator, T: trap. 


strong beam. The focuser is made of stee}j 
rods of 3.5mm diameter and the crosssection} 
is shown in Fig. 2 (a). \| 

The cavity is a cylindrical TMoi mode 
cavity of 12 cm length and is slotted lengthy} 
wise, which allows tuning over 200 Mc/sec} 
range by squeezing the cylinder. The inlet 
and outlet holes are 8mm in diameter. 


S: @ 
een : 


: 
(a) (b) (c)} 


Fig. 2. Cross-sections of the eight-pole focuser 
(a), and three types of the beam source (b) and 


(c). 


Since several attempts to improve the beam 
source resulted in poor success, simpler source 
structures have been used in the following 
experiments. The typical source is made up 
of 12 or 19 holes 1 mm in diameter, as shown 
in Fig. 2 (b). When a cold diaphragm with a 
10mm hole is placed between the source and| 
the focuser, divergent molecules are trapped! 
or reflected to be pumped out, thereby the) 
tank pressure and the threshold focuser vol 
tage decrease. : 

A typical result of the threshold focuser 
voltage to start oscillation and the tank pres- 
sure as functions of the source pressure behind 
the 12-hole source is shown in Fig. 3. Without 
the diaphragm, the threshold voltage was 
about 4kV and it was less dependent on the 
source pressure. 

The threshold voltage and the tank pressure 
with the crinkle foil source, as shown in Fig. 
2 (c), is shown in Fig. 4. The crinkle foil 
source is more transparent, having the trans- 
parency of about 0.5, than the 12-hole source 


for which the transparency is ae X 12= 0.19, 


The ratio, 0.5: 0.19, is very close to the in- 
verse ratio of the corresponding source pres- 
sures in Fig. 3 and Fig. 4. However, this 
relation does not always hold good for any 
different type of sources. 

The threshold voltage decreases with in- 
creasing source pressure at low source pres- 
sure, because the beam flux increases with 


Source 


Characteristies of the Beam Type Maser. IT 


threshold ° 


tank pressure 


941 


voltage 


20 20 Amiiig 


Pressure 


Fig. 3. Threshold voltage and tank pressure with the 12-hole source shown in 


Fig. 2 (b) 


the source pressure. Beyond an optimum 
pressure, which is about 9mmHg in Fig. 3 
and 4mmHg in Fig. 4; both the threshold 
voltage and the tank pressure increase with 
the source pressure. This evidently seems 
to be due to the collisions between ammonia 
molecules inside the focuser. The tank pres- 
sure was measured by a Fogel type ionization 
gauge attached near the cavity, and it does 
not quantitatively indicate the density of mole- 
cules inside the focuser, but does qualitatively. 

The reproducible minimum threshold vol- 
tage is 2,400 volts and the breakdown focuser 
voltage is approximately 27kV. Then. the 
maximum beam intensity is about 100 times 
stronger than that of the threshold of oscilla- 


tion (for the 3,3 line of ammonia). Since the 
focuser is insulated with teflon sheets of 1mm 
thickness and the high voltage terminal is 
insulated with pyrex glass, the leakage current 
is so small that the maser oscillation continues 
as long as 25 minutes after the high voltage 
supply of 8kV is disconnected. The measured 
capacitance of the focuser electrode is 102+ 
6 pF, and the insulation resistance is estimated 
as about 104% ohms. Thus a nuclear battery 
might be used as a high voltage source. 
The breakdown voltage decreases when the 
ammonia frost has grown on and arround the 
focuser after several hour’s run. 

The microwave output from the cavity is 
taken out through a mica window in a wave- 
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Fig. 4. Threshold voltage and tank pressure with 
the crinkle foil source as shown in Fig. 2 (c). 


guide flange and fed to a crystal mixer. A 
crystal tripler driven by an X-band klystron, 
2K-25, tuned to about 7940 Mc/sec. is used as 
a local oscillator. With the intermediate fre- 
quency of arround 45 Mc/sec. and a 1N26 
crystal as mixer, the optimum signal-to-noise 
ratio was obtained at the rectified current of 
30-100uA. The maximum rectified current of 
the output from the crystals tripler was 303A, 
using the best 1N26 among 16 units. 


§3. Amplitude of Oscillation 

The amplitude of oscillation of the ammonia 
maser was measured and a typical result is 
shown in Fig. 5. The absolute rf amplitude 
could not be measured, but the relative am- 


plitude was obtained on the CRO screen. The 
scale of the ordinate in Fig. 5 has been so 


adjusted that the amplitude at low focuser 
voltage may fit the theoretical value of I. 
The observed amplitude characteristics agrees 
fairly well with the velocity distribution theo- 
ry, except that the deviation from approxi- 
mate calculation with the effective average 
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velocity appears at lower voltage than th 
estimated in Fig. 3 of I. 

The relative amplitude of oscillation as | 
function of source pressure was reported 
Helmer®. An example with the 12-hole sour 
is shown in Fig. 6 together with the operati 
tank pressure. The amplitude shows a max 
mum at an optimum pressure, as the numb 
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Fig. 5. Observed and theoretical amplitude off 


oscillation. SWT: uni-velocity theory», I: velo- 
city distribution theory”, circles: observed val- 
ues. 
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Fig. 6. Ralative amplitude and tank pressure with 
the 12-hole source. 
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of effective molecules at higher source pres- 
sure decreases because of the increase of 
collisions between molecules inside the fo- 
cuser. 

A strange phenomenon was experienced, 
when the insulator is used arround the hole 
of the diaphragm which is put close to the end 
of focuser electrode. After slight discharges 
by applying overvoltages, the threshold focuser 
voltage decreased appreciably. Sometimes the 
maser oscillation could be observed at zero 
focuser voltage. In this case the amplitude 
of oscillation increased by applying either 
positive or negative voltage as illustrated in 
Fig. 7. Therefore, this cannot be explained 
by the formation of double layer on the focuser 
electrode. The amplitude of oscillation at zero 
focuser voltage increased monotonically with 
the source pressure as shown in Fig. 8. This 
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Fig. 8. Relative amplitude of strange oscillation 


as a function of source pressure. 


may be explained from such consideration that 
the molecules are focused by the electric field 
arround the diaphragm which is produced by 
scattered charges on the insulator. 


$4. Center Frequency of Oscillation 


A block diagram of the frequency translator 
employed in the precise frequency measure- 
ment of the maser is shown in Fig. 9. A part 
of phase lock-in multiplier for an ammonia 
absorption clock» is used for convenience and 
economy. The 2Mc/sec. crystal oscillator is 
not very stable, as the Q-value of the quartz 
crystal is only of the order of 10‘, and the 
spectrum of the multiplied output is not pure 
enough to obtain clear beat notes with the 
maser. This is not due to the random noise 
but due to the phase modulation produced in 
the phase lock-in control. Therefore, the beat 
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frequency is divided down by a factor of 24 
in order that the maximum frequency devia- 
tion becomes much smaller than the value of 
the phase modulation frequency (2 kc/sec.). 
Then the 2Mc/sec. crystal oscillator is con- 
trolled so that the divided beat frequency can 
be phase-locked with respect to the reference 
signal of 82 kc/sec. 


XTAL OSC. 


=e “i PHASE LOCK-|N CONTROL 


2 Mc ] 


K 
2ke 
Nee 
>| FREQ DIVIDER Kk] VHF OSC. | 


LOCK-IN CONTROL 


ic ke t a 82 kc 306:002 Mc 
y 


XTAL MIXER | 


TC fF 
| FREQ. DIV. (x 1/24) | + 14.5 Mc AMP. be 
Hy 


1.97 Mc 7941.5 Mc 


~t | 
MIXER ia AFC | KLYSTRON | 
ae 
| 455 Mc AMP. k XTAL MIXER [——-——— | maser 
23870.13 Mc 


Fig. 9. Block diagram of the frequency translator 
for the ammonia maser on the 3,3 line. 


| TRIPLER | 


In this way the frequency of the crystal 
oscillator, fz, is controlled by the frequency 
of the ammonia maser, fmaser, With the ratio: 


Te 2,000 
fiaser 306,002 x 26x 3-++82 x 24 
2 
=93 870.124 (1) 


The klystron need not be phase-locked in this 
frequency translator, because it does not affect 
the beat frequency at the second mixer output 
written as 1.97Mc/sec. in Fig. 9. The kly- 
stron must only be stabilized so that the beat 
frequencies with the VHF oscillator and with 
the maser can be kept within the bandwidth 
of two i-f amplifiers (14.5 Mc/sec. and 45.5 Mc/ 
sec. amplifiers respectively). 

The frequency of the 2 Mc/sec. crystal oscil- 
lator, locked to the maser as given in Eq. (1), 
is compared with the standard frequency broad- 
cast JJY at 5Mc/sec. and the difference (of 
the order of 1 cps) is recorded and counted 
to find the frequency of the maser. The 
precision of frequency comparison is about 
10-1°, while the stabitity of the standard fre- 
quency broadcast is usually 1 part in 10° per 
day. Sometimes, frequency deviations of sev- 
eral parts in 10° which arose from fluctuations 
in wave propagation were experienced but 
normally a relative accuracy of about 1 part 
in 10° could be expected since the JJY station 
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is not far distant. A tentative estimate of 
the frequency change of JJY has been obtained 
by the absorption type ammonia clock, and 
the correction on UT2 will be given later. 

The frequency of oscillation depends on the 
cavity design, cavity tuning, focuser voltage, 
and the source pressure. Relative frequency 
change with the source pressure has already 
been reported. Here the absolute frequency 
shift with the focuser voltage and cavity 
tuning is reported. In the following experi- 
ments the 19-hole source shown in Fig. 2 (b) 
at the source pressure of about 1 mmHg was 
used. In order to avoid any complicating 
effect which might be expected at higher 
source pressure due to scattering of molecules, 
lower source pressure than the optimum value 
was used. 

When the cavity is tuned so as to deliver 
maximum power output or to have minimum 
threshold voltage, the resonant frequency of 
the cavity may be assumed to be tuned to 
the frequency of the line. The observed 
center frequency of the maser with in-tuned 
cavity is shown in Fig. 10 as a function of 
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Fig. 10. Center frequency of the ammonia maser 


on the 3,3 line as a function of the eight-pole 
focuser voltage. 


the focuser voltage, where the frequency is 
based on the tentative estimate of UT2*, The 
observed frequency increases with the focuser 
voltage as was theoretically expected in Fig. 


rg o obtain revised values of frequencies on 
UT2 Tokyo, Jan. 1958, add +-0.07 ke/sec. 
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7 of I. The experimental results show slowe} 


result. | 

The discrepancy can be also explained b } 
the velocity spread of effective molecules flow | 
ing into the cavity. Moreover, at highes 
voltages hyperfine components with F=3 anq 
F=4 tend to be more divergent and moré 
saturated than the F=2 component. Sincé 
F=2 component lies at a higher frequency 
the oscillation frequency still increases at hig 
focuser voltage. Lastly the frequency shif 


If V<4.5kV in the 


4 


of course be considered. 
maser described here, @ is smaller than z/ 
and hence the traveling wave flows in the 
opposite direction to the beam. At the highe 
focuser voltage when V >4.5kV, @ is large 
than z/2 and the molecules emit radiation 1 
the former part of the cavity while they 
absorb in the latter part of the cavity, result- 
ing in the traveling wave in the same direction 
with the beam. Therefore, as was discussed! 
at the end of page 1315 in ref. (3), the oscil- 
lation frequency increases with the focuser 
voltage by the traveling wave effect. With 
these considerations which were omitted in I 
to carry out a simpler calculation, the observed 
frequency shift can well be explained by the 
velocity distribution theory. The frequency 
of oscillation also increases considerably with 
the cavity length», because the longer the 
cavity, the larger the traveling wave effect 
and the more important the F=2 component 
which is less divergent becomes. 

With these considerations the frequency of 
ammonia at thermal equilibrium is estimated 
to be 23,870,129.98+-0.15 kc/sec. The uncer- 
tainty comes mainly from the tentative esti- 
mate of UT 2 and on the value of the difference 
of eqQ between the ground and the excited 
states, which is 3-4kc/sec. The resettability 
is of course much better. 

On the other hand, the frequency of the 
ammonia absorption has been measured as 
23,870,130.57 kc/sec.** This value seems to 


** to be published. The values reported before 
should be corrected by their incorrect estimate of 
the purity of ammonia and the pressure shift, 


2 


. 


include frequency shift due to collision of 
molecules with the waveguide wall. The fre- 
quency of the maser was first measured by 
Bonanomi et. al. as 23,870,129.42 kc/sec. This 
was measured with the maser at rather high 
focuser voltage and extrapolated linearly to 
zero focuser voltage. Thus it seems to be 
consistent with more detailed result of Fig. 
10, and evidently it includes frequency shift 
due to quadrupole hyperfine structure. Nei- 
ther of these two values shows true frequency 
of a free ammonia molecule. 


’ 


§5. Pulling Effect 
The frequency of the maser is pulled by 
the cavity tuning. A crude theory was given 
by Gordon ef. al. and the effect of saturation 
was calculated by Shimoda et. al. based on 
the uni-velocity theory. However, accurate 
experimental results have not yet appeared. 
The observed frequency of the maser on 
the 3,3 line of ammonia changes with the 
cavity tuning and with focuser voltage as 
shown in Fig. 11. Each curve corresponds to 
different cavity tuning, which could not be 
determined quantitatively. These curves show 
clearly an asymmetrical behavior for the ca- 
vity tunings at higher and lower frequencies. 
This is understood as the superposition of the 
pulling effect on the center frequency shift 
due to the unresolved hyperfine structure. 
Therefore, the frequency pulling can be evalu- 
ated by taking the difference with the center 
frequency shown in Fig. 10. 
From Eq. (6) in SWT* the pulling is theo- 
retically given by 
o—wo= 2Q——fxl9)-(we—O) (2) 
Lao 
1—cos 20 
1—sin 26/20 


where wo is the center frequency, we the 
resonant frequency of the cavity, and 0= 
[(@—ao)? +7 ]}7L/20. 

Although we was not measured but the start- 
ing voltage for the respective cavity setting, 
Vin, was carefully measured. From Eq. (2.6) 
of I, the critical radial velocity of molecules, 
Ve, can be calculated. The value of the 
critical radial velocity for the tuned cavity 
which corresponds to the minimum starting 
focuser voltage is denoted by veo. Then from 
Eq. (8.10) of I, one obtains 


Sx(O)= (3) 
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Fig. 11. Frequency change of the ammonia maser. 
Each curve corresponds to different cavity tun- 
ing. 

Vinsmin , Veo Sin(w—Wo)L/2v 

Vin ~ Vc  (w—wy)L/2v 

by putting x=0 for the starting condition. 
The magnitude of frequency pulling at the 
threshold can be calculated from this equation. 
The value of v may be taken equal to the 


(4) 
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most probable velocity from the reasoning 
described at the end of §2 in J, since 
(w—a@po)?>x? in this case. In order to fit it with 
the extrapolated value of the observed pulling 
at finite amplitudes, the cavity length, L, 
must be taken as 8cm, although the physical 
length of the cavity is 12cm. A cavity with 
large holes at both ends of the cylinder can 
not produce uniform electric field along the 
length of the cavity, but the field decreases 
at both ends in such a way that the cavity 
might be considered as the open ended TMon 
mode. Thus the effective length of 8cm is 
plausible. 

Now, for x«=0 the magnitude of detuning, 
(We—@0)Qv/L, can be calculated using Eqs. 
(2) and (3), since @—w» is known from the 
threshold voltage. The observed change of 
frequency pulling with the amplitude of oscil- 
1ation gives the experimental value of the 
pulling factor, f.(@) in Eq. (2). The value 
of 6 as a function of the focuser voltage is 
obtained from Eq. (3.10) in I and Fig. 5 in 


Kk. SHIMODA 


(Vol. 135} 


this paper. 

The observed pulling factor is plotted iny 
Fig. 12 asa function of 0. Theoretical pulling} 
factor of the uni-velocity beam, Eq. (3), is| 
shown by a solid curve. Although the fre | 
quency of the maser could be measured at 
the focuser voltage only 100 volt above thed 
threshold, frequency pulling for small values} 
of @ could not be obtained, because w—ay) a 
well as x must be small for a small value off 
6, and the pulling factor for slight detuningy 
was very difficult to measure. 

Deviations of the observed points from Eq. 
(3) are very plausibly explained by the velocity 
distribution of molecules flowing into the cavi-| 
ty. All molecules in the beam are put in a 
common oscillating field given by w and x, 
but they have different values of 0, when 
their velocities are different. Therefore, the 
measured value of the pulling factor must be 
a kind of average of theoretical value of| 
Ff.(@). As are shown by broken lines in Fig. 12, 
it may be estimated that the velocity spread 


O 1.0 20 


3:0 


40 5.0 


) 


Fig. 12. Observed and theoretical pulling factor as a function of @. 


of effective molecules in the beam is roughly 
+30%. 

In conclusion it appears that the considera- 
tions and observations described in these two 
papers have revealed most of the complicated 
behavior of beam type masers. Then it has 
become possible to design a more reliable 
frequency standard by the beam type maser. 
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Errata 
Ref. 1), (1), page 1009, line 10 from bottom: 
2rd ANL*AG a. 
V rai a 


V «ae 
line 8 from bottom: Eq. (2.17) should read 
Eq. (2.18). 
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The Maximum Disturbance Growth Rate for 
an Unstable Plasma Column 


By Shobu KANEKO 


Department of Physics, Faculty of Science, 
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A dispersion relation for a self-pinched plasma column enclosed by a 
conducting wall is derived for the case of a model with both surface 


sheet current and uniform volume current. 


On the basis of this disper- 


sion relation the maximum disturbance growth rate for the instability 
is calculated. Both the uniform volume current and longitudinal mag- 
netic flux outside the plasma column decrease the stability and make 
the growth rate faster, the effect of the magnetic flux being larger. 


§1. Introduction 

In order to make a thermonuclear reactor, 
it is necessary to confine a hot plasma apart 
from the vessel for a considerably long time. 
For this purpose, the application of the “ pinch 
effect” is promissing; but unfortunately a 
plasma column pinched by a large electric 
current is unstable. This instability was first 
investigated theoretically by Kruskal and 
Schwarzschild”; and their work was general- 
ized by Tayler®. Shrafranov® investigated 
the influence of a longitudinal magnetic field 
on this instability. He found that, although 
a sufficiently strong longitudinal magnetic 
field within the plasma stabilizes the plasma 
column against constrictions and short wave- 
length kinks and also against deformations of 
higher modes, it does not stablilize the column 
against long wave-length kinks. Moreover a 


longitudinal magnetic field outside the plasma 
has the effect of increasing this instability. 
So he did not succeed in obtaining the com- 
pletely stable configuration. Recently, Tayler? 
and Kihara» have pointed out independently, 
by using the sheet current model, that there 
is a perfectly stable configuration when a 
longitudinal magnetic field is supplied and 
the plasma is enclosed by a conducting wall. 
In this article we rather investigate unstable 
regions, and calculate the maximum disturb- 
ance growth rate for the instability for the 
most unstable mode, kink disturbance, by the 
method of Kruskal and Schwarzschild. 


Basic Equations, Equilibrium Configu- 


§ 2. 
ration and Boundary Conditions 


In what follows we consider a _ neutral, 
ideally conducting plasma column in an equi- 
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librium state, surrounded by vacuum which 
is itself enclosed by an ideally conducting 
cylindrical wall. 

Magnetohydrodynamic basic equations for 
the plasma are 


p =Jx B-—gradp , ZA) 
$e. div av ; (2.1) 
oR =rot (vx B), (2.3) 
p=const 07, (2.4) 


where po is the mass density, v the mass veloc- 
ity, J the electric current density, B mag- 
netic flux, p the pressure and 7 the specific 
heat ratio. In this article the MKS rational 
system of units is used throughout. As re- 
gards these basic equations, Kihara» has re- 
cently investigated in detail and found that 
the induction equation (2.3) is valid when the 
growth rate is smaller than the cyclotron 
frequency of the ion (i.e. in the quasi-static 
case). 

In the equilibrium configuration, we assume 
the distribution of the magnetic flux in the 
cylindrical coordinate system to be 


(Cine Bey B)=| (0, Boer, Bo) for O0<r<a 
(0, Bi(a/r), Bs) for a<r<b. 
(2.5) 


Here a and b are the radii of the plasma 
column and the conducting wall respectively; 
Bo, B, and B, are constants and aa is assumed 
to be so small that its square may be ne- 
glected. Kihara has pointed out that this 
model of a self-pinched plasma column will 
be close to the reality and is appropriate for 
mathematical treatment. The configuration 
is in equilibrium provided that 


a ? 

723 
* — 1 P) 

Jea=7, (Bo Br) ’ 
. (2.6) 

fe = —(B,—Boaa) , 
yg) 
Bi ook 2 2 

pet Bila 2e (BAB) 


where “ is the permeability, the asterisk 
means the sheet current, and the subscript e 
stands for the equilibrium state. 
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Following Kruskal and Schwarzschild, w 
consider perturbations about the equilibri 
state in the form 


G=Get dn=GetQx(r) exp {i(mge+kz)+ wt} A 
(2.7) 


Here the subscript p stands for a perturbed 
variable, k is a real wave number, m is an 
integer positive or negative and o is the dis- 
turbance growth rate if w? is positive. Re- 
cently Hain, Liist and Schliiter® have proved 
in general that w? is real for these problems, 
so there is no overstable solution, that is to 
say, oscillating solution with increasing ampli- 
tude. The dispersion relation, [see the equa- | 
tion (3.12) below], shows that k, B)/B, and 
B,/B, can be taken as positive if we consider 
both positive and negative values of m. 

Let the gas particles suffer small displace- 
ments &(r) exp {¢(mg+kz)+ot}, then the sur- 
face of the plasma column is displaced by an 
amount of &(a) exp {i(mg+kz)+ot}. So the 
unit normal vector n=(n,, 2g, nz) to this sur- 
face becomes 


a= 0)+40, YW (a), “GREA®) 
a 
Xexp {1(mge+kz)+ot} . (2.8) 


Boundary condition, sufficient for obtaining 
the dispersion relation, is as follows 


pts B? is continuous and 
- (2.9) 
Bn is continuous 
on the perturbed plasma surface, and 
Bn vanishes (2.10) 


on the rigid conducting wall. 


§3. Calculation of the Perturbed Variables 
and the Dispersion Relation 


First we consider the inside of the plasma 
column. In the approximation that only terms 
linear in perturbations are retained, the pertur- 
bation to any quantity is proportional to the 
displacement. 

Equations (2.1) through (2.4) become in this 
approximation 


Oyp=—pcdivé, 
B,=rot (xB) , (3.1) 
Pv=—rpedivé, 


and 
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w0eE=7 pe grad: div Bio (rot Be X By)+ es (rot B; xB.) . (3.2) 


Using equations (3.1) and (3.2) and retaining terms linear in € and ar, we obtain simulta- 
neous differential equations for components of the displacement &(7): 


(c?-+en*) DD* Ex(r) (08 + Bton?-+2atkomeu*)Ee(r)-+im(c2-+ ent) D Fe) 


—takcu? D {r&¢(r)}+i(ke?—amcn?) DEAr)=0 , 
ST. (@2-+0u*) D* Ex(r) — ieckon®r? DA) jor (ct cnt)+ Bea* Eds) 


(3:25) 
—{hme?— a(n? +H )cut =0, 
i(ke?—amcu?) Dt E,(r)—{kme?— am? + rent) Fe) —(0? +RC%)EA7)=0 . 
Here we have used the notations 
d 
aoe : 
d 1 
D+=—_ +—., 
dr Bi Yr 
pee square of the sound-wave velocity, 
Oe 
Bo? " : 
= ; square of the Alfvén-wave velocity. 
LM Oe 
From this set of equations, we get expressions for &¢(r), &-(7) in terms of &.(7): 
1 eS Owe = mC Cu) Rr C ( ~. m? 
fel) Ea ROL —— (0? + Ren?) + aku” as (p D yp ) 
ge ty a akrcy* 2 242 2 Piya 2 2 2 
+ 2ak**c?cn? D+———— {ct(m? + Rr”) (w? + Rca?) — m7 (2c?+ cn*)} |EAY) , 
is (3.4) 
eee z 2( 421 pp 2 2 p2 2 pine 
E,(r) Oe Oe (w?-+ k?cn?) D+amtca?(c?+ Cu”) me 
4 cakimee cn + pemegc(o?+ Peu)—e(2c?+cx®)} D fea 
Yr 
where the notation 
k=0%(c?+ cz?) +Rc*cx? 
has been used for simplicity. 
Equations (3.3) and (3.4) give a differential equation for EXP): 
2 © 
D*D EA) —| = +6 |eUr)=0 (3.5) 
where 
(w?+ R2c?)(w? + k?cu”) 2akmo'tccn? 


a w(c?+ Cn?) + R?C?Cx? ~ foX(O+en) +R a?}? 


This is a modified Bessel equation, whose solution finite at r=0 is 


950 S. KANEKO (Vol. 13, 


Er) =C'Um(Br) = C*{In( Bir) — Bor Im’ (Bir) } +O(a”) , 


(w?+k?c?)(w? +h? cn”) p=  akmo'ecn* > 
w?(c?+ Cn) + k*c?cn* ; 3 Bi{wr(C?+ cx?) +Rc'cn?}? 


A 


Here C? is an arbitrary constant, the superscript 7 meaning inside of the plasma; the prime 
indicates derivative with respect to the argument. Substituting this solution for &.7) into 
the equations (3.4) for &,(r) and &,(7), we obtain 


Er) = C*{Im(Bir)— B21 Im’ (B11) } ’ 


GY kmtc? 
Eo(7) eee ry 


(w?+ cn?) Im( Bir) + 2ak?0c? cu Bm’ (Bir) 


aA07*C x? 


+S (m20(2c? + cu?) — m?-+ kr) w? + Cu”) } Im Bi) 


Reece (3.6) 
—iCt 
k?c*(w?+ k?¢x?)? 
+ amocr{ w(Cc? + Cn”) —k*c?cn7}B Um’ (Bir) 


2(ay2 eee 2 Be 
—kKe (@ == R’cu )( 8 + p ie rIolBsr) |. 


Next let us consider the outside which is vacuum. In this part there flows no electric 
current, so the magnetic flux is irrotational and determined by the scalar potential ~(7, ¢, z), 


B=grad ¢ , b= Pe+h,(r) exp {i(me+kz)+ot} , (3.7) 


2ak?*mkccn 


E(r)= Im( Bir) 


| bect(or HE Rk? cu”) Bi Im’ (Bir) alg 


where superscript o stands for the outside of the plasma column. From this equation we : 
obtain perturbations on the magnetic flux as follows: : 


Bo (r)=hCyKw' (kr) +RC2In' (RP) 5 
B2(r) — CyKn(kr) + a CxIn(hr) , (3.8) 
Ber) =tkCy? Kl kr) + bitin ; 


Here Jmn(x) and Km(x) are the modified Bessel functions; and C,°, C.° are constants to be 
determined by the boundary conditions (2.9) and (2.10). The results are 


CY= oe @ mB +kaBy = oe 2 Im’ (Rb) 23 = 
; . : ) Km’ (Ra) Im’ (Rb) — Im’ (Ra) Km’ (kb) i (3 9) 
Ce=— te rf @ (mB, + kaB;) lief). 


ay (ka) Im’ (kb) — Tn’ (ka) Kn’ (kb) ° 


Now we can derive the dispersion relation by using these solutions. The boundary con- 
dition (2.9) is now expressed in the form 


2up+ Bo? + BY = By? + B,? ‘ 
By using relations 
Beat) =Bila+(O see ere 


etc., and equations (3.8) and (3.9), we get 


oe Le 
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nr pediv 8)y.0= BO) ps_Er(@) (mB, kaB.)*F (ka, kb) 


+{ikE.(a)—(div §)r-a} By? +ia{mE.(a) + kaEo(a)} Be , 
where 
div @= (rE (0) + Ek) FREAD) 
and 


tes Knlka)Imn’(kb) — —In(ka) Km’ (kb) 
sh ceili Fy aT Vas (kb) — Im’ (ka) Kn'(kb)] 


Inserting the solution (3.6) for the displacement &(7), we finally obtain the dispersion relation 


od (8) + watts (BYR) TIARR mt 


=| 14+ {onka( BP F(ka, Rb) [fL-+ecak, (3.10) 
where 
Brenna = (3 °) Loreawt + BC) + 2kc'(wt+hcn’)} 
tad el ote pa 
(2+ Pf woreet ie x PS sot salene | ; 


Mo ca?{w(C? + CH?) —k?C2cn?} 
kac(w? + Rex?) {o(C+ cx") +R2Ccn?} 


It is convenient for the purpose of calculating the disturbance growth rate for the insta- 
bility to express this dispersion relation in terms dimensionless variables. Thus we introduce 
the dimensionless variables: 


kRa=X > B,0=U , aa=A, pe W, 
b GB Bo Bs 
==, ==) Oi aif d — ae Slt 
a CH 4 Bi sa By ( ) 


Then equation (3.10) becomes 


a4 TWA +b2— bi) ")_In(U) “ X}F(X, AX)I[1+AR 
u| oe oe ae ee [jy FAL=N+ (m+ b.XVF(X, AXI+AR], (3.12) 


where 


yO WY KO4+C2W) 
X4(C4)W? ’ 


Km(X Im AX) = In X) Kim (AX) 
Xi Kon (Xin AK) Tin’ (X) Kin! (AX))’ 


F(X, AX)= 
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mU 
= b,? W? X24 W?2 412X2 X?+C2 W?)} 
a PES Mees Bik de il 
tas 2 pay ys | in D)_ 
sea allae SA an 
mC2X W +4 i LE 
ih b(X2+ W2) 4 +b 52)? |, 
REE UE TT a spa 
XU at EC 
Z : _[2(X2+- W2) {X24 (C241) W} — W4Cxm? + U2) 2h 
R= ay wa xa capa At WCF DW} UN 


~ X(X24+C2?W 2X24 (C2+)W?} 


This is a generalization of the equation (3.12) of Tayler’s paper®: he used the sheet cur- 
rent approximation, so we get his equation by putting A=0 in our equation. 
Further, let W equal zero in our equation, then we get 


Im! (X) 


a = 
: X In{X) 


mG 
This equation was first given by Kihara”. 
Considering the fact that the sings of 1— 
XIn(X)/[Im’(X) and F(X, AX) are positive and 
negative respectively, we can easily show 
that the modes with negative m are more 
difficult to stabilize than the modes with posi- 
tive m. In addition to this, the kink dis- 
turbance (m==£1) is most difficult to stabilize 
(see References 2), 4)), so we shall consider 


1-0 


Fig. 1. Stabilizing values of 6;2 against X for the 
modes with m=0 and m=1 of the sheet current 
model with b.=0, 


|_2mA | 1 XIn(X) 
Tn'(X) 


| Jit +B.X)F(X, AX)) . (3.13) 


only the mode with m=-—1 in the following. 
In order to find the completely stable re- 
gion, Kihara calculated the minimum values 
of b;? needed for stability as a function of X 
for various values of 4 using the model A=0 
and b.=0. Only for this model the mode with 
m=-—1 coincides with the mode with m=1, 
and the results are shown graphically in Fig. 
4 of his paper», which is reproduced in Fig. | 
1 of the present article. : 
Then taking 6,2? as a parameter we calcu- 
late the growth rate W, as a function of X in 
the region of instability and determine the 
maximum value w of W for each b,2. The 
results are shown in Fig. 2. In this and the 
following calculations the specific heat ratio 
y is assumed to be 5/3. For 6:2=1 the growth 
rate of an unstable plasma is infinite as it 


0.5, Ww? 


03 0.4 0.5 0.6 0-7 0-8 


0-9 10 


Fig. 2. Curves for maximum growth rate w 
against 6,2 for the unstable m=1 mode of the 
sheet current model, 
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should be since the inertia of the plasma 
vanishes. 

Next we take into account the effects of 
the uniform volume current within the plasma 
column and the longitudinal magnetic flux 
outside the column. Recently Ogasawara” 
has investigated these effects on Kihara’s 
work. We are now interested in the variation 
of the “critical” value of A and the corre- 
sponding maximum disturbance growth rate 
for the instability. For configurations A= 1/4, 
b.=0 ane A=0, &.=1/10, the critical values 
of A are 4.735 and 3.31 respectively (see Fig. 
3). In each case, the maximum disturbance 


(A,A, be) 
(4-735, 4, 0) 


| 
(3-31,0, 76) 


0-5 


(@) 


ce) 0-5 1.0 


Fig. 3. Stabilizing values of 6;2/1+5.2 against X 
for the unstable m=-—1 mode of models: A= 
1/4, 6.=0 and A=0 b.=1/10. 


(4.735 ,0,0) 


0.5 0.6 O7 0-8 0.9 


Fig. 4. Curves for maximum growth rate w 
against b;2 for the unstable m= -—1 mode of the 
model A=1/4, b:-=0, A=4.735 and its corre- 
sponding sheet current model. For comparison 
a curve for the sheet current model with A= 
5 is also drawn, 
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growth rate for the instability is calculated 
and shown in Figs. 4 and 5. 


06 w? 


(3:31,0,76) 


(3.31,0,0) 
ai 
1+ 
ie) 


03 0.5 0:6 O7 0-8 0-9 


Fig. 5. Curve for maximum growth rate w 
against 6;2/1+6.2 for the unstable m=-—1 mode 
of the model A=0, 6:-=1/10, A=3.31 and its 
corresponding sheet current model with 6.=0. 
For comparison a curve for the sheet current 
model with A=5 is also drawn. 


0.4 


§4. Conclusion 

From the above investigation we obtain the 
following results. 

(1) The weak uniform current inside the 
plasma slightly contracts the stable region 
and at the same time makes the growth rate 
a little faster. This’ is reasonable because 
the effective radius of the plasma column 
may decrease on account of the uniform cur- 
rent. 

(2) The longitudinal magnetic flux outside 
the plasma column greatly contracts the stable 
region and at the same time makes the growth 
rate much faster. 

In conclusion, the author wishes to express 
his sincere thanks to Prof. T. Kihara for his 
continual guidance and for his kindness in 
reading the original manuscript. 
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The steady flow of a viscous liquid past an elliptic cylinder at an 
arbitrary angle of attack is discussed on the basis of Reynolds number 
expansion using conformal transformation of the general solutions of 
Oseen’s equation, which are expressed in integral forms. Thus the ex- 
pansion formulae for the lift and drag coefficients are obtained to the 
second approximation, which are in perfect agreement with the results 
obtained recently by Hasimoto and also by Imai. Although it seems 
difficult to obtain general expressions for various formulae, such as 
formulae for the lift and drag, the procedure gives not only a practical 
method of solving Oseen’s equation for the two-dimensional slow steady 
flow of an unbounded viscous liquid past an arbitray cylindrical body, 
but also an effective method to study the wall-effect upon a cylinder of 
arbitrary shape moving in a viscous liquid bounded either by a plane 
wall or by parallel plane walls, provided the mapping function is known 


for the cylinder. 


Introduction 


§1. 

The steady flow of a viscous liquid past an 
elliptic cylinder has been discussed by several 
authors on the basis of Oseen’s linearized 
equation of motion, since Harrison’s study” 
in 1924. Symmetric flow around an elliptic 
cylinder whose major axis is parallel or per- 
pendicular to the undisturbed flow has been 
discussed by Tomotika and Aoi”, and by Tomo- 
tika and Yosinobu® by somewhat a different 
analysis in each case, and thus approximate 
expansion formulae for the drag experienced 
by the cylinder have been obtained. The ex- 
pansion formula of the same kind has also 
been obtained by Sidrak®, but his formula is 
unfortunately incorrect. 

On the other hand, asymmetric flow when an 
elliptic cylinder is set in the uniform flow at 
an arbitrary angle of incidence # has been 
studied by Meksyn®. But, Lewis” has shown 
that Meksyn’s solution is erroneous on account 
of an infinite circulation, and has given a 
formal method to give a correct solution on 
the basis of modified. Oseen’s approximation 
due originally to Southwell and Squire”. 
Explicit solution by his method, however, 
seems to be difficult. Recently Hasimoto® 
studied the same problem and obtained the 
expansion formulae for the lift and drag in 
powers of Reynolds number to the secon¢ 


approximation. In the next year, Imai” de- 
veloped a very elegant method applicable to 
a cylinder of arbitrary shape on the basis of 
Reynolds number expansion using complex 
variables, and obtained the expansion formulae 
for the lift and drag experienced by an inclin- | 
ed elliptic cylinder. 

However, it should be mentioned that all 
these results except Imai’s have been derived 
by the use of Mathieu functions. 

In this note, a new approach is proposed 
to the same problem without recourse to the 
manipulation of Mathieu functions. The 
method is based on a kind of Reynolds num- 
ber expansion using conformal transformation 
of the general solutions of Oseen’s equation, 
which are expressed in integral forms. 
Although it seems difficult to obtain general 
expressions for various formulae, such as 
formulae for the lift and drag coefficients, 
the procedure gives a practical method of 
solving Oseen’s equation for the two-dimen- 
sional slow steady flow of an unbounded 
viscous liquid past an arbitrary cylindrical 
body, provided the mapping function is known 
for the cylinder. Moreover, the present 
method*is applicable to the study of the 
steady slow motion of a cylinder of any shape 
in a viscous liquid bounded by a plane wall 
or by two parallel plane walls, Thus, in a 
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quite recent paper™, the present writer has Ag, =0, (2.2) 

made investigations on the wall-effect upon 
peat ke = 

the forces experienced by an inclined elliptic Ahem) 9, (ae) 

cylinder in a viscous liquid. where # is the stream function for the per- 

turbation and is connected with the compo- 


2. Fund i i i ‘ i 
S undamental Equation and its Solutions nents of the perturbation velocity as: 


Let us assume that a cylindrical obstacle is 
placed in a uniform flow of velocity U stream- u=Op/0y, v=—Op/Ox, (2.4) 


ing parallel to the x-axis. Then, Oseen’s and k=U/2v, »v is the kinematic viscosity of 
linearized equation of motion for the two- the liquid and A stands for 62/0x°-+602/0y°, 

dimensional steady flow of a viscous liquid The appropriate solutions of (2.2) and (2.3) 
can be written in the form which satisfy the boundary conditions at in- 


ee 5 pahitda : (2.1) finity are given respectively by 
d= Ag In r+ByO + 3 r-"(An cos nO+ Bn sin n8) , (2.5) 
n=1 


6 
P= oF Kalkr) +b kr{ Ky(kr) + Ko(Rr) cos 6} e*7 8° do 
0 
+ek > Kivlkr)(an cos 26+ bn sin n6) , (2.6) 
n=1 


where x=rcos 6, y=rsin@, and 
b=—Bo, (an) 


K,(x) is the modified Bessel function of the second kind. The condition (2.7) ensures that 
the stream function ¥=Uy+¢ is one-valued and continuous throughout the whole field of flow. 

If we confine ourselves to the second order approximation for the lift and drag experienced 
by an elliptic cylinder, it suffices to take only the first six terms in (2.5) and (2.6) respective- 
ly. Then, as shown in our previous paper™, the conjugate complex velocities can be ex- 
pressed in integral forms as: 


Deeip see a ; > eG ris )Ac iB) tial A;+iBy)-+a2(A,+iBy)} el#lltida, (2.8) 


—o af 1a 
ae ae ta ae Ret a8) iatthk)  , 20°—k? 
We= Uz —W2>= D) tea F ) a + k at Re a2 
+(2+ 2) i Si scarce Ag elte-Alul dav, (2.9) 
i ieee k k? 


where 1=V a?+2ika . 
In the following analysis, we assume, for the sake of convenience, y= 0 in (2.8) and (2.9). 
It is easy to show, however, that the same results are obtained in case when ve (0, 


§3. Conformal Transformation of the Solutions of Oseen’s Iiquation 


By the transformation function 
z=xt+iy=e"'*4(Z+0°Z7) (O06 <1), (Sie 


the unit circle Z=e’’ in the Z-plane is mapped onto an ellipse (Fig. 1), which is inclined at 


* In a quite recent paper cited above, we have introduced elliptic coordinates &, 7, related with 
x, y by the relation «+iy=2ce-*’ cosh (+77), instead of (3.1). As is well known, however, the two 
transformations are quite equivalent. 
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whose semi-major and minor axes are{| 
respectively I 
a=1+o?, b=1—0". (3.29) 
Using obvious relations: | 
x=(1/2)(2+2), y=—(1/2)tz-z), (3.3) 

we have on the profile, that is, for Z=e’”, || 


jaxay=—ae-"(ek oe), gal 
—1ax—ay= —a e?*(e%—o? e-‘) : 4 


C=(1/2)"—-o. (3.5}| 


Fig. 1. 


where 


Inserting (3.4) into (2.8), and expanding the function exp (ao*e-***’s) or exp (ao? e's) 1 
the integrands with respect to e’’, we obtain, on performing integrations, 


Wy = e'S(Ay—71 Bo) e+ er(7 Ay —B,) e2% It Qdicf (Ao-— 1By)o? e?9+2(A.+ 1B) ee y+ cay 
on the profile. (3.6) 


On the other hand, inserting (3.3) into (2.9), we have after some appropriate transformations 


w= ROG ac 1 be ie ee 


+{-GSo+ 2) +h + J) }b1 + (1 + Js) —t fat J-2)}a2t ((fp—J-2) —i( Js — Ja) } 2] 
on the profile, (3.7) 
where 
Q=exp x on the profile, (3.8) 
and 


In=| exp {—k cosh s+ko? cosh (s+ 2i€)+m(s+i€+ivs)}ds  (m=0, +1, +2, 3). (8.9) 
Making use of the relations: 


exp {ko? cosh (s+2i2)}= SY In(ko2) er +22) , (3.10) 
and 


\" e-Beosh S48 ds 2K y(R) , (3.11) 
where Jn(x) is the modified Bessel function of the first kind, we obtain from (3.9) 


ma cem yD Tn( ko?) Kina n(R) eCmtandig (3. 12) 


Further, after some calculations, we can express (3.8) in terms of e’é as: 


Q= Sy Int(kO) ers, (3.13) 
where 
An=(—1)"{(e! ee, e7*?)/(e-49 + 6? ef?) }n/2 , @={1 +04 +07(e749 + e7269)\ 1/2 y (3.14) 


If we introduce (3.12) and (3.13) into (3.7) retaining only terms involving es (m=0, +1, 
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+2, 3), then we obtain series expressions in powers of k for w, on the profile, where k is 
assumed to be small. 


§4. Determination of the Constants in the Stream Function 


Since the conditions at infinity are already satisfied by (2.8) and (2.9), the integration con- 
stants An, Br, dn and bn (n=0, 1, 2) have to be determined from the boundary condition: 


Wi+tw.=—U on the profile. (4.1) 


We may expand the constants in powers of k as:** 


Ao=k Awt+kAn+O(k’) , (4.2) 

Bo=k Bo t+RButOck’) , (4.3) 
Ay=AwtRAn+OK), B= BotkButOk'),  ) (4.4) 
A,=kAsotkAnt+O(k), Br=k- Bo +kBu+O(k), J 

Ay =R ay) +kay + Ok), (4.5) 

bo=k- Boo t+kBur +OCR’) , (4.6) 


GQ = kayo k?ay,+O(R*) , b=kBio +h? But OCR’) , (4.7) 


Ay = Ray + k?ay +O(R) , b,= RB +R? But+Ock’) « 


We insert the expressions for w; and w, obtained in §3 together with (4.2) ~ (4.7) into 
(4.1), and we neglect all terms higher than k?. Then, on equating to zero the terms of the 
same powers of k& in the coefficients of e”’$ (m=0, +1, +2, 3) and separating the real and 
imaginary parts, we obtain linear algebraic equations for the unknown constants Ayo, An, 
gaa Bo : 


Solving these equations successively, we obtain 


Ay=207U sin 29/D, , (4.8) 
Boo= —2U{2S—(1+ 0? cos 29)}/D, , 2 
where 
D,=4S2—(1+ 04+ 20? cos 29) , (4.10) 
S=—7r—In(k/2), 7=0.5772--- (Euler’s constant). 


Qu = —(A9/ D)[2S? + S2(2+ ot) +(S/8)(17 — 1404 + 30°) + (1/16)(13+ 404 —708) 
+{40?S3+-0°S? + (S/6)(o? —30°) + (1/48)(6702 —210° —5o"")} cos 28 
—{(S/12)(60*+ 08) —(1/24)(504+20*)} cos 40 +(1/16)o° cos 68] 

+ (Bool Di) [{o2S2-+ (1/3)(0? + 30°) +(1/48)(1102—30° —50”)} sin 20 
4-{(S/12)(3a'— 08) —(1/12)(o4 —08)} sin 49 + (1/16)o° sin 6] , (4.11) 


Bor = (eval Dr) [ (42S? — S2(202—0®) + (S/3)(40?—Go°) + (1/48)(310?-+210° — 0")} sin 20 
—{(S/12)(9oa4-+08) —(1/6)(204 +.0°)} sin 48+ (1/16)o* sin 69] 
—(Boo/ Di[2S?+ 04S? + (S/8)(1— 1004 —o*) —(1/16)(5 —804 — 30°) 
—{o?S?+ (S/6)(70?+ 30°) —(1/48)(o? +210°+ 4")} cos 28 
+-(1/24)(208S+50'—4o*) cos 49 —(1/16)o° cos 68] , (4,12) 


** We can obtain the same results even if we use other expansions, for instance Ay,=k-1Ano+Ani 
4h Ana+h®Ans +O(K) etc. (n=0, 1, 2). 
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Qyy= —(A’o0/4) {4S —1+ (8a2S —40?) cos 28—o* cos 40}—(Boo/4)o* sin Ag , 
Bio = (Aq/4){ (802S — 40”) sin 29 —o* sin 49}--(Boo/4)(4S+1-+ of cos 40) , 
Ay) = (07/2)( Alyy COS 28-+ Bo Sin 2%) , 
Boo = —(0?/2)(Aoo Sin 28 —Bo0 CoS 28) , 
Ay, = (0?/2)(ay1 CoS 28+ Buy Sin 2%) 
+ (aoo/96){ (12 —2404)S —4+4 60! + 90% — (480°S + 1267 —300°) cos 28 
+ (1204S —9o*+ 60°) cos 49—40° cos 63} 
+ (Bo0/96){ (120? — 60°) sin 29+ (1204S + 304— 60°) sin 49+ 40° sin 69} , 
Bu = —(0?/2)(au, Sin 28—Bo1 Cos 22) 
+ (ao9/96){ (4808S + 126? 300°) sin 20 — (1204S —9o* + 60°) sin 48 ; 40° sin 68} 
+ (Bo0/96)[{(12 —2404)S +4—6a* + 90°} + (120? —60°) cos 20 
+(120+S+30t—6o°) cos 40+ 40° cos 68] , 


An=0 » 
n= Ay — (Aloo/4){(4+404)S —40! + (4072S —30?— 0°) cos 20} (4.14) 

+ (Bo9/4)(40?S —o?— 0°) sin 28 , | 
Bo=—Bo , Bu=~- Ba; (4.15) 


Aio= — &19—(@’0o/2)(1 + 04 + 20? Cos 28) , 
Bio= —B10+ 47 ao Sin 28 —(Boo/2)1+0%) , 
Ay tay=—(a1/2)1+ 64+ 20? cos 28) 
+ (Boo/48){ (180 + 2408)S +8 —60' —2408 + (4809S + 1602 —330° —70") cos 28 
+(204— 208) cos 40+ 20° cos 60 } 
—(Bo0/48){ (120°S + 20?—30° —7o") sin 28+ (1204S + 6! —208) sin 48} , 
ButBu=an07 sin 29—(Bo:/2)(1+o*) 
—(@oo/48){ (2409S + 200? —270° + 6°) sin 28 + (204— 268) sin 48 + 20° sin 69 } 
—(Bo0/48){(12 —240*)S +24 604 + 308 —(240°S — 2202+ 150%—o) cos 20 
+ (1204S —5o! + 40°) cos 48+20° cos 68} , 
A= 2a , 
Boy= —2B 2 ? 
Ag = —2ay + (Ao9/16)[(4—404)S —2 —30* + 408 
+{(1602—80°)S —80?-+ 20°} cos 28 + (40'S —5o'+ 0°) cos 42] 
— (Boo/16)(404S—304-+- 08) sin 40 , 
Bu = —2B x — (Aoo/16)[{(160?— 80°) S —80? + 20°} sin 28+ (40'S—5o!+ 08) sin 48] 
+ (Boo/16){(4—40*)S—5o4 + 408 — (4a'S—3a't +08) cos 43} . 


(4.16)**% 


From (4.3), (4.6) and (4.15), we obtain the relation bb)>=~--B) independently of (2.7), which 
ensures that the stream function Y is one-valued and continuous throughout the field of flow. 


§5. Formulae for the Lift and Drag Coefficients 


As is well known, the lift L and drag D experjenced by the cylinder under discussion per 
its unit length can be expressed as: 


L=2npUAp, (5.1) 


*** To this order of approximation, the constants Ay and ay, By and Py cannot be obtained separate- 


ly. But, we have no difficulty in discussing the lift and drag experienced by the elliptic cylinder to 
the second order approximation. 
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D=2r0UB,, (5.2) 


where ¢ is the density of the liquid concerned. 
In order to define the Reynolds number R, let us take the major axis, 2a, of the elliptic 
cylinder as the representative length. Thus, remembering (3.2), 


R=2aU/v=4(1+0k. (5.3) 


Making use of (5.1), (5.2) and the integration constants obtained in § 4, we have, after 
some reductions, for the lift and drag coefficients Cz and Cp correct to the order of R? as: 


Cr=L/(1/2- pU?-2a) 


16z o% sin 28 R2 S 1 
= — 3 i ees, Py 2 i> 4 2 aes yh rE 
R De reer S? + 9 (1+ 04+ 20? cos 28)+ : {4—(30?—o°) cos 28} 


+ = we (13—4o!-+ 08 + 80? cos 294-20! cos 42) 
1 


+ 5 (6+90!+30"+(130¢4 608 +0) cos 23-+ (o4-+-08) cos 40} || 5 (5.4) 


Co= D/(1/2- 0U?-2a) 


16z 1 RR? 
= 2% * )25—(1-+0 cos 28) —— 
R ah (1+ 0? cos 22) 161 + 0°) 


| s— ° (1—204 +26? cos 28+ o4 cos 42) 

a a {15—360!-++308-+ (80? 246°) cos 29 + (180!—4a8) cos 49} 

— —| — {15—360t—9o® + (1l0?—330°— oa") cos 28 + (1404 — 40°) cos 40 + 30° cos 69} 
_ or {15—11o*--3308 + o!? + (260?—560°—120") cos 28 


— (1008+ 201) cos 48+ (408—20") cos 69} ||} é (iS) 


which are in perfect agreement with the results obtained by Hasimoto and also by Imai. 
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The adsorption of water vapour on lead borosilicate glass was studied 
in the pressure region 10-5~10-°mmHg using the modified flashing 


technique. 


The adsorption is composed of at least two parts, the physical adsorp- 


tion and the activated adsorption. 


The amount of the physical adsorp- 


tion at 1x10-® mmHg, 0~50°C was 0.1~0.4% of a monolayer, and the 


heat of adsorption was 11 Kcal/mole. 


The activation energy of adsorp- 


tion of the activated adsorption was ca. 9Kcal/mole, and the activation 
energy of desorption was 13~40 Kcal/mole. 


§1. Introduction 


In the preceding paper”, we tried a preli- 
minary study of adsorption of water vapour 
on glass, copper, nickel and alumina ceramic 
in vacuo using the time lag method of mole- 
cular flow. The results suggested that the 
adsorption is not a simple physical adsorption. 
Hence we tried a more quantitative measure- 
ment of the adsorption of water vapour on 
lead borosilicate glass in the pressure region 
of 10-*mmHg using the modified flashing 
technique”*. 


§2. Apparatus and Sample 


The essential part of this apparatus is a 
Beeck’s calorimeter type cell (B) shown in 
Fig. 1. The lower part of the inner glass 


~ _ Hickman 
pump 


W_ lp 


Fig. 1. Schematic diagram of experimental ap- 
paratus. 


tube of the cell (ca. 18mm¢x100mm) was 
made very thin in order to reduce the heat 
capacity. The space J between the inner and 


the outer walls was evacuated for heat insula- 
tion. About 4m (ca. 400 ohms) of 0.07 mm¢ 
tungsten wire was wound over the tube B, 
which served in two ways, as a resistance 
thermometer and heating element. The Pirani 
gauge P, which was read on a 3X10-* V/div. 
galvanometer, was muffled with a thick cop- 
per tube and was immersed in a water bath. 
A sensitivity of 5x10-’mmHg/div. in the 
range 10-°~10-*mmHg could be attained in 
this way. The calibration of the gauge which 
we carried out before each experiment against 
the ion gauge (I) proved that the reading of 
the former was fairly reproducible. C, and 
C, are greaseless stopcocks, and L; is a capil- 
lary tube of known conductance G (5.4 cc/sec 
for H.O vapour at 25°C). The whole appara- 
tus was constructed with lead _ borosilicate 
glass. 

During the evacuation, the appapatus was 
baked at 450°C for 2~3 hours while the trap 
Ti was immersed in liquid oxygen. The pres- 
sure was then reduced to 1x10-’~1x10-° 
mmHg". 

The adsorbent was a Nonex type lead boro- 
silicate glass powder. The glass, originally 
in the form of a tube, was first heated to its 
working temperature by H:..0, flame, annealed 
in an electric furnace, and then crushed to 
powder finer than 200 mesh and washed in 
acetone. The glass powder was spread on the 
inner wall of B. The real surface area of the 
adsorbent was measured by the B.E.T. method 
using ethylene as the adsorbate”), and was 


* Measured by the Bayard-Alpert gauge. 
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found to be 394cm?. 


§3. Experimental Method 


At the biginning of the experiment, B is 
kept at a high temperature 7; (ca. 200°C) in 
order to avoid the adsorption, and the pres- 
sure of H,O vapour is kept at a constant 
value fo. In order to keep the pressure of 
H.O at any desired value down to 107° mmHg 
during the experiment, the flow method was 
used. H,O vaporized from thoroughly eva- 
cuated distilled water W (Fig. 1), was allowed 
to flow (from reservoir T,) through a capillary 
leak L, and a cook C, to the pumping system. 

After the adsorption on the walls of the ap- 
aratus reached equilibrium, opening and clos- 
ing C, showed no change in the indication of 
the Pirani gauge. When this equilibrium 
state was reached, C, was closed, the heating 
current of B was cut off, and B was cooled 
down to a temperature Ty, (e.g. 1°C). The 
pressure slowly reduces to a minimum, and 
again rises to the initial value as is illustrated 
in Fig. 6. The amount of adsorption can be 
estimated from this figure. For brevity, we 
call this method the “cooling method ”. 

There is another procedure of estimating 
the amount of adsorption on the sample, which 
we named the “heating method”. If B is 
suddenly reheated to a high temperature T3 
after a time interval 4t after cutting off the 
heating current, the pressure will abruptly 
rise to a maximum as is shown in Fig. 2*. 


6 
Pip =3-4 x10 mmHg 
at =19-Smin 
Tp= 1°C 


Qn 
(2) 


oO 


wo 
oO 
= 
ef 
g 


% opened 


Reading of Pirani_ gauge (mm) 


O 5 10 15 
Time ( min.) 


oO 


20 


Fig. 2. Pressure variation in heating method. 


* Throughout the experiments, the adsorbed H,O 
can be regarded to be desorbed as H,0O (cf. ref. 


(8), (1). 
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Theoretically, the amount of adsorption can 
be obtained from the area enclosed between 
the curve H and the ground line D of Fig. 2. 
This is however, impracticable, because for 
this purpose we have to extrapolate the curve 
H to t=co. In order to avoid the ambiguities 
accompanying this extrapolation, we examined 
the time constant of the pressure decrease 
and adopted the method of calculation based 
on the time constant which is to be given 
later. 

As is described in § 4, the heating method 
estimates the amount of the physical adsorp- 
tion exclusively, whereas the cooling method 
estimates the total adsorption. We tried both, 
and compared the results. 


§4. Results 


4.1. Results obtained by the Heating Method 

It was found that 4p, the pressure rise 
caused by reheating (see Fig. 2), depended 
not only on fp and J, but also on some other 
factors. Experiments proved that 

OO Ap=Ositesi<a2 ming: 

(2) Ap increases with dt 
2 min. < 4¢< 20 min.; 

(3) 4p shows no variation with dt if dt > 
20 min.; and 

(4) Ap increases with 7; until it reaches 
ca. 150°C. At higher temperatures 4p seems 
to be almost constant. 

The 4t—dependence ((1), (2), (3)) can be ex- 
plained by the variation of the temperature 
of the sample during the cooling period (see 


in the range 


Fig. 3). It can be estimated that (1) corres- 
es 5 
Hee |}O x10 mmHg Ss 
2 
100 Son 200 @ 
a3 
- R 
£ rom 
S 5 
m= 50 100 # 
S 2 
E 
Tem 
ne e 
O 
re) 0 2 0 
at (min) 
Fig. 3. Ap and sample temperature versus cool- 
ing time. 


ponds to the fact that practically no adsorp- 
tion takes place above 50°C. 

It was also noticed that the desorption oc- 
curred not only when B was reheated but 
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also when it was evacuated at 7, for 20~30 
minutes. Hence the heating method seems to 
do with the reversible or physical adsorption. 

A typical pressure variation is given in Fig. 
2, in which the experimental conditions were 
as follows: fo=3.4x10-° mmHg, 7,=1°C and 
4t=19.5 min. 

As is seen in Fig. 2, the reduction of pres- 
sure of the desorped H.O vapour is very slow. 
The time constant is much greater than the 
value calculated from the volume V enclosed 
by C, and the conductance of L; (32.5 sec). 
This was supposed to be due to the desorp- 
tion of the adsorbed H,O from the walls of 
the apparatus. In order to check this point, 
we filled V with H.O vapour of low pressure 
(B being kept at 7T,), closed C,, evacuated 
H,O through L,, and measured the pressure 
decrease. The pressure decrease curves in 
both cases were quite similar, as is seen in 


Fig. 4. It seems that the time constant t is 
ao Heating method 
o bi 
2E R07 3:4 x 10°mmHg 
2100 At =19-5 min 
ie} Ta culeG 
= 2 
6 50 
o 
3 
oO 
cS 
© 
S 20 
3] (@) 5 10 15 
Ze Time (min) 
oe 
o 
a Evacuation of HO vapour 
- 
Ps 
Ee 
© 50 
oD 
Cc 
& 
ie) 
rd 
20 TEST SNE re 2 5. LG 
O 5 10 15 20 


Time (min) 


Fig. 4. Comparison of pressure variation in V. 


composed of two parts, t1, which is of the 
order of the “ calculated ” value, and t., which 
is about ten times as long as t,. The latter 
represents the desorption effect. 

Now the amount of adsorption on the sam- 
ple, or the amount of H.O evacuated after 
the “reheating ”, vz, could be regarded to be 
composed of two parts, vy and wv. The de- 
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on Tt}. Tt, represents, however, the desorptio i| 
effect of H,O from the walls of the apparatus,\) 
and can be calculated in the following way. 
The amount of H.O adsorbed on the walls off 
the apparatus, v», depends on py and pr. They 
reduction of py; is, however, very rapid, anil 
py will become negligibly small against pr} 
shortly after the reheating. Hence, during || 
the greater part of the pressure reduction} 
process of ~#:, H,O desorbs from the walls of || 
the apparatus, and v~ can be assumed to be 
proportional to pz: 


Vw=apr , 
where a is a constant. 


As the rate of reduction of pf; is slow, we 
may assume 


| 


dew _ abr 


dt“ dt (24 

From this, it follows that 
dpi _ ae 
V dt Toe dt Gp.. (3°) 

If pi=pPu at ‘=03 
Pi=Pw exp (SH \= Pw exp (-=) wae 
Thus 

note (5) 


The amount of vp, can be calculated in the 
following way (cf. §3). Assuming py=pyy at 
t=0, we obtain 


Pr= pro exp (—") d 


1 


(6) 
Thus 


v¢=|"Gprdt= |, Gbroexp(—)ar= brolGer’ 
(7) 
n=|"Gpidt = |" Gp é&tp (-= )dt=puGe, 
(8) 


and 


* 


VUn= Vz +01= ppoGr, + puwGrt. : ( 9) 


For the numerical evaluation, Pyo, pro, Tt, and 
T, were graphically determined from Fig. 4. 
The calculated amounts of adsorption under 
various conditions are shown in Fig. 5. As 
the number of H,O molecules necessary to 
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x 
oO 
to 


F107 5°8 x \O'mmHg 


Ri,o7 15 x 10 -mmH 


Fu,o= 34 x 1OmmHg 


Amount of HzO adsorbed (molecules cm?) 
wi 


oe 


38 


32 


3-4 3:6 
THeKk IO 
Fig. 5. Amount of H,O adsorbed versus tempe- 

rature. 


form a monolayer is 9.52 x 10!/cm?, the amount 
of physical adsorption at py=1x10-§ mmHg 
and at 0~50°C is 0.4~0.1% of a monolayer. 
4.2. Results obtained by the Cooling Method 


Adsorption of Water Vapour on Lead Borosilicate Glass 


963 


cool B, the pressure in V, fe, will be reduced, 
and the H.O molecules will be supplied from 
the walls and through L,. The rate of de- 
sorption can be assumed to be similar with 
Eq. (2), because there is no portion of H.O 
corresponding to p; and the variation of pc is 
very slow. 

a the rate of adsorption on B, will depend 
on the amount adsorbed on B. In order to 
simplify the calculation, it is desirable to ob- 
tain the variation of p- during a short period 
in which a can be regarded as a constant. 
This we achieved by opening and closing C, 
intermittently. Hence the experimental curve 
is composed of many steps. The zero point 
drift of the Pirani gauge reading can also be 
checked conveniently by this procedure. 

A typical pressure variation in the cooling 
method is illustrated in Fig. 6. The experi- 
mental conditions were; po=8.4x10-° mmHg, 
T,=350°~380°C and 7,=28.4°C. 

Now that one can assume that @ is a con- 
stant during a step, the variation of p. in V 
during that step will be given by 


Before we begin to cool B, we expose the vibe g P dpe = + (Da—Po)G-= Pew, (TO) 
apparatus to a constant H.O pressure, fo, so , 
that the adsorbed layer of H.O on the walls Assuming pe=Po at oH we obtain 
of the apparatus are in equilibrium with pp. Lyall ( Gta ) 1 
; : ao g : = ——— t)+G ar dQl ls 
Starting from this condition if we begin to r Gra nie V+a Po| See 
€ 
£ 
GIOOr p= 8-6xI0’mmHg Te=28-4°C 
3 
o C, closed 
§ cae is Ee er --- 
ioe pees ae ee eee 
cag cele iaaen as 
2 Ci opened 
3 | 
« %% 5 0 e— ites. snes we BOr tte 


Time (min) 


Fig. 6. Pressure variation in cooling method. 


Hence, the amount of adsorption ve becomes 
2 Vra 
n= |) apelt=— 4 Po poses 
G+a ) H 
—“—t \+ Gapot . 
Vt+a Po 
In this equation, a can be determined by the 
heating method. a@ can be evaluated using 


x exp (- (12) 


Ea. (11), substituting the numerical values 
for various combinations of pe, fo and¢t. The 
results are illustrated in Fig. 7. Thus the 
amount of adsorption ve can be determined 
from Eq. (12). 

4.3. Comparison of the Results obtained by 


Both Methods 
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& (c.c sec) 


Amount of H,O adsorbed (c.c.mmHg) heating method). The rate of desorption thus 


Fig. 7. Rate of activated adsorption vasus amo- 


= Te=29°C_ ing method for a long time, the adsorption o 1 


| Te 27°C reach equilibrium with po. This happens to} 


Y. Tuzi and H. OKAMOTO (Vol. 13, | 
If we continue the observation in the cool+4}| 


the specimen as well as on the walls willl] 
be the condition needed for the commence-} 
ment of the heating method. Thus we can) 
obtain both ve and uv, in a series of experi-|| 
ments. ve and the corresponding v, obtained|| 
7 in this way are given in Table I. 
The difference of ve and vp, suggests the ex-| 
istence of the activated adsorption of H.O on)}| 
glass surface. In fact, the activated desorp- 
tion was observed by heating the sample which 
had adsorbed H.O to a high temperature 
ai (cesiadelcs (higher than the heating temperature of the 


fo--- ccc 


| 
! 


obtained as a function of temperature is given 


unt of H,O adsorbed. in. Big. 6. 
Table I. Amount of Water Vapour Adsorbed on Lead Borosilicate Glass. 
Comparison of the Results obtained by Both Methods. 

Amount of adsorption 

Pressure of Temperature Cooling time x10-2cc mmHg (25°C) 

No. water vepeus T,°C ane. Cooling Heating 

po x 10-° mmHg : ‘ method method 

, Ve Vn 

1 8.4 28 64 Be 2.6 
2 6.7 29 93 5.0 1.65 


3 7.4 26 65 4.9 1.35 


rate of desorption(molecules sec'cm?) 


from Fig. 5, using ‘the Clausius-Clapeyron 
equation 


d In bo \ 
R 13 
q=R- eee: (13) 
where R, represents the gas ican The 
calculated mean value of the heat of the ad- 
sorption was found to be 11 Kcal/mole. It is 


iy 


20 

+ believed that the adsorption detected by the 
g heating method is a mobile physical adsorp- 
£4 19 tion, because the heat of adsorption is nearly 
5 equal to the heat of vaporization of water 

4 (10.43 Kceal/mole at 30°C)(cf. § 4.1). 
% 18 In the cooling method, the activation ener- 
9 gies of the activated adsorption and desorption 
= can be calculated in the following way”. The 
re 17 rate of adsorption per unit area depends on 

1:8 |:7 1-6 15 four factors: 

TeK-lx 103 (1) The rate of collision of molecules on 
Fig. 8. Rate of desorption versus temperature. | the surface, which, on unit area at a pressure 
; ; p is equal to p/V/2mkT, where m, k and T 
§5. Discussion represent the mass of the gas molecule, the 


The heat of adsorption g can be calculated Boltzmann constant and the absolute tempera- 
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ture respectively. 

(2) The condensation factor o. 

(3) The activation energy F. 

(4) The probability for a molecule to strike 
an available site. Since this probability usually 
depends on the fraction of the surface covered, 
6, it is designated by f(0). 

If A represents the surface area of the 
sample, the rate of adsorptipn, a/A, is given 
by 


= oP Fg) exe(—pe) Sowers 


A V2xmkT RT 

Now, in the low pressure region, we may as- 
sume with good approximation o=1, and 
f(@)=1. Hence the activation energy FE can 
be evaluated using Eq. (14), if we assume an 
appropriate value for a. This was obtained 
in Fig. 7. There are some confusing factors, 
however, in the present case. We want the 
rate of adsorption, a, for the activated ad- 
sorption, while the values of @ in Fig. 7 do 
not necessarily give what we want. Con- 
sidering the experimental conditions, it would 
be most appropriate to assume a=2cc/sec for 
the activated adsorption. Thus we arrive at 
E=9 Keal/mole. 

The rate of desorption similarly depends on 
three factors: 

(1) The number of sites, f(@)’, from which 
desorption is possible. 

(2) The activation energy of desorption E’. 

(3) The rate constant K’. 


/ 


The rate of desorption, zw’, 
u’ = K’ f (@)’ exp (-nF) - 


Although, K’, f(0) and E’ vary with @ in 
general, these factors can be assumed to be 
constant in our case, because the interaction 
between the adsorbed molecules are negligible 
for the density of the adsorbed molecules is 
very low. We calculated E’ from the gradi- 
ent of the curve in Fig. 8, and obtained E’= 
13~40 Kcal/mole. The greater value of E’, 
estimated from the upper part of the curve, 
is nearly equal to the activation energy of 
diffusion of H.O through the Nonex glass 
(38 Kcal/mole). Therefore, the activated ad- 


is then 


(15) 
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sorption might have something to do with dif- 
fusion. 

The experiments were repeated several 
times in the period of two months. The re- 
sults were quite reproducible. It is believed 
consequently that the surface of the sample 
glass has experienced practically no change 
by the repeated adsorption and desorption of 
H;0 in the pressure range 10-°~10-° mmHg. 


$6. Conclusion 


The following points can be concluded for 
the adsorption of water vapour on lead boro- 
silicate glass im vacuo: (1) The adsorption 
is composed of at least two parts, the physi- 
cal adsorption and the activated adsorption. 
(2) The amount of physical adsorption at 

o=1x10-°mmHg and 0~50°C is 0.4~0.1% 
of a monolayer (Fig. 5’. (3) The heat of 
physical adsorption is 11 Kcal/mole. (4) The 
physically adsorbed molecules are desorbed by 
heating at 100~150°C or by prolonged eva- 
cuation at room temperatures. (5) The ac- 
tivation energy of the activated adsorption is 
ca. 9Kcal/mole. (6) The activation energy 
of desorption of the activated adsorption is 
13~40 Kcal/mole. 

The authors are indepted to Prof. K. Kino- 
sita for his kindness in reading the manu- 
script and discussions, to Mr. C. Hayashi and 
Prof. G. Tominaga for their discussions. 
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Variation of the Optical Properties of Iron 
at Transition Temperature 


By Akira KINBARA 


Department of Applied Physics University of 
Tokyo, Tokyo, Japan 


(Received May 13, 1958) 


The light emitted from a smooth plane surface 
of a heated metallic plate is polarized, because the 
emissivities of the component polari ed in parallel 
with the emitting plane and that polarized perpen- 
dicular to it are different from each other. These 
emissivities are denoted by Ep and Ws, respec- 
tively. 

The degree of polarization Hs/ip depends on the 
angle of emission. 

To study this, the emitted light from metallic 
surfaces was divided into the parallel and the 
perpendicular component by a Rochon prism and 
each component was led separately to two photo- 
multipliers as shown in Fig. 1. The ratio of the 


us 


P.. photo - multiplier 


S-- sample 


R= Rochon prism H- tungsten filament 


V Vaccum pump H;"H, producing apparatus 


Fig. 1. The schematic illustration of the experi- 
mental arrangement. 


two photocurrents was measured every 10 degree 
of the emitting angle ¢. 

An iron plate was used as the sample as it was 
expected that the relation Ws/Hp—y varies accord- 
ing as the temperature is above or below the tran- 
sition point, 910°C. 

The surface of the sample was polished by emery 
paper of 500 meshes. The sample plate (2 cm x4 cm) 
which could be rotated around a vertical rod was 
placed in a vacuum vessel and heated by radiation 
from an incandescent tungsten filament which was 
located just behind the plate. To avoid oxidation 
of the surface, the vessel was filled with hydrogen 
(above 1 mmHg). 

The relation between /s/H’p and ¢ was observed 
at various temperatures, which were measured by 
an optical pyrometer. Although optical filters were 
not used in this experiment, multiplying the spec- 


tected. 

The experimental results (Fig. 2) show that, onlyy 
when the temperature is near 910°C, Hs/Hp— A} 
curve takes a special form, i.e., has a maximum,} 
It means that iron has special bulk or surface pro-| 


perties near the transition temperature. | 
/ 


Es/Ep 905°C Nn K 
1.00 915 

880 
8 960 20 


Fo AS 


880900 920940 960 
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angle Y cdegree) 


Fig. 3. mand kasa 
function of temper- | 
ature. 


Fig. 2. Hs/Hp as a func- 
tion of ¢. 


Now according to the classical theory of electro: | 
magnetism, the relation between MWs/E’p and ¢ is 
given as follows), 

Hs/Ep=cos? ¢ — {sin? g(—cos 2¢+2n cos ¢)/n?+k?} 
where 2 is the refractive index and k& the extinc- 
tion coefficient. 

At each temperature a pair of m and k was de- 
termined so that the equation might fit to corre- 
sponding Ws/Ep—¢g curve. m and k& thus obtained 
are given in Fig. 3. 

It shows that 2 and & decrease remarkably only in 
the vicinity of the transition temperature, while 
they are approximately constant in both states of 
bucse-pandiitic. ed 

If the Drude’s theory can be applied in this case, 
this fact corresponds to the decrease of the electric 
conductivity near the transition point, but as to 
this point, farther investigations are required. 
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Electrical Conductivity in N-Type InSb 
Under Strong Electric Field 


By Yasuo KANAI 


Electrical Communication Laboratory, 
Musashinoshi, Tokyo 


(Received June 6, 1958) 


Under strong electric field, the conducting car- 
riers in solids obtain sufficient energy from field. 
Hence, even when the field is not so strong as the 
ionization of carriers sets in, the distribution func- 
tion for carriers fairly deviates from the form for 
thermal equilibrium state. In this case the car- 
riers are called as being “hot”, and the Ohm’s 
law ceases to valid. This hot electron phenomena 
were investigated a few years ago; experimental 
studies were made by Ryder for Ge and Si crystals 
and theoretical considerations for non-polar semi- 
conductors were made by Shockley” and by Yama- 
shita and Watanabe». Following the theoretical 
calculations, the critical field #., where the cur- 
rent-voltage characteristic began to deviate from 
Ohm’s law, was given by the next formula; 


Poff (= vac)=1.51v5 


where jo: the drift mobility under weak electric 
field 

vs: the averaged value of sound velocity in 

the crystal 

Vac: the drift velocity of carriers at H,. 
(The fact was that the experimental values of E, 
were 2-5 times larger than the theoretical estima- 
tion, and this discrepancy was studied theoretically 
by Shibuya.) Above this critical field, drift ve- 
locity, and hence the current density, became pro- 
portional to #/2. At higher electric field, they 
became independent to #, and were followed by 
the occurrence of carrier ionization. 

As is well known, the electron mobility in InSb 
is rather large. Hence we can expect that, as in 
the case of Ge and Si, if the interaction with the 
acoustic modes of lattice vibration is the main 
process of energy loss for electrons in InSb, EF, 
will be rather low in this material. For instance, 
putting the value of vs and wp as 4x10%cm/sec.» 
and 1x10°cm2/volt sec. respectively, we can expect 
about 6 volts/cm as the value of #,. (Considering 
the case of Ge and Si, we can also expect about 
10-30 volts/em as the value of #, for electrons in 
InSb.) 

The current-voltage characteristics of ”-type InSb 
single crystals were measured under pulsive strong 
electric field. A typical example of our results at 
90°K is shown in Fig. 1. The sample had the fol- 
lowing character at 90°K; resistivity (0)=2.41 x 10-? 
ohm-cm, and Hall coefficient (#)=-—4.23 x 10% cm?/ 
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Fig. 1. Current-voltage characteristic and Hall 


coefficient of a m-type InSb single crystal at 
90°K. 


coul. (Putting the value of the effective mass of 
electron in InSb as 0.013 mp,® the degenerate tem- 
perature of this crystal was about 50°K.) Fig. 1 
shows that there is no deviation from Ohm’s law 
near the expected field strength, but at rather high 
field, about 2x10? volts/em, the deviation sets in. 
It also shows that the current density increases 
very rapidly with increasing H above 2x10? volts/ 
cm. 

To decide whether the deviation from Ohm’s law 
at about 2x10?2volts/em was caused by the hot 
electrons in InSb or caused by the carrier ioniza- 
tion process from the full band, we measured the 
Hall effect in the same region of electric field. 
(As the donor impurities in InSb were fully ionized 
at 90°K, the ionization process from the impurity 
states would not occur at all). The Hall coefficient 
of the same sample is also shown in Fig. 1. From 
the behaviour of R we can believe that the cause 
of the deviation from Ohm’s law is the carrier 
ionization process from the full band. 

From our data shown in Fig. 1, the following 
results will be drawn. 

a) The main process of energy loss of electrons 
in InSb is not the interaction with the acoustic 
modes of vibration, but will be the interaction with 
the optical modes. This result is consistent with 
the Ehrenreich’s calculation”. 

b) When the drift velocity of an electron in 
InSb reaches the value of about 2107 cm/sec, the 
carrier ionization process sets in. 

Further investigations are now in progress and 
the results will be published in this Journal. 
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Low Temperature Anomaly in the Proton 
Resonance of Some Nickel Salts 


By Pil Hyon Kim 


Depariment of Physics, 
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and 
Tadashi SUGAWARA 
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Steel and Other Metals, 
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(Received June 2, 1958) 


Recently, it has been shown that the deviation 
from the Curie-Weiss law observed in some nickel 
salts can be explained as due to the Stark splitting 
of the ground state of Ni2+ V. 

In connection with this, a study was made of the 
shift and the spin-lattice relaxation time of the 
proton magnetic resonance in some hydrated and 
ammoniated salts of nickel. 

In single crystals of NiSiFs-6H,O, NiK»(SO,).- 
6H,O and Ni(BrO;),-6H,O, the proton lines were 
observable down to 1.4°K, the lowest temperature 
attainable with our cryostat; while, in powders 
and single crystals of Ni(NH3)¢Cle, Ni(NHs3)6(ClO,)2 
and NiCl.-6H.O, the lines disappeared at a definite 
temperature characteristic of each salt. cf. Table I. 


Table I. The temperature of line disappearence. 
sae Ni(NHs)gClz Ni(NH3)e(Cl10,)2 NiCly-6H,O 
T(dis.) ae 8 

(°K) 1.6 v4 


The proton line of these salts is expected to show 
a shift proportional to the mean magnetic moment 
of Ni?+ ion or to the susceptibility of the salt. 

This was the case in most of the salts studied. 
In Fig. 1, as an example, the shift and the sus- 
ceptibility of Ni(NH3)sCl, (powder)? are plotted 
against temperature. 

However, the circumstances were quite different 
in NiCl,-6H,O. In powder and single crystal sam- 
ples of this salt, the shift showed quite different 
temperature dependency as compared with the sus- 
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Fig. 2. A comparison of the shift in 2000 oe. and 
the susceptibility in powdered NiCl,-6H,0O. 


It is worth noticing that the paramagnetic reso- 
nance has not been observed in the salts in which 
the proton line disappeared at low temperature”. 

It seems interesting to extend this work to the 
salts of Fe?* and Cr?+ having zero field splitting 
like Ni?*. 

In conclusion one (P.H.K.) of the authers wishes 
to express his thanks to Prof. K. Kido and Prof. 
E. Kanda for their continued encouragements 
throughout this work. 
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A New Compound in Au-Pb Alloy System 
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In the course of our electron diffraction study on 
vacuum evaporated metal films, a new compound 
in Pb-rich side of Au-Pb alloy system was found 
and was also confirmed by X-ray diffraction and 
metallographic investigations with bulk specimens. 

In this alloy system, two intermetallic compounds, 
Au.Pb and AuPb,, have already been known, and 
from our electron diffraction study, it is known 
that the composition of the new phase is between 
the eutectic (about 15 wt.% Au) and AuPb, (32.2 
wt.% Au). Then for the purpose of accurate de- 
termination of the composition, we examined by 
the ordinary metallographic method the specimens 
prepared in the range of 15~26wt.% Au differing 
by one or two percents, and the results were com- 
pared with the X-ray diffraction patterns of the 
same specimens. The alloy constituents in Terex 
glass tube were melted in vacuum at about 400°C, 
quenched in a mixture of ice and NaCl or air-cooled 
to room temperatures, and annealed for an appro- 
priate time (26.5~53h.) at about 200°C. After 
these heat treatments in vacuum, specimens were 
polished, etched and microscopically investigated. 

The air-cooled specimens containing 15 wt.% Au 
showed the typical eutectic structure. The quench- 
ed sample containing 24 wt.% Au indicated the pre- 
sence of two phases, AuPb, plus eutectic (Fig. 1 
(d)), which were completely transformed by further 
annealing into ‘one phase’ by the peritectic reac- 
tion (Fig. 1(b)). It seems that this phase is not a 
solid solution but a compound like Au,Pb or AuPb, 
(cf. Fig. 1(a), (b) and (c)). This result should be 
compared with a theoretical value of 24.08 wt.% Au 


x 
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Table I. 
(hkl) d (calc.) d (obs.) I (obs.) 
(110) 8.456A (8.46A )* Ww 
(200) 5.979 (5.92)* vw 
(101) bec (5829) Ww 
(220) 4.224 (AR22\ vw 
(211) 3.956 (3.96)* Ww 
(310) 3.781 (32 78)" vw 
(301) 3.299 @r30)* vw 
(002) 2.939 (2.98) * vvw 
(321) 2.888 2.890 s 
(330) 2.818 2.822 vs 
(112) 2.776 2.781 m 
(420) 2.674 22002 w 
(411) 2.600 2.597 vs 
(222) 2.413 2.418 s 
(510) 2.345 2.338 m 
(312) 2 SN | 2.314 m 
(520) Zool Pe PAT vw 
(402) 2.096 2.098 vVvw 
(521) 2.077 2000S vw 
(611) 1.864 1.863 m 
(710) 1.691 1.691 s 
(602) 1.650 1.651 Ww 
(711) 1.625 1.628 s 
(721) 1.582 1.584 w 
(542) 1.576 1.574 vw 
(650) Ne gw! bE 3 vw 
(731) lapbaly/ 1.519 vw 
(004,523) 1.469 1.470 Ss 
(741,811) 1.438 1.438 m 
(660) 1.409 
(821) l at 1.408 VVw 
(613, 224) 1.388 1.388 w 
(831) Pee62 1.361 w 
(840) 837 15335 vw 
(910) I SrA 1.320 vVvw 
(414) eal ISR Ww 
(901) 1.296 1.293 m 
(921,761) 1.267 1.265 vw 
(504,434) 252, 1.249 VVWw 
(851) 1.239 1.240 vw 
(444,653) 1.206 1.205 Ww 


a ‘These lines 
tion method. 


are observed by electron diffrac- 


for the formula unit AuPb3. 

The X-ray diffraction powder pattern of this new 
compound can be indexed on the basis of a tetrago- 
nal unit cell with a=11.95s A, c=5.87g A (Table I). 
The measured density was found to be 12.8 g.cm-3, 


(d) 


x150 xs. 


2% Au annealed for 28 hours at 200°C (AuPb3+eutectic) 
% Au annealed for 26.5 hours at 200°C (AuPbs) 
% Au annealed for 53 hours at 200°C (AuPb3+AuPby) 


(a) (b) 
Bigot: 
(a) 23 wt. 
(b) 24 wt. 
(c) 25 wt. 
(d) 24 wt. % Au quenched (AuPb, + eutectic) 
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while the density calculated on the basis of 8 mole- 
cules per unit cell is 12.93 g.cm.-%. 

As mentioned above, the quenched specimens 
containing 24 wt.% Au indicate the presence of only 
two phases, AuPb, plus eutectic, but not AuPb; 
phase. Similar results were obtained for air-cooled 
specimens of other compositions between 26 wt.% 
Au and 17wt.% Au. These facts seem to suggest 
that the peritectic point is very close to the eutec- 
tic temperature. In fact, our electron diffraction 
observations on the highest temperature of stability 
for AuPbs phase support this suggestion, but the 
precise determination of the above-mentioned tem- 
perature requires further investigations. 

The authors wish to thank Prof. K. Iwase and 
Dr. M. Kyotani of Kydto University for their kind 
advice and discussions. 
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The relation of etch pits with dislocations has 
been often discussed. In some cases one-to-one 
correspondence was established between the pits 
and the points where dislocations emerge on crystal 
surfaces. It was sometimes shown, however, 
that the association of the dislocations with im- 
purity atoms was necessary to the formation of the 
etch pits”. In the present note, some observations 
on the etched surfaces of lead single crystals are 
reported. 

Single crystals were prepared by the moving- 
furnace method from lead of 99.99% purity. The 
impurities determined by chemical analysis were: 
C 0.007, Fe 0.0005 and Sn 0.0004 in weight per cent. 
Good results were obtained to reveal the pits by 
adopting the electrolytic etching instead of chemical 
one. The standard procedure of the etching was 
as follows: First, the specimen was etched chemi- 
cally with the solution of CH;COOH and H,O, (1:3) 
for 15-30sec, and then washed by alcohol, the 
surface becoming very flat and bright. Next, it 
was etched electrolytically using 1 weight per cent 
aqueous solution of purest sulfamic acid at 18°C 
for 45sec with current density of 0.2 Amp./cm?. 
When the etching time was increased further, the 
sizes of the pits were enlarged while the number 
of the pits per unit area did not increase. 

The effect of annealing on the etch figures was 


mainly studied. The specimen was annealed at 
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Fig. 1. Etched surface of lead single crystal as 


grown (a), and annealed at 150 C for 3hrs. (b), 
Shrs. (c), 15 hrs. (d), 33 hrs. (e) and 60 hrs. (f). 


150°C in ethylene glycol and the surface was ob- 
served after etching. As the annealing time was 
prolonged, the shapes of the pits became clear and 
the number of them increased gradually and ap- 
proached to a some saturated value, as shown in 
Fig. 1. In a well annealed specimen, the surface 
density of the pits was 1.7 x107/cm2, and it could 
not be increased by changing the etching conditions. 
The shapes of the pits were different if the speci- 
mens had different crystallographic orientations. 

In the present case, it is likely that dislocations 
originate etch pits in co-operation with impurity 
atoms. The stresses due to dislocations may be 
so locally concentrated that they cannot produce 
the pits. When the specimen is annealed, the im- 
purity atoms are activated thermally and segregate 
around the dislocation lines under the influence of 
the stress field, and thus Cottrell’s atmospheres 
may be created. These atmospheres will then 
serve as the centers of the etch pits. The migra- 
tion of the impurities to the dislocations was also 
verified through the measurements of the internal 
friction of lead single crystals. The details of this 
investigation will be published elsewhere. 

The number of pits per unit area was about one 
tenth of the dislocation density in lead powder 
determined by us using a X-ray technique»). This 
discrepancy may be explained as follows. (1) Only 
the edge dislocations gather the impurity atoms 
and contribute to the formation of the etch pits. 
(2) The line density of the segregated impurities 
may not be uniform along the dislocations. Only 
a small .portion of the total dislocations which 
emerge on the crystal surface has enough concen- 
tration of atmosphere to form the pits¥. (3) Speci- 
mens prepared in different methods may have dif- 
ferent densities of dislocation. 
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Paramagnetic Resonance Spectrum of 
Manganese in Single Crystals of 
Alkali Halide Grown from the Melt 


By Kuniya FUKUDA, Yoichi UCHIDA 
and Hisamitu YOSHIMURA 


Department of Physics, 
University of Kyoto, Kyoto 
(Received June 6, 1958) 


The experiments have been carried out at 290°K 
with a usual field modulation spectrometer, work- 
ing at lcm. The paramagnetic resonance spectrum 
has been observed in single crystals of LiCl and 
KCl grown from the melting phase containing 1 
mol % manganese. 

We took up LiCl and KCl from consideration of 
the magnitude of ionic radius of Mn?2* relative to 
those of alkali metal ions (the Goudsmidt radii of 
these ions are Mn2+=0.80 A, Lit =0.68 A, and K+ = 
1.33 A, respectively). Applying Haven’s method” 
to the two phase system of alkali halide and MnCl, 
the solution energies of Mn in these alkali halide 
crystals are estimated as 0.8ev for LiCl and as 
1.71ev for KCl, provided that 2 in 1/7, of repul- 
sive force in MnCl, is 8, the value consistent with 
the experimental value of solution energy of Mn 
in NaCl given by Haven?). 

The spectrum of KCl/Mn can be classified into 
three kinds: (a) overlapping lines of about 30 gauss 
and about 100 gauss (peak to peak) observed after 
annealing; (b) only one line of about 30 gauss ob- 
served after quenching from 300~500°C; (c) hyper- 
fine structure of six lines and a line of about 30 
gauss (see Fig. 1), which are observed after quench- 
ing from 500°C. The width of hyperfine line is 
about 20 gauss under the field modulation of 15 
gauss amplitude. The g-value is 2.005+0.002. The 
hyperfine splitting constant is 96+5 gauss. The 
hyperfine structure in KCl grown from the melt, 
which has not yet been reported, is very similar to 
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96 ——, gauss 
H (e} 


Fig. 1. (a) A part of the observed spectrum of 
KCl in (100) direction. (b) is the schematic 
representation of the observed spectrum. 


those on KCl grown from solution by Forrester and 
Schneider and Low. The resonance lines are un- 
stable and bleach at room temperature within a 
period of 20 hours leaving only the single center 
peak of 30 gauss width (peak of ¢ in Fig.1). The 
appearance of hyperfine structure is somewhat 
critical as inferred from the calculated value of 
solution energy so that in heat treatment some cau- 
tions must be paid for frozing Mn in a transient 
state; quenching an annealed specimen after heat- 
ing at 500°C for about an hour results in the single 
narrow peak of 30 gauss. Further some heat treat- 
ment leads to the decrease of this peak and at the 
same time to the appearance of hyperfine structure. 
The period of heating, though it depends on Mn 
concentration in crystals, is determined by moni- 
toring the resonance lines. 

The spectrum of LiCl/Mn consists of strong six 
hyperfine lines at g=2.003+0.001 with the mean 
value of hyperfine splitting constant A=82+5 gauss 
and some orientation dependent lines. LiCl crystal 
was taken out of furnace in the course of crystal 
growing and quenched to room temperature from 
the temperature near melting point. The crystals 
were so hygroscopic that the sample in cavity was 
coated with polyvinyl film. The hyperfine struc- 
ture lines are stable and do not bleach so easily 
as in KCl. The orientation dependent lines are 
observed in low and high field sides of center six 
lines; in (100) direction four lines in both low and 
high field sides, while in (110) direction two lines 
in each side. The separation of lines is shown in 
Fig. 2. 

Besides these observations, we carried out the 
measurements on resonance spectrum in LiF/Mn. 
In the crystal annealed to room temperature from 
600°C for 12 hours, two overlapping peaks of about 
200 gauss and about 40 gauss were observed. A 
broad peak of 200 gauss remained after quenching, 
but no hyperfine splitting appeared by any heat 
treatment up to 800°C. 

The improvement of our spectrometer is now in 
progress. Experiments are being carried on to 
obtain finer results on the anisotropy of hyperfine 
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Fig. 2. (a) A part of the observed spectrum of 
LiCl in (100) direction. (b) and (c) are the 
schematic representations of the observed spec- 
tra corresponding to (100) and (110) directions, 
respectively. The lengths of lines show rough 
magnitude of order of relative intensity. The 
outer two lines in (100) and the outer one line 
in (110) on both sides of resonance pattern were 
difficult to confirm their exact positions due to 
low S/N ratio, but the magnitude of separation 
between these lines was about 95 gauss. 


structure and thereby to examine the model of 
resonance center from the analysis by spin Hamil- 
tonian. 
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Some Electrical and Optical Properties of 
Tin Monosulphide 


By Tadaichi YABUMOTO 
Institute of Electrical Engineering, 
Shizuoka Universiiy, 
Hamamatsu, Japan 
(Received May 19, 1958) 


Among the sulphides of the fourth group elements 
of periodic table, PbS has only been studied by 
many investigators. 

Recently the author has studied GeS as one ex- 
ample of these sulphides and showed that it has 
also good characteristics on photoconductivity in 
visible region”. 
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As for tin monosulphide there will be no experi 
ment on its electrical and optical properties. 

Metal tin of spectrographically standard grade} 
of Johnson Matthey Co. was distilled in vacuunt| 
and excluded other impurities than Cu, Fe. 

Sulphur was recrystallised four times by carbon} 
disulphide and distilled in vacuum. 

Such metal tin and sulphur was weighed b i 
stoichiometric ratio of SnS and put into silica tubeq 
which was evacuated in high vacuum and sealedh 
off. 

This silica tube was heated in the electric furnace: 
at 900°C for about 5 hours and 1000°C for about} 
6 hours respectively and then cooled. 

The crystal form of SnS is orthorhombic and its; 
melting point is about 882°C. 

Samples were tested by X-ray diffraction and 
confirmed to be SnS. 

Resistivity of tin monosulphide is about 10° ohm | 
cm and lower than germanium monosulphide (about 
10°9ohm cm) at room temperature. . 

Measurements of optical absorption and photo- | 
conductivity were carried out on films which were) 
evaporated to the thickness of about 5 microns and 
had the resistance in dark of about 106 ohm. 
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Fig. 3. Temperature depencence of electrical 
conduction of SnS. 


Photoconductivity was measured in high vacuum 
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Band gap between the conduction band and the 
filled band is 1.6ev from optical absorption, 1.7 ev 
from maximum value of photoconductivity and is 
in good agreement. 

From the temperature dependency of conductivity 
activation energy is 0.54ev at high temperatures 
and 0.26ev at lower temperatures. 

The true activation energy given from the con- 
ductivity at high temperatures subtracted the one 
at lower temperaturns is 1.1 ev. 

It will correspond to thermal activation energy 
and is somewhat lower than optical value. 

In this case activation energy at lower tempera- 
ture, 0.26 ev will correspond to some impurity level. 

Band gaps of GeS, SnS, PbS are about 1.8 ev, 
1.6ev and 0.4ev respectively and its order of 
magnitude is reasonable. 

The author wishes to express his sincere thanks 
to Mr. Sakio Suzuki for the helpful assistance to 
do this experiment. 


with Nesa coating as electrodes. Reference 
Electrical conductivity was measured on a bulk 1) T. Yabumoto: J. Physical Soc. Japan, 13 
crystal. (1958) 559. 
These results are shown in Fig. 1, 2, 3, respec- 
tively. 
Errata 
The Q-value for the N'“(n, a)B" Reaction 
By Tadayoshi DOKE, Shoji SUZUKI and Iwao OGAWA 
J. Phys. Soc. Japan 13 (1958) 656 
Page Column Line Wrong Corrected 
657 left 5 Ci Bu 
12 deutrons deuterons 
17 Einj=2.40 MeV Hin=2.48 Mev 
21 from the bottom 20° 30° 
right Caption for Fig. 1. reactionsinduced reactions induced 
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Dipolar Broadening of the Quadrupole Resonance Line 
in Crystals NaClO,, NaBrO, 


By Kenji KANO 
Faculty of Liberal Arts and Education, Kagawa University 
(Received June 4, 1958) 


A few formulae have been derived for the contribution of the dipolar 
broadening to the second moment of the resonance line in pure quadrupole 
resonance experiment for crystals in which the following conditions are 


satisfied: 


(1) All nuclear spins involved, both resonant and nonresonant, have spin 3/2. 

(2) The electric field gradient tensor at all nuclear sites have axial sym- 
metry. For resonant nuclei the gradient of the electric field has the 
same magnitude but the symmetry axes of the electric field gradient 
at several nuclear sites in the unit cell have different directions. 

(3) As for the nonresonant unclei no restriction has been set the magni- 
tude of the electric field gradient and its directions. 

A comparison is made with the line widths for NaClO3 and NaBrO; observed 


by Koi et al. 


§1.. Introduction 


The possible causes of the line broadening 
in the pure quadrupole resonance experiment 
are the spin-lattlice relaxation, magnetic dipole 
interaction and field fluctuation due to the 
crystal strain. Though in a few compounds 
the electron-coupled spin-spin interaction was 
found to contribute to the line broadening, in 
most compounds the above three are important 
hence we are interested in their contributions 
to the observed line width. 

Recently, the pure quadrupole resonance 
line widths in crystals containing bromine and 
cholrine isotops have been investigated by T. 
Wang”, Y. Kéi® and T. Fuke”® and T. 
Hasi® and his co-workers”. 

Further Y. K¢i?’*® has shown that the main 
cause of the line width in NaClO; or NaClO; 
is the magnetic dipole interaction in view of 
the ratio of the line width of bromine isotopes 
Br7? and Br®! or chlorine isotopes of Cl** and 
Cl3’7. Therefore it is interesting to confirm 
his argument theoretically. 

A. Abragam and K. Kambe® have given 
the expressions for the second moment of the 
resonance line in the case of pure quadrupole 
resonance assuming that the resonant nuclei 
are identical and experiencing axial electric 
field gradients of common directions and 
magnitudes; however, the case in which the 
gradient of the electric field at the sites of 
resonant nuclei has the same magnitude 


but different directions has not yet been con- 
sidered. The purpose of the present articls 
is to give theoretical expressions for the second 
moment of the resonance line investigated by 
K6i et al. We here treat the broblem follow- 
ing the method of Van Vleck”, and A. Abragm 
and K. Kambe with necessary modification. 
The calculation in our case is more involved 
than that of A. Abragam and Kambe but we 
get rather simple results. 

The effects of the relative directions of the 
electric field gradient at the nuclei will be 
shown graphically. In the next section, let 
us consider the interaction between resonant 
nuclei, and in the last section, the theoretical 
values of the second moment of the resonance 
lines for NaClO; and NaBrO; are estimated, 
and they are found to be in fairly good agree- 
ment with the experimental data? *®). 

§2. Interaction between Resonant Nuclei 

In this section we consider the case in which 
the gradient of the electric field at resonant 
nuclei are the same in magnitude but dif- 
ferent in direction. 

For the cases in which the symmetry axis 
of the electric field at different nuclei have 
three or more different directions, it is easy 
for us to generalize the following results of 
two directions. Thus we assume that the 
directions of the symmetry axes of the electric 
field gradients at nuclear sites are either along 
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the z-axis or along 2’-axis. 

We should designate the nuclear spin opera- 
tors as I, (j=1, 2, 3,.v2v,.N)pwhere Wj is tthe 
nuclear spin operator of the j-th nucleus for 
which the axis of the symmetry is taken as 
the x-axis, and J,’ is the nuclear spin operator 
of the k-th nucleus for which the axis of the 
symmetry is taken as the 2’-axis. 

Fig. 1 shows the z and 2’-axis and the 
vector Pjx. 


Fig. 1. 


The total Hamiltonian & for the spin 
system can be written as M=HAt+ HY 
where &), is the unperturbed Hamiltonian 
and &’ is the Hamiltonian representing the 
magnetic interactions. Here #4) and 4%’ 
can be written as 


FE =F +4 

G1 =—0D, 1, 

FE, = —O3x I'2, 

= 205) (2-1 th lstr lS 

SF! HAV A+ALt+ A 

FE? y= Daj Wie= Lo? Digue| Vx |-*- 

{J5- Le) —3r53 + 5: rye) Te’ rin) }, (1) 
where a, 8, y are the direction cosines of the 
z-axis with respect to x, y, z-axis, J/,, J}, and 
Ij, are x, y and z components of J’; respec- 
tively, and 0 is a parameter proportional to the 
strength of the quadrupole interaction, making 
the resonance frequency »»=20/h for the spin 
3/2. S&@ 7 is the Hamiltonian of dipolar inter- 
action among the spins J;, %./ is the Hamil- 
tonian among the spins ik’, ‘|, is the Hamil- 
tonian between the spins J; and J’. 

The matrix representation of 471+-H 2 is 
diagonal when the axes of quantization for J; 
and J’ are chosen along the directions of z 
and z axes respectively. This means that 
the axis of quantization varies as going from 
I; to i’. Thus the calculation of the matrix 
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elements of 4’ becames more cumbersome 
than in the case of A. Abragam and K. || 


Kambe”. 


We performed the calculation by introducing || 
the appropriate transformation matrix S which || 
transforms the axis of quantization from z | 
First we express the matrix elements i) 
of all the Hamiltonian taking the axis of | 
quantization as z axis for J; as well as hk’, | 
then we transform the quantization for i’ by |} 


Onze 


means of S. Thus the matrices of “#; and 
Sf, are diagonalize and the 


relevant nucleus is J; or ik’.. 

In order to discard the matrix elements 
which contribute only to the satellite lines, 
we have to truncate the interaction Hamil- 
tonian ##*’ suitably. 
Hamiltonian Y becames 

Se =e ot 
where # is the part of &’ which com- 
mute with 4H». 

The interaction between the oscillating field 
and spin system can be expressed of the spin 
operators, and it should also be truncated ap- 
propriately. 

We denote this truncated interaction operator 
as R. Then we can express the second mo- 
ment as 


h dv) = —sp{ H'R-REHP’ }"|spR?. 
The second moments can be divided into 
three parts as 
h?<Av?)=h* Av?>+h* Av.) +h<dv2», 
where <4y.">, <4v.> and <4»v?,> arise from 
Oe, Gee BRU se we respectively. Since 
<4") and <4.) have already been given by 
A.Abragam and K. Kambe”, we will have 
only to evaluate <4y?,5. When the sample is 
an assemblage of small perfect crystal grains 
which are destributed at random we can cal- 
culate the spatial average, so-called the powder 
mean, for the second moment. Now we 
denote the spatial average by (4»?,). Then 
after some lengthy matrix manipulations, we 
finally obtain 
h?{Av3,) = Lot Disl7su|-8+ Ux 


Ujxe=6 — (cost E jx +cos? 7 jx} 


+75-{c0s €—3cos Ejx-cos yj}. (2) 
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interaction | 
Hamiltonian is expressed in the quantization | 


Thus the truncated 
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Fig. 1 shows &, and yx and €. Fig. 2 and 
Fig. 3 and Fig. 4 show graphically the effect 
of the directions of electric field gradient in 
Eq. (2) for several special nuclear sites. 


§3. Interaction between Resonant and Non- 


resonant Nuclei 


In this section we shall consider the case 
where the resonant nuclei interact only with 
the non-resonant nuclei and both nuclei have 
spin 3/2 and the non-resonant nuclei have 
quadrupole splitting. The interaction Hamil- 
tonian 4 ,; is written below with index j for 
resonant k’ for nonresonant spins, 

FO 3 = Daj Woe = oo? 9? Dvn | yer|-3- {5° 

—3| rine|-? + 5+ rer) Ty, Pyer)}. 

Following the same procedures described in 

the foregoing section we get 


h?{ Av?) = po? 0? Dake 
we) COS? 7 5x" 
Rack cadet th 


jx’ (a e= ge 


a 
Up = 


(3) 
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where 7 x» have the same meaning as in the 
previous section. All other things being equal, 
the non-resonant nuclei having quadrupole 
splitting are less effective in broadening than 
that having no quadrupole splitting and we get 


U‘,, (with quadrupole splitting) 


0.3<— =0.5:. 


§4. Line Width of Chlorine in NaClO; and 
Bromine in NaBrO; 


Y. K6i?:*5 has resently shown that the 
main cause of the line width in NaClO; and 
NaBrO; is the magnetic dipole interaction in 
view of the ratio of the widths of lines cor- 
responding to chlorine and bromine isotopes. 
Therefore, it is interesting to make sure of 
these results by our theory. The crystals 
of NaClO; and NaBrO; have cubic structure 
with the lattice constants 6.689 A. and 6.555 A. 
respectively, and unit cell contains four 
molecules. Their structures are given in 
Pigs: 

L. Pauling has shown that 


the bonds between Na ion and 
BrO3 ion or ClO3 ion in NaBrO; 
or NaClO; are on the whole 
ionic. The BrO3 ion or ClO; ion 
are the flat trigonal pyramid hav- 
ing the there oxygen atoms as 
its base. The binding between 
O-Br or O-Cl are largely the 
covalent structures. From the 
symmetry of the flat triagonal 
pyramid of oxygens, the sym- 


Fig. 2. The case of €;,=0 and 7jr=¢. 


Ujk 


metrical axes of the gradient of 
the electric field at the nuclear 
spins of Br or Cl are the line 
passing through the Na and Br 
or Cl nuclei. Fig. 5 shows this 
axis of symmetry. 


As for the Na-Br distances in 
NaBrO;, the ionic radius of Na 
ions is 0.95 A, and that of Br ion 
is 1.95 A., the sum of them is 
2.90 A. and this is shorter than 
the nearest distance of Na-Br, 
3.42 A.. This means that the 
binding between Na-Br is partly 


Fig. 3. The case of §,=nx/2 and 7j,=1/2. 


covalent and the nuclear spin 
levels of Na has quadrupole 
splittings, and the symmetry 
axis of the field gradient at Na 


X = COSZ 
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nucleus is the same as that of 
Br and this is also true for 
NaClO; having the almost same 
crystal structure as NaBrO;. 

The experimental measure- 
ments on the full width of the 
nuclear quadrupole resonances 
of chlorine and bromine isotopes 
in these solids have been made 
to an accuracy of about 0.01 
KC. The observed and calcu- 
lated second moments are given 
in Table I. 

The agreement between our 
theory and experiment in Table 
I seems to be on the whole 
satisfactory as considering the accuracy of the 
experimental measurements, especially the 
agreement is good for NaClO3. 


Table I. Calculated and observed frequency devia- 
tions in NaClO3 and NaBrO3 
isotopes <dy2> (obs.) (Ay?) (calc.) 
Cl35_ (NaClOs;) 0.210 (KC)2* 0.204 (KC)? 
Cl37 (NaB103) 0.149 (KC)* 0.142 (KC)? 
Br” (NaBrOs) 2.68 (KC)** | 0.98 (KC)? 
Br®! (NaBrOs) 3202 (K@)4*4)0 2.33 CKC)2 


*: Fuke and Kéi® 

**: YY. K6i@ (The observed <4v2> is calculated 
by the observed full width and Gaussian as- 
sumption of the line shape.) 


The author wishes to express his sincere 
thanks to professor K. Kambe for his valuable 
advice and kind reading of the manuscript. 
He also wishes to thank professor Y. K6i for 
valuable suggestiones and communicating the 
result of his experiment before publication. 
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The Thermoelectric, Galvanomagnetic and Thermomagnetic 


Effects of Monovalent Metals. 


Ill. The Galvanomagnetic 


and Thermomagnetic Effects for Anisotropic Media. 


By Mikio TsuJI 
General Education Department, Kyushu University, Fukuoka 
(Received June 6, 1958) 


A variational principle for the electron transport in a magnetic field is 
described, and the principle is applied to the calculation of the transverse 
effects of cubic metals in the transverse magnetic field by using an ap- 
proximate trial function. Our method gives exact solution for the spherical 


energy hand model. 


For the anisotropic energy band, our method gives 


an approximate solution which coincides with the exact solution if the 


energy dependent relaxation time exists. 


Relations between the trans- 


verse galvanomagnetic and thermomagnetic coefficients, which hold for 
arbitrary scattering mechanism, are derived. 


$1. Introduction 


In the part IY, we have investigated, based 
on the spherical band model, the thermoelec- 
tric effects and transverse galvanomagnetic 
and thermomagnetic effects in the transverse 
magnetic field for the case of high tempera- 
tures where the time of relaxation exists. At 
low temperatures, however, the time of re- 
laxation does not exist, and the spherical band 
model is no longer a good approximation. 
Therefore in the part II”, we have investi- 
gated the thermoelectric power of monovalent 
metals at low temperatures based on the aniso- 
tropic energy band model. In this part, we 
shall calculate the galvanomagnetic and ther- 
momagnetic effects for cubic metals by using 
a variational method. 

Kohler® has investigated the Hall effect and 
magnetoresistance of metals based on the two 
band model by using a variational principle. 
His method, however, is not easy to genera- 
lize for the anisotropic band. Ziman” has 
proposed a different form of the variational 
principle*. His variational function is not pro- 
portional to the entropy production due to the 
scatterings of the electrons, and so he sug- 
gested a modification of the formula for the 
entropy production in the magnetic field. In 
§ 2 we give a variational method in which the 
variational function is proportional to the en- 


* (Added in proof) F. Moliner and S. Simons 
(Proc. Camb. Phil. Soc. 53 (1957), 848) have extend- 
ed the variational principle of the form of Ziman 
to the case including the boundary scatterings. 


tropy production and, in the connection to the 
thermodynamical principle, no trouble occurs 
in the formula of the entropy production. 
However, the concequence of our variational 
principle is equivalent to those of Kohler and 
Ziman. 

Using this variational principle, we solve 
Boltzmann’s equation for a cubic metal in the 
presence of a magnetic field in §3. In§4we 
show certain relations between the coefficients 
(Eqs. (47), (48) and (49)), which hold irrespec- 
tive of the scattering mechanism. Eq. (47) is 
a well known relation which has been derived 
by Callen® from Onsager’s reciprocal rela- 
tions. Eq. (48) has been derived by Meixner® 
by assuming the existence of the relaxation 
time, and by Sondheimer” by using the free 
electron model. However, it is a new result 
of our calculations that (48) holds for any 
cubic metal irrespective of the scattering me- 
chanism. Eq. (49) is also a new result which 
is a generalization of Eq. (86) in I. In §5, 
we discuss certain special cases, and it is 
shown that our method of variational principle 
gives the exact solution, if it is applied to an 
anisotropic metal in which the energy depend- 
ent relaxation time exists. The formulae for 
the spherical energy band model and those for 
the pure cubic metals at low temperatures 
are given also. 


§ 2. 


Variational Principle in the Presence 
of a Magnetic Field 

In this section we consider formally a most 
general case. We put the distribution func- 
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tion of the electron 
0 
fifo O02 , (1) 
where f/f is the Fermi distribution. If there 


are an electric field F, a magnetic field H and 
a temperature gradient pT in a metal, Boltz- 
mann’s equation is written schematically in 
the form 


L(Ox)= Xzk— M(H) Ox , (2) 
where 
Ofk 
L(®.) =—( — 3 
( a ( ot ( ) 
Eaate tial Sip fo 
Xk 7 oF - T gradr , gradk BA ‘ 
(4) 
and 
MuH)=—2 fae oradéln Meteo vio 


If there is no magnetic field, the solution of 
(2) is obtained® by maximizing an integral 


(Ox, Ox) =|\oLonae , (6) 
subject to a subsidially condition 
(Ox, Ox)= [oXidh ; Ce) 


In the presence of a magnetic field, it is shown 
easily that 


|oumcn \Ordk=0 , (8) 
and so, as has been stated by Ziman, a sim- 
ple generalization of (6) and (7) leads to a 
contradictory solution which is just the solu- 
tion of the equation without magnetic field. 
A variational principle which gives the true 
solution of (2) can be formulated as follows: 

Let Ox be the solution of (2) and Vx an arbi- 
trary function which satisfies a_ subsidially 
condition 

(Fr, 1) = \WaXidk — \WaM yd ; (9) 
Then the function Ox which maximizes the ex- 
pression (6) is the solution of (2). 
(Proof) 

Using Lagrange’s undetermined multiplier 
A, we maximize 


(14 ar, v1) —a\UaXidh +a) reMn Oak . 
(10) 
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Eq. (10) must be stationary for any variation 
OV k. 
rator L and the symmetry relation 


(OV x, Vr)=Ux, OF) , 
we have 


(24+2a)L(Vr)—AXk+AM(A)Ox=0 , 


fore (12) becomes 
L@«)—Xt+ M(A)Ox=0 (13) 


which shows that Yz is the solution of (2). 
This method can be used for any equation 
of type of Eq. (2) in which the operator M 
does not have the symmetry charactor, and 
we have used this method in the calculation 
of the phonon drift problem”. 

If we use the symmetry charactor of L and 
the fact that (Wx, Vx) is positive definite and 
that (9) can be rewritten as 


(Cx, Vr)=(Vr, Ox) , (14) 


the proof is also straightforward. 

Now (“x, ¥x) is proportional to the entropy 
production due to the collisions, and so our 
variational principle corresponds to the thermo- 
dynamical principle of an irreversible process. 
There is no trouble such as discussed by 
Ziman”. The electric and magnetic field do 
not contribute to the entropy production di- 
rectly. The entropy produced is transfered to 
the temperature bath in, the steady state. 

The actual procedure of the application of 
the variational principle is given in the follow- 
ing section. 


§3. Application to an Anisotropic Metal 


We consider a cubic metal in which a mag- 
netic field WH is along z axis and an electric 
field F and a temperature gradient pT are in 
the x—y plane, and we put as an approxima- 
tion, 

O1= cal)! + ort) 2 (15) 
where y=(E—€)/kT. Eq. (15) is an exact ex- 
pression for an isotropic metal and may be a 
fairly good approximation for a cubic metal. 
The change of the distribution function for 
the electrons due to the scatterings by the 
lattice waves or the lattice defects may be 
written in the form 


From the linearity of the collision ope- | 


(yy 


(12) | 
and from (9) and (12) we find 4=—2. There- 
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( z ie L(@)= —= tae oaadG co) 4 OE ne 1 oe (16) 
Then the Boltzmann equation (2) becomes 


JE @ ¢ E 0T\0E 


hi OE OE 8) (OBOE OE Ob) 
Oh: Oky Ok. Oky Oke . (aa Oke Ok: Oky aR) . 


(17) 
We put a trial function for (15) as 
pg 1:0 Ee OE 
¥r=bz(y) Ti by(7) Oh,’ (18) 


and then we have (by omitting a constant factor) 


_(( @E/0k.)? Of, (( @E/Oky)? Of, 
(Yr, ota de E| bz_SF (bz) On dSdy Ape a dk E| by SF (by) On dSdy , (19) 


where the integration with respect to dS is carried out over a constant energy surface. We 
expand cz and Cy as 


Cz=CzyotCziNtCz, 4 +°°-, (20) 
Cy=Cy,0+Cy,19 +Cy,29" +:°-, 
and bz and by as 
= 2 orcs 
bz=bz,o+b2,19+bz,29 at ’ (21) 
by = by,o+by,19 +by,29? +: °° 
Then the variational function (19) and the subsidially condition (9) become 
(Vr, VuV= dd, (bxyrb2,s+ by, rby,s)drs (22) 
and 
C= pypy D (b2,rbz2,s +by,rby,8)drs— 2 = (Dz, 1Cy,8 r+s— Oy, 1Cz,sT res) 
1 OT 
Ce ON OY ee, Ee a UA, 
_s[f(er +T2 oe Y + T Ox Ay lo ‘ 
Lot 
+{(em4 7s a ee Jove |=0 (23) 
where 
eae . » fo 2 24 
das =f |grade Ely” (7°) a7 dSdy=dsr , (24) 
— ae Tae Ok.Oky Oke Oy) |gradx E| Oy” ’ ‘-) 
az \ E- r fo asdy . (26) 
3 On 
Integrating the right side of (25) with respect to 7, we have 
eH 
PA ieee hic ts > 
a weer asda hs dfs 27) 
ion tema... di” \ 
2 
(ipa Bel Pate ; 
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where 


fb)=\{( bee Dig Ble Baste (28) | 


Oke) Oy? Okz OhkyORxORy) \gradx E| 


By using the cubic symmetricity, (28) can be rewritten as 


fom 5 |(G)ierade Pas ' 


where (1/p) is the mean curvature of the constant energy surface at the point & and the sign 
of the radius of curvature p is taken to be positive when the center of curvature is inside | 
(lower energy side) of the surface. The values of a, have been given in the appendix of | 


II in terms of an integral f; and its derivative, where 


f(b)= \lerade E\ds . (29) | 


By putting the partial derivatives of (Wx, Y%)+AC with respect to bz, and by,, to be zero, we © 


have 2=—2. Then, by putting b2,,=cz,, and by,r=Cy,r, we obtain a set of equations 


» Cz,sArs— >) Cy sf r+s — (cF+ T— u £ Jao? — dee eg ? 
8 5 Ox Te 0% (30) 


0 (6) ; 
> Cu,srst > CxysT res —( ert rs x )a, == = y= - 


from which we can determine the expansion coefficients of (20). Actually, for our purpose 
to obtain the leading terms of the relevant quantities, it suffices to take the first two terms 
of (20). Then the solutions of (30) can be written in the forms 


coo=(eFet TH i Soot +5 : ore 6 +4( eit i a CoP + = 5et @) , 
con=(eFe+ To a a E ar, (2) +(e po £ eo pal OT 5 @ ; 
dy T T Oy 31) 
Cy,0= —(¢Fe+ sees On oT 52) + OF eR rela te PT ge 
Ox T aD Ox SOR AR, eat Ose 
a) Ge il bi ie Lac, 1 0k. 
aes all Gas IP SS (1) ee C2 St SEW Cet LS ees ) 
Cyy1 (c = Ox ae T Ox +(eFrt Oy =e 46 T dy CY 5 
where 
ay do =a Fe ail 
1 (n) dus i Ts 
Con 32 
|D| 0 T1 doo do. 
0 T2 dio dy 
0 don a fi aaa fol 
(n) — x 0 diy ae fi! ay (33) 
| D| a” Ta doo dou 
Mote v3 dio di 
(n) doo aii —T1 
il (m) dio —n re 
Nac 34 
; |D| 0 To doo don See 


1858) 


where 
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0 doo Siro = That 
oe 1 & 0 dio bane! meal ie: (35) 
|D| — ay” To doo dor 
—a,™ Ti dio du 
doo du Ta h0 rial 
dio dit S(t aay: 
|D|= ; (36) 
To T1 doo do 
T1 T2 dio du 


From (31), we can calculate the electrical and thermal currents, and the results are 


Jo= Kine( e+ Took )+ ee ear — Kise eFi+ T - Aa Ku io 
Jo= Kise( eF s+ To Bale Ku Get Kne( e+ ae ae Ku 7 
ae —Ka(ePe+ To $)— Ks 5 oe iy (ePi+ T = a oe, ; o e 
wy= —Ku( oF + T Me = Kus oe ay ea (ePi+ ia 5 )—Ka = = 
where 
Kur= zag (CoP ato + Ca) , 
Kin= ag (Pa +0, a4) 
Ku= yy (Pay + % May, , 
Ku= 75 (Eq) PayjO+F, Pa, , a 
Kana pg (Pas +6,.P ay) 
ies oa (CoP ay 4 cay) , 
a Sy (Pay @+F,Va,) , 
Koes’ a (Gay M+7, Pa) , 
It is easily verified that the reciprocal relations 
ames ° 


hold. For the calculation of the coefficients of the transverse galvanomagnetic and thermo- 
magnetic effects, we merely need to calculate Km,»’s up to the terms of the order of («7/€)? 
and the linear terms of H. The calculations are straightforward (see §5 of I.), and we 


have; 


(1) Hall constant: 
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pee S (40) | 
é€cC fiz i} 
(2) Ettingshausen coefficient: 
_ 4° T Gs _ dh ) _Sidey 5 Oy 41 
Asm rag. (4 st fs \din Ad + SE faleah (41) 
(3) Isothermal Ettingshausen-Nernst coefficient: 
| 
i mie {( dfs dh ) Sse; , mah 4 42) | 
Bauy= Och fidh fi dE dE du KT or + 3 dE Fsdoo' , (42) 
(4) Righi-Leduc coefficient: 
2 
peer ele 
RL shotn. o (43) 
(5) Electrical conductivity: 
Se Es | 
Ar hidyy = ) 
(6) Thermal conductivity: 
Ke? Tf? 
OA aay a fat So 
(7) Absolute thermoelectric power: 
ee NLS ay 1 m1 df; 
Sai ts | 
Seda Uhre dy eT doy + 3 f, dE doo} . (46) 


§4. General Relations between the Coeffi- 
cients 


From the results obtained in §3, we have 
the general relations between the coefficients 
which hold irrespective of the scattering me- 
chanism and the shape of the energy surface 


(but which must be cubic). They are 
Bhy_ Aa 
“ep ee - 
RBuy (__Rer \= Gs ) 48 
“AnBrr ( TRL ae) (48) 


Callen» has shown that Eq. (47) isa general 
consequence of Onsager’s reciprocal relation. 
From our calculations, it has become clear 
that (48) is also a most general relation which 
holds not only for monovalent metals but also 
for all cubic metals irrespective of the scat- 
tering mechanism. It has shown by Meixner” 
that the relation (48) can be derived if we 
assume the existence of the relaxation time. 
Sondheimer” has also shown that (48) holds 
for the free electron model at all tempera- 
tures. 


Further we have a relation which holds ir- 
respective of the scattering mechanism, 


il Be. lida “2. dh 
— A S )= = ‘ 
7 (nx a Tag ) fides, de (49) 
where 
Lz = —— (50) 


Rec’ 


and we shall call wz the Hall number of elec- - 


trons. For a given metal, the right side of 
(49) isa constant. Therefore, if S/T increases 
by a change of the scattering mechanism (for 
instance, change of temperature or doping of 
small concentration of impurity atoms) in a 
metal having a negative Hall constants, A»/T 
must decrease. This is a generalization of 
Eqs. (86) and (92) in I. 


§ 5. Special Cases 


For the scatterings by lattice waves at high 
temperatures or by impurity atoms, the time 
of relaxation t exists and may be approxi- 
mated to depend only on the energy of the 
electronic state, Then, the solution of the 
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Boltzmann equation (2) is easily obtained by 
iteration®»! and the coefficients of the effects 
can be calculated exactly up to the terms of 
desired order of H. On the other hand, we 
can derive the results up to the linear terms 
of H from the general formulae obtained in 
§ 4 by putting 


h 
LA (c= — ela) . (51) 
The results obtained by the variational method 
for this case is identical with the exact solu- 
tions up to the linear terms. This gives a 
varification of the validity of our variational 


procedure. The results are as follows, 
ete Lal Ln @e ok Gecaph a) 
Cc Fi? Tal fs dE hi dE ‘ 
(52) 
Bi . Usied ie var dt PP dfs 1 oe 
iY eiSelt fi beides fs BB OFOdUE Se 
(53) 
Rer= —= * (54) 
o= agli (55) 
aT: 
Reig tto (56) 
wel (il dc Tay. 
a ay 
$ 3¢ ic pat Bap oo 


In this case, besides Eqs. (47), (48) and (49), 


Thermoelectric, Galvanomagnetic and Thermomagnetic Effects IIIT 
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a relatian 

Ro=Brr (58) 
holds, which is a consequence of Eq. (48) and 
the Wiedemann-Franz law. Meixner® has 
shown that (58) holds for any metal (not ne- 
cessarily cubic) when the relaxation time ex- 
ists. 

Now we consider an another special case. 
If we use the values of d,s given in the ap- 
pendix of II, the coefficients of pure metals 
at low temperatures can be derived easily. 
We write here only the expression of Aw at 
low temperatures (T <9), 


Asm rar iP df, Galeosi \fafo-fifsl 


ch2fsl\ fs dE fi dE 
(59) 
where 
_ 1 (| @E/On 
f= 3 jer EPO : - 


Other coefficients are obtained easily from (47) 
and (48). 
For the spherical band model, (49) reduces 


to 
pl neat ss |= -" : 


707K 


(61) 


In I, we have derived (61) for the case of 
high temperatures, but in this paper it has 
become clear that this equation remains valid 
at all temperatures. If we put Eq. (35) of I 
into (61), we have 


As= 
nC 


where the symbols are identical with those 
used in I. For the free electron model, (62) 
reduces to the interpolation formula obtained 
by Sondheimer”. It is seen from (62) that 
the Ettingshausen coefficients for pure metals 
which have spherical energy band are always 
negative at low temperatures. In the case of 
the thermoelectric power, the simple repre- 
sentations of the parameters a and 8 of the 
spherical band approximation given by (47) 
and (50) in II have hold. For the galvano- 
magnetic and thermomagnetic effects, how- 
ever, there are no simple correspondence such 
as those in the case of the thermoelectric 
power. 

If the band structure of a metal were known 


, (62) 


2 


7? qo? 


2 2 
ort pofl + zi ho ) 


i 


completely, the right side of (59) would be 
calculated thoroughly, but at present we have 
no such a complete knowledge about the band 
structure. 


§6. Conclusion 


Using an approximate distribution function 
given by (15), we have solved the Boltzmann 
equation for an cubic metal in the magnetic 
field by variational method described in § 2. 
The method gives in principle the exact solu- 
tion for metals which have the spherical ene- 
rgy band. For cubic metals which have the 
energy dependent relaxation time, the method 
also gives exact solution up to the linear terms 
of the magnetic field. The reason that the 
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approximate function gives the exact solution 
in this case is possibly that the coefficients of 
the effects linear in the magnetic field are the 
scalar quantities and insensitive comparatively 
to the anisotropy of the band structure. 
Therefore the solutions obtained in §3 for 
the general case may be valid at least semi- 
quantitatively. This is also a profitable point 
of the variational method. (See §2 in II.) 
However, for the effects of the second order 
in the magnetic field such as the magneto- 
resistance, our approximation (15) fails. Re- 
ally if we calculate Kmn’s up to the second 
order of H, we easily see that the magneto- 
reristance disappears. These effects are highly 
sensitive to the anisotropy of the band struc- 
ture, and so to investigate these effects in the 
case where the relaxation time does not exist, 
we must use more complicated function Ox 
instead of (15). 
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Paramagnetic Resonance in Copper Propionate Monohydrate 


By Hidetaro ABE 
The Institute for Solid State Physics, University of Tokyo 
(Received June 7, 1958) 


Paramagnetic resonance absorption was investigated at centimeter wave- 
length region in single crystals of copper propionate monohydrate 
Cu(CH3CH,COO),- H.0. 

The spectrum obtained is not a normal one expected for a 2D state of 
Cu*++ ions in crystals but similar to that observed in copper acetate 
monohydrate Cu(CH;COO),-H,O and more complicated. This spectrum 
can be explained by an effective spin Hamiltonian with an equivalent 
spin value S=1. This may lead us to a conclusion that each of the 
magnetic complexes in this crystal consists of a pair of copper ions 
under a strong interaction and may be created from a bimolecular 
structure, Cu,(CH3CH,COO),-2H,O as in the case of the acetate. The 
unit cell of this crystal contains six spatially inequivalent pairs, of which 
three can be derived from the others by a reflection in its ac-plane. 
Each pair of ions in this crystal is considered to be under a very similar 
environment, except the direction of the pairs. The rhombicity in its 
crystalline field is smaller than that of the acetate. 


Introduction 


§1. 

It was considered to be of interest to ex- 
amine a series of paramagnetic salts by the 
method of paramagnetic resonance absorption 
changing their hydration number or chemical 
composition systematically. 

So we had a plan to study the divalent 
copper salts derived from the series of mono- 
carboxylic acids: copper formate, copper ace- 
tate, copper propionate, copper butylate, and 
so on. The iron group ions have incomplete 
3d-shell which is completed by filling up with 
10 electrons. Divalent copper ion has 9 
electrons in its 3d-shell, so it can be simply 
considered as having one electron hole in its 
3d-shell, giving 7Ds/2 as the free ion state. 
When the copper ion is placed in the crystal- 
line solids, interplay of the spin-orbit coupling 
and the cubic crystalline electric field splits 
the orbital quintet, resulting a lower orbital 
doublet and an orbital triplet lying several 
thousands cm~! higher. 

The crystalline electric field with lower 
symmetry removes the orbital degeneracy 
completely, remaining the orbital singlet as 
the lowest which has the Kramers doublet 
(spin doublet) and can be lifted only by an 
externally applied magnetic field. Then the 
resonance field H is proportional to the measur- 
ing frequency v as 


hvy=g8H (1) 


without any initial splitting, where h is the 
Planck constant, 8 the Bohr magneton, and g 
the spectroscopic splitting factor. By the 
existence of upper orbital levels, the g-value 
is affected to deviate from 2.00, the value for 
the free electron, through the second order 
perturbation. 

In cases of the usual hydrated copper salts, 
gj;, the g-value to be observed when the static 
magnetic field is applied parallel to the axial 
direction of the crystalline field, ranges from 
2.3 to 2.4 according to the sort of salts and 
gi, that to be observed when the magnetic 
field is perpendicular to this axis, ranges from 
2.05 40. 2:10. 

In copper acetate, however, anomalous para- 
magnetism was found in its static susceptibili- 
ty,» paramagnetic resonance absorption,*®»” 
and optical dichroism.» All of the anomalies 
can be explained by an interesting atomic con- 
figuration in its crystal structure which was 
afterwards clarified by its x-ray analysis.” 
Copper acetate monohydrate Cu(CH;COO),: 
H.O has a bimolecular character in its crystal- 
line state which can be throughly expressed 
as .Cu.(CH;COO),-2H,O. As for the para- 
magnetic resonance spectrum observed in the 
single crystals of the copper acetate, there 
appear many lines to be not described by the 
usual resonance condition, Eq. (1), for the 
copper ion, but by an energy scheme with an 
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initial splitting as in the case of Nit* ion. 
Copper propionate monohydrate, studied by 
the method of paramagnetic resonance, also 
showed many lines in its single crystals, which 
can not be described by the ordinary resonance 
condition, equation (1). In powdered sample 
of this crystal prepared by crashing single 
crystals, a very broad absorption line was 
observed. Fig. 1. isa derivative curve observed 


mera T a) 


——— 


Derivative of Absorption 


Magnetic Field in K Oer. 


Fig. 1. Derivative curve of the paramagnetic 
resonance absorption observed at 3.2 cm wave- 
length in a powdered sample of the copper pro- 
pionate monohydrate. 


at A=3.2cm. Since this curve observed in 
the powered copper propionate differs from 
that of usual copper salts and well resembles 
to that of copper acetate, the circumstances 
similar to that of copper acetate may be ex- 
pected in this crystal. In this paper, the 
results of analysis obtained in the copper pro- 
pionate monohydrate through paramagnetic 
resonance will be reported, the preliminary 
part of which has reported elsewhere.” 


§ 2. 


Single crystals of this substance can be 
obtained by slow vaporization from aqueous 
solution of the reagent. 

The sample is very stable both in crystalline 
state and in solution with slightly excess pro- 
pionic acid. The colour of this solution is 
dark emerald green. Seed crystals were at 
first placed at the bottom of a glass vessel 
containing the solution. More perfect crystals 
were prepared by hanging a seed crystal with 
nylon filament in the middle part of a vessel 
filled with saturated solution of about 500 cc. 
Some of these vessels were placed in a rough 
air-thermostat or in a shady room. Single 
crystals thus obtained have a linear dimension 
of about 10mm. 

In order to determine the hydration number 
of these crystals, some of them were crashed 


Samples 
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and kept in a branched glass tube.® Thiij 
vessel was then evacuated, sealed off an 
warmed moderately at one end of the brancl 
in which the sample was contained. Wates 
which condensed at the other end was measure¢ 
showing that this crystal is monohydrate. | 

The colour of this crystal is dark gree | 
Crystallographic data observed by an opticay 
method showed that the well-developed sun 
faces in our crystals are in good agreement 
with those described by Groth. The sym! 
metry is monoclinic with parameters a:b: 
=0.874:1:0.886 and B=94°22’. They do not 
show twinning charactor while in copper acetate 
all the crystals examined were twins. The 


an external form like a prism as shown i 
Fig. 2. It is softer and has a more wax-lik 
touch than the copper acetate. Thus it is 
rather easy to cut and grind large single 
crystals to obtain suitable specimens of disk 
shape. 


ei 


{ 
\ 
' 
| 
! 
! 
| 
| 
' 
1 
1 
| 
| 
\ 
| 
1 
1 
a 


se he Ee See ee 


Fig. 2. Typical crystal form of the copper pro- 
pionate monohydrate. 


§3. Experimental Apparatus 


i) General arrangement of the measuring 
apparatus 

Measurements described in this article were 
performed all at room temperature and mainly 
at wavelength of about 10.35mm, although 
some works were later carried out at the other 
wavelengths to check the results obtained at 
this wavelength. 

The experimental method at each wave- 
length is essentially the same which is usually 
callep the field modulation method with a 
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transimission-type cavity. 

The block diagram of the measuring ap- 
paratus is shown in Fig. 3. Microwave power 
of a constant frequency and at a constant 
level is fed through attenuators to a loosely 
coupled cavity containing the sample crystal 
and tuned at the frequency used. Complete- 
ness of this tuning affects the final results 
and can be easily obtained by the procedure 
described in the part iii) of this section. Power 
coming through the cavity is then detected 
by a crystal detector. 


\ Magnet / 


Cavity 
eal 
Resonater 


Modulater 
' 


—----------- <E--------4 


Crystal 
Detecter 


Klystron 
‘Harm. Gen. ) 


a 


Fig. 3. Block diagram of our spectrometer. 


The cavity is placed between pole-pieces of 
an electromagnet. Modulation field of about 
31 cps. is superimposed to the static magnetic 


field. When the d.c. component of the magnetic - 


field H comes near to that giving a resonance 
condition, a part of the output voltage across 
the crystal detector changes with 31 cps by 
an amount proportional to dA/dH where A 
means the magnetic absorption. This a.f. 
out-put voltage is amplified and read by a 
phase-sensitive detector giving the derivative 
curve of the absorption lines. 


ii) Components of the apparatus 
a) Microwave source 

Microwave powers of 4=16, 10 and 8mm 
were supplied by harmonics multipliers de- 
scribed elsewhere to which the power of 
fundamental frequency (A=3cm) was fed by 
a 2K25-type klystron. 

The electron beam in the klystron is affected 
by the stray field from the electromagnet and 
the associated frequency shift makes the 
measuring cavity slightly detune, bringing 
some error in the absorption intensity. In 
our case, distance of 1.5 m between the klystron 
and the center of electromagnet makes this 
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effect negligiblly small. 

The heater voltage for this klystron is sup- 
plied by a storage battery and voltages for 
cavity and repeller electrodes by an electronic- 
ally stabilized eliminater source which is 
mainly aimed at the reduction of voltage 
changes caused by fluctuation in the a.c. line 
voltage. Since it was constructed for the use 
of preceeding works on copper acetate using 
the d.c. galvanometer method, its stability is 
enough to the present case of the. field- 
modulation method. 


b) Cavity resonater 

The sample cavity is made of non-magnetic 
brass. If it is magnetic from impurities or 
it contains traces of iron, mechanical de- 
formation of the waveguide system caused by 
a torque acting on the cavity from the applied 
magnetic field brings the cavity out of tune. 
This brings a gradual ghost deflection to the 
output meter reading, perhaps because of a 
combined effect of mechanical deformation and 
vibrations of the cavity synchronized with 31 
cps modulation. 

This ghost deflection also comes from some 
other reasons, e.g. leakage of modulation 
voltage or its induction by an improper earth 
connection. 

This ghost may be, in some cases, taken 
away by inserting soft pieces of insulating 
dampper in the gaps between cavity and pole- 
pieces or by rigid setting of the waveguide 
system accompanied by the appropriate ground 
at the whole system. 

The cavities for measurement are of ordinary 
rectangular type.» They have thin side-walls 
(1~2mm) faced at the pole-pieces in order 
for the modulation magnetic field to penetrate 
effectively in it. It is excited either in Hin 
or Hip. mode and connected to two wave- 
guides through circular coupling windows 
placed at side-walls other than mentioned 
above. Adequate coupling is attained by dis- 
placement of the plunger with the sample 
relative to the coupling windows being tuned 
by adjusting the other (tuning) plunger. Both 
plunger pistons have quater wave choke 
sections. The tuning plunger has a moving 
mechanism of micrometer screw unit, by which 
the cavity tuning is roughly performed. Precise 
adjustment is then carried out by changing 
the movable part of its “vernier section”. 
This vernier section is built in the tuning 
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plunger at its central axis and has a shape 
of cylindrical rod whose cross-area is about 
1/10 ~ 1/20 of that of plunger piston.’” 


c) Electromagnet 

The static magnetic field is produced by an 
electromagnet designed by Prof. Kumagai 
which has a weight of about one ton. It has 
pole-pieces of chopped-corn shape inside the 
frames for the exciting coils. It is excited 
by a set of storage batteries which is provided 
only for its use to avoid fluctuations from 
external origins. As the sample cavity has 
different dimensions according to its frequency 
band, gap distance of the electromagnet is 
varied according to the measuring frequency. 
By this procedure, the exciting current to 
observe an absorption at g=2 remains 3~4 
amp, and only about 150 watt is necessary 
for all frequencies used. 


d) Field Modulater 

The frequency of field modulation was settled 
at about 31 cps in order to avoid the inter- 
ference between signals and hum components 
of a.c. line voltage (48~50 cps.) at the phase- 
sensitive detector. Sinusoidal voltage of about 
31 cps is generated by an usual a.f. oscillator 
with an RC feed back linkage. It is fed to 
a tuned a.f. power amplifier through one stage 
of buffer and one stage of driver. Final stage 
is an 807 push-pull amplifier operating at AB,- 
class. Its a.f. power out-put is 120 watts at 
maximum operation with an out-put trans- 
former tuned in its primary circuit at 31 cps 
and matched for the modulation coilds with 
its secondary taps. 

The modulation coils (each 400 turns) are 
wound rigidly on a pair of aluminium spools 
which are placed at the top of pole-pieces. If 
the setting of these coils is not rigid, they 
come to vibrate when the magnet produces a 
high enough static field. The microwave power 
modulated directly by the mechanical vibration 
in microwave circuit makes shift the zero 
point of detector meter. This is one of the 
origins of fluctuation which decrease the final 
effective S/N ratio, though the direct leakage, 
if any, of the modulation voltage to the in- 
put circuit of amplifier prevents severely the 
measurements. 


e) Amplifiers 
The a.f. component appeared accross the 
detecter crystal diode is amplified by a 4-stage 
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amplifier having low-pass characteristics (uppe}] 
limit of the pass-band is about 100cps.) and 
maximum gain of 120db at 3lcps. Its outt) 
put voltage is partly introduced to a monito}| 
C.R.O. and, after amplified by one stage 0} 
ordinary amplifier, to a phase-sensitive detecto}| 
(P.S.D.) of Schuster type™ with a slight modil 
fication. i} 

An electronically tuned high-Q circuit namecq 
as “selectoject” was also prepared, having) 
band width of order one cycle at 31 cps. In 
general, a reduced band-width of amplifier is 
desirable for a higher S/N ratio in the spectrum 
In our present case, however, this ne tna 


band a.f. circuit was not used in the fina 
measurements because of two reasons. (1) It 
is not a poor S/N ratio of the spectromete 

but the finite width of the absorption lines: 
superimposed on each other to prevent the 
analysis of experimental results in our crystal. 
(2) The band width of the whole spectromete : 
can be reduced, providing the cross modulations 
from the noise voltage is negligible, by the 
time constant of the P.S.D., so a simple high- 
cut amplifier is more favorable and a circuit 
which is too sensitive to phase is rather inef- 
fective to reserve the stability of the whole} 
system against a drift of the modulation 
frequency. 


iil) Tuning procedure of the measuring 
cavity | 

In order to determine the correct resonance 
peak of absorption line with a phase-sensitive 
detector, it is required that the measuring 
cavity is just in tune. This is easily attained 
by the following procedures. Very small 
portion of 31 cps voltage from the master a.f. 
oscillator is fed to the repeller electrode taking 
care of giving as minor change as possible in 
the static operating condition for the klystron. 
A small 31 cps component then appears in 
the monitor C.R.O. whose horizontal axis is 
swept by the modulation voltage after a proper 
phase adjustment. The cavity resonator is 
tuned when the 31 cps Lissajous figure becomes 
symmetric arround the vertical axis. The 
following procedure is the reduction of the 
modulation voltage fed to the repeller electrode 
which may be accompanied by a slight vari- 
ation in the static operating condition in the 
klystron bringing a slight change in frequency. 
The cavity is then retuned to the newly settled 
frequency by adjusting its vernier piston of 
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the main plunger of the cavity. The suc- 
cessive retuning procedure can be also attained 
by changing the repeller voltage by means of 
a vernier rheostat in the control circuit of 
the stabilized power supply, which causes a 
shift in the frequency. By these procedures, 
the 31 cps. Lissajous in C.R.O. becomes com- 
parable to the noise voltage. The phase- 
sensitive detector is then used as the monitor 
to decide the cavity tuning. When these pro- 
cedures are finished, the part of the circuit 
branch provided for this 31 cps. source modu- 
lation, which is shown by a dotted line in 
the block diagram, is removed at the begin- 
ing of each run, in order to avoid undesired 
source modulation by stray 31 cps. voltage. 
If the frequency change is considered to be 
appreciable after these adjustments, a check 
in the frequency is required which can be 
replaced by measuring the resonance field of 
the marker radical (DPPH). 

This method of tuning the cavity is more 
sensitive and easy than the usual method 
using a dc rectified current of detector as an 
indicater. 


§4. Experimental Procedures and Result 

i) Preliminary Discussion of Spectra with 

Copper Acetate as an Example 

One of the single crystals is ground to obtain 
its ac-plane from its external form and at- 
tached to the rotatable mount by this ground 
“ac-plane” with polystylene cement. By ro- 
tation of the mount, the direction of static 
magnetic field H may rotate in the “ ac-plane” 
of this crystal. 

In the first place, let us mention the result 
of copper acetate as a simpler example. When 
the static magnetic field H is applied in the 
ac-plane of copper acetate, two absorption 
peaks are observed at higher values of magnetic 
field H. Although one more absorption line 
appears at lower magnetic field which has an 
apparent g-value of about 4 at shorter wave- 
lengths, it is omitted for the time being from 
our discussions. When the magnetic field H 
is rotated in the ac-plane, the former two 
peaks give a pair of lines shown as two thick 
lines in Fig. 4. which we will call line (a) 
and (b). They are expressed as functions of 
angle gv, here ¢ being the angle between the 
c-axis and the direction of H. This pair of 
lines gives a extremum at angle y=, where 
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is measured from the c-axis towards the 
a-axis. 

Then a plane is ground out which intersects 
perpendicularly the ac-plane making an angle 
with the dc-plane. This plane is here called 
as “perpendicular plane”. Then the static 
field is rotated in this perpendicular plane, 
the direction of which is expressed by an 
angle € measured from the ac-plane as in 
Fig. 5. Each line observed in the ac-plane 


Fig. 4. Schematic expression of peak positions of 
resonance absorption as a function of direction 
of static magnetic field in a simplest case of one 
pair per unit cell, e.g., copper acetate. 


Bigs: 


Definition of the angles. 


splits into two lines as shown in Fig. 4. Two 
of these four lines give their extreme values 
at the direction of static field, €=+a. 
These behaviours of the spectrum are well 
explained by an effective spin-Hamiltonian*® 


SG =|g\BSH+ DS2+E(S2—Sy*) (2) 
under the condition of S=1. Here x, y and 
z denote the axes of the crystalline field for 
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one unit, where z-axis is that of the predomi- 
nant tetragonal field. Copper acetate contains 
two inequivalent units. The directions of the 
z-axes for these units are expressed by g=¥%, 
and €=-ta. The y-axis is so chosen that it 
is within the ac-plane at g=~+90°. 

Assuming the first term in Eq. (2), the 
Zeeman energy, is sufficiently predominant 
compared with the other terms, perturbation 
treatment gives the following resonance fields 
in the perpendicular plane which contains the 
z and x axes. 


hy =Aw +10) 
=g8 H+ D/2-(3p? cos? 6—1) 
+3E/2-(q? sin? 0)+4w”’ 


hy=Aw--1) 2) 
= g8 H— D/2-(3p? cos? 6-1) 
—3h/2-(¢ sin? 0)+4w’’ 
where 
p=si/lg | (4) 
q=8.1/g 


Here 9 means an angle between the static 
field H and the z-axis and 4w’’ means a term 
from the second order perturbation which 
may be neglected in our present case, be- 
cause it is estimated to be 180 oer. at its 
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maximum value which occurs at 045°. 


ii) Results in Copper Propionate 
a) Observation in the ac-plane 
A single crystal of copper propionate is 
ground to have its ac-plane as in the former 
case and put under observation. An example. 
of the meter reading of phase sensitive de- 
tector is shown in Fig. 6, when A is in the 


=e 


Readings in Phase -meter. 


6 8 10 12 
Magnetic Field H (in K Oer.) 
Fig. 6. Results in the perpendicular plane at 
g=106°. The arrows indicate the positions of 
resonance peaks at §=0°. 


ac-plane and g=106°. The wave-length of 
the measuring microwave is about 10.35 mm. 
The arrows in the downward part indicate 
positions of absorption peaks at £=0° showing | 
that there are six peaks. One more broad 
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Fig. 7. Peak positions of resonance absorption in the ac-plane of copper propionate as a function 
of the angle of rotation about the b-axis. The angle y means direction of the static magnetic 
field measured from the c-axis towards the a-axis. The solid curves are calculated by equation 
(2) with the parameters listed in Table I, the circles the experimental points. 
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Fig. 8. Positions of resonance peaks in the perpendicular plane (Y=105.5°) of the copper propionate 


monohydrate. 
the parameters listed in Table I. 


absorption peak, however, appears at lower 
most magnetic field, as in the case of copper 
acetate, which has an apparent g-value of 
about 4 and does not depend approximately 
on the direction of H. It may be omitted 
from our present discussion. 

These six peaks form three pairs of curves 
when H is rotated in the ac-plane. One of 
results is shown in Fig. 7 where plots re- 
present the magnetic fields of measured peaks. 
We shall label three pairs as pair (1), (2) and 
(3) as shown in the figure. We shall call the 
angle v, at which one of the three pairs of 
curves shows the extreme resonant field, the 
angle #-¢ were observed to be 105.5°, 158.5° 
and 176° respectively which are indicated by 
thick arrows in Fig. 7. 

b) Observation in the “Perpendicular Planes” 

Single crystals are ground to give one of 
“Perpendicular planes” which are defined in 
the case of copper acetate: Planes intersect 
perpendicularly with the ac-plane at angles ¢. 
At first, H is rotated in one of the perpen- 
dicular planes, e.g., in that of pair (1); g= 


Circles indicate the observed values and solid curves the calculated ones using 


105.5°. Each curve belonging to this pair (1) 
in the ac-plane splits into two lines as shown 
in Fig. 8 where plots are the measured values 
and curves are the calculated ones with 
equation (2) using parameters in Table I. By 
the same treatments, results on the pairs (2) 


Table I. Parameters for the Hamiltonian (2) as 
giving the best fit to the observed values. 
ASP ESP) Copper 
Pair (1)| Pair (2)| Pair (3)) cetate 
D(incm-2| 0.344 0.341] 0.345| 0.345-40.005 
E(incm-}) <0.004 <0.004 <0.002/ 0.005+0.003 
Jz 2.363; 2.369) 2.363 2.344 
Ix 2.11, 2.100 2.10. 2.053 
Dy 2.095} 2.082] 2.109 2.093 
a (degree) | 28.5 16.0 54.0 ae 
Y (degree) | 105.5 | 158.5 | 176.0 —34.541.5 
(145,5+1.5) 
Error in the copper propionate is 


+0.007 cm-! in D and +0.015 in g’s. 
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Fig. 9. Positions of resonance peaks in the perpendicular plane (¢=158.5°) of the copper propionate 


monohydrate. 
the parameters listed in Table I. 


and (3) are shown in Fig. 9 and Fig. 10. Again 
the agreements between the calculated curves 
and the plots of measured values are fairly 
good. Parameters of the pairs listed in Table 
I are thus obtained. Using these parameters, 
resonant fields in the ac-plane can be calculated. 
Curves in Fig. 7 are thus obtained and their 
agreements with the plots (the measured 
values) are again satisfactory. Actually, all 
the parameters, especially the angle a, are 
adjusted to give the best fit with the results 
in these four sorts of planes. 

As shown in Fig. 4, the higher and the 
lower resonance fields at directions of z, x 
and y axes are called as h*, hz, h*, he, h® 
and hy, respectively. The two resonance fields 
observed when /7is in the ac-plane and g=@ 
are called h*° and hac. The observed values 
of these quantities are listed in Table II. 
Differences between the observed values and 
the calculated ones by Eq. (3) using parameters 
of Table I are also listed in this Table. 
Maximum difference at axial directions reaches 
to 600er. As shown in Fig. 8, the two curves 


Circles indicate the observed values and solid curves the calculated ones using 


belonging to the same “ pair” intersect each 
other at two values of the angle g in the 
ac-plane. In other words, at two directions 
of the applied field H in the ac-plane, the 


Table Il. Observed values of the resonance fields 
characterizing the paramagnetic resonance 
spectra of the copper propionate monohydrate. 
Differences between the observed values and 
those calculated by Eq (3) with parameters of 
Table I are also listed. 


Pair (1) Pair (2) Pair (3) 

obs. obs.—calc., obs. obs.-calc.) obs. obs.-calc. 
hz | 11780 —50 | 11790 —60 11820 —30 
hz 5650 +40 | 5720 +60 | 5620 +20 
he 11610 +20) 11670 60 | 11610 0 
het 7950 —10|} 8010 © +60) 8040 
hv | 11580 +20 11640 +40 | 11580 
hy | 8140 —20 8200 —30 8110 +10 
h*) 11170  -—30|116830  -20} 9770 —40 
hac| 6730 +70 | 6070 +80 | 8980 +30 
Ag 103.542 —2421154+2 +1.74255.542 +0.2+2 
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Fig. 10. Positions of resonance peaks in the perpendicular plane (¢6=176.0°) of the copper propio- 


nate monohydrate. 
using the parameters listed in Table I. 


two resonance fields, Hy49 and My+-, coin- 
cide, which are demanded by two transitions 
between three levels of the same “pair”. 
4gy in the Table II means the angle between 
the two directions described above. This 
angle difference 4g is, in some cases, very 
sensitive to the determination of angle a. In 
the pair (3), change of one degree in @ brings 
a change of 7° in 4%, which is only 55.5° 
in this pair. Ahac=|h*°—hac| is also severe 
check for the angle a. One degree in a, in 
the pair (3), gives a change of 180 oer in 
| h®°—hae| which is only 790 oer in this case. 


iii) Experimental Errors 

In determination of resonance field, errors 
may appear from following origins: (1) Cut- 
ting of sample crystal, (2) Tuning cz the 
cavity, (3) Reading of exciting current of the 
electromagnet and its conversion to the strength 
of magnetic field, (4) Superposition of unde- 
sired peaks from the other pair to the peak 
in question, and (5) Fluctuations of phase-meter 
from the noise or unstability. 


Circles indicate the observed values and solid curves the calculated. ones 


Errors from these origins can be estimated 
as follows. 

(1) In the axial directions of a magnetic 
unit, the mis-cutting of crystals does not affect 
appreciably the determination of resonant 
fields because they change with cosine of the 
angle, arround the extremum, as shown by 
Eq. (2). In our case, change in peak position 
is only about 7 oer. from an error of 2° in 
6 which may be considered our maximum 
value of mis-griding. So errors in our cutting 
process does not affect the final results of g 
and D, since these values are initially deter- 
mined through resonance fields observed at 
the directions of the principal axes of a mag- 
netic unit. 

Error in hy or hae from this origin may be 
smaller than the linewidth and included in (4), 
because /iy, h.¢ etc. are measured in the ac- 
plane which is a symmetry plane. Large mis- 
cutting in the ac-plane is easily discovered 
because a peak in the normal ac-plane splits 
into peaks. The line width of these peaks is 
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a very sensitive measure, especially in the 
case of some peaks belonging to the pair (3), 
of the correctness in which our “ ac-plane ” is 
ground, because it shows a tendency to be- 
come larger even if the direction of H devi- 
ates from the ac-plane by a fraction of the 
degree. 

(2) If the tuning procedure described in § 3, 
iii) is adopted, error from the detuned cavity 
in the field modulation method becomes, in 
our case, smaller than that of origin (3), so 
it may be neglected. It is checked by ex- 
periments that the detune of cavity from the 
long time instability brings about 30 oer devi- 
ation in peak position with 30 min. Disper- 
sion of the sample does not affect the cavity 
tuning at the peak position. 

(3) The exciting current of the electro- 
magnet is read by a precision type milivolt- 
meter with a proper shunt resistance. Mini- 
mum possible reading is 3 mA at 5A range 
which corresponds to 9 oer at 10,000 oer. 
Magnetic field H was calibrated by the proton 
resonance method as a function of exciting 
current J. The calibration curve thus obtained 
is near to a straight line in the range of 
magnetic field required for the present work 
for each frequency. The maximum deviation 
from the linear relation was about 40 oer., in 
the range of magnetic field used at 2~10 mm. 
The origin of this deviation may be mainly 
ascribed to the inhomogeneity in meter scal- 
ing, which was concluded by a comparison 
between calibrations for two shunt resistances. 

(4) Since the absorption lines are expected 
to split into twelve peaks at a general di- 
rection of magnetic field and they have widths 
of 350~450 oer, more than one peak may 
fall on a same magnetic field. Superposition 
of undesired peaks belonging to the other 
“pair” makes the determination of either 
peak position difficult and inaccurate, and in 
sometimes makes it impossible. In the “ per- 
pendicular” planes, this effect brings some- 
times severe difficulties in the determination 
of peak positions. In Fig. 8~10, in fact, some 
peak positions are omitted which must belong 
to the pairs other than that in question, in 
order to avoid conffusions. In all cases, how- 
ever, of determination of resonance peaks 
listed in Table II, peaks to be determined are 
free from this effect of superposition, arround 
the region giving their extremum values. 
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Then the sum of experimental errors from! 
above-mentioned origins reaches to 0.3~ 0.6%) 
of g-values. As for the six resonance fields 
appeared in the upper part of Table II, the 
omission of the second order term 4w’’ in the 
Equation (2) brings no effect, since this term 
disappears at the axial directions. In deter- 
mination of D, 4w’’ brings no effect. The 
observed resonance fields, as shown in Table 
II, remains in the all cases within the esti-) 
mated limit of error, 60 oer., from the calcu- 
lated values. 


§5. Discussions 
The four figures (Figs. 7~10) show that 
the observed peak positions can be well fitted 


by three sets of Equation (2) with parameters 


given by Table I, namely, the paramagnetic 
resonance spectra observed in the copper pro- 
pionate monohydrate satisfy eigenvalues of 


three sets of spin-Hamiltonian of the form | 


of Eq. (2) having parameters shown in Table I. 

In the case of copper acetate monohydrate, 
the results of x-ray analysis show that it is 
formed by constituents with bimolecular 
character expressed as Cu.(CHsCOO),-2H.0 in 
which two copper atoms make direct Cu-Cu 
contact of 2.6A apart. Comparison of the 
result of paramagnetic resonance spectra with 
that of x-ray analysis has given a knowledge 
that the axial direction, the z-axis of the 
tetragonal crystalline field, coincides with the 
direction joining the two copper atoms in pair. 

So we can dare to conclude in the present 
case of copper propionate monohydrate, with- 
out the knowledge of the x-ray analysis, that 
this crystal consists of bimolecular constituents 
which can be expressed as Cu,(CH3;CH,COO),: 
2H,O from the results of paramagnetic reso- 
nance spectra alone. Then, there are six 
magnetic constituents, from the viewpoint of 
paramagnetic resonance, in the unit cell of 
copper propionate which are spatially inequi- 
valent, whereas there are two in the copper 
acetate. In both cases, the half of them can 
be, derived from the other by reflection in 
the ac-plane. As shown in Table I, the para- 
meters g, D, and E to be used for three pairs 
well resembles to each other and are similar 
to those of the copper acetate. 

By an analogy to the case of copper acetate, 
this constituent of magnetic unit in copper 
propionate may be illustrated as follows; 


— en ET 
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either of two copper atoms is surrounded by 
a distorted octahedron of four atoms of oxygen, 
from four carboxylic acids, one oxygen from 
molecule of H.O, and the other copper atom 
which may be at a distance of order 2.6 A. 

The direction joining the copper ions may 
be indicated by angles ~ and a in Table I 
refered to the crystallographic axes, three 
others being deduced by mirror reflection with 
the ac-plane. 

The copper atoms in this crystal are in- 
fluenced by a tetragonal crystalline field with- 
in a good approximation since the g tensor 
has an axial symmetry and FE is nearly zero 
compared with its D value. It can be, there- 
fore, concluded that the atomic configuration 
of the constituent has a good tetragonal sym- 
metry. 


§6. Conclusions 


Following a plan taken up in 1951, our group 
has worked out the study of paramagnetic 
resonance absorption in single crystals of 
copper salts derived from the series of mono- 
carboxylic acids; copper formate, copper ace- 
tate, copper propionate and so on. 

Copper formate has its dihydrate Cu(HCOO),- 
2H.O and its tetrahydrate Cu(HCOO),-4H.0. 
In both cases, it was observed! that single 
crystals show a single absorption peak given 
by Eq (1), as in copper Tutton salt or in 
copper sulfate, which can be explained by an 
application of ordinary crystalline field theory 
to the 2D state of Cut* ions and of exchange 
interaction. 

In copper acetate, the spectra shows an 
anomalous behaviour. It can be explained 
not by an ordinary Cut* ion under an in- 
fluence of crystalline electric field but by 
cluster of pairs of copper atoms within a 
bimolecular constituents Cu.(CH;COO),-2H.0. 
In a pair, two copper ions have a direct 
contact in each other located at 2.6 A apart. 

In copper propionate, there are six in- 
equivalent magnetic constituents in unit cell, 
each of which has a bimolecular character 
similar to that of copper acetate. 

We continued experiments beyonds the 
copper salts of normal butylate. By our 
preliminary results, the main resonance line 
of single crystals of this salt appeared to 
have a large width which can be ascribed to 
superposition of many absorption lines. At 
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A=3cm, an absorption peak can be clearly 
resolved at about zero magnetic field. It may 
be concluded that the crystal of copper normal 
butylate consists of, at least contains, bi- 
molecular units, each of which obeying spin- 
Hamiltonians similar to the Equation (2). The 
number of inequivalent constituents in unit 
cell. may be larger than the case of copper pro- 
pionate, which causes the difficulty in analysis 
of the main line. The preliminary results of 
x-ray analysis shows that unit cell of this 
crystal contains 32 formula molecules. 

Moreover, paramagnetic resonance of copper 
monochloroacetate shows that this crystal also 
consists of bimolecular constituents. 
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The temperature dependence of Hall coefficient of five superlattice 
alloys of Cu3Pd, CuZn, NisCr, Auz;Cu and Ag3;Mg was measured to find 
the effect of order-disorder transformation upon it. At the transition 
temperature, the Hall coefficient of Cuz;Pd and Ag3;3Mg showed a dis- 
continuous change, while the change of Hall coefficient of other three 
alloys (CuZn, NisCr, AusCu) are very small. Applying Muto’s theory, the 
qualitative discussion was made, and it was found that the general 
features of the temperature dependence of CuZn and Ni;Cr are well 
understood by the theory. For AuzCu, the result of the experiment is 
explained by adopting the assumption of Schubert that each Au atom 
affords more than one electrons into the conduction band. The assump- 
tion also explains why the temperature dependence of Hall coefficient of 
Au3Cu differs from that of Cuz3Au. 

It remains unknown why Hall coefficient of Cu3Pd takes strong mini- 
mum at transition temperature, while the abrupt increase of the Hall 
coefficient with the decreasing temperature below J, can be explained 
by the existence of a superzone in the ordered state. In addition, the 
result Ag3Mg is contrary with that which Nicholas’s theory suggested. 


ing CusAu. The results for Cu;Au and 


It was suggested by Slater) that the elec- 
tronic energy plays an important role when 
some kind of superlattice alloys undergoes the 
order-disorder transformation. According to 
Salter, the problem is explained by a rather 
simple band model; i.e. by considering the 
suppression of Fermi surface and the lowering 
of electronic energy in the ordered state. The 
suggestion was applied to a few superlattice 
alloys by Nicholas”, who tried to show the 
effect of suppression of Fermi energy on order- 
disorder transformation of these alloys. To 
which extent one can proceed with this rather 
simple model is not clear, and from this point 
of view, it will be of some use to know the 
electrical properties of these alloys. 

In 1938, Muto predicted that a drastic 
change in electrical and magnetic properties of 
these alloys should be expected at the trans- 
formation temperature. The prediction was 
proved to be true by Komar and Sidrov®, who 
had measured Hall coefficient and magneto- 
resistance coefficient of Cu;Au. The measure- 
ment was held at room temperature, quenching 
the specimen from high temperatures. The 
present authors have been measuring Hall 
coefficient of many superlattice alloys includ- 


alloys of Mg-Cd system® were previously 
printed. In the present paper, we will report 
on the results of measurements on Cu;Pd, 
CuZn, Ni3Cr, AusCu and Ag3;Mg. 


§2. Preparation of Specimens and Experi- 
mental Procedure 


Specimens of Cu;Pd, AusCu, and Ag3;Mg 
were presented by Mr. M. Hirabayashi and 
that of Ni;Cr by Mr. S. Yoshida. To prepare 
the specimen of CuZn, 99.98% Cu and 99.98% 
Zn were melted together ina Tammann tube, 
and then cast into a small plate 2mm thick. 


Table I. Dimension of Specimens 


Specimen Dimension 
Cu3Pd 18.0x5.5x0.17mm 
CuZn 15.0x6.0x0.34 mm 
AusCu 23.0x6.8x0.087 mm 
NisCr 23.0x8.0x 0.220 mm 

« Ag3;sMg 22.0x8.1x0.16mm 


After annealed in the argon vapor for 1 hr 
at 500°C, the specimen was then polished by 
sand papers. The dimension of every speci- 
men is shown Table I. 

The specimen of Auz;Cu was annealed in 
the argon vapor for 27 days at 180°C, the next 
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15 days at 150°C, and the following 30 days 
at 125°C preceding the measurement. The 
specimen of Ni;Cr was annealed for one day 
at 540°C, the next 6 days at 444°C, and the 
following 10 days at 390°C in argon vapor 
preceding the measurement. 

In measurements of the Hall coefficient and 
the electrical resistivity, specimens were set 
in an electric furnace, which was placed be- 
tween the pole pieces of an electromagnet. 4 
pairs of leads were spot-welded to the speci- 
men; 2 pairs for the Hall potential, a pair for 
the electrical resistivity, and another pair for 
primary current. Copper wire 0.2mm in di- 
ameter was used as leads. The temperature 
of the furnace was controlled by controlling 
the current of the furnace, and was read by 
a thermo-couple and a potentiometer. The 
strength of magnetic field was about 6 kOe. 
and the Hall potential was measured by a D. 
C. amplifier and galvanometer, the sensitivity 
of which was 1.1 x 10-8 volt/#A division”. The 
primary current was about 1.5amp. for Ni;Cr 
and about 1 amp. for other alloys. 

The measurements of Hall coefficient for 
CuzsPd and Ags;Mg were carried out while 
specimens were being cooled from tempera- 
ture above Curie point, and those for CuZn 
and Au3;Cu were carried out while they were 
being heated from room temperature. The 
measurement of Hall coefficient for Ni;Cr 
was held at room temperature for the quench- 
ed specimen. This was done so, because on 
account of high resistivity of Ni;Cr, Joules heat 
due to the primary current was apt to disturb 
the thermal equilibrium of the specimen at 
high temperature and generate the parasitic 
thermoelectric potential. 

The details of the method of measurements 
are already described in the preceding paper”? 
and will not be repeated here again. 


§3. Results 

The results are shown in Tabs. II~VI, and 
in Figs. 1~5. From these figures one can 
see that fluctuations prevail in the tempera- 
ture ranges just above and below the Curie 
point because in these temperature ranges just 
above and below the Curie point because in 
these temperature ranges, nucleation and 
growth or extinction of local orders may 
occur incessantly, which prevent the specimen 
from the equilibrium temperature distribution. 
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Table Hl. (a) Temperature dependence of Hall 
coefficient of Cus3Pd 
Cooling rate; 520°C~440°C: 7.5°C/hr 
440°C ~435°C:  8.5°C/hr 
435°C~405°C: 3°C/hr 
405°C~300°C: 20°C/hr 
300°C~R. T. : 50°C/hr 
Lee —Rx10te.m.u. 0 hQcm 
518 13.34+0.10 
519 13.53+0.10 27.9 
509 14.00-+0.20 28.1 
495 14.47+0.06 28 .0 
485 15.43+0.16 28.1 
476 17.04+0.11 One 
464 16.43+0.05 Pray ll 
458 15.80-40.10 27.4 
452 14.77+0.05 27.0 
444 14.37+0.05 25.8 
439 13.58+0.14 25.0 
432 13.60+0.08 24.4 
429 14.00+0.04 24e I 
421 13.00+0.07 Ze 
419 12.80+0.01 23.4 
413 12.40+0.07 23.0 
408 IOS 092 iret 
405 12.13+0.10 PAS) 
403 11.20+0.08 22.4 
376 10.25+0.03 20.8 
354 8.57+0.03 19.7 
335 8.52+0.13 18.9 
299 8.10+0.01 18.2 
244 8.40+0.20 Ives 
195 8.00+0.10 16.8 
121 7.87+0.06 16.0 
149 7.10+0.04 14.9 
33 7.23+0.06 14.8 
Table II. (b) Hall coefficient of CuzPd after pro- 


longed annealing. The specimen was kept at 
388°C for about 27 hrs, and at 276°C about 16 
hrs. In other temperature ranges, the cooling 
rate was same shown in Table 2 (a). 


EEC —~Rx10te.m.u. 0 acm 
338 9.40+0.04 2OEZ 
276 7.8340 .04 19.8 


32 7.47+0.10 


14.9 


The Hall coefficient of Cu;Pd decreases until 
the temperature decreases to 470°C, the Curie 
temperature. Below this temperature the Hall 
coefficient increases with decreasing tempera- 
ture, and has a sharp mininum at 7. The 
electrical resistivity which was measured 
simultaneously increases slowly above 7% and 
decreases abruptly below 7. with temperature 
decreasing, so that the electrical resistivity 
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Table III. 


Temperature dependence of Hall coef- 
ficient of Au3Cu. The specimen was annealed 
at 180°C for 27 days, at 150°C for the next 15 
days and at 125°A for the following 30 days. 
The measurernent was done by heating the 
specimen with the heating rate of 40°/hr for 
3026 ~ 11070, 252 /hr for 110" C~172-C, 4. ihr for 
I 2° ES 3525€. 


TC 


—Rx104e.m.u. 0 vQacm 

20 9.97+0.09 11.6 
30 10.23+0.08 11.6 
44 10.00+0.01 iba 
59 10.10+0.07 11.8 
73 9.90+9.07 dla) 
92 10.00+0.01 12.0 
109 9.80+0.10 WAY 
126 OF O32 OO IDEs 
140 9.50+0.07 123 
155 DBSVR YS Te 
168 8.97+0.02 12.6 
175 8.4740.12 12.6 
179 Risse KG) 12.6 
182 ede Neyaetl) sul Pai 
186 9.30+0.10 er 
190 9.50+0.04 WAS 
192 9.57+40.10 PPE 
194 9-502. 0.03 12. 
196 9.65+0.10 a, 
198 9.3349.10 TOG, 
201 8.67+0.06 LG 
203 8.95+0.18 12.6 
209 9.30+0.01 12.6 
210 9.40+0.10 12.5 
212 9.23+0.02 12.4 
215 9.30+0.01 2.3 
222 9.20+0.04 12.2 
225 9.20+0.03 122 
230 9.00+0.07 tee 
234 8.73+0.04 ee 
244 9, 13220708 ly ABA 
256 8.87+0.05 eo 
272 9.13+0.06 12.4 
252 8.10+0.01 


20 9.57+0.09 TOs 


* This was obtained after quenching the specimen 
from 352°C to room temperature. 
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Table IV. Temperature dependence of CuZn. 


The measurement was done while heating the | 


specimen with the heating rate of 
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Rai. 440°C: 75-Cihr, 
44026 ~— 517°C? _203C/br,. 
DLE: —Rx104e.m.u. p #Qacm 
74D} 0.33+0.04 4.95 
bi 0.77+0.05 DuiSe 
96 0.70+0.14 6.10 
149 0.93+0.05 en! 
199 0.77+0.02 baths) 
249 0.83+0.08 8.61 
293 1.00+0.10 9.51 
347 1.00+0.04 TOC TZ 
345 1.05+0.03 12.02 
424 1.57+0.02 
439 1.23+0.05 13eOr 
447 1.45+0.08 13.83 
455 1.50+0.07 1A. 17, 
460 1.73+0.08 14,45 
466 1.36+0.13 14.67 
474 1.50+0.08 15.18 
484 1.88+0.13 15.63 
494 1.20+0.01 15.96 
507 1.68+0.23 16.18 
432 1.80+0.07 13:67" 
464 1.60+0.04 14.68 
473 1.20+0.01 15.14 
A486 1.73+0.11 15.74 
498 1.50+0.04 16.01 
516 1.60+0.12 16.46 
oo** 


26 0.44+0.05 D. 


OK 


Table VI. 


From this point, the measurement was repeated 
with same heating rate. 
This was obtained after quenching the speci- 
men from 517°C in air. 


Temperature dependence of Hall coef- 
ficient of NisCr. The data was obtained from 
the specimen which had been annealed; 

at 540°C for 1 day, 

at 444°C for 6 days, 

and at 390°C for 10 days. 

Temperature is the temperature from which the 
specimen was quenched in air. 


has a slight maximum at 7. In Fig. 1, two 
curves are shown, each of which represents 
the variation of Hall coefficient with different 
cooling rate. It is desirable to measure the 
value of Hall coefficient at higher temperature 
than that which are shown in the figure in 
order to know the data in perfect disordered 


prevailng fluctuations at higher temperature. 


Ys S —Rx10te.m.u. 0 #Qcem 
107 3.70+0.10 128.0 
224 4.30+0.04 128.0 
249 3.70+0.10 126.0 
iy) 2288 3.93+0.07 102.0 
313 3.65+0.12 100.0 
363 4.20+0.04 99.0 


One can find no notable changes in Hall 
state, but this was impossible on account of coefficient with well annealed Au;Cu from 
room temperature to about 180°C. 


(Fig. 2) 
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Table V. Temperature dependence of Hall coef- 
ficient of Ag3;Mg. 


Cooling rate; 420°C~400°C: 10°C/hr, 
400°C ~375°C;  5°C/hr 
and at 375°C annealed for about 12 hrs, and 
the rate after that was 
375/€~350°Cs |. 55C/br, 
350°C ~130°C: 60°C/hr, 
130°C~R. T.: furnace cool. 
eG —Rx10te.m.u. 0 hQcm 
420 5.48+0.08 
416 14.12 
410 5 .52+0.12 
405 14.02 
399 5.42+0.12 13.96 
397 5.38+0.03 
393 5.40+0.09 
392 5.73+0.05 13.83 
390 5.83+0.09 
389 5.76+0.14 13.49 
386 5.88+0.15 
585 7.67+0.13 
382 7.26+0.14 
380 7.34+0.13 
See 7.40+0.11 
375 11.48 
369 11.20 
363 8.67+0.05 
354 10.76 
352 8.70+40.14 
344 10.48 
328 8.42+0.09 
318 9.83 
300 8.53+0.02 
286 9.18 
250 8.40+0.08 
213 7.89 
200 8.1740.02 
130 8.20+0.06 
19 7.58+0.11 5.01 


At about 180°C, fluctuations increase, and in 
higher temperature range, Hall coefficient in- 
creases toward positive direction with a slight 
gradient. At room temperature, Hall coefficient 
of the alloy is —10x10-te.m.u., and reaches 
to —8.7x10-4e.m.u. at 350°C. After quenched 
from 350°C to room temperature, it is nearly 
equal with that of annealed specimen. How- 
ever it may be, the variation by temperature 
of Hall coefficient of Au;Cu shows a feature 
much different with that of Cu3Au; i.e. former 
shows scarcely any change in transformation, 
while the latter Hall coefficient is negative 
in the disordered state and positive in the 
ordered state. 
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Fig. 1. Temperature variation of Hall coefficient 
(a), (b) ((b) after prolonged annealing, see Tab. 
II) and electrical resistivity (c) of CusPd. 

Te=470°C , Pe=28.2 BO em) 
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Fig. 2. Temperature variation of Hall coefficient 
(a) and electrical resistivity (b), (c) ((c) after 
quenched from 352°C to room temperature) of 
AusCu. 
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Fig. 3. Temperature variation of Hall coefficient 
(a) and electrical resistivity (b) of CuZn. 


Te=476°C, po 15.41 pocm. 
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The Hall coefficient of CuZn is —0.5x 10-4 
e.m.u. at room temperature, and its absolute 
value increases quite slowly with the rising 
temperature. (Fig. 3) There appears a dis- 
continuous change, though very small, at about 
440°C, and the absolute value increases about 
0.5x10-4 e.m.u.. The temperature at which 
the change occurs in the Hall coefficient, does 
not agree with that at which a knick occurs 
in the electrical resistivity measured simultane- 


ously. This was reproducible in repeated 
experiments. 
14 
(¢) 
5 
12 g 
% 
= 10 8 
Fy 
(a) i) 
5 8 
-l0 
6 
) 
10) ete} 200 300 400 500 


aC 


Fig. 4. Temperature variation of Hall coefficient 
(a) and electrical resistivity (b) of Ag;Mg. 
0c=13.5 nO cm, 


ig= 380 Cx 


5 

3 140 
g . 
. Ri 
® 130 8 
‘é ra 
8 8 
= 120 © 
[cy & 
=z iw 
{ 110 ‘ 

100 

90 

400 500 600 
=> TC 
Fig. 5. Hall coefficient (a) and electrical resisti- 


vity (b) vs. quenching temperature of NisCr. 
0036°=99.0 pOcm . 


The Curie temperature of Ag,;Mg is 386°C, 
and just above this, the Hall coefficient is 
—5.5x10-‘e.m.u. (Fig. 4). When the ordering 
formation begins, the electrical resistivity 
decreases abruptly, and at the same time, Hall 
coefficient begins to fall taking a minimum 
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value, —8.5x10-*e.m.u. at 360°C. Below thisy) 


temperature, Hall coefficient increases again 
with the decreasing temperature and at room 
temperature it reaches to —7.5x10-*e.m.u.. 

As the experiment was carried out with 
the quenched specimen of Ni;Cr, it was im- 
possible to determine the transformation tem- 
perature accurately. But as it can be seen 
from Fig. 5 when the specimen is quenched 
from 520°C or lower the electrical resistivity 
is larger than that quenched from 550°C or 
higher. So, it may be reasonable to think 
that the order-disorder transformation might 
take place in the temperature range between 


520°C and 550°C. From the figure, it can be | 


shown that the electrical resistivity of NisCr 
is larger in ordered than in disordered state 
like in disordered state like in Auz;Cu. The 
Hall coefficient is nearly constant, and seems 
scarecely affected by order-disorder trans- 
formration. 


Consideration 


§ 4. 

Comparing the above described data with 
those of Mg—Cd superlatice alloys and Cu3Au, 
which have been reported in the preceding 
reports and by Komar and Sidrov, one will 
note a distinct difference between them. For 
the latter, Hall coefficient always increases 
discontinously with the ordering formation, 
while the former shows various feature of 
changes above and below the transformation 
temperature. 

For instance, Hall coefficient of Cu;Pd de- 
creases with decreasing temperature, and takes 
a minimum at that temperature. Below Te, 
the Hall coefficient behaves like that of Cu;Au 
or Mg-Cd superlattice alloys, though its sign 
is always negative. Hall coefficient of Ag;Mg 
also has a negative sign, but it decreases 
with the decreasing temperature just below 
T:, and has a minimum at the temperature 
about 30°C below 7.. Other three superlattice 
alloys show changes that are not so distinct 
at 7. as others. These variation seems to be 
explained to some extent by variation of band 
structure of these alloys. 

As Muto predicted, when superlattice alloys 
transform from random state to ordered state, 
Brillouin zone splits to form a superzone. If 
the boundary of the superzone is near the 
Fermi level, or cross with it, the Fermi sur- 
face will be distorted by the superzone, which 
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must cause some changes in the electrical 
property associated with the order-disorder 
transformation. 

The change of Hall coefficient of Cu;Pd 
below 7, may be interpreted. Since the cry- 
Stal structure of Cus;Pd is f.c.c. above Curie 
temperature, its 1l-st Brillouin zone must be 
like what is shown by the fine line in Fig. 6. 
Below 7°, it had tetragonally deformed Cu;Au 


Fig. 6. First Brillouin zone of disordered CusjPd 
and superzone of ordered CusPd. 


type structure, so that its superzone is a dis- 
torted dodecahedron which is shown by gross 
lines in the figure. Of this alloy, the long 
range order was found by Ogawa, Watanabe 
and Hirabayashi®). The effect of long range 
order on the superzone is to modify the super- 
zone in a complicated way. It is, however, 
rather difficult to see the effect of the modi- 
fication on the electrical property, so that, at 
present, we will be contented only to examine 
whether the superzone has any effect on the 
Fermi surface, and accordingly on the electrical 
property of the alloy or not. 

As palladium is a transition element, it is 
not clear how many electrons per palladium 
atom affords into the conduction band. If we 
assume that it affords 0.6 electrons per atom 
as nickel, the valency electron concentration 
(number of conduction electrons per atom) is 
0.9. The superzone of the alloy contains 
electrons nearly equal to one per atom, so 
that it may be thought that the superzone 
suppress the Fermi surface, and positive holes 
must appear in ordered state, thus making 
Hall coefficient to change in the positive direc- 
tion. It is not clear why Hall coefficient in- 
creases with temperature above 7+. As palla- 
dium is a transition element, it is possible that 
palladium must be contributing to this anomal- 
ous behaviour. 

The valency electron concentration of CuZn 
is 1.5, and its 1-st Brillouin zone in random 
state is a dodechahedron which is surrounded 
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by {110} surfaces and can contain 2 electrons 
per atom (Fig. 7). The superzone is a cube 
which is shown in the Fig. 7 by gross lines, 
and can contain one electron per atom. It is 
obvious that the superzone has little effect 
on the Fermi surface, and from this point of 
view, it is natural that no such drastic change 
as Cu;Pd is found at Tc, though there was a 
small change in Hall coefficient a little below 
Curie temperature. The reason why such 
change appears can not yet be explained. 


Ky 


ky 


Fig. 7. First Brillouin zone of disordered CuZn 
and superzone. 


It is to be noticed that the temperature 
dependency of Hall coefficient of Au;Cu is 
perfectly different from that of Cu;Au. If 
each Au and Cu atom affords one electron 
into conduction band, it is natural to expect 
nearly the same behaviour for both alloys, 
since they have the same crystal structure, 
though their lattice parameter differ a little. 
Schubert™, however, made an interesting as- 
sumption that an Au atom affords more than 
one electrons into conduction band. If we 
adopt such assumption, the difference between 
Cu;Au and Au3;Cu can be easily understood; 
i.e., if each Au atom affords 1.2 electrons 
into the conduction band, the valency electron 
concentration of Au;Cu is 1.15, while that of 
CuzsAu is 1.05. So that, the superzone of 
Au;Cu, a dodecahedron that can contain one 
electron per atom, is nearly filled. The situ- 


(a) (b) 


Fig. 8. Schematic representation of superzone and 
and Fermi surface of ordered Cuj3Au (a) and 
AugCu (b). 


1004 K. YONEMITSU and T. SATO (Vol. 13, 


ation for Cu;Au and Au;Cu must be such as 
shown in Fig. 8 schematically. The number 
of positive holes in Au;Cu, if they exist in 
ordered state, may be very small and they 
give scarecely any effect of the Hall coefficient 
of Au3Cu. 

The existance of the superlattice structure 
in NisCr was ascertained by Taylor and 
Hinton. It’s resistivity is very high in 
general and higher in ordered state than in 
disordered state. Since both Ni and Cr transi- 
tion elements the valence electron concentra- 
tion of the alloy can not determined. If we 
assume that each Ni atom affords 0.6 electrons 
and each Cr atom affords one electron into 
conduction band, the valency electron concen- 
tration is 0.7. Since the structure of Ni;Cr is 
Cu;Au type, the superzone of the alloy can 
contain one electron per atom and will have 
little effect on the Fermi surface and accord- 
ingly on Hall coefficient. Taylor and Hinton 
attribute the increasing resistivity in ordered 
state to the {110} reflection of the electronic 
wave, which is in this point of view, rather 
doubtful. 


Fig. 9. First Brillouin zone of disordered Ag3;Mg 
and superzone suggested by Nicholas. 


The change of Hall coefficient of Ag,;Mg is 
of interest, since it is an only alloy that we 
have studied, which has Hall coefficient more 
negative in ordered state than disordered 
state. The band structure of Ag;Mg is dis- 
cusssed by Nicholas. According to him, as 
the alloy has f.c.c. structure in disordered 


state, it has the l-st Brillouin zone which is 
shown by fine lines in Fig. 9. In ordere 

state the superzone which is shown by gross 
lines in the figure appears. The superzone i 

nearly spherical since the ratio of minimum 
diameter to maximum one is 1:1.25. The 
zone can contain 1.32 electrons per atom andl 
the inscribed sphere 1.09. As the valency) 
electron concentration of the alloy is 1.25,, 
Fermi surface must perfectly lie in the super- 
zone. According to Nicholas, the suppression) 
of Fermi level by the superzone results the} 
lowering of the electronic energy and makes} 
the existence of the superlattice stable ink 
ordered state. If it is so, it is natural to ex- 
pect Hall coefficient to change in the positive: 
direction when the superlattice is formed. 
Our result is contrary to the expectation. 


Acknowledgements 


The authors are indebted to Mr. S. Noguchi 
for helpful discussion and suggestions. They 
also express their gratitude to Mr. M. Hira- 
bayashi and Mr. S. Yoshida who have pre-| 
sented specimens to them, and to Mr. H. 
Nogami for his assistance in measurement. 


References 


1) J. C. Slater; Phys. Rev. 84 (1951) 179 

2) J. F. Nicholas; Proc. “Phys, Soc. TUX Vie cen 
(1952) 14 

3) T. Muto: Sc. Pap. IPCR 34 (1938) 377 

4) A. Komar and S. Sidrov: J. Phys. USSR 4 
(1941) 552 

5) T. Sato and K. Yonemitsu: Kinzoku Butsuri 
3 (1957) 153 

6) K. Yonemitsu and T. Sato: J. Phys. Soc. 
Jap. 13 (1958) 15 

7) K. Yonemitsu and T. Sato: Oyo Butsuri 26 
(1956) 153 

8) D. Watanabe and S. Ogawa: J. Phys. Soc. 
Japan 11 (1956) 226 

9) M. Hirabayashi and S. Ogawa: J. Phys. Soc. 
Japan 12 (1957) 259 . 

10) K. Schubert: Z. Metallkde 43 (1953) 1 

11) A. Taylor and K. G. Hinton: J. Inst. Metals 
81 (1952) 169 


JOURNAL OF THE PHYSICAL SOCIETY OF JAPAN Vol. 13 No. 9, SEPTEMBER, 1958 


Study of Metallic Carbides by Electron Diffraction 


Part II. 


Crystal Structure Analysis of 


Nickel Carbide 
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The crystal structure of nickel carbide, NisC, was studied by the 
electron diffraction method. The observed intensity showed considerable 
primary extinction and this was corrected, using Wilson’s intensity statis- 
tics combined with the theory of primary extinction (S. Nagakura, Acta 


Cryst. 10 (1957) 601). 


The actual procedure was described in detail and 


it was concluded that the structure of nickel carbide belongs to the 
space group A3c and nickel atoms occupy 18¢ positions with the para- 


meter «=1/3 and carbon atoms 60 positions. 


It was found also that the 


carbon atoms take a kind of one-dimensionally disordered arrangement 


in the carbide lattice. 


$1. Introduction 


As a continued work of formation and de- 
composition of nickel carbide, Ni;C, reported 
in Part IY, the study of crystal structure of 
the carbide is reported in this paper. 

As mentioned in Part I, the electron dif- 
fraction method is advantageous in the struc- 
ture analysis of nickel carbide, since the ratio 
of the scattering amplitudes of carbon and 
nickel atoms for electrons is as large as about 
one-third, while that for X-rays is about one- 
seventh. However, a serious difficulty in 
the electron method arises from the effect of 
dynamical diffraction or primary extinction. 
The structure proposed in Part I for the 
carbide seems to be very reasonable from the 
spacial consideration, but the calculated in- 
tensity shows considerable disagreement with 
the observed intensity, indicating a strong 


participation of the primary extinction effect. 
Recently, Honjo and Kitamura” gave a 
method to eliminate the primary extinction 
effect by extrapolating the observed electron 
diffraction intensity to zero wave-length. The 
present author has reported another method 
to detect and correct the primary extinction 
effect». This method is based on Wilson’s 
intensity statistics? and the current theory of 
primary extinction”. . The result of its ap- 
plication to nickel carbide showed the propos- 
ed structure in Part I to be correct. In the 
present paper details of the structure analysis 
are described. 


Observed Intensity and Proposed 
Structure 


§ 2. 


Polycrystalline nickel carbide films were 
prepared by the method described in Part I. 
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Fig. 1. Intensity curve of NisC. 
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Table I. Structure data of NisC (A=0.06 A, p=240 A)* 


hkil s(A-}) 7 IVT (A) © f(a) = |Feorl(A) = lr 
1120 0.439 13 1.78 0.34 OM) =3.2 
0006 0.465 om 3.75 0.15 8.1 ery 
1123 0.497 2.0 3.49 SS aN 5.7 +6.3 
1126 0.639 1.6 1.83 0.32 2.9 42353 
0330 0.761 2.4 2.65 0.19 5.5 +4.8 
1129 0.824 DY 1.87 0.32 3.9 3.4 
2240 0.879 1.6 0.79 0.80 1. Z = ee 
0336 0.892 1.9 1.74 0.36 Su oyu 
2243 0.909 1.6 1.61 0.41 2.6 #2.9 
000.12 0.929 2.6 1.98 0.26 5.2 +3.6 
2246 0.994 aa 0.97 0.72 1.3 £18 
112.12 1.028 15 0.66 0.86 1.6 ie 
2249 1.122 2.0 1.18 0.62 2.5 +2.1 
1450 1.162 0.93 0.53 0.90 0.9; —0.96 
1453 1.185 15, 1.10 0.66 1.8 +2.0 
033.12 1.200 on 1.36 0.53 2:8 +2.4 
112.15 1.242 17 1.02 0.70 2.0 +1.8 
1456 1.252 1.1 0.69 0.85 1:2 a 
224.12 1.279 1.1 0.47 0.92 | 1.1 —0.84 
3360 1/318 1.8 bic 0.62 2.3 Hed 
1459 1.355 1/4 0.90 0.75 1.6 21.6 
000.18 1.394 1.4 0.92 0.75 1.6 ae 
3366 1.397 1.4 0.91 0.75 1.6 1.6 
224.15 1.456 1.4 0.81 0.80 1.6 1.5 
112.18 1.461 0.95 0.54 0.90 1.0 +0.97 
145.12 1.488 0.9% 0.38 0.95 0.93 ~0.68 
0660 1.522 1.0 0.94 0.74 EP +1.7 
2570 1.584 0.5¢ 0.34 0.95 0.58 —0.62 
033.18 1.588 1.9 0.75 0.83 1.4 ~1.3 
0666 1.591 ire 0.75 0.83 1.4 m3 
2573 1.601 eek 0.70 0.85 i.2 1.3 
033.12 1.612 1.5 0.85 0.78 1.7 +1.5 
145.15 1.643 1.3 0.67 0.85 1.4 +119 
224.18 1.647 0.85 0.45 0.93 0.85 +0.80 
2576 1.651 0.84 0.44 0.98 0.87 +0.80 
113721 1.684 0.93 0.64 0.87 1.0 i 
2579 1.731 0.8, 0.62 0.88 0.8; Brine | 
4480 1.756 0.75 0.29 0.96 0.77 —0.52 
066.12 1.783 0.96 0.79 0.81 et HIB 
145.18 1.815 0.94 0.38 0.94 0.95 +0.69 
257.12 1.836 0.54 0.27 0.97 0.55 —0.48 
224.21 1.846 0.88 0.55 0.90 0.9, +1.0 


* Only M-reflections are tabulated. 
** 4 refer to hkil and hkil, respectively. 
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Electron diffraction patterns were taken with 
40 KV electrons (wave-length 2=0.06 A) and 
the camera length 250mm. The intensity 
was measured photometrically up to s 
(= 2sin 6/4) = 2.3471, utilizing Karle and 
Karle’s method®. Fig. 1 shows an example 
of the intensity curve. The relative intensi- 
ties of Debye rings were unchanged by in- 
clination of the specimen film against the 
electron beam, proving that the film had no 
preferred orientation. The mean particle size 
of the crystallites, €, was calculated to be 
290 A from the half-breadth of the rings, 8, 
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Fig. 2. Comparison of P) (open circles) and P, (crosses), 


which are normalized at (1129) ring. 


utilizing the equation €=2/8 cos 8, where @ is 
the Bragg angle. Integrated intensities par 
unit length of the Debye rings, Po, were 
evaluated by measuring the peak area of the 
intensity curve. The overlapping rings were 
divided into the components assuming the 
same half-breadth of each component. The 
intensities of very weak rings were estimated 
visually. In Fig. 2, Py are plotted by open 
circles. The square roots of the observed 
intensities, VJ) , are tabulated in Table I. 

As mentioned in Part I (§ 3.1), the observed 
reflections are classified in three groups, /,, 
s- and f-reflections. The MM-reflections are 
sharp and strong and indexed by the c.p.h. 
lattice proposed by Jacobson and Westgren” 
with the lattice constant 

Gn= 2.628 A, cr=4.306 A and Cn/an=1.638. 


The s-reflections are weak and broad and 
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can be indexed, together with the M-reflec- 
tions, by the hexagonal cell 


a=V 3 an=4.553 A, c=3cp=12.92 A 
and 
cla=2.837 , 
which is a _ super-lattice of Jacobson and 


Westgren’s lattice and contains 18 nickel and 
6 carbon atoms. From the _ observation 
described in Part I (§3.1), the f-reflections 
are concluded to be the forbidden reflections 
caused by the multiple reflection and are aside 
from the following consideration. 
Indices of the observed reflections 
based on the super-lattice satisfy the 


conditions 
hkil: —h+k+l=3n, 
hkil: 1=3n, 


where z is an integer*. The pos- 
sible space groups satisfying the 
above conditions are R3c and R3c. 
Here, we assume the space group 


R3c having the centre of symmetry. 
The appropriate atomic positions 
are as follows: 


(0, 0, 0; 1/3, 2/3, 2/3; 2/3, 1/3, 1/3)+ 
Ni atoms: 18e, +(x, 0, 1/4; 0, x, 1/4; 
ys oe Be 1/4; Xx, 0, 3/4; 0, %; 3/4; xX, x,3/4), 


S C atoms: 6), +(0, 0, 0; 0, 0, 1/2). 


lf nickel atoms take the c.p.h. ar- 

rangement, the parameter x should 
* be 1/3. The structure is illustrated 

in Fig. 11. The structure amplitudes are 

given by 

(i) —h+k=3n, 1=2n’ (M-reflection) 


Frii= 6 fine {cos Th + cos Th 


+ cos it cos 5 l+6fe, (all) 


3 
(ii) —h+k=3n, l=2n’+1 (WVreflection) 
Praxii= 6f, mf sin “Tht sin oh 
+sin me sin 51, (2.2) 
(Git) —h+k+< 3n, 1=2n’ (s-reflection) 
Fixi=6fe , (2.3) 


* The first relation is the rhombohedral condition. 
The lattice constant reffered to the rhombohedral 
axes are @j=5.505 A and a=53°39’. The unit cell 
contains 12 nickel and 4 carbon atoms. 
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—h+k3n, l=2n’+1 

Frric=0, (2.4) 
where, fwi and fc are the scattering amplitudes 
of nickel and carbon atom, respectively. It 
should be noted here that the s-reflections are 
contributed only from the carbon atoms. 
From diffraction patterns of single crystalline 
carbide films (Part I, Photo 4) it can be prov- 
ed that the broadening of the s-reflections is 
due to the elongation of the intensity region 
along the c*-axis in reciprocal space. This 
will be discussed in relation to the stacking 
order of carbon layers in the crystal at the 
end this paper (§ 7.2). 


(iv) 


§3. Preliminary Comparison between Ob- 
served and Calculated Intensities 


The integrated intensities per unit length 

of Debye rings 
P.=const-j|Fe|2/s?, 

where j is the multiplicity factor and F, is 
the calculated structure amplitude, were cal- 
culated utilizing the equations (2.1)~(2.4)* 
and compared with Po. Fig. 2 shows the 
comparison, where Py and Pe are represented 
by open circles and crosses, respectively, be- 
ing normalized at a medium strong ring 


(1129). The agreement between P, and P,; 
is bad with the reliability factor as large as 
45%, though the calculated intensities for 
some other trial structures showed far larger 
dispcrepancies. 

Fig. 2 reveals that (i) the magnitudes of Py 
and Pe are parallel, (ii) generally speaking, 
P)<. Pe for lower order reflections while P, 
> P. for higher order reflections, and (iii) the 
discrepancies are especially remarkable for 
the reflections having high intensities. 

As the atomic scattering amplitude for 
electrons increases rapidly with decreasing 
scattering angle, the magnitude of structure 
amplitude is, on the average, larger at lower 
angles. Since the effect of primary extinction 
is stronger for the reflections having larger 
structure amplitudes, the effect should be, on 
the average, stronger at the lower order re- 
flections. Thus, the observed relations in 
Fig. 2 between Pe and Py are most likely to 
be due to the primary extinction effect. 


* Values of fy; and fa were calculated from the 
equation (4.3) using the values of f- x,vi from James- 
Brindley’s table and fx,¢ from Mac-Weeny’s table. 
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§4. Detection of Primary Extinction by} 
Intensity Statistics 
Wilson® pointed out that the local average 
of X-ray diffraction intensities <J>=<|Fl?> is3 
correlated to the atomic scattering amplitudes) 
by the relation | 


(N= di fix 


where fx,; represents the atomic Scattannie! 
amplitude for i-th atom and m the total! 
number of atoms in a unit cell. When the 
primary extinction effect participates, the 
relation (4.1) does not hold, and it should be 
modified in the form 


CS gt 


This relation can be used to detect the 
primary extinction. 

In the case of electrons, the atomic scat- 
tering amplitude is given by 


2me? CB = dé x)i 
irs I? 32 
where Z is the atomic number and m, e and 
h have usual. meanings. fi decreases very 
rapidly with s, while the change of (Z—fx)i 
with s is moderate as is the case of fx,i. | 
The intensity statistics is, in principle, ap- 
propriate for point scatterers which give the 
angle-independent scattering amplitudes. 
Therefore, for the case of electron diffraction, 
it is reasonable to express the relations cor- 
responding to (4.1) and (4.2) in the form 


Kis) < Ds (ents. 


K=(h?/2me?)?. 
The plots <s‘J> for the observed intensities 
I) are shown in Fig. 3 by open circles, where 
the values of <s‘J)>> are normalized with the 


(4.2) 


(4.3) 


(4.4) 


nm 
curve >) (Z—fx) at the outermost s-value. 
t=1 


It can be seen that the values of <sth> for 
the lower angles considerably deviate down- 


ward from the curve ») (Z—fx)i2, showing 
t=1 


evidently the effect of primary extinction. 
According to the theory of primary extinc- 
tion”, the diffraction intensity is given by 


«J=f(x)|F|?. (4.5) 
The primary extinction coefficient f(x) for 
the Laue case of electron diffraction from a 
parallel plate crystal is given by 


j 1958) 


f(x)= > Janna(22)/s, 


x=(pd/v)|F | (4.7) 
where Jonsi(x) is the Bessel function of the 
odd order and v the unit cell volume. 


A 

V |cos 8; - cos 6s| ’ 

where dH is the thickness of the parallel plate 
crystal and 6;, 6. are the angles between the 
normal of the crystal surface and directions 
of the primary, secondary wave, respectively. 
o can be regarded as the effective thickness 
of the crystal. The variation of f(x) against 
x is shown in Fig. 4. 


(4.6) 


o= 


S=2sin@/A 


Fig. 3. Local averages of the intensity of NisC. 
Open circles are the plots of the local averages 
<stIp> and filled squares are <stJp2>. Other plots 
are the local averages <s*Zeo.;>: crosses corre- 
spond to p=190 A, filled circles to 0=240 A and 
open squares to 9=285 A. 


Fig. 4. Variation of the primary. extinction coeffi- 
cient f(#) against w in the Laue case of electron 
diffraction. f’(~) and f’'(@) represent approxi- 
mate functions of f(x). 
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The function f(x) can be approximated by 
S’(x*)=exp (—1/3-%7), for xS2.5 (4.8) 
and 
f(x) =1/(24), 
as shown in Fig. 4. 
When the approximation (4.9) is allowed, 


fOr ais 2.0% \(4,9) 


I= 


v 
F \F |, (4.10) 


20 
i.e. the intensity is proportional to |Fj. If 
all reflections satisfy this condition, the local 
averages of the form <s‘J?> should coincide 


with the curve Sy (Z—fx)?. The filled squares 
1=1 


in Fig. 3 representing the plots of the local 
averages <s‘i)?> deviate from the curve, 
showing that the above condition is not satisfied. 


§5. Modified Patterson Synthesis and Pre- 
liminary Fourier Synthesis 


In order to obtain the values of the primary 
extinction coefficient f(x), knowledges of the 
crystal structure and of the effective thickness 
of crystallites @ are required at least appro- 
ximately. In §2, we proposed that the nickel 
atoms in NizsC take the c.p.h. arrangement. 
This assumption is verified at least approxima- 
tely by the methods of modified Patterson 
synthesis and preliminary Fourier synthesis 
as follows: The intensity suffering the 
primary extinction can be expanded into the 
power series of |F|? 


I= A+} — 3 aly} [Fis 
N {59 A eet Ys, 6.1) 


Cowley® has shown that the peaks of heavy 


100K 
50 
2 
= 
te 
Fae) + 
505 2 1/6 


Fig. 5. One-dimensional Patterson function along 
the c-axis formed from Jp. 
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atoms in a Patterson diagram are sharpened 
without any shift in their positions when a 
power series of |F|? like (5.1) is used as the 
coefficient for synthesis. Fig. 5 illustrates 
the one-dimensional Patterson function along 
the c-axis obtained from the reflections (000/). 
The high peaks at 0 and 1/6, and the low 
peak at 1/12 are considered to be the Patter- 
son peaks corresponding to the layer distances 
between Ni and Ni, and between Ni and C, 
respectively. Fig. 6 shows a part of the 


Fig. 6. Two-dimensional Patterson map formed 
from Jy. The map shows a part of the basal 
plane projection corresponding to Jacobson and 
Westgren’s unit cell. The contours are drawn 
at arbitrary unit. 


100 


arbit.unit 


-50 


O \2 176 


Fig. 7. One-dimensional Fourier series along the 
c-axis formed from (a) J) and (b) Jp. 


two-dimensional Patterson function formed 
by the reflection (hki0) projected on the basal 
plane. The contours are drawn at arbitrary 
unit. The high peaks at positions (1/3, 0) 
and (1/3, 1/3) are considered to represent the 
interatomic distances between nickel atoms, 
verifying their c.p.h. arrangement. 

Since fwi > fo, signs of the structure ampli- 
tudes can be determined without ambiguity. 
However, magnitude of the structure ampli- 
tudes can not be obtained directly from the 


NAGAKURA (Vol. 13, 


observed intensities, since the intensities are 
proportional to neither |F|? nor |F| by the 
effect of primary extinction. Therefore, two 
kinds of preliminary Fourier syntheses, one 
by using 7, and the other by using Jp as 
the magnitude of amplitudes, were tried. 
The curve (a) in Fig. 7, showing the one- 
dimensional Fourier series formed by 
V1,(000/), reveals a high peak at 1/12 cor- 
responding to a nickel layer. In Fig. 8, the 
two-dimensional Fourier map formed by 
V Iy(hki0), high peaks due to nickel atoms are 
clearly observed at the c.p.h. positions (1/3, 
0) and (1/3, 1/3). However, in this map no 
peak corresponding carbon atoms is 
observed. 


to 


Fig. 8. Two-dimensional Fourier map formed 
from ,/ J). The contours are drawn at arbitrary 
unit. 


Fig. 9. Two-dimensional Fourier map formed 
from Jj. The contours are drawn at arbitrary 
unit. 


The curve (b) in Fig. 7, and Fig. 9 are 
the one- and two-dimensional Fourier maps 
formed by 1,(000/) and Jp(hki0), respectively. 
In the former map the low peaks at the po- 
sitions 0 and 1/6, and in the latter the low 
peaks at the positions (0, 0), (1/3, 2/3), (2/3, 
1/3) and (1/3, 1/3) corresponding to the carbon 
positions are clearly appearing besides the 
high peaks due to the nickl atoms. 


Pay Ee ey See ee a ee ee ee 


2 
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Although the above Patterson and Fourier 
syntheses are of a curde nature, the propos- 
ed structure of NisC can be confirmed at 
least approximately by these trials. It is 
noteworthy that the use of J) rather than 
VI) as the magnitude of reflection amplitude 
gives better result in Fourier synthesis. This 
is due to the primary extinction which is 
quite strong in the present case. 


§6. Refinement of Potential Fourier Map 


Now, the refinement of Potential Fourier 
map will be carried out by correcting the 
primary extinction effect. Though the ap- 
proximate structure of Ni;C is already obtain- 
ed, a difficulty arises concerning the estima- 
tion of the value 6 necessary for correcting 
the primary extinction effect. Though o is 
considered to be the same order of magnitude 
as the mean particle size €”, there is only 
little justification in putting o equal to 6, 
since the definitions are not identical, and, 
moreover, the determination of &€ from the 
Debye rings is inaccurate especially when 
the mean particle size is larger than 100 A as 
in the present case. The most appropriate 
values of f(x) can be obtained by the follow- 
ing method based on the intensity statistics. 
The values of f(x) are calculated for various 
values of p by assuming F for the approxi- 
mate crystal structure, and the observed 
intensities are corrected by these values of 
F(x) to Icor=f(x)fo. By comparing the plots 
of the local averages of the corrected intensi- 


ties, <stIeor>, with the curve b (Z—fx)?, the 


case showing the best fit is found out. Six 
trials for p=190, 210, 230, 240, 250 and 285A 
were carried out and some of the plots of the 
local averages are shown in Fig. 3. The 
local averages for o=240A gave the most 
satisfactory agreement with the curve 


S (Z—fx)e. The values of x, f(x) and 
w=1 


V Teor =|Feor| for this case are tabulated in 
Table I. The agreement between |Fo,| and 
|Fe| is satisfactory. The reliability factor 
R=>(||Foor|—|Fel|)/=|Feor]| was improved to 
15%. 

Fig. 10 shows the two-dimensional Fourier 
map calculated from the corrected intensities. 
The contours are drawn at intervals of 0.5 
volt per A?. The mean inner potential 
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V(0000), which is necessary for determining 
the level of the map was calculated by Tull’s 
method. It was 18.7 volts. The map shows 
clearly the peaks of carbon atoms at the 
reasonable positions. The heights of the 
carbon and nickel peaks are Vo(0)=2.9 volt/ 
A? and Vwi(0)=18.1 volt/A?. They give the 
ratio Vo(0)/Vwi(0)=0.16, while the calculated 
value utilizing Vainstejn’s formula™ is V (0)/ 
Vwi(0) = (2/3)(Zo/Zwi)%=0.19 taking a,=0.75, 


Fig. 10. Two-dimensional Fourier map formed 
from the final values of ,/7,,.. The contours 
are drawn at intervals of 0.5 VA-1. The chain 
lines indicate zero level and the broken lines 
negative regions. Peak height: Vwyi(0)=18.1, 
Vc(0)=2.9. 


where 2 and 3 are the numbers of overlapped 
carbon and nickel atoms on the projected 
plane, respectively. Both values agree ap- 
proximately*. 


§7. Crystal Structure of Ni:C 


1. Description of the Structure 

The above result shows that the structure 
proposed in §2 is appropriate for Ni;C. Fig. 
11 (a) shows the structure schematically, 
where open circles represent nickel atoms 
and filled circles, carbon atoms. Fig. 11 (b) 
shows the basal plane projection of the 
structure, where A and B represent nickel 
atoms and (C,), (C2) and (C3), the carbon 
atoms. Nickel atoms occupy the c.p.h. posi- 
tions and carbon atoms form a rhombohedral 
lattice occupying one-third of the octahedral 
interstices of nickel atoms. The structure 
can be represented by a structural formula 
(C,)A(C2)B(C3)A(Ci)B(C2)A(Cs)B(Ci) +++, where 
ABAB:-- represents hexagonal layers of 
nickel atoms stacked with the c.p.h. sequence 
and (C,)(C,((C;):--, the hexagonal layers of 


* The ratio Ve(0)/Vyi(0) in Fig. 9 of Ip-synthe- 
sis is 0.39, 
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carbon atoms stacked with the rhombohedral 
sequence. The octahedron formed by nickel 
atoms is deformed from the regular shape 
only slightly; six Ni-Ni bond-lengths in the 
basal plane are 2.628A and the other six 
bond-lengths 2.634 A. The sequence of the 
carbon layers forms a rhombohedral lattice 
with the hexagonal lattice constants a’=a 


OQ) 
C 


Ne 


Fig. 11(b). 
Crystal structure of Ni3C. 


Dyer, Ul 
(a) Schematic representation. Figure shows a 
half of the unit cell. Open circles represent 
nickel atoms and filled circles, carbon atoms. 
(b) Basal plane projection. Large circles repre- 
sent nickel atoms (A and B) and small circles, 
carbon atoms (C;, C2, C3). Jacobson and West- 
gren’s unit cell is indicated by dotted lines. 


Table 

hkeil 6 (half-breadth of o (half-width in 
Debye ring) l’=41) 
0112 1.1x 10-3 0.26 
1014 1.5x 10-3 6,21 
mean 0.24 


Sigemaro NAGAKURA 


(Vol. 13, 


and .c’=(1/2)e. 
2. Stacking of Carbon Layers 

As mentioned in §2 the intensity regions 
of the s-reflections for which h—k=3n 


elongate along c*-axis, while those of the M- | 


reflections for which h—k=3n are_ sharp. 


The observed half-breadths of (0112) and (1014) 
rings are tabulated in Table II. The calcula- 


tion of structure amplitudes shows that the || 


s-reflections are exclusively due to the carbon 
atoms and that their breadth depends on the 
sequence of carbon layers, while that of the 
M-reflections does not. The above observation, 
therefore, suggests that the (C;)(C2)(Cs)--:- 
stacking of carbon layers in the matrix of nickl 
lattice ABAB-:-- has a certain disorder. 


According to Wilson’s theory!” the proba- | 


bility a(<1) of the mistakes in the rhombo- 
hedral stacking order and the half-width, o, 
in // (=1/2-1) are related by 

a— 26. 


The observed widths given in Table II cor- 
respond to a~ 0.5. This value, however, is 
inconsistent with the assumption of the 
theory that a is small. The situation could 
not be improved even by the more refined 
theory taking account of longer ‘Reichweite’™. 

On the other hand, the elongation of the 
s-reflections can be explained fairly well by 
a size-effect due to mistakes which take place, 
on the average, at a regular interval. The 
observed half-width gives 28A (13 carbon 
layers) for the average value of the interval 
between the mistakes, 6. It may be worth 
mentioning that the half-breadth of the s- 
reflections did not change appreciably up to 
the decomposition temperature of Ni;C (Part 
I, Photo;.7). 


§8. Discussion 


In spite of the optimistic view of Pinsker 


II. 


a (probability of mis- 
takes assuming 
Wilson’s theory) 


6 (interval between 
mistakes (A)) 


25 0.53 
cal 0.41 
28 0.47 
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and Jamzin'® concerning the primary extinc- 
tion in electron diffraction, the result of the 
present paper shows that the effect is very 
significant in practical samples and that the 
positions of light atoms can not be deter- 
mined without an appropriate correction of 
the effect. 

Though in the present paper the correction 
was carried out by assuming an approximate 
structure, this is not essential. When the 
approximate structure is unknown, the follow- 
ing procedure can be adopted: By the ap- 
plication of the intensity statistics at a range 
of larger s-values where the primary extinc- 
tion is insignificant, we can obtain the abso- 
lute scale of intensity. The effective thick- 
ness of crystallites are approximately put 
equal to the mean particle size. These 
values can be used as starting values of |F| 
and o required for correcting the primary 
extinction effect. The Fourier map synthesiz- 
ed from the corrected intensities will give 
the approximate atomic positions. Utilizing 
this knowledge the values of f(x), therefore, 
I) are recorrected. Then, by the application 
of intensity statistics for these corrected in- 
tensities p is corrected. Repeating the above 
procedure the structure analysis can be per- 
formed successively until all the plots of 
the local averages coincide with the curve 


> (Z—fw)?. By this procedure the atomic 
t=1 


positions and, at the same time, the effective 
thickness of crystallites can be determined. 
This method can be applied also to X-ray 
diffraction, in principle. 

In the present structure analysis, the tem- 
perature effect was not taken into considera- 
tion. However, the Debye temperature of 
nickel carbide is considered to be higher than 
that of nickel metal. The temperature effect 
will not give an appreciable influence on the 
above analysis. It influences the plots of the 
local averages oppositely to that of the 
primary extinction. 

The merit of applying the intensity statis- 
tics to detect the primary extinction and to 
justify its correction is that they can be done 
apart from knowledges of a relevant crystal 
structure. Concerning its application the 
following comments may be worth mention- 
ing: In the case of nickel carbide, the M- 
reflections are sharp and strong and are con- 
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sidered as being subjected to a considerable 
effect of primary extinction, while the s- 
reflections are weak and broad and are con- 
sidered as being free from the effect. 
Therefore, the local averages <s‘Iy)> were 
taken only over the M-reflections and, since 
the M-reflections are interpreted by the 
Jacobson and Westgren’s structure, they were 


compared with the curve bY (Z—fx)?= 2(Z— 
i=1 


Sx)?wit2/3-(Z—fx)’c, where 2 and 2/3 are the 
numbers of nickel and carbon atoms in the 
unit cell, respectively. By this procedure 
the primary extinction was clearly detected. 
In the intensity statistics to detect the 
primary extinction, it is preferable to take 
the local averages only over reflections sub- 
jecting to the primary extinction. In the 
electron diffraction study of crytals containing 
heavy and light atoms, we often encounter 
the situation that a super-lattice formed by 
a particular distribution of light atoms giving 
only weak super-lattice reflections. The 
above remarks are appropriate for such cases, 
in general. 


1000 


Ww 
w* 500 
I 
oe 
CAND 
S.=2sin@/A 
Fig. 12. Change of the local averages <stJ)> by 


different averaging ranges. Horizontal bars at- 
tached to the plots indicate the averaging ranges 
and numbers represent the numbers of reciprocal- 
lattice points in the ranges. 


Since in the intensity statistics the random 
distribution of atoms in a unit cell is as- 
sumed, an objection might arise against its 
application to a simple structure such as 
nickel carbide. However, the essential re- 
quirement in the intensity statistics is that 
the values of the geometrical structure 
amplitudes are random in an averaging s- 
range. An important point of the method is 
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to find out proper ranges of the local averages 
so that the plots of <s‘l)> give a smooth 
curve. For example, in Fig. 12 the plots of 
the local averages represented by open circles 
do not form a smooth curve owing to the 
inappropriate choice of the averaging ranges. 
However, when the averaging ranges are 
changed appropriately, plots of <sth> from 
the same data give a smooth curve as re- 
presented by the filled circles in Fig. 12. 
Refinement of the averaging ranges should 
be done successively with the correction of Jo. 
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Electron Diffraction Study of Evaporated Face-centered 


Cubic Crystallites 


By Hidetake MorIMoTO 
Physical Institute, Nagoya University, Nagoya, Japan 
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Germer and White (Phys. Rev. 60 (1941) 447) found that thin evaporated 
films of face-centered cubic metals produce electron diffraction patterns 
with anomalous intensities. Kimoto (J. Phys. Soc. Japan 8 (1953) 762) 
studied the anomaly by a trial method and attributed it to stacking faults 
in crystallites. By the radial distribution analysis the present author 
confirmed Kimoto’s conclusion. 

Intensities of diffraction patterns from evaporated silver were accurately 
measured by the sector-microphotometer method and they were turned 
into radial distribution function. These functions reveal anomalous peaks 
caused by stacking faults. After a specimen is annealed at 350°C for 
3.5 hrs., although crystallites do not grow remarkably, these peaks dis- 
appear. The amplitude of thermal vibration is found to be 0.15+0.02A 
which agrees well with that for massive silver crystal. The narrowing 
of the first neighbor peak is found and is attributed to the correlative 
thermal vibration. 

Gold shows the same anomaly as is observed for silver, but aluminum 
shows no anomaly. These facts are in accordance with the value of 


stacking-fault energy. 


§1. Introduction 


Germer and White” reported that thin 
evaporated films of face-centered cubic metals 
produce electron diffraction patterns with 
anomalous intensities. The intensity of (200) 
reflection is especially weak compared with 
the normal intensity. They tried to explain 
the anomaly by attributing it to the small size 
of crystal, but their explanation was not suf- 
ficient. 

Kimoto” studied the same phenomenon for 
silver by using an advanced experimental 
technique. He confirmed the same anomaly 
as reported by Germer and White and, more- 
over, found a slight peak-shift of (200) reflec- 
tion. He explained these anomalies by attrib- 
uting them to stacking faults® in crystallites. 
Since, however, he used a trial method, it is 
desirable that a direct Fourier analysis be 
carried out to complete the diffraction study 
for evaporated crystallites. In this method, 
the diffracted intensity is accurately measured 
by the sector-microphotometer® method and 
the measured intensity is turned by Fourier 
transformation into the radial distribution func- 
tion (RDF) which directly indicates the atomic 
arrangement. 

Since the stacking faults produce only a 


slight modification of the atomic arrangement, 
we carried out the experiment and analysis 
with great care, estimating errors at every 
stage. For specimens without annealing, RDFs 
always showed peaks corresponding to the 
anomalous neighbors caused by stacking faults. 
These anomalous peaks became lower as the 
crystal size increased. When the specimen 
was treated at 350°C for 3.5hrs., although 
crystallites did not grow remarkably, the 
anomalous peaks disappeared. 

From the breadth of peaks in RDF the am- 
plitude of thermal vibration is calculated to 
be 0.15+0.02A. This value agrees well with 
the value for massive silver crystal, 0.16A”. 
Through a detailed analysis of RDF, we found 
that the peak corresponding to the nearest 
neighbor was a little narrower than the other 
peaks. This narrowing may be attributed to 
the correlative thermal vibration in crystallites. 

While we were carrying out our analysis, 
much progress was made in the studies of the 
stacking faults. Paterson® formulated the 
intensity of X-ray diffraction patterns of f.c.c. 
crystals with stacking faults. The peak shift 
of (200) reflection. found by Kimoto” qualitita- 
tively agrees with this theory. Following 
Paterson’s theory, Nimura” studied the very 
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slight peak shifts in electron diffraction pat- 
terns from evaporated crystallites of gold and 
silver and found that they were in accordance 
with the existence of stacking faults, while 
Rymer® found that the peak shifts could be 
explained also by attributing them to the 
strain due to sessile dislocations in crystallites. 
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Based on the peak shifts in X-ray diffraction 
patterns, several authors”»!%-1) also studied 
in detail stacking faults in cold-worked f.c.c. 
metals and concluded that the results agreed 


well with expected results from the stacking- 
fault energy.™»1% 


Table I. Important data of examined specimens. 
: Mean ° Fault | Crystal Ratio of 

Specimen thickness Base une allie probability | size breadth 

| | 4 } 

Ag No. 1 See aes no 345% |18A* (14A)**| 1.6 
No. 2 ” a 200° © <3. hrs. 10 | 20 (16A) les 
No. 3 ” ” 350°C x 3.5 hrs. 0 | 22  (18A) re 
No. 4 5 Formvar no 23 20 (16A) 1.5 
No. 5 10 ” no 14 22 = (18A) 1.5 

Au 10 ” no 22 Ties 

Al 20 ” no Ze 1.1 


* Estimated by RDF analysis. 
xk 


§2. Experimental 


Experimental procedure in the present work 
was similar to that used by Kimoto”. By the 
vacuum evaporation method, silver of mean 
thickness 3~10A was deposited on either 
Formvar or amorphous carbon film of about 
100A thick. The thickness of silver was esti- 
mated from the mass of silver before evapo- 
ration. The deposited silver does not forma 
uniform film but it coagulates into minute 
crystallites. Five silver specimens were pre- 


pared: Nos. 1 and 3 were deposited simultane- 
ously. Specimen No. 1 was annealed after 
the diffraction examination and it was then 


Estimated by Scherrer formula using (111) breadth. 


denoted as No. 2. The diffraction pattern of 
No. 3 was taken after it had been annealed. 
The annealing was carried out im vacuo at 
about 1x10-? mmHg. In addition to five silver 


specimens, one gold and one aluminium speci- | 


men were also prepared by vacuum evapora- 
tion. Important data of specimens are given 
in Table I. 

Electron diffraction transmission photographs 
of these specimens were taken by a camera 
provided with a rotating sector. The sector 
was of the type #=const.xo, where #% was 
the angle of aperture, o the radius, and the 
constant was 10deg/mm. The specimen-to- 


Fig. i Electron diffraction pattern of 
evaporated silver (Sp. No. 4) with 
two intensity scales. 


Fig. 2. Microphotometer record of Fig. 1 (Sp. No. 4), 


' 1958) 


plate distance of the camera was 24cm for 
the large angle scattering and 45cm for the 
small angle scattering. The accelerating volt- 
age was about 40kv. An example of diffrac- 
_ tion patterns is reproduced in Fig. 1. The 
darkness of photographic plates was measured 
by Riken B-type microphotometer improved 
so that a plate could be rotated about the 
center of diffraction rings™. The rotation is 
effective to obtain smooth microphotometer 
records, eliminating noises due to photographic 


grains. Fig. 2 is an example of photometer 
records. 
In all procedure of photographing and 


microphotometering, we have taken care to 
avoid the distortion of line profile. The inci- 
dent spot of electron beam on the plate was 
0.1mm in diameter which is so small that the 
spot size can be neglected in the analysis of 
intensity profiles. The position of the sector 
was adjusted so that its center was within 
0.1mm of the incident beam. The error of 
the centering 6 introduces only an error of 
order (0/0)? into the diffraction intensity at 
the position o from the incident beam”*. 

The stray scattering of the incident beam 
was almost stopped by two slits and by the 
specimen holder. The residual stray scatter- 
ing was very small, the value of which was 
of the same order as the inelastic scattering 
in Fig. 3a. 

In the microphotometry, the area of irradi- 
ation on the photographic plate was 0.1mm 
in radial direction and 1mm in tangential 
direction of Debye rings. The rotating plate 
was adjusted so that the deviation of the center 
of rings from the center of rotation was less 
than 0.1mm. Thus the broadening and the 
shift of peaks in the photometer record were 
avoided. The deflection of electrometer string 
of the microphotometer was calibrated each 
time by applying known voltages. The electro- 
_ meter and its circuits were adjusted so that 
the time lag was negligibly small. 

Photographic density-exposure relationship, 
i.e. D-E characteristic curve, was determined 


* When the center of sector deviates from the 
incident beam by @, through the sector action the 
intensity at the position @ from the incident beam 
is multiplied by |@—6|, but not |o|/=p. In the rota- 
ting-plate microphotometering, this error becomes 
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for every plate by recording the electron inten- 
sity scale on the same plate (Fig. 1). The 
scale was made according to the method previ- 
ously reported by Cowley. We used Japa- 
nese plates “Fuji Process Hard” and de- 
veloped them by D76d at 20+0.5°C for 10 
minutes. The D-E characteristic curves ob- 
tained by Cowley’s method were in agreement 
with each other within 3% for D<0.8, pro- 
vided the emulsion number of plates was the 
same. Sometimes, we also determined D—-E 
curve by Bartell-Brockway’s method’. In 
our experiment, this method also showed D-E 
curves having 3% fluctuations for D<0.8. 
The results obtained by these two methods 
were in agreement within 3%. 

The observed intensity is the sum of elastic 
scattering (J) from the evaporated metal, in- 
elastic scattering (i) from the metal, and 
scattering (,) from the supporting film. We 
assumed the total intensity /; to be given by 
i=I+1:+h, which implies that the multiple 
scattering in specimen is negligible. This as- 
sumption is adequate because the film is thin. 
To obtain the intensity J (Fig. 3b), we sub- 
tracted [;+J, from the total intensity curve 
I, (Fig. 3a). Intensity curve J, (Fig. 3a) was 
obtained from a supporting film bare of metal 
and was normalized following Kimoto’s pro- 


total scattering (slj=s] +sl+ s],) 


scattering from 
supporting film (sI,) 


inelastic scattering es 
from silver (s];) ~--== 


(a) 


si elastic scattering 
from silver 


(b) 


sJexp (-0.01s?) 


eS 


(c) 


Fig. 3. Intensity profiles (Sp. No. 4). 
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cedure». Intensity curve J; (Fig. 3a) was ob- 
tained by Bewilogua’s formula!” which gives 
the ratio of J; to the atomic part of the 
elastic scattering. Errors introduced in this 
procedure are difficult to estimate. Since, 
however, they have to be a smooth function 
of scattering angle, they have little influence 
on the radial distribution analysis (Sec. 6b). 

To estimate the accidental error which arose 
through all procedures, three pairs of diffrac- 
tion photographs were taken for specimen 
No. 4. Intensity was measured independently 
for each pair. The error in the modified in- 
tensity (Eq. (2)) was less than 5% of the (111) 
peak. 


§3. Intensity Profiles 


In Fig. 3 the anomalously diffuse (200) re- 
flection such as observed by Germer-WhiteY 
and Kimoto” is seen. In Fig. 4 profiles of 
combined (111) and (200) reflections are shown 
for allspecimens. By an annealing, (200) reflec- 
tion becomes normal. Gold also shows the 
anomaly, but aluminum shows no anomaly. 


ci (200) 
‘ (111) (200) 
| ) 
Ag No.| 
No. 


WA Ge SS 
(.6 (8 20 ar 


—— do/d 

Fig. 4. Intensity profiles of combined (111) and 

(200) reflections. 

Abscissa: do/d=/R2+]2+2. 

Asa measure of anomaly, ratio of (200) half 
breadth to (111) half breadth is given in 
Table I. 

Germer-White and Kimoto reported that the 
integrated intensity of (200) reflection was 


4 
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veal sJ(s)-exp (—6?s?)-sin sr-ds . 


(111) by assuming that the peak of the com} 
bined (200) and (111) reflection is the peak off 
(111). According to their method of separaj| 
tion, (200) peak becomes asymmetric as shown} 
by broken curves in Fig. 4. On the othen 
hand, if we assume (111) and (200) are both} 
symmetric, separated (200) reflection is not 
anomalously weak as shown by dotted curves} 
in Fig. 4. The difference is caused by the 
different ways of separating two peaks. Based 
upon his result, Kimoto considered that the 
anomaly cannot be explained by the external 
shape effect. According to our result, honey 
ever, there is a possibility that the anor 
can be explained by the shape effect. There- 
fore, radial distribution analysis is indispen-' 
sable to prove the existence of stacking faults} 
in the crystallites. 


§ 4. Radial Distribution Analysis 


Diffracted intensity from monatomic crystals 
is given by James’, taking into account the 
effect of thermal vibration. If the vibration! 
of each atom is independent, intensity of Debye 
rings is given by | 


K8)=|E() {+N exp (Es) >: ni Sinsr} | 


(1) 


where : 


ag : 
Se — / i 
7 Sin a 


and E(s) is the atomic scattering factor for 


electrons, N the total number of atoms, 7 
the mean-square amplitude of atoms. 7 and 
Ni indicate, respectively, the interatomic dis- 
tance and the number of ith neighbors. In 
Eq. (1) the first term is the atomic scattering 
and the second is the so-called molecular 
scattering. We define modified intensity J(s) 
by 


J(s)=Ks)/N|E(s)/? (2) 


and multiply it by a proper artificial temper- 
ature factor exp (—6?s?), Then RDF is calcu- 
lated by 


(3) 


Substituting Eqs. (1) and (2) into Eq. (3), we obtain 


D.(71)= Dy (7) + D2 (1) 


(4) 
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~ where 
Dinl=7—|"s-exp (—b?s?)-sin sr-ds =F (—7?/4b?) (4a) 
D. oo 
noo( 7) > —| exp (—#?s?)-sin s7i-sin sr-ds 
Vat ri Jo 
= & NC fexp [—(-r0"/48"]—exp [— (+ 70*/46")} (4b) 
fr 4 tee (4c) 


3 Here, D,. gives the peak at the origin corresponding to atoms themselves and D,.. peaks 
_ corresponding to neighbor atoms. Since Eq. (4) holds only for positive values of 7, the effect 
_ of exp[—(r+7:)?/46?] is negligible and thus the ith term in the summation of D,. represents 
_a Gaussian peak corresponding to the ith neighbor. When D,.. is separated into peaks, the 
position and the height of the 7th peak give the distance 7 and the number WN; of the 7th 
neighbors, respectively. According to Eq. (4b), the breadth =o of each peak is equal and 
gives the amplitude of thermal vibration, 72 . 

If, however, the correlation is taken into account, the intensity formula (1) is modified as* 


Ks)=|E(s)}? |N+N Soe tex -+#0- ero} || (5) 
~ where 
- ZEIT LSI 1h ee OIA (CTE Gi) 
Pie)  Qntmr \ u rie 20T mL We) 


2nTmr = 27(373/4a9*) ~ 3.97/ao 


where dp is the lattice constant. 
Thus Eqs. (4b) and (4c) are modified as 


Dy2=X {exp [—(r—71)?/482] exp [—(r+1:)?/48?]} (4b’) 
wae ; e 
ea (4c’) 
0.8 
where 
ue=0{1—E(ri)} . (6) 0.6 
Therefore, although each peak is again Gaus- ei 
sian, its breadth 48; should be different for 
different i. Since &(7v) has a_ considerable a 


value for small 7 (Fig. 5), the narrowing may 
occur for peaks corresponding to near neigh- 
bors. The apparent value of the amplitude 
Vue gives 1—4€; times smaller value than the Fig. 5. Correction term ¢(7’/a) for simple cubic 


true value, 22 - lattice. 


' & Wye 


* This equation can be driven from Eq. (5.26) of Jamés’ book18) by taking average over whole direc- 
tions and by assuming the following conditions: 

(1) Debye’s approximation for specific heat problem. 

(2) Longitudinal and transversal waves have the same velocity. 

(3) Temperature is higher than Debye temperature. — 

(4) Simple cubic lattice. 
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In the practical analysis, RDF is calculated by an integration using relative value of modij 
fied intensity k/(s) within a finite integrating region extending from Sm to Sw and is given b i 


RDO) = | s-bU(s)-exp (—b's")-sin srs 4 | 


Substituting Eqs. (5) and (2) into Eq. (7) and calculating the above finite integral by the usét 


effect as follows: 


where 
yee ; 
Din= 7 | s-exp (—6?s?)-sin sr-ds 
Van 0 
bsin sur 
= DOs) + Sage ee exp (— r3)| 4 (oe Mise ‘I 
2 Ni 2 Te To T4H 
Dir)= DiaO(r-+ = & 2 exp (=r ene r)— 4( ie 7) ( 
DiGime s { "™ <7(s)-exp (—b2s?)- sin srds (8c) 
Van 0 
and where 
ro=bsu, ri=PiSu=Su eB 


Hidetake MORIMOTO 


RD(r)=kDi(7) + RDA) +kD37) (8] 
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A CBO (2) |" exp (¢?)-sin 27t- dt (9 
0 


on= =|" exp (—?) dt . 


Terms D, and D, in Eq. (9) correspond to 
D,. and D,. in Eq. (4), respectively. Term 
D; in Eq. (8) is caused by the neglecting of 
the small angle scattering and it forms a 
smooth background in RDF (Sec. 6e). Since 
®(7) is almost unity under the usual condition 
(Table II), the first term in D, and that in 
D, are almost equal to D,. and D,., respec- 
tively. They represent true peaks. On the 
other hand, the second term in D, and that 
in D, give rippled ghosts caused by the termi- 
nation error because 4(x, 7) is a damped oscil- 
lating function. As can be seen from the 
factor exp(—v7”), ghosts belonging to D, are 
reduced only by the artificial temperature 


Table IL. 
fromalesp (—7") |» OC) Am F exp (—7?)4m 
v4 
1.0 0.38 0.84 | 0.41 0.18 
1.5 0.11 0.97 | 0.39 0.05 
17 0.06 0.98 | 0.37 0.025 
1.9 0.03 0.993 | 0.33 0.011 
2.0 0.02 0.995 | 0.32 0.007 


factor while those belonging to D, are - 
by both natural and artificial temperatur 
factors. 

For small x, values of function 4(x, r) ca 
be calculated by numerical integration, an 
the first maximum 4, is given in Table II. 
For large x, it can be estimated by the asymp 
totic formula | 


A(x, 1) ~ - sin 27x— ai cos 2rx+0(— 4 


(10) 
Rippled ghosts belonging to a true Gaussian 
peak in D, are illustrated in Fig. 6. The height 
of ghost Peaks © is the order of 3exp(— 72 )e 


* As can be seen by the ~“asymptototic formula 


Bird ‘ Ss 
Eq. (10), 4( : ay " is negligible compared with 


: 28: 
i Gia! £2 i ¥ 
A a5, , n) in the neighborhood of peak 7. There- 
fore the first maximum of the ghosts is 
2 
Tai tm exp (aa) , 


where 4, is about 0.4 in the usual condition (Table 
II). 


j 1958) 


at the first peak and decreases in inverse pro- 
portion to r—7". 


Fig. 6. Rippled ghost belonging to Gaussian peak. 
Peak height is normalized to unity and ghosts 
are shown magnified ten times. 


§5. RDF of Silver Crystallites 


(a) Neighbors in normal and disordered f.c.c. 
crystals. 

In normal f.c.c. crystal of infinite size, each 
atom has 12 first neighbors, 6 second neigh- 
bors, etc. The interatomic distance 7 for the 
ith neighbor is given by 


n= SEV ib 7 


where dp is the lattice constant and d) the 
distance of the nearest neighbor. Interatomic 
distances in h.c.p. crystal can also be given 
by Eq. (11). In this case, however, z does 
not stand for the 7th neighbor; it takes frac- 
tional values as well as integers. If there are 
faults in stacking of (111) layers in f.c.c. 
crystal, i.e. if some stacking sequences of 


(11) 
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h.c.p. type are mixed in with sequences of 
f.c.c. type», besides the normal neighbors 
of f.c.c. type the anomalous neighbors with 
fractional i appear. Interatomic distances 7 
for silver (a=4.08A) and the numbers Nia 
for infinite-size f.c.c. and h.c.p. crystals are 
tabulated in Table II]. From these data it 
can be expected that, even when there are 
stacking faults, the numbers of the first and 
the second normal neighbors remain unchanged 
but that those of higher orders decrease. The 
decreased numbers are compensated for by 
those of the anomalous neighbors. 

For comparison with experimental RDF, 
numbers of neighbors N; are also given for 
a few models, some of which are normal and 
some of which are disordered by stacking 
faults (Table IID). These models are denoted 
as follows: 


[l-m x Rn: 
The parallelepiped denoted by [ Jn is formed 
by the three edges along [110], [101] and [011] 
directions. /-m respresents the number of 


atoms on the basal (111) net plane and & the 
number of stacking (111) net planes (Fig. 7a). 


[-m x k]s: 


Parallelepiped model, normal. 


Twinned parallelepiped model, dis- 
ordered by one twin fault (growth 
fault) at the middle of stacking. 


Model denoted by [ ]: consists of two paral- 
lelepipeds of similar size, one formed by [110], 


[101] and [011] directions and the other the 
mirror image across the twin plane (Fig. 7b). 

Ratios Ni/7: of [5-5x8]n and [5-5x8]. are 
shown in Figs. 7a and b. If stacking faults 
exist in evaporated silver, RDF should show 
peaks corresponding to the anomalous neigh- 


Table Ill. Interatomic distance and number of neighbors. 
Nin N; of models N; of specimens 

a Ti = = = = — 7 * —— — 25 — 

f.c.c.|h.c.p.| [5-58], | [5-5x8]¢ | [8-3x8]x| [8-3x8]: | No.1 | No, 2 | No. 3 | No. 4 | No. 5 
1 |2.88A 2 127) 9.0 9.0 | S74 | er 140.0 | .10.5° 1059 9530 1F1ORO 
2 | 4.08 6 6 oof one Shell Saleen hyde f AS 4.6 Be (6) 4.0 
23 | 4.71 — Ze — 0.3 — Ouse) el. 0-4 | = 0.8 0.6 
3 | 5.00 24 18 ese 12.6 11.9 11.4 LUZ) | W510 ARIE Saale els s7, 
BESS — 2 — Aleal — y 3.0 11 38 — DA en) 
ZN ay al 125, eee 6.4 5.9 5.8 ee) 4.9 6.8 7.8 Deo 6.6 
5 16.45 Habe \ wale 9.4 8.6 7.8 ell 7.0 9.9 | 13.2 70m4| 1026 
5a |6.86 | — | 12 — 0.8 = 0.7 273 | 0.0 | == 1,9. | 1.4 
6 | 7.06 Saieks 3.0 ei 225) Wyse 2a Seal 3.8 Waste yos yall 
64 | 7.26 — 6 _ 13 = 1.3 reall 182 a et 
63 | 7.45 oe 1b — 0.8 — OT. abe 6 0.6 — 1.5 | 0.8 
7 |7.64 | 48 24 17.8 SAE 14.3 12.0 TSEOMNOtSee” WeZseee a laa 18.4 
a | 0% 12.5% 0% 12.5% | 28% | 10% | 0% | 23% | 14% 
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bors, as indicated by dotted lines in Fig. 7b. 
It is noteworthy that the peak at 7=5.53A 
corresponding to <=33 must be the most con- 
spicuous among anomalous peaks because it 
is expected to be much larger and easily sepa- 
rated from the normal peaks. 


(b) Calculation of RDF from observed inten- 
sity. 

RDFs were calculated for all five silver 
specimens. The modified intensity was first 
calculated by dividing the observed Js) by 
|E(s)|2. We generally used £(s) calculated by 
Hoerni and Ibers’, Eu(s). For the purpose 
of checking (Sec. 6c), we also used E(s) calcu- 
lated by Born approximation 

Ex(s)=c{Z—f (s)}/s* , 
where Z is atomic number, c a numerical 
constant, and f(s) atomic scattering factor for 
X-rays. In the following sections, suffix H 
is usually omitted except when Exu(s) and 
Ex(s) are confused. 

The modified intensity was multiplied by 
an artificial temperature factor exp (—0.01s?) 
(Fig. 3c) and then, by using punched cards?», 
the sine transformation was calculated in inte- 
grating region 1.4<s<14, by approximating 
the integral in Eq. (7) by the summation 


kD(r)=const. x >) nJ(n4s) 


-exp [—b?(u4s)?|-sin (vds-r). (12) 


The interval of the numerical integration was 
always (10/z)4s=0.2. To estimate the error 
due to the finite interval, we carried out the 
summation by using a smaller interval (10/z)As 
=0.1 for a few specimens. We found that 
RDFs calculated with 0.1 interval and with 
0.2 interval did not differ more than 1% in 
region 7<.10A, proving that 0.2 interval was 
small enough. For example, RDF for speci- 
men No. 4 thus calculated is shown in Fig. 7c. 
This is RDF calculated from the average of 
three independently measured intensities (Sec. 
2 

(c) General features of observed RDF. 

The observed RDF (Fig. 7c) shows several 
large peaks which have physical significance. 
Their positions are in good agreement with 
normal interatomic distances 7,. Their forms 
are nearly Gaussian with almost equal breadth, 
48~0.53A. Since b=0.1A, we obtain V2 = 
0.154; this is in agreement with the value 
for massive silver crystal”. Small anomalous 
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peaks corresponding to stacking faults cannot} 
be recognized at the first sight because normal|| 
peaks are broad. 
Besides normal peaks, small rippled peaks}| 
are conspicuous near the origin. These peaks }| 
can be identified with the termination ghosts }} 
accompanying the peak at the origin i.e. the} 
second term of Eq. (8a). It must also be 
noted that the observed RDF has a smooth) 
background, as shown in Fig. 7c. | 
(d) Detailed analysis of RDF. 
To detect anomalous peaks due to stacking | 
faults, we analyzed the observed RDF as fol- | 


[5-5x 8], 
(b) 
"i () 
i | a i at 


kD =D, + kD +kD3 


(c) 


f DNESAS 
Qs eae eS SCN \ 
Tia 
a | + aie Pee: Me Ry he J 
ad Dios -p 
anomalous °F 35 5563 6& 
! y 
(e) 
kRy GH JK 
| a de f 


BC i 


x Fig. 7. Analysis of RDF (Sp. No. 4). 

(a) and (b): Neighbors in normal and disor- 
dered model (Sec. 5a). Height of anomalous 
neighbors (dotted lines) is magnified ten times. 

(c), (d) and (e) are explained in Sec. 5c-d. 
Ordinates of (c), (d) and (e) are in the same 
scale. 


= ee ee ee ee ae 
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lows. First, we drew an arbitrary smooth 


background of RDF (Fig. 7c) and subtracted 

it from the total RDF. Secondary, we further 

subtracted the peak at the origin including 

the accompanying ghosts, i.e. RD; in Eq. (8) 

(Fig. 7d). In this procedure, D, was calcu- 

lated by a numerical integration of Eq. (8a) 

and the normalization factor k was determined 
so that the residual at the position of peak, 
r=0.2A, vanished. 

After the subtractions, RDF was separated 
into peaks under the following assumptions: 
(i) Normal interatomic distances are given 

strictly by Eq. (11) with ay=4.08A; 

(ii) All the peaks are Gaussian and have the 

same breadth 48=0.534; 

(iii) The height of each peak is determined 
so that the residual of RDF vanishes at 
the position of the peak. 

Finally the analyzed normal peaks (Fig. 7d) 

were subtracted from RDF. Thus we obtained 

a residual part of RDF, denoted by RR,(r). 

The residual for specimen No. 4 (Fig. 7e) 

shows many peaks and valleys. 

For further discussion, we denote peaks and 
valleys for r>2A by a, B, C, d etc., capital 
letters showing conspicuous peaks or valleys. 
The largest peak H coincides well with the 
expected anomalous neighbor 7=3%. Other 
large peaks G and /J also coincide well with 
the expected anomalous neighbors, 7=23 and 
52, respectively; and peak K coincides with the 
composite of 7=63 and 63. On the other hand, 
large valleys B and C have no correspond- 
ence to the expected anomalous peaks. They 
are on both sides of the first normal peak at 
y=2.884 and they may be caused by the nar- 
rowing of the first normal peak by the cor- 
relative thermal vibration (Sec. 4). To prove 
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the results given above, we examine errors 
in detail in the next section. 


§6. Examination of Errors 


As described in the previous section, the 
residual was obtained from the observed RDF 
by subtracting (1) the arbitrarily drawn back- 
ground, (2) the peak at the origin including 
accompanying termination ghosts, and (3) the 
normal peaks. Therefore, the residual may 
comprise errors of these terms as well as ac- 
cidental and systematic errors of RDF. In 
this section we examine all kinds of errors. 
In Fig. 8 is a collection of errors and residuals 
calculated under various conditions. In Figs. 
8a, b, c, we again show RDF of specimen 
No. 4 (Fig. 7c), Ni/v: in [5-58], (Fig. 7b), 
and residual R; of specimen No. 4 (Fig. 7e), 
respectively. In Table IV is tabulated height 
of peaks and valleys, together with the calcu- 
lated anomalous peaks for [5-5 x8]; . 


(a) Accidental error of RDF. 

In order to estimate accidental error of RDF, 
we calculated RDF of specimen No. 4 from 
each independently measured intensity and 
from the average intensity. Fig. 7d shows 
4:=D—D* (i=1, 2,3), where D is the RDF 
derived from the mean intensity, and D®* is 
that from each measured intensity. We found 
that the difference is always smaller than 
dotted curves in Figs. 8c, h and k. As can 
be seen in Fig. 8c, peaks G, H, Jand K, 
corresponding to the anomalous neighbors, 
are considerably larger than the error. Val- 
leys B and C also exceed the margin of the 
error a little. All of the other peaks, viz. a, 
d, e, f, t and those in r< 2A, are below the 
accidental error and they may be ghosts. The 
order of the error at the position of each peak 


Table IV. Peaks and valleys in residual. 


: Anomalous peaks 
Height 
Notation T | = Ss a4) Sigitese ea for [5:5x8}, 
| Ry fz Re Rs Rs Re Ry 4 r N;/0.1375 
a 0 Aad eta) at) 0.3.1 $46 Ori O77 |  T54 | 
B 2.5 PP Ce Se oe 30160). =8.6.) 152 
c 3.2 —2.2| -1.4| -2.8| -1.3/| p aU La eS | lath. 
d 3.5 OL4, (6.7 0.3 1.8 i 0.9} 0.9] 0.9 
e 3.8 ee 0 i? 0.5] 0.8 
te 4.2 0.6} 0.3] O 0.7 é 0.6] 0.7 
G A 1:6 1.8 6.7 "S_ 26 1 LGN 0.7 22 | aE 0.5 
H | 5.5 avis | he | Le ey 3.7| 0.6| 32 | 5.53 | 1.5 
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is given in Table IV. 
(b) Errors of RDF caused by misestimating 
h+i and by the stray scattering. 
Observed intensity J may include errors 
caused by misestimating J,+/; and by the 
stray scattering which was always as smooth 
as i; and of the same order as i (Sec. 2). 
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Since either of these errors is a smooth func- 
tion of scattering angle, Fourier transform of 
either one is considerable only for small 7 in 
RDF. If J, is underestimated by 20%, an 
error as shown in Fig. 8e appears in RDF. 
If J; is misestimated 10 times, an error of 
the order of 20% Jy-misestimation appears in 
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Fig. 8. Residuals and errors™(Sp. No. 4). 
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r<2A of RDF. Since Ji(s) is a function 
smoother than f(s), in r>2A the error from 
J; was smaller than that from J,. Thus, small 
peaks near the origin may be ghosts caused 
by these errors. Valleys B and C, however, 
may be too large to be attributed to these 
errors and peaks G, H, J and K cannot be 
ghosts caused by them. It is also noteworthy 
that these errors result in a considerable error 
in the normalization factor k (Table V). 


(c) Influence of different atomic factors on 
RDF. 

If we use E£a(s) instead of Ex(s) in the 
calculation of RDF (Sec. 5b), we obtain an 
RDF, say (RDF)z, slightly different from that 
obtained before, (RDF)z. As shown in Fig. 
8f, the difference, 4R=(RDF)s—(RDF)z, is a 
damping wave* the amplitude of which is of 
the same order as the accidental error. When 
(RDF)z is analyzed according to the same 
conditions as those in Sec. 5d, the heights of 
normal peaks change considerably (Table V). 
In the obtained risidual Rez, however, large 
peaks and valleys B, C, H, Jand K remain 
almost unchanged (Fig. 8g). Therefore, even 
when calculated atomic scattering factors con- 
tain an error of the order* (Es— Ez), it has 
little bearing on the present discussions on 
the residual. 


(d) Termination ghosts. 

There are ghosts accompanying D, of Eq. 
(8a) and those accompanying D, of Eq. (8b). 
The latter is made small by the artificial 
temperature factor** while the former cannot 
be made small, particularly near the origin 
(Fig. 8h). For this reason, this ghost was 
subtracted as described in Sec. 5d. Since the 


* In Fig. 11, (Hz/E) of silver atom is nearly 
constant for s>5 and increases for s<5. There- 
fore, except for a constant factor, the main differ- 
rence between Jz and Jz, viz. modified intensity 
calculated by using Hg(s) or F,(s), is that (111) 
intensity of Jz is larger than that of Jq by about 
15%. Thus, the sine transform 48 of 4J=Jz-dJyz 
is a wave with thé periodicity 2x/sau)~2.3A hav- 
ing maxima at P06, 2-9 ,eor, 7.5A etc. and 
minima at r~1.7, 4.0, 6.3, 8.6A etc. 

** Since in our experiment 7;=/iSy—~1.9, 


2 
van Ain exp (- 742) ae 0.01 


(Table II). The effect of ghosts belonging to all 
peaks in D. can be estimated by the use of the 
asymptotic formula Eq. (10). 
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order of magnitude of the former ghost is the 
same as that of the accidental error for r> 
2A, the error in estimating this ghost, which 
mainly arises from the empirical determination 
of factor k, is negligible. 


(e) Ambiguity of drawing the background of 
RDF. 

In Sec. 5d, a smooth background was sub- 
tracted from RDF. This background can be 
attributed to the fact that the integral for 
the region between the origin and sm was 
neglected, i.e. D3; of Eq. (8c). In this region 
we have only the small angle scattering caused 
by the external shape of crystallites. The 
calculation using models proves that the small 
angle scattering is limited to a very small 
angle in our experiment and thus curve Ds; 
gives a smooth background, the periodicity of 
which is larger than 10A. For this reason it 
is certain that the background is not wavy 
for r<.10A. In all other respects, the back- 
ground is ambiguous. Therefore we tested 
the effect of different backgrounds. Three 
different backgrounds, curves (1), (2) and (3) 
(Fig. 8a), were drawn and the corresponding 
residuals Ri, R, and Rk; were calculated (Fig. 
8c and i). 

Through the variation in backgrounds, the 
residual is changed considerably. With the 
one exception of peak G, however, large 
peaks and valleys, B, C, H, J and K, are al- 
ways conspicuous in Ri, R, and R;. There- 
fore, they cannot be ghosts caused by an 
arbitrarily drawn background. In addition to 
these large peaks and valleys, there appear 
extra valleys in R, and extra peaks in R3 as 
indicated by arrows in Fig. 8i. Since, how- 
ever, these extra peaks and valleys appear 
as being dependent on the background and 
have no correspondence to any physical origin, 
they must be ghosts caused by the inadequate 
background. Therefore, we take background 
(1) as the most adequate one. 


(f) Three assumptions concerning the normal 
peaks. 

We further examine how R; is reformed by 
the modification of the three assumptions in 
Sec. 5d. 

Position of normal peaks 7. We found that 
if the value of ~ is taken to be 1% smaller 
than the normal value, peak H in the residual 
becomes lower (FR, in Fig. 8j). However, it 
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is impossible to eliminate peak HAH perfectly 
by changing the value of 7,. Moreover, it is 
physically impossible that 7, decreases without 
changing other 7. If all interatomic distances 
are 1% smaller than normal ones, residual 
has many large ghosts (R; in Fig. 8j). We 
found no variation in lattice parameter even 
for crystallite so small as 10A diameter. This 
is in agreement with that recently reported 
by Rymer?”. 

Breadth of normal peaks. According to Eqs. 
(4b’) and (4c’), the breadth of near neighbor 
peaks should be narrower than that of distant 
neighbor peaks. By taking a smaller breadth 
for the first peak 48,=0.49A, valleys B and 
C can be diminished below the margin of 
error (R, in Fig. 8k). Large peaks in the 
residual, however, cannot be eliminated by 
changing the breadth of normal peaks. There- 
fore, we regard valleys B and C as ghosts 
caused by the inadequate assumption on 
breadth. It may be adequate to change assump- 
tion (ii) as follows: 

ii’) All peaks except the first have the same 
breadth 48=0.53A. The breadth of the 
first peak is reduced so that the ghosts 
in the neighborhood are diminished as 


Residual 
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small as possible. 

Height of normal peaks. We have proved that | 
the large peaks in R; cannot be attributed to 
any other origins than the anomalous neigh- 
bors caused by stacking faults. Therefore, | 
we change assumption (iii) as follows: 
(ii’) Height of normal peaks is determined 

so that the residual consists of anomalous | 
peaks at expected positions and of Gauss- 
ian form with the same breadth as that 
of normal peaks. 

The solid curve of Fig. 81 (R;) shows the 
residual obtained by using the improved as- 
sumptions (i), (ii’) and Gi’). The dotted curve 
in this figure shows Gaussian peaks correspond- 
ing to the anomalous neighbors. The differ- 
ence between the solid and the dotted curve 
is certainly smaller than the margin of error. 


§7. Result of RDF Analysis 


The refined analysis was carried out for 
five silver specimens given in Table I. The 
obtained residuals are shown by solid curves 
in Fig. 9. In this figure, the calculated 
anomalous peaks for model [5-5x8]: is also 
shown. Anomalous peaks are always remark- 
able for specimens before annealing (Nos. 1, 


(number of atoms/A*) 
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Fig. 9. Residuals for each silver specimen. 
Dotted curves indicate residuals when the narrowing of the first normal peak is not 


taken into account. 
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4 and 5). After annealings, anomalous peaks 
become very small (No. 2) or vanish (No. 3). 
All the anomalous peaks correspond to those 
in the disordered model, i.e. large peak with 
index i=33, middle size peaks with i=53, 63 
and 6%, and small peak with i=2%. Besides 
these peaks, there is no ghost for r>1A. 
Ghosts near the origin may be caused by the 
error mentioned in Sec. 6b. The dotted curves 
in Fig. 9 show the residuals calculated accord- 
ing to assumption (ii). They always have 
valleys on both sides of the first normal peak. 
It is evident that the first peak is narrower 
than the other peaks. 


Table V. Result of RDF analysis of 
specimen No. 4. 


| | ue | Error of height 
: = == (Heights top 
t Vi ud |4Vue| Nefree, Accidental 276 In| yp 
error or J; 
1 | 0.12A/ 0.024) 26.8 | 41.1 0.1 +0.8 
2. 0.05 6.6 use | '-0.6 
23 he2 0.7 0 
3 0.02 | 18.2 0.6 +0.4 
33 | ) se Oe 0 
4 0.03 6.9 0.5 0 
woro.ts 1 0.08.1 8.1 0.5 0 |-0.4 
53 rege 0.5 0 
6 0.06 | 2.6 0.5 '+0.2 
63 a 0.4 | 0 
63 1.5 0.4 0 
7 0.02 | 14.1 0.4 (+0.4 
Ak/ke 6% 7% | 2% 


Apparent value of amplitude of thermal 
vibration, 4,2, can be calculated by Eq. (4c’) 
from the observed peak breadth. Apparent 
amplitudes together with peak heights are sum- 
marized in Table V. For all specimens, ap- 
parent amplitudes were the same as those for 
specimen No. 4. The third column of Table 
V gives the estimated error of the amplitude. 
Since the effect of changing the peak breadth 
is small for small peaks, the error of amplitude 
is large for small peaks, and vice versa. It 
is known that the true value of amplitude is 
0.16A for massive silver crystal». Apparent 
values, however, are expected to be smaller 
than the true value by about 20% for the first 
neighbor, by about 10% for the second and 
the third neighbor, and by less than 10% for 
the further neighbors (Eq. (6) and Fig. 5). 
Therefore, within the experimental error, our 
result agrees with the theoretical estimation. 

Absolute peak height, Ni:/7:8:, can be calcu- 
lated by dividing an observed peak height by 
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the normalization factor k. Calculated values 
are given in column 4 of Table V. The same 
table also gives (1) the error of height caused 
by the accidental error (column 5); (2) the 
error by 2% misestimation of J, or 100% of 
J, (column 6), and (3) the difference of height 
determined by (RDF)z and that determined 
by (RDF)z (column 7). The errors of normali- 
zation factor k caused by origins (1), (2) and 
(3) are given in the lowest line of Table V. 
Absolute number of neighbors N; can be 
calculated from the absolute peak height 
Ni/riBi and the peak breadth 48;. Thus ob- 
tained Ni as well as those calculated for models 
are given in Table III. Since both of the two 
disordered models given in this table have one 
fault in 8 layers, the fault probability is 1/8= 


12.5%. For these models the ratio of SM; 
457 
to >) Ni is 0.073 while the ratio for specimen 
t<7 


No. 4 is 0.14, where >) indicates the summa- 
tion over all the normal and anomalous neigh- 


bors and 5} that over all the anomalous neigh- 
bors. Comparing these values, fault probability 
of No. 4 is estimated to be 23%. The proba- 
bilities estimated in this way for other speci- 
mens are given in Tables I and III. 

In order to estimate crystal size, we plotted 
ratio Ni/Ni. against i in Fig. 10, normalizing 
N,/Ni. to unity because the absolute value 
includes the error of k. In general, Ni/Nin 
decreases more steeply for smaller crystal. 
The slope of Ni/Ni. for every specimen is 
slower than that for spherical model (N=180) 
and is steeper than that for (V=54). This 
implies that the equivalent diameters of speci- 
mens are between 18A and 12A. Compared 
with a crystal without stacking faults, a same 
size crystal with faults has smaller numbers 
of distant neighbors (Sec. 5a and Table III) 
and thus shows steeper Ni/Ni. (Fig. 10b). If 
the numbers of anomalous neighbors are in- 
cluded, the effect of faults can be corrected 
in estimating the crystal size. The correction 
amounted to about 10% for specimen Nos. 1, 
4 and 5. The corrected values are given in 
the parentheses of column 6 in Table I. Other 
figures in this column show crystal size esti- 
mated from (111) half breadth. For all speci- 
mens, the latter estimation gives a value 
larger than that estimated by the former. If, 
however, the mean value of breadths of (111) 
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and (200) reflections is used, both estimations 
give a similar value. 

It is also noteworthy that ratio Ni/Ni.- de- 
pends on the crystal shape as shown in Fig. 
10b. Since, however, a marked relation be- 
tween N;/Ni» and shape could not be found and 
since the obtained Ni/Ni- included a consider- 
able error, it was difficult to obtain informa- 
tion on crystal shape. 


as a Aa 
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l od NEE NG 
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Fig. 10. Ratio Ni} Nico. 
(a) Spherical models. 
(b) Models with different shapes and with dif- 
ferent parameter values of faults. 
(c) Specimens Nos. 1, 2 and 3. 
(d) Specimens Nos. 4 and 5. 


§8. Discussions 


(a) Stacking faults. 

We confirmed Kimoto’s conclusion” on the 
existence of stacking faults in evaporated 
silver crystallites. We found the fault prob- 
ability of the same order as that found by 
Kimoto. The faults decrease as crystal size 
becomes larger and they vanish when the 
crystallites are annealed. 

We estimated fault probability (Table I) by 
assuming the faults were twin faults. If de- 
formation faults are the case, fault probability 
turns out to be nearly half because deforma- 
tion faults cause anomalous neighbors nearly 
twice those by twin faults. It is impossible 
to conclude from our RDF which of the faults 
is actual, because both faults cause a similar 
type of anomalous neighbors. However, it 
may be more reasonable to assume that twin 
faults are dominant in our case. 

In the thermal equilibrium state, the prob- 
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ability of stacking faults is given by 
a=exp (—F4E/kT) (13) 


where F is the area of faulted layer and 4E 
the energy of stacking fault per unit area. 


if we assume 4E=20erg/em?”-™ and F=§| 


15&8x15A, a turns out to be less than 0.01% 
at room temperature. If this were the case, 
the faults could not have been detected in the 
present experiment. If, however, we assume 
that the crystallites are quenched from 1,600°K, 


the evaporating temperature of silver, to room | 


temperature, a@ turns out to be 13%. This 
probability is in agreement with experimental 
results in the order of magnitude. Since 
crystallites with high probability of stacking 
faults are in a meta-stable state at room tem- 
perature, faults disappear quickly by an an- 
nealing. For aluminum for which 4E is about 
100 erg/cm?, faults cannot occur even in meta- 
stable state. This is in agreement with the 
experimental result that no anomalous inten- 
sity is observed for aluminum. Probability 
for silver and aluminum are given in Table 
VI. 


Table VI. Fault probability expected from Eq. (13). 
Metal| 4H OR | io ae 

| 10Ax10A | 1600°K| 40% 

f 2 |15 x15 | 300 | 0.2x10-¢ 
& | (erg/em?)| 15 x15 | 1600 13% 
20 x20 | 1600 3% 

lees is0 (ikges | <10-% 

Al | 100 | 45 x15 |1600 | 0.5x10-* 


In Wagner’s experiment!» the crystal size 
in filings was of the order of 100A, while in 
our experiment the crystal size was of the 
order of 154A. The difference of annealing 
temperatures at which stacking faults dis- 
appear can be attributed to the difference of 
crystal sizes. Moreover, in Wagner’s experi- 
ment the faults were deformation faults. The 
difference of annealing temperatures may also 
be due to the difference of energies for defor- 
mation and twin faults. 

The peak shift such as observed by Nimura” 
and Rymer® can be explained by either of 
the following three: (1) Growth faults with 
about 20% probability”, (2) deformation faults 
with about 2% probability, (3) strain caused 
by sessile dislocations». In the present ex- 
periment, growth faults with about 20% was 
obtained for crystal size of about 15A. There- 


> = 


1958) 


fore, explanation (1) seems to give too high 
probability because the crystallites used by 
Nimura and Rymer were a few ten A in size. 
We cannot conclude which explanation is the 
most adequate. To throw light on this prob- 
lem, analysis of line profile? may be useful. 
(b) Thermal vibration and strain in crystal- 
lites. 

It is emphasized that the observed amplitude 
of the thermal vibration for very small crystal- 
lites is in agreement with that for massive 
crystal. 

On the other hand, Kimoto” had to introduce 
a frozen heat motion corresponding to 600°K; 
V uw? =0.24A* in order to make the observed 
intensity agree with the calculated one. He 
calculated the intensity profile by using Ez in 
the region between (111) and (311) reflections, 
i.e. s=2.67 and s=5.11. By the introduction 
of frozen heat motion, the damping between 
(111) and (311) becomes steeper by 


exp (34 [s%.1)— Stuy]}=0.70 . 


However, if Ew is used instead of Ez, the 
calculated intensity shows a steeper damping 
by 

Bail) ) 45. 


=0.85 


Ex(311) 

bateth E2(111) 

(see Fig. 11). Therefore, the frozen heat mo- 
tion may be partly due to an inadequate atomic 
factor. It may also be due to an inadequate 
background in the intensity curve». In our 
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Fig. 11. Ratio (Hy7/Hz)2 and temperature factors. 


Temperature factor for 300°K 
=const. exp (—0.0085s?) 
Temperature factor for 600°K 
=const. exp (—0.0192s?) 
All curves are normalized to unity at sqiy= 
2300 


* Kimoto’s notation <u ay equal 4w’2. 


Diffraction Study of Evaporated Crystallites 


1029 


analysis the same amplitude of thermal vibra- 
tion was obtained independent of atomic 
factors. This is due to the fact that the re- 
gion of s-value in our experiment is so large 
that (Hu/Exs)? cannot be expressed by an ap- 
parent temperature factor exp (—c’s?) (Fig. 11). 

In discussing the frozen heat motion, Ez 
seems better than Fz. However, it is difficult 
to conclude which is actually better, because 
(111) reflection is much stronger than other 
reflections and thus the photographic measure- 
ment is difficult. It must also be noted that 
for (111) reflections dynamical effect is not 
negligible even for fairly small crystallites’. 
The disagreement in data of (111) intensity: 
25),26) may be due to these causes. 

It is interesting that the correlative effect 
of thermal vibrations was detected in RDF. 
This effect has often been observed in X-ray 
patterns of a single crystal as temperature 
diffuse scattering!®, but has not yet been ob- 
served in electron diffraction patterns of poly- 
crystals. 

We could not find the gradual increase of 
peak breadth in RDF. Similarly to liquid, 
highly distorted crystals give peak breadth 
which increases in proportion to the square 
root of distance??: 4 breadth~)/;- a) x strain. 
Since in our experiment the gradual increase 
of breadth is smaller than 0.02A/4A, we con- 
clude that the strain is smaller than 0.01. 
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The electron distribution in a bonded hydrogen in crystals is investi- 
gated using mainly the VB method with the Gaussian approximation to 
the Slater wave functions. This approximation appears to be fairly good 
if the thermal vibration is considerable. In the present paper is studied 
the C-H bond as an example. It is concluded that the position of the 
maximum electron density around the proton is located more or less to- 
wards the heavier atom, and hence an apparent bond contraction in the 
X-ray analysis should occur. This seems to be in accord with experi- 
mental results. The apparent bond shortening increases and the peak 
density decreases with increase in the ionic character of the bond. For 
a constant value of the ionic character, the magnitude of the apparent 
bond shortening rapidly reaches a certain constant value when thermal 


vibration becomes large. 


§1. Introduction 


Since an ordinary atom other than hydrogen 
has nonbonded K shell electrons whose den- 
sity is very sharply distributed and very high 
at the centre of the atom, the position of the 
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maximum electron density in it will coincide 
with that of the nucleus. In the case of the 
hydrogen atom, however, the K shell electron 
is at the same time the valence electron and 
accordingly the electron distribution should 
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depend more strongly upon bonding. Recent 
advances in the technique of x-ray crystal 
Structure analysis have enabled us to locate 
experimentally hydrogen atoms in crystals. 
For such purpose is required the so-called 
(fo—F)-synthesis which means the difference 
between the observed and calculated distribu- 
tion of the electron density, the contribution 
of the hydrogen atoms being omitted in the 
later. In Table I are given some of the values 
of the C-H distances determined by X-ray 
methods. Although the accuracy of the values 
is not always very high, it is revealed from 
Table I that many of the distances are more 


Table I. The C-H bond distances determined 

by the X-ray method. 

Substance C-H Ref. 
Adenine. HCl 0.85 1.00 (1) 
Salicylic acid 0.78 0.90 0.92 0.94 23) 
Ethylenethiourea* 0.87 0.87 0.87 0.99 Co) 
Benzoic acid 0.86 (average) (4) 
Sodium tropolonate 1.03 (average) a) 
Tropolone. HCl 1.05 (average) (6) 
s-Triazine* 1.00 CG?) 
a-Pyridone 0395210298; 1202; 3.18 (8) 
Succinamide* 1.0 (ee) 
C.He 1.05 (10) 
Diformylhydrazine 0.94 (11) 


* Three-dimensional investigation. 


or less shorter than those spectroscopically 
accepted. This suggests that the maximum 
electron density around a proton is located 
somewhat towards the heavier atom. It is 
the present purpose to investigate theoretically 
whether the apparent bond shortening should 
occur in crystals. Since in general the C-H 
bond is considered not to be significantly af- 
fected by an external field, study on the C-H 
bond will be adequate for our purpose. 

The distribution and the peak density of the 
electron in an atomic hydrogen with thermal 
vibration have been discussed theoretically by 
McDonald’. The present paper treats the 
case of a bonded hydrogen by using a simple 
valence bond or molecular orbital method, in 
which McWeeny’s Gaussian approximation! 
to the Slater atomic orbitals is adopted. We 
may not expect very accurate electron distri- 
butions by using McWeeny’s two-term Gaus- 
sian AO’s. It appears, however, that if the 
influence of thermal vibration is considerable— 
and this is the case in most molecular cry- 
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stals—the electron distribution is given fairly 
well by using such approximate AO’s. 

In our calculation the C-H bond vibration 
is not particularly considered. However, the 
bond vibration is usually not so large as the 
thermal vibration of the whole molecule in 
crystals. From the electron gas diffraction 
data of Morino et all, the temperature fac- 
tor parameter B of the hydrogen atom due to 
a C-H bond vibration is estimated to be less 
than 0.5 A relative to the carbon atom. This 
value is far smaller than that of the ordinary 
temperature factor parameter for the molecules 
in crystals. Therefore, we neglected the bond 
vibration as a first approximation. Also we 
consider only the case of the isotropic tem- 
perature factor for the molecule as a whole. 
However, this approximation will be sufficient 
to be compared with the experimental results 
as the accuracy of the experiments is not 
very high at present. 

In the present paper are given first the 
general representations for the electron dis- 
tribution of a bond by the use of both VB 
and MO method. Second are derived the ma- 
thematical results which give the distribution 
of the square of an AO, ¢?, and of the pro- 
duct of AO’s ¢a¢v, both of which are required 
in our procedure. Finally the application of 
these results to the bonded hydrogen in the 
C-H bond is given as an example, calculated 
values being compared with experimental 
ones. 


§ 2. 


The Electron Density Distribution in a 
Bond. 


Let ¥ be an approximate wave function 
for the system, built out of atomic orbitals 
¢a and @», using either molecular orbital or 
valence bond theory. The electron density is 
then twice that for just one electron, i.e. 


al wear, the integral with respect to one elec- 


tron, and we can write’, 


0= aha? +qubv? + qav(bab»/Sav) , (1) 
where ga, qo and ga» are the numbers of elec- 
trons distributed according to the normalized 
density functions $27, $2 and ¢ax/Sav, Sao 
being the overlap integral between the orbitals 
¢a and ¢». The quantities ga, qo and ga» may 
be called atom and bond “ charges,,’ or “ po- 
pulations ”4©: their values depend on the ap- 
proximation used (MO, VB, etc.), but the 
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density always involves the same orbital and 


overlap charge distributions, ¢a?, @2% and 
Gahr/ Sav. 
We have given two approximations: (i) the 


MO approximation, in which MO’s are given 
as 


igs CriGr , (2) 
and (ii) the VB approximation, where 
G=NC cov A¥ ion) ( 3 ) 


and Vion describes both electrons on atom a, 
the more electronegative of the two atoms. 
A, the degree of ionic character, is estimated 
in a later section. The populations are easily 
evaluated in each case, i.e., 


MO: Ga 2 2.0, 15 (4a) 
j 
G2 FC3; (4b) 
j 
Jav=4Sav Le; CajCoj » (4c) 
j 


>’ being extended over all occuped orbitals, 


VB: ga=2(Ne?+2?7+ 22S avNo)/(1+2?+ 4ASavNe), 
(4d) 
Qo=2N2/1+ 227 +42SanNe) , (4e) 


Qar=4NeSav(SarNe+a)/1+22+424SavNe) , 
(4f) 
where Ne=2(1+S?2,)-¥?. 
It remains to deal with the basic charge 
distributions. 


§3. The ¢? Distribution 


McDonald’ has discussed the influence of 
the thermal vibration upon the distribution 
of the electron density in a hydrogen atom 
three- and two-dimensionally using the square 
of normalized 1s wave functions. The ¢? dis- 
tribution with thermal vibration for light 
atoms could be obtained by applying Fourier 
transformation numerically to McWeeny’s 
values for Slater type orbital electrons!?. How- 
ever, since this Fourier transformation is not 
an easy matter, we shall adopt in the present 
paper McWeeny’s 2-term Gaussian approxima- 
tion to the AO™, which is mathematically 
more convenient in extending the results to 
bonded atoms. The general single-term forms 
of @ and ¢? for the ls, 2s and 2p states are 
given in Table II. 

Following McWeeny’s results, terms of the 
type 7* exp (—2ar’) would be expected in ¢2(2s). 
However, since the form shown in Table II 


Toile (Vol. 13, 
Table II. Types of terms used in approximating 
go and ¢?. 
¢ P? 
(1s) exp (— ar?) exp (—2ar7?) 
(2s) 7? exp (—ar?) 72 exp (—2a!72)* 


(2p) 


e is a unit vector along the 2p orbital 
* In the present calculation this form is used 
instead of the form 7*exp (—2a’7r?). 


r-eexp (—ar?) x? exp (—2a7?) 


is more convenient and the numerical values 
for the parameters are easily derived from 
those in the 2f function, we shall use terms 
of the type 7?exp(—2ar*) in approximating 
the ¢2(2s) function. This will give a more 
accurate distribution for the 2s electrons than » 
McWeeny’s original $7(2s) function, as is clear 
from the discussion in McWeeny’s paper. 
The resultant ¢ and ¢? for the ls, 2s and 2p 
cases are given in Table III, where the atomic 
unit is chosen as the unit of length. 


Table III. 


gd (McWeency). 
426 x 10-1- Z3/2{exp (—1.3300?) 
+0.725 exp (—0.20140?)} 


(Ge) Ae 


(28) 1.493 x 10-2- 73/202{exp (—0.2037 0?) 
+0.190 exp (—0.046852)} 
(2p) 4.109 x 10-2- 73/29-ef{exp (— 0.15120?) 
+0.392 exp (—0.0328707)} 
$2 
(1s) 5.886 x 10-2. 73 exp (—2.660¢2) 
+3.094 x 10-2-Z3 exp (—0.4028 02) 
+8.534 x 10-2. Z3 exp (—1.58140?) 
(28) 5.628 x 10-4- 7392 exp (—0.3024 2) 
+-0.8648 x 10-4. 7362 exp (— 0.06574 p?) 
+4.412 x 10-4- 730? exp (— 0.18407?) 
(2p) 16.884 x 10-4. 73 exp (— 0.3024?) 


+2.594 x 10-4: 732 exp (—0.06574 02) 
+13.236 x 10-4: 78% exp (—0.18407 02) 


Z is the effective nuclear charge same as in the 
Slater AO’s. p=Zr and t{=Zx. 


The influence of thermal vibration on the 
density is easily discussed in three-, two-, or 
one-dimensional case provided the Gaussian 
approximation to the AO is chosen. 

In the first place we consider the three- 
dimensional case. A function T(r) is defined 
as follows; 


Tn)= Jexp (—BS?) exp —(2niS-ndS, (5) 


where 


oe 


| 


_ B is a constant given as the one fourth of 


1958) 
|Sl=2sin 0/2, B=27n27?=4 


the so-called temperature factor parameter B 
which will be determined experimentally. 7 


is related to the mean square displacement 


| 


of a point from the equilibrium position. As- 


suming isotropic thermal vibration, we obtain 
. 


T(r) =(5) exp (—tr?) , (5a) 


where 


t=77/B8 . 


_ Since electron density of the system at rest 


is given as 
a(r)=| F(S) exp (—2ziS-r)dS , 


where f(S) is the scattering factor of the 
electron distribution, the distribution with 
thermal vibration becomes, 


ar) = [ow Tir—wdu (6) 


We are now in a position to obtain the 
density of the ls, 2s and 2f electrons by us- 
ing Gaussian approximation and by Eq. (6). 
As the three-dimensional p(r) is given in 
Gaussian form as given below, the two- or 
one-dimensional projection is easily obtained 
by suitable integrations. In the derivation of 
the distribution for each orbital electron with 
thermal vibration, the following two formulae 
are necessary, 


Jexp (—px?-+2qx)dx=(n/0)"" exp (@'/p), (7) 
and 
\e exp (—px?+2qx)dx 
=1/(2p)- (n/p). +.24"/p) exp (@/p). (8) 


Assuming the general forms of ¢2 shown in 
Table II, the results including the influence 


_of thermal vibration are found to be as fol- 


lows: 
(1s) State. 
(3-D) 0(r)= K3/? exp (—2aKr’*) , (9) 
where 
K=t/(2a+f), t=zx?/p, 
(2-D) 0(7v)=(z/2a)”?K exp (—2aKr’) , (10) 
(1-D) 0(r)=(z/2a)K4/? exp (—2aKr*) . (11) 


ry? means x?+4?+2? (8-D), x?+y? (2-D), and x? 
(1-D) respectively. 
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(2p) State:—The direction of the orbital 
along the x-axis. 


(3-D) o(r)=432a+t)* 


x K 3/214 2Ktx) exp (—2aKr?). (12) 
(2-D) ‘The projection on the xy-plane, 
0(7) = 4(a/2a)\?(2a+t) 
x K1+2Ktx?) exp (—2aKr’) . (13) 
The projection on the xy-plane, 
0(r) = 4$(7c/2a)"/2(1/2a)K exp (—2aKr*). (14) 
(1-D) The projection on the x-axis, 
0(r) = 4(/2a)(2a-+t)"! 
x K42(1+2Ktx?) exp (—2aKr’). (15) 
The projection on the y-axis, 
p(r) = 4(7/2a)K V2 exp (—2aKr?) . (16) 


In Eq. (14) P=y?+2?, and in Eq. (16) 7*=y?’. 
(2s) State. 
(3-D) o(r)=4(2a+t)4 
x K3/2(342Ktr?) exp (—2aKr*) , 
(2-D) 0(r)=4(a/2a)?(2a+t) > 
x K(8+t/2a+2Ktr?) exp (—2aK7’) , 


(17) 


(18) 
(I-D) (7)=3(2/2a)(2a+t)* 
x K3/2(34+t/a+2Ktr’) exp (—2aKr’) , 
(19) 
$4. gag» Distribution 


Assuming the Gaussian approximation shown 
in Table II, the vibrational modification of 
the overlap distribution, ¢a¢v, can be”obtained. 
For the sake of convenience, exp (—d7ra) 
xexp(—b7,?), for instance, is defined as 
(1s)a(1s)». The notation for the coordinates is 
shown in Fig. 1. 


Fig. 1 Vector notation of coordinates, 
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(1s)a(1s), Distribution. ; 
Considering the following relations, which are obvious from Fig. 1, 
Ve2=Vr7—2r-A+A?, n2=r-—-2r-B+ B* , 


and using Eqs. (7) and (8), the (1s)a(1s)» distribution is given as follows, 


(3-D) o(r)=K’3/? exp {—abR?/(a+b+t)} exp {—K (ara? + bre”) } (20)) 
where K’=t(a+b+t), R= B-—A (see Fig. 1), 
(2-D) o(r)={n2/(2+b)}? exp {—K’abk?|(a+b)} 

x K’ exp {—abR?/(a-+b4+b} exp {—K (ara? +bro”)} , (21)) 
(=D) o(7)=n/(a+b)-exp {—K’ab(R? + R,’)/(a+b)} 

x K"? exp {—abR?/(a+b+b} exp {—K’(ara?+bri)} , (22) 


It is clear that 7a? is %a?+ya?+2Za? (3-D), %a?+¥a? (2-D) or xa? (1-D), and also R,= B.—Az, etc. 


(2s)a(1s), Distribution. 


If we denote the expressions (20), (21) and (22) by L, J, and & respectively, it follows that 
—(013/0a), —(0I,/0a) and —(0f/0a) give the expressions of the three-, two- and one-dimen- 
sional (2s)a(1s)) distribution. This is analogous to McWeeny’s procedure in obtaining the bond 
structure factor. The results are as follows: 


(3-D) 0O(n)=(a+b+b)?K 2{38(a+b+t)4+ (0R+tra)} 
x exp {—abR?/(a+b+1)} exp {—K’(ara?+br)} , (23) | 
(2-D) O(n) ={2/(a+b)}}2(a+b4+10)?7K {((a+b4+6)4+4(a+64+1)2/(a+b) 
+ bt(b?—a?+ bt) R2/(a+b)?+(6R+tra)?} exp {—abR?/(a+b+i)} 
x exp {—abtR?/(a+b+t)(a+b)} exp {—K (ara? +bro”)} , (24) 
(1-D) o(7)=n(a-+b)- (at+b+t)*K V*{3(a+b+t)+(a+b+t)(a+b) 
+bt(—a@+bt)(R2+ Ry)/(a+b?+(OR+tra)*} exp {—abR?/(a+b+t)} 
x exp {—abt(R2+ Ry*)/(a+b+b(a+b)} exp {—K’ (ara? +brr?)} . (25) 
(2p)a(1s)») Distribution. 
In order to deal with the (2p)a(1s), distribution it is convenient to introduce vectors A’=A+0uz, 
etc., where da=0aéa (@a being a unit vector) is the vector pointing along the directed (2p) 


orbitals at A (Fig. 1), and to denote the expressions (20), (21) and (22) by Js’, Jo’ and i’ in 
which A and B are replaced by A’ and B’ respectively. It then follows easily that, 


1 I aS 1 
0 8 00a , on eh e a ara a 
3a (O13//08.4) ae (01,/’00a) , and = (0,//00a) 


give the expressions of the three-, two- and one-dimensional (2f)a(1s)) distributions. The 
results are given as follows, 
(3-D) o(r)=(a+b+t) 1K ?(OR-ea+tra-ea) exp {—abR?/(a+b+t)} exp —K’(ara?+bre?) , (26) 
(2-D) Or) ={x[(a+b)}(a+b+t)"*K {OR ea+btRz-ea/(a+b)+tra- ea} 

x exp {—abR?/(a+b+1t)} exp {—abtR?/(a+b+t)(a+b)} exp {K’ (ara+bre)} , (27) 
(1-D) 0(7)=7/(a+b)-(a+b+1)-1K’V{0R- ea+bt(R:+ Ry): ea/(a+b)+tra-ea} 

x exp {—abR?/(a+b-+1t)} exp {—abt(R2+R,*)/(@+b+b(a+b)} exp {—K’(ara?+bro?)} . 

(28) 

Eqs. (21), (22), (24), (25), (27) and (28) become much simpler if the bond lies in a projectior 


plane or projection line. 


§5. Applications 


: In the preceding sections are derived the 
_ analytical expressions for ¢? and dado with 
: thermal vibration which are useful in obtain- 
" ing the electron distribution of a bond in which 
Ba hydrogen atom is participating. The dis- 
; tribution thus calculated is almost the same 
as that derived by using Slater AO’s in par- 
4 ticular cases. For example, in Fig. 2 are 
— the curves which give the ratios be- 
J 


= 


tween the values of the peak density for a 
hydrogen atom calculated by the. RIS 

_ Gaussian approximation and the 
Slater AO as the functions of 
temperature factor parameter B 
(in A? unit). Slater 1s function 
gives a sharp electron distri- 
bution at the centre when the 
atom is at rest. However, from 
_this figure, it is clear that the 
Gaussian approximation (two- 
terms) is fairly good especially 
in the two-dimensional projection 
if the thermal vibration is con- 
siderable. 

Next we shall discuss the dis- 
tribution of the electron density 
of a C-H bond. We assume 
that (a) the distance between 
carbon nucleus and proton is 2 
atomic units (1.058 A), (b) B=2.0 
in atomic unit which corresponds 
to B=2.332 A, a value usually 
found in actual crystals, (c) the 
valence AO of the carbon atom 
is sp?-hybridized since we have 
found that the peak position is 
practically unaffected by the 
change of carbon hybridization 
among sp, sp? and sp*. (Peak iO 
height is, however, slightly af- 
fected.) From the VB point of 
view, the electron distribution 
in the C-H bond is given by 
Eqs. (1) and (4d, e, f) and the 
numerical values of the distri- 
bution can be obtained if 2 is 
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Fig. 2. Ratios of the peak density of 1s electron 
distribution as the function of temperature factor 
B. 0m(G) and 0(Slater) represent the value of 
peak density given by Gaussian and Slater re- 
spectively. 


10 20 Ca.u.) 


1.0 2.0 


(b) 


suitably chosen. Fig. 3. The electron distribution in a bonded hydrogen combined 


Coulson! has estimated the 


with the carbon atom whose valence state is sp. 
degree of ionic character. (a) Three-dimensional case. (b 
value of 4 as 0.95 from the Two-dimensional case. - re 


A is the 


The temperature factor B=2.232 A2 


theoretical discussion of the C-H (@=2.0a.u.). 
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dipole moment. On the other 
hand, Hannay and Smyth have 
proposed a formula’ relating 
the percentage ionic character of 
a bond, i.e., 1004?/(1+47), to 
the Pauling electronegativities of 
atoms a and b: namely, 


e.ca.uy* 


10x 10% 


Percentage ionic character 
=16|%a—%»|+3.5|%a—%X0]? . 
(29) 
This leads to a much lower 
value, A=0.27. The disagree- 
ment is probably associated with 
hybridization effects!®. We shall 
consider three cases correspond- 
ing to the three values of 2, 0.00, 
0.27 and 0.95. The C-H electron 
distributions corresponding to the 
three cases are given as follows, 
0.65860? +0.65867?+0.949¢cox , 
for 4=0.00, (30a) 
0.823¢6c?+0.433¢%?+1.032¢c¢z , 
for 2=0:27 7 “C0b) 
1.161¢¢?+0.189¢2?+0.901dc¢az , 
for A=0.95.. (30e) 
The information about the posi- 
tion and the electron distribution 
of a bonded hydrogen is usually 


20 x 10° 


Yujiro TOMIIE 


(Vol. 13 


cau 


Ke) 20 
(b) 


cau) 


Fig. 4. The electron distribution in a bonded hydrogen combined | 
with the carbon atom whose valence state is sp?. (a) Three- 
dimensional case. (b) Two-dimensional case. The tempera- 


obtained from the map of the 
(F,—F)-synthesis, which corre- 


sponds, in the present case, to 
the distribution obtained by sub- 
stracting @¢0o? from the above distribution. 
Thus the electron distribution around a hy- 
drogen atom attached to a carbon atom is 
given as, 


—0.342¢c?+0.65862?+0.949d0¢z , 


for 2=0.00, (la) 
—0.17760? +0.433627?+1.032¢c¢x , 
for 4=0.27, (Ib) 
0.161¢0?+0.189¢7?+0.901¢oda , 
for A=0.95 ,  (81c) 


In Figs. 3a and 3b are shown the three- and 
two-dimensional electron distributions along 
the C-H line when P is 2.0 (B=2.232 A). Si- 
milarly in Figs. 4a and 4b are shown the dis- 
tributions when f is 7 (B=7.81 A), and in Fig. 
5 are shown those when @ is zero. From 
these figures, we conclude the following points. 


ture factor B=7.81 A2 (@=7.0a.u.). 


lO%x40r 6 caust 


30 


20 


ca.u) 


Fig. 5. The electron distribution in a bonded hy- 
drogen combined with the carbon atom whose 
valence state is sp. Two-dimensional case. 
The temperature factor B=0. 
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(a) The position of the maximum electron 
density is located more or less towards the 
carbon atom and hence the apparent bond 
shortening should occur. (b) This apparent 
shortening is greater as the 2 value increases. 
(c) Also the peak density decreases when the 
4 value increases. (d) The magnitude of the 
apparent bond shortening, at a constant value 
of 2, reaches rapidly a certain constant value 
when the thermal vibration becomes large. 
(e) Even if the temperature factor parameter 
is zero (this does not occur owing to the zero 
point vibration), the two-dimensional distribu- 
tion shows more or less an apparent bond 
shortening, while it can be seen that the 
three-dimensional distribution does not give 
such contraction. In these cases, we adopt 
the ¢2? curves obtained by McDonald™, at 
the Gaussian approximation is not good. 
_ It seems likely, from Figs. 3, 4 and 5, that 
the value of 2 is too large if we choose 
-A=0.95, because, for instance in Fig. 3, this 
gives the peak densities 0.6l1e. A-? and 0.66 
-e. A-?, which seem to be somewhat too small 
in comparison with the experimental results, 
and also the apparent bond distance 0.76 A 
(in average) derived from these figures gives 
a minimum value of the experimental results. 
On the other hand, it seems unlikely that 2 
is zero because of the difference between the 
electronegativities of carbon and hydrogen. 
“When & is 0.27, the peak densities are 0.76 
e. A-? and 0.80e. A~? and the apparent bond 
distance is 0.92 A (in average). These values 
seem to be more reasonable as compared with 
the experimental ones. However, it is to be 
remarked that, as is seen from Table I, the 
reported values for the C-H distance are rather 
diverse. Therefore, it will be safe to say that 
the actual 4 for the C-H bond may have a 
value between 0.25 and 0.9, and probably 
closer to the former. McDonald! has pointed 
out that the experimental electron distribution 
curve around a bonded hydrogen atom is si- 
milar to that obtained using the atomic hy- 
drogen wave function, though the peak is 
displaced more or less towards the heavy atom. 


ee a 
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The electron distribution curves shown in Fig. 
3 are quite similar to those given by McDonald 
if peaks are adjusted (private communication). 

In the two-dimensional projection, it is found 
that the inclination of a bond direction to the 
projection plane gives no practical change upon 
the above conclusion about the apparent C-H 
bond contraction if the angle of inclination is 
not large. 

I wish to express my thanks to Professor I. 
Nitta for his interest and helpful advice, to 
Dr. R. McWeeny for his kind discussion, and 
to Mr. K. Sakurai and Mr. T. Yamaguchi 
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the mathematical derivations. My thanks are 
also due to Professor C. A. Coulson for read- 
ing the manuscript. This research was sup- 
ported by a grant of the Ministry of Education. 
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In order to determine the model of the M center, the luminescence and 
dichroism of additively colored KCl were studied in detail. The polariza- 
tion factor of luminescence due to M centers excited with polarized light 
in the F’ band are P(n/4)=—0.37 and P(0)=—0.17. The F' band as well as 
the M band becomes dichroic by irradiating with polarized light in the 
M band at room temperature or in the # band at low temperature, and 
the same quantitative relation exists between the amounts of dichroism in 
the #' and M band for both cases. 

Above results do not contradict the hypothesis that the second M band 
overlaps with the F’ band, and if this assumption is granted, it is con- 
cluded from the experiment that the symmetry type of the M center is 
not Coy but Dy. The oscillator strengths were found to be 0.65 and 0.53 
of that of the F' band. 

If the emission due to M centers excited with light in the # band is 
assumed to be caused by the resonance transfer from F’ to M centers, in 
order to explain the experimental value of transfer probability, the dis- 


tance between both centers must be less than the order of 10 A. 


§1. Introduction 


The color centers of alkali halides and their 
mutual transformation have been investigated 
by many authors, and the model of the F 
center is almost conclusively confirmed by the 
optical and electron spin resonance experi- 
ments. However, the models of other centers, 
proposed chiefly by Seitz, are not so sure. 

As to the M center, Ueta® concluded from 
experiments on the anisotropic bleaching at 
room temperature that the M/ center has the 
symmetry type of Cy or Dr, whose axis is 
oriented along a face diagonal. 

Inui, Uemura and Toyozawa® calculated the 
energy levels of the M center by assuming 
the model proposed by Seitz, and showed that 
another absorption band (the second M band) 
due to the M center might exist on the shorter 
wavelength side of the ordinary M band (the 
first M band). Van Doorn® found that, when 
the crystal containing both F and M centers 
was irradiated with polarized light in the F 
band at liquid nitrogen temperature, the F 
and M bands became dichroic, whose direc- 
tions of maximum absorption were perpen- 
dicular with each other. 

It has been found recently that not only F 
centers but also M and FR centers luminesce 


under suitable conditions, and the measure- 
ment of the polarization of luminescence pro- 
vides powerful means for determining the 
symmetry of centers. In order to explain the 
dichroism induced by light in the F band and 
the polarized luminescence of M centers, van 
Doorn® proposed a hypothesis that the second 
M band overlaps with the F band, and as- 
signed Ds, symmetry to the M center. How- 
ever, his experiment on the polarization of 
the luminescence by M centers excited with 


light in the # band was in contradiction with 


his model. On the other hand, from experi- 
ments on the luminescence of crystals colored 
by 8-ray bombardment, Lambe et al® showed 
that the model of the M center proposed by 
Seitz can explain the experimental facts and 
suggested that the luminescence of the WM 
center excited with light in the F band is not 
caused by direct absorption but by transporta- 
tion of energy from F to M centers through 
the crystal. 

In order to clarify these points it seems 
necessary to obtain a quantitative knowledge 
on the amount of dichroism caused by irradi- 
ation with light in the F and M band, polari- 
zation, quantum efficiency, and temperature 
dependence of luminescence. 
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§2. Experimental Procedures 


The optical arrangement for measuring the 
absorption and emission spectra is shown in 
Fig. 1. For excitation and inducing dicoroism 
with light in the F band, the polarized light 
of A 546 mv from a high pressure mercury 
lamp of 500 watts isolated by suitable filbers 
and a polaroid was used. The luminescence 
was focused through a Nicol prism and a in- 
frared filter on a detector or on a slit of 
a monochromator for measurement of spectral 
distributions. Aperture of the monochromator 
was F: 1.9 and the focal length of a colli- 
mator lens was 20cm. The width of slits 
were 0.08 mm, which corresponded to the band 
width of 9mz at 1000myz. The polarization 
characteristic of luminescence was measured 
by fixing the Nicol relative to the crystal and 
rotating the polaroid. For absorption measure- 
ments and inducing dichroism with light in the 
M band, the light from a quartz double mono- 
chromator passed through a Nicol prism was 
used. 

A Ag-Cs phototube with a D. C. amplifier, 
a photomultiplier or a PbS cell was used as 
a detector. In the latter, the light was chop- 
ped with the frequency of 800c/s, and the 
signal was amplified by a tuned amplifier with 


the gain of 156 db. 
Ores cell 
Filo 
monochromator 


Nicol 
prism 
O photo-cell 


Nicol polaroid 
i n 


Z ti 


mercury lamp 


Fig. 1. Optical arrangement. 


Crystals of potassium chloride grown by 
Kyropoulos method was additively colored at 
about 650°C for about 2 hours. Before experi- 
ments, a specimen of about 1mm in thick- 
ness cleaved from a crystal was again heated 
up to 700°C for a few minutes and quenched 
in the liquid air. The crystals thus obtained 
contained almost only F centers and remained 
free from M centers at least for a few days 
even at room temperature in the dark. The 
density of F centers was the order of 
10!7~10'*/cm?. 

The sample was clamped to a holder in the 
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liquid air and attached to a dewar vessel shown 
in Fig. 2. 

In order to grow M centers, the crystal was 
warmed up to above room temperature and 
irradiated in the F band. 
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Fig. 2. Dewar vessel. 


The Luminescence of the F and M Cen- 
ters Excited with Light in the F Band. 


Absorption and emission spectra of lumines- 
cence excited with light in the F band for 
crystals containing various amounts of F, M 
and FR centers are shown Fig. 3, in 
which the ordinates for luminescent 
intensity is in an arbitrary unit com- 
mon for four cases. 

Three emission peaks observed at 
liquid air temperature, which were 
situated at about 1.19, 1.12 and 1.02 
ev might be attributed to the lumi- 
nescence of F, M and R centers, 
respectively. The luminescence due 
to the F center was perceived even 
for crystals containing large amount of M 
centers. However, in this case the ratio of 
the emission and absorption intensities of the 
F center for a crystal containing M centers 
appears to be less than that for a crystal 
containing only F centers. 

As shown in Fig. 3, luminescent intensities 
descreased with the rise of temperature for 
all cases, and the temperature dependence 
was the largest for F emission and the smallest 
for M emission, which remained even at room 
temperature. 

The temperature dependence of the total 
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emission excited with light in the F band is 
shown in Fig. 4. A freshly quenched crystal 
containing only F centers luminesce below 
50°C, and the intensity, increasing with the 
derease of temperature, became saturated be- 
low —180°C. The intensity of luminescence 7 
was linear to that of the exciting light. Be- 
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tween —210°C and —50°C, the variation off 
the intensity with temperature was reversible,|} 
and the saturated quantum efficiency at lowy 
temperature was about 9 per cent. iI 

Temperature dependence was analysed to} 

the following formula, i} 
nlQeat=1/[1+Bexp(—E/kT)] , (1) 
with B=2.5x104 and E=0.11 ev. 

Except for the low diehtere 
efficiency, the above values seem 
to be reasonable, if the lumi-}| 
nescence is regarded as a com-|| 
peting process with thermal ioni-. 
zation of excited F centers. 
However, in order to ascertain 
this point, the measurement of 
photoconductivity on a lumines- 
cent crystal is desirable. 

When the crystal containing 
only the F center was irradiated 
with light in the F band at room 
temperature, the M band gradu- 
ally increased at the cost of the 
F band, and with prolonged " 


t-/60°C 


radiation R; and R, bands also 
grew up, while the M band de- 

creased after passing through | 
the maximum value. The rate 
of growth was sensitive to the 
temperature as well as_ the | 
intensity of illuminating light. 

During the growth of the M 


band, the R bands were hardly 
perceptible. 


The luminescent behaviour of 
the crystal containing large a- 
mounts of F centers, more than 
10'8/em* seemed rather peculiar 
compared with crystals of low 
concentration. In the latter, the 
intensity of Femission was almost 
proportional to the absorption 
intensity of the F band, while 
in the former, the decrease of 
the intensity of F emission was 
more rapid than the decrease of 
the absorption intensity of the 
F band, and in some crystals, 
during the excitation with intense 
light, the luminescent intensity 
dereased to one-tenth of the 
initial value. This fact seems 
to show the“ mutual ‘interaction 


= 
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between F centers. 

If the exciting light is polarized along the 
direction of [011], the luminescence of the M 
center is remarkably polarized. The degree 


of polarization is expressed by P factor defined 
as 


P(@)=(I—I)/T +1) (2) 
where the exciting light travelling along the 
[100] direction, @ is the angle between (010) 
plane and the polarization plane of an analyzer. 
I); and I, are the intensities of luminescence 
when a polarizer is set parallel and perpendi- 
cular to that of the analyzer, respectively. 
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light in the F band is shown in Fig. 5. The 
maximum quantum efficiency of M emission 
at room temperature was about one fourth of 
the saturated value, which was obtained for 
the same crystal when it contained only F 
centers. 

At room temperature, where only M centers 
might luminesce, the mean values of P for 
the emission excited with light in the F band 
were found to be 

P(x/4)=—0.37+0.05, P(O)=—0.17+0.07. 
Above values were different from those re- 
ported by Lambe et al® (P(x/4)=—0.30) 
and van Doorn® (P(z/4)= +0.24). 
Taking the amount of experi- 
mental errors and the _ theo- 
retical values (cf. Tab. I) into 
consideration, in the following 
analysis we used P(z/4)=—0.4 
and P(0)=—0.2 as the  polari- 
zation characteristic of M emis- 
sion. 

The absolute value of P factor 
of the total emission decreased 
with the decrease of tempera- 
ture, and at low temperature it 
increased with the increase of 
M center concentration. These 
facts can be explained as due to 
the superposition of F and M 
emissions, and the intensity of 
the total emission was decom- 
posed into components due to F 
and M centers as shown in the 
figure. The encircled and cross 
points are the mean values ob- 
tained by using P(z/4) and P(0). 
The broken line is the tempera- 
ture dependence of F emission 
fitted at —150°C. The tempera- 
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Fig. 5. Temperature dependence of luminescent intensity and 


P factor due to F' and M centers. 


The luminescence of a freshly quenched 
crystal containing only F centers was entirely 
unpolarized, i.e. P=0 for all angles as well as 
its absorption. (cf. Fig. 6a) 

The temperature dependence of the intensity 
and P factors of the total emission for a crystal 
containing both F and M centers excited with 


25235 21 19:17 «TS 
Photon energy in eV 
Absorption spectrum 


ture dependence of luminescence 
due to F centers was found to 
be not influenced by the presence 
of M centers. 

In Fig. 6, the spectral distri- 
bution of P factor at liquid air 
temperature is shown. The observed emission 
spectrum in (b) was also the superposition of 
F, M and a small amount of R emissions. 
By using P values the spectrum was decom- 
posed into its components, which seemed 
reasonable as shown in the figure. 

If it is assumed, in addition to the uniform 


1042 


orientation of M centers along six equivalent 
directions, that the absorption band correspond- 
ing to the transition from the ground to the 
second excited states of the M center overlaps 
with the F band, and that MW centers excited 
to this state by F-light absorption make radia- 
tionless transition to the first excited state 
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Fig. 6. Spectral distribution of P factor. 
to F' centers (b) due to #’ and M centers. 


and then luminesce, the symmetry type of 
the M center can be determined from the 
polarization characteristic of luminescence. 
polarization of luminescence excited with light 
in the M band—the emission spectrum is 
quite the same as that in case of Flight ex- 
citation— has been reported by Lambe et al® 
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analyzer and the dipoles corresponding to the 
transitions to the first and second excited 
states of M centers”. 


P(a)=—(3—cos 4a@)/10 for the D,, symmetry. 
P(a)=—(1—3 cos 4a)/6 for the Cy» symmetry. 


In the above argument and throughout this 
paper, it is assumed that in the case 
of Cy the transitions from the ground 
to the first and to the second excited 
states are active to the light polarized 
along face diagonals perpendicular to 
each other, and that in the case of 
Do. two higher excited states are 
nearly degenerate. Because the model 
of the M center cosisted of two nega- 
tive ion vacancies along a face dia- 
gonal is similar to a homonuclear 
diatomic molecule (D.n), and the 
transition which corresponds to the 
band over lapping with the F band 
is active to the polarized light, whose 
electric vector lies in the plane nor- 
mal to the symmetry axis. The trans- 
ition to the first excited state is active 
to the light polarized along the axis. 
The P factor for various cases are 
listed in Table I. The present result, 
especially the negative value of P(0) 
indicates that the symmetry type of 
the M center is Dor, under the above 
assumption, that is, the overlapping 
of the M with the F band, and the 
degeneracy of the second and the third ex- 
cited states. 


Table I. The polarization characteristic (P factor) 
of liminescence due to the M center excited with 
the polarized light in the F’ band. 


as +0.60 and +0.33 for a=z/4 and a=0, 
respectively. This can be explained by as- 
suming Cz» or D2. for the symmetry type of 
the M center, and agrees with the results 
obtained by Ueta. For the Cy» symmetry, the 
polarization of luminescence due to the M 
center excited with polarized light in the F 
band should be —0.66 and +0.33 for a=7/4 
and a=0, and for the D.. symmetry, they 
might be —0.40 and —0.20. These theoreti- 
cal values are given by the following formulas, 
which can be easily derived by considering the 
angles between directions of the polarizer or 


| Pew/4) P(0) 
Calculated for Cy | —0.66 +-0.33 
for Con | —0.40 —0.20 
van Doorn et al +0.235 +0.17 
Lambe et al | —0.30+0.04 —0.10+0.04 
Present authors —0.37+0.05 —0.17+0.07 


~ 


The amounts of components of luminescent 
intensity excited with light in the F band are 
expected to be proportional to the amount of 
absorption for both F and M centers. For F 
centers the relation appears to be a little un- 
satisfactory as described before. The intensity 
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of the total emission excited with light in the 
F band, which might be taken as the intensity 
of luminescence due to M centers at tempera- 
ture above —50°C, was measured as a func- 
tion of the concentration of the Mcenter. As 
seen in Fig. 7, the luminescent intensity at 
room temperature increased almost linearly 
with the concentration until the R bands ap- 
peared remarkably. The initial concentration 
of F centers was 1.2x10!"/cm’, and the con- 
centrations of M centers were calculated from 
absorption coefficients assuming the oscillator 
strength of the M band to be unity. 
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Fig. 7. Concentration dependence of luminescent 
intensity due to M centers at room temperature. 


If it is assumed that the luminescence of 
M centers by exciting with light in the F 
band is caused by the transportation of energy 
from F to M centers through the crystal, the 
probability of dipole-dipole transfer can be 
given as follows by putting the experimental 
values into the formula (Equ. (17)) derived by 
Dexter®, 

Pry=(12.2/R)*/tr , (3) 
where R is the distance between F and M@ 
centers in A, and 1/rr is the transition proba- 
bility of the F band. In this calculation, the 
shapes of the emission and absorption spectra 
due to F and M centers were assumed to 
be Gaussian with the observed half widths 
and the thermal ionization of excited F' centers 
was neglected. Overlap of emission and ab- 
sorption spectra due to the F and M centers 
was calculated to be 5.9x10-%ev. In order to 
have an appreciable transfer probability com- 
peting with emission in F centers, the condi- 
tion Pru-tr*1 must exist at low temperature. 

Let C be the concentration of M centers in 
unit of 10'*/cm?, which are assumed to be 
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uniformly dispersed throughout the crystal. 
If we neglect the radiationless transition at 
M centers, the quantum efficiency of the 
luminscence due to the M center excited with 
light in the F band is given by 

aru ={6.3C—2x 10-°(C)?}x10-*. (4) 
The maximum value of ywru/ysax determined 
experimentally amounts to 0.3 at room tempera- 
ture. 7sat is the saturated quantum efficiency of 
luminescence due to centers, when the same 
specimen contained only / centers. However, 
even in the case of neglecting the thermal 
ionization of excited F centers, whose proba- 
bility far exceeds 1/tr at room temperature, 
the calculated value for C=2 attains at most 
1.3x10-%. Therefore, as long as the lumines- 
cence of M centers is regarded as the result 
of resonance transfer between F and M cen- 
ters, it must be assumed that both centers 
distribute not at random but near with each 
other within a small distance about 10 A from- 
ing a pair. 

If the F and M centers lie within a small 
distance, the shape of the F band might be 
influenced with the growth of the M band. 
The complicated shift of the F and M bands 
during the growth of the M band was re- 
ported by Kanzaki®.. However, the definite 
conclusion has not been obtained concerning 
the interaction of both centers. 


‘$4. Dichroism of the F and M Bands In- 


duced by Polarized Light 


If the second M band is assumed to over- 
lap with the F band, the F band as well as 
the M band should become dichroic, when the 
M centers in certain orientations are preferen- 
tially bleached by polarized light in the M@ 
band at room temperature, and moreover, it 
is expected that some quantitative relations 
exist between the amount of dichroism of the 
F band and that of the M band irrespective 
of the amount or the methods of inducing 
dichroism, that is, by irradiating with polarized 
light in the F band at liquid air temperature 
or with polarized light in the M band at room 
temperature. 

In order to test the above assumption, the 
crystals containing almost only F and M cen- 
ters were irradiated with light in the F band 
polarized along [011] direction at low tempera- 
ture or light in the M band polarized along 


[011] direction at room temperature, and the 
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absorptions for the light polarized along [011] 
and [011] directions were measured at —160°C 
for both cases. As shown in Fig. 8b, the F 
band became also dichroic by preferential 
bleaching of M centers, and the maximum 
absorption for the F and M bands occurred 


along [011] and [011] direction, respectively. 
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As shown in Fig. 8a, the dichroism of the F 
and the M band induced by irradiation in the 
F band at low temperature was also observed 
as stated by van Doorn”, however, in contrast 
with his result, the dichroism remained stable 
even at room temperature for several days just 
as in the case induced by bleaching of M 
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Fig. 8. Dichroism induced by polarized light. 


photon energy in eV 
(6) 
(a) irradiated in the F 


band at liquid air temperature (b) in the M band at room temperature. 


centers in the dark. 

Under the above mentioned assumption, the 
ratio of the difference between the absorptions 
in the F band for both directions to that in 
the M band is expected to be constant for all 
dichroic crystals, i.e. 


K= [Arto = hrtouy) _Sfus Yau 


(5) 


% [Aarpo11} —hurton) Sui Varo ; 


where 2 is the absorption coefficient at the 
peak of a band, and suffixes show the band 
and the direction of polarization of measuring 
light. The mean value of K measured for 
several crystals and for various degree of 
dichroism induced by light in the M band at 
room temperature was 0.50-£0.05, and that by 
light in the F band at low temperature was 
0.55+0.09. The values of K for both cases 
can be regarded to agree within the accuracy 
of our experiment. The measured value scat- 
tered considerably. This might be partly due 
to the effect of measuring light. 

The ratio of the oscillator strength of the 
second M band to that of the first M band 
was calculated by the equation (5) as 


F mol f ua= 0.82 . 


In the equation (5), vai and vx. are the half 
widths of the first and the second M bands, 


respectively, and ya. was. estimated as 0.15 ev 
at —160°C by plotting the differences between 
absorption intensities in the F band for the 


light polarized along [011] and [011] directions. 
The peark of the difference shifted somewhat 
to longer wavelength side than that of the 
original F band. 

There is some remarkable difference be- 
tween the dichroism caused by irradiation 
with light in the F band at low temperature 
and that with light in the M band at room 


temperature polarized along [011] and [011] 
directions, respectively. In the latter case, 
the dichroism was mainly due to the decrease 
of absorption coefficients for light polarized 


along [011] in the M band, and for light along 
[011] in the F band. On the other hand in 
the former case, the absorption coefficients 
remarkably increased for light along [011] 
in the M band and for light along [011] in 
the F band. 

The irradiation in the M band at room 
temperature is considered to cause ionization 
and consequently, decrease of M centers in 
certain directions. In this case, the absorp- 
tion intensity of the M band for. the light 
polarized along [011] remained almost constant 
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Absorption 


or a little increased, while that for [011] 
decreased remarkably. This result does not 
accord with that obtained by Ueta®, which 
showed that the absorption intensity of the W 
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Fig. 9. Calculated curves showing the change of 
dichroism in the M band (a), and P factor of M 
emission (b) as a function of irradiation time. Ir- 
radiated at low temperature with light in the # 
band polarized along [011]. Points in the figure 
show the experimental values. 
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band for both directions decreased. Our re- 
sult may be explained that some electrons 
ejected from M centers in one direction, e.g. 


[011] were trapped by vacancies oriented along 
another direction, e.g. [011]. The experi- 
mental results were obtained, which would 
show the existence of the M center-like’ va- 
cancies for a while after ejection of electrons 
by light in the M band. These results will 
be reported in another paper. 

The irradiation in the F band at low tem- 
perature, on the other hand, may cause re- 
orientation of the symmetry axis of the M 
center, and the total number of the centers 
is expected to remain constant. 

We assume that by absorbing light in the 
F band, the M centers whose axes point to 
a direction, e.g. [011], change their orienta- 


tion to [101], [101], [110] or [110] with equal 
probability, and that numbers of Ff and M 
centers remain constant. Then, the amount 
of dichroism and the polarization character of 
M emission can be obtained as a function of 
the irradiation time by solving the simulta- 
neous differential equations for the numbers 
of M centers lying in each of six direction 
along face diagonals. The F light polarized 
along [011] direction and travelling along [100] 
was used for producing dichroism, and the 
symmetry of the M center was assumed to 
be Ds 

In Fig. 9, the calculated results 
on the dichroism in the M band 
and P factor are compared with 
experimental values. The second 
assumption that the numbers of F 
and M centers remain constant 
could be checked by the experiment 
and proved valid in some cases. 
When the dichroic crystal was ex- 
cited with the light polarized along 
the direction perpendicular to that 
of the light used for inducing 
dichroism, the dichroism was un- 
stable and easily decreased even 
at low temperature. Moreover, at 
low temperature the experimental 
values of P factor of M emission 
were determined by assuming the 
amount of contribution from lumi- 
nescence due to F'centers. Taking 
the above uncertainties into con- 
sideration, the agreement between 


1046 


experimental and calculated results would be 
regarded satisfactory. 

When the crystal containing / centers was 
irradiated in the # band at room temperature, 
the intensity of the F band decreased and 
that of the M band increased as shown in 
Fig. 10. If the overlapping of F and the 
second M absorption band is assumed, the ap- 
parent absorption intensity of the F band is 
the sum of contributions from both centers, 
and the following relation was expected to 
exist between the amount of decrease of the 
intensity in the F band, 4h’, and the amount 
of increase in the M band, 4h, 


34h 


Fursvr 
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Accordingly, the oscillator strength of the first 
M band (fm) refered to that of the F bandif 
(fr) can obtained. va, and vr are the halfij 
widths of the M@ and F bands, respectively.|| 
In the above consideration, it is assumed that] 


the symmetry of the M center is Dzn, andl 


that one M center is produced at the cost of || 
one F center. The latter assumption seemed 
valid until the R bands appeared remark-} 
ably. The value L, which is expected to ber 
constant, was 1.66+0.11, and the oscillator 
strength obtained from Fig. 10 and the half 
widths used for it were listed in Table Il.) 
The oscillator strength of the M band has al 
also measured by Okura’, but analysed in} 


L= = ; 6 i 
Suisun see (6) a different way. 
Table II. The oscillator strengths of the first and the second M bond. 
Absorption (— 160°C) Emission (— 160°C): 
| peak position half width oscillator peak position half width 
| (ev) (ev) strength (ev) (ev) | 
F band 2.28 0.24 | ti 1.19 0.20 | 
first M band 1.52 0.10 0.65,f 1.12 | 0.19 
second M band 2.26 0.15 0.53 f = = 


§5. Discussion and Summaries 


The analysis of the temperature dependence 
of luminescence emitted by the crystal con- 
taining only F centers shows that the emis: 
sion may be regarded as the competing 
process of thermal ionization of the excited F 
centers. However, to confirm this, it would 
be necessary to determine whether lumines- 
cence, which is found only for specially 
treated crystals, is the inherent or the ac- 
cidental character of color centers, and also 
to know the quantum yield of photoconduc- 
tivity or of F—F’ transformation for a lumi- 
nescent crystal. 

The high quantum efficiency of luminescence 
due to M centers excited with light in the F 
band, its polarization characteristic and quanti- 
tative relation on the amounts of dichroism in 
the F and M bands seem to be in favour of 
the model proposed by van Doorn, that is, the 
M center having a symmetry type of Dy, 
whose symmetry axis lies along face diagonals, 
the ordinary M band corresponds to the 
transition from the ground state to the first 
excited state, which is active to the polarized 


along the symmetry axis, and the absorption 
band, which corresponds to the transition to 
the upper excited state and active to the light 
polarized perpendicular to the symmetry axis | 
overlaps with the F band. The emission due 
to the M center corresponds to the transition — 
from the first excited to the ground state. 
The oscillator strengths for these two bands 
due to the M center are fa1=0.65 fr, far= 
0.53 f%, respectively. However, as far as our 
results concern, the most serious weak point 
for the above assumption is that, in some 
cases, the amount of the decrease of lumines- 
cence due to the F center was large compared 
with that of the absorption in the F band. In 
the above assumption, the quantum efficiency 
of luminescence in the M center must be 
large, and that of the F center must be con- 
stant irrespective of the presence or the 
amount of M centers. About this point, more 
detailed experiments are desirable. In our 
results. obtained for crystals containing M 
centers, the ratios of the intensity of lumi- 
nescence of F centers to that of M centers 
at low temperature, which was determined 


by using the difference of temperature depend- 
ence and P factor, is not so reliable; they 
should be precisely determined by measuring 
the spectral distributions of luminescence, 
however, owing to the overlap of the emis- 
sion bands, it might be difficult. 

The second difficulty is the mechanism of 
luminescence due to R centers excited with 
light in the F band. The overlap of three 
absorption bands, i.e. the F band, the second 
M band and the second or third R band for 
various crystals investigated®© is hardly to 
be conceived. The experiment on LiF, in 
which the lattice constant differs remarkably 
from those of other alkali halides, may give 
a clue for this problem. 

On the contrary, if the luminescence of WM 
centers is regarded as due to the resonance 
transfer of energy from F to M centers, in 
order to explain its probability, which must 
be large compared with that for luminescence 
or thermal ionization of F centers in the ex- 
cited state, i.e. 1/tr=108/sec or 10'/sec, we 
must assume that the distance between F and 
M centers is less than 10 A, and in order to 
explain the dichroism and the polarization 
characteristic of the luminescence, there must 
be also assumed a strong interaction between 
both centers or another new center which has 
absorption band overlapping with the F band 
and interacts strongly with the M center. 
They may be explained by the asymmetry of 
crystalline field at the F center caused by the 
presence of the M center. It seems, how- 
ever, difficult to testify this model from the 
present results. The measurement of tem- 
perature dependence of photoconductivity due 
to light in the F band for crystals with and 
without the M band and the detailed measure- 
ment of the absorption during the growth of 
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the M band may gave clues for this problem. 

As a conclusion, it can not be decided con- 
clusively at present which of the two assump- 
tions is correct, the overlapping of the second 
M band with the F band or the resonance 
transfer between both centers. However, if 
the former is assumed, we conclue from our 
experiment that the M center has a symmetry 
type of Dy», and the dipole for the first W 
band lies along a face diagonal, and that for 
the second M band lies in the plane normal 
to it. 

In conclusion the authors wish to express 
their thanks to Professor Koana for his kind- 
ness to offer us facility to using optical instru- 
ments, and also to Professor Uemura for his 
valuable suggestions. The present work was 
supported partly by the research expenditure 
of the Ministry of Education. 
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The Flow with Wake past an Oblique Plate 


By Yoichi MIMURA 
Department of Physics, Faculty of Science, Hiroshima University 
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In the case of two-dimensional flow with wake of a perfect fluid past 
an oblique plate, the pressure distributions on the front surface of the 
plate as well as on the free streamlines are calculated, together with 
the shapes of the latter, by applying the method of notched hodograph 
devised by Roshko. The calculated values are compared with the ex- 
perimental ones obtained by Fage and Johansen. It is thus found that 
the calculated and the observed values of the pressure distribution along 
the front surface of the plate coincide fairly weli with each other so 
far as the observed base pressure is constant, but discrepancies between 


them increase as the angle of attack decreases. 


Introduction 


$1. 

Roshko treated the two-dimensional flow 
of a perfect fluid past bluff bodies by the 
method of notched hodograph which was de- 
vised by himself and obtained excellent results 
especially for a normal plate. -In the present 
investigation, the writer ap- 
plies his method to the case 
of flow with wake past an 
oblique plate placed at various 
angles of attack, and the pres- 
sure distributions on the front 
(wetted) surface of the plate 
as well as on the free stream- 
lines, together with the shapes 
of the latter, are calculated. 
The calculated values are com- 
pared with the experimental 
ones obtained by Fage and 
Johansen”. 

In the following lines, we 
shall use, for the sake of convenience, such 
scales of length and time that make both the 
breadth of the plate, d, and the velocity of 
undisturbed flow, U, equal to unity. 


CS 


~oo 


§2. Method of Notched Hodograph 


In the method of notched hodograph devised 
by Roshko, the following assumptions are 
made concerning free streamlines, namely: 

(1) The direction of the free streamline at 
the point of separation is in the tangent 
plane of the body at that point; 

(2) The fluid velocity g on the free stream- 
line remains equal to that at the point of 
separation, which will be denoted by qs, until 
the direction of the free streamline becomes 


fa) e-plane 


(d) w-plane 


parallel to the undisturbed flow; 
(3) Further downstream the free stream- 
line remains parallel to the undisturbed flow. 
Adopting these assumptions we shall here 
deal with the two-dimensional flow with wake 
of a perfect fluid past an oblique plate. Then 


(b) 


w-plane (c) j-plane 


ee Oe ee ae eee 
oO 


tea -—p 


—K' =! fe) | k! 


(e) #é-plane 
Figick 


the notched hodograph becomes as shown in 
Fig. 1(b), where is defined by 


w=dz/dw=q-'e". (2.1) 


Here z=x-+1y is the complex coordinate, the 
x-axis being taken parallel to the undisturbed 
flow, and w is the complex potential, while 
0 is the direction of flow. The flow in the 
physical plane (z-plane) is shown schematical- 
ly “in Fig. l(a), where C is the stagnation 
point, S and S’ are the points of separation, 
B and B’ are the points where the free 
streamlines become parallel to the undisturb- 
ed flow at infinity I. 

Next, we map the w-plane onto an /-plane 
by the relation: 
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F=In (qsw)=1n (qs/q)+70 . 

The f-plane is shown in Fig. 1 (c). 

The polygon CSBIB/S’C in the f-plane is 

then mapped onto the upper half of a w- 

plane by applying the theorem of Schwarz- 

Christoffel. The transformation function is 
easily seen to be 


ite, : (u—I)du 
ae fon Gus ea Syu—S) 2 


(2.2) 


+c’, 
(2.3) 
where B, B’, S, S’ and J are the values of 
u at the corresponding points, and a’, b’ and 
c’ are certain constants. We choose these 
constants so as to make J in (2.3) equal to 
zero (Fig. 1(d)). 

Further, we map the upper half of the u- 
plane onto the upper half of a ¢-plane by the 
relation: 

U=Yyp—Vz(E+y)“}, (2.4) 
where vo, »; and » are certain (positive) con- 
stants, and if we choose suitable values for 
these constants, we can make the lengths of 
two sections SB and B’S’ in the ¢-plane equal 
to each other. Then, values of ¢ correspond- 
ing to the points S, B, I, B’ and S’ become 
—k-1, —1, —r, 1 and &' respectively, where 
k and ¢r are constants (Fig. 1 (e)). 

Thus, taking account of the values of 
In (qs/g) and @ at the points S, B,I, B’ and 
S’, we easily find that the values of f, asa 
function of ¢, at these points are given by 


i(-k)=(x-ayn, (2.5) 
f(—-1)=0, (2.6) 
f(—n=I1n4s, (2k) 

f(i)=0, (2.8) 
Kk }=—ai. (2.9) 


Combining (2.3) and (2.4), the value of f, 
as a function of t, now becomes 


f(H=ak(sin tt, k) 


—bo.(sint, », k)+c, (2.10) 
where we have put 
Fsin-'t, #)=\" = m1) 
» (0A) — RP)? 
o-,(sin"1t, v, R) 
f dt 
2.12 
Nes cente sou (2.12) 
and 
ae “ -1 ao aoe 
a=a' Yr VY (v?—1)(Rv?—l) , ate 


b= VP —1(k*—]) . 
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§3. The Function f 


In order to determine the function f(t) it is 
first necessary to know the value of the two- 
valued function {(1—?#?)(1—A#?)}/2 in f(f). 
This can be easily attained by comparing it 
with the one in the case of a normal plate 
where a=7/2. In this case, after some 
simple calculations Eq. (2.3) is transformed 
to 


flu= =i 


with 


uw Roudu wos 
o {1 —u*)(1— kyu?) 4/2 be me 


(3.1) 


ko= (9s? -D/(qe+1). 

Hence in this case Eq. (2.4) becomes u=t so 
that »;=v?, vo=v and »—oco and therefore 
a@=1. (3.1) can be easily integrated and 
therefore, by virtue of Eqs. (2.5) ~ (2.9), the 
value of {(1—w?)(1—Ay?u?)}/? in (3.1) can be 
determined as shown in (3.2) below, with 
in place of & Thus, by virtue of continuity, 
the value of {(1—?#)(1—Ft?)}” in our case 
can be determined as: 

{a-A)a ee)” 

V0d—-f)1—-Re), Oslti<) 
Q<t<=k}) 
Ck he = SP) 
(Ba fhe coy 
(3.2) 

(2.11) is the elliptic integral of the first 
kind. For the evaluation of the integral 
(2.12), we have used convenient formulae in 
Byrd and Friedman’s handbook*®, Thus, for 
the calculation of (2.12) we have applied (B. 
330.50) which involves the function 

TIGins i ehs7hk)s 

This function can be evaluated as follows 
under the conditions given in the respective 
brackets: 

(B. 435.01) in 0 <|¢|<1, 

(B. 436.01) in k=! <|t|<0, 

(B. 434.01) in 1<|t|<k7}, 


= Fi (#2—1)(1 — kt), 


ae. V (P-1)(ee—D, 


(kev? >I), 
(Rv? > 1), 


(Hk VVI-DICk), (3.3) 
(B. 433.01) in 1 <|t|< ke, 
(3.4) 


(Re RAP OPP) >) 


* Here as well as in what follows the formulae 
in this book will be quoted as (B.---). Thus, for 
example, (B. 330.50) means the formula (330.50) in 
the book. 
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As will be seen from (3.12) below, the condi- 
tion k?v?>1 is satisfied in general. Both the 
formulae (3.3) and (3.4) are used in practical 
cases (cf. Table I). Using (3.2) and the 
above formulae we can evaluate f(t) for all 
ranges of f. 

On the other hand, since the point at in- 
finity I corresponds to w=0 in the w-plane 
and to t=—y in the ¢-plane, we have from 
(2.4) r= —y,y91+y and therefore by (2.13) we 
have ultimately 

y= —ba +p. (3.5) 
Hence the undetermined (positive) constants 
involved in f(t) are k (1), » (1), a, band 
c, which can be determined by the five 
equations (2.5)~(2.9) when the values of @ 
and gs are prescribed. The calculation is 
laborious but straightforward, so that we 
shall give here the results only. 

First, the constants a, b and c can be ex- 
pressed in terms of k& and »y as follows: 


a=byv4+Z(B, k), (3.6) 
b=V(?2—1)(Rv2—]) » (3.7) 
c= (1/2) In {D()/D(0)} , (3.8) 


where Z is the Jacobian zeta function, and 
B and D(t) are defined by (3.12) and (3.19) 
below, respectively. 

Secondly, k and v are decided by the use 
of 2 (=7/2—a) and qs as follows: 


2d/n= K-1F(B, k) , (3.9) 
gs=V D(1)/D(r) exp 23(7) , (3.10) 
where 
K=FGij2, -R) (Lp) 
B=sin7! (1/ky) , (3.12) 
r=vZ(B, k){byv3+Z(8, k)}*, (8.18) 


and §2;(¢) will be defined by (3.20) below. 
Inserting the values of a, b and c as given 
by (3.6) ~ (3.8) into (2.10), f(¢) can be express- 
ed for each range of ¢ as follows: 
On the plate (k-! <|t|<oo), using a variable 
defined by 
&=(ki)}, 
we have* 
S(E)=Un/2+ 2) 
fe eS sin {A—(x/2)K"? F(sin-' €, k)} 
Z G(1) sin {A+ (z/2)K-! F(sin-! €, a 
—2,(E) ’ 


(a ee Gor) 


(3.15) 


change of variables. 
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the plus and minus signs corresponding t | 
k1<t<o and —wo<t<-—k" respectively) 
where 
G(é)= el — k?y2E2)-L{ 2b? =f (v2 4+ y2R? == D1 —Rhy2é24 

+2kv*bV UF) 1—FP)} >| 


TiS Y" sin 2mw sin 2mv(E) 

Oe) => m sinh 2mp ‘ 

v(—)=(n/2)KFisin*&, k), w=, 
p=(n/2)K'K, gq=exp(—2p), 


K’=F(r/2, bk’); k?=1—F’. 
On the free streamlines of constant fn | 


sure (l<|t|<k-1), we use a variable »~ defined 
by 


L=VP—1F'O)1, (3.16 

There are two cases in which (8.3) or (3.4) iss 

to be used. In the first case we have 

i(“)=—t tan E(p) | 

+iK'F(sin- p, k)£ID(»), (3.10) 

according as 1<t<k-! or —1>t=>-—&~“!, where 
E(u)= V (Ry?—1)/(e?—1)- e/V1— 2? 


(—I1sz22))) 


2) = tan4(2 S q™ sinh 2mw’ sin 2me(e)) 
m=1 


+(142 Date cosh 2muw?’ cos 2mv’ wo) S| 


v'(u)= (2/2) KF (sin! 4, k’), 
p’=(x/2)KK’, 


w’ =AK’ K+, 
q =exp (—2p’), 
while, in the second case, 24(z) in the above 


formula should be replaced by ,(#), which 
is defined by 


Q3(4) 


= tan=! | Qza~ sinh 2m(p’ —w’’) sin 2mv'(x)) 


+(1 +2" cosh 2m(p’ — w’’) cos 2mv'(x) )} ; 


with 
w’’ = (7/2) K’-1F(@, R), 


O=sin "VFI, 


the other symbols in 9,() being the same as 


those in 25(z). 
On the free streamlines parallel to the un- 
disturbed flow (0 <|t|< 1), we have 


f)=—(1/2) In {D@/DA)} —23(2), 
where 
DG)=(v?-P)-{2b?+(1 +k? —2k2y2)(v2 22) 
+2bY(1—#)(. —R#)} , (3.19) 


(3.18) 
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Q,(t)= S$ Sin 2mw sin 2mo(e) 


m sinh 2mp ; ee 


m=1 
symbols used in ;(¢) being the same as in 
QE). 


§ 4. 
It was found in the previous paragraph 
that f and hence qg and @ are represented as 
the functions of ¢t. To determine the flow in 
the physical plane it is necessary to express 
the coordinates of this plane as functions of 
t. For this purpose we map the f-plane onto 
a g-plane by the relation: 
g=Ni(t+y)t4+r)"}, (4.1) 
where JN, is a constant, and the point C is 
mapped to the origin in the g-plane, while 
the point I is mapped to the point at infinity. 
Furthermore the g-plane is mapped onto the 
w-plane by 


Solution in the Physical Plane 


w=g". (4.2) 
Then the streamlines past the front surface 
of the body are mapped onto the real axis 
in the w-plane. Hence the w-plane is the 


potential plane. Therefore, z is represented 
by ¢ by the use of (2.1), (4.2) and (4.1) as: 


.» dw dg 

= —Anth 2" YS: 
Zz \2 é rae? dt. 
Applying this equation to the plate, the 
length s from the leading edge to any point 

on the plate is, using &€ in (3.14), given by 
s(&)= oe 

S qs is dg dt dé 

g s 1+kvé 
q. dé 
arg CeRreye © 


(4.3) 


(4.4) 


where 
N=N,22k(v —17)/qs. 
N is to be determined so as to make s(1) 
equal to unity, i.e. 
fe AE el 


Noll ab (thre) iy 


Table I. Calculated results for the oblique plate. 
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We next apply (4.3) to the free streamline. 
The origin of the coordinates z=x+iy is 
taken as S or S’ according as we deal with 
the upper or the lower free streamline. Then, 
on the free streamlines of constant pressure, 
x and y are given as the functions of yw in 


(3.16) by 
«(H)|_ yk? (* cos ut 
ae ay hes sin * 


ge AAV IRA 
qu) 1+7V1 — kas VIB 


dp. 


(4.6) 
On the free streamlines parallel to the un- 


disturbed flow, x as determined by (4.3) takes 
the simple form: 


ie. INE Ve Qs t+y 
cna a att) er 


(4.7) 


§5. Results 


Calculations have been carried out for the 
cases in which the angle of attack a@ of the 
plate is equal to 70°, 50°, 30° and 15° res- 
pectively. The values of gs used have been 
determined in such a manner that the values 
of 1—g;? become the same as the observed 
mean base pressure coefficients obtained by 
Fage and Johansen® except the case when 
a=15°. In this exceptional case gq; has been 
determined from the observed pressure coef- 
ficient at the trailing or the leading edge, 
and these two cases are distinguished by 
denoting them as 15°A and 15°B respectively. 

The results are shown in Tables I and Il 
and also in Figs. 2~ 4. Incase when a=90°, 
the results obtained by Roshko by using qgs= 
1.54 are also shown for comparison. 

In Table I, the first and second columns 
show the values of @ and qs used in the calcu- 
lations. The third and fourth columns show 
the values of k and » which have been deter- 
mined from the given values of @ and qs by 


Formula 


a ds k y Sstag (Cal.) Sstag (Obs. ) Cy (cal.) Cy (obs.) 
90° 545 0.4095 co = 0.500 0.500 2.130 2.130 
70° 1.540 0.4294 6.512 (3.3) 0.277 0.257 BAW 2.070 
50° 1.490 0.4791 Selo (3.3) 0.106 0.178 1.776 1.800 
30° 1.385 0.5680 1.987 (3.4) 0.019 0.032 1.269 1.290 
15°A 12237 0.6924 1.481 (3.4) 0.002 0.000 (0.163) 0.950 
152 1257, 0.6982 1.468 (3.4) 0.002 0.000 (0.147) (0.218) 
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Table II. Data concerning the shapes of the free streamlines for the oblique plate. 
a xs Ys xB YB xB’ YB’ d’ wid? h 
90° 0 ‘ 0.500 0.565 Ons 0.565 —0.773 1.546 1.546 LAG 
70° —0.171 0.470 0.312 0.760 0.713 —0.712 1.468 1.562 1.365 
50° —0.321 0.383 0.051 0.644 0.786 —0.547 1.191 1.555 1.248 | 
30° — 0.433 0.250 —0.194 0.436 0.770 —0.303 0.739 1.408 1.146 | 
15°A —0.483 0.129 —0.338 0.206 0.665 —0.149 0.355 lero! 0.776 
= ——— = Ss = = = i 
the method mentioned in §3. The fifth column we 


shows which formula of (3.3) and (3.4) has 
been used. 

The distributions of the pressure coefficient 
on the front surface, Cp«(s(&))[=1—q?(s(€))], can 
be obtained by (3.15) and (4.4) and are shown 
in Figs. 2 (a)~(d). The black circles in 


7 rs) DRS 


Ke) 
Cow 
O 
-1.0 
~1.235 
ee Sey ne TR Sere? 
10 0.5 s O 


(b) a=50° 


(oto, 


Fig. 2. Pressure distributions on the front surface 
of the oblique plate. 


these figures show the experimental result 
of Cpyw(s(€)) in the cases in which a=69°.85 
49°.85, 29°.85 and 14°.85 respectively. Thes 
observed results were obtained by Fage an 
Johansen®, but no correction due to the tun 
nel interference effect was made. 

The sixth column in Table I gives th 
values of s(&) at the stagnation point, wher 
E=—(ky)-! by (3.15), while the sevent 
column shows the corresponding observe 
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values read from Fig. 2. Also, the eighth 
column shows the calculated values of the 
drag coefficient Cy which is given theoretically 
by 


Cx=Crw—(1—qs?) , (5.1) 


where 


Coy" Conisids Bs 32) 
0 


The ninth column gives the observed values 
of Cy due to Fage and Johansen. In case 
when @=15°, the base pressure is not uni- 
form as shown in Fig. 2(d) so that Cyw has 
been calculated in place of Cy and the value 


Fig. 3. Shapes of the free streamlines for the 
oblique plate. 
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is shown in the brackets in the eighth column. 
Cww has also been estimated from the 
observed distribution of Cyw in Fig. 2 (d) and 
is shown in the brackets in the ninth 
column. 

The shapes of the free streamlines until 
they become parallel to the undisturbed flow 
can be obtained by (4.6) and are shown in 
Fig. 3. The pressure coefficients along the 
free streamlines parallel to the undisturbed 
flow can be obtained by (4.7) and (3.18), and 
are shown in Fig. 4. 

Table II shows various data concerning the 
shapes of the free streamlines. Thus, in the 
columns from the second to the seventh are 
given the values of the coordinates x, y of 
the points S, B and B’ with the origin at the 
centre of the plate. The eighth column 
shows the values of d’=yg—yp, while the 
ninth column gives the values of the ratio 
d’'/d’’, where d’” is equal to 2y¥g. This ratio 
d'/d’’ gives the rate of spreading towards 
downstream of the distance between the free 
streamlines. For comparison the longitudinal 
spacing of Karman vortex street h is shown 
in the tenth column, which has been deter- 
mined from the observed value of the lateral 
vortex spacing a@ due to Fage and Johansen, 
using the well-known Karman’s relation h= 
0.281 a. 

The principal results of our calculations are 
summarized below: 

[1] The calculated values of the normal 

force acting on the plate be- 
come smaller and smaller than 


05 1.0 


Fig. 4. Pressure distributions on the free streamlines for the 


oblique plate. 


Pressure coefficient on the upper free streamline, C y+. 
Pressure coefficient on the lower free streamline, Cy-. 
< a > Length of the oblique plate projected in the x-axis. 


the observed ones as @ decrea- 
ses, but they coincide fairly 
well with each other in cases 
when a=90°, 70°, 50° and 30°. 
In this range of values of a 
the observed base pressure of 
the plate is almost uniform. 

[2] The calculated position 
of the stagnation point on the 
oblique plate is nearer to the 
leading edge than the observed 
one in cases when aw=50° and 
30° (Table I). From Fig. 2 it 
is found that the main dis- 
crepancy between the calculated 
and the observed values of Cow 
appears beyond the observed 
stagnation point and it becomes 


x 


L5 


20 
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larger as the angle of attack becomes smaller. 
This discrepancy disappears near the trailing 
edge. 

[3] Discrepancy of Cow between the cases 
15°A and 15°B exists only near the trailing 
edge (Fig. 2 (d)). 

[4] The smaller the angle of attack be- 
comes, the shorter becomes the portion of 
the constant pressure on the free streamline 
(Figs. 3 and 4). 

[5] The value of Cy» recovers rapidly to 
zero as it passes the range of constant pres- 
sure (Fig. 3). By Eqs. (3.18) and (4.7) it is 
clear that the behaviour of Cp(x)-curve near 
the points B and B’ is given by (dCp)?0dx. 

[6] The value of Cy» recovers almost to 
zero at a point whose distance from the 
leading edge is nearly the same as the breadth 
of the plate (Fig. 3) When x>1, q-l 
ex, It can be proved by the fact that 
q(t) at infinity (=—vr) takes the minimum 
value of unity so that ¢(—r+é&)=1+0(E?) for 
small value € and x(—r+&)=O(é-2) by (4.7). 


§6. Discussion 


[1] In actual flow, a circulation exists 
around the plate, so the free streamlines can- 
not remain parallel to the undisturbed flow 
as is indicated by the notched hodograph. 
But the effect of the upper and the lower 
vortex layers on the front surface of the body 
may be treated as the crowd of doublets 
when they are situated far from the body, 
so that as their distance from the body be- 
comes larger, their effect becomes smaller. 
The situation is the same when vortex layers 
change to Karman vortex street*. Therefore 
the value of Cyw may be almost determined 
by the values of Cy near the body and the 
effect of the circulation on the far down- 
stream free streamline may be irrelevant. 
This conclusion can be ascertained by the 
fact that the present treatment by the notch- 
ed hodograph gives a fairly good result. 

From the result [6] in §5 Cpyy may be 
determined by the observed data of Cy» on 
the free streamlines in a range from the 
separation point to a certain point whose 
length is of the order of the breadth of the 
plate. This will be verified in the case when 


to Prof. T. Maekawa. 


Yodihci MIMURA 


(Vol. 13, 


[2] As is well known, by the form of Eq. 


(2.2) @ and In(qs/g) can be interpreted by | 


analogy, e.g. as the displacement and the 
gradient of a membrane (cf. Woods”). 
Therefore, in the w-plane in Fig. 1, if In(qs/q) 
on SB is decreased near S, it affects pre- 


dominantly only the flow near S, and hence | 


In (qs/q) on SS’ decreases predominantly near 


S. (This relation will be discussed in detail _ 


in a later paper). For this reason, in order 
to make the calculated Cyw coincide with the 
observed one, taking into account the discre- 
pancies discussed in [2] and [3] in §5, we 
can deduce the following conclusion about 
the values, Cys and Cp_-, of Cy on the upper 
and the lower free streamlines, namely near 
the leading edge Cy, must recover to zero 
more rapidly than that given by the notched 
hodograph, but C,- may have the same 
character as the calculated one. 

[3] When the shape of the free streamlines 
given in Fig. 3 is modified by this result, it 
may be stated that the nearer the upper 
free streamline flows to the back surface of 
the body, the more rapidly Cy, may recover 
to zero. The recovery of Cy- near the trail- 
ing edge may result from the strong effect 
of the already recovered Cp+. 

In general, the magnitude of the vortex 
flux & passing through the vortex layer in a 
unit time is given by 


7 | Co dsaGenas/e. (6.1) 


where v (w, v) is the mean velocity vector 
and € (=0v/0x—0u/Oy) is the vorticity. The 
integration is taken along a path with line 
element ds which crosses the streamlines 
perpendicularly. q and gq. are respectively 
the magnitudes of velocities at the outer and 
the inner end points of the vortex layer along 
the path. Where C, keeps the constant value 
Cys along the free streamline as is the case in 
the notched hodograph, it must be g:=qs and qz 
=(0 by (6.1) when @ remains constant. Where 
Cy decreases, the vorticity in the vortex 
layer must dissipate or diffuse. The more 
strongly these occur, the nearer the separat- 
ed flow approaches the back of the body. 

[4] When Cy, is modified by the above 
result [2], the distance between the two free 
streamlines may be widened. This may ex- 
plain to some extent why / in Table II dimin- 
ishes more slowly than d’ does when a 


EE AE 
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decreases. 

[5] When a@ decreases, d also decreases 
(cf. Table ID. Moreover Cy - may recover 
more rapidly than the calculated one when a 
is small. Therefore, even if it is taken into 
account that the modified distance between 
the two streamlines is larger than the calcu- 
lated one, the non-equilibrium of the pressure 
between the upper and the lower free stream- 
lines becomes more and more violent. 
Therefore, the condition of the constant base 
pressure may be destroyed gradually as a 
decreases. When a decreases further, the 
non-equlibrium of the pressure near the 
trailing edge cannot be supported after all 
and the upper free streamline may be re- 
attached to the back surface of the plate (cf. 
e.g. Crabtree®). This phenomenon will be 
treated in later papers. 
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Flow past a Bent Flat Plate with an Unsymmetric Dead Air 
at Mach Number 1 


By Takeo SAKURAI* 
Department of Aeronautics, Faculty of Engineering, Kyoto University 
(Received May 27, 1958) 


The ideal case of the flow past a bent flat plate with an unsymmetric 
dead air region at Mach number 1, in which a streamline comes tangentially 
to the plate at its leading edge, is discussed by means of the simple 


procedure of Imai’s WKB method. 


Numerical results are given for 


several values of the form parameter. 


Introduction 


$1. 
Since von Karmén’s pioneer work”, the 
transonic flow problem has been studied by 
many authors. The mathematical difficulty 
of the problem, however, still prevents us 
from arriving at thorough understanding of 
the flow features. A few typical cases that 
have hitherto been attacked with success are 
mostly concerned with wedge profiles sym- 
metric with respect to the chord lines. When 


* This work was done at the Department of 
Physics, Faculty of Science, University of Tokyo. 
This was presented in partial fulfillment of the 
requirements for the degree of Doctor of Science 
at the University of Tokyo. 


the angle of attack is zero, it suffices to dis- 
cuss the upper half of the plane of flow. 
Such a case has been treated by Cole”, Tril- 
ling®, Trilling and Walker”, and Yoshihara! 
for the high subsonic case, by Guderley 
and Yoshihara” for the sonic case and by 
Vincenti and Wagoner?” for the low supersonic 
case. In the case of the wedge with an angle 
of attack, we have to deal with the difficult 
boundary conditions which correspond to the 
unsymmetric flow pattern. The sonic flow 
investigated by Guderley seems to be the only 
case that has been dealt with analytically. 
He studied with Yoshihara the sonic flow past 
a wedge profile at an angle of attack®? which 
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is small compared with the apex angle. He 
also discussed the flow past a flat plate with 
a small angle of attack”, which can be regarded 
as the limiting case in which the apex angle 
of the wedge becomes small in comparison 
with the angle of attack. 

As already mentioned, the above problems 
are all concerned with the wedge profiles that 
are symmetric with respect to the chord lines. 
The unsymmetry of the flow condition is 
wholly due to the presence of the angle of 
attack. In view of the fact that practical 
profiles are usually unsymmetric, it seems to 
be desirable to investigate the transonic flow 
past an unsymmetric profile. 

As one of the simplest cases, we shall dis- 
cuss the ideal case of the flow past a bent 
flat plate with an unsymmetric dead air 
region at Mach number 1, in which the zero 
streamline comes tangentially to the plate at 
its leading edge. 


§2. Basic Equations 
According to Imai’s WKB method®, the 
exact equation for the two-dimensional steady 
irrotational flow of an inviscid compressible 
fluid can be approximated as follows: 
(02/0%+02/002)b=0 (2.1) 
where 


= =i (ul@dG (2.2) 


p= (1—M?)v2 (2.3) 
Yak vty (2.4) 
K=(u0/0)? (2.5) 


and (q, 8) are the magnitude 
and the direction of the velo- 
city vector, M is the local 
Mach number, ¥ is the stream 
function, o is the density and 
Oo is the stagnation density. 
The correspondence between 
the physical and the hodograph 
planes is expressed as follows: 


~ 


dx+idy=q—le[d®+i(09/p)d¥ | (2.6) 


00/0 = K0¥ 00, 00/00 = —K-0¥ JO (2.7) 


where (x, y) are the Cartesian coordinates and 
@ is the velocity potential. 
For the adiabatic gas, we have 
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w={1-@/d—-a’@)}? (2.8) 
t=tanh-!w—a-! tanh ap (2.9) 
K=(-P)-@yyy (2.10) 
@=(r—-I(r +) (2.11) 


where y is the ratio of the specific heats, and 
the unit of the magnitude of the velocity is 
taken to be the critical velocity c,, at which 
the fluid velocity is equal to the local velocity 
of sound. 


§3. The Boundary-Value Problem in the 
Hodograph Plane 


Before discussing the boundary conditions 
in the hodograph plane, let us introduce the 
modified hcedograph variables (rt, @) by the 
following equations, 


0=6/0, t=t/0o (3.1) 


where 0, is defined in Fig. 1. Then the basic 
equation (2.1) remains unchanged: 


(62/0c?+.62/002))=0 (3.2) 


In the following, the o=r+70 plane will be 
called the hodograph plane. 

The corresponding points in the physical 
and the hodograph planes are denoted by the 
same letters. The correspondence will be best 
understood if we consider the streamline 
(OCDO or OCBAO) on which the boundary 
condition ¢=0 is prescribed. (This streamline 
may be denoted as the zero streamline.) The 
streamline starts at negative infinity O of the 
physical plane horizontally with the free stream 
Mach number 1, which corresponds to the 
singular point O in the hodograph plane 


o=t+i0. As we proceed along the zero 
r D O 
: B AQ, 


ee 


streamline towards the profile the magnitude 
of the velocity decreases and its inclination 
increases. The streamline comes in contact 
with the surfaces of the profile CD and CB. 
Tangentially at the leading edge C, where the 
streamline bifurcates into two branches. One 
of them flows along the upper side of the 
profile towards the point D where the sonic 


Fig. 1. 
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velocity is reached and the streamline separates 
from the profile to form the free streamline 
DO. The other flows along the lower side of 
the profile towards the point B where the 
magnitude of the velocity vanishes and its 
inclination @ changes from +1 to —a. Then, 
it proceeds along the profile towards the trail- 
ing edge A, where it separates from the 
profile to form the free streamline AO, with 
sonic velocity. 


§4. The Method of Solution 


Our task in this section is to solve the 
boundary value problem described in the last 
section for a given parameter a. The basic 
equation (3.2) governs the incompressible flow 
in the o-plane (Fig. 2), so that the problem can 


3 — plane 


Fig. 3. 


be solved easily by the usual method of con- 
formal mapping, superposing the dipole and 
the quadrupole solutions. To determine the 
ratio of the strengths of these poles we make 
use of the condition that the lengths of the 
upper and the lower sides of the profile (CD 
and CB in Fig. 1) should be equal. Then the 
ratio of the lengths of the front and the 
rear parts of the profile (CB and BA in Fig. 
1) is determined a posteriori for a given 
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parameter a. Therefore, we can regard a as 
the form parameter of the profile. 

By the mapping function 

€=exp [- a (o+ ia) | 

the flow field in the o-plane is mapped onto 
the flow field in the €-plane. (Fig. 3) The 
complex velocity potential in the €-plane is 
easily found by superposing the dipole and 
the quadrupole solutions, as follows, 

w= Alg{e-*(C—e-#8)-24 ef6(C—elP)-2} 

—iBle~“®(€—e-#8)-!—e'(C—e'®)-1)}] 


(4.1) 


—2A der{n cos (n8)—B sin (n8)} (4.2) 
where 
AT 
apis (4.3) 
Substituting Eq. (4.1) into Eq. (4.2) and 


taking its imaginary part, we obtain the 
stream function. 


p= —2A; exp (- ad )sin|an(14+—)} 5 


a 
{n cos (nB)—B sin (nB)} (4.4) 
The flow field in the physical plane is 
easily found, if we substitute Eq. (4.4) into 
Eqs. (2.6) and (2.7). Now, we are interested 
only in the pressure distribution over the 
profile where the boundary conditions @=1 or 
—a and /=0 are prescribed. Then Eggs. (2.6) 
and (2.7) can be simplified, yielding, 
dl=(K/4/G)(0b/00)o-const AT (4.5) 
where 7 is the length measured along the 
profile from some fixed point on it (e.g. the 
leading edge C). Thus, the correspondence 
over the front and the rear part of the profile 
is described as follows, 


dlo-1= — Ay [{dlQ?, +. dl? }+ Bdl®, + dl§2,}1 


(4.6) 
Gloecaos= — Adi, + Bidl,] (4.7) 
where 
sD cos 8 
2) ae a 
aly, 2 ey F| (cosh &—cos £)? 
222802 KN" de (4.8) 
(cosh &—cos 8)? qd 
: 2 cos 28 
(Coys 
ahr Pent (26) (cosh 2£—cos 28)" 
4 sin? 28 et (4.9) 
(cosh 2&—cos 28)? ) q 
di», = —3 sinh € sin B- 
(cosh €—cos 8)-*(K/4/q)dr (4.10) 


1058 


diS®, =2 sinh (2€) sin (28)- 


(cosh 2E —cos 28)-*(K™*/@)dt (4.11) 
2rA 
ee 4,12 
Ay aed 1 (4.12) 
and 
TT 
= 4.13 
€ l+a@ ( ) 
Here use has been made of the formula! 
< . 1 sin x 
baa = 4.14 
ae cuales 2 cosh t—cos x ( ) 


In the above formulae, the factor A, rep- 
resents the length scale in the physical plane 
and it can be chosen arbitrarily; thus we 
obtain similar flow with various length scales 
for various values of A;. On the other hand, the 
factor B, is uniquely determined for a given 
parameter a, by the condition that the lengths 
of the upper and the lower side of the profile 
(CD and CB in Fig. 1) should be equal. Using 
Eq. (4.6), the above condition can be expressed 
as follows, 


\ dle =\" dlas\"dlo.s=0 
0 


Te To 


(4.15) 


Hence the value of B; can be determined as 


B=-| | aig, + ate) iE {| "Caise.+ar} 
0 0 
(4.16) 


The correspondence between the physical and 
the hodograph planes are given by the 
integrals: 


ne)= =|’ Pita (0<r<re) (4.17) 
hie= 7" FIR ume), ale) 
hee)= {| dloat|" dlo--a} 

(O<r<co) (4.19) 


Here the suffixes wu, /f and Ir signify the upper 
surface, the front part of the lower surface, 
and the rear part of the lower surface, respec- 
tively. Also, L is the chord of the profile 
defined as 


i [alos [do 


Te 


(4.20) 


Once the factor B, is determined by Eq. 
(4.16), the ratio of the lengths of the front and 
the rear parts is determined by the above 
formulae. 

Since the pressure is a known function of 
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c, the pressure distribution over the profile 
can be obtained by the use of these t-/ rela- 
tions. 

The modified lift coefficient Cr is 


ze oo 02S 
C= H{f Cyalo-.+| Cydlo.-«| (4.21) 
0 00 
where Ce is the modified pressure coefficient; 


Co=(7 +1)¥309-2/8Cp 
= (7 +1)!909-219 PP 
2 oGoo” 


coco 


(4.22) 


If the velocity is close to sonic, we can make 
further approximations? for K4/% and Cp 
KV1G=Gr +1) PR (00/0x)/700"rM® (4.23) 
Cp=£21/232/72/3 (4.24) 
where is the stagnation density, and px is 
the density at the sonic state. 


§5. Numerical Results 

We performed the integrations (4.16)—(4.21) 
numerically, using Simpson’s rule, for the 
cases @=1, 2,3, 4,5. The results are shown 


O 5 | 


Xx 


er 


1958) Flow past a Bent Flat Plate at Mach Number 1 1059 


d= 3 


Fig. 5. 
Table I 
L = ~ 

a 8 = zm Cr Cr exact 
it 0.76 O71 hes, Base Pac We 
Dr 0.92 0.69 1.8 3.36 220 
3 0.84 0.99 0.84 3.91 Salih 
4 0.70 LEZ QO.51 4517 3.26 
5 


0.56 VS 0.35 4.36 3.31 


in Figs. 4-6 and in Table I. 

2 and « in Table I are the attack angle 
and the camber of the profile, respectively, 
as shown in Fig. 7. 

If 4<1, « and & are represented by %, a, 
L, and L, as follows, 

ae ee tee ak (6.1) 
o={(aL,—Li)/(Li1+L2)}4o ’ 


In Table I Crexace are calculated by means 
of (4.21) using the exact value of Cp, while 


Cry are estimated using the approximated value 
given by (4.24). The applicability of the 
transonic approximation becomes questionable 


ee X% 
Se eee 
i's = 
Fig. 7. 
z dae 
a 
Fig. 8.1. 
A=3 
——<$<—<—$—$—— > —— 
ee ae ae a ae 
Big. 38.2. 
oe y : : 
a A ae 
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in the neighbourhood of the stagnation point 
at middle part of lower side of the profile. 


The comparison of Cresac and C; shows that 
the approximation is comparatively good for 
the small value of a@ but becomes worse as 
a@ increases. Since a@ corresponds to the de- 
flection angle of the rear half of the profile, 
these results seem to be plausible. 

As was mentioned already, our solutions 
deal with a family of the ideal cases where 
the zero streamline touches the profile tangen- 
tially at its leading edge and # may be con- 
sidered as a kind of critical angle of attack. 
Thus, for example, the flow past a bent flat 
plate corresponding to @a=3 will change its 
type in the manner as shown in Fig. 8 as the 
angle of attack is smaller than, equal to, or 
greater than the critical value 0.84 0, respec- 
tively. 
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Observation of the Lateral Photovoltage 
by Surface Field Effect 


By Makoto KIKUCHI 
Hlectrotechnical Laboratory, Tokyo, Japan 
(Received June 18, 1958) 


It was expected that the lateral photovoltage! 
could be observed by the surface field effect. In 
our experiment, apparatus was constructed as shown 
in Fig. 1. A chopped light is focused on the 
germanium specimen whose back surface is facing 
to a metal electrode separated by a mylar spacer. 


x light 
(chopped at 200cps) 


metal 
electrode 


Fig. 1. Experimental apparatus for the measur- 
ment of lateral photovoltage. 


(a) (b) 
Vp=7 |\OOOV Vp= t !\OOOV 
ton] foff] fon off] 
agers 5sec> sd <|5sec> 


ae / time 


Fig. 2. Time dependence of the lateral photo- 
voltage. (n-type 25 ohm-cm, thickness 150 
microns) The light spot is at the position of 
1.0mm in Fig. 3. 


When no high voltage is applied to the metal 
electrode, no output signal is observed. If, how- 
ever, high voltage is applied, either plus or minus 
output signal can be observed depending on the 
position of the small light spot along on the ger- 
manium specimen. The sign of the signal is de- 
tected from the pattern on the oscilloscope. 

Fig. 2 shows the time dependence of the output 
signal measured on an m-type 250hm-cm specimen 
(150 microns in thickness). The decay of the signal 
after “on” and “off” of the high voltage is, as 
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expected, quite similar to the one observed in the 
ordinary surface field effect. Fig. 3 and 4 show 
the results of the dependence of the signal (at the 
instant of the high voltage “on”) on the position 
of the light spot along on the specimen. As shown 
in the figures, the sign of the signal for the same 
electrode voltage are opposite for p-type and n-type 
samples. 


out put 
signal 


Vpr~l000v 
a = 


‘~s 


we Position of the 
wo light spot 
? Ls mm 


He 
. - 
ee cal 


Fig. 3. Dependence of the lateral photovoltage on 
the position of the light spot. m-type 25 ohm-cm. 


output 


signal 
200 
= HOOOV 
100 Position of the 
F , 4 _20 ont spot 


$= -looov 


Fig. 4. Dependence of the lateral photovoltage on 
the position of the light spot. p-type 1 ohm-cm. 


The variation of the surface conductance and the 
surface recombination velocity with the surface 
field was measured in parallel to determine the 
surface potential. The results will be presented in 
the near future. 
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Study on Annealing of Radiation Induced 
1/f Noise in Ge p--n Junction 


By Ki-ichi KOMASTUBARA 

Kobe Kogyo Corporation 

and Utaka HASHIMOTO 
Miyakozima Techinical High School 

(Received June 28, 1958) 


The 1/f noise of Ge p—m junction is strongly 
enhanced by pre-irradiation of 7 ray as was reported 
by Inuishi?. We have investigated its annealing 
process in more detail. 

The annealing of the short circuit current noise 
of the p—m junction with reverse bias voltage 
after 5x10 réntgen preirradiation of 7 ray from 
Co®9 is shown in Fig. 1 and 3. It is interesting to 


aig 14x10," 
mean square} Amp /cycle 
short circuit 
Noise current 
at | Ke 


1220 hrs 


20°C annealing 


Reverse Voltage 


0-01 


2 Lo 0) 50 Volt 


Fig. 1. Noise is reverse voltage at different time. 


note that the short circuit current noise increases 
immediately after irradiation and then decrease to 
the level of before irradiation value. The frequency 
spectrum reveals that thise noise is mainly 1/f type. 
This annealing speed increases with increasing an- 
nealing temperature, but the tendency of the noise 
variation was similar, as shown in Fig. 3. The 
variation of grounded emitter current gain, ae, 
when operated as a transister, is also shown in Fig. 
3, and Fig. 2 shows the changes of the reverse 
current after y irradiation during annealing process. 

The sample used for this study was the collector 
junction of p—n—p fused transistor which were 
sealed in vacuum of 10-4mm Hg in order to keep 
the surface free from the troubles by unknown 
factors caused by 7 ray irradiation. There may be 
two types of recovery process of defect. One is 
the rapid variation of noise level, and of ae», and 
the other is a very slow variation of Is and{the 
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BA 
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Fig. 2. Reverse current with different times of 
annealing. 
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Fig. 3. Annealing curves of noise at lkc, 5V, 
and ay of 1mA, 5 Ve. 


long time variation of ae, and noise. 

The mechanism of the above mentioned annealing 
process is not clear at present, however, one pos- 
sible speculation may be as follows. Since inter- 
stitual atoms introduced by ; irradiation have larger 
diffusion constant in comparison with vacancies, the 
former would diffuse more rapidly and stays at 
surfaces or dislocations. The Vacancies, on the 
other hand, remains persistently, and may constitute 
slow annealing process. So perhaps interstitial dif- 
fusion causes some noise and the noise may increass 
at first step of annealing. The increase of 1/f type 
noise may be mainly caused from increase of surface 
inversion layer and increased defect under 7 ray 
irradiation. It should be emphasized that the an- 
nealing speed of ag», and reverse current were 
small in comparison with that of 1/f noise, but if 
we assume the recovery of conductivity of bulk 
wafer is rapid and surface recombination velocity 
S is hard to recover from above speculation, we 
may=have some clues. We can estimate 0.59 eV 
for numerical value of the activation energy for 
rapid decay of noise curves in Fig. 3. 
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A Remark on the Chemical Kinetics in 
Polymers during Irradiation 


By Tsutomu WATANABE 


Department of Applied Physics, Faculty of 
Engineering, University of Tokyo, Tokyo 
(Received June 20, 1958) 


In studying the chemical mechanism of radiation 
effects of polymers, it has usually been regarded 
that the radical concentration is stationary constant). 
But it is very questionable on the stand point of 
the paramagnetic resonance data of irradiated poly- 

mers”), 

Let us set v the concentration of radical produced 
by the radiation, 7 the radiation dose, J the dose 
rate of irradiation, ;ZJ the radical production rate 
per unit volume per unit time, a’, 8’ radical re- 
action constant of unimolecular and bimolecular 
type respectively, then the equation for v is ex- 
pressed as follows: 

dv dv 


yI-—a'v—B'v dt Tap C1) 


x10® spins/cm? 
14 r fe) 


Spin concentration V 
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The solution of (1) with v(7)=0 at r=0 becomes 
pw —exp (—Va?+4f7-r)] 
b—a-exp(—Wu2+4p7-r) ’ 


(2) 
where 
a=(-a+Wa2+487)/28 , b=(-a-W a2 +487)/28 
B= Bie. 
And after irradiation, the tendency of decay of v is 
avy exp (—alt) 


v= 5 3 
Buo[1 — exp (—alt)]+a (3) 
where 2 is the concentration at t=0. Consequently, 


the value of v at the irradiation dose v and after 
a time t, is expressed in the case of a< fv, 


VY 7/8 tanh (78-7) 


ao=als, 


= rs “Ls 3 4 
It’ 7B tanh (W7B-7)+1 4) 
and in the case of av 
v= e-alt(1—e-ar) , (5) 
a 


Calculating 7 from G value and in comparison 
with teflon and polymethylmethacrylate data the 
measured v agrees roughly with the equation (5) 
as shown in Fig. 1. a’ is estimated to be about 
2.8x10-3 in teflon and of the order of 10-4 sec-! 
in PMMA. In the case of other polymers the data 


Fig. £: 


is not enough to decide the value of a’ and @’, but 
by assuming (4), or (5), a’ or #’ is estimated from 
v, resulting 
a’=10-2~10-4 sec-! or B’=10-18~10-2 cm3 sec-1 
in the cases of polyethylene and polystyrene. 

In the case of a> fv, the reaction of radical 
disappearance can be considered that the reaction 
like 


x os ex 
—~C—C—> -C=C- +X 
xin 


takes place and the X atom diffuses away, or the 
cage effect such as 


x x xX X 
—C. C= —— —C=—C— 
x x ere x 


is often occurred. 


2 3 4 xlOvad 
Irradiation dose r (deuteron) 2 4 


Spin concentration dependence on irradiation dose in teflon (after Abe). 
----- curve of Eq. (4), 


ees sorb): 


From these results it may well be said that the 
life-time of radical is pretty long (102~104sec) in 
solid polymers, and it is not good to assume the 
stationary state. The long life-time is also expected 
by the facts of graft copolymerization of gas phase 
monomers to the solid polymer after irradiation. 
As it has been measured that at 30 minutes after 
the cease of irradiation the graft copolymerization 
can take place in polyethylene, nylon and polyvinyl 
alcohol,®) it is properly said that the above con- 
clusion is reasonable. 

The author wishes to express his thanks to Prof. 
H. Abe for his kind offering of experimental data 
and giving discussions. 
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Effects of Impurities and Temperature on 
the Spectra of Electroluminescence 


By Ryoichiro HUZIMURA 


Department of Applied Physics, 
Kyoto University, Kyoto 


and Tunahiko SIDEI 


Department of Nuclear Science, 
Kyoto University, Kyoto 


(Received April 8, 1958) 


The dependence of the electroluminescence 
spectrum of ZnS on impurity concentration and 
temperature has been observed. The prepared 
samples are ZnS; Cu, Pb of powder type imbeded 
in polystyrene and they were excited by high 
alternating voltage of 60 c.p.s.. The emitted light 
was recorded by a combination of a spectrometer 
of constant deviation type and an E.M.I. type 6262 
photomultiplier. 
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Fig. 1 shows the normalized intensity spectra of | 
five specimens with different impurity concentrations 
measured at room temperature. The composition} 
of each sample in the figure is tabulated in Table 
I. They can be resolved into three Gaussian com-| 
ponents which are centred at 4600, 5200, 5800 AL | 
As the shape of the most intense component at 
5200 A, we assumed C exp {—(E)—E)2/0.04} , where | 
Ey=2.4ev. The relative intensities of the other | 
components were determined as shown in table I. | 
The relative total emission intensities of several | 
samples with different impurity concentrations are | 
also tabulated in Table I where the intensities of | 
sample No. 1 is chosen as the standard. ) 

From the behavior of Pb impurity in these 
phosphors it may be concluded that Pb intensifies | 
the total emission intensity in proportion to its | 
concentration without affecting the relative intensi- | 
ties of three components in the spectrum in a certain ) 
range of concentration. Comparing the intensities 
of sample No. 1, No. 4 and No. 5 in the table, we 
see that, with the fixed concentration of Pb, ie | 
peak at 4600 A tends to vanish at lower and higher 
concentration of Cu, and the peak at 5800 A tends 
to grow with decreasing concentration of Cu. Then, 
the variation of spectrum with Cu concentration is 
similar to the well known behavior of ordinary | 


photoluminescence. However, when a sample of 
hexagonal symmetry (No. 6), which has the same 
initial composition as the sample No. 1, is examined, 
the peak at 4600A is most intense. 


Fes 
= c 
c o 
- ~- 
’ is 
oO 
ow 
O 
“ Photon Energy —~-eV 3 O 
2 
Fig. 1. Effects of composition on H Z spectra. Photon ERBrgY Oe 
Resolution ~ 20 A Fig. 2. Effects of temperature on H Z spectra. : 
i 
Table I. Compositions and Relative Emission Intensities of H ZL Spectra. 
Added Impurit ment | lative Bute! nteriengnlion 
Sample eed Pane Giro, fe ge 
; Cu Pb SEP: 4600A 5200A 5800A Total 
i! 0.001 0.001 1000°C 0.35 1 0.45 
2 0.001 0.0001 ” 0.33 1 0.5 10 
3 0.001 0.00002 ” — 1 0.5 oe 
4 0.003 0.001 ” es 1 0.3 52. 
5 0.0004 0.001 ” — mf 0.9 34 
6 0.001 0.001 1100°C 2 1 — 14 


Intensity 


oO ; 
-200 -100 


Temperature 
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Oo 100 


—- °C 


Fig. 3. Temperature variation of electroluminescence at two emission bands, 


4600 A and 5200 A. 


The emission color of sample No. 1 was blue at 
low temperature but changed to green at higher 
temperature. The normalized temperature variation 
of electroluminescent spectrum is shown in Fig. 2. 


The ratio of the actual peak height of 5200A at 


—196°C to that at room temperature was 1/10. 
When the temperature was lowered, each component 
became sharper and the increase of the relative 
intensity of the 4600 A component was remarkable. 
These tendencies, too, are similar to the well known 
behavior of ordinary photoluminescence. 

From these three similarities mentioned above, 
we may speculate that the energy scheme of lumi- 
nescence center in the electroluminecence process 
of cub. —ZnS type is not so much different from 
that of the ordinary photoluminescence process, and 
that the high external electric field has little effect 
on the emission process, but has an important in- 
fluence on the excitation process as discussed in 
many literatures. 

Furthermore, the temperature variation of electro- 
luminescence”) has been examined with sample No. 
1 at 4600 A and 5200A simultaneously to see the 
difference of the phenomena between different 
emission bands. Peaks of the two curves in Fig. 3 
show a similar change as the function of temper- 
ature, so it may be suggested that the contribution 
of traps to electroluminescence is not so much dif- 
ferent with these two emission bands. 
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Electrical Conductivity in p-Type InSb 
Under Strong Electric Field 
By Yasuo KANAI 


Electrical Communication Laboratory, 
Musashinoshi, Tokyo 


(Received June 3, 1958) 


Recently we measured the current-voltage charac- 
teristics and Hall effects of »-type InSb under strong 
pulsive electric field (up to about 3x10? volts/cm) 
at 90°K, and found that the carrier ionization from 
full band began to occur at about 2x10? volts/cm 
Vacx3 x 107 cm/sec.)Y In this note we will report 
the similar experimental results about p-type InSb. 

Fig. 1 shows a typical example of the current- 
voltage characteristics and Hall coefficients of p- 
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Fig. 1. The current-voltage characteristics with 
and without magnetic field, and Hall effect of 
a p-type InSb single crystal at 78°K. The ab- 
solute values of Hall coefficient are rather er- 
roneous. 


type InSb single crystals at 78°K. This sample had 
the following character at this temperature; re- 
sistivity (9)=2.18 ohm-cm and Hall coefficient (#) 
= +2.32 x 103 cm3/coul.. As is shown in the figure 
we observed an interesting current-voltage charac- 
teristic of p-type InSb; i.e. at rather low electric 
field strength (about 15-20 volts/cem) the Ohm’s law 
ceased to be valid and the current increased very 
rapidly with increasing electric field. Moreover 
the Hall coefficient of the crystal changed its sign 
from p-type to m-type and the current increase in 
this region was rather suppressed by the magnetic 
field of about 1kG. As the characters mentioned 
above were independent of the conditions of lead 
wires-InSb contacts, we could believe that the 
current increase at low electric field was caused 
not by the electron-injection but by the ionization 
process from full band due to the energetic holes 
in p-type InSb. Comparing our results with those 
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of m-type InSb, in which the similar process occured 
at about 2x10? volts/em, we would expect that 
there were very light holes in p-type InSb and the 
mobility of them was about ten times larger than 
that of electrons. These holes probably correspond 
to the light holes which have been theoretically 
predicted by several investigators?)-©) but not yet 
verified experimentally. 
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Piezo-Effect of Selenium Rectifiers 
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Two lead wires were soldered one each on the 
counter electrode and on the base metal plate of a 
commercial selenium rectifier disk by using a small 
piece of Wood’s metal, and the other ends of the 
wires were connected to a cathode ray oscilloscope. 

Oscillating the rectifier disk by applying a me- 
chanical impulse perpendicularly to the surface of 
the disk, such an oscillating electromotive force as 
illustrated in Fig. 1 was observed on the oscillo- 


— > time 
Fig. 1. Piezo-effect of a commercial selenium 
rectifier. The large white line in the central 


part of the photograph is a sweep line. 


scope. When a mechanical impulse was applied in 
the direction parallel to the surface of the disk, 
the electromotive force was fairly smaller than that 
in the case of the perpendicular impulse. 

The frequency of the oscillating electromotive 
force is equal to the frequency of the mechanical 
oscillation of the disk, and the amplitude of the 
electromotive force damps rapidly with damping of 
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in commercial rectifiers had poor rectification andj 
showed very small oscillating electromotive forcesy) 
as illustrated in Fig. 2. Also for selenium recti- 
fiers showing poor rectifying characteristics, the4 


above-mentioned effects were in general small. 


—> time 


Fig. 2. Piezo-effect of a disk having an evaporat- | 
ed nickel film as a counter electrode. 


The same effect was observed for selenium photo- | 
cells. But in this case, the electromotive forces | 
were considerably smaller than those of the com- 
mercial selenium rectifiers, and decreased fairly by 
an illumination of light. 

All the above experiments had been done in a | 
quasi-dark room. 

Since bulk metallic selenium consists of micro- | 
crystalls whose orientations are at random, and | 
since the piezo-effect is very small for the disks 
having an evaporated nickel film as a counter elec- 
trode as shown above, this effect may not be con- 
sidered a usual piezo-effect of crystals, but to be 
a barrier piezo-effect caused by oscillating defor- 
mation potential of selenium associated with the 
oscillation of the rectifier disk. 

Finally, the author expresses his sincere thanks 
to Professor A. Okazaki of Kyushu University for 
his useful discussions and encouragement. 
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Structure of the # Band in Potassium 
Chloride 


By Goro KUWABARA and Akira MISU 


Department of Physics, Faculty of Science, 
University of Tokyo, Tokyo 
z (Received August 2, 1958) 


Recent experiments)»2)»3) on the luminescence 
and dichroism of the color centers suggest that be- 
tween various absorption bands there may exist 
more intimate relations than expected before. 

If the absorption band associated with the M or 
FR band is hidden under the F' band, it is expected 
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that some changes might occur in the F' band, ac- 
cording to the various states of the crystal or the 
degree of development of the R and M bands. In 
this note, the distinct structure in the F’ band of 
additively colored potassium chloride observed in 
the excitation spectrum of luminescence and also 
in inducing dichroism in the R and M bands is 
reported. 

Curve (a) in Fig. 1 is the excitation spectrum at 


in Arbitrary Unit 


Intensity of Total Luminescence 


400 500 600 700 800 
wave length In mu 
Fig. 1. The excitation spectra of additively color- 


ed KCl. 

(a) Crystal containing only F’ centers (measured 
with VR-1 filter). (b) Crystal containing large 
amounts of M and F& centers (with Si filter) 

measured at —170°C, (slit width 2myp at 546 my). 


low temperature when a crystal contained only F' 
centers, and the curve (b) shows the spectrum 
when the large amounts of A centers were de- 
veloped in the same crystal by irradiating with 
light inthe #’ band. For excitation the light from 
a Xenon-arc-lamp passed through a quartz double 
monochromator was used, and the luminescence in 
the near infrared region was measured with a PbS 
cell. To cut off the exciting light, VA-1 filter or 
a slice of Si crystal was used. In curve (a) the 
shape of the excitation spectrum near the # band 
almost coincides with that of the absorption spec- 
trum. However, in curve (b), in which the peaks 
correspond to the F, R,, R,, and M bands, two 
peaks were observed in the #’ band, one of which 
nearly coincided with that of the absorption and 
another was displaced towards shorter wavelength 
side by about 20 mp. 

Fig. 2 shows the absorption spectra of the crystal 
irradiated at room temperature with two mono- 
chromatic lights in the #’ band polarized along 
[011] direction, one of which lies in the shorter 
(curve (a), 510 my) and another in the longer wave 
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Fig. 2. Absorption spectra of the crystals irradi- 
ated at room temperature with the lights of the 
wavelength (a) 510myz and (b) 565my (slit 
width 4myz at 546mz) polarized along [011] 
direction. 


length side (curve (b), 565 my) of the absorption 
peak. The former produced the dichroism mainly 
in the & band (probably, together with the N 
band), and the latter mainly in the M band, re- 
spectively. If the crystal was irradiated with the 
polarized light in the R (R, and R,) or M band, 
the dichroism appeared also in the F band as well 
as in the irradiated band. The direction of the 
maximum absorption in the F’ band lay along [011] 
direction in both cases, and the maximum amount 
of dichroism was developed at about 505mp or 
545 my corresponding to the R or the M band. 
The RA; and R, bands behaved almost similarly, 
that is, the dichroism in the same sense and of 
nearly the same amount appeared, but the M band 
behaved differently. 

From the results above mentioned, it might be 
concluded that the shorter and the longer wave 
length parts of the F’ band slightly different from 
the peak are associated with the R and the M 
band, respectively. However, the role of impurities 
in these phenomena, especially that of divalent 
ions, should be checked more carefully. The de- 
tailes of the experiments on the variation of emis- 
sion spectra with the exciting light, polarization 
of luminescence and dichroism in the N band will 
appear in this journal. 
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Small Angle Scattering of X-rays 
by Deuteron-irradiated 
Germanium Crystal 


By Francisco Eiichi FusiTa* and Ulrich GONSER** 


Department of Physics, University of Illinois, 
Urbana, Illinois, U.S.A. 


(Received May 31, 1958) 


Some recent investigations seem to give evidence 
for existence of thermal spikes produced by high 
energy particle bombardment in some materials. For 
instance, it was thought that the observed volume 
contraction of the GaSb crystal irradiated by 12 Mev 
deuterons at liquid nitrogen temperature is due to 
temperature spike regions in which the crystal is 
locally melted with about 9 % contraction and the 
liquid lattice configuration is then frozen in at such 
low temperature.))2:3, According to the theory of 
thermal spike,®») their size will be 10-1000 A in 
diameter. 

J. S. Koehler suggested the application of small 
angle scattering of x-rays to this problem. Guinier 
gives a formula for the intensity distribution of 
the scattering of x-rays at small angles ¢ from N 
identical spherical particles with random distri- 
bution, 


I=Im?N exp (—412R?42/322) (1) 


where 7 is the number of excess or deficit electrons 
in one particle, Z, the intensity scattered by one 
electron, 4 the wave length of the incident x-rays, 
and # the radius of gyration of a particle regard- 
ing the electron density. 

Single crystalline specimens of germanium (5x 
15mm) were cut, polished and etched with CP-4 
to a final thickness of 0.1mm. The specimens were 
kept at about —180°C ina liquid nitrogen cryostat 
during the deuteron irradiation and the x-ray 
measurement. 8 Mev deuteron beam from the 
cyclotron irradiated the specimens perpendicularly, 
then they were turned to the direction perdendicular 
to the Cu Ka x-ray beam from a bent crystal 
monochromater. A non-screen Kodack film was 
placed at the focus of the x-rays, 44mm distant 
from the specimen, to record the scattered intensity 
of x-rays. 

In Fig. 1 the angular intensity distribution of 
scattering from one irradiated crystal and that 
after annealing at room temperature are plotted in 
log I vs ¢2. According to Eq. 1, the size of the 

* Present address; Japan Atomic Energy Re- 
search Institute, Tokai-mura, Ibaragi, Japan. 

** Institut fiir allgemeine Metallkunde und Metall- 
physik, Technische Hochschule Aachen, Rhein- 
Westf., West Germany. 
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Fig. 1. The angular intensity distribution of scat- | 
tering of X-rays from an irradiated germanium | 
crystal plotted in logI vs g?. The dotted line 
is estimated from the scattered experimental 
values. 


small particles which are supposed to be the spiked] 
regions is found to be 35 A in radius, R being 27 A, 
Therefore, one region may contain about 9x 108) 
atoms, since the atomic volume in germanium is; 
22.5 A3. From the comparison between the intensity | 
of the incident x-ray beam and the scattered in- 
tensity, the number of particles N was er 
to be 2x10"/cm? in a specimen irradiated by) 
deuterons of about 5x10!8/cem? by assuming the 
density increase of several % in spike regions like 
that in melting. These results are in good agree- 
ment with the theory.5§7 

Between the liquid nitrogen and room. temper- 
atures, the scattered intensity decreased to about! 
1/5 of the original value in spite of little change 
in the radius. This would suggest that the frozen 
lattice configuration with higher density was trans- 
formed to the normal lattice structure apart from 
the crystal orientation in this temperature range, 
retaining a considerable amount of imperfections 
which can still produce some scattering effect. 

We want to express our gratitude to Prof. J. S. 
Koehler and Prof. F. Seitz for many valuable dis- 
cussions and Prof. J S. Allen of the Illinois Cy- 
clotron for his kind cooperation. : 
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A Note on Numerical Evaluation of 
Integral Square Error 


By Sitiro MINAGAWA 


Faculty of Engineering, Nagoya University, 
Nagoya, Japan 


(Received July 5, 1958) 


The integral square error (or quadratic control 
area) is often used for determining the optimum 
parameters of an automatic control system. Those 
who are interested in inquiring into practical sys- 
tems, however, find it difficult to get this value by 
using any one of the methods hitherto proposed»), 
because there is no theoretical transfer function 
available to them. 

The author introduces here a new method of 
estimating the integral square error wmerically 
from an indicial response. In this method, the 
integral square error is expressed by the product 
of error and time integrated with respect to error. 
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by performing immediate numerical integration of 
the square of indicial response. 


Fig. 1. 
The integral square error is defined as follows: 
| eo ae, (1) 
0 


where x(t) is the deviation of controlled variable 
from its final value and ¢ is the time. 

By using the integration variable x instead of f, 
the expression (1) is easily transformed as follows: 


0 0 
§ x (=) d= [t202]>, -2¢ tu dx , 
my \de : Xq 
where po is the initial value of x and the integral 


on the right hand side, i.e. § daz, means the inte- 


gral taken along the demeanour of the system. 


. Therefore, we get the following new form of the 


integral square error: 


By using this expression, we can evaluate this value XQ 
more rapidly with less computational error than 2¢ tn dx (2) 
Table. 
ne eet 0.8 |. oe fou? 1 oe 0 Lg S64 
sgn (da/dt) —~_| 
th = 0.0 0.16 0.24 0.31 0.38 0.45 | 0.53 0.67 
tg + 1.50 1.24| 1.09 0.91 
t3 = 1.65 2.03 
ts a5 2.80 
St 0.0-| 0.16 | 0:24 | 0:31 °}--0.58 | 1:86 0.56. |=0.24 
CDE 0.0 0.128. 0.144 0.124 0.106 0.0 0.112 | 0.096 
Cacinicients for : 1 ee 3 rey 1 . 
Integration | 1 4 2 4 1 
str E 0.0 0.384 | 0.432 | 0.124} 0.424; 0.0 | 0.448| 0.096 
Total : ‘a 0.940 i slide o 1.092 Te 
; = 3/8x0.2x0.940=0.071 1/3 x0.2*1.092=0.073 
LS.E. ~ 2x (0.071-+0.073)=0..288 
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for stable system such that 
lim [ta?]=0 . 


too 


In a non-oscillatory performance, the expression 
(2) becomes 


2| te dx (3) 


0 

by ordinary integral expression, but in an oscil- 
latory performance, because there are several values 
of ¢ corresponding to one value of x, we have to 
express as follows: 


ows Ss {sen(-32 the dx , 


min 


(4) 


where >) indicates the sum of all t’s corresponding 
to one value of x and sgn stands for the sign of. 

Formulae (3) and (4) are suitable for numerical 
integration for the reason that the calculation of 
square of experimental value is not required and, ac- 
cordingly, this computation is much less complicated 
than direct numerical integration of expression (1). 


Short Notes 


(Vol. 13,)) 


We have calculated the value of the integral 
square error of the indicial response shown by the} 
figure. The procedure of calculation is tabulated, || 
where Newton-Cotes numerical integration formula?) | 
is used. i} 

The main computational error arises from ex-4 
perimental data ambiguously read from the experi-4 
mental figure. Such kind of error appearing in the} 
calculation of the integral square error by the» 
method stated here is about one-half that appearing: 
in the direct numerical integration of the expres- 
sion (1) in which the square of experimental data 
is included. . 

The author expects this method to be a new step 
for the application of Lebesgues integral to the: 
theory of automatic control. 
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A Note on the Normal Cathode Fall in the Glow Discharges in Inert Gases 


By Yoshiyuki TAKEISHI 
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line 4 in section 3 
line 4 in section 5 


column 3 in Table I 
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Excited States of Pt!” 


By Mitsuhiro KAWAMURA, Atsushi AOKI and Takeo HAYASHI 
Department of Physics, Saikyo University, Kyoto 
(Received June 6, 1958) 


The directional correlations of the 300 KeV-300 KeV, 468 KeV-316 KeV 
and 300 KeV-600 KeV gamma-gamma cascades in Pt!92 have been measured 


by using the coincidence spectrometer reported previously. 


It is found 


that the spins of the 784 KeV and 920 KeV levels are 4 and 3, respectively. 


$1. 

Iridium-192 decays by electron emission to 
Pt! and by orbital electron capture to Os!. 
Extensive studies!“ have been made for the 
gamma radiations following the decay. The 
decay scheme of Pt!? proposed recently is 
Spins and parities of the 
excited states of this nucleus have been in- 
vestigated by the measurement of the in- 
ternal conversion coefficients and the angular 
correlation functions.®*»7-12 However, there 
still remain some uncertainties on the spin 
values assigned to the third and the fourth 
excited states. Especially, for the fourth ex- 
cited state, its spin seems to be even con- 
tradictory: Jx=4 >; Je=3 or 4°; Ja=2 


Introduction 


p;'9? 


A O+ 


Decay scheme for Pt!%2 based on Baggerly 
Relative intensities of gamma rays are 
Unambiguous spin as- 


Fig. Ve 
ef al. 
given in parentheses. 
signments are indicated. 


L 


oe cam 
Wo)=1 +Ad GP. cos a4 (4 


2 7 2 
= Ail GP, (cos H+ (5) (1= P, (cos oP (cos @)-+~ Ps (cos )) 


or 3 or 4 or 5); Jo=3!, The present in- 
vestigation was intended to remove the above 
uncertainties by further measurements of the 
gamma-gamma angular correlations corrected 
more precisely for the interference effect 
caused by the higher energy gamma rays. 


§2. Experimental Procedure 


The detectors were Nal(T1) crystals, 13 in. 
diameter and 1 in. thick, obtained from Har- 
shaw Chemical Corporation, and were coupled 
to the photo-cathodes of the RCA-5819 photo- 
multiplier tubes. The coincidence spectro- 
meter was the same one as reported in the 
previous paper’, operating at a resolving time 
of 6x10-8sec. The source material (Na,IrCl, 
in HCl solution) was produced at Oak Ridge 
National Laboratory whose radiochemical 
purity was more than 98%. For the measure- 
ments of the single and coincidence spectra, 
as well as for the 300 KeV-300 KeV and 468 
KeV-316 KeV angular correlation experiments, 
the source was prepared by enclosing the 
solution in a thin glass sphere having about 
1mm inner diameter. While, in the case of 
the 300 KeV-600 KeV angular correlation ex- 
periment, linear source, placed symmetrically 
on the axis of the rotation of the counter 
system, was used in order to increase the 
source intensity. The extranuclear interaction 
was minimized by using the sources in liquid 
form. Following procedures were taken to 
get the true correlation function from the 
measured one. When the measurements were 
performed with the linear sources, the experi- 
mental data were fitted firstly with the theo- 
retical correlation function corrected for both 
the finite source size and the detector size. 
This corrected function’ can be written as 


ya — P, (cos #))Py(cos 0)| 


ne 


1071 


1072 


where L, D, and G’s denote the length of the 
linear source, the distance between the source 
and the front surface of the crystal and the 
attenuation factors due to the finite detector 
size, respectively. Then, by using A’s in Eq. 
(1) thus obtained, the true correlation function 
is expressed as 


W(0)=1+ A2P2 (cos 0)+ AaP; (cos 8). (2) 


To get the corrected function for the point 
source, it is enough to insert L=0 in Eq. (1). 


§3. Measurements and Results 


1) Single and coincidence spectra 
The result of the gamma ray spectrum 
measurement is shown in Fig. 2. The 300 KeV 


ij T a 3! oe Lae || 
300Kev | 
70 
60) | 
7) 
5 
350) 
ce) 
re) 
40) 7 
w 
2 
30 7 
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x 
20) 
468 Kev 
Ke) 
600 Kev 


AO0mn50 1460.1 70, 80 
HEIGHT 


i020 30° 

PULSE 

Fig. 2. Gamma ray spectrum of Ir!82._ The shaded 
portions represent the windows of the pulse 
height analyzers in the measurement of the 
coincidence spectra and the angular correlations. 
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Fig. 3. Coincidence spectrum of the 300 KeV gam- 
ma rays. 
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and 600KeV peaks in Fig. 2 correspond to 
the composite peak of the 296 KeV, 308KeV || 
and 316KeV gamma rays, and that of the | 
589 KeV, 604 KeV and 612 KeV gamma rays, | 
respectively. The peak area ratios of the 
measured 300KeV, 468KeV and 600KeV 
gamma rays were consistent with those calcu- 
lated from the gamma ray intensities reported 
by Baggerly et al. The spectra of the gam- 
ma rays in coincidence with the 300 KeV and 
468 KeV gamma rays are also given in Figs. 
3-4. In measuring the coincidence spectra, 
the window of the pulse height analyzer in 
the fixed channel was set on the shaded 
portion as shown in Fig. 2, while the sweep- 
ing channel had the same window width as 
in the case of the single spectrum measure- 
ment. 


COUNTS 
S 
3 
is 


500 600 
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Fig. 4. Coincidence spectrum of the 468 KeV gam- 
ma ray. 


2) Angular correlation measurements 

In all cases of angular correlation measure- 
ments, the windows of the pulse height ana- 
lyzers were set on the shaded portions in 
Plgas 

a) The 300KeV-600 KeV angular correlation 

In this case, the distances between the 
source and the crystal surfaces connected to 
the photomultiplier tubes for the 300 KeV and 
the-600 KeV gamma rays were 10cm and 7cm, 
respectively. Further, the lead absorber of 
5mm thick was placed in front of the detector 
for the 600 KeV gamma ray in order to reduce 
unnecessary background caused by the 300 KeV 
gamma ray entering, this detector. The 
measurements were, made at angles of 90°, 
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112.5°, 135°, 157.5° and 180°, and the true 
coincidence counting rate was about 200/min. 
The measured results and the most fitted 
curve for them are shown in Fig. 5. The 
most fitted A’s were obtained, as described in 
Sec. 2, by Eq. (1) using the geometrical mean 
of 10cm and 7cm for D, L=7mm, G,=0.937 
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2 
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Fig. 5. Directional correlation of the 300 KeV-600 
KeV gamma rays. The solid curve represents 
the least-squares fit of the experimental data. 
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Fig. 6. Directional correlation of the 468 KeV-316 

KeV gamma rays. The solid curve represents 


the least-squares fit of the experimental data. 


and G,=0.802. With these A’s, the true 


correlation function is written as 
W(0)=1—(0.200+0.010)P2(cos 8) 
—(0.0470.015)P.(cos 8) . (3) 
b) The 468 KeV-316 KeV angular correlation 
The distance between the point source and 
the front face of each crystal was7cm. The 
measurements were made at angles of 90°, 
105°, 120°, 135, 150°, 165° and 180° and the 
true coincidence counting rate amounted to 
about 600/min. The experimental results and 
the most fitted curve for them are shown in 
Fig. 6. The most fitted correlation function 
can be expressed as 
W’(@)=1+4+(0.080-40.006)P; (cos @) 


+(0.011+40.007)P; (cos 8). (4) 


Excited States of Pt9 


1073 


This function is expected to contain the desired 
468 KeV-316 KeV angular correlation and some 
contribution from the 600 KeV-300 KeV angular 
correlation, because, the 600 KeV gamma rays’ 
have its Compton component of about 468 keV 
energy. Hence, we should subtract from Eq. 
(4) this contribution which has been estimated 
by using the single spectrum of the 660 KeV 
gamma ray in Cs’ and the coincidence 
spectrum of the 300KeV gamma rays. The 
subtracted correlation function can be re- 
presented as 


W’’(@)=1+(0.094-£0.006)P: (cos 8) 
+(0.014+-0.007)P; (cos 9). (5) 


Since the attenuation factors are G,=0.918 
and G,=0.747 for the detector geometry in 


this case, the true correlation function is 
given as 
W(@)=1+(0.1030.006)P: (cos 8) 
+(0.018+0.010)P: (cos 0) . (6) 
ae j 
{ 
(7500+ | 
n 
5 17000; | 
2 * 
» 16500- DN 
I6000; i é, { 
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ANGLE (deg) 


Fig. 7. Directional correlation of the 300 KeV-300 
KeV-gamma rays. The solid curve represents 
the least-squares fit of the experimental data. 


c) The 300KeV-300 KeV angular correlation 
The distance between the point source and 
the front face of each crystal was 7cm. The 
measurements were made at angles of 90°, 
105°): 120°; 135°. 150°". 165%, and 180°; cEhe 
true coincidence counting rate was about 
1800/min. The experimental results and the 
most fitted curve for them are shown in Fig. 
7. The most fitted correlation function can 
be written as 
W’(0)=1—(0.051+0.004)P, (cos @) 
+(0.076+0.005)P, (cos @). (7) 
In this case, it is also necessary to subtract 
the effects of the interference caused by the 
300 KeV-600 KeV and 468 KeV-316 KeV gamma 
ray cascades. These interference effects were 
estimated from the spectral shapes of the 
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660 KeV gamma ray of Cs!*’ for the 600 KeV 
gamma rays and the 510KeV annihilation 
gamma ray of Na” for the 468KeV gamma 
ray respectively, by the same procedure de- 
scribed in the case of 468 KeV-316 KeV angular 
correlation. The subtracted correlation function 
is 
W’’(0)=1—(0.053£0.005)Pz2 (cos @) 
+(0.086+£0.006)P, (cos #). (8) 
Thus, the true correlation function, applying 
G,=0.917 and G,=0.744 for Eq. (8), can be 
written as 
W(@)=1—(0.058-+0.005) P, (cos @) 
+(0.116-0.008) P; (cos @) (9) 


§ 4. Analysis and Discussion 


The correlation function of the 468 KeV- 
316 KeV cascade represented by Eq. (6) agrees 
very well with the theoretical function for 
the 4(Q)2(Q)O sequence. Taylor and Pringle”, 
though obtaining the experimental result 
similar to us, explained their data by the 
3(94.2 %D 5.8 %Q)2(Q)O sequence in which 6 
had negative sign.* They insisted the spin 
assignment of 3 to the 786 KeV level because 
of the existence of the crossover transition to 
the ground level. But according to the in- 
ternal conversion measurements as reported 
by Baggerly et al®, and Kelman et al”, the 
468 KeV gamma ray must be pure electric 
quadrupole radiation. Therefore it seems bet- 
ter to assign the 4(Q)2(Q)O sequence for this 
cascade, 

Next, the results of the 300 KeV-300 KeV 
and 300 keV~-600 KeV angular correlations were 
used to determine the spin of the 920 KeV 
level. Both correlation functions given by 
Eqs. (9) and (3) are expected to be composed 
of several elementary angular correlation 
functions: for instance, as easily seen in Fig. 
1, the 300 KeV-300 KeV correlation function is 
the superposition of the 308 KeV-295 KeV, 
295 KeV-316 KeV and 308 KeV-316 KeV corre- 
lation functions. Accordingly, the information 
about the relative weights of these elementary 
processes are required for the analysis of Eqs. 
(9) and (3). This information can be obtained 
from the relative intensities of the gamma 
rays concerned. Among several propositions 
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on this subject, we prefer the result reported 
by Baggerly et al, as the peak area ratios || 
observed in our single spectrum measurement i 
are consistent with those calculated from their || 
By use of the relative | 
intensities* shown in Fig. 1, in the case of || 
the 300 KeV-300 KeV measurement, the con- | 
tribution of each cascade to the coincidence || 


gamma ray intensities. 


rate was found tosbez' 38.8% (316 KeV —296KeV), 


30.6% (316 KeV-308 KeV), and 30.6% (308 KeV— | 


296 KeV). 
obtained 20.5% (308 KeV-612 KeV), 


For the 300 KeV-600 KeV case, we 
43.5 % 


(316 KeV-604 KeV), 18.0% (296 KeV-589 KeV) | 


and 18.0% (316 KeV-589 KeV). Now as the 
error of the intensity measurements by Bag- 
gerly et al is estimated to be +20%, the 
mixing ratios of the gamma rays obtained 
from our experiment, have corresponding 
errors. However, the determination of the 


spin value for the 920 KeV level may be pos- | 


sible even in such a situation, as the corre- 
lation function shows notable changes for 
various spin assignments to the 920 KeV level. 
Assuming /,=2 for the 612KeV level sup- 
ported by the internal conversion measurement, 
several possibilities for the spin assignment 
of the 920 KeV level, Jc, can be examined as 
follows. 


(Case 1) Jn=4 
As shown in Fig. 8, the experimental curves 


MENTAL 


“ B “" Je=4 §=00 
“” Cc “ 7 5,=-4 
O-7r 4 D 300-600Key EXPERIMENTAL 
PS OE Je=4 Jo=3 51274 842-16 
90 2-5 135 57-5 180 
ANGLE (deg) 
Fig. 8. Comparison of the theoretical angular cor- 


relation curves for the 300 KeV-300 KeV and the 
300 KeV-600 KeV gamma ray cascades with the 
experimental curves represented by Eq. (9) and 
Eq. (3), in the case of Jm=4. 61, d4 denote the 
mixing ratios in the 296KeV and the 589 KeV 
gamma rays, respectively. 


* § is the ratio of the reduced matrix element 
of the quadrupole transition to that of the dipole 
transition. 


* The relative intensities of gamma rays re- 
ported recently by O. 1. Sumbaev®) agree very well 


with Baggerly’s data, 
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for the 300 keV-300 keV correlation given by 
Eq. (9) could be fitted within statistical error 
_ with the theoretical curve corresponding to 
the pure electric quadrupole for the 296 KeV 
gamma ray. Next, we examined the 300 KeV- 
600 KeV result. To discuss this result, two cases 
of spin assignments for the 1200 KeV level 
should be taken into consideration; namely, 
Je=3 and 4. Inthe case of /¢=3, all possible 
combinations of the multipole mixtures from 
d:=t+c0 to 6;=+4 for the 296 KeV gamma 
ray and from 0s=+e0 to 6,=+1.6 for the 
589 KeV gamma ray, were examined to fit the 
measured data with the theoretical curve. 
Here, 6,;=-+4 and 0,=+1.6 correspond to the 
maximum and to the value far beyond the 
maximum of the dipole admixture reported 
up to the present, respectively. The theoretical 
curve for the case of 0,=—4 and 0,=—1.6 
is given in Fig. 8. This curve shows gross 
disagreement with the experimental one. For 
all the other combinations, the theoretical 
curves deviated more markedly. In the case 
of Jc=4, the fit became much worse. Ac- 
cordingly, we should reject Jw=4 to the 920 
KeV level. 


(Case 2) Ja=3 

In the analysis of the 300 KeV-300 KeV angu- 
lar correlation, we could fit, as shown in Fig. 
9, our data with the theoretical curve cor- 
responding to the mixing ratios given by 
Kelman et al® (6,=—4 and 6,=-+ for the 308 
KeV and 296KeV gamma rays, respectively). 
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Fig. 9. Comparison of the theoretical angular cor- 


relation curves for the 300 KeV—300 KeV and the 
3200 KeV-600 KeV gamma ray cascades with the 
experimental curves represented by Eq. (9) and 
Eq. (3), in the case of Jij=3. 01, 02, 63, 64 denote 
the mixing ratios in the 296 KeV, 308KeV, 604 
KeV, and 589 KeV gamma rays, respectively. 
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Their mixing ratios obtained from the measure- 
ment of the internal conversion coefficient by 
their prism beta ray spectrometer seem to be 
reliable. For the 300 KeV-600 KeV correlation, 
two cases of spin assignments to the 1200 KeV 
level, namely J/c=4 and 3, were examined. 
For Je=4, the experimental curve agreed 
well with the theoretical curve which was ex- 
pected from the mixing ratios supported by 
Kelman et al for the gamma rays concerned 
(0;=3, 0.=—4 and 0,=-:oo for the 604 KeV, 
308 KeV and 296 KeV gamma rays, respective- 
ly). For Je=3, we could also reproduce the 
experimental 300 KeV-600 KeV correlation 
curve, assuming 0,=-tco for the 589KeV 
gamma ray in addition to the above-mentioned 
assumption for the other gamma rays. 


(Case 3) Ja=2 or 5 

For the case of Ja=2, the counting rate at 
135° expected from the theoretical 300 KeV- 
600 KeV angular correlation should be smaller 
than the counting rate at 180°, as the theo- 
retical correlation curve is mainly contributed 
from 2(Q, D)2(Q)O sequence where the admix- 
ture of the dipole radiation is limited to the 
one permitted by the internal conversion data. 
This tendency is incompatible with our ex- 
perimental data. Furthermore, /na=2 seems 
unlikely from the information on the beta 
transitions. The case of Ja=5 should also 
be set aside, since the 308KeV and 604 KeV 
gamma rays are predominantly electric quad- 
rupole. 


§5. Conclusion 


Judging from the arguments in the preceding 
sections, it seems that the spin assignment 
Jv=4 is very reasonable, while it is concluded 
that the spin assignment for the 920 KeV level 
must be /a=3, notwithstanding that J-=3 or 4 
can not be confirmed without ambiguity. Here, 
we note that Baggerly et al reported the same 
result for Jp and, for Ju, the present work 
agreed with Shiel’s result but is not consistent 
with the assignment Ju=4 reported by Mraz. 
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Sector Type Double Focusing Beta Ray Spectrometer 


Part I General properties 


Mitsuo SAKAI and Hidetsugu IkEGAMI 
Institute for Nuclear Study, University of Tokyo 
(Received June 28, 1958) 


A small scale beta ray spectrometer was built, making use of the 
double focusing principle applied to sector-field. The fringing field was 
found to be easily corrected and not to be serious for conventional 


purposes. 
power of 0.7%. 


The gathering power of 0.3% was obtained for the resolving 
Since the source can be placed outside of the magnetic 


field, this type of spectrometer might serve as a powerful tool for coinci- 


dence and correlation measurements. 


Introduction 


§ 1. 

The beta ray spectrometers have been gre- 
atly developed during the last decade. The 
magnetic spectrometer is divided into two 
types, namely, prismatic beta ray spectrometer 
and lens type spectrometer. The electrons in 
the former type are deflected in the right 
direction to the magnetic field and in the latter 
type the trajectory makes only a small angle 
with the axis of symmetry of the magnetic 
field. It is a well known fact that the in- 
homogenious magnetic field produces the best 
focusing character in both type of spectro- 
meters. The typical spectrometers with in- 
homogenious magnetic field are the double 
focusing spectrometer in the former case and 


the intermediate image spectrometer” in the 
latter case. 

Corresponding to progress of the theory of 
nuclear structure, it was intended to develop 
a spectrometer especially suitable for coinci- 
dence experiments and for angular correlation 
measurements which give important informa- 
tions on the nuclear level. In selecting a type 
anfong many types of spectrometers, the lens 
type spectrometer was first excluded because 
a diverging electron beam should be used in 
this type of spectrometer, making it difficult 
to do the measurements of angular correlation. 
On the other hand+in the double focusing 
spectrometer the source and the detector 
should be put in the magnetic field, making 
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inconvinient for coincidence measurements and 
especially for correlation measurements. 
Under the circumstances, we were led to 
adopt the sector type double focusing spe- 
ctrometer. This type of spectrometer is not 
unusual and it was built in many laboratories 
for analysing particles produced in nuclear 
reaction.» But in this case the solid angle was 
in general an order of 10-* steradian and the 
effect of fringing field in the entrance and in 
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Fig. 2. Side view of sector type double focusing beta ray spec- 
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the exit region has a little influence on the 
focusing properties. Since the beta ray spe- 
ctrometer should have a large solid angle of 
order of 10-1 steradian, the fringing field above 
mentioned might have a large effect on the 
focusing properties as in the case for Kofoed- 
Hansen’s spectrometer. This fact was con- 
sidered as a grave disadvantage for this type 
of spectrometer. However, as is seen in the 
proceeding section, this effect was found to be 
not so serious if a suitable 
correction was made. 


§2. Design 


In order to study the general 
properties of this type of spec- 
trometer a small scale spectro- 
meter with the mean radius 
of curvature of 9cm was built. 
As is presented schematically 
in Fig. 1, the electrons were 
deflected in 180°. This angle 
was chosen for the practical 
reason that the pair of pole 
tips can be made at a time by 
cutting an iron disk machined 
by lathe. The inhomogeneous 
magnetic field between the 
pole tips chosen in the present 
apparatus has the following 


8 


character; 
Ber)= Bi) 1 = 
6h ir slr Ry 
+ ponapsib Wh } 


This field distribution was 
easily obtained by a cone type 
pole tip® of which the exten- 
sion of surface intersects on 
the median plane at p as shown 
in Fig. 2. The periphery of 
pole tips was empirically modi- 
fied for keeping the field shape 
near the end of pole: gap. 
The field distribution actually 
measured was presented in 
Fig. 3. After a small adjust- 
ment of o-value, agreement of 
‘ the actual field with the theo- 
retical one was satisfactory. 
The source (or the detector) was 
placed at S on the pole bound- 
ary. The other pole boundary 
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was cut as shown in Fig. 1 by taking account 
of the fringing field. In view of getting the 
virtual boundary® of the magnetic field at the 
line C20, the cutting line of exit pole boundary 
was determined in the first approximation to 
intersect at S’ and C,C, was chosen to 0.7 
pole gap. In the present apparatus the pole 
gap was taken to be 1/29. 


ae Peat 


m 


Fig. 3. Radial distribution of magnetic field. 


The first order theory of this type of spe- 
ctrometer” gives the following characters; 


focusing distance: C,D=1.87 
maximum solid angle: 
=A/2; for the source at pole boundary 
=A/5.4; for the source at the point D in 
Lidsteaans le 


where A 0? is the available cross-sectional area 
of the electron beam in the spectrometer. In 
the present apparatus the maximum A 0? is 
limited by. oxo. The electron beam was 
defined by a baffle system which was designed 
on the basis of conventional second order 
calculation. 

The focal point was first determined by 
varying the position of the detector in x and 
y directions by means of O-ring seal. (see 
Fig. 1.) and by measuring at each point the 
conversion spectra of Cs’. This spectrum 
served as a measure of the focusing properties. 
The focal point of which the coordinates were 
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denoted as Xop and Yop was presented in 
Table I. The counting rate and resolving 


power measured at each point were also tabu- || 


lated. As can be noticed in this figure, the 
electrons were focused on a rather large focal 
line with about a same quality of focusing. 


This fact was already pointed out in the || 


particle analyser and it suggests one of the 


advantages for this type of spectrometer. A | 
typical spectrum was presented in Fig. 4. | 


Table I Optimum point in the image area 


Xp (cm) +0.5 0.0 -0.5 —1.0 
Yop (Cm) eS y A030) Seon iee) 
Counting rate (Arbitrary) 170 180 170 180 
Resolving power (%) 0.62 0.66 0.65 0.71 


The sense of x coordinate is shown in Fig. 1. 
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Fig. 4. Line spectrum of conversion electrons of 
661 KeV gamma ray from Cs}87, 


The fraction of electrons collected at the peak 
of line spectrum referred to the total electrons 
belonging to this line emitted from the source 
was defined as the gathering power. The 
gathering power can be obtained practically 
from the following formula. 


5 L=n|ne& 
where 7 is the counting rate at the peak point, 
m the total electrons», counted by the same 


detector and & the ratio of the area of the 
line spectrum to the total area taken by the 
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spectrometer. By using a source of about 
3mm diameter, a gathering power of 0.3% 
was obtained for a resolving power of 0.7%. 


$3. Concluding Remark 


This type of spectrometer has the versatile 
characters because 1) the accessibility to the 
source or to the detector is very good and 2) 
the electron beam in pensil form can be used 
and 3) the good relation of gathering power 
to resolving power can be obtained easily 
without any serious consideration for the fring- 
ing field. Fig. 5 shows some examples for use 
of this type of spectrometer. 
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Fig. 5 (a) shows the coincidence and the 
angular correlation measurements between 
gamma and conversion or beta radiations. 
Coupling two spectrometers as in Fig. 5 (b), 
we are able to do the coincidence measure- 
ments: for the genetic relation and the cor- 
relation function between conversion electrons 
and conversion electrons or beta radiations. 
It is worth noting that the long arm reduces 
largely the effect of magnetic field resulting 
from the other spectrometer. Fig. 5 (c) il- 
lustrates other possibility of this type of spe- 
ctrometer. Two spectrometers are coupled as 
in the case of (b). A slit S’ is set at the 


Fig. 5. Some typical setting configuration for use of sector type 


double focusing spectrometer. 


detector point in the first spectrometer and 
this slit serves as the virtual source for the 
second spectrometer. By this setting one can 
easily get rid of the false counts resulting 
from the scattering electrons at the wall or 
from the electrons having the trochoidal trajec- 
tory.» This twin setting is especialy suitable 
for the measurement of the higher weak beta 
component in the presence of the lower strong 
beta component as is the case of Cs'*7, Co% 
and Sc.*t This point will be verified in the 
succeeding report.” 
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Sector Type Double Focusing Beta Ray Spectrometer 
Part II. Twin Setting Measurement of the Weak Higher 


Component of Cs 


137 


Toshimitsu YAMAZAKI, Hidetsugu IKEGAMI and Mitsuo SAKAI 
Institute for Nuclear Study, University of Tokyo 
(Received June 28, 1958) 


A twin setting of two sector type double focusing beta ray spectrometers 
was used for measurement of the weak higher component of Cs'®7 in 
order to remove completely the contributions resulting from the secondary 


causes. 


The measured spectrum agreed well with those of the previous 


results, which were therefore confirmed to provide a reliable basis for 
the analysis of the coupling constants in beta decay. 


Introduction 


§1. 


Two sets of small scale (o2=9 cm) sector-type 
double focusing beta ray spectrometers were 
constructed as models for larger ones. This 
type of beta ray spectrometers, as described 
in detail in the preceeding paper”, is suitable 
for B—7, e-—7r, B—e- and e~—e~ angular cor- 
relation experiments. In addition to these a 
special use for the measurements of beta ray 
spectra was pointed out, which consists in 
making use of the other spectrometer con- 
nected with one spectrometer. Since the 
second spectrometer selects electron momen- 
tum once more, this twin spectrometer setting 
is especially suitable for getting rid of the 
secondary effects caused in the measurements 
of weak higher components. 

The usual measurements of the weak higher 
components of Cs!87, Co®, Sc* etc, which may 
need use of strong sources (perhaps of several 


2nd SPECTROMETER 


Facil 
pole face 


Pb shield 


GM counter 


FTO 


milli-curies), necessarily involve the following 
disturbing effects resulting from the co- 
existence of other strong beta and gamma 
radiations: false counting of 1) multiply scat- 
tered electrons from the low energy beta com- 
ponents, 2) Compton electrons from various 
points of apparatus by the strong gamma rays, 
and 3) low energy electrons with trochoidal 
trajectories”. These effects, though they can 
be much reduced by using good baffle system, 
may still be possible to make disturbance more 
or less on the observed spectra. By adopting 
this twin spectrometer method, however, we 
can expect to get spectra free from these ef- 
fects. Since the shapes of the higher-forbidden 
spectra, such as weak higher components of 
Cs87, Co®, Sct®, etc., provide important in- 
formations about the coupling constants of 
beta decay, it seems worthwhile to measure 
these spectra once again by means of this 


source 
> \ ist SPECTROMETER 
Pb shield 


pole face 


| <I 


magnetic shield Al baffle 


Figeus 


Experimental arrangement. 
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twin setting. The present paper concerns the 
measurement of the weak higher component 
of Cs}87, 


§ 2. Experimental Method 


The arrangement of experimental apparatus 
is shown in Fig. 1. The source was put at 
the point S in the first spectrometer. Then 
the electrons were focused at F. If one sets 
the second spectrometer in such a manner 
that F serves as a virtual source for the 
second spectrometer, the electron beam pass- 
ing through a slit placed at F can be refocused 
at D under a suitable field of the second spec- 
trometer. Of course, the direction of electron 
trajectory at F is limited by the first. 

When the field of the first spectrometer is 
fixed at (Bo),=p, then the ideal momentum 
distribution of electrons passing through the 
slit F (i.e., of the virtual source) may be as 
the solid line in Fig. 2 a), with a width cor- 
responding to the resolution of the first spec- 
trometer. But the actual distribution may 
involve moreover low energy part (broken 
line). This part, resulting from the disturbing 
electrons in question, corresponds to the false 
counts in usual single setting. This momen- 
tum distribution is observed at D as a sweep- 
ing curve in Fig. 2 b), by sweeping the current 
of the second spectrometer I,. If I, is fixed 
on peak, then the true momentum distribution 
of electrons incident on the detector may be 
as in Fig. 2 c). Being analysed by the second 
spectrometer, the low energy disturbing elec- 
trons are completely removed here, so far as 
secondary electrons produced in the second spec- 
trometer can be regarded as negligible. The 
area of the peak divided by # is the value of 
the beta spectrum (p)._-In practice, to make 
measurements easier, we adopted so-called 
flat-topped method making the detector slit 
large enough to cover the peak. Then the 
sweeping curve may be flat and broad as in 
Fig. 2 d). In this case the over-all resolution 
is equal to the resolution of the first spec- 
trometer, and we get the momentum spectrum 
n(p)=N>,/p, where Ny is the counting rates 
on the flat peak at (Bo) =p. 

In the present measurement the detector 
slit of 10mm was used. Observed sweeping 
curves are shown in Fig. 3. It has a flat part 
of 2%. The shape of this curve was found 
to be independent whether (Bp), was ‘set on 
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or off a conversion line. No detectable amount 
of low energy electrons were found by sweep- 
ing I,. 

The present twin spectrometer method can 


momentum 


distribution 
at F 


electron momentum 


counts 


current of 2nd spectrometer 


momentum 
distribution 
at D 


c) 


electron momentum 


counts 
da) 
current of 2nd spectrometer 
Fig. 2. Illustration of the principle of twin spe- 


ctrometer method. a) momentum distribution of 
electrons passing through Ff’. b) sweeping curve 
with a detector slit. c) momentum distribution 
of electrons incident on D. d) sweeping curved 
without a detector slit. 
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be compared with the case where in usual 
single spectrometers measurements the scintil- 
lation counter is employed as a detector for 
discriminating the scattered electrons by mak- 
ing use of the energy sensitive character of 
this type of detector®. The latter method is 
simpler than ours, but may be inferior because 
of the incomplete energy discrimination espe- 
cially due to back scattering on the surface of 
scintillator. 


counts 


° * 
o 
ee ° 
>~e. 


104 


094 096 098 1.00 1.02 1.06 
current of 2nd spectrometer 
(normalized) 
Fig. 3. Observed sweeping curves. a) with a de- 


tector slit of 10mm _ b) with a detector slit of 


2mm width. 


7mm thick aluminum baffles were set as 
shown in Fig. 1. The slit at F was rectangle 
of 2mm width and 5mm length. 

A mica end-window Geiger-Miller counter 
with window thickness of 3mg/cm? was used 
as the detector. No influence of counter ef- 
ficiency by the magnetic field was recognized. 

The source contained about 2 milli-curies 
of Cs'87 with high specific activity, which was 
uniformly spread over a rectangular area of 
3mm width and 7mm length. The counting 
rates at energies just above the conversion 
lines of 662 Kev gamma ray were about 600 
counts per minute. 

The interference effect of the fringing fields 
of each spectrometer was first studied. Sett- 
ing a source of Cs!*7 at F and a detector at S, 
we measured the internal conversion peak by 


the first spectrometer by varying the exciting 
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current of the second spectrometer. A few |} 


percent shift of the peak was observed in case_ | 


of high current. A simple magnetic shielding 
in the straight arm section reduced this shift 
to within one percent. In usual correlation 
experiments, where each field should vary 
independently, such an interference effect may 
be serious, but for the present purpose, where 
each field varies proportionally, it makes no 
disturbance. 


2000} | 


1000 | t 


ed } ‘ 


5.30 


5.20 5.40 


current of Ist spectrometer 


Fig. 4. Observed spectrum of the internal con- 
version lines of Cs187, 


The overall resolution and gathering power 
were found to be 0.7% and 0.3%, from meas- 
urement of the internal conversion line of 
Cs}37, 

The spectrometer field was measured indi- 
rectly from the exciting current. Calibration 
was made by Cs!*? K-internal conversion line 
(Bo=3381.3), Cs'8? L-internal conversion line 
(Bo=3498.2) and Co® 1.17 Mev K-internal con- 
version line (Bo=5322.5). The currents were 
stabilysed within 0.1%. 


$3. Result and Discussion 


In the present experiment the efforts were 
focused on the measurement of the higher 
component of Cs? above the internal con- 
version lines (= 0.65 Mev). For each (Bo);= 
pb, we measured the sweeping curves as in 
Fig. 3 and got Ny». This procedure was rather 
tedious, especially near the end point of the 
spectrum, because of. difficulty in finding 
peaks. 

Usual Kurie plot 7/n(q)/f of the observed 
spectrum is shown in Fig. 5 and experimental 
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| correction factor C=n(p)/(Ey)—E)*/, which in- 


dicates the deviation from allowed type, is 
plotted in Fig. 6 as a function of electron 
energy FE. The broken curve is the best fitted 
function: C=q?+0.003p2.. The results are in 
good agreement with the previous investiga- 
tors». This means that in their experiments 
such disturbing effects, so far as the shape 
of Kurie plot was concerned, are regarded as 
negligible. 


é co) present measurment 
> ° Osaka Univ. 
Langer - Moffat 


A SS Bent 


nyt 
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Fig. 5. Kurie plot of the higher component of 
Cs87, The previous results are also plotted. 
These are normalized at H=2.6. 


It is well known that the weak beta tran- 
sition from g7/2 ground state of Cs'*’ to the 
ds/2 ground state of Bal’ exists with branching 
ratio of 8% and that its spectrum indicates 
twice-forbidden shape involving no change of 
parity and a spin change of two. L. M. Langer 
and R. J. D. Moffat, who studied in detail this 
beta ray component with a magnetic spec- 
trometer, showed the shape of the spectrum 
could be adequately described by a _ twice- 
forbidden factor, C27, resulting from the tensor 
form of interaction. Recently the same ex- 
perimental results were reported by T. Katoh, 
M. Nozawa, Y. Yoshizawa and Y. Koh, who 
made analysis of the shape of the spectrum 
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assuming only a linear combination of the 
ordinary scalar and tensor interactions and 
concluded the sign of Gs/Gr was negative. 
Although these analyses will perhaps have to 
be corrected in near future from the today’s 
viewpoint, the present experiment confirmed 
that their experimental data are reliable and 
can be a good basis for analysis. 

The present authors express their sincere 
thanks to Prof. S. Kikuchi, director of this 
institute, for his constant encouragement dur- 
ing this research. 
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Fig. 6. Plot of the experimental correction fractor 
C=n(p)/()— F)2f. Broken line is the best fitted 
curve: C=q?+0.003p2. 
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Temperature Distribution during the Martensite 
Plate Formation* 


By Zenji NisHryAMA, Akira TSUBAKI 
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Hideo SuZUKI and Yasusada YAMADA 
Department of Physics, Faculty of Science, Osaka University 
(Received January 16, 1958) 


With the object of obtaining some basis for the thermodynamical con- 
sideration of the martensite formation, the temperature distribution during 
the transformation has been calculated using Bunshah and Mehl’s data 


for the speed of propagation of the transformation front. 


From the 


results of calculation it is concluded that (1) the nucleation may be 
treated as isothermal and that (2) the growth may also be treated in the 
same way if the propagation of the transformation is steady, but the 
treatment must be nearly adiabatic if the propagation is intermittent 


and its unit is large. 


$1. Introduction 


It has been reported that the martensite 
transformation** in iron alloys occurs very 
fast. This fact is of importance, because the 
speed of the transformation has influence upon 
the resulting configuration in the alloy, and 
consequently upon its mechanical properties, 
etc. Notwithstanding the fast speed of the 
martensite formation some metallurgists have 
often tried to interprete several phenomena 
on the assumption that the martensite is pro- 
duced isothermally. More than ten years 
ago, Nishiyama and Shimomura® proposed 
the idea*** that the isothermal treatments is 
not applicable to the thermodynamics of the 
martensite transformation. As for the temper- 
ature distribution during the propagation of 
the transformation front, they supposed a 
model as shown in Fig. 1. This model, how- 
ever, was not on the experimental basis, 
because any quantitative facts concerning the 
speed of propagation had not yet been reported 
in those days. 

In 1953, Bunshah and Mehl” found that the 
period of formation of a martensite plate is 


* This paper was read before the annual meeting 
(1957) of the Phys. Soc. Japan. 

** According to Forster-Scheil) and Suzuki- 
Homma” there are two modes, fast (Umklapp) and 
slow (Schiebung), in the martensite transformation. 
Only the former mode is the subject of discussion 
in this paper. 

*** Crussard#) noticed the dynamical nature of 
the martensite transformation. 


of the order of 10-7sec. From the paralle- 
lism between the period and the size of a 
martensite plate, they could estimate the 
speed of propagation to be 1.1 10° cm/sec. 
In the present paper further discussion is 
to be given using Bunshah and Mehl’s data. 


Fig. 1. Propagation of transformation (a) and 
distribution of temperature (b) in a martensite 
needle,assumed formerly.@ 


But as it is not yet clear whether nucleation 
start at the mid-rib or at the end of the plate, 
and also in what crystallographic direction the 
plate grows, we adopt a simple model without 
considering any of these matters. Adopting 
such a model and assuming the steadiness of 
the propagation of transformation in a marten- 
site plate, numerical calculations of the temper- 
ature distribution and its variation with time 
are to be carried out. And also some dis- 
cussions on the result are to be described in 
connection with the thermodynamical meaning 
of the martensite formation, extending to the 
case of the intermittent propagation. 


§2. The Equation of Heat Conduction 
As is well known, the martensite phase 
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grows with incessant evolution of heat in the 
austenite phase. The temperature is, there- 
fore, not uniform in the vicinity of the trans- 
formation front. 

To simplify the problem, we assume that 
(1) density p, specific heat c, and thermal 
conductivity « of the two phases are equal, 
and that (2) in a very large material the 
martensite plate nucleates at x=0 in the form 
of a plane, which is a plane of symmetry in 
the course of growth, so that one dimentional 
treatment may be permissible. These as- 
sumptions do not injure the essential nature 
of the phenomenon and will be allowable for 
the estimation of the general aspect of the 
temperature distribution. 

Let v denote the velocity of propagation with 
which the martensite phase grows in the 
austenite, and Q) the heat of transformation, 
then the heat evolution during an infinitesimal 
time, 4t, per unit area is given by Qpoo(vd4t). 
Since this heat is generated only in the vicinity 
of the position x=v?t, the heat of formation 
per unit area during 4¢ may be expressed as 
follows: 


Qoo(v4t)d(x—vt) , Ci) 
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_Qov 
as 
§3. The Solution of Conduction Equation 


In order to solve Eq. (3), we use the method 
of the Laplace transformation. If @(x, p) is 
the Laplace transformation of 0(x, f) such that 


\, e-"O(x, dt=O(x, p) , (4) 
0 
then 
Vise meet) dt=pO(x, p)—&x,0). (5) 
0 


With (4) and (5), (3) becomes 
PO sibs bit whol Ge 
Ox? v 


(6) 


Let us assume that, before the nucleation of 


px, p)—Ox, 0)—a? 


the martensite, the temperature is zero 
throughout the parent austenite, i.e. 
eG) —0 for 707 Cre) 


And as we are considering a case in whicha 
martensite plate nucleates at x=0 and then 
grows in the same manner on both side of 
x=0, 


00(x, t ; 
where x is the coordinate and 0(x) is Dirac’s Cae saa, i O(co, t)=finite. (8) 
is . . . . 1 ti : r= 
0-function satisfying ai following relations Substituting @ into He. (6) ee oe 
C= 0 if ES 
a4 anre =f 028 Pipe -\ Pye (6y 
- es : Rad 0x2 a av 
e) . The general solution of this equation is 
O(x)dx=1 (> Cs 0) (2) ‘ —px/v * a 
. ( ) SS Fe b a ' ce Pala 4 Coen VP 2/4 5 
‘ av p?/v?—p/a 
Then we have the equation of heat conduction ai 
00 ag And the condition (8) leads to 
res ax +60(x—vt) , (3) atoit ld hh b e-V pala 
— @y p{v*—pla® * av? (p/v?—1/a2)V p — 
where @ is the temperature, a?=—, and (9) 
Table I. 
F(a, p) f(«, t) 
0 for t<— 
=ap/v u(t = | = , 
gels ? ror soe 
—ap/v é at we v2 ee Wl uv 
e-«p/ /( aa) exp bas (e-4 ) fue 4 ) 
— — Vv 34) co 2 
ewefes3) «| | wo(0) fare [noone 
2 ad 1 a 
e-2VD/4] 7 ee exp ee) 


1086 


Rewriting this for the benefit of inverse trans- 
formation, we have 

bee: 1 1/v? 
gG= —— AONE S PeSeRepey Sale Seats 

ve D* ple—lja’ 
- | hotter zak pret 
2 lV ptvla Vp—vla Vp 


+ penvel 24 


oy 
Inverting this equation, we can obtain the 
temperatue distribution 0. Table I shows the 
relations available for the inversion, which 
are in the text by Morse and Feshbach® ex- 
cept the one on the second row.* 
The results of the inversion are as follows: 
(i) In the transformed region, vt ><, 


g= "7 {1—exp er caw 
v a* ‘ 
b Oe prac Wi hs 
= varietal oh, las 
2aV t 
+exp engages edu 3 (10) 
a v saa 


e- "dw 


For simplicity 'we use a function E(x) defined 
by 


H(x)= {" Tae new, 


then (10) become 


o= 7 {1—exp| E(t) | 
+f exp meer WN ere 
aes, BG») Eee re) : 


(10)’ 
(ii) In the austenite region, vi<cx, those 
corresponding to (10) and (10) are 


ano 4 { exp aes - eo dw 
vVa ae v HIE 
2anv ¢ 
2 co 
wo (tS) fie ma 
a Vv _e— 200 
2aV t 


* This is obtained in the following way; accord- 
ing to the table of Morse and Feshbach the Laplace 
f(a,t-a) for t>a 
0 for t<a 
where F(a, p) is the Laplace transform of f(a, ¢). 


(11) 


(12) 


transform of { is e-PF (x, p), 


Z 1 : 
Putting F(a, caer we obtain that the inverse 


B 
1 BUL-a) : 
transformation of e~%?——— is fi ton Bana! 
p—B (0 for t<a° 
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ea g v? x ovaEP ) 
=| eXP (+s) | V ha 
op) 2g) ae ge et | 
~exn | (2) [2-2 It | 
(12) jj 
respectively. i) 


§4. Numerical Calculations | 
Now let us estimate the temperature distri- || 
bution introducing numerical values of physical | 
constants into (10) and (12)’. For iron | 
thermal conductivity «=0.11cal/cm.sec.deg, | 
specific heat c=0.11 cal/gr. deg, 
density 0=7.9. . 
Then we have 
a?=k/com=0.1 cm?2/sec. 
And since the values 
e= 10 Cal/er , v=1.1x 10° cm/sec 
are given from the result of experiment”, 
b=Qov/c—1.1 x10’ deg. cm/sec. ) 
(a) The temperature variation at the plane 
of nucleus x=0. The result is shown in Fig. | 
In this figure the rise of temperature near | 
: 


100 


—— 


50 


Temperature g (°c) 


(Pek: 


Fig. 2. Temperature variation at the centre of 
a martensite plate. 


100 
— Time 


200 _ 
t (10 


300 


13 
sec) 


t=0 appears to be steep, but this has resulted 
from 6-function in (1). Actually it must be 
remembered that the generated heat at the 
earliest stage is almost absorbed by the sur- 
rounding matrix, and 06/0t may be nearly 
zero at x=0 and ¢=0. That is to say, at the 
nucleation period the temperature of marten- 
site may be not yet raised. 

(b) The temperature distribution at the 
time when half the thickness of a martensite 
plate has grown to be (1) 10 A(f=10-" sec), 
(2) 100 A(t=10-!!sec), or (3) 1000 A (t=10-!"sec). 
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Fig. 3 shows that the temperature falls steeply 
in the vicinity of the transformation front, 
and becomes nearly zero at a distance about 
100 A away from the front. Such a sharp 
gradient of temperature suggests important 
problems to be discussed. If the propagation 
of the transformation is steady, these curves 
will show the true distribution of temperature. 
But if it is intermittent, the result of calcu- 
lation must be regarded to show merely the 
values smoothed out, because the value of 
propagation speed adopted here is only the 
average one. 


— >» Temperature @ (°c) 


19) 100 


a, 


200 
Distance 


300900 1000 
au, 


1100 


Fig. 3. Temperature distributions at the time 
when half the size of a martensite plate be- 
comes, (1) 10A, 10x 10-13 sec. (2) 100A, 100x 
10-13 sec. (3) 1000A, 1000x 10-3 sec. 
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Oo 100 
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(c) 00/0t at the time when the transfor- 
mation front has travelled a certain distance 
x. Differentiating (12)’ with respect to ¢, and 
putting vt=x, we have 

Ux: 
sa) 


00, b fy -#) 1 ( 
().=¢ 2 exp ( 4a) a 


-eo (2) -a(/%%))- © 


where suffix f denotes the transformation front 
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in the austenite side. This relation is shown 
in Fig. 4. (00/0t); is infinity at x=0, which 
again has come from the characteristic of 6- 
function and therefore this does not necessarily 
mean the adiabatic change. 

(d) 00/0x at the time when the transfor- 
mation front has travelled a certain distance 
x. Differentiating (12) with respect to x, and 
putting vt=x«, we have 


me vx 2ux 
(52), at El ve) exp ( a? ) 
rr A Nn 20x 
B( 2) exp ( a I : 


Fig. 5 shows this relation. At x=0, (00/0x); 
has a finite value —1.1 degree/A. 


(14) 
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A) 
- 
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= 
— 1.05 
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Ad 
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Riser (er )-® curve. 
fap) 
o 
= 
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+ 
S 
» 
o 
Q. 
E 
o 
ke 
| vt v(t+4t) 
— > Distance 2X 
Fig. 6. 


The Degree of Heat Removal (7) at 
the Transformation Front 

In Fig. 6, ABC is the temperature distri- 
bution at time ¢, and A’B’C’ at t+4t. The 
forward heat conduction during the transfor- 
mation of the region between x=vt and v(t+ 4?) 
can be measured by the area (S) of the shaded 
region. 
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s=\" {0(x, t-+4t)—0(x, D}dx , 
v(t+4t) 


where 0(x, t) is given by (12)’ 
Now we define a parameter y by 


T= S/DAl, 


where b4t¢ is the heat evolution during 4¢ divided by co. 
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Regarding the proportion of the | 


backward (toward the already transformed region) heat conduction, we have 


mS" 


a =|" {0(x, t+4t)—0(x, t)}dx/bAt 


2vt 


=— ear (tree | at |) tee |e Lata) 32a) 


+(1- exp E 


2u(t+ At) 


For t— large 


Ss — 3a3 1 
bAt pAt 


+ |) exp E octet) [+ 2E (arm) 


—exp | e+ a0 | B( pope) | - - 


:  Aareana) ay | 
saleLeteLe 


this value is very small, and also the temperature gradient is very small in the backward 


direction. 


the proportion of the transformation heat removed by the surrounding regions. 
it is isothermal. 
To calculate the area S, substitute (12)’ into (15) and integrate it. 


transformation is adiabatic, and if ,=1, 


Therefore the parameter y may be taken as a quantity to measure approximately 


If y=0, the | 


Then we have 


S458 vacate) 28 (voi) tC ee Cs [8rd 


v(t—At) 


vy? v(3t+ At) )| ( vy? ) ( — 
= i ie \\ ey DY (ee ——=A ——— 
exp( @ JL (romana ied a ak Watrana) ey) 
Substituting this in (16) and expanding the formula in the power series of 4¢, we have 
=7O47OAt+7@(dty+ 
(0) = ys lore 2v* ) 3 uy t | 
rT E(eqv? )+exp (“ aa 1 E( et 7 
3v? 30V £ + v? ov t 1 vt a Tv 
a 30% 1—E( ee ) wae —— on )( b teiQ. cid. 
Ue ai VY 2a 2a \Y2a bier e The 4q?]\ 8V 2#v 2V2ta )° cup 


The relation between 7 and ¢ is plotted in 
Fig. 7. This curve shows that, if the pro- 
pagation of the transformation is steady (4t=0), 
the process may be considered nearly iso- 
thermal. The deviation of 7 from 1.0 is 
about 10% in the extreme case where the 
thickness of martensite is thinner than 100 A. 

The ratio 7 defined by (16) comes to have 
a special significance if the small region vdt 
which is here called the “transformation unit” 
may be regarded as a physical unit of the 


intermittent transformation. The attempt to 
consider such a transformation unit is sug- 
gested from the fact that the martensite has 
fine lamellar structures, which has been made 
clear through the electron-microscopic obser- 
vation.” On this point we will advance some 
discussions later. 
Putting t— oo in (19), we have 


Bis v v? 
Titties =| 1—exp (— Fat) |/ Sat a a2) 


The relations y:,. and the transformation 
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unit v4t for a?/v~ 9.0, 0.9 and 0.094 are shown 
in Fig. 8. From these curves it is noted that 
the transformation goes more adiabatically as 
_the transformation unit becomes large. In the 
state where the martensite has not yet grown 
large, t<co, the transformation process must 
be more adiabatic, because those curves lie 
below the corresponding ones in Fig. 8. 


Oi epee eee serie IF ote 
2 
<= 
| 0.5 
QO 
(@) 100 200 300 
so egime’. t XiO0 “isec) 
Fig. 7. 7 —dé curve. 
avv=9.0 
1.0 
TN ee 
g 
T 
‘aay 05 
| a’yv = 0.09 


oO 


[e) 100 200 oS 
—- Transformation Unit vat (A) 


Fig. 8. Relation between the degree of heat re- 
moval (7:4) and transformation unit (v4t). 


For Fe-30 % Ni alloy the value of « is 0.028 
cal/cm. sec. deg® which is about 1/5 of that of 
pure iron. And so is the value of a. There- 
fore the behaviour of y:.. in this case must 
be similar to that in the case where a?=0.01. 
Fig. 8 makes it clear that if the value of a?/v 
is of the order of 0.9 A, the transformation 
process is isothermal for vdt-~- 10A or less, 
and less isothermal for 100A or more, and 
that if the value of a?/v is of the order of 
0.09 A, it is isothermal only for a few A or 
less, but it is nearly adiabatic for 40A or 
more. 

It must be noticed here that the more rapid 
the transition in the transformation unit is, 
the more adiabatic it is. 


§ 6. Discussion 


In the above treatment we considered the 
change of 7 in terms of the transformation 
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unit v4t. If the transformation goes on inter- 
mittently, the unit v4t described above be- 
comes to play an important role in the thermo- 
dynamics of the martensite transformation. 
Strictly speaking it is an open question from 
the characteristics of the equation of the heat 
conduction (3) whether such a quantity defined 
here may have any significance, and it is 
desirable to solve the equation including the 
correct term of the heat source. To carry 
out this evaluation we must know in detail 
the facts concerning the existence of the dis- 
continuous phenomena. For this transfor- 
mation, however, we have had no data ex- 
perimentally ascertained. There will be no 
objection, however, to the introduction of 
such a transformation unit vd4t, so long as it 
is small, because the solution in the case of 
steady propagation may be the good approxi- 
mation to the case where transformation pro- 
pagates intermittently. Though in the latter 
case v may vary with time, a good agreement 
may be expected, provided that the transform- 
ing region during 4¢ is written in the form 
of v4t. The larger vd4t, the worse this ap- 
proximation. And it may be a great deal to 
assume that the treatment in this paper is 
valid qualitatively at least. 

From the results described above an approval 
may be given to the idea that the martensite 
nucleates isothermally. But the matter is not 
so simple for the process of the growth, which 
is an important question about the martensite 
formation that we must answer. If the trans- 
formation proceeds continuously, e.g., it oc- 
curs by every atomic layer, or the thickness 
of the unit is smaller than a certain magnitude 
which depends on the value of a?/v, the iso- 
thermal treatment is allowable, provided that 
an account is taken of the fact that the tempera- 
ture at the transformation front has already 
been raised. If the thickness of the transfor- 
mation unit is large, the process comes to be 
more adiabatic with the size. In this case 
the size of the unit would play a very im- 
portant role, but it is very difficult for the 
present to give a concrete physical meaning 
to it, because the present discussion is nothing 
but a speculative one in view of scanty of 
experimental,data. Recently Nishiyama, Shi- 
mizu and Sato” found a lamellar structure of 


the spacing 200A in the martensite plate of 


iron-nickel alloy.. If this spacing has some 
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relation to the transformation unit in question, 
the existence of the lamellar structre is im- 
portant for discussing the thermodynamic and 
the mechanism of the martensite formation. 
As a consequence of this consideration we 
feel keenly the need of furthur study to find 
supermicroscopical details. 


The authors express their sincere thanks to 
Prof. T. Nagamiya with whom the authors 
have enjoyed the discussion. 
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A theory of the thermoelectric power in AgBr is developed, in which 
the experimental conditions are properly considered. The gradient of 
the electrochemical potential of silver ions is calculated, since it is related 
to the quantity measured by the potentiometer, that is, the difference 
between the Fermi levels at two free ends of lead wires. An expression 
for the thermoelectric power is derived, which is applicable to AgBr 
‘mixed with CdBr, at arbitrary temperatures. 

The Peltier and Thomson coefficients in the steady state are inde- 
pendently calculated for this special case, and the result shows that 
the Kelvin relations are really statisfied in the steady state. 

Finally, the theory is compared with the experiments of Patrick and 


Lawson. 


Introduction and Conclusions 


§ 1. 


The thermoelectric power together with the 
electrical conductivity gives us useful infor- 
mations for comprehension of the ionic crystals. 
As for AgBr the electrical conductivity has 
been measured in detail on pure and Cd doped 
samples and several important parameters 
have been estimated by making use of the 
theory.»»» The thermoelectromotive force of 
this substance has been also measured on a 
sample of AgBr+0.25 % CdBr, besides the 
pure one, and explained on the basis of the 
old theory.” According to that theory the 


value obtained by subtracting the thermo- 
electromotive force in the lead wires from 
the observed one is equal to the difference of 
the electrostatic potential between two silver 
electrodes at different temperatures. This, 
however, is not correct, unless the variation 
of.the band levels of metal with temperatures 
is negligibly small. In addition, the estimation 
of the so-called heterogeneous effect is not 
correct.. Considering these points we shall 
develop a theory which takes into account 
the experimental conditions in the measure- 
ments of the thermoelectromotive force. Here 
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we restrict the meaning “complex” to a 
combination of a Cd** ion and an Ag* vacancy. 
In the present case there may be other kinds 
of complex, for example, a pair of Ag* inter- 
stitial ion and Ag* vacancy, but they will 
have no effect on the present arguments. 

Now, it is known from the measurements 
of the electrical conductivity of AgBr that 
the Schottky type disorder can be neglected, 
except near its melting point.2.© Hence we 
shall develope a theory With an assumption 
that the defects in the pure AgBr are com- 
pletely the Frenkel type. 


Xo Xs Xe 


Fig. 1. Schematic diagram for measurements of 
thermoelectromotive forces. 


Before developing the theory of the thermo- 
electromotive force, let us consider an ex- 
perimental arrangement for its measurement. 
As shown in Fig. 1, the two silver metals are 
put in contact with the respective ends of an 
AgBr sample so as to keep AgBr in the state 
of thermal equilibrium with Ag at junctions, 
and the two lead wires of the same substance 
M are jointed with the respective silver 
electrodes. Keeping two electrode at different 
temperatures 7 and 7, the potential difference 
O(T,, Tz) between two free ends of lead wires 
Xs and x, are measured by the potentiometer 
method. Denoting the magnitude of electronic 
charge as e, eO(T;, T:) is the difference of 
the Fermi level between the position x 
and that at x,. Let us denote absolute 
thermoelectromotive force of the lead wire M 
as @™(T;,T.). The quantity eO(T,, 72) 
—eO0"(T,, T2) represents the difference of the 
Fermi level rather than that of the electro- 
static potential between the silver electrode 
at T, and that at 7., and it will be shown 
in Section 2 that the quantity is related to 
the difference of the electrochemical potential 
of a silver ion between two ends of the sample. 
Then the problem is merely to calculate the 
gradient of the electrochemical potential of a 
silver ion in AgBr in the presence of temper- 
ature gradient rather than to calculate both 
the homogeneous and heterogeneous effects. 

In Section 3 the thermodynamic relations 
of Kelvin will be derived, taking the ex- 
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perimental arrangement shown in Fig. 1 into 
consideration. Also, the Peltier and Thomson 
coefficients in the steady state will be derived 
independently and it will be shown that the 
Kelvin relations’ are really satisfied in the 
steady state. In Section 4 we shall compare 
our theoretical expressions with the experiment 
by Patrick and Lawson. 


§2. Thermoelectric Power 


Under the experimental arrangement de- 
scribed in Section 1, the electrochemical 
potentials of a silver ion and of an electron 
are continuous at the Ag—AgBr and Ag—M 
junctions respectively. Taking as_ positive 
when the potential at x, is higher than that 
at x,, @(T;, T:) mentioned in Section I is 
given by 


eOHT,, T.)= Co(x1)—Ce-(x8) , (1) 


where €2 is the electrochemical potential of 
an electron in the lead wire M. We can con- 
nect @(T,, 7.) with the difference of the 
electrochemical potential between two ends 
of AgBr sample, x; and x,, by tracing the 
electrochemical potential of a silver ion or an 
electron from x, to X¢: 
cO(T:, Ts) = (8a) — CAF (as)] 
+ [R(T — wa Tr)] +00" (Ty ys eas 
(2) 
where ys® is the chemical potential of a silver 
atom in the silver metal. If we denote the 
thermoelectric power corresponding to 9 as 
Q Eq. (2) gives 
eQ=eQaey+saiteQ”™ . (3) 
Here, eQ’2% is the value obtained by sub- 
tracting the electrochemical potential of a 
silver ion at the point at lower temperature 
from that at higher temperature in the case 
where two points in AgBr are kept at different 
temperatures by unity, saz is the entropy of 
a silver atom in the silver metal. Hence we 
need obtain only the gradient of the electro- 
chemical potential of a silver ion in AgBr. 
Now the chemical potential of an Ag* 
vacancy, /, is defined as the Gibbs free 
energy required to take out a silver ion at a 
normal site into the outside, and the chemical 
potential of an Ag* interstitial ion, 4x, is de- 
fined as the Gibbs free energy required to 
bring a silver ion from the outside vacuum 
into an interstitial position in AgBr. We shall 
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assume, in the present paper, that the con- 
centrations of Ag* interstitial ions and vacan- 
cies, m and my, are distributed at random. 
Then va is given by 


[o= Le +RT In (Me/No) , (4) 


where N, is the concentration of the Agt 
lattice sites. A similar equation is valid for 
yi. The chemical potential of an Ag* ion in 
AgBr, vAiy, is given by 

ed Te (5) 
According to the theory of transport phenome- 
na, the electrical current densities in the x- 
direction owing to the Ag* interstitial ions 
and vacancies, ji and j», are written as*)»®.” 


oe dn enmiE miQi* dT 

je=eDi(— Fis 25 alam aD 

Cerone § dn» ONE _ NvoQo* ia 

a eD.( — Mich Bin FETS >) cS) 


where D,,» and Q*, are the ordinary diffusion 
coefficient and the heat of transport of the 
two kind of defects respectively. 
From above we can obtain d@4$%/dx making 
use of 
dunes 
dx 
The electric field E is obtained from the con- 
dition that the total electrical current densities, 
jitjv, Should vanish everywhere, and dpe /dx 
is obtained making use of Eqs. (4) and (5). 
In the result. we have 


igor 2s -| 1 cip(het Qi*)—cvQv* 


=—ek 4 ase 


dcies es 
dx 


dx le CoP + Cv 
d py dT 
+o +hIn ce ; (8) 


where c and cy are the mol fractions of Agt 
interstitial ions and vacancies, hy is the en- 
thalpy of formation of one pair of Frenkel 
defect, and ¢ is the ratio of the mobility of 
Ag?* interstitial ions to that ot vacancies. 
The free energy required to take out a 
silver ion from a normal lattice site in a perfect 
crystal of AgBr to the vacuum in the outside 
of the crystal, 4°, is estimated by dividing 
this process into the following two steps. (i) 
A silver ion occupying a normal lattice site 
at the surface of the crystal is taken out of 
the crystal. The Gibbs free energy required 
for this step is, on the average, —sp, where 
ue means the Gibbs free energy of a silver 
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ion in the interior of a perfect crystal of AgBr,| 
(ii) A silver ion on the lattice site in a perfec al 
crystal of AgBr is brought to a lattice site 
at the surface of the crystal. The temperature-}} 
dependent term of the Gibbs free energy re-jj 
quired for this step is —kTY In (vp/vv), where} 
yp and vy are the frequency of a normal mode} 
of lattice oscillations in a perfect crystal of | 
AgBr and that in a crystal including only an} 
Ag* vacancy as defect respectively, and 2 i} 
means the summation over all normal modes.®}} 
Hence, d/»°/dT in Eq. (8) becomes, from (i) 
and (ii), 


dp bins WON vp 
qr =sp—kS In x | 
where sp is the entropy of a silver ion in a 
perfect crystal of AgBr. Using Eqs. (3), (8)| 
and (9) we find a theoretical expression fo 
the thermoelectric power fe 
Pes 
5 i CiptCv 


| 
) 
(10) | 
| 


where 


a=sii—sptk3 In. a) 

As seen above, the theoretical exDreasioal 
(10) is obtained on the conditions that the 
ionic current should vanish and that the Agt 
interstitial ions and vacancies are in thermal 
equilibrium, and so it is valid whether the 
current of complexes exist or not. Let us 
consider the process approaching the steady 
state when a certain temperature gradient is 
set up in the sample. The concentration 
distributions of Ag* interstitial ions and vacan- 
cies will vary with time since the associations 
of complexes take place at each place in the 
sample owing to these current. The electric 
field in the sample depends on dmi/dx or dnv/ 
dx as seen from Eqs. (6) and (5), and so 
varies with time. The gradient of electro- 
chemical potential of silver ions in the sample 
is, however, independent of dmi/dx or dne/dx 
and so does not vary with time. Hence, the 
thermoelectric power does not vary with time. 


§3. Kelvin Relations 


We shall derive the Kelvin relations on the 
basis of the experimental arrangement shown 
in Fig. 1, and then the Peltier and Thomson 
coefficients independently and show that the 
Kelvin relations are really satisfied. 
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Let us assume that unit charge is let flow 
quasi-statically across *1%2%3Xu5%6 and back to 
x, through an outside imaginary path in Fig. 
1. In sucha process, silver ions in the silver 
electrode enter AgBr at x3; by unit charge 
and flow through AgBr and reach x,. On the 
other hand, electrons left at x3; flow across, 
Xx, imaginary pass, X%e%; and reach x, and 
recombine with silver ions above mentioned, 
forming l/e silver atoms at x,y. Hence, in 
order to complete the cycle, we must carry 
l/e silver atoms from the silver electrode at 
temperature 7, to that at 7,, and, in this 
case, the heat given out to the outside is 


T) 
A = 
ufe-| catdT, where cx means the specific 
Py 


heat of a silver atom in the silver metal. We 
shall denote the Pelter coefficient, that is to 
say, the heat emitted at the junction when 
unit current flows from the lead wire M to 
the silver electrode as zy—ag and the Thomson 
coefficient in the lead wire Mas o”. Making 
use of the first and second laws of thermo- 
dynamics we can find the Kelvin relations on 
the basis of the experimental arrangement 
shown in Fig. 1: 


Q= (aes ke ERAgsaeery/T 5 (12) 
and 
oe = (o¥ —gAsbr )/T + caz/eT . (13) 


Now we shall calculate the Peltier heat, 
Jitagoagsr, When a constant current J flows 
through a junction of Ag and AgBr in the 
direction Ag—AgBr. For convenience, let 
us denote the contacting area in Ag and in 
AgBr as Xag and YXagsr respectively. The 
theoretical expression for this Peltier heat 
can be obtained by dividing it into following 
three factors. 

(i) Jle electrons per second flow from “ag 
to the interior of Ag. The contribution of 
this factor to the Peltier heat is 

—Jle-QE= , (14) 
where Q*4% means the heat of transport of an 
electron in Ag. 

(ii) Let the transport numbers of Ag* 
interstitial ions and vacancies in AgBr be ¢: 
and ty respectively. Then #:j//e Ag* interstitial 
ions per second flow from. x%agsr to the interior 
of AgBr and tJ/e Ag* vacancies per second 
flow from the interior of AgBr to Xagsr. The 


Theory of Thermoelectric Power of Ionic Crystals (I) 


1093 


contribution of this second factor is 


Jle-(—tiQe* + toQv*) . (15) 

(iii) J/e silver ions per second flow from 

Xag tO Xagpr. Of these silver ions, t:J/e enter 

the interstitial sites in AgBr and f,J/e re- 

combine with Ag* vacancies which come from 

the interior of AgBr to xagsr. The contri- 
bution of this third factor is given by 


tel ar), 4 Mot he Can), ) 


(16) 


where p is the pressure. 
The Peltier heat is obtained by summing 
up these factors (14), (15) and (16): 


ciglhr =e Q:*) mi Oxo 


eictaie wb? CiP + Cv 
dp 
2r( stg aT —kln cs) 
“ r( sue ) ~Qxss (17) 
OT 


We can see easily that the sum of the last 
two terms in Eq. (17) is the absolute thermo- 
electric power of Ag multiplied by eT, which 
is equal to e(TQ”--zm—azg) from the Kelvin 
relation for metals. Thus Eq. (17) gives the 
Kelvin relation (12). 

Next, we shall calculate the Thomson heat 
when an infinitesimal steady current / flows 
in the x-direction through a crystal of AgBr 
in the presence of temperature gradient. We 
shall consider a portion A in,,AgBr lying 
between the position x at the temperature T 
and the position x+dx at the temperature 
T+dT. For convenience, we shall denote 
two ends in A as x4 and (x+dx)4a. Now J/e 
silver ions per second leave x4 and the same 
amount of silver ions comes to (x+dx)a. Then 
the Thomson coefficient cagsr will be calculated 
by using the thermodynamic law that the 
sum 4W of the work done and the heat given 
from the outside of A to A is equal to the 
increase of internal energy 4U of A. 

First we consider the current of Ag* inter- 
stitial ions in A. The #(T)J/e Ag* interstitial 
ions leave xa per second. The heat: given 
and the work done from the outside to A 
owing to this: current are #:(T)Q:*(T)Jj/e and 
ti(T ui T)pJ/e per second respectively, where 
v; is the increase of volume for forming an 
Agt interstitial ion. On the other hand the 
ti(T+dT)J/e Agt interstitial ions come to the 
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position («+dx)a per second. The heat given 
and the work done from the outside to A 
owing to this are —t#(7+dT)Q:*(T+dT)Jle 
and —t(T+dT)vi(T+dT)pJ/e per second re- 
spectively. Next, we shall consider the cur- 
rent of Ag+ vacancies in A. The t,(7+dT)J/e 
Ag* vacancies leave (x-+dx)a per second and 
the t(T)jJ/e Ag* vacancies come to xa per 
second. The heat given and the work done 
from the outside of A to A owing to this is 
obtained similarly. Furthermore, the Thomson 
heat o488" JdT is given from the outside to 
A as the current flows in A in the presence 
of temperature gradient. The transport 
numbers, # and ty, depend, in general, on the 
temperature, and so the each current of Agt* 
interstitial ions and vacancies varies with the 
position though the sum of the two is con- 
stant. Hence, the recombination (or gener- 
ation) between Ag? interstitial ions and vacan- 
cies takes place at each position. The heat 
given by this from the outside to A should 
be included in the Thomson heat. Thus we 
have 


4W= Jle- aT 4 (t.0." —tiQs* + tovop—tivip) 
dame | (18) 


Next, we shall calculate 4U. If we denote 
the internal energy of an Ag* interstitial ion 
and an Ag* vacancy as m and uw respectively, 
we have 


AU=Jle- aT (tats ttt : (19) 
where 
ui=—pritmteO—Tdn/OT , (20) 
Uv= — Pvt to—eO—TO»/OT , 


® being the electrostatic potential of the 
vacuum. When (20) and (4) are used Eq. (19) 
becomes 


Yth JledT A tovop —twip+ Tt Ou0/OT >, 


—Tti(Oni]0T )c,|+ Jle-dx(duis™/dx—eE) 

(21) 
duseeidx—eE in Eq. (21) is the gradient of 
electrochemical potential of a silver ion when 
the current / is present. This now is equal 
to the gradient of electrochemical potential 
of a silver ion when the current is not present, 
since jis infinitesimal. Hence we can obtain 
the Thomson coefficient o48®" from the thermo- 


Eijiro HAGA 


dynamic law 4W=4U: 
fF d 1 cp(hr+Qi*)— Cea 
CTT CiP+Cov 


dp? ] 
= ‘ 


oAsBr = 


+k In Gy+ 


We can see that the Kelvin relation (13) is}| 


really satisfied from Eqs. (10) and (22). 


The Kelvin relations apply only to the steady | 
state, where irreversible currents of complexes : 
are not present, as seen from these derivations. |} 


We calculated in this Section the Peltier and 
Thomson coefficients in the steady state, while 
the expression for the thermoelectric power 
is valid whether the currents of complexes 
may exist or not. We now have seen that 
the thermoelectric power, the Peltier and 
Thomson coefficients independently derived 
obey the Kelvin relations in the steady state. 


§ 4. Comparisons with Experiments 


Thermoelectric power in the experimental 
arrangement shown in Fig. 1 was measured 
by Patrick and Lawson for the samples of 
pure AgBr and AgBr+0.25 Mol—% CdBr.. 
The Chromel wires was used as leads and its 
absolute thermoelectric power Q™” was taken 
as 20 pv/°C. 

We shall compare Eq. (10) with the ex- 
perimental data of Patrick and Lawson. We 
obtained the carrier concentration in the pure 


1SOO, 
o 


300 


400 


Fig. 2. The thermoelectric power of pure and 

doped AgBr as a function of temperature. 
Theoretical curve with Q,*=-—0.52 ev, 
Qi*+hy=1.20 ev and w=320 pv/°C. 
Experimental value for pure AgBr. 
Experimental value for AgBr+0.25% 
CdBr,. 
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sample by using the interpolation formula of 
Teltow, and also those in the impure sample 
by using the interpolation formula and taking 
the activation energy of complexes as 0.16 ev. 
Three parameters Qi*+hr, Qv* and @ are as- 
sumed to be independent of temperature and 
their valus are taken as 1.20 ev, —0.52 ev and 
320 wxv/°C respectively so that we may obtain 
a best fit between Eq. (10) and the experi- 
mental data on the pure and impure samples. 
Qi*+hr is nearly equal to that of h» and 
consequently the value of Qi* is very small. 
If we take the value of sp—s%% as 130 v/°C 
then kln(vp/y») becomes 450 wv/°C. The full 
lines of Fig. 2 show Eq. (10) with these values. 
The dependence of the thermoelectric power 
on the concentration of added Cd over wide 
temperature range is interesting to the author. 
Measurements of the thermoelectric power on 
samples of AgCl doped with CdCl, of various 
concentrations are being carried out at our 
department of physics, and the theory explains 
fairly well the behaviors of experimental data. 
The result will be reported in near future. 
The writer wishes to express his cordial 
thanks to Mr. S. Miyatani and Mr. I. Yokota 
for their useful discussions and kind advices. 
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The phenomena of impurity conduction of semiconductors such as G, and 
S; are treated theoretically by deviding into the following three ranges of 
impurity concentration: (i) The concentration of impurity atom is fairly 
large and the impurity levels are merged into the conduction bands. Then 
the impurity atoms play a role of scatterers. (ii) The concentration of im- 
purity atom becomes fairly small and the impurity levels split from the 
conduction bands. The energy width of this impurity band is, however, 
determined mainly by the translational energy of electron in this band. 
(iii) The concentration of impurity atom becomes very small and the 
width of the impurity band is determined mainly by the fluctuation of 
the local potential energy. In this paper we treat the first two cases. 
For this purpose, the general theory of transport phenomena is developped 
and the condition that the ordinary Boltzman—Bloch equation is applicable 
is given on this general theory. The result of impurity conduction given 
by E. M. Conwell is obtained as a limiting case of our formula. How- 
ever the condition that the Conwell’s formula is applicable is not satisfied 


in actual cases. 


§1. Introduction 


The electron mobility in S; and G, is deter- 
mined by the scattering of electrons by 
phonons at higher temperatures. At low 
temperatures, however, the mobility is deter- 
mined mostly by the presence of impurity 
atoms. Concerning the mobility at higher 
temperatures, some peculiarities are observed 
experimentally. These problems are also in- 
teresting from the theoretical point of view, 
and will be discussed in another paper. In 
this paper, however, we restrict ourselves 
only to phenomena at lower temperatures 
where the mobility is determined by impurity 
atoms. 

It may be possible to classify the concen- 
tration of impurity atoms into the following 
three ranges: 

(1) When the concentration of impurity 
atoms is fairly large and the overlapping be- 
tween atomic wave founctions localizing in 
each impurity atom is large, impurity levels 
become very broad and we can not distinguish 
the impurity band from the conduction band. 
In this case, only one conduction band exists 
(the structure of this conduction band may be 
complicated in general), and impurity atoms 
play a role of scatterers. Scattering potential 
of each impurity atom is, however, neither 
of a short range force nor of a weak force 


compared with the translational energy of 
the electron, because in general the number 
of conduction electrons is nearly equal to 
that of impurity atoms and the screening ef- 
fect of Coulomb field of impurity atoms by 
conduction electrons is not so large. As 
well-known, the transport equation of Boltz- 
mann-Bloch is applicable only in the case 
where the effective range of scattering poten- 
tial is fairly small compared with the whole 
space and the energy of thermal fluctuation 
«T (where « is the Boltzmann constant and 
T is the absolute temperature) is larger than 
the energy uncertainty due to scattering pro- 
cesses h/t (where hf is Planck’s constant and 
t is the relaxation time appearing in the de- 
finition of conductivity). The above mention- 
ed conditions for the applicability of Boltz- 
mann-Bloch’s transport equation are not ful- 
filled when the temperature becomes lower 
and mean translational energy of electrons 
becomes smaller. In this case, we can not 
use the Boltzmann-Bloch’s equation to cal- 
culate the conductivity and must consider the 
transport phenomena from a more general 
stand point. In §2, we discuss about this 
general transport equation first proposed by 
F. Nakano”, and in §3 we calculate the 
mobility in this range practically. 

(2) When the concentration of impurity 
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atoms becomes smaller, a new band compos- 
ed mainly by the atomic wave functions 
localized in each impurity atom splits from 
the conduction band. We call this band as 
an impurity band. Main factors to determine 
the mobility in this impurity band are such 
that: (i) Correlation energy between electrons 
induced by Coulomb interaction between 
them. (ii) Resonance energy induced by over- 
lapping between atomic wave functions loca- 
lized in different impurity atoms. This 
energy corresponds to the translational energy 
of electron in the impurity band. (iii) 
Fluctuation of potential energy at each im- 
purity atom induced mainly by Coulomb 
potential of minority impurity atoms with 
plus or minus charge. Amongst these ef- 
fects, correlation energy is, in general, 
largest, and thus we can consider in fairly 
good approximation that only one electron is 
possible to occupy the state of atomic wave 
function localized at a particular impurity 
atom. In this approximation, the existence 
of minority impurity atoms is essentially im- 
portant, because if there is no minority im- 
purity atom the number of free electron 
equals just that of majority impurity atom 
and only one configuration that one electron 
is localized at each impurity atom is possible, 
and thus electrical conductivity does not oc- 
cur. Further we can divide this range into 
two cases such that: (i) resonance energy is 
much larger than fluctuation of potential 
energy. (ii) fluctuation of potential energy 
is much larger than resonance energy. When 
the concentration of majority impurity atoms 
is not so small, the condition of first case is 
fulfilled. In this case, the energy width of 
the impurity band is determined mainly by 
the resonance-energy, and electron can walk 
about over the whole space. In §4 we cal- 
culate the mobility in this range. 

(3) When the concentration of impurity 
atoms becoms very small, the fluctuation of 
potential energy becomes much larger than 
the resonance energy. In this case, the en- 


nergy width of impurity band is mainly de-. 


termined by the fluction of potential energy 
at each majority impurity atom, and the 
localized state belonging to a particular im- 
purity atom becomes stable, and transport 
phenomenon does not occur if we consider 
only the freedom of electron system. In this 
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range, the interaction of electron with the 
other freedom, for example phonon system, 
is essentially important for transport pheno- 
mena. Electron is possible to walk about by 
hopping from one localized state to the other 
exchanging the difference of local potential 
energy for phonon system. Mobility in this 
range is calculable on this hopping model. 
This calculation is, however, given in the 
following paper, and in this paper we re- 
strict ourselves only to the first two cases, 
namely (1) and (2), in which it is sufficient 
to consider only the freedom of electron 
system. 


§2. General Discussion to Calculate Trans- 
port Coefficients 


To treat transport phenomena of electrons, 
Boltzmann-Bloch equation is the most fami- 
liar technique. This equation bases on the 
classical gas transport theory and is obtained 
by straight extension to quantum particle. 
The logic of Boltzmann-Bloch equation is as 
follows: We consider that the Hamiltonian 
of the system is written by H=H)+AMu,, 
where Hy is unperturbed and Aji is perturb- 
ing Hamiltonian. Hy is chosen as simple 
form and in general the eigen-state of elec- 
tron of unperturbed Hamiltonian is given by 
Bloch function ¢, where / represents the 
class of band and k wave vector. Aji re- 
presents the remaining Hamiltonian and in- 
cludes the scattering matrix of-:electron re- 
presented by Bloch function. When there 
is no external field or internal strain, the 
system is in thermal equilibrium subjected 
by total Hamiltonian H. When the external 
field is applied in the system, the state of 
above mentioned thermal equibrium is no 
more equilibrium state, and the system begins 
to move into a new equilibrium state. When 
there is the internal strain initially, the state 
is not in thermal equilibrium and the system 
also moves into the state of thermal equi- 
jibrium. If the structure of the system is 
complicated and includes some kind of random- 
ness, in the process of this motion, the state 
of the system reaches to the quasi equilibrium 
state with steady flows. We call this state 
as steady state. The time to reach to the 
steady state is of the order of relaxation time 


- t determined by the definition of conductivity, 


and the time to reach to the final equilibrium 
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state is the order of macroscopic scale and be- 
comes infinity when the scale of the system 
becomes infinity, and thus the steady state is 
obtained if the scale of the system is fairly 
large. At a arbitrary time ¢, when the sys- 
tem is in steady state, we observed the sys- 
tem and diagonalize the state regarding to 
the unperturbed Hamiltonian Hy). Thus we 
obtain the distribution function of unperturb- 
ed state at time ¢. After this observation, 
we pursue the change of the state dividing 
into two mechanisms, that is the change by 
drift effect (free accelleration by external 
force and restoring effect from internal strain 
when the perturbation Hi does not exist) and 
the change by collision effect (the motion of 
state by Hi). The steady state is defined by 
the condition that the change of the diagonal 
element of the state induced by the above 
two mechanisms cancels out each other, 
namely the change of the distribution func- 
tion by drift and collision effect is Zero. 
This equation is well known Boltzmann’s 
transport equation, and from this equation 
we can obtain the distribution function in 
steady state. 

As seen from the above consideration, this 
process to obtain Boltzmann-Bloch equation 
is very complicated and the justification of 
this equation from the fundamental stand 
point is very difficult problem although re- 
markable proceeding has been done recently 
by works of van Hove and so on. Even 
apart from the fundamental problem, appli- 
cation of this equation is limited in the case 
mentioned already in §1, that is the effective 
range of scattering potential is small and the 
condition 


kT > hit (1) 
is satisfied. In general, these conditions are 
not satisfied in phenomena of impurity con- 
duction, especially in the range (2) in §1. 
Thus we must consider the transport pheno- 
mena on a more general stand point. 


<A) = Ty e784 \A ? ek, dtl ev Sr ettir, A|} { 
0 t 
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In quantum mechanics, when the state 
of the system with Hamiltonian & is given 
at a time t=0, expectation value of arbitrary 
physical quantity A is given by <foA¢o> at 
time t=0. Wave function ~ moves by well 
known Schrédinger equation, and in arbi- 
trary time ¢>0, the initial state becomes 
exp [—iHt/h]ho* and the expectation value of 
A becomes as 
CA(t)> = Xho exp [7 t/h] A exp [— HL iho» . 

(2) 

When the Hamiltonian of the system is 
given by #o in time t<0, and the system 
is in thermal equilibrium by this Hamiltonian 
So, we should take a statistical average, 
and the expectation value of A at time ¢>0 
is given by 

(A(t) = Tr exp [-BXH 0] 

xexp[i4rh|A exp[-i¥t/h], (3) 
where P represents («T)-!. This formula is 
one of the most fundamental one in quantum 
mechanics, and also the starting formula to 
obtain the transport coefficient. 

For example we consider the case that the 
Hamiltonian of the system is given by H, 
and in time ¢<.0, the system is in thermal 
equilibrium, and in time t=0 constant electric 
field F is applied suddenly. In this case, we 
can substitute in Eq. (3) #o by H—eF >, ri. 


When we want to know the current J in 
time ¢t >0, we may substitute A by J=e dvi, 


v 
and to know the energy flow W, substitute 
A by W, (general formula of W is not sim- 
ple but depends on the formula of interaction 
Hamiltonian. If the interaction Hamiltonian 
is negligibly small, we obtain the usual 
formula of energy flow density.) 

If we restrict ourselves to the linear 
theory concerning to the external field, we 
can expand the Eq. (3) into a power series of 
F and take the first second terms of this 
series. From the usual expansion formula 
(see Appendix I) we obtain as 


(ids) 


or we can rewrite into the following formula (see Appendix II) 


<A()>=T, een A 4 pele ri A|+ GF, dle tnfermen a ern, Alt 
v 0 


(5) 


+ Hereafter h means the Plancks constant ‘divided by Qn. 


a S| 
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=T, e784 \A+F [anf aa ae Cen elinoni ta , ( 6 ) 
0 0 

The same treatment is possible when the motion of the state is derived by internal strain. 
When the potential of internal strain is written as aV and in time t<.0 the system is in 
thermal equilibrium under the Hamiltonian H+a@V including the potential of strain, we can 
replace in Eq. (3) #» by H+aV. In time t>0, we consider that the potential of internal 
strain is removed. Then the motion of the system is subjected by the Hamiltonian H, and 
the system begins the motion to remove the internal strain. Thus we can replace @ in 
Eq. (3) by H. Using the linear theory with respect to a@V, the following formula resembl- 
ing to Eq. (6) is obtained easily (see Appendix I, II) 


(A@>=Ty| erecreerr As e-enaal! dil dtye-tmersenre Vereen, | ; (7) 


0 0 
where 


v=, V). (8) 


In the case that internal strain means the constant gradient of electron density, we may 


take a as —xTp(€/eT) and V as J/e=Suvi, and when constant gradient of temperature 
exists, we may take a as cTp(«T)-! and V’ as energy flow operator W. 

Even in the case that external field or internal strain is not uniform but changes in time 
and in space, and thus the resultant flows also change in time and in space, the same treat- 
ment is possible. For example, when the motion is derived by the external field, we can 
substitute in Eq. (3) Ho by H, and & by H+eV, where V is given by 


v= lor, tyn(n)dr , (9) 


where ¢(r, t) is the potential of external field varying in time and in space, and v(r) is the 
operator of density of electron. The continuous equation exists between u(r) and the opera- 
tor of current density J(r)/e as follows 


dn(r)/dt+div J(r)/e=0 (10) 


where 
n(r)= x o(r—ri) 


Ir) / oe 5 S (vd(r—r) + 6(r—rwi} (11) 
The resembling equation as Eq. (6) is given by the same method as that used to induce 
the Eq. (6), considering the condition that the normal component of the flow J(r) is zero at 


the surface of the boundary, 
<A(r, )>=Tr cota) dtl ailar re, L)elACemrn er ye tmasOmInACD)h , (12) 
or we can write by using Fourier transformation 
<Ax(t)>=T, cP Ant > [anf DXF y(t) ehh Tye etatinin ast ; (13) 


where 


bs (vie*t+e*t vi), Ar= jar e* A(r) , 


j= far etkt J(r)= “ 
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and A(r) is the operator of a given flow density to be required. 


Also in the case that internal strain is exist, the same treatment is possible. 


write the potential of internal strain as V 


pe jar, paride 


we obtain the following relation 


When we 


(14) 


B 
<A(r, Dr= Ty ePeH.ACr - col an| ai\ar 
0 0 


Var’, th) Ent (ty +inrdd/n Wir’) et At +ihd)/h A(7)} , 


where W(r) is the operator of the flow density 
given by the following continuous equation 


dw(rn)/dt+div W(r)=0 (16) 


For example, when the internal strain means 
the density fluctuation of electron, we may 
substitute @ by B-y(B(n)C(r)), wir) by the 
operator of electron density m(r) and W(r) by 
the operator of electron current density J(r), 
and when temperature gradient exists, a by 
Bp B(r), w(r) by the operator of energy den- 
sity, and Wir) by the operator of energy 
flow density. 

These like formulas of transport coefficients 
are first considered by F. Nakano” in the 
case of electric conductivity and later obtain- 
ed by R. Kubo, etc., in general case. Our 
stand point to obtain these formulas differs 
somewhat from that of R. Kubo etc. which 
bases on Onsager’s fluctuation-dissipation 
theory and is its direct expansion to quantum 
mechanics. On this stand point, in both the 
cases that the motion of the state is derived 
by external field, or by internal strain, R. 
Kubo etc. obtained the same formulas of 
transport coefficients. On the other hand, we 
obtained the different formulas respectively 
in two cases as seen from Eqs. (6) and (7) or 
Eqs. (12) and (15) which differs each other in 
the first term. This difference is essential in 
the case to discuss the antisymmetric part 
of conductivity tensor. For example we 
consider the simple case that the system 
consists of only free electrons and the con- 
stant magnetic field is applied in Z-axis. 
When the constant electric field is applied in 


(15) 


X-axis, the constant electric current is induc- 
ed in the direction both perpendicular to 
magnetic and electric field, namely Y-axis as 
well known. On the other hand, when the 
density gradient is given in X-axis and there 
is no electric field, electric current does not 
occur because in this case we can construct 
the eigen state with arbitrary density fluctu- 
ation in X-direction. The above situations 
are included in our formulation, as easily seen, 
and not in Kubo’s formulation. This differen- 
ce is owing to the fact that the electric cur- 
rent induced in the above case is polarization 
current and is reversible phenomena which 
is not described perfectly well in Onsager’s 
theory. The more detailed discussion may 
be given in another paper”. 

To apply the above results on phenomena 
of impurity conduction classified by (1) and 
(2) in §1, we can use the one electron ap- 
proximation, and the formula to obtain the. 


electric current becomes simpler. The 
Hamiltonian of the system is given by 
H Tee ies (17) 
Hy =P + Volr+ Vir), (18) 


where Vo is a periodic potential by atoms 
constructing regular lattice points, and Vi 
is non periodic potential by impurity atoms 
locating at random. Using the second quan- 
tization method basing the eigen function ¢ 
of the total Hamiltonian of one electron Hi, 
we can write 


1] 


Wek > Exas* Ge (19) 


en tt/h x Vi cle x <s|v|s’> exp [i i —Es)t/hlas*as- ‘ (20) 


where as* and ds represent respectively the creation and annihilation operator of the state Ps. 
Substituting these formulas to Eq. (5), and taking A as current operator J, 
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J=e = vi=e = = <slvlsas*as-, (21) 


and further performing the time integration and trace, we obtain the expectation value of 
current in time ¢ as 


CKOD= Fet| 7 14-3 & Glos ACs’ lols) fate (e-0Se Se BU 42008 eel 


Es—Es: Es—Es: 
(22) 


where z is the number density of electron, AjB means the tensor of second rank, namely 
(A, B)ij= AiB;, and fs is the Fermi distribution function 


ie [exp eros i] (23) 


In this paper we treat only the case that there is no magnetic field and further we as- 
sume that the system is isotropic. Then the induced electric current is parallel to the 
electric field, and Eq. (22) becomes 


s/—— fas 


KXslux|s’>|? .. Esr—Es 
Se ST SD pret (24) 

When there is no impurity potential, eigen state ~; is represented by Bloch function que. 
Then wave vector k commutes with velocity operator V, and matrix element of V is not 
zero only in the elements of interband transition except diagonal element. Therefore the 
third term of Eq. (24) oscillates rapidly with time and becomes zero in time average. From 
the relation of f-sum rule, namely 


\<lk|vx|l’k>|? ih “ 

2 == —(My 
2? Bin Ex * (Mi) xx (25) 
(Mu).j=  (O*En/OkOk) (26) 


the remaining terms of Eq. (24) becomes as 


(Ji)>= Fe't Df (Mu )xx , (27) 


where Mx, is effective mass tensor in /-band and this equation represents a well known ac- 
celleration equation of electron in a periodic potential. 

When impurity potential exists, Bloch function is no more a eigen function of total 
Hamiltonian and the true eigen function ~#s is represented by complicated linear combination 
of Bloch function. Then we may rewrite the second term of Eq. (24) using the relation 


(sloals’y=4-<s|fH, XIls"> = ~(B.—EvXsiXIs’> (28) 
as follows, 
\¢slvx|s’ >? ras a / / Se , / 
2h ASE = £3 {cslvxls”><s/1X15)—<51XI9XS' load} (29) 


In the above summation over s’, we must omit the case s’=s. However, if there is no 
singularity in the point s’=s, we may add the point s’=s in the above summation. This is 
not allowed always as seen in the above case that there is no impurity potential. Even in 
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the system with impurity atoms, for example, Bose gas in degenerate state and perphaps 
the state in superconductivity, the ground state is a singular point and the above treatment 
may not be applicable. However, if we confine the system in a closed box, the above 
treatment is always possible because in this case the diagonal element of X has always 
finite value and the contribution from the point s’=s is exactly zero. In this case, the 
boundary condition of wave functions becomes complicated and the singurarity is removed 
into the third term. Therefore, we may say that the above treatment may be applicable 
for the system in which the state is not affected essentially by the existence of boundary 
condition. In this paper, we consider the case that the above treatment is applicable, and 
then Eq. (29) becomes as 


i 
m a 


+ ¢sifox, X]|s>= (30) 


and using the fact that Ssfs=n, the first and the second term of Eq. (24) cancels out exact- 
ly each other. 


In the third term of Eq. (24), we can expand fs-—/fs as 
(Pape iQeaes (31) 
eT 


Alé)=[(+)0 +e), ent , (32) 


when time f¢ is sufficiently large, because in summation over Es, only the range that Es- 
equals nearly to Es is important by the well known relation 


sin (Es:—Es)t/hs_ 


lim “fore n0(Es— Es) . (33) 
Thus Eq. (17) becomes 
(Ib)>= Fe. S, 3: fl6)|<sloxls)|2{ BEY) , (34) 


or replacing the summation by integration and performing the integration over s’, we obtain 


t *h (* 
SOP gn OH \ dES* EYEE, E), 59) 


where S(E) is the state density, that is, S(E)dE represents number of states included in the 
energy range E ~ E+dE, and 7(E, E’) is the mean value of |<s|vx|s’>|? over the constant 
energy surface EF about s and £” about s’ respectively, namely 


WE, E')= > > \sloris>?0(Es—E)6(Bv—E)/S(E)S(E’) . (36) 


In the above treatment, we assumed that Then we obtain once more the accelleration 
time ¢ is sufficiently large. The more de- equation (28). Thus we may say that when 
tail condition is as follows: if we define 4) time ¢ is much smaller than 2zh/4y, the 
as that, when the energy E’ changes near system suffer accelleration and current J() 
by 4, one of /fi(&’), y(E, E£’) and S(E’) increases with time, and when ¢ becomes 
changes apparently, time ¢ should satisfy the much larger than 2rh/4y, the system reaches 
condition to quasi-equilibrium state and jt) becomes to 

t > 2rh/do (37) steady current. We determine the conduc- 
When time ¢ is not so large and the above tivity o in this steady state as in Eq. (35), 
condition is not satisfied, we may expand and the time defined by 2zh/4) means the 
sin (Ey —Es)t/h in Eq. (24) as (Ev—Es)t/h. relaxation time to reach to the steady state. 
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Eq. (35) is our fundamental equation to 
calculate the conductivity of impurity conduc- 
tion. When the state density S(E) is given, 
our main problem to obtain o is how to cal- 
culate the value 7(F, £). 

§3. Conductivity in the Range of Impurity 
Scattering 


In this section we treat the conductivity 
of case (1) in §1, that is, the concentration 
of impurity atoms is fairly large and there 
is only one conduction band and impurity atom 
plays a role of scatterer. 

At first, we consider the system of a fol- 
lowing simplified model: (i) The system is 
isotropic. (ii) The structure of conduction 
band is represented only by one band. (iii) 
The Hamiltonian of the system does not in- 
clude the spin freedom, and thus we do not 
need to consider the freedom of spin to cal- 
culate the conductivity when we multiply 
factor two to the final result. (iv) The 
magnitude of interaction Hamiltonian is much 
smaller than both the energy width of con- 
duction band and the energy gaps between 
conduction band and the other bands, and 
thus the effect of interband transition is 
negligible. Thus it is sufficient to consider 
only one conduction band. (v) Impurity 
potential Vi can be considered as the sum of 
the potential of each impurity atom, that is 


Vi=2 Va (38) 


and V, can be considered as 6-function type, 
that is, |<k|Vn|k>| is constant and the scat- 
tering is isotropic. 

As mentioned in §2, our main problem is 
how to calculate y(£, E) in Eq. (35). For 
this purpose, we expand ¢s; by Bloch function 
Pk as 

pbs= > CrP (39) 

The phase factor of the expansion parame- 

ter C.® may be regarded as at random ina 

fairly good approximation corresponding to 

the randomness of positions of impurity atoms 

and the d-function type character of impurity 

potential. Absolute value of Cs° is, however, 

calculable by some assumption. For example, 
we may write |C;°|? as 

ha peal Ee) 
eS ites ” 
where &(Es, Ex) may depend on £&, fairly 


(40) 
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weak, and, corresponding to perturbation 
theory, becomes |<ks|Vi|k>|?=constant =| Vi|? 
when F, differs from Es. fairly larger than 
As. In the range that Ex does not differ so 
largely from Es, mixing of states occurs in 
nearly equal weight, and 4; means the mea- 
sure of the energy range where the mixing 
occurs. From the normalization of the wave 
function ¢s, the relation 
ae. (" wh 0a PAB 

x Ca) =|’ Sof) dE (E.—E)+4 de =1, (41) 
should be satisfied, where S)(E) means the 
state density of unperturbed system. When 
we assume simply as that, iv) &(Es, E) is 
given by |Vi|2, we can determine 4s; by the 
above relation, and thus |C;‘|? is also deter- 
mined. 

When the absolute value of expansion 
coefficient |C;’| is obtained, |<s|vx|s%>|? is 
given by 

Ksioxls’P=13 (lvl eCe Ce" P 


Due to the fact that the phase factor of 
C;§ is at random, cross terms such as Cz'Cx-°, 
etc. cancel out each other in the average 
process respecting to s or s’, and only auto- 
correlation termsre main. Thus 7(F£, E£) is 
obtained as follows, ; 


WE, E)= 3 (Ce®l*)?|klva|i>|? 


Ae, Oley 6G 
2 \( h Ok ya (E—E’)?+ An? ) 
*So( KE )dE’ . (43) 
From the above process, we can calculate 
the conductivity o irrespective of the strength 
of impurity potential |V:|?. In following, we 
calculate o more qualitatively in some ex- 
treme cases. 
(1) 4a is sufficiently smaller than E; and 
S(E), Sof) and v(#) do not change marked- 
ly when E changes about the order of dz. 
In this case, we can obtain da from Eq. 
(41), by using the following approximation 


(42) 


\ SUE) AE — 752 SEN Vale 
(44) 
such as 
An=2|VilPSo(E) , (45) 


n(E, E) is also obtained by the same appro- 
ximation, 


WE, E)=— 0S E)| Vi)?/40° (46) 
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or using Eq. (45) 
1 ye 


eee ee : 47 
67? So(E)| Vil? ee 
Thus, the conductivity o is written by 
e he SE) _v? 
=--——]| dEfi(é nt 1(48) 
ie Pe ay fit So(E) Vil? wi 


This result is just same as that obtained by 
using Boltzmann-Bloch equation, when we 
take S(E)=S,(£). For example, when the 
energy spectrum of unperturbed system is 
given by effective mass formular, that is Ex 
=h?k?/2m, we can get the following results 
in some extreme cases. 
(a) €>«xT in Fermi degeneracy 
Conductivity o becomes 
=e? hg? SUC) 2e2 hE 
3x |Vil? SoC) 3m Vil? 
where € is Fermi energy when the system 
is in perfect Fermi degeneracy, namely 


=00, 


h? sate 
Gres ne gunn (50) 


(b) €<«T 
In this case, distribution function /(&) is 
written by Maxwell’s distribution function, 
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As is well known, Boltzmann-Bloch equa- | 
tion is applicable when the condition 


Ge ee 
T 


(54) | 
is satisfied. In our theory, however, the cri- 
terion to obtain the Eq. (48) is such as given 
in (1), or roughly | 

E> ag, (55) | 
where A means the averaged value of A. | 
When the system is non-Fermi degeneracy, | 


E is nearly same as «7, and 4; is neary 
same as h/t as easily seen from Eqs. (45) | 
and (52), and the conditions (54) and (55) are 
nearly equal. When the system is in Fermi . 
degeneracy, however, we can put E as € | 


and 4n as h/2c, and thus the condition (55) is 
further applicable than that of (54). In 
actual, if we adopt the former condition (54), 
Boltzmann-Bloch equation is not applicable 
for neary almost systems in Fermi degenera- 
cy at sufficiently low temperatures. From 
the above treatment, we may say that when . 
the condition (55) is satisfied, Boltzmann- 
Bloch equation may be applicable by adopt- 


ce h3 pie ; ; ‘ 
SOQ) HBnF-n (meT 2° igh (51) ing the real state density S(£) instead of 
bs that of unperturbed system, S)(£). 
E=— mv’, S{E)= SWE )= 0 a (52) (2) 4a is sufficiently larger than E. 
; Go In this case, we should determine the for- 
and thus mula of S(Z) to proceed the calculation. 
Ay fill ae Me es For simplicity, we assume that S)(£)=S(-) 
3 m*!?| Vi) T) 2 = (3/4)nE¥2/€5/2 and E(E, E)=|Vi|? as in Eq. 
Sor! aif) on (53) (52) and assumption (iv). Then using a ap- 
3701/2 eT nite proximation that 
“S E’)\dE’ iO EK’) nae 3 n|Vi Fal is yn Bile J 3x n\Vi|?_ 1 ! 
\ ee (= ane fo Gas \, E+ An? AV 2 Ey3/2 dp?’ (8) 
we can obtain 4» from the Eq. (41) as 
we ye 9x? 23] Vil4 
4p = d=", ee (57) 
and 7(£, £) becomes as follows 
tT a{Vilt (o> Bev 7 n|Vil* 
E, £)=—- Ne ote a a 
m ) 2 mC,°/2 ‘ (Ep a0" 8V 2 mo%/243/2 ’ Sa 
or using Eq. (57) 
ef. Py 
27? mn?| Vil?” he 


Thus, the conductivity « becomes 
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3x «eT m (60) 


aN dE fAE)- en 
_ This result is just half of Eq. (48). Thus, in the case that impurity potential is approximat- 
ed by 6-function type, the conductivity becomes just half of that obtained by using Boltz- 
mann-Bloch equation when potential energy Y»|V:| becomes much larger than Fermi 
energy Co. . 

When impurity potential is not represented by 46-function type, but is more general for- 
mula, we must consider the following effects that: (i) Born approximation is not applicable, 
(ii) there appears localized state, (iii) there exists some correlation amongst C,° in Eq. (39). 
By these effects, &(£, E’) and state density S(E) become in general very complicated forms 
and it becomes fairly difficult problem to obtain (EF, E’) and S(E£) rigorously. Mathemati- 
cally, however, we can obtain conductivity « by assuming the energy dependence of &(E, E’), 
SoZ) and S(EZ) respectively such as, &(E, E’)=&(E’—E)*/n€o%-?, So E)=(8+1)nE#/2€,6*", 
and S(E)=(r+1)nE7/2f’*!.. Then using the same approximation as in Eq. (56) etc. we 
obtain (see Appendix III) 


1/(a+B-1) 
da=d=C0[4 /(B-+1)EB(1— aaa aaneAY! ; (61) 
and 
BE? 1 d2*+8/3-8/3 2a+8/347/3 2a+2/3+7/3 
WE, == Tay in What t-Uis fe 2 don Visunpet ) Sahin 
or using Eq. (61) 
ee os ate ang | at | eee 
a area 4/(G+0 EB ¢ ie: 
Le fre ree B Co” 63 
xB(2 (nie?) ao Be DE ne 


where B(a, 6) means $-function and we assumed that —l<a+8<1 and —7/6< a+1/6-B 
<_5/6 to replace the limit of integration by E’ from zero to infinity. 
Conductivity o is obtained as 


a2rt1? , mo” oe ea eye 64 

7 4 “Cav Py ace 'fA(E) . (64) 
If we put a=0, B=r=1/2, and &=n|Vi|?/Co?, we obtain the Eq. (60). Temperature depen- 
dence of o is determined only by the energy dependence of the state density, namely ;. 
We show in following some extreme cases more quantitatively. 


(i) > eT 
ett? a aS oe ie 

Gi) €<«eT 
aes ii; agit mtr anos i soy 
Aone (2) m 
ss ar “ 


where /'(x) means /'-function. 
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§ 4. 


When the concentration of impurity atoms 
becomes smaller, and overlapping of atomic 
wave functions localized at different impurity 
atoms becomes not so large, impurity levels 
split from the ordinary conduction band. 
Our problem in this section is how to treat 
the conduction phenomena in these impurity 
bands. 

As mentioned in §1,-we adopt in this sec- 
tion the following model: (i) Impurity band 
is composed only by the 1S wave function 
localized at each impurity atom, and only one 
electron is possible to occupy a state of 
atomic wave function localized in a particular 
impurity atom. This assumption is applicable 
when the width of impurity band is fairly 
smaller than the energy gap between impuri- 
ty band and conduction band. When this 
condition is not satisfied, we must add the 
wave functions of higher energy states to 
compose the impurity bands, and further 
consider the correlation energy to include the 
states in which more than two electrons oc- 
cupy atomic wave functions localized at a 
particular impurity atom. In this case, the 
situation is fairly complicated and does not 
study in this paper. 

Wave function $s; of the impurity band may 
be written from the above assumption such 
as, 


Impurity Band Conduction 


Po= 21 Cnn (69) 


where # means the atomic 1S wave function 
localized in the impurity atom of position 
Rn. 

Concerning to the expansion coefficient C;,', 
we obtain the following relation from the 
normalization of the wave function ¢° 


ies lke (70) 
neglecting the overlapping of atomic wave 
functions localizing at different impurity 


atoms, and further we assume that the phase 
factor of C,* is at random resulting from the 
randomness of the position of impurity atom. 
From the above consideration, we can obtain 
y(E, EF) easily as 


WE, E)= 2 > 1Cn8|?|Cm3|?1Pnlox|pm>|?. (71) 
Further we can use the model already 


mentioned in §1, that is: (ii) the resonance 
energy induced by the overlapping of atomic 
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wave functions localized at different impurity 
atoms is much larger than the fluctuation 
energy of local potential induced mainly by 
the Coulomb potential of minority impurity 
atoms, and thus the energy width of impuri- 
ty band is determined mainly by the resonance 
energy. From the above condition, we can || 
put |C,‘|? roughly as constant, that is, the 
inverse of the number of majority impurity || 
atoms,’ Nina: “Then, “(ky "ey “becomes 
simply 


1 
n E ; kk — 


¥ [Palomar P” 


maj m™m 


and the conductivity « becomes 
meh 
a= a 
ro al Near 


For the further calculation, we assume, for 
example, the formula of S(£) such as 


“dE SXE\fiE). (73) 


0 


SE) == Nasi V EE) E) 
when 0<. E< ky 
=0, 
when E<0 or Ey< E 


where Ey means the width of impurity band 
and nearly equals to the resonance energy. 
S(E) is normalized such as 


(74) 


A 
| ° S(E\IE=Ninai - (75) 
0 


In some extreme cases, we can write o more 
definitely as follows. 


(a) € and Ayh—-€ >«T 


o= (7/3)e*hv?S*(C)/Nmai (76) 
176455 vt Lo—€) 
3n e Nmai Ey! : (77) 
Using the following relation 
——_—_____R,, 
v2=3 x Qn \vx| Ym>|? 
== 5 XinCalHigmye "= 22 y3, (8) 
ae ae eee 
we can write o in a following form 
. _ 64 @?ay? VE (Ey —C) 
CF ey i N mai- 7 = as (79) 
where V means the resonance energy 
S ese Se eee ey 
V= > KPH? *, (80) 


and ad means the effective distance between 
the nearest two impurity atoms. When Nmin 
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is much smaller than Nmaj, that is Ey > Eo 
—€, we can use the following approximation 


Ag aal6 & 3/2 
Nmi -| SCE db=5>Nnai( 1 =) 
n m-¢ ( ) "3a aj Ey ’ 
(81) 
and we can 
2 \118 CA? Re rae 
=8 maj min” V3 
6 SS) i, Noai Nin’) 5 (82) 


(b) «TSE 

In this case, some part of electron may oc- 
cupy conduction band and conductivity may 
be written as a sum of two part, 


(83) 


where o- comes from the electron of conduc- 
tion band and o; from the impurity band. 
When we write the number of electron oc- 
cupying the impurity band as N, we can 
replace 


O=Oc+o0i, 


Ai(E)=fEAafE))= MN mai SN) , (84) 
maj 
and thus 
32 » NNmai— N) hv? 
On} Ox é a TE, (85) 
_ 32 ea? N\Nmai— N) V? (86) 
9x h Nmai KT Ep : 


When the number of electrons occupying 
the conduction band is negligible small, we 
can replace N by (Nmai—Nmin), in the above 
equations. 

This like result was obtained at first by 
Conwell-Weiskof.» Their result is obtaina- 
able by the following consideration. We 
consider the case that «TJ is much larger 
than the resonance energy V»zm, and the 
probability that the atomic state localizing at 
each impurity atom is constant. When the 
external field F is applied, the transition pro- 
bability to translate from state ¢n to dn 
differs from that to translate from ¢m to dn. 
This difference may be written as 


FeXnml te Ttnm (87) 


where Tam means the resonance frequency 
and may be written by the resonance energy 
Vnm such as 
h 
nm 
The conductivity due to this process is 
obtained roughly 


A Theory of Impurity Conduction I 


1107 
— oN Nmai—N) SyoSY Xnm” 
EN mec n om Ra Cha 
R 


h Nmai KT 
Considering that Fy) nearly equals to V, Eq. 
(89) has the same form as Eq. (86) except 
merely a numerical factor, and thus may say 
that Conwell’s result corresponds to the ex- 
treme case (b) of our formula. 
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Fig. 1. 


@®: minority impurity atom. 
©: majority impurity atom. 


When the energy fluctuation of local poten- 
tial is much larger than the resonance ener- 
gy, we can not regard the expansion coeffi- 
cient Cr’ as nearly constant. In this case, it 
may be more convenient to devide impurity 
atoms into molecules as shown in Fig. 1, 
where potential energy at Rn and Rn nearly 
equal to Es, and Rn and Rm differ apparent- 
ly from E;, and thus dotted closed line mean 
each molecule. Overlapping integral between 
these molecules becomes very small, and thus 
conductivity becomes also very small. In 
this situation, however, the new mechanism 
mentioned in (3) of §1 becomes important. 
We shall discuss this mechanism ‘in the 
forth-coming paper, and the comparison with 
experimental results would be also given in 
that paper. 


§5. Conclusion 

The author wishes to express his cordial 
thanks to Prof. S. Nakajima, Prof. F. Nakano 
and the members of our laboratory for their 
valuable discussions, 
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Appendix I 


We consider the system with the Hamiltonian H+a(t)V, where a(?) is the expansion para- 
meter and depends on time f¢. The motion of an arbitrary operator A is given by 


aA) _ 
dt 


and the solution of this equation is given by 


A(f)= ei Bt ta r/h A e-tAt-aor)/h : (A2) 


where, 
Oe \ abde . (A3) 


To obtain the expansion formula of (A2), we use the following relation 


a {e-tHti/hettytatyV d/h A eit y+ qGpV d/h ett i/h} 
dt 


= 5 ere Max ts) V, cite pr i/h AgiUit, +a pV /n]ginty/h (A4) 


Integrating with respect to 4: from 0 to ¢, and multiplying e’”*/” and e-‘#*/" respectively 
from each side, we obtain the relation 


OETA Netat Ea A ae rae 
h Jo 
x Entiat) V, elute prr/n Ag-i ty +a(tpv)/n] cating atte (A5) 
Using the method of iteration, we obtain the required result. 
Wy ie ie ee a-1 
A= enn) A ae; St (4 an dty-- ; dtn 
n=1\h 0 0 0 
x [ert2ta/” ae(ty) VetBti/2[. « [e-ttn/Ma(ty) Vetttnlh, Al.-- Ihe“ i (A6) 


The expansion formula of e-*+™ with respect to V is also obtained easily by the same 
method as the above. We start with the relation 


Fete her) = — eH Vern) H (A7) 


Integrating with respect to 4 from 0 to 8, and performing some transformation, we obtain 
the following relation 


er BR) =e PHN] sah died# ita ; (A8) 


0 


~ 


Using the method of iteration, we obtain 


“en B y Ana 
e~BCUT+V) — e- BH 4. page da, | dry ake 
asd ) 0 


0 


x CAIM“BIT VeQa-ADH VV oe COn-An—DH Ve-r™nF (A9) 


dA _ [H+ ai), A), (Al) |f 
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Appendix II 
To obtain the Eqs. (5) and (6), we used the following relations. 


d 
dati 


(i) e7tHt/h A gikt/h “ [dt (e7tAti/h A ett)/h) 4 A = AX diet (HA AH)e#6N (A10) 
0 0 


(ii) T,e-®"[B, A]> T,[e-**, BJA= ST Pel da © (eMBe-# A) 
0 


B 
” — Treen die (HB—BH) eA. (A11) 
0 


To obtain the second relation (A9), it is necessary to exist the first equation. The first 
equation does not exist in arbitrary operator B and A, because this equation exists only 
when we can exchange the order of the following double summation 


> 2 > (e-P* ss Ass Bors= >) SS Dy (e784) sr A gig B grr ; (A12) 


in a Suitable representation {s}. For example, in the case that B=fz and A=x, Eq. (A12) 
is not applicable. 


Appendix III 


We consider the case that there is no impurity atom, and the energy spectrum of the 
system is written as 


E=€0(R/Ro)” , (A138) 


where ky) mean the wave vector of Fermi surface at absolute zero temperature. Expectation 
value of velocity is written as 


ee ote. Zeb k Ls ¥ Bea / sans Al4 
Oe Oh nbs VR np wegre eas 
and the state density S)(E) is written as 
ee Lhe Pee Ol Ba oe lea 6 
me i's ee a a : - 15 
auf) cA eT Fe sider) 2n? salen oe 


or, using the relation 


37? 
So(E) is written as 
sue (oo) en 
SOT ele) song 
8 in main paper is obtained by 
3 
Ba=—-=1, (A18) 
p 


and thus v is written by using the parameter 8 as 


PIG s ( ENS? A19 
CRpaith k (<) ' ee 
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Magnetic Property and Crystal Chemistry of 
Ilmenite (MeTiO,) and Hematite (@Fe,O;) System 
I. Crystal Chemistry 
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Solid solutions of ilmenite (MgTi03, MnTiO3, FeTiO3, CoTiO3; and 
NiTiO3) and hematite (aFe,O3;) were prepared and their crystal structure 
was investigated by an X-ray analysis. It was confirmed that the solid 
solutions could be classified into three groups: 1) The specimens of 
ilmenite side and hematite side in the solid solution have the different 


crystal symmetries; R3 and R3c respectively and there exists a mis- 
cibility gap between them (MnTiO3;, MgTiO; and CoTiOs3 series). 2) 
Ilmenite and ‘hematite make the solid solution in the whole range of 
composition and the crystal symmetry changes from R3 to R8ec con- 
tinuously (NiTiO3; series). 3) The ranges of the crystal symmetries 


R3 and R3c of the solid solution are overlapped with each other and a 


transformation from R3 to R3c is observed in one specimen of the over- 
lapped range (FeTiO; series). Such differences among different ilmenite 
and hematite systems may be attributed to the following three factors; 
differences in ionic radii, in electronic conductivity and in stability of 
other two solid solution series with spinel and pseudobrookite structures 
which exist in a ternary system of MeO-Fe,03-TiQs,. 


§1. Introduction 


Since the discovery of strong ferrimagnetic 
substances in the solid solution series of 
FeTiO; and aFe,0;”, detailed investigations 
of this series have been carried out by our- 
selves”>),4).5» and others®»?»®, Outstanding 
features of this series are the appearance of 
the ferrimagnetism only in a limited range of 
composition in the solid solution and a peculiar 
mode of thermomagnetic curve of all fer- 


* Present address: Department of Applied Phy- 
sics, Faculty of Engineering, University of Tokyo, 
Tokyo. 


rimagnetic specimens. Such features have 
also been found in the solid solution of NiTiO; 
and Fe,0;® and it was expected that these 
properties are common to solid solutions having 
the same crystal structure. It must be men- 
tioned, however, that there exist some differ- 
ences between magnetic properties of these 
two solid solution series in detailed points. 
Nowadays five titanates: FeTiO,;, NiTiOs, 
CoTiO;, MnTiO; and MgTiO; are reported to 
be of the ilmenite structure™. Hence it is 
worthwhile to prepare the solid solutions of 
these titanates and hematite and to examine 
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whether such magnetic properties as were 
found for FeTiO; and NiTiO; systems are also 
observed for other ilmenite-hematite systems 
or not. In this paper we shall report magnetic 
properties and crystal structures of the solid 
solutions of hematite and substance having 
the ilmenite structure in general and discuss 
in detail the differences among them. By 
making such comparisons we could understand 
better the peculiarity of the FeTiO; system 
only in which a cation stays in two different 
valence states. 

Ilmenite (MeTiO;) and hematite (aFe.O;); 
the end members of the solid solution, both 
being of the rhombohedral structure, have 


slightly different crystal symmetries R3 and 


R3c with each other. In ilmenite and hema- 
tite, oxygen ions construct a slightly distorted 
hexagonal close-packed structure and cations 
occupy two thirds of octahedral interstices of 
oxygen layers, forming a honey comb struc- 
ture. The cation lattice in the structure is 
shown in Fig. 1, where a rhombohedral unit 
cell is also drawn. As this figure shows, the 
cation lattice can be divided into four sublat- 


tices; Ai, As, B,, and B,. The R3 symmetry 


> 


2 /\\ 

° OW AC 
Fig. 1. Cation lattice in a rhombohedral sesqui- 
oxide. The cations deviate from the hexagonal 


site towards the direction of arrows. Rhombo- 
‘hedral unit cell is drawn by the thick line. 
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corresponds to a case where A and B sublat- 
tices are occupied by different cations, while 


in R3c all sublattices are equivalent. 
In the solid solution of ilmenite and hema- 
tite, Me and Ti ions occupy only A and B 


sublattices respectively in R3 symmetry. The 
ferrimagnetism is expected to appear in the 
solid solution with this crystal symmetry, while 
the antiferromagnetism is attributed to the 


symmetry R3c as we stated in the previous 
paper.» It is, therefore, necessary for under- 
standing the magnetic properties to investigate 
the crystal symmetry of the solid solution first 
of all, which we shall treat in this paper. 
Magnetic properties will be discussed in the 
next paper with particular reference to the 
crystal symmetry. 

In the present stage, very few magnetic 
oxides are of the rhombohedral structure and 
magnetic couplings in this structure are not 
so well understood compared with those in the 
cubic structure to which many magnetic oxides 
belong. Hence it may have a considerable 
significance to establish a new magnetic oxide 
system of the rhombohedral structure and to 
discuss its magnetic properties in general. 


§2. Ternary System of MeO-Fe.0;-TiO, 


Hitherto an investigation of the ternary sys- 
tem of FeO-Fe.03-TiO, has been carried out 
by one of the authors and it has been reported 
that there exist three kinds of solid solution 
series in this system’. We have found this 
results can be generalized to the ternary sys- 
tem of MeO-Fe.0;-TiO, with Me=Mg*® Mn*” 
Fe*2» Nit?» and Co*? and the solid solution of 
MeTiO; and Fe.O; is better understood when 


Ti Oz 


Ti FesOs 


MeO Fe,Os 


FezOx 


Fig. 2. Generalized phase diagram of MeO-Fe,0O3- 
TiO, system. 
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we consider it as one of the solid solution 
series which exist in the ternary system of 
MeO-Fe.0;-TiO,. This generalized phase dia- 
gram is shown in Fig. 2. Through an X-ray 
analysis, it was confirmed that there exist 
three kinds of solid solution series in every 
ternary system of MeO-Fe.0;-TiO, with Me= 
Mg,*? Mnt2 Fet® Co*? and Nit?. They are: 
1) xMe.TiO,—(1—x«)MeFe.0, 
with spinel structure, 
2) xMeTiO;—(1—*)Fe,0; 
with ilmenite (hematite) structure, 
3) xMeTi,O;—(1—x)FeTi0; 
with pseudobrookite structure. 

As to the end members of these solid solu- 
tion series, it has been known that MeTiO, 
and MeFe,O, exist for all these cations, while 
as to Me.TiO, all but Ni:sTiO, have been 
reported to exist!. No data could have been 
obtained about MeTi.O; except FeTi,O; and 
MgTiO; 19. The solid solutions of the first 
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series (spinel) have been investigated for Me= 
Ni and Fe and either have been reported to | 
be ferrimagnetic!»), 
of the third series (pseudobrookite), FeTi,O; i 
and Fe,TiO; have been reported to make the | 
solid solution in the whole range of the com- | 
position and they are paramagnetic at room 
temperature’. It is out of our investigation 
whether there exist miscibility gaps in the 
solid solutions of the first and third series for 
other cations systems. In Table I, we show 
the ratio of the numbers of cations to oxygen 
ions in a molecule of the compounds of these 
three series. The ratio of cations to oxygen 
ions is the smallest for the third series, which 
means when the mixture of MeO, TiO, and 
Fe,0; is sintered under a high oxygen pres- 
sure, the third series is the most stable, while 
in a reducing atmosphere, the spinel structure 
becomes more favourable. Hence we can un- 
derstand that the second series can be prepared 


Table. I. Three kinds of solid solution series. 
No. Solid solution series / Cations/Oxygens / Magnetic ions/Total ions, y 
1 wMe,TiO,-(1—x)MeFe,0, 0.75 | 0.43 = y = 0.29 
2 xMeTiO3-(1—x)Fe,03 0.67 0.40>y=—0.20 
3 aMeTisO5-(1~2)Fe; TiO; 0.60 | 0.25 >y>=0.125 


only in a restricted oxygen atomosphere. 
When the mixture of MeTiO; and Fe.0; is 
sintered in a slightly reducing atmosphere 
than is required for the ilmenite phase, the 
spinel phase begins to precipitate. At the 
same time, the pseudobrookite phase must 
precipitate in order to keep the ratio of Me, 
Ti and Fe constant. Then, in general, we 
found diffraction patterns corresponding to 
three phases on a “ Norelco” chart when the 
sintering atmosphere was not controlled pro- 
perly. This situation is not hold in the case 
of FeTiO; series in which Fe*? can change 
into Fet* by the addition of oxygen ions, only 
two phases being sufficient to keep the ratio 
of cations constant in this solid solution series. 
In fact, we could not observe the coexistence 
of three phases in this solid solution series 
when the solid state reaction was completed. 
From these considerations, if we find the spinel 
and pseudobrookite phases only coexisted in 
the specimen which was prepared by sintering 
the mixture of MeTiO; and Fe,O; in a desired 
proportion under a certain oxygen pressure, 


we may suppose that there is no adequate 
oxygen pressure under which the ilmenite- 
hematite phase of this composition is stable. 

In the second column of Table I, we also 
indicate the ratio y of the numbers of magnetic 
ions to the total ions which give approximately 
the degree of dilution of the magnetic coupling 
in the compound. From these values we un- 
derstand the situation that the first and third 
series are ferrimagnetic and paramagnetic 
respectively. Furthermore we can expect that 
the magnetic coupling in the second series is 
not so strong particularly in the compound 
near the ilmenite side. We shall show in the 
next paper that all characteristics of the fer- 
rimagnetic properties of the solid solution of 
ilmenite and hematite can be interpreted by 
this diluted magnetic coupling. 


§3. Preparation of Specimens 

Following the considerations above men- 
tioned, we have tried to prepare the solid 
solution between MeTiO; and Fe.0; with Me= 
Mg, Mn, Fe, Co and Ni by usual ceramic 


As to the solid solution || 
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method. Most of the specimens were prepared 
by sintering the mixture of Fe.O; and MeTiO, 
in the desired proportion at high temperatures, 
but some were prepared from the mixture of 
MeO, TiO, and Fe.0;. MeTiO; used was also 
prepared in advance in our laboratory. In any 
case, the sintering atmosphere was controlled 
appropriately. Since the magnetic properties 
of all solid solution series except FeTiO; series 
were found not to be sensitive to the heat 
treatments, they were cooled naturally in the 
furnace. In the case of FeTiO; series, how- 
ever, magnetic properties are greatly affected 
by the heat treatment, details having already 
been reported in the previous papers.®»*? 

Chemical analysis was carried out by T. 
Katsura of Tokyo Institute of Technology for 
the prepared specimens of MnTiO; and FeTiO; 
series. It was confirmed that the mol. ratios 
of MeTiO; and Fe,O; determined by this analy- 
sis are not so much deviated from those origi- 
nally adopted in mixing, but some of the 
specimens in MnTiO; series were found to 
contain traces of Mn** and Fet?. It is not 
clear how magnetic property and crystal struc- 
ture of this solid solution series are affected 
by these impurities. For the specimens of 
other series no chemical analysis has yet been 
practised, so that we must consider that the 
specimens keep their original composition un- 
changed during sintering. It is, therefore, 
expected that the real composition is deviated 
from the original one when other phases co- 
exist, which may result in a scattering of the 
results as are found for MgTiO; and CoTiO; 
series. 


Crystallographic Study of the Solid So- 
lution 


§ 4. 


An X-ray analysis of the solid solution was 
conducted by a “ Norelco” diffractometer with 
Fe K radiation. Practically we determined 
the crystal parameters of FeTiO;, MnTiOs;, 
CoTiO; and MgTiO; series by least square 
method in making use of eight diffraction 
peaks, i.e. (300), (214), (116), (204), (113), (110), 
(104) and (102) planes in hexagonal indices. 
On the other hand, since NiTiO; has the nearly 
same crystal parameters as those of Fe.Os, 
five higher angle diffraction peaks, i.e. (226), 
(2 0 10), (1 0 10), (300) and (214) planes were 
taken for this series. The results of the X- 
ray analysis of FeTiO;-Fe,O3; solid solution 
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series have already been reported in the pre- 
vious paper”. They are reproduced in this 
paper to be compared with the results of other 
series. A characteristic of this series is the 
linear change of the volume of unit cell with 
composition as Fig. 3 shows. 
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Volume of unit cell 
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Fig. 3 (a). Volume of unit¥cell of FeTiO;-Fe.O; 
solid solution series. 
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Fig. 3 (b). Crystal parameters of FeTiO;-Fe,O; 


solid solution series. 


In Figs. 4~7, we show the change of the 
crystal parameters an, an and the volume of 
unit cell with composition for MnTiO;, MgTiOs, 
CoTiO; and NiTiO; series. First of all, it must 
be noticed in these figures that the linear 
change of the volume of unit cell with com- 
position, which was the case for FeTiOs; series, 
could not be observed for any other ilmenite 
system. In Fig. 4 (a) the results for MnTiO; 
series are shown, where we find that the vol- 
ume of unit cell does not change continuously 
from that of ilmenite to that of hematite but 
there exists a miscibility gap in the middle 
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Fig. 4 (a). Volume of unit cell of MnTiO3-Fe.03 MnTiO; and Fe,Os. 
solid solution series. 
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Fig. 5 (b). Crystal parameters of MgTiO;-Fe,0, series, it was found that the ilmenite and the 
solid solution series. hematite make a complete solid solution in the 
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whole range of composition as is shown in 
Fig. 7. It must also be noticed in the figure 
that a slight discontinuous change of the 
volume and the crystal parameters can be ob- 
served between the composition range of 
0.5NiTiO;-0.5Fe,0; and 0.55NiTiO;-0.45Fe.Os. 
This discontinuous change is, however, very 
small and nearly within an experimental error, 
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hence we can not decide whether such a 
change really exists in this series or not. If 
such a change really existed, the change of the 
crystal symmetry would be considered as oc- 
curing at this point, the specimen of 0.6NiTi0O3- 
0.4Fe,0; being expected to be of the crystal 


symmetry R3 as we have done in other 
ilmenite systems. On the other hand, we 
presumed from the magnetic study that it, 
being feebly ferromagnetic, belongs to the 
symmetry R3c and the crystal symmetry 
changes gradually from R3c to R3 near this 
composition. These conflicting situations may 
suggest that it is very difficult to determine 
accurately the crystal symmetry of the middle 
part of NiTiO; series from such X-ray and 
magnetic analyses. The more detailed analy- 
ses are required for this series. 

We have thus expected that for the solid 


solution series having the miscibility gap the - 


solid solution take crystal symmetry of either 
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R3 or R3c: those of the end members. It is, 
therefore, necessary to determine this symme- 
try directly by the X-ray analysis. In the 
crystal structure of ilmenite and hematite, 
intensities of diffraction lines I(,701) for J= 
2n+1, are very weak and they completely 
disappear for the compounds with the crystal 
symmetry R3c. In the actual cases the lines 
indexed by (0 00 3) and (1101) are the 
strongest of the lines for /=2n+1 and the 
presence of these lines which we call super- 
lines is the best indication of the symmetry 
R3. Unfortunately Me*? and Tit! ions have 
very closed atomic scattering factors and the 
superlines are very weak even for pure MeTiO; 
except MgTiO; and they become weaker with 


| ] 
(O12) 
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Fig. 8. X-ray diffraction chart showing super lines 


peculiar to R3 crystal symmetry. 


Specimen: MgTiOs;-Fe,03 solid solution series. 
Radiation: Fe K. 
Superline: (003), (101) in hexagonal indices. 


the increase of the content of FeO; in the 
solid solution. In Fig. 8 we showed the super- 
lines which are observed in the solid solution 
of MgTiO; and Fe.03. As this figure shows 
superlines disappear in the specimen of 
0.5MgTiOs-0.5Fe,03;, which is consistent with 
those inferred from Fig. 4. We also detected 
the superline (0003) in the specimens of the 
ilmenite side of MnTiO; and NiTiO3 series 
though they are very weak. In the case of 


FeTiO; series it was confirmed by the X-ray 


analysis of a single crystal’? and the neutron 


1116 Y. ISHIKAWA and S. AKIMOTO (Vol. 13, 
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Fig. 9 (b). Precession photograph of ferromag- 
netic FeTiO3-Fe,O3 series minerals, using un- 
filtered Mo K radiation. 

Notoro ferrimagnetic ilmenite 

(0.70 FeTi03-0.30 Fe,O3) 

[2 0, l], O-layer 


©: normal spot of R3e 


Specimen: 


Precession axis: 


®: super structure spot peculiar to R3 symmetry. 


analysis!” that the ilmenite side of the solid 


solution belongs to the symmetry R3. The 
result of the X-ray analysis of a single crystal 


is illustrated by photograph in Fig. 9, where 
we can clearly find many spots peculiar to the 


R3 crystal symmetry. Accordingly we can 
conclude in general that the ilmenite side of 
the solid solution between ilmenite and hema- 
tite retains the same crystal symmetry as that 
of pure ilmenite. The results thus obtained 
are summarized in Table IJ. Here we used 
also the knowledge obtained from the magnetic 


study. The symmetry R3 corresponds to the 
case where Ti and Me ions are arranged in 
order as we stated in introduction and we shall 
denote this state as the ordered one, while the 


symmetry R3c corresponds to the case where 
all ions are arranged at random. In this table, 
it must be noticed that, in the case of FeTiO; 


series the ranges of R3 and R3c are overlapp- 
ing. This means that in this overlapped range 
of the composition the transformation from 


R3 to R3c or from the ordered state to the 
disordered state is observed in a specimen. 
Such a transformation phenomenon has been 
discussed in detail in another paper. 


$5. Discussion 


We have found in the preceding section 
that the solid solution of ilmenite and hematite 
can be classified into following three groups: 

(1) The solid solutions of ilmenite side and 
hematite side have the different crystal sym- 
metries and there exists miscibility gap be- 
tween them (MnTiO;, CoTiO; and MgTiO; 
series). 

(2) Ilmenite and hematite make a complete 
solid, solution in the whole range of the com- 
position and the crystal symmetry changes 


from R3 to R3c continuously (NiTiO; series). 
(3) The ranges of the crystal symmetry 


R3 and R3c are overlapped and the transfor- 


mation from R3 to R3c is observed in the 
specimen of this range (FeTiOs series), 


wT 
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As this classification and Table II show, the 
miscibility of ilmenite and hematite varies with 
different ilmenite system. We may suppose 
that such differences in the miscibility are 
attributed to following three factors which will 
be discussed separately. 


i) Difference in the ionic radius 

Generally speaking the existence of a solid 
solution between two compounds can be ex- 
plained thermodynamically as follows. It is 
well known that any reactions proceed so as 
to minimize the free energy F=U—TS of the 
system, where U and S are the internal energy 
and entropy respectively. The internal ener- 
gy, that is the electrostatic energy in our case, 
of the microscopic mixture of two kinds of 
compounds is larger than that of a macros- 
copic mixture of them. The entropy, is also 
increased considerably by making the solid 
solution. Hence at high temperatures the 
second term of the free energy predominates 
over the first one and it becomes to be possible 
that the solid solution is more stable than the 
mixture of two compounds. 

When, therefore, we make the solid solution 
of two compounds having much different lat- 
tice parameters or crystal symmetries, the 
increase of the internal energy is too great to 
be compensated by the entropy term. Hence 
the solid solution of these compounds has often 
a miscibility gap. For example, there exists 
a miscibility gap in the solid solution between 
a cubic spinel and one with a slightly elongated 
unit cell (CuFe.0,)!, in contrast with .the 
situation that many cubic oxides make solid 
solution with each other in the whole range 
of the composition. The miscibility gap in 
the solid solution of ilmenite and hematite 
may be explained chiefly by this factor and 
the width of such a miscibility gap is expected 
to be proportional to the difference among the 
ionic radii of the cations relevant to our case. 

We have found that NiTiO; and Fe:O; make 
the solid solution in the whole range of the 
composition. This situation can be explained 
when we consider that Ni*? and Tit* have 
nearly equal ionic radii (0.70A and 0.68A re- 
spectively) and they are not so large compared 
with that of Fet® (0.604). The range of mis- 
cibility of MnTiO; and MgTiO; series can be 
interpreted in the same manner: that is, as 
the difference between the ionic radii of Me*? 
and Fet® is greater for Mn*? (0.80A) than for 
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Mgt? (0.65A), the miscible range is narrower 
for MnTiO; series than for MgTiO; series. 

On the other hand, the fact that FeTiO,; and 
Fe.0O; make the solid solution in the whole 
range of the composition or the miscibility gap 
of CoTiO; series is the widest of all series 
can not be explained by the difference in the 
ionic radii, because the ionic radius of Fe*? 
ion is relatively large (0.754) and that of Cot? 
ion (0.72A) is not greater than that of Mnt? 
ion (0.80A). The miscibility gaps of these 
solid solution series must be controlled by other 
factors. 
ii) Migration of cations 

It seems rather peculiar that FeTiO; and 
Fe:0; make the solid solution in the whole 
range of composition and the volume of unit 
cell changes linearly with the composition in 
spite of the facts that the ionic radius of Fe*? 
ion is fairly larger than those of Tit‘ and 
Fe** and the crystal symmetry of the solid 


solution changes from R3 to R3c at a certain 
value of the composition. Such a peculiarity 
of this series is undoubtedly correlated with 
the situation that only in this series a cation 
stays in two valence states and the electronic 
conductivity is very high. We can expect 
that the free energies of the states with crystal 


symmetries R3 and R3c are extraordinally 
close in this system compared with other sys- 
tems, but it is not clear why such a situation 
exists in this system. It may be supposed 
that in this system the activation energy re- 
quired for migration of Ti ions which may 
be very high in other ilmenite-hematite system 
is reduced by the situation that Fe*? and Fe*® 
ions can easily change their arrangement 
through the electron transfer so as to reduce 
the repulsive force between Ti and Fe ions 
when they migrate to other lattice points. 
The increase in the electrostatic energy due 
to the rearrangement of Ti ions may also be 
reduced by the same mechanism. We may 
suppose by such a mechanism that the free 
energies of the states with R3 and R3c are 
close to each other and ilmenite and hematite 
can make the solid solution over the whole 
range of composition for FeTiO; series. The 
situation that the order-disorder transformation 
between R3 and R3c takes place only in this 
series may also be explained by the same 
manner, 
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iii) Stability of other phases 

There seems to exist another factor which 
restricts the miscibility of two compounds, and 
this may be a chief factor which determines 
the range of miscibility of CoTiOs series. 

We have discussed in section 2 that there 
exist three kinds of solid solution series in 
the ternary system of MeO-Fe20;-TiOz, and 
showed that the series with the spinel struc- 
ture is stable in the reducing atmosphere and 
the series with the pseudobrookite structure 
is stable under high oxygen pressure. Then, 
if the ranges of the oxygen pressure under 
which spinel phase is stable overlap with those 
for pseudobrookite phase, it comes to be pos: 
sible that the free energy of these two phases 
are lower than that of ilmenite-hematite phase 
under any oxygen pressures. In this case only 
the first (spinel) and the third (pseudobrookite) 
series can be prepared when they are left in 
thermal equilibrium. In reality we have often 
observed that for the specimen in the in- 
miscible range, when the sintering time was 
very short and the reaction did not proceed 
fully, three phases coexisted, but the ilmenite- 
hematite phase disappeared on more prolonged 
heating. This means though the ilmenite- 
hematite phase was stable it decomposed intc 
other more stable two phases in thermal 
equilibrium. 

The fact that the miscibility gap of CoTiO; 
series is the widest of all may be due to this 
factor. We inferred it from the following 
situation. It is found that FeTiO; and MnTiO; 
series are not stable in an open air at high 
temperatures, as Fet? and Mn*? are unstable. 
This means that the range of oxygen pressure 
where the first series of Mn and Fe systems 
are stable are relatively narrow compared with 
that of the third series. On the other hand, 
in Ni system the first series is stable even in 
the oxygen flow at high temperature. It is, 
therefore, expected that in case of Co*? system 
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both the first and third series are stable in a \ 
wide range of oxygen pressure because Co*? | 
is more stable than Mn+? and Fe*? ions but | 
less than Ni*? ions. 

In concluding the present paper the authors | 
express their sincere thanks to Prof. Shozo | 
Sawada and Prof. Takesi Nagata for their | 
encouragements and advice. Their thanks are 
also due to Dr. T. Katsura for his chemical 
analysis and to Dr. R. Sadanaga and Mr. M. 
Korekawa for their help in the X-ray analysis 
of single crystal. 
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Lattice Defects in Zincblende 


Part I. Phenomenological Expressions of 


Interionic Potentials* 


By Sumitada ASANO and Yasuo TOMISHIMA 
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As the basis of the calculation on formation energies of lattice defects, 
phenomenological expressions of interionic potentials are derived. In 
zincblende crystal which is partly ionic and partly covalent, the effective 
charge on the constituent ions is reduced to a certain amount Ze (Z= 
1.66, e: magnitude of the electronic charge), whereas covalent attraction 
between two ions adjacent to each other is generated, which is assumed 
to be exponential form —b¢ exp(—7/0c¢) such as the usual expression of 
exchange repulsion. As a preliminary calculation to Part II, the lattice 
energy variation when one anion or cation is displaced from its regular 
position in a perfect crystal is calculated on taking account of the 
Madelung, Van der Waals, exchange repulsion, covalency attraction 
energies and the polarization energies of the displaced ion and all other 


surrounding ions. 


All the physical constants already known in references 


and derived in our calculation are tabulated in Table III. 


Introduction 


§1. 

The luminescence and photoconductivity of 
ionic crystals, for the most part, are infered 
to originate from the crystal imperfections 
such as vacancies, substitutional and inter- 
stitial impurity atoms. In general, the ions 
surrounding the vacancy or the impurity atom 
deviate from their regular sites. In order to 
explain the behaviors of the phosphors and 
photoconductors known hitherto and further 
to devise new ones, it is desirable to clarify 
the aspects of the local distorsions caused by 
the crystal imperfections and the states of 
the electrons trapped in the vacancies and 
impurity atoms. For this purpose, in the first 
place, it is necessary to derive the phenomen- 
ological expressions of the interionic potentials. 

In this paper, we will seek these expres- 
sions for cubic ZnS (zincblende) which is one 
of the most useful crystal among luminescent 
materials. It is well known that zincblende 
is not purely ionic crystal but partly covalent 
one, and the electrons of S?- ion are partly 
transfered to the neighbouring Zn?* ion. 
Therefore, the effective charges of Zn and'S 
ions are reduced to the amounts Ze and —Ze 
respectively (e: magnitude of the electronic 


charge). According to our previous calculation 
on the cohesive energy of zincblende, Z=2x 
0.83. As a result of this reduction in effec- 
tive charges of constituent ions, Coulomb inter- 
action energy (Madelung energy) decreases, 
so that we have to introduce another inter- 
action which may be called covalent interac- 
tion, 

As the interactions between constituent 
ions, we may point out the following five 
kinds: 

Short range interactions which act between 
nearest neighbours only. 

(1) Repulsive energy Ex 

(2) Coulomb overlap energy** Eo 

(3) Covalent energy Ec 
Long range interactions. 

(4) Madelung energy Eu 

(5) Van der Waals energy Evy 

The necessity of the introduction of a new 
and fairly strong interaction such as covalency 
for zincblende is indicated also by the follow- 
ing fact. The usual Born-Mayer’s method, 
which takes into account the Madelung, ex- 
change and Van der Waals interactions be- 
tween constituent ions, and in which the force 
constants are determined by using the observ- 


* The results in this paper were partly reported 
at the Autumn Meeting of the Society of Applied 
Physics (Japan), held at Okayama in October 1957. 


** Coulomb overlap energy means the correction 
to the Madelung energy for overlap of the electron 
clouds of ions adjacent to one another. 
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ed values of lattice constant and compressi- 
bility, gives a fairly low value of cohesive 
energy in comparison with the observed value 
(cf. Table V), in contrast with the typical 
ionic crystal such as alkali halide. On the 
contrary, if we determine force constants in 
the Born-Mayer’s equation by using the ob- 
served values of lattice energy and lattice 
constant, the compressibility obtained becomes 
much smaller than the observed one. 
Madelung energy has usual expression ex- 
cept that the effective ionic charge is reduced 
to +Ze. In §2, we will determine the form 
of Van der Waalf interaction using the empiri- 
cal values of polarizabilities and ionization 
potentials of the constituent ions, and the 
form of Coulomb overlap energy by using the 
wave functions of both ions. In §3, the forms 
of potentials of exchange repulsion and cova- 
lent interaction are determined from the em- 
pirical values of lattice constant, compressi- 
bility and cohesive energy. Further in §4, 
in order to examine the reliability of the 
potential forms obtained above, the lattice 
energy variation due to the virtual displace- 
ment of one cation or anion in (111) direction 
(cf. Fig. 1) are calculated, taking into account 


Fig. 1. Atomic arrangement in a unit cell of 
zincblende. 


the polarization energy of the displaced ion 
and all the ions surrounding it. For this pur- 
pose, it is necessary to calculate the Madelung 
constant, the constants in Van der Waals 
energy expression, the electric field originating 
from the surrounding ionic charges and some 
constants associated with the polarization 
energy of surrounding medium at various 
positions of the displaced ion. These values 
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are tabulated in Appendix. 


§2. Determination of the Van der Waals | 
Energy and Coulomb Overlap Energy | 

(1) Van der Waals energy 
Van der Waals energy between two ions is 
given by” 
(2.1))| 


ij = —Ciys/1i® , 
where 7; is the interionic distance and 
3 Ei; 4 
C =— 22) | 
tj a E:+&; CED. ( 7 


In (2.2), &; and €; may be assumed to be ap- 
proximately equal to the series limits of the | 
discrete spectra of the two ions, i.e. their 
ionization energies®, and a; and a; are their 
polarizabilities. 

The first ionization energy of free Zn?* ion, 
Em, is 39.5eV” and that of S?- ion in zinc- 
blende, €s, is estimated to be 5eV*. 

J. R. Tessman et al? have given an ap- 
proximate measure of the electronic polari- 
zabilities of various ions in crystals, rather 
than as “free” ions. According to their esti- 
mation, in zincblende the polarizabilities of 
Zn ion and S ion are 0.8 A® and 4.9 A® respec- 
tively. 

By inserting the numerical values of €z, 
€s, Qm and as in (2.2), we may compute 
Cy4, C-. and C,— as follows. 


C44 =30.36X 1078 | C-.=144,.2«10°%, 


C,-=41.81 x 10-® (erg cm®) . (2.3) 


(2) Coulomb overlap energy 

The Coulomb overlap energy &) between 
two ions® is computed by numerical calcula- 
tions by using the radial charge densities of 
S*- and Zn“* ions evaluated from their wave 
functions on the assumption of spherical 
charge distribution. 

In zincblende, the actual state of the crystal 


* The ionization energy for S?-—>S- in free 
state is estimated to be about —5eV%. For S2- 
ion in the crystal, however, the energy required 
to remove one valence electron of S?- ion and 
to place it on a Zn2* ion in the vicinity or at 
infihity should be used as eg, since this transition 
evidently corresponds to ionization. The latter 
energy e¢ is estimated to be about 10.5eV and 
the former e¢/ is identified with that of the first 
excitation band 6eV®. On the other hand, if the 
absorption edge is identified with the latter energy, 
é is equal to about 3.5eV®. Taking into consider- 
‘ation these numerical- values, we assume es ~ 5 eV. 
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may be assumed to be intermediate between 
the totally ionic state consisting of S?- (8s?, 
3p°: 4S) and Zn?* (3d: 1S), and the totally 
covalent one consisting of S?* (3s, 3p: 5S) 
and Zn?- (4s, 4p8: 5S). Since the effective 
charge of each of the constituent ions of zinc- 
blende is estimated to be +2x0.83e, on the 
orbitals 4s, 4p? of Zn ion there are 0.34 elec- 
trons on the average. These wave functions 
of S* and Zn? ions may be computed by 
interpolation? from those of Cl- ion! and 
As* ion, 


Table I. Coulomb overlap energy (eV) versus 
interionic distance a (AU). 
a 7) 
2.202 | — 33.4287 
3.303 —13.8986 
4.405 —3.1428 
5.506 — 0.5560 
6.607 | — 0.0988, 


| 


The computed values of 0 between Zn?+ 
—S* ion pair are tabulated in Table I and 
plotted in Fig. 2 against interionic distance a. 

As shown in Fig. 2, these values fall on a 
straight line in semi-log plotting, except for 
small values of a. Therefore, in the straight 
part €0 may be expressed in the form &o= 
—bo exp (—a/po), and the values of po and bo 
are 0.336 A and 5.259x10-%erg respectively. 
Then 


€0(a)= —bo exp (—a/p0) 
= —5.259-exp (—a/0.336 x 10-8) x 10-* erg 
(2.4) 


Since the computed values of &0 deviate 
from the straight line at small values of a, 
we obtain its actual values for that range of 
a by multiplying a correction factor (<1) 
which is determined from Fig. 2, to the values 
obtained by the formula (2.4). 


(a in cm). 


The Determination of Exchange Repul- 
sion and Covalency Attraction Energies 


The customary form of repulsive energy 
€x for two interacting ions separated by a 
distance @ is 

En(a)=br exp (—a/or) . 
Furthermore, we will assume the form of the 
covalent binding energy in an analogous form 


§ 3. 


(3.1) 
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Then we have to determine the four unknown 
parameters br, or, bc and oc. 

At first, ox may be evaluated by using 
Williams’ method®. According to his notation, 
the repulsive energy is expressed approxi- 
mately by 


Eo(a)= —be exp (—a/oc) . 


Cn@=K’ Sia; (3.3) 
where K’ is a constant and S is the overlap 
integral defined by 


S=les9» dV, (3.4) 


ga and gs are 1/47 times the square roots 
ot the total charge densities of the unperturbed 
A and B ions interacting with each other re- 
spectively. In computing (3.4), Williams has 
used an approximate expression based on the 
fact that the overlap of the charge distribution 
only occurs near the segment connecting the 
nuclei of both ions in KCl. 

In ZnS, however, the overlap stated above 
occurs appreciabley even at the position apart 
from the segment connecting both nuclei. 
Therefore we will evaluate S using the fol- 
lowing exact expression derived from (3.4) by 
a simple transformation 


S 1 a a+r 
eral roar) ar gaty) dy - 
2 a Jo |a—7| 
(3.5) 
Table II. Overlap integrals versus interionic 
distance. 
a(AU) S’ S?/a 
2.202 (Bova! 24.260 
3.303 4.260 5.494 
4.405 2.246 1.145 
5.506 15153 0.2415 
6.607 0.592 0.053; 
or=0.391A 


The calculated values of S’/a as a function 
of a using the wave function of S* and Zn** 
ions stated in §2 are tabulated in Table II 
and plotted in Fig. 2. Since the curve of 
S?/a in semi-log plotting may be regarded as 
nearly straight, we can conclude that the 
repulsive energy €x is expressed pretty well 
in an exponential form as (3.1). From Fig. 
2;-the value of px may be estimated to be 
0.391 A. 
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In order to determine the other three un- 
known parameters br, oc and be, we may 
employ the experimental data concerning the 
cohesive energy, lattice distance and compres- 
sibility of zincblende. 


a(AU) 


Fig. 2. Dependences of overlap integral S’ and 
Coulomb overlap energy ¢ (a) on interatomic 
distance a. 


The cohesive energy per ion pair in the 
present approximation is expressed as 


#4(a)= Ay EX 


— Zi] Co-Srot sri‘ | 
+4br exp (—a/pr)—4bo exp (—a/p0) 
—4be exp (—a/pc) , (3.6) 


where a is the nearest neighbour distance, 
Am Madelung constant, Srp and Sy’ well- 
known constants characteristic of the lattice 
structure”. Ze is the magnitude of the ef- 
fective charge of the constituent ions, 2x 
0.83 e. In (3.6), the values of all constants 
except br, oc and be are already known. 

On the other hand, we have the well-known 
relations 


(dE pa/da)a-a)=0 ’ (3.7) 
shy PE oa a2 48 
ab da sp V386 See 


where ad is the observed value of a, and 8 
is the compressibility. If we use the experi- 
mental values for d@ (=2.34 Al), B (=1.306 
x 10-8 barye7? 1) and Epa (Ex*=NaEpa=851 
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Kcal/mol, Na: Avogadro’s number™). Three 
equations (3.6), (3.7) and (3.8) can determine: 
the unknown parameters br, bo and pc asy 
4.092x10-%erg, 4.148x10-erg and 1.489 A) 
respectively. Then (3.1) and (3.2) become | 
Er(a)=4.092- exp (—a/0.391 x 10-®) x 10% erg , || 
(3.9), 

Eo(a)= —4.148- exp (—a/1.489 x 10-8) x 10-N erg .| 
(a in cm) (3.10)) 

All the constants known already in refer-4 
ences and computed in the present paper (inj 
italic) are listed in Table III for convenience. | 


Table III. Numerical values of parameters* in 
Zincblende. 

Ay 1.6381 
Syo 4.354 2) 
Syo! 0.762 » 
a» (A3) 0.8” 
a- (A3) 4:97 
C4+ (erg-cm§®) 30.36 x 10-80 
C-- (erg-cm®) 144.2 x 10-89 
C4 - (erg-cm®) 41.81 x 10-60 
Ei;* (Kceal/mol) 851 19 
8 (barye-}) 1.306 x 10-22 18) 
bo (erg) 5.259 x 10-9 
po (A) 0.336 
br (erg) 4.092 x 10-9 
or (A) 0.891 
bo (erg) 4.148 x 10-1 
po (A) ) 1.480 


* The numerical values in italic are computed 
in the present paper. 


§ 4. Lattice Energy Variation due to Virtual 
Displacement of One Ion 


As a first step of the calculation of the 
formation energy of lattice defects in zinc- 
blende, treated in Part II, we will here esti- 
mate the lattice energy variation due to the 
displacement of one anion or one cation in 
(111) direction indicated in Fig. 1 preserving 
all the other ions at their respective regular 
sites, by using the phenomenological expres- 
sions of interionic interactions derived in § 2 
and §3. This estimation may also give a 
criterion as to the accuracy of the results 
obtained in preceding sections by the follow- 
ing reason. Referring to Fig. 1, we notice 
that when the reference ion is displaced in 
positive (111) direction, the potential is steeply 


1958) 


increased by the repulsion originating from 
the unlike ion sitted in front of the displace- 
ment, whereas when the reference ion is dis- 
placed in negative (111) direction, the poten- 
tial will slowly increase and then decrease 
through a maximum point owing to the lack 
of the unlike ion in front of the displacement. 
If the hight of the potential barrier is too 
low, the crystal will not be stable at high 
temperatures. Of course, the surrounding 
ions of the reference ion are also displaced, 
therefore the barrier height obtained fixing 
all the other ions is not exact, but will give 
a measure of the crystal stability. 

In performing the calculations, other than 
short-range and long-range interactions, stated 
in §1, between the displaced ion and all the 
other ions of the crystal, polarization energies 
of all ions due to the displacement of the 
reference ion from its regular site, have to 
be taken into account. 


(1) Short-range interactions 

Exchange repulsion, covalency attraction 
and Coulomb overlap energies, so far as they 
are considered to act only between nearest 
neighbouring ions, need be taken only be- 
tween the displaced ion and its four nearest 
neighbours. Therefore, the energy variation 
due to these interactions are easily calculated 
by using the formulae (2.4), (3.9) and (3.10). 


(2) Long-range interactions 

As regards Madelung and Van der Waals 
energies, we have to take into considerations 
those from sufficiently distant ions. 

Madelung energy Ew is given by 
Exu=(Ze >: 7 


v 


(4.1) 


where a; is the distance from the displaced 
ion to the ith ion in the crystal and 6; is 1 
or —1 according as the 7th ion is like or un- 
like the reference ion. The summation >) 0i/a 
is carried out for several positions of the 
reference ion by the Ewald’s method! and 
the results are tabulated in Appendix. 

Van der Waals energy of a reference cation 
or anion Zy(+) or Ey(—) is given by 


Papal 
Ey(+)=—[Cs-Sy +CaSv hike (4.2) 
0 
where 
(w) 4 pub OI | 
Sy= a0? 31 ae and Sy’=a,° >» ae 
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ss and ~ means the summations only with 
respect to unlike ions and like ions as the 
reference ion respectively. When the refer- 
ence ion is at its regular site, Sy and Sy’ 
coincide with Sy» and Sy’ respectively. The 
numerical results Sy and Sy’ at several posi- 
tions of the reference ion are also listed in 
Appendix. 


(3) Polarization energies 

If one ion in the crystal is displaced from 
its regular site, it is acted on by the electric 
field from the other ions in the crystal. This 
field intensity in (111) direction on the refer- 
rence ion is given by 


n= €:di/ai? = (Ze) SS Oi ? (4.3) 


where & is the component in (111) direction 
of the vector a pointing from the 7th ion 
with charge e to the displaced reference ion. 
+ and — signs in (4.3) correspond to the 
cases of positive and negative reference ion 
respectively. The summation is carried out 
by means of Ewald’s method and the numeri- 
cal results are also given in Appendix. Then 
the polarization energy of the reference ion 
with polarizability a becomes 


Ep= —+ak? (4.4) 

On the other hand, all the other ions in the 
crystal are also polarized by the displacement 
of the reference ion stated above. These 
polarization energies may be estimated as 
follows: 

If the vector drawn from the ith ion to the 
regular site of the reference ion with charge 
Ze is denoted by aio, the electric field Di ex- 
erted on the 7th ion by two point free charges 
—Ze and Ze as the results of the displacement 
of the reference ion in the direction (111) is 
given by 

Ze 


(4.5) 
a 


Ze 
ai, io : 
aio 


The dipole moment “ on the 7th ion is then 
written as’ 


Mi= Mya? Di , (4.6) 
where 
yet | 1 
(tee is 4, 
My =Moa= it a. (4.7) 


according as the 7th ion being cation or anion, 
and xk is the optical dielectric constant of the 


ya 
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crystal (=5.07!»). In (4.7) the atomic polari- 
zation of the ions is not taken into account, 
since we have assumed all but the reference 
ion to be fixed at their respective regular 
sites. 

Then the polarization energy Epzx 
ions except the reference ion is given 


Be Daw) 
Dart 


of the 
by 


(4.8) 


From (4.4), (4.6) and (4.8), we obtain 


1 1 il 
Er.= ain (Ze)ao° py Miu es a Cio! 
ge . (4.9) 
Qi? Aig” 


where 9; is the angle between the vectors a 


and aio. (cos 0:= (aiaio)/aiaig). 
If we put 
(@) * . (1) 
C=a* ds > ; C’=a rid. 
@ cos 6 © cos 4; 
G=ast 3, G’ =a! Se 
% Qi’ Ar t Gig’Gi 
(4.10) 


Epz is written as 
2 
Belen = = eer {(Co-+C—2G)Mz 
0 


4-( Cet bi—-IGOMa} ; (4.11) 


where the upper signs correspond to a posi- 
tive reference ion and the lower signs to a 


0:75 
0:5 


0:25 


=@\| O Ol 
40/ A. 


O-2 
(111) 
Fig. 3. Lattice energy variation 4H(+-) and 4H(—) 


due to one cation or anion displacement along 
(111) direction. 
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negative one, and Cy and C,’ are the values | 
of Cand C’ at da=|ai—ain|=0. When 4a=0, | 
Then Ep:(+)=0. The | 


G=Cy and C= Cr 
values of Cy and Cy’ is well known as!” 
Cy= 6.66090. Ce =3.5603.. 


The values of C, C’ and G, G’ for various 
values of 4a are computed and shown in Ap- 
pendix. 


Summing all the energy terms stated above, | 


we obtain the total energy changes 4E(+) or 


4E(—) due to one cation or anion displacement _ 


4a.* The results are plotted in Fig. 3. 


Referring to Fig. 3, we may point out that | 
the potential barrier is fairly high, so the | 


crystal will be stable even at about 1000°C. 


(exp (—4E/kT)~+10-!) Therefore, the poten- ) 
tial forms derived in preceding sections may | 


be considered as reasonable. 


§5. Conclusions 

Covalency corrections introduced in our 
model are summarized as follows: 

(1) The effective charges of Zn and S ions 
are assumed to be 2x0.83e and 
respectively. 

(2) The attractive energy originating from 
covalency binding is introduced in the ex- 
ponential form —dc exp (—a/oc). 

However, this model contains some depar- 
tures from the actual aspects in the case of 
zincblende, since the degree of covalency will 
be a function of the interionic distance. Ac- 
cordingly, the effective charge and the polari- 
zability of a constituent ion may also change 
with the interionic distance. But it will be 
practically impossible to take account of these 
detailed behaviours thoroughly. Because it is 
not known nowadays in what manner the 
covalency degree changes with interionic dis- 
tance, if we want to take account of this 
fact it is necessary to introduce some un- 
known parameters to be determined phenome- 
nologically in addition to those occurring in 
(3.6). However, our model would be appli- 
cable to actual zincblende crystal approxi- 
mately, so far as the displacement of a ion 
is not very large. 

Lastly, the cohesive energy per mol, E:*, 
obtained, in our model is classified in Table IV, 


* The displacement in positive and negative 


(111) directions, 4a, are taken as positive and nega- 
tive respectively. 
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—2x0.83¢ — 
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Table IV. Classification of lattice energy in 


Keal/mol. 
Present Model | Born-Mayer 
Madelung 639.2 927.9 
Covalency 495.0 
Repulsion — 588.4 — 167.2 
Coulomb Overlap 283.6 
Van der Waals 21.6 21.6 
E;* 851.0 782.3 


where the classified values of the energy ob- 
tained by using usual Born-Mayer equation 
(ionic model) are also tabulated for comparison. 
In ionic model, Madelung, overlap repulsion 
and Van der Waals interactions are taken 
into account. For the calculation of Madelung 
energy, the effective charges of Zn and S 
ions are taken to be +2e, and for the repul- 
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used, in which bdr’ and pr’ are determined by 
the conditions (3.7) and (3.8); 


br’ =1.625x10-% erg , pr’=0.370A. (5.1) 


In ionic model, the repulsive energy derived 
in this way, includes the Coulomb overlap 
energy in the present model!®, 

With regards Table IV, it may be pointed 
out that the covalency attractive energy nearly 
amends the decrease in Madelung energy, 
which is caused by the decrease in effective 
charge of the ions. 


Appendix 

a is the magnitude of a vector a: pointing 
from the ith ion in the crystal sitting at its 
normal position to the reference ion, displaced 
in (111) direction in Fig. 1 by an amount da 
from its regular lattice site. 6; is 1 or —1 
according as the 7th ion being like or unlike 
as the reference ion. d is the component of 


_ Table V. 
| le Sriael cash cl C G G 
Aafary | — a9 5: ds/ais |g? SG Be/a> ag? S Vr? a9 S 1/48| aot S fare! | ag S* Lon*| agt S$? £2 | ge GP £08 
¢ Z Ai074? Aj0?a4? 
0.3 ) 1.71804 | 0.64199 0.9047 10.2660 3.7038 8.6842 3.5621 6.9585 
0.2 1.67622 | 0.23909 0.8296 6.0374 3.6206 7.3085 3.5604 6.7385 
0.15) 1.66722 0.11828 0.8049 5.1267 3.5908 6.9641 3.5603 6.6962 
0.1 1.66331 0.04250, 0.7914 4.6422 3.5747 6.7829 3.5604 6.6760 
0.05 1.66237 | 0.004459 0.7799 4.4198 3.5672 6.6935 3.5617 6.6711 
0 1.66216 0) 0.7622 4.3544 3.5633 6.6697 Soi abo yo) 6.6697 
—0.05} 1.66185 | 0.02279, 0.7799 4.3868 3.5672 6.6805 3.5617 6.6682 
—0.1 1.65973 | 0.07226, 0.7914 4.4864 D.OL4aT 6.7218 3.5604 6.6549 
=(O.15 1.65393 0.14804 0.8049 4.6192 3.5908 6.7797 3.5603 6.6413 
—0.2 1.64022 0.24319 0.8296 A. oot 3.6206 6.8295 3.5604 6.6048 
—0.3 1.60873 / 0.47035 0.9047 4.8653 3.7038 6.8819 3.5621 6.4813 


the vector a: in (111) direction. 
Madelung constant in the lst column and 


the coefficient of electric field in (111) direc- 
tion, in the 2nd column, originating from all 
the ions (regarded as point charge) except 
the reference ion (cf. (4.3)) are calculated 
anew by Ewald’s method, with the precision 
of five decimals. It should be noticed that 
for da=0 the values 1.66216 is obtained in- 
stead of 1.6381 given first by Ewald. How- 
ever, the difference.in energy due to this 
correction is very small, so that we will use 
the traditional value of Madelung constant 


throughout the present work. 

In the 3rd, 5th and 7th columns, summations 
are carried out only with respect to like 
ions as the reference ion and in the 4th 
6th and 8th columns with respect to unlike 
ions only. These summations are actually 
performed in 57 unit cells around the refer- 
ence ion, where about 450 ions are contained. 
The small contributions from the residual 
outer region of the crystal are obtained by 
expatiding the summands in terms of power 
series of 4a and integrating them to infinity. 
The lower limits of the integrations are ef- 
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fectually determined by comparing the sums 
obtained in the 57 unit cells stated above for 
Ada=0 with the corresponding values published 
in references.»»!” Since the convergences of 
these summations are so fairly good, in par- 
ticular for Sy and Sy’, that the simple method 
stated above may be allowed. 
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The formation energies of various types of lattice defects in zincblende 
are calculated by means of Mott-Littleton’s method. A phenomenological 
expression of interionic potential which contains the covalency binding 
energy is used in the calculation. In addition, the total energy when 
the lattice around a defect is not in equilibrium is computed at several 
positions of the surrounding ions of the defect near the equilibrium 
point. The results of calculation show that the formation energies of 
Schottky defect, double hole and Frenkel defect by zinc ion are estimated 
to be 4~6eV. The result that the formation energy of Schottky defect 
is nearly equal to that of double hole is qualitatively in agreement with 
the experimental results which have been obtained with pure host crystal 


of ZnS phosphor. 


$1. Introduction 

The formation energies of Schottky defects 
in alkali halides and alkali-earth oxides have 
been computed by using the ionic model by 


* The results in this paper were partly reported 
at the Hiroshima Meeting of the Chugoku-Shikoku 
Branch of the Physical Society of Japan, in Febru- 
ary 1958. 


several authors.» This model, however, is 
not suited for the case of zincblende, since 
the binding energy due to covalency has fairly 
large proportion in the total lattice energy. 
We have showed this fact actually by quantum 
mechanical calculation.» According to the 
results of this calculation, the lattice energy 
of zincblende is lowered by about 60 % when 


1958) 


the covalency correction is taken into account, 
and the effective charges on constituent ions 
are estimated to be +Ze=+2x 0.83¢e (e: abso- 
lute value of electronic charge). 

By using these results, we determined, in 
Part I, the phenomenological expression of 
the interionic potential in zincblende, which 
is analogous to the Born-Mayer’s one in 
purely ionic crystals. In this paper, the for- 
mation energy of lattice defect in zincblende 
is computed by using the results obtained in 
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Part: I. 


First, we will calculate, in §2 and §3, the 
energy required to remove an ion in a regular 
site and that required to interpose an ion to 
an interstitial site, then in §4 we derive the 
formation energies of Schottky and Frenkel 
defects by combining these energies. In ad- 
dition, we will estimate in §5 the dissociation 
energies of double hole and double interstitial 
ion. Table I shows the physical constants of 
zincblende, which are used in this calculation. 


Physical constants of zincblende. 


Table I. 
Ax 1.6381 

ay (A) 2.345) 

Kk 8.38) 

Ko 5 .078) 

a— (A3) 0.87) 

as (A3) 4.97) 


M, 0.0370 

M- 0.1785 

C44 (erg cm) 30.36 x 10-80 

Cea sites.) 41.81 x 10-60 

C22 Caw) 144.22 x 10-80 

FH; (eV/ion pair) 36.9212 (=851 Kcal/mol)® 


The numerical values of C,,,C,- and C-~ have been calculated in § 2 of Part 1. 


§2. Energy Required to Remove an Regular 
Ton 


In this section we will calculate W(+) or 
W(—) required to remove a cation or an an- 
ion in a regular site to an infinitely distant 
position respectively. First, the positions of 
the four ions adjacent to the vacancy are 
considered to be fixed at their respective 


Fig. 1. Atomic arrangement around a vacancy in 
zincblende. An ion represented by dot is located 
at the center of the cube in perfect lattice. In 


double hole the ion 1 is missed also. 


original sites. (cf. Fig. 1) The work neces- 
sary for the removal consists of the following 
terms. 


(1) Madelung and Van der Waals energies 
Since the ions removed from the crystal 


must have the effective charges +Z,e(Z)=2), 
the electron cloud having charge —(Z)—Z)e/4 
on the cation, which is transfered from the 
adjacent anion owing to the covalency bonding 
the two ions, will return to the parent anion 
after the bond has been cut off. Then the 
electronic polarizability of the anions around 
the cation vacancy will be slightly increased 
owing to the increase in magnitude of effec- 
tive electronic charge. On the other hand, 
that of the cations around the anion vacancy 
will be decreased. 

We assume that the electronic polarizability 
varies between as and @° linearly with effec- 
tive charge of the ion, where a: are the 
electronic polarizabilities of the ordinary ions 
with effective charges +Ze and a.° are those 
of the ions with effective charges +Ze. as 
are 0.8 10-24 cm® and 4.9x 10-74 cm? as stated 
in Part I. In order to estimate ai°, we will 
use the Kirkwood’s formula,” 


a=K] S \" rPedr| /N, 
mes i) 


where K is a constant, P,? the radial density 
of the 7th electron and WN is the total number 
of electrons'of the ion. By using the wave 
functions of S and Zn ion stated in Part I, 


(2:1) 


we.may estimate the ratios of a:° to az to 


be a,°/@,=0.7314 and a_°/a.=1.059. There- 
fore we have a,°=0.585x10-%t cm? and a_® 
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5.19x10-%tcm?. Then the values of the 
electronic polarizabilities a+’ and a-’ of the 
cation and anion with effective charge 
+(Z+(Z)—Z)/4)e=1.75e 

become 0.747x10-24cm? and 4.958 x 10-4 cm? 
respectively. 

Then the contributions from Madelung and 
Van der Waals energies are given by 


penne ee (0 (Z)- 
ao a a Z 
14 22 
—4] Aw —1+ Say = Ze (2.9) 
ay Y ao 
and 
1 ; 
Ey(£)= 7 6 [C+-Srpt C2257] 
get: , 
=F | Sre-WCie—Cs-) 
6 
+| Si,-3( 2) cts = Cs) x4 
ai 
eee al es (2.3)* 
Ao Shee or 
where 
“ in ay 7 eat age) oe 
=Z4(Ay-Z)A=1.75, as (he : 
Syp= 4.354 10 Sy, =0.762 ,1 


Cz+=Cr-Az’ lax , Cyz=Cr303' az ’ 
Cr+=Ce3(az’/az)? : (2.4) 


da is the nearest neighbour distance and a 
the next-nearest neighbour distance. 


(2) Polarization energy. 

The polarization energy Ep of the medium 
is given by 

Ep= 3 Dy (wiDi) . (2.5) 

m& is the dipole moment on the 7th ion, in- 
cluding both electronic and atomic polarization, 
and D;, is electric field acting on it from the 
free charge -Z2Zje, =Ze of which is’ located 
at the centre of the vacancy and the residual 
charge #-(Z)—Z)e is equally shared on the 
four nearest-neighbouring ions. 

In the first order approximation, we may 
write the polarization energies Ep(-+) as 


* The upper of the double sign in the energy 
expressions corresponds to the case of the removal 
or interposal of a cation, and the under to the case 
of the removal or interposal of an anion, hereafter. 
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Ep(+)= Ep*(+)+ Evil) if 


and Littleton,” and is given by 


Ep*(+)= — 4 Za (Cp) Me + Cy Ms] 
0 


(2.6a)** || 


where Cy and C,’ are the numerical constants 
1/ 5 4\11) 
6.697 and 3.563( =6.8346x( V3.) ) re 


M:. are given by 


(ee aaa: 
(2.7) 


where « and x» are the static and optical di- 
electric constants respectively. (cf. App. I) 
The numerical values of M, and M~- are 
0.0370 and 0.1785. 

The second term in (2.6) is the contribution 


spectively. 
4 
Ms= 3y/ 3% 


from four ions (ions, 1, 2, 3 and 4 in Fig. 1) 
adjacent to the vacancy and is given by 


8 pe)a's ry = VanE)x4 , (2.8) 
_. D+(Z/Z(SM+8’Ms) 
pees 14+5€a%’ Ja? 9 ay” eae ‘ 
(2.9) | 


where /4(--) means the dipole moment on one 
of the four ions adjacent to the vacancy, which 
is derived by the same procedures as in the 
case of rock salt.1 (Ze/a2)D is the electric 
field at one of these four ions due to the free 
charges at the vacancy and the other three 
ions adjacent to the vacancy and (Z,e/ay?) 
(SM.+S’M;) is that due to dipoles on all 
the ions outside these four ions. The numerical 
values of D, S and S’ are 1.0441, 0.577 and 
0.266 respectively.*** 

The electronic polarization of an anion neigh- 
bouring to the cation vacancy is hindered to 
some extent by the overlap repulsive force 


** In (2.6a), the calculations of electric field and 
dipole moment on a ion outside the four nearest 
neighbours around the vacancy are simplified by 
regarding the dispersed free charges as a point 
charge Ze at the center of the vacancy. 

*** In calculating S and S’, the summations are 
taken over 21 rings around the vacancy. The con- 
tributions from rings outside them are estimated 
to be less than 0.005. 


(2.6) 
The first term of the above equation is the || 
polarization energy of all the ions in the crystal | | 
other than the four around the vacancy, calcu- || 
lated on the continuum model following Mott | 
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between this anion and the three cations 
adjacent to it.» This situation is taken into 
account in (2.9) by using €a_’ (0<&<1) in- 
steads of a_’. However, for si(+) in (2.9), 
€ should be taken as unity, since the ionic 
radius and electronic polarizability of a cation 
are very small in comparison with those of 
an anion. 


(3) Short-Range Force. 

For the sake of simplicity, it is assumed 
that the three remaining covalency bonds of 
each ions adjacent to the vacancy is not af- 
fected by the removal of the central ion. 
Then the energy for removal of a central ion 
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due to short range forces is given by 
Es=4F's(ay)=4[bo exp (—ao/ Po) 
+ be exp (—Go/c)—br Exp (—4p/0x)] . 
(2.10) 


The numerical values of the force constants 
b’s and o’s are given in Table III in Part I. 


(4) Energy depression by atomic relaxation. 

Next we will consider the reduction of lattice 
energy 4E(+), due to atomic polarization of 
the four ions adjacent to the vacancy. It is 
evident that these four ions are symmetrically 
displaced in the radial directions joining the 
center of the vacancy to their respective regu- 


Table II. Numerical values (eV) of energy terms constituting W(+) 
| W(+) Wi=)} 
€ | 1.0 0.9 0.8 0.7 1.0 
Ey | 25 .6783 25.6783 
Ey | 0.6459 1.2507 
Boe | 8.2501 8.2501 
EB w5* — 7.5234 — 9.0869 
P Ey —8.8600 —8.2214 —7.5469 — 6.8221 — 2.2941 
AE», — 0.6530 —0.4472 — (0.2571 —0.1039 — 0.8451 
WwW 17.5370 18.3823 19.2469 20.1249 22.9527 
By —16.3524 — 12.0107 
Sin — 0.06370 — 0.05528 — 0.04280 — 0.02774 0.0883 


Sm is the value of s corresponding to the minimum energy and Hy, is the polarization energy 
in zero-order approximation. 


Fig. 2. Total energy change 4H(+) with atomic 
relaxation around vacancy. 


lar sites. Let us pick up only those parts of 
the lattice energy, which vary with the dis- 
placement of these four ions neighbouring to 
the vacancy. 

The changes of Madelung and Van der 
Waals energies may be immediately computed 
from the results in Appendix of Part I. Here 
it should be noted that, for these four ions 
the effective charges +*Z’e and electronic 
polarizabilities a’; have to be used unlike 
those of the other regular ions in the crystal. 

The part of the polarization energy which 
changes with the displacement of the four 
ions consists of both Epi(-) given by (2.8 
and 9), in which D,S,S’ and a vary with 
displacement sa* of the four ions**, and 


* Outward displacement of the ions around the 
vacancy is taken as positive. 

** The changes of S and S’ are computed with 
five rings around the vacancy and the small contri- 
bution from outer rings are neglected. 
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Epi(+), the polarization energy of all the ions 
other than the four, given by 


Epi(t)=—" [Mi Q+MzQ'1x4 - (2.11) 
0 


where Q and Q’ are numericals depending on 
s. The derivation of (2.11) is stated in Ap- 
pendix II. 

The varying part of the short range energy 
is given by 


Es(s)=3F (72) X 4 5 (2.12) 


where {= aA 352 —4s+4) is the distance 


from an ion adjacent to the vacancy to one 
of the unlike ions neighbouring to it. 

Fig. 2 shows the change of the total energy 
due to the displacement of the four ions for 
various cases. The maximum depressions 
4Em(+) for the cation and anion vacancies 
are determined by expressing each energy 
contour in a quadratic form of the displace- 
ment s which are determined by the method 
of least mean square from several computed 
points near the origins=0. These values are 
shown in Table I. 

Thus W(-+) are given by 

W(+)=Eut Ey(+)+ Ee(+)+ Est4En() . 

(2.93) 


The results of the numerical calculation are 
given in Table II. 


§3. Work Required to Interpose an Inter- 
stitial Ion. 


In this section we will calculate the work 
W’(+) or W’(—) necessary to bring a cation 
or an anion to an interstitial site. In zinc- 
blende, there are two types of interstitial sites, 
one is adjacent to four anions and the other 
to four cations. (cf. Fig. 3) A cation would 
preferably occupy the former, whereas an 
anion the latter, since the electrostatic energy 
becomes somewhat higher in the inverse cases. 
In particular, when a sulphur ion is interposed 
to the former, the overlap repulsive energy 
between the interposed sulphur ion and the 
four sulphur ions surrounding it will be con- 
spicuously high because of large ionic radius 
of sulphur ion. Therefore, we will consider 
only an interstitial cation adjacent to four 
anions and an interstitial anion adjacent to 
four cations. 

Furthermore, we assume that the interstitial 
ion has no covalency bonds but only ionic 
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interactions with the neighbouring ions and || 
that it does not affect the covalency bonds 
between these ions and their neighbours in 
normal sites. First, we assume that the four 
ions adjacent to an interstitial ion are fixed 
to their respective regular sites. Then the 
energy required for the interposition consists 
of the following parts. 


Fig. 3. Atomic arrangement around an interstitial 
site in zincblende. The dot at the center of the 
cube represents an interstitial ion. In double 
interstitial ion the ion represented by circle is 
also interposed at the point marked by cross. 


(1) Madelung and Van der Waals energies 
are expressed as follows: 


Eyl = Ay EE 


ao 


; (3.1) 


where 
Am’ = Au—1.7476x V/ 3 /2=0.1246 . 


1.7476 is the Madelung constant of rock salt 
type crystal. 


7 1 4% 
Ev"(£)=—— 5 [CaxSvotCsSro] , (3.2) 
where 
Sr= 6.5952 x (1/3 /2)8= 2.7824 


t¢=Ci(a@s"°/a@s) ’ Cit =Crs(aty%/ats) . 


6.5952 is the corresponding constant of rock 
salt type crystal. 


(2) Polarization energy. 

The distance between the interstitial ion 
and its second nearest-neighbours is (2/17 3 ao 
(=1.1547a)). Therefore, it is necessary to 
treat, even in the first order approximation, 
six second nearest-neighbours (ions 1, 2, --+ 6 
in Fig. 3) together with the four first ones 
(ions 1, 2,3 and 4 in Fig. 3) from the atomistic 
standpoint. Then 
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Ep’ (+)= Ep*’(+)+[Eer'(4)]s-0. (3.3) 
The first term in (3.3) is the polarization energy 
of all the ions except the first and the second 
nearest-neighbours on the continuum model, 
and is given by 
Ze)? 
a 
+(Co’’ —3.3750) M4] , (3.3a) 
where C)’’ =5.7362(=10.1977 x (7/7 3 /2)4)» 
The second term E>; is the contribution 
from these ten ions to be added to the first 
term. (cf. App. III) [Ep:(+)]s-o is the value 
of Epi(+) at s=0. 


(3) Short range energy. 

In totally ionic state the short range forces 
between an interstitial ion and a nearest regu- 
lar ion in the crystal will be nearly similar 
to those between two adjacent regular ions 
in the crystal. However, actually, the latter 
should be considered as the short range forces 
between S7- and Zn** or Zn7* and S*-, binded 
with one another by predominantly ionic inter- 
action. Since we cannot find any appropriate 
way to determine the force constants of these 
short-range forces, the short range interaction 
between S and Zn ions in zincblende in the 
case, where the interaction between them is 
considered as totally ionic, is used instead of 
the short range interactions between S7- and 
202 or Zn**, and S*. 

Then the short-range 
may be expressed as 


Es =4br’ exp (—do/0r’)=4F's'(ap) . (3.4) 
The numerical values of br’ and or’ are shown 
by (5.1) in Part I. 


(4) Energy Depression by Atomic Relaxation. 

Next, we will consider the energy depres- 
sion 4E’(+) or 4E’(—) resulting from atomic 
polarization of four anions or actions adjacent 
to an interstitial cation or anion respectively. 
Let us pick up only the parts of lattice energy 
varying with the displacements of the four 
ions adjacent to an interstitial ion. 

The change of Madelung and Van der Waals 
energies may be easily computed from the 
results shown in Appendix of Part I, con- 
sidering that the interposed ion has effective 
charge -++-Ze=+2e and electronic polarizability 
ay: 

The varying parts of the polarization energy 
are given by the sum of £p,(-) and 


E*(+)=—4 [(Co—4)M 


interaction energy 
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Eng (t)=701M.Q” +MQ'1x4, (3.5) 
0 


where Q” is a numerical depending on the 
displacement s and may be easily obtained 
from the value of Q’ in Appendix IV. Epz() 
is the polarization energy of all the ions other 
than four nearest neighbours and six next 
nearest neighbours of the interstitial ion. Eq. 
(3.5) may be derived in a similar manner as 
stated in App. II. 
Short range energy is given by 


Es'(s)=[3F's(r2) + Fs(@o + as) + Fs’ (@o—as)] X 4 , 
(3.6) 
where 


r:=AV 38°—4s +4] 3 . 


Fig. 4. Total energy change 4E’(+) with atomic 
relaxation around interstitial ion. 


Fig. 4 shows the change 4E’(+) of the total 
energy for various cases. The maximum 
energy depressions 4E,/(+) and 4En’/(—) for 
the interstitial cation and anion may be deter- 
mined in the same manner as in §2. These 
values are shown in Table III. 


Then W’(+) are given by 
W'(+)= En’ + Ey’ (+)+ Ep’ (+) 


+E s+4Em (+). (3.7) 
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Table III. Numerical values (eV) of energy terms constituting W (+). 
Wi +) w-) 
€ 1.0 0.9 0.8 0.7 1.0 
Ey! — 2.5476 — 2.5476 
Es! 7.2544 7.2544 
Ey! — 0.7353 — 2.3622 
RE Hip*! — 6.9733 — 6.4335 
is a — 9.7517 — 9.3480 — §:9227 —~"8) 4722 — 8.4267 
4H»! — 1.5180 — 1.4130 — 1.2279 — 1.1533 — 0.0374 
w' —14.2715 —13.7628 —13.1524 — 12.6273 —12.5354 
E,©! — 17.3468 ~15.7136 
Sn — 0.07116 — 0.07012 — 0.06994 — 0.06427 — 0.01496 


The results obtained are shown also in Table 
Ill. 


§ 4. Formation Energy of Lattice Defects 


As lattice defects, we will consider, in ad- 
dition to Schottky and Frenkel defects, the 
defect such that a cation and an anion on 
the surface of crystal are releazed into crystal 
and located at interstitial sites distant from 
one another, which may be called “inverse 
Schottky defect.” 

The formation energies Ws, Wr and Ws’ 
of Schottky, Frenkel and inverse Schottky 
defects are written in the following forms. 


Ws=W(+)+W(—)-Ez , (4.1) 
Wr(+)= W(+)+W(+) , (4.2) 

and 
Ws’ =W(+)+W\—)+Ez , (4.3) 


where Ex(>0) is the lattice energy per ion- 
pair. The numerical values of these formation 
energies obtained from the results of § 2 and 
§3 are shown in Table IV. 


Table IV. Numerical values (eV) of Ws, Wy(+) 


and Ws’. 
€ 1.0 0.9 0.8 0.7 ; 
Ws 3.5729 4.4182 5.2828 6.1608 
Wr(+) | 3.2655 4.6195 6.0945 7.4976 
Wi(-) 10.4173 
Ws! 10.1099 10.6186 11.2290 11.7541 


§5. Estimation of Dissociation Energies of 
Double Defects 

As double defects, the pair of a cation 

vacancy and an anion vacancy adjacent to 


one another and the pair of an interstitial 
cation and an interstitial anion adjacent to 
one another are considered here. We call the 
former a double hole and the latter a double 
interstitial ion. (cf. Figs. 1 and 3) 

First the polarization energy of medium 
which appears in forming a double defect is 
put aside. Then the formation energy W(+—) 
of a double hole is simply given by 


W(+—)= Wi +)+ W2(—)+ Ex 


=Wi-)+WiA4)+E:, (5.1) 

where 
Wi(+)= Eu+Ey(+)+Es (5.1a) 
WA+)=Ew+Ey(+)+Es,  (5.1b) 


W.i(+) is the energy to remove an ion in the 
crystal to an infinitly distant point (cf. (2.13)), 


and W,(-) is the similar energy for an ion 
adjacent to the vacancy formed by the removal 
of the first ion. The right-hand side of (5.1a) 
is already known in §2. Ewe, Ey.() and 
Es, are given in the forms: 


Bus=(Av-1)2 22 
Qo 


+ 0 Ey, 


l / , ‘J 
Fy2(+) = qlleFSro-)) + Cx2S 10] +0 Eva) 
Fs1=3F s(d)= Es . 
(5.2) 
OE wu, and dEy2(+) are the changes of Made- 


lung and, Van der Waals energies associated 
with the charge transfer stated in § 2. 


In the smilar manner, the formation energy 


W’(+—) of a double interstitial ion is given 
by 
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W(+—)= Wi (+)+Wa(—)—Ex 


= Wr (—)+WA’(+)—Ex (5.3) 
- where 
Wi (+)=Ew’ + Ey(+)+Es’ (5.3a) 
Ceineoet)) 
W2/(+)=EmtEv(+)+Es. — (5.3b) 
and 

, , 4 2 

Taare + ante 

ao a 

E oo" 
ErA{=)= — 7 Sal GlerSreks CaS = 
Es1=5Fy (ay) =~ Es 

T= Cy.(a, {a Oe ttt.) 

64> 


Next we consider the polarization energy 
of the medium except the atomic polarization 
of the six nearest-neighbours of a double hole 
(ions 2, 3, 4 and 1, 2, 3 in Fig. 1) and that 
except the eight nearest-neighbours (ions 1, 
2, 3, 4 and 1, 2, 3, 1’ in Fig. 3) and the two 
interstitial ions of a double interstitial ion. 
Then the polarization energy E»y(+—) for a 
double hole is given by 


BG Daa Oeenie, 
a naan ae sue {uC —4) 


(5.5) 


4+-(Cy —0.4219)|(M.+M_) 


Ee 


“——[(Qo—0.9192)(M+M_)] , 


(5.5a) 


where Q, is a numerical constant. (cf. App. 
IV.) In the similar manner the polarization 
energy Ep’(+—) for a double interstitial ion 
is given by 

had alsin tenet } 


(5.6) 

Ep*(+—)=— 
eqensalgrasye, (M.+M_)} 
+202" (Gy"—1.5485)(M. +0) 

(5.6a) 


* The short range forces between two interstitial 
ions of double interstitial ion is assumed to be the 
same as those between an interstitial ion and the 
four regular ions adjacent to it. (cf. § 3. (3)) 
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where Q)’’ is a numerical constant. (cf. App. 
IV.) 

Evi(+—) and Epi(+—) in (5.5) and (5.6) are 
the electronic polarization energy of the six 
neighbours of a double hole and that of the 
eight neighbours and the two interstitial ions of 
a double interstitial ion respectively. Epi(-+ —) 
and Ep(+—) may be computed in the similar 
manner as in the calculation of E>i(+) in (3.3). 
(cf. App. Il.) Ep*(+—) and Ep*(+—) in 
(5.5) and (5.6) are the polarization energies 
of all the ions other than these ions on the 
continuum model. The numerical subtrahends 
4, 0.4219 and 0.9192 in (5.5a) and 4, 1.7500 
and 1.5485 in (5.6a) originate from the lack 
of ion at the vacancy and from the exception 
of the neighbours. 

It would be very difficult to calculate the 
atomic polarization energy of these ions, since 
the electric field around the double defect has 
lower symmetry than that around a single 
defect. Therefore, we roughly assess the 
atomic polarization energy of these ions by 
using the values of their electronic polarization 
energy as follows: 


AE m(+ —)=(4Em(+)+4Em(—)) 
y Er(+—) 
Epi(+)+£Eri(—) ’ 
4Em’ (+ —)=(4Em’(+)+4Emn’(—)) 


Ep(+—) 

* RRS PERE 7 
where 4E,(+—) and 4Em’(+—) are the total 
energy changes due to atomic polarization, 
at equilibrium configuration, of the six neigh- 
bours of a double hole and that of the eight 
neighbours and the two interstitial ions of a 
double interstitial ion respectively. Then the 
total formation energies W(+—) and W’(+ —) 
of a double hole and a double interstitial ion 
are given by 

W(+—)=W(+—)+Er(+ —)+4En(+—), 
W'(+—)=W (+ —)+ Ep’ (+ —)+4Em'(+—). 
(5.8) 
Then dissociation energies Vn and Vy’ of 
a double hole and a double interstitial ion 
into two single holes and two single intersti- 
tial ions are written respectively as 


Vo= Ws—W(+-) 
Vol= Ws -W(+-). 


The results of numerical calculation are shown 


(5.2) 


(5.9) 
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Table V. Numerical values (eV) of energy terms constituting W(4+ —)-. 
€ 10 0.9 0.8 Oat 

ee 48.1214 
Ws, 
Bs ee —1.7916 

a BaCe=) ~5.0635 4.7118 —4,3491 _3.9755 
Vo ——_ 0.2963 pis 1.13% 
HO +—) | —6.0118 

Table VI. Numerical values (eV) of energy terms constituting W’(+—). 
F € | 1.0 0.9 0.8 Od ; 
_—— | : 2 

Wi! Ibe 
eae | —16.7068 
W,! | 
iy Bl (+ red — 3.0437 

; Ce oes | ~ 11.2807 — 10.5437 wont —~8.9884 
AE p'(+—) — 0.9653 — 0.8604 —0.7134 —0.6331 
W"(+-) 4.9203 5.7622 6.6718 7.5448 
Vp! | 5.1896 4.8564 4.5572 4.2093 
Ei," +-—) — 12.7790 


in Tables V and VI. In the calculation of 
Vp and Vp’, the difference is taken between 
the values of Ws and W(+-—), and those of 
Ws’ and W’(+—) with the same & value, by 
assuming that the effective reduction in polari- 
zability of anions is nearly equal for single 
defect and double defect. 


§6. Conclusion 


Referring to Table IV, we may point out 
that Frenkel defect caused by sulphur ion and 
inverse Schottky defect will be hardly formed 
at ordinary high temperatures (<(1020°C)*, 
which are realized in synthesis of luminescent 
materials. In particular, Wx(—) will be some- 
what more larger than the value in Table IV, 
since the overlap between the interposed sul- 
phur ion and the six sulphur ions located at 
next-nearest sites, will be fairly large, although 
this overlap is not taken into account in the 
calculation. If inverse Schottky defects and 
double interstitial ions were formed in zinc- 
blende at a high temperature, there might 
be a dissociative equilibrium between these 


* 1020°C is the transition temperature between 


zincblende and wurzite structures. 


two kinds of defects. However, the relation 
(1/2)Ws’ > Vo’ holds except for the case €=1. 
Then most of the interstitial ions will be dis- 
sociated.1? (cf. Tables IV and VI) 

As easily understood from Table IV and V, 
most probable defects in zincblende are Shottky 
defects, double holes and Frenkel defects by 
zinc ion. Since the dissociation energy of 
double hole into two isolated holes in negative 
for the case €=1, € would be somewhat 
smaller than unity. Recalling the fact that 
zincblende shows no ionic conductivity even 
at high temperatures, we may estimate € to 
be 0.9~0.8, namely Ws=4~5eV, and Vp to 
be less than leV. The fact that Vp is con- 
siderably small compared with Ws suggests 
that nearly random distribution of vacancies 
will be realized in zincblende. If this is the 
case, the number of double holes in zincblende 
is proportional to the square of the number 
of single holes“ and this fact has been to 
some extent experimentally evidenced by R. 
H. Bube.” The activation energy for Shottky 
defects and double holes are assessed to be 
(1/2)Ws=2~3eV and W(+—)=4-6eV re- 
spectively. These values may be compared 
with the activation energies of shallow and 
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deep traps in zincblende 4.5eV and 7.4eV 
obtained experimentally by Bube. 

Referring to Table IV, the formation energy 
of Frenkel defect by zinc ion, Wa#(-+), is 
estimated to be 4.5~6 eV. Smallness of Wr(+) 
in comparison with W,(—) is attributed to 
the large electronic polarizability of sulphur 
ions surrounding the zinc ion to be removed 
and interposed. This tendency will be much 
more exaggerated, when the overlap repulsion 
between the interposed sulphur ion and six 
sulphur ions located at next-nearest sites is 
taken into account. According to current 
views, neutral atoms of some foreign metals 
may be located at interstitial sites in zincblende, 
and form efficient luminescence centers. If 
we assume that these foreign atoms are located 
at interstitial sites surrounded by four sul- 
phur ions and that repulsive force between 
these foreign atoms and sulphur ions is nearly 
equal to that between interstitial zinc ion and 
sulphur ion, we may estimate the energy 
required to interpose the foreign atoms into 
the crystal from the exterior. Then the polari- 
zation energy of the medium, Ep’ in Table 
III, will be negligibly small, and the energy 
for the interposal may be assessed to be 2~ 
3eV. Thus atoms of some foreign metals 
with atomic radii of appropriate magnitude 
will be located easily at interstitial sites dur- 
ing the heating procedure of phosphor prepa- 
ration. 

The calculation in this paper is also ap- 
plicable to the other sphalerite-type crystals 
such as ZnSe, provided that Hartree solutions 
of constituent ions and effective charges on 
them are known. 


Appendix I 
When an additional free charge Ze is put 
into the crystal, the polarization P(R) at the 
distance R from the free charge is given by 


P(R)= aa & 


in continuum model, where « is the static 
dielectric constant. Further, the macroscopic 
polarization caused by electronic polarization 
of individual ions is given by 
IDWAe 
R)=(1-—— )}—, 
= ( =) R; 
where «,) is the optical dielectric constant. 
If we denote electronic dipole moments on 


(AI-1) 


(AI-2) 
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a cation and an anion in the crystal by sy 
and yw- respectively, and the atomic dipole 
moment by “4a, we may write, for sphalerite- 
type crystals, 


Y 3 
PIR) =( ay +t Bre VO Ee ae 
(R= (an eee oe ya(F z) 


P.(R)= (iat 1-12 =) a? 


fy(U-=a,]a_- ’ 

(AI-3) 
where a is the nearest-neighbour distance, 
and a, and a_ are the electronic polarizabilities 
of the cation and anion. By using (AI-1, 2 
and 3), ratio of electronic polarization to atomic 
one is given by 


k(y—1) ae 


(ita + 14-)/2pta =e (AI-4) 


Furthermore, if we introduce “he dimension- 
less quantities MM, and M-_ which are defined 
by 
Qy* Ze 


Msp 


(AI-5) 


=Ueta , 


we may obtain 
4 1 A+ 1 KkK—Ko 
Mea ez(1 aes 2 fee 
(AI-6) 
The numerical values of M. and M_ for zinc- 
blende are shown in Table I. 


Appendix II 
Polarization energy of the medium except 


four ions adjacent to the vacancy is given by 
(2.5), where x should be taken over all ions 
except these four ions. When the four ions 
adjacent to the vacancy are displaced on the 
tetrahedral directions, the field D:; from the 
free charges acting on the 7th ion in the 
crystal and the dipole ~ on it are given by 
(chy EFics.5) 


Loe | 
Le Rit > es Yij pine ; 
(AII-1)* 
Mm=Mia?D (Mi=Ms or M-).  (AII-2) 
should be taken over the four ions sur- 


rounding the vacancy. When the displace- 
ments sd of the four ions are not so large, 
the second term in the brackets of (AII-1) is 
very small, comparing with the first term. If 


* cf, foot-note concerning (2.6a) in § 2. 
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we neglect the square of this small term, 
then we obtain the following form by insert- 
ing (AII-1 and 2) into (2.5) 

1 (Ze)? 


a 
= Moe 


ot COs Js 

Reni? 
dot Cos 045’ 

TRA 7ag 2 
When s=0, 7ij=7ij/ and 0:j=6:;. Then Ep 
coinside with the first term in (3.5). Only the 
last term in (AIJ-3) varies with displacements 
sd). It may be written as 


rye an £02" .Q-+M;Q'|x4, 


Ep=— 


(AII-3) 
ao Cay) 


(AII-4) 


where 
@ cos 04; 


Q= a4 x 


’ ‘=a 
Reis? ~ d 
(2) 

Dy and > mean the summations over the like 
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and unlike ions respectively referring to the 
jth ion, to which one of the nearest neigh- 
bour unlike ions is absent. The numerical 
values of Q and Q’ for various values of s 


are easily computed from those of Q and Q’ 
in Appendix IV, where the summations are 
taken over all the cations or anions in perfect 
crystal except the reference ion (jth ion). 


Appendix III 
If the local electrostatic field excerted on 
an ion in the crystal is denoted by # and the 
dipole moment induced on it by yu, 


p=ak=a(D+E’), (AIII-1) 


where @ is the polarizability of the ion, D 
the electric field from free charges, EH’ that 
due to dipoles induced on all the other ions. 
If we write down this equation with respect 
to the ions 1 and 1 in Fig. 3, 


Ly 1 an 
Us= EAs | Duis) $8 . qe dg? 2-(? oy (s 6 a I'.(s sents 
+(S”Ms—S’ =4\ (AIIL-2) 
ae © «_(3V 3. E 
a es Dz 1 2 = a 5% 
aah agg a G Pris ot BO) laak Goer ave 
—(0,016M; +0.170Ms. ail (AIII-3) 


where 


fils) =V(1—s)?+ 201+s) , 


fols)=V (3+s)?+2(1+s)? 


i _b (1+3s) eles S) 2 rat (5+3s)(3+s) 
r(s)=1 apse 
ok a0 la ee ee 
piigey gu) seria: 18. 6 ed.. Sia 
Pi ao gaae de Fu lV false FO | . 


Sd is the radial displacement ot the four ions 
adjacent to the interstitial ion, ws and wz the 
dipole moments pointed to (111) and (100) on 
the ions 1 and 1 in Fig. 3 respectively. ax* 
are the total polarizabilities of cation and 
anion, containing atomic and electronic polari- 
zabilities, and are given by 


Ls + Ua af (@4+a_)(K—Kp) 
MUN Teh e ote ee 
D,(s) and D,(s) is the electric fields acting on 


the ions 1 and 1, from the free charges. When 
s=0, Ds(s)=Zee/ao? and Dz(s)=(3/4)Zoe/ay?. 


a,*=a 


The last terms in (AIII-2) and (AIII-3) are 
the electric field due to the dipoles on the 
ions 1 and 1 from all the ions outside the ion 
1. (cf. Fig. 3) The change of D,(s) with s is 
easily obtained from the results in Appendix 
of Part I. S’ is the same quantity as in (2.9). 
The value of S’’ at s=0 is 0.372. This value 
and the numericals 0.016 and 0.170 occurring 
in (AIII-3) are obtained in the same manner 
as in calculation of S and S’ in (2.9). The 
change of S’”” with s is computed with five 
rings around the interstitial ion, as in the 
case of S and S’ in (2.9). 
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By solving (AIII-2) and (AIII-3) simultane- 
ously we may obtain ws and we at a given s 
value. Then electronic polarization energy 
E}() of the four nearest-neighbours (1, 2, 


3 and 4 in Fig. 3) and the six next nearest 
neighbours (1, 2, ---6 in Fig. 3) given by 


Ejy(H)=[4Di(s)pte +6De(s)ee (AIII-4) 


€(<1) has the same meaning as stated in § 2. 
Accordingly, in the case of an interstitial 
anion € in (AIII-2) should be taken as 1. 


Appendix IV 
Q” is defined by 
re © cos Gi; 
UC mmgads Jp Ooo AIV-1 
S % + RPrj’? Chea 
oith ion 


7 
O A j Ai 
Cosas = 
Fig. 5. Diagram illustrating the relation among 
vectors Ri, rij and ri;’. 
O: Center of vacancy. 
A;: Regular site of the jth ion adjacent to vacan- 
cy (7= 1,255, 4)- 
8a): Displacement of the jth ion. 


Table VII. 

s Q Q! Q” 
—0.3 3.5618 3.8488 5.1684 
-0.2 3.5534 3.7192 4.8915 
=0.15 3.5440 3.6584 4.7472 
—0.1 3.5305 3.5995 4.5946 
=0.05 3.5141 3.5403 4.4504 

0 3.4876 3.4876 4.3054 

0.05 3.4588 3.4235 4.1657 

0.1 3.4174 3.3828 4.0392 

0.15 3.3670 3.3307 3.9233 

0.2 3.3161 3.2858 3.8334 

0.3 3.1910 3.1934 3.6944 
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; Qo and Qo’’ in (5.5) and (5.6) are the values of 
@ and Q’’ at s=0, respectively. 
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where the summation should be taken over 
all ions but the reference ion (jth ion). The 
meaning of the notations in (AIV-1) is to be 
refered in Fig. 5, where the point O is regarded 


as an interstitial site for this case. The sum- 
P ae @ cos 4:4; 
mation for like ions, at § —-—“. equals to 


4 Rens? 


Q’ stated in App. II and given in Table VII. 
Q” in (3.5) may be obtained by excluding 


from Q’’ the summation with respect to the 
other three ions equivalent to the jth ion and 
the six next-nearest ions of the interstitial 
site. 


In calculating Q, Q’ and Q” the summations 
are taken over the ions within 57 cells around 
vacancy or the interstitial site, and the residual 
parts are computed by integrating the sum- 
mands which are expanded in terms of power 
series of the displacement s. As the lower 
limits of integrations, those for the calculations 


uy 4 4 
of at 3) ——.and at >:—— are used. (cf. 
t Rit 


t Rit 
Part I Appendix) 
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Internal Friction of Lead. I 


By Yosio HIKI 
The Government Mechanical Laboratory, Suginami-ku, Tokyo, Japan 
(Received July 5, 1958) 


Internal friction of single crystal of lead (99.99% pure) was measured 
with longitudinal vibration in kilocycle range using the composite piezo- 
electric quartz oscillator. The dependences of the internal friction on 
the strain amplitude (0.5—12 10-8), on the frequency (64, 192 kc/sec) of 
vibration, and on temperature (140—340°K) were mainly studied. The 
internal friction is of the order of 10-3 at low temperatures, and in- 
creases slightly as the temperature is raised, and increases also with 
increasing strain amplitude. Near the room temperature, the value of 
the internal friction rises steeply. A peculiar temperature (about 300°K) 
has been found above which the internal friction decreases with increasing 
amplitude. The amplitude-dependent internal friction does not depend 
on the frequency of vibration and the amplitude-independent one seems 


to be proportional to the frequency. 


§1. Introduction 

Internal friction, which is the ratio of the 
mechanical energy dissipated per cycle to 
twice the total vibrational energy, is one of 
the most structure-sensitive quantities of the 
crystalline solids. There are several kinds 
of origins of internal friction according as the 
frequency of the vibration is different. In 
general, the internal friction also depends on 
other parameters such as strain amplitude of 
the vibration, temperature, purity, crystallo- 
graphic orientation and mechanical or heat 
treatment of the specimens. 

There have been some investigations about 
the internal friction of lead. In the audio- 
frequency range, the internal friction was 
measured as a function of frequency, and 
several resonance-type peaks were found”. 
Some of these peaks seem to have relations 
with the crystal dislocation. A peak was also 
found which might be due to the thermal 
current in the specimen vibrating transverse- 
ly®. In the kilocycle range, the pronounced 
dependence on the strain amplitude of the 
internal friction was observed®. This phe- 
nomenon may be explained by assuming the 
dislocation damping. Measurements at very 
large vibrational strain, which was in the 
range Of plastic fatigue, were also carried 
out®, The effect of impurity on the internal 
friction of lead was investigated, and it was 
found that impurity atoms decrease the value 
of the internal friction and alter the feature of 
the amplitude dependence”. At low temper- 


ature, the Bordoni’s peak was observed in 
lead as in other metals”. The behavior of 
the internal friction at high temperatures was 
also studied®. In the megacycle range, the 
difference of the ultrasonic attenuation in 
normal and superconducting states was firstly 
detected in lead metal”. This phenomenon 
is considered to be originated from conduction 
electrons. 

In the present investigation, the internal 
friction of lead single crystals in the kilocycle 
range has been measured as a function of 
strain amplitude, temperature and frequency. 


§ 2. Experimental Procedures 


The composite piezo-electric oscillator was 
used to measure the internal friction!. Two 
identical 18.5° X-cut quartz bars, 40 mmx 2mm 
x2mm, were cemented together in their end 
faces with Araldite 101. Gold electrodes were 
plated through vacuum deposition on the faces 
perpendicular to their electrical axes. Their 
fundamental frequencies of longitudinal vib- 
ration were about 64 kc/sec, being matched 
within 0.01 per cent. The composite quartz 
oscillator was supported upright with four 
fine. phosphor-bronze wires welded to the vib- 
rational nodes on each electrodes and these 
wires also served as electrical leads. Such 
supporting device made the oscillation stable 
and the reproducibility of the measured values 
of the internal friction was improved marked- 
ly. The energy loss of this oscillator system 
was about 10-° im vacuo and could be neg- 
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lected in comparison with the internal friction 
of lead which was larger than 10-3. 

A cylindrical specimen was cemented to 
‘the quartz oscillator. The diameter of the 
specimen was 2mm, and its length was ad- 
justed so as to make its frequency of vibration 
coincide with that of quartz. This matching 
need not be very strict when the internal 
friction of the specimen is not small. Phenyl 
salicylate was used as the adhesive between 
the specimen and the quartz for room temper- 
ature measurements. Silicone compound DC- 
40C was used for the case of low or high 
temperature. These joints are always located 
at the stress nodes of vibration and generally 
have little effects on the measurement. 

When the frequency of the input alternating 
voltage on the electrodes of one quartz oscil- 
lator coincides with its fundamental or one 
of the odd overtone frequencies, the composite 
system oscillates longitudinally, and the out- 
put voltage occurs on the electrodes of the 
other quartz. The input and output voltages 
were measured by vacuum tube voitmeters. 
The ratio of the input voltage to the output 
voltage is proportional to the internal friction 
of this system, while the maximum strain 
amplitude of the specimen is proportional 
to the output voltage. After the resonance 
curve of the quartz system is measured with- 
out specimen, these proportionality constants 
can be determined using the known elastic 
and electrical constants of quartz. The ac- 
curacy of the internal friction measurement 
was estimated to be better than 5 per cent. 
Young’s modulus of the specimen is also ob- 
tained by measuring the resonant frequency 
of the oscillator system. 

The total assembly was enclosed in a evac- 
uated brass tube in order to eliminate the 
air damping. Temperatures were measured 
by means of a copper-constantan thermocouple 
mounted very close by but not in contact with 
the specimen. 

Specimens were made from 99.99% lead. 
The impurities were determined by chemical 
analysis and the results were as shown in 
Table I. Single crystals were prepared in the 
following way. The lead was melted and 
sucked up into a glass tube. It was re-melted 
by a horizontally moving furnace and then 
solidified as a single crystal. The glass tube 
was dissolved away with hydrofluoric acid. 
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The crystal was deeply etched electrolytically 
by sulfamic acid. For cutting the crystals, 
the electrolytical method was also applied to 
avoid the cold-working by mechanical cutting. 
When the specimens were to be annealed, 
they were heated in ethylene glycol to protect 
themselves from oxidization. 


Table I. Impurities in lead used. 
(in weight per cent) 


‘S Si S Gr Fe Ni Cu 
0.007 0.0004 0.0003 none 0.0005 none 0.0003 


Zn As Ag Cd Sn Sb Bi 
0.0003 0.0003 0.0002 none 0.0004 0.0003 0.0002 


§ 3. Experimental Results 


3.1. Time dependence 

When the measurements were started as 
soon as the specimen was mounted to the 
quartz oscillator at room temperature, the 
internal friction, 6, varied with time, ¢, as 
shown in Fig. 1. These curves were com- 
posed of three portions: (i) ¢=0—10? min. 
In slowly cooled specimen, 6 decreased with 
time. In quenched specimen, there appeared 
a small peak. (ii) t~3x10?min. There ex- 
isted irregular peaks which were so large 
that their maximum values could not be 
measured. (iii) t->>3x10?min. 06 decreased 
monotonously and approached to a constant 
value although the change could be detected 
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after several ten days after mounting. 

For the measurement of the internal fric- 
tion of lead, attention should be given to the 
time lapse after mounting the specimen. 


3.2. Amplitude dependence 

Internal friction of lead, 6, depends on the 
strain amplitude of vibration, €, markedly. 
Following measurements were always carried 
out 18 hours after the mounting and at con- 
stant temperature, 8°C. 

dvs € curves of a specimen as grown, and 
annealed at 150°C for 1, 3, 5 and 8 hours are 
shown in Fig. 2. The same specimen was 
‘also annealed at 135°C for 1, 3 and 5 hours; 
120°C for 1, 3 and 5 hours; 105°C for 2, 4 
and 7 hours, successively, and similar sets of 
curves were obtained. As a 
general feature, 6 increased 
monotonously with increasing 
amplitude. When the amplitude 
was very small, however, 6 de- 
creased as the amplitude was 
increased. This extraordinary 
part in small amplitude region 
disappeared as temperature was 
lowered. 

To analyze the data, the 
amplitude-dependent part of the "% 
internal friction d,=d0—0; was 
considered, where 06: was ob- 
tained by extrapolating the 
value of 0 to €=0, disregard- 
ing the extraordinary part at 
small amplitude. In well an- 
nealed specimens, 0, did not 
depend on frequency of vibra- 
tion, f, as illustrated in Fig. 3. 

Young’s modulus £ varied 
with & and its fractional change, 
AE/E, was proportional to 4é 
except the small amplitude part 
[Fig. 4]. 

When €& is increased to a 
large value and then decreased, 
évs& curve always shows an 
apparent hysteresis loop as can 
be seen in Fig.5 (a). The value 
of 6 corresponding to the de- 
creasing amplitude part dimin- \ 
ishes gradually when the vib- 
ration is stopped, as the follow- 
ing manner. After the specimen 
was vibrated with €=12x10-° 


Friction § x10 


Internal 


Internal Friction of Lead. I 


1141 


for 5 min, internal friction was measured with 
small amplitude of about 2.9x10-°. As soon 
as 0 was measured, the vibration was stopped 
and the specimen was rested. The changes 
of the ratio 0/d) with the resting time, at 
different temperatures, are shown in Fig. 5 
(b), where 0» is the initial value of 0. 


3.3. Temperature dependence 

The variation of 6 and 4E/E with tempera- 
ture, JT, were measured from 140°K to 340°K. 
Fig. 6 shows the results for a specimen as 
grown, and annealed at 150°C for 2, 15 and 
40 hours. These measurements were always 
carried out exactly at the constant vibrational 
strain amplitude €=2.86x10-§. This fixed 
condition is important because of the strain 
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Fig. 7. Internal friction vs temperature curves for the specimen B,- 
5-B, annealed at 150°C for 60 hours, at various strain amplitudes. 
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amplitude hysteresis mentioned above, par- 
ticularly at low temperatures. If €& is once 
increased and then decreased, 6 does not return 
to its initial value so rapidly. This may be 
one origin of “ false peak ” which is sometimes 
observed in 6 vs T curve. 

It seems that dvs T curves can be divided 
into three regions. (i) In the low temperature 
region (T< 270°K), 6 increases slightly with 
increasing 7. There also exist small peaks 
which disappear when the specimen is well 
annealed. These peaks are sometimes not 
reproducible, but it cannot be considered that 
they come from experimental failure because 
AE/E also shows anomalies at the same tem- 
peratures. (ii) In the intermediate region near 
room temperature, 0 increases steeply. An 
anomalous point 7) (290—330°K) exists which 
sometimes appears to be an inflection point 
rather than a maximum of a peak. (iii) In 
the high temperature region (T>T)), 6 in- 
creases with increasing 7, but the increasing 
rate is lowered in comparison with that of 
the second region. 

In another well annealed specimen, 6 was 
measured as a function of temperature, taking 
€asa parameter. The results are summarized 
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Fig. 8. Internal friction vs strain 
curves at various temperatures. 
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in Fig. 7. When 6 is replotted against 
under the condition that T is constant, Fig. 
is obtained. The amplitude dependence off 
the internal friction in high temperature re; 
gion is entirely different from that in low 
temperature region. Namely, 6 increases 0 1 
decreases with increasing amplitude accordingy 
as T is lower of higher than J). At temper- 
atures lower than but not far from To, thed 
high-temperature type curve is partly super-} 
posed upon the usual low-temperature type 
curve in the region of small amplitude (e.g. 
curve e in Fig. 8), which has been already 
noticed in section 3.2. 
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Fig. 9.1) Internal friction vs temperature curves 
for two specimens measured at two frequencies. 
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3.4. Frequency dependence 


In Fig. 9, dvs T curves for two specimens 
are shown. Two frequencies were used by 
exciting the fundamental and third harmonic 
oscillation of the quartz. Higher harmonics 
of sufficient intensity applicable for measure- 
ment could not be obtained. These measure- 
ments were carried out about two or three 
hundred hours after mounting the specimen 
and no.appreciable change of 6 with time was 
observed. 

The strain amplitude used was so small 
that the measured, value of 6 might be re- 
garded as the amplitude-independent internal 
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friction 6;. At low temperatures, 6; seems 
to be proportional to the vibrational frequency, 
f. The same specimen vibrating in its second 
overtone was measured by other quartz oscil- 
lator. Low temperature 6 was more than 
twice as large as the value of fundamental 
vibration. Probably, the specimen was _ cold- 
worked through handling;'' 


§ 4. Discussion 


Various mechanisms were proposed to ac- 
count for the internal friction of crystalline 
solids. When the internal friction is measured 
with a high frequency vibration at low tem- 
peratures, it may not be attributed to the 
“relaxation by diffusion”. The only pos- 
sible diffusion-like mechanism which may 
contribute to the internal friction of single 
crystals under longitudinal vibration of high 
frequency is the thermoelastic heat flow in 
the crystal’. It can be estimated, however, 
that the magnitude of the internal friction of 
lead from this origin is less than 10-‘* at 64 
kc/sec. Moreover, the remarkable amplitude 
dependence of the internal friction cannot be 
explained only by assuming the damping with 
the nature of dynamic hysteresis including 
the “anelasticity.” Some notions of static 
hysteresis are required. 

Since Read!” suggested the possibility of 
dislocation damping as a source of internal 
friction, this idea was applied to interpret 
some of the experimental facts. There are 
now two types of models to treat the disloca- 
tion damping theoretically: “ pinned-down” 
dislocation model by Koehler™ and Granato- 
Liicke!, and “unpinned” model as that of 
Weertman!®?. The former assumes pinned- 
down or fixed state of dislocations by point 
imperfections such as impurity atoms. This 
model may be valid to the case of rather 
pure crystals at low temperatures. On the 
contrary, the latter, using the solution harden- 
ing theory of Mott-Nabarro, may be suitable 
to treat the internal friction of impure metals. 

It seems that the amplitude and frequency 
dependences of the internal friction of lead 
single crystals at low temperatures can be 
understood satisfactorily by adopting the treat- 
ment of Granato and Liicke. This can be 
summarized as follows. 

A thoroughly annealed sitigle crystal contains 
a stable three-dimensional network of disloca- 
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tions and their intersections are usually im- 
movable. If there exist enough impurity 
atoms which exert forces on the dislocation 
lines, the network loops of dislocations may 
be further pinned down here and there by 
impurities. When the external alternating 
stress is applied to the crystal, the dislocation 
lines between pinning points bow out in their 
slip planes like streched strings. With in- 
creasing stress, at the instance when some 
part of the dislocation line is torn away from 
an impurity atom, the other impurity-pinning 
points in that network loop are also broken 
down as a catastrophe, while the network- 
pinning points are fixed. During the decreas- 
ing part of the stress cycle, the loop collapses 
elastically until it is again pinned down by 
impurities. Using this picture, it can be shown 
that the internal friction of single crystal is 
expressed as a sum of two losses. The first 
is the dynamic one originated from the damp- 
ing force to the dislocation motion. This 
force is assumed to be proportional to the 
velocity of the dislocation. The second loss 
is the one of the static hysteresis type which 
originates necessarily from the break-away 
process mentioned above. The former loss is 
proportional to the frequency and independent 
on the strain amplitude, while the latter in- 
creases with increasing amplitude and does 
not depend on the frequency. 

The temperature dependence of the internal 
friction of lead, however, cannot be fully ex- 
plained by this theory only. The steep in- 
crease of the internal friction near room tem- 
perature may be due to the break-away of 
pinning points through thermal agitation. The 
reverse of the amplitude dependence at high 
temperatures is particularly noticeable and 
some expositions are wanted for it. 

It is supposed that there also exist some 
unstable dislocations or other imperfections 
in crystals. These may be the origins of the 
transient phenomena such as the variation of 
the internal friction with time after mounting 
the specimen. 

Detailed analysis of the present experimental 
results will be published later. 
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Scattering of Electrons by Carbon Films 
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Intensity distribution of electrons scattered by carbon films was measur- 
ed by the photographic method using a sector camera. The absolute 
intensity was obtained by the use of an intensity scale. The angular 
range of the measurement was 1.0x10-2~1.2x10-1 rad., the thickness 
of films 350~4,400A and the accelerating voltage 47 kv. Results of the 
measurement were in fair agreement with the theory of Lenz (Z. Natur- 
forschg. 9a (1954), 185). For the detailed agreement, however, we must 
take a smaller atomic radius than that of Lenz and we must take into 


account the inter-atomic interference effect. 


§1. Introduction 


The contrast of electron microscope images 
is determined mainly by scattering of electrons 
in the specimen. Intensity distributions of 
scattered electrons were extensively studied 
in the field of the electron diffraction. This 
field, however, is mainly concerned with the 
single’ scattering for large angles. For an 
interpretation of electron microscope images, 
a knowledge of multiple scattering as well 
as of single scattering is required, particular- 
ly for small angles. 

v. Borries» and Lenz” treated this problem 
theoretically. Lenz” calculated the intensity 


distribution for carbon, chromium and gold 
films of various thickness. Their theory as- 
sumes amorphous substances, viz, perfectly 
random arrangement of atom. The assump- 
tion is not satisfied for thin films of chromium 
and gold prepared by vacuum evaporation be- 
cause they produce Debye-Scherrer rings. 
Biberman ef ail. measured the intensity 
distribution for a very thin chromium film. 
A more,extensive experimental investigation 
of gold and collodion films was carried out 
by Leisegang®. To prove Lenz’s theory by 
experiment, the use of carbon films are more 
appropriate than metal films because they are 
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amorphous. Carbon films also are convenient 
because they do not show charging-up like 
collodion films. Kempf and Lenz® measured 
the relative value of intensity distribution for 
thin carbon films, while the measurements of 
contrast for carbon films were carried out by 
Lippert” and Komoda”. In the present paper 
we describe our measurement of absolute 
value of scattering distribution for carbon 
films. The thickness was 350~4,400A and 
scattering angle 1.0x10-?~1.2x10-! rad. 


§ 2. Experimentals 


Carbon films were prepared by the method 
of vacuum evaporation developed by Bradley. 
A film was evaporated on glass, floated on 
water and scooped up on a copper plate hav- 
ing a hole 0.5~1.0mm¢. The thickness of 
films was estimated using the proportional 


Table I. Thickness of specimens; py mass-thick- 
ness in unit ‘‘ Aufhellungsdicke’’: 1.4x10-5g/ 
cm?. 

No. of specimen Thickness 7) 

1 350 A 0.55 
2 700 Tat 
3 1400 Poel 
4 2200 B20 
5 4400 7.0 
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Fig. 1. Schematic drawing of sector camera. 
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relation between thickness and darkness”: 
darkness 1.0 corresponds to thickness 1,000A. 
The mass-thickness was derived from the 
thickness using the density of graphite. 
Specimens used in the experiment are listed 
in Table I. The thickness measurement be- 
comes inaccurate for films thicker than 1,500A. 
Therefore for specimen No. 4, the evaporation 
was carried out in two successive stages. By 
measuring the thickness for each stage, we 
determined the thickness of specimen No. 4. 
Specimen No. 5 was made by overlapping 
two films, each having the same thickness as 
that of specimen No. 4. 

The apparatus used for the _ intensity 
measurement was the electron diffraction 
camera provided with a rotating sector’, de- 
signed specially for the intensity measure- 
ment!? (Fig. 1). In our arrangement, the 
opening of the sector ¢ is 2zr/3.6 rad., where 
ry is the radius on the plane of the sector, the 
unit of ry being cm. Scattering angle 0 is given 
by 0=7/L=r’'/L’ where L is the speminen-to- 
sector distance, 7 the radius on the photo- 
graphic plate and L’ the specimen-to-plate 
distance. By rotating the sector in front of 
the photographic plate during an exposure, 
the effective exposure time is made propor- 
tional to the scattering angle, resulting in a 
flat blackening of the photograph allowing an 
accurate intensity measurement. 


’ 
D 


Fig. 2. Sector ¢=2n7/3.6 sad, radius in cm 


The incident beam has a cross section of 
about 0.1 mm¢ at the specimen and an aper- 
ture angle of less than 2.0x10-* rad. The 
whole beam passes through a specimen which 
is larger than 0.5mm¢. Under this condition, 
no charging-up effect was detectable for carbon 
films, while for Formvar films it was detect- 
ed. Before and after exposure, the incident 
beam was received by a Faraday cage 10mm 
in length and 1.8mm in diameter and the 
beam current was measured by a small cur- 
rent amplifier with sensitivity of 5x10-A. 
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The loss of the received charge by the secon- 
dary emission!» was less than the experimen- 
tal error. The exposure time was measured 
by counting the number of 50 cycle pulses 
which were produced by oscillating an electro- 
magnetic tuning-fork. We discarded photo- 
graphs when the current varied more than 
10% during the exposure. 

One of the most important factor in photo- 
graphic intensity measurement is the charac- 
teristic of the used plate. The characteristic 
can be determined by two methods, i.e. by 
the successive method!?»*» and by the inten- 
sity scale method. The former gives only 
the relative characteristic while the latter 


j-——— X —_—+ 


(a) 


Yo 


Fig. 3. (a) Intensity scale. 

curve of (a). 
gives the absolute characteristic which is in- 
dispensable for our purpose. Two pairs of 
electro-static deflectors were set in the 
camera perpendicular to each other (Fig. 1). 
On one of the pair, 15 kc saw-toothed voltage 
was applied and on the other the voltage 
damping exponentially with time constant 
0.023 sec. was applied. Thus by the deflect- 
ed beam, the intensity scale is made on the 
photographic plate (Fig. 3). The exposure on 
the intensity scale was estimated from the 
geometrical relation 


Exp.=t/bx (eli) 
where J is the incident current, ct the time 
constant of damping voltage, b the width of 


intensity scale and x is indicated in Fig. 3. 
By means of micrometer, we measured dark- 


(b) Micropnotometry 
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ness defined by | 
D=log (Yo/ Yt) (2) if 
where Y, is the intensity of incident light | 
and Y; the intensity of transmitted light. | 
Fig. 4 is a typical example of the character- i} 
istic. Circles in the figure were obtained by | 
the successive method. The circle at D= | 
0.43 was normalized to the absolute measure- | 
ment. Absolute characteristics agree with | 
each other within the experimental error of | 
10% provided the emulsion number and the | 
developing conditions are the same. Relative — 
characteristics agree within 5% error when | 
they are properly normalized. Scattered © 
intensity scale were taken on the same plate. 
The plate used was ‘‘ Fuji, Process Hard’’ 
and it was developed with D76d for 10min. 
at 18°C and fixed with F-5 for 10min. Dur- 
ing the microphotometering, the plate was 
rotated around the incident spot so that the 
grain effect of the plate was eliminated. 


08 
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50OKV electron 
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0-4 Fixer F-5- 


o2 


O5 x10 Goul/cm® 
—— E 
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0-3 
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Fig. 4. Characteristic curve. 


§3. Experimental Result and Cemparison 
with Lenz’s Theory 


For each specimen given in Table I, photo- 
graphs of scattering were taken. Darkness 
D(r’) obtained by the microphotometory was 
converted into exposure E(7’), making use of 
the characteristic of the plate. Intensity dis- 
tribution f(@), which is the probability of 
electrons scattered between @ and 0+d0, was 
derived from E(7’) by 

Of(0)=2rcE(r’)L’/ht (3) 
where J) is the incident current, ¢ the ex- 
posure time and c a numerical factor which 
depends on the opening of the sector: c=4.0 
for the sector used. The experiment was 


: 
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carried out at 47kv. Each result, however, 
was rewritten for 50kv by Osoxnv=Oa7ky X (47/ 
50)? so that it can be compared with Lenz’s 
theory. Rewritten results are given in Figs. 
Sa~e. 

For the differental cross section of an atom 
Lenz assumed an analytical function 

ee ee eee » sl 

dQ” 20+ @k?P wi ai a aE | 

(4) 

where Z is the atomic number, az Bohr 
radius, g=4zsin(6/2)/A and R the atomic 
radius derived from the diamagnetic suscepti- 
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bility. This formula includes inelastic scatter- 
ing as well as elastic scattering. By applying 
the theory of multiple scattering! to Eq. (4), 
Lenz derived the formula for the intensity of 
scattering by a film: 


f0)= iy CPN NOOT (YO) y dx (®) 
0 


Ha) = le SE ix0)—110 dd (a) 


where J is Bessel function of zero order, 
N; Loschmidt number and ;y/ the mass- 
thickness of the film. He carried out numeri- 
cal calculation at 50kv for various thickness, 


ao om we, 
-- 1 
oS 


Ore a er 8) OMe 


Fig. 5. Scattering intensity curves 
—o-— Experimental result. 
—___ Lenz theory with atomic radius 


0.35A. 
Lenz theory with atomic radius 
0.30A. 
Experiment Theory 
a) specimen No. 1 p=0.5 
b) specimen No. 2 p=1.0 
c) specimen No. 3 p=—2.0 
d) specimen No. 4 p=4.0 
e) specimen No. 5 p=8.0 
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assuming the radius of carbon atom to be 
R=0.35A. He gave his result in ‘‘ Abb. 14” 
of his paper, taking the thickness as a para- 
meter p which is given in the unit of 
‘¢ Aufhellungsdicke yl’ ’”’ 


pa 
iff 
mh (6) 
= 
Nioeit 


where M is the atomic weight and «-,' is the 


SFU9) 


10 xlO4p 


Fig. 6. Calculated intensity of scattering from 
carbon film Thickness: 320A i.e. 7x10-® g/cm? 
or p=0.5 
Solid line curve: Direct calculation by Eq. (5), 
neglecting multiple scattering 
Broken line curve: Calculated by Eq. (6) where 
multiple scattering is taken into account. 
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total cross section for the elastic scattering. 
Fig. 6 illustrates the effect of multiple scat- 
tering to be considerable even for film with 
thickness of only 320A. Lenz’s results are 
given by solid line curves in Figs. 5a~e. It 
must be emphasized that a fair agreement 
has been obtained for absolute values. At 
small angles, however, experimental curves 
are lower than theoretical ones. This trend 
is observed for all specimens. Small peaks 
which are observed at 2.5x10-? and 4.5x 10-2 
rad. in Fig. 5 are attributed to diffraction 
halos. (Sec. 4 c). 


§ 4. Discussions 


Comparison with the result of Kempf 
and Lenz 

To compare our result with that of Kempf 
and Lenz»), Figs. 5a~e were replotted taking 
log (f(@)) as the ordinate and log@ as the 
abscissa (Figs. 7a~e). We found that for 
small scattering angles, tangent 7=d(log (f\@)) 
/d(log 6) is a constant independent of 0, which 
agrees with their findings for angles smaller 
than 1.0x10-* rad. They plotted 7 against p 
and confirmed that the following relation 
holds: 


a) 


Lek Same 

p 
Since their experiment was carried out at 
70 Kv, our value of p obtained at 47 Kv was 


rewritten for 70 Kv through the relation 


Prxv=0.8 parky (8) 


where the coefficient 0.8 was derived from 
‘“Abb. 2’”’ of Lenz’s paper®. Their result 


(7) 


+e = + 
(¢) 5x!" 9 10 10 


Fig. 7. Scattering intensity curves. 
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and ours are plotted in Fig. 8. Our result is 
also in agreement with relation (7) (Fig. 8). 

In our experiment the absolute value of 
#(?) was measured in the angular range which 
did not cover such small angles as those in 
the experiment of Kempf and Lenz. Since 
the values of 7 obtained in both experiments 
are in agreement, the relative value of f(0) 
in their experiment can be normalized to our 
absolute value. 


Fig. 8. Relation between gradient 7 and mass- 
thickness p. 
x Kempf and Lenz 
© Present experiment 


Table II. Scattering absorption coefficients. 


Komoda Lenz Present exp. 
INGER 106F 2x 10-S  4F X 10-3 
2.0 1.9 3.9 
5-5 1.6 2.8 
9.3 Es Yeipsrd 1.4x10-3 
24.0 0.74 1.0 0.9 
49.0 0.36 0.36 0.36 


b) Comparison with the result of Komoda 


At various objective apertures, Komoda” 
measured the contrast of carbon films having 
a thickness 180 ~ 1,800 A. Contrast is given 
by the empirical formula!” 

Contrast=1—e™' (9) 
where / is the thickness of film and y is the 
scattering absorption coefficient which depends 
on the objective aperture. In Table II, values 
of w calculated from both Komoda’s data and 
ours are given as well as those derived from 
Lenz’s theory. Our experimental value is 
normalized to Komoda’s value at objective 
aperture 4.9x10-? rad.* A discrepancy is 

* The numerical agreement between Komoda 


and Lenz’s values at objective aperture 4.9x10-? 
rad. is accidental. 
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observed between Komoda’s result and Lenz’s 
theory at small objective apertures. This 
fact indicates that experimental intensity 
curves are lower than theoretical ones at 
small angles. This trend is also found in our 
experimental result. Although the discrepan- 
cy is not conspicuous in plots such as Fig. 7, 
it appears markedly in Fig. 5. 


c) Value of atomic radius 


Lenz adopted 0.35A as the atomic radius of 
carbon. Since, however, there is variety in 
data of diamagnetic susceptibility, the corres- 
ponding atomic radius turns out to be 
between 0.29 and 0.40A. For the diamond 
structure, the atomic radius turns out to be 
only 0.11A. According to Kakinoki et al.,1” 
the structure of evaporated carbon film is a 
combination of diamond-like structure and 
graphite-like structure. Thus we expect an 
atomic radius much smaller than Lenz’s 
value. If we adopt a smaller atomic radius, ° 
agreement between theory and experiment is 
improved. In Figs. 5a~e broken line curves 
represent the calculated intensity assuming 
R=0.3A. Agreement might be improved by 
assuming R smaller than 0.3A. We did not 
carry out the calculation under such an as- 
sumption because the interference effect de- 
scribed in the next subsection may be larger 
than the effect of atomic radius. 


d) Interference effect 

Although evaporated carbon film is amor- 
phous, atomic arrangement in the film is not 
perfectly at random. Thus the diffraction 
halos appear (Fig. 5). The effect of halos 
on image contrast is not considerable and 
may be neglected in the present discussion. 
We cannot, however, neglect the interference 
effect which is caused by non-overlapping of 
atoms; two atoms cannot overlap even though 
the atomic arrangement is otherwise at 
random. In Lenz’s theory the effect of non- 
overlapping is neglected. By this effect the 
intensity of the elastic scattering at small 
angles is much reduced and vanishes at zero 
of the scattering angle. Fig. 9 illustrates 
the effect. Since inelastic and multiple scat- 
terings are neglected, Fig. 9 cannot be direct- 
ly compared with experimental results. At 
any rate, the trend of the effect is in accor- 
dance with the experimental results in Figs. 
5a~e, i.e. at small angles, experimental 
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curves are lower than Lenz’s theory. Since For this type of inelastic scattering we must 
this effect takes place for any sample, it have a mental picture of the scattering tak- 


must always be taken into account in calculat- 
ing image contrast. 


fl) 


8 1Ox10* 


Fig. 9. Relative intensity distribution of elastic 
scattering by a thin film. (theory) 

Interference effect, neglected. 

Interference effect, taken into account. 


e) Inelastic scattering 


In the theory of scattering, atoms in solid 
films are usually assumed to be free. The 
theory, therefore, is a good approximation 
for inner shells which are effective for large 
angles. The bonding effect changes the state 
of outer shells. In Lenz’s theory this effect 
is taken into account by using the atomic 
radius derived from diamagnetic susceptibili- 
ty. However, for scattering at such small 
angles as 10-4 rad., the assumption of free 
atoms is not adequate. Broadly speaking, the 
scattering at the scattering angle @ is caused 
mainly by electrons which are spread in 
dimension d=4/0. For 0=10-‘ rad., d has the 
order of magnitude 400A. Thus it is more 
reasonable to consider that the inelastic scat- 
tering at such small angles is caused by a 
free electron. 

Recent investigations on energy losses from 
electrons revealed that in solids the important 
part of the inelastic scattering is caused by 
the excitation of plasma oscillations!?-2”, 


ing place within the whole electron system 
existing in the film. The inelastic scattering 
due to band-band transition is also caused by 
electrons extended in solid material. It should 
be noted that at small angles, the scattering 
distribution depends not alone on the sub- 
stance but also on the shape which is well 
known in X-ray optics as ‘‘small angle scat- 
tering ’’. In order to know the intensity dis- 
tribution of scattered electron more exactly, 
it is necessary to measure the intensity of 
elastic and inelastic scatterings separately at 
small scattering angles. 
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The crystal structure of germanium selenide has been analysed by X- 
ray method. The structure is orthorhombic with the space group D,j°- 
Pemn. The dimensions of the unit cell containing four chemical units, 
GeSe, are a=4.38, b=3.82 and c=10.79 A. It follows from the positions 
of all atoms determined by means of the electron-density projection that 
the structure is of a distorted NaCl type isomorphous with SnS and SnSe. 
The distances Ge-Se are 2.54, 2.58, 3.30 and 3.39 A. 


Introduction 780°C). Then it was cooled gradually down 


§ 1. 


The semiconducting properties and the crys- 
tal structures of some intermetallic compounds 
composed of elements of IV b and VI b groups 
in the periodic table have been studied in 
our laboratory. In connection with the in- 
vestigation of the semiconducting properties 
of germanium selenide GeSe”, the structure 
analysis of this compound was performed by 
X-ray method to determine the accurate 
atomic coordinates. 

The result was compared with the structural 
data for the crystals of germanium sulphide 
GeS”, stannous sulphide SnS*® and stannous 
selenide SnSe*. The structure of GeS re- 
ported by Zachariasen, giving atomic coordi- 
nates inconsistent with those in the other 
isomorphous compounds, was criticized. 


§2. Crystallographic and X-ray Data 


Single crystals of GeSe were prepared by 
the following method: germanium (resistivity 
=a few ©cm) and selenium (99.997%) in 
stoichiometric proportions were sealed in an 
evacuated silica tube. The mixture was heat- 
ed up to about 1000°C and kept at the tem- 
perature for 50 hours (M.P. of GeSe is about 


to room temperature taking 5) hours, con- 
taining 12 hours for annealing at 600°C. 
Throughout these procedures temperature was 
controlled automatically. 

The crystals have metallic lustre and are 
gray and fairly soft. They cleave along the 
(001) planes very remarkably. 

X-ray diffraction data were obtained mainly 
from rotation and oscillation photographs taken 
with nickel-filtered Cu KA radiation. Laue 
photographs and oscillation photographs taken 
with zirconium-filtered Mo K radiation were 
used auxiliarily. The preliminary results are 
shown in Table I. 


Table I. Elementary X-ray data. 


orthorhombic 
a=4.38, b=3.82, c=10.79 A 
4 units of GeSe 


Laue symmetry 
Lattice constants 
Compositions 


The kk0 reflexions with h+k odd and the 
ORI with 7 odd are systematically absent. 
This extinction rule is satisfied in the ortho- 
rhombic system only in the cases of the space 
groups D,°-Pemn and C,)-Pc2in, in which 
there are possible fourfold positions as follows: 
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tor .D#-Pemn: %,.4, 2, %, 4, 2; 
Po, 4, Vas rks ie Oe ars ? 
for COC Po2in. %, ¥, 2; '%, FV, 2; 

It is evident that these are centro- and 
noncentro-symmetrical, respectively, and that 
if all the y parameters of the two kinds of 
atoms in C,3-Pc2:n are equal to +7, these two 
space groups give the same results. 


§ 3. Intensities 


The integrated intensities of the O/ and 
hOl reflexions were recorded on oscillation 
multiple-film photographs. The integration 
was carried out only in the rotational direc- 
tion by means of manual control. All the 
intensities were determined visually. The 
intensity ratio of the strongest reflexion to 
the weakest one was about 2000. 

A few pieces of crystals cut from a large 
block of single crystal were used to get X-ray 
data. It was necessary to take care of the 


shape of the specimen since the linear absorp- . 


tion coefficient w is 4.110? and 3.710? cm=7! 
for Cu Ka and Mo Ka radiations, respective- 
ly. Due to the softness of the crystals, at- 
tempts to obtain specimens of thin cylindrical 
shape by grinding were unsuccessful. There- 
fore use had to be made of specimens having 
rectangular cross-section (about 0.01 x 0.1 mm) 
and length of about 1mm parallel to the 
rotation axis prepared as follows. A slice 
with thickness of about 0.01 mm were care- 
fully cleaved off along the (001) planes at 
liquid air temperature. After the determina- 
tion of the crystallographic axes by Laue 
photographs, the slice was carefully cut along 
the a or 6 axis again at liquid air temperature. 

Because the absorption effect is not signifi- 
cant except for several reflexions for which 
the paths of the X-ray beam are nearly paral- 
lel to the rectangular edge with length of 
about 0.1mm, no corrections were made at 
the first stage of analysis. 

The corrections for polarization and Lozentz 
factors were made in the usual way. The 
secondary extinction was not taken into ac- 
count. 


§4. Structure Determination 


(i) x and z parameters 
There is no difference between the atomic 
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positions 4c of DjJ® and 4a of C,8 in the (010) | 
projection and both have centres of symmetry. i 

The Patterson synthesis on the (010), evalu- | 
ated making use of Beevers and Lipson strips | 
at 6° intervals, is shown in Fig. 1. The ] 
cross-section of the broad maximum at x«=a/2 || 
is shown in Fig. 2 and is resolved into two | 
peaks A and B by the following way. The | 
left half of the peak B indicated by a broken | 
line is drawn symmetrically to the right half. | 


\72 


@ Se-Se @® Ge-Se 


Fig. 1. Patterson projection on (010). Position of 
maxima obtained from the final atomic coordi- 
nates are indicated by the three kinds of marks 


_ > * 
10/60 15/60 20/60 —»z | 


Fig. 2. Cross-section of the broad peak in Fig. 
1 at w=a/2, which is resolved into two peaks A 
and B. 


Table IJ. Preliminary atomic coordinates. 


x z | 
Ge 0.092 0.151 : 
0.879 


Se 0.492 


The peak A is obtained by subtracting the 
peak B from the broad peak. The maxima A 
and B were considered to be due to the Ge— 
Ge and Se-Se vectors, respectively. From 
these figures preliminary atomic coordinates 
aré determined as shown in Table II. 

With the help of the above coordinates the 
signs of the observed structure factors F(h0/) 
were determined and the two-dimensional 
electron-density map on (010) was computed. 
From this map it was found that the z para- 
meters of Ge and Se atoms had to be inter- 
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changed. This did not influence the signs of 
F(h0l). After computing the second electron- 
density map the absorption correction was 
applied in a simple way. That is, the ratio 
of the observed unitary structure factors to 


Oo 


c 


0 2A 
Fig. 3. The final (010) Fourier synthesis. Fine 
and bold contours indicate Ge and Se contours, 
respectively, and both are drawn at intervals 
of 10e. A-2. The zero contour is indicated by 
broken curves. 
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Table Il]. Final atomic coordinates. 
x z 
Ge 0.106 (0.104) 0.879 (0.878) 


Se 0.503 (0.502) 0.148 (0.149) 


Values in the brackets show the corresponding 
values obtained from the second electron-density 
map, that is, before the absorption correction. 


the calculated ones was first evaluated as the 
function of the path length of X-ray beam in 
the specimen. Then the correction was made 
by dividing the observed F(h0/) by the above 
ratios. Thereafter the computation of the 
electron-density map was repeated. In Fig. 3 
the fourth electron-density map is shown, 
from which the final atomic coordinates were 
determined as shown in Table III. 

In Table IV the observed structure factor 
Fo is compared with the calculated one Fy. 
Fe was calculated using atomic scattering 
factors of Ge and Se atoms given by Thomas 
and Umeda» with an isotropic temperature 


Table IV. Observed and calculated structure factors. 


hol |Fo|/4 F,/4 hol |Fo|/4 F,/4 hol | Fo] /4 F,/4 
002 8.0 — 7.4 200 38.9 28.3 307 14.6 —14.6 
004 44.6 —45.6 201 18.3 13.6 308 0 — 1.3 
006 9.9 12.9 202 8.3 — 6.1 309 0 EG 
008 17.6 Ole 203 9.9 14.1 3010 5.0 Lick: 
0010 8.0 — 9.6 204 17.4 —21.0 3011 6.0 7.0 
0012 4.8 — 6.3 205 7.9 — 9.4 400 Saco. Lhaee 
101 4.2 — 2.0 206 138% TD Ali 401 Bae 2.9 
102 16.6 16.8 207 11.6 —11.4 402 6.0 — 3.1 
103 it hae 10 208 9.0 8.4 403 1.8 3.6 
104 0) 2 209 Dre 5.4 404 0 — 0.1 
105 9.8 —11.1 2010 10.3 —10.0 405 0 — 2.1 
106 12.4 —11.3 2011 4.0 ith 406 8.4 7.8 
107 10.5 — 9.7 2012 0) 0.3 407 3.4 — 3.5 
108 0) = 45 301 20.3 =315%3 408 eA =) 3i4 
109 11.4 L523 302 16.2 5 92, 501 L749 —11.4 
1010 inc 6.7 303 19.0 19.3 502 0 — 0.7 
1011 4.4 2.0 304 0 0.8 503 14.0 PSe2 
1012 0 1.4 305 5.8 Byes, 504 0 — 0.6 
1013 11.8 —12.3 306 8.6 —11.7 505 oe Oar 
factor exp[—B(sin 6/A4)?] for B=1.6 A?. The about 30 and 36, respectively, and the ratio 


observed structure factors were placed on an 
absolute scale by being multiplied by a scale 
factor. The temperature and scale factors 
were determined by plotting log (F./Fc) against 
(sin 0/4). 

The reliability index R= 5||F.|—|Fe||/2| Fo! 
is 20%. If the nonobservable reflexions are 
omitted, R becomes 18%. The total electron 
numbers at Ge and Se peaks in Fig. 3 were 


of the heights of these peaks were also equal 
to the ratio 30:36. This suggests that about 
2 electrons might be transferred from a 
neutral Ge atom to a neutral Se atom. The 
accuracy of this analysis, however, was not 
sufficient to discuss the electron transfer in 
detail, because the value of R was not sensi- 
tive to the slight change of atomic scattering 
factor due to the slight change of the total 
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electron numbers*. 


(li) » parameters 

The intensity data of the (0k/) reflexions 
were obtained using a specimen of shape 
similar to that of the (202) specimen. Meas- 
urements and transformation to F(Ok/) of the 
(ORl) intensities were carried out in the man- 
ners similar to those in the case of the (h0/) 
reflexions. The observed values of F(OR/) up 
to (072) reflexions are in good agreement with 
the calculated one, with y parameters of =H. 


Fig. 4. Intensity distributions for the (Okl) and 
the (ROL) reflexions. The broken lines give the 
theoretical distributions. 


Three statistical tests were applied to dis- 
tinguish whether a symmetry centre was pre- 
sent or not. The results of the MN(z) test® 
are illustrated in Fig. 4. The observed distri- 
bution is raised due toa few extremely strong 
reflexions. Furthermore there are only 28 
independent (0&/) reflexions so that the results 
of the Wilson ratio test? and the variance 
test® deviated from the theoretical values. 
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But the comparison with the results of these | 
tests for 57 independent (/0/) reflexions shows 
that the space group DJ°-Pcmn is more prob- | 


able. 


Thus the space group for GeSe was con- | 


cluded to be D,j-Pcmn. 


C) = 


Schematic (010) projection of GeSe. 
ction on each atom indicates its height along 6 


O 6 


Fig. 5: Fra- 


from the level plane. 


in A. 


Ge-Se distances are given 


§5. Discussion 

In Fig. 5 the schematic projection of the 
unit cell on (010) and the Ge-Se distances are 
shown. This structure is of a distorted NaCl 
type, isomorphous with SnS and SnSe. The 
Ge-Se distances (A) are as follows: 

2.54 (hs 2.58 (2), 4.3.30 (2) 953.39 


Figures in the brackets show the number of 


Table V. Lattice constants and atomic coordinates of GeS, GeSe, SnS and SnSe. 


GeS GeSe SnS SnSe 
a=4.29 kX a=4.38 A a@=4.33 kX a=4.46 A 
b=3.64 b=3.82 b=3.98 b=4.19 
c=10.42 c=10.79 c=11.18 e=11.57 

x z x 2 x 2 v 2 

Ge 0.167* 0.875 Ge 0.106 0.879 Sn 0.115 0.882 Sn 0:103 0.882 
S) SCO BES Pohl Se 0.503 0.148 S 08478. 07150 Se 0.479 0.145 


* These values obtained by Zachariasen seem to be not correct as described in §5. 


the Ge-Se bonds. These six bonds correspond 
to those between the nearest neighbours in 
NaCl. 

In Table V the results of the structure 
analyses of GeS”, GeSe, SnS® and SnSe” are 
compared. In the table some of the crystallo- 
graphic axes in the original papers are inter- 


* The change of the value of R was estimated 
to be less than 2% for a particular case where Ge 
and Se atoms were substituted by Zn and Kr atoms, 
respectively, in the calculation of F,. 


changed and the origins are displaced from 
those in the original papers. The atomic 
coordinates in the crystals of GeSe, SnS and 
Sn$e correspond to each other. The coordi- 
nates in the crystal of GeS, however, are not 
consistent with them. Wyckoff? remarked 
the fact that very different parameters had 
been assigned to the atoms in GeS and SnS 
crystals in spite of the similarity of their cell 
size. The strangeness becomes more con- 
spicuous by the above comparison of the four 
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compounds. Thus the analysis of GeS» per- 
formed by Zachariasen was reexamined and 
a mistake was found in the determination of 
the x parameters. The calculated structure 
factors for GeS assuming the same parameters 
as GeSe are in better agreement with the 
intensity data. Consequently it seems that 
the atomic coordinates in GeS are similar to 
those in the other three compounds and all 
the four compounds belong to the B29 type. 


The author wishes to express his hearty 
thanks to Prof. T. Okada for his kind guid- 
ance and also to Mr. S. Asanabe for prepa- 
ration of GeSe single crystals. This investi- 
gation was partly supported by the Scientific 
Research Expenditure of the Ministry of Edu- 


cation. 
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Anisotropy of Nuclear Magnetic Resonance due to 


Crystal Dislocations 


By Eizo OTSUKA | 
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Using plastically deformed crystals of KI, the nuclear magnetic reso- 
nance of [227 has been observed. The broadened signals of I!2” show 
distinct anisotropy as regards the direction of the external magnetic 
field. This anisotropy is interpreted to arise from the definite orientation 
of a crystal dislocation. The experimental results are analyzed in terms 
of the gradient-elastic tensor which has been introduced by Shulman- 
Wyluda-Anderson. It is concluded that densities of edge and screw dis- 
locations are fairly well balanced and increase for a certain range almost 
linearly with degree of cold-working, in agreement with the previously 
reported result for KBr. Assuming the total dislocation density to be 
109cm-2 for ten percent deformation, we get |C44|~8x10* statvolts/dyne 


and its one-third for |Ci|. Comparison with the result for KBr shows 
that the amplification factor of eQq is greater than 50 for [7 in KI. 


$1. Introduction 

Nuclear magnetic resonance technique has 
proved to be an immensely convenient means 
to lay open the characteristics of the internal 
defects of solids. Of all these internal defects, 
a most interesting one is the crystal disloca- 
tion, which has a close relation with the 
plasticity of a solid. So far many both theo- 
retical and experimental approaches have been 


made on this subject? and now nobody doubts 
the dislocation concept. There remain, how- 
ever, still many unsolved problems and the 
need of more experimental works is strongly 
emphasized. This paper aims to offer a new 
material from the side of nuclear resonance 
studies. 

In a previous investigation of KBr”, we 
made a plain assumption that the electric field 
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gradients caused by the dislocations are simply 
proportional to the strains around them, and 
using the amplification factor of eQq, obtained 
from a different source of experiment, we 
estimated the order of magnitude densities of 
dislocations, and along with this described the 
unsuccessful attempt of getting directional 
effects of dislocation lines, in other words, 
the anisotropy of nuclear magnetic resonance 
due to dislocations. If such anisotropy is 
caught on the resonance line, it will provide 
a direct way to study the crystalline field 
around the dislocation. With this point in 
view, a further investigation has been made 
with single crystals of KI, taking the reso- 
nance lines of I!2”, which has a larger eQq 
than Br? or Br®! and hence a greater effect 
is expected. 

Although the dislocation concept was first 
developed in the theory of plasticity, which 
deals with an ideal continuum, the direction 
of a dislocation line in an actual solid is re- 
stricted by the crystallographic configuration. 
In the case of alkali halides, the slip plane is 
always (110) with the slip direction being 
along [110]. Hence an edge dislocation line 
lies parallel to [100], while a screw dislocation 
has its axis along [110]. This definiteness of 
the crystallographic orientations of dislocations 
should reflect itself upon the curve shape of 
a nuclear resonance line, if the field gradients 
due to the dislocation have an appreciable 
interaction with the nuclear quadrupole mo- 
ment of the nucleus in question. 

A pioneer work was done by Watkins 
about the effect of dislocations on the nuclear 
magnetic resonance. He considered merely 
the stress field of an edge dislocation and 
further simplified that the field gradients arise 
only from the shear strain ozy/G, which we 
also followed in the previous paper» in deal- 
ing with an edge dislocation, in view of the 
small shear modulus of KBr®, Watkins then 
calculates the angular distribution of disloca- 
tion lines and deduces the net frequency shift 
toward the lower frequency side in the case 
of the second order broadening, which con- 
forms well with the experiment. This calcu- 
lation, however, is based upon the assumption 
that the crystal is an ideal continuum and a 
dislocation line may have its axis in an arbi- 
trary direction, which fundamentally differs 
from the actual situation. On account of this 
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randomness of directions of dislocation lines, 
such a continuum model can predict no an- 
isotropy of nuclear magnetic resonance line, 
and the net frequency shift is not affected by 
the direction of the applied magnetic field. 
If the crystallographic orientation of the dis- 
location line is taken into account, the net 
frequency shift goes in the opposite direction 
for H)//[100], so far as the shear strain of the 
edge dislocation is concerned. In order to 
explain the experimental result, we had there- 
fore to introduce the effect of the screw dis- 
locations, which, if invested with nearly equal 
density to that of edge dislocations, could well 
account for the observed frequency shift”. 
Further, the definite orientation of a dis- 
location line will evidently give rise to some 
kind of anisotropy of the resonance line, if 
the quadrupolar interaction is _ sufficiently 
strong. In the previous attempt with KBr”, 
we wanted to get many unidirectional edge 
dislocations through the bending technique. 
The reason why this attempt ended in failure 
was ascribed to the insufficiency of the density 
of the produced edge dislocations. It is in- 
deed a rather difficult task to produce so many 
pure edge dislocations free from the screw 
dislocation group. Moreover, the electric field 
around an edge dislocation is not so simple 
in reality, if a proper account is paid also on 
the stress components other than shear. The 
calculation would not go beyond a qualitative 
stage. And as long as we are satisfied with 
a qualitative result, the presence of screw 
dislocations would not fatally spoil our treat- 
ment, since the stress field and hence electric 
field around a screw dislocation is much sim- 
pler than that of an edge dislocation. 
Recently Shulman, Wyluda and Anderson» 
performed an interesting NMR experiment on 
single crystals of InSb which were subject to 
axial elastic deformation and measured the 
eQq with In™® caused by this artificial distor- 
tion of the originally cubic lattice. In the 
course of analysis, they introduced the so- 
called gradient-elastic tensor which, under 
the’ assumption of linear response as usual, 
converts stress or strain to field gradient. 
With this new tensor concept, formal treat- 
ment of field gradients has got much easier 
and hence a more extensive study of crystal 
dislocations has become possible. Accordingly, 
much of this successful gradient-elastic tensor 
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concept has been utilized in the present work. 


§2. Field Gradients of Dislocations 


In a cubic crystal as alkali halide, there is 
originally no electric field gradient at the site 
of a given nucleus. If some imperfection is 
created within the crystal, however, there 
arises a deviation from the cubic symmetry 
and we have a finite field gradient. If the 
quadrupole moment of the nucleus is suf- 
ficiently large, the quadrupolar interaction 
cannot be treated by a simple first order 
perturbation and higher order perturbation 
should be taken into account. Plastically de- 
formed KBr or KI belongs to the category 
which needs this higher order approximation, 
since the eQg at Br or I is so great. So far 
the electric field due to a dislocation line has 
been approximated to be an axially symmetric 
one and simply replaced by the elastic shear 


— 2 (VE)(VE)-1 pay ee 2 
3A soni 32 le m[4I.[+1)—1—8m?] 
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strain. In order to make an order of magni- 
tude argument, such as dislocation density, it 
would be still useful to employ such a simpli- 
fied model. Yet in dealing with a little more 
delicate problem like anisotropy of the reso- 
nance line, it is quite doubtful how such a 
rough treatment is lucky enough. Hence we 
shall follow a more orthodox way of approach. 
Thus the hypothesis of an axially symmetric 
field will no longer be retained and the stress 
field around a dislocation will be converted to 
the electric field according to the Shulman- 
Wyluda-Anderson’s gradient-elastic tensor”. 

The energy eigenvalues of the nuclear 
Hamiltonian 


SF =—rhl-H+Q-yE GH) 


have been calculated by the method of pertur- 
bation to the third order and the result is as 
follows”: 


9 43 PEW VE VE) br 74 1) 4 m2{121T-+1)—7} —20m'] 


7 te Cad 2 bee 


_9 4s PEW VEE )-2 | p2(74 1221+ 1) +m —6 +1) +7} +5m'] 


72h? H? 


+5V 6 4s (PE)VE )-at+ (VE) VE )s p97 74.1)» 31 +1)-+m*{ 2411 +1) + 15} + 30m] 


72h? HT? 
(2) 
where 
(VE )o= eas cos? 6—1) +7 neq sin? 0 cos 2p 
(VE )a1=F V6 eg sin 0 cos Deh ae neq sin O{(1-Ecos B)e*!? +244 — (1 cos Ae*!? +244} 
(PE) ..—Vebe eq sin? 6e*?'? + ge neat (A:c08 A)2et2te +24 4 (1=Ecos O)2ete- 24} (3) 


and 


=¢eQ/2K2I—1) . 


These are the results of the general treatment by Bersohn”, and the asymmetry parameter 


”, which is defined by 


_ OE ,* 


OE .* 
=( Ox* 


has been included. 


ay* 


) OF * (4) 


Oz* 


In (4) x*, y* and z* are the principal axes of the field gradient tensor, 
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the largest component being along 02z*. 9, ¢ and ~ are the Eulerian angles of the principal 
axis system with respect to the coordinate system, the z-axis of which is the direction of the 


magnetic field. 


Although the full expression (2) is rather lengthy, the first and third order terms contain 


only even powers of the magnetic quantum number m; hence these have no contribution to 


the broadening of the resonance line which arises from the transition m=1/2 to m=—1/2. 
Thus the energy difference between these two states becomes 


34 see 
rhH 4121-1) 


Ey j2s-1p2=hyot 


[ (PEN E)-14+- PEME)-» ] 


(5) 


where v» is the Zeeman frequency. Taking the full expressions (3) for 7E components into 


(5), we obtain 


3. 2143 
rhH 4721-1) 


Ey j25-1/2=hvot+ erq?l)? 


2 
x 7 sim o| —6 cos? 04-4y cos 2¢ cos? 8 4 (2 sin? 0 cos 4 —2 cos? 6—2) 


2 
+5 (6 sin? +47 cos 2(1+- cos? 8)) L+ 54 Sint 0 cos 44+ 1+-6 cos? 6+ cos* 0) | . 


Since we have taken the z-axis to be the 
direction of the applied magnetic field, the 
Eulerian angles are defined as follows: 0= 
2202", p the angle between the y-axis and 
the intersecting line of the xy-plane with the 
x*y*-plane and # between the y*-axis and the 
same intersecting line. ¢ has disappeared in 
(6) merely because the choice of the x and y- 
axes are quite arbitrary within the plane 
normal to the magnetic field. For simplicity, 
we shall denote (6) in the following simplified 
form: 

h(y—v) < @?f (8, ) . (7) 

Our next step is to determine gq, 7, 0 and 
® around a dislocation line. At present, a 
dislocation line is thought to be a closed loop 
and consists of edge and screw types being 
mixed-up. Then, there should be a certain 
amount of iodine nuclei, which undergo the 
composite stress field due to both type dis- 
locations. Those iodines, if treated properly, 
would yield a complicated cross term in the 
expression of the net frequency shift. This 
dislocation loop, however, is expected to be 
nearly rectlinear rather than curvilinear and 
the two types of the dislocation are con- 
sidered to be well separated. Hence the stress 
field around a given iodine nucleus may be 
approximated to be either screw or edge type 
one and the small portion of iodines which 
see the composite stress field will be neglected. 

Shulman-Wyluda-Anderson’s gradient-elastic 


(6) 


tensor -is composed of 36 components Ci;’s 
with properties very similar to the ordinary 
elastic constants in the stress-strain relation. 
The Ci;’s are not necessarily symmetric, but 
the requirement that the trace of the field 
gradient tensor sould vanish on account of 
the Laplace equation reduces the number of 
independent components. In particular, the 
case of a cubic crystal becomes exceedingly 
simple and we have only two independent 
components Ci, and Cy, which appear in the 
stress-field gradient conversion formulae in 
the following manner: 


Qxx =Culoxx—3(ory+ozz)] ’ 
Qxv=Cyoxy ° 
Here the q’s are the field gradient tensor 
components and o’s are the stress tensor ones. 
The suffixes X, Y, Z refer to the cubic axes 
and the relations (8) are cyclic. Starting from 


(8), we shall investigate the field gradients 
resulting from the dislocations. 


(8) 


1) Screw Dislocation 
On account of the simplicity of the stress 
field, this one is taken first. The only non- 


vanishing stress components of the screw dis- 
location are 


tg 
Bie £2 (9) 
ae 
On x+y? 


where 0 is the magnitude of the Burgurs 
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vector and G is the shear modulus. The z- 
axis is taken along the dislocation line and 
we shall take the x-axis to be [100] direction, 
which is perpendicular to the dislocation line. 
Then, the xyz system is obtained by rotating 
the XYZ system by 45° around the X-axis. 
With this relation, the transformation of the 
tensor is carried out in quite an elementary 
manner and the field gradient tensor is repre- 
sented in the xyz system as follows: 


| 9 OF es. 
Qavzz=|0 OO Qve (10) 
where 
Qzx=CysOzx , (11) 
Quz=3CiGy: « 


Next solving the usual eigenvalue equation 
given in the Appendix, we obtain the q tensor 
with respect to the x*y*z* system: 


—V q2.4+42, 9 0 ) 
Foes 0 0 0 (12) 
0 0 Yaqit+a2, 


It is seen from (12) that the asymmetry 
parameter defined by (4) is constant and has 
the value —1. The directions of the principal 
axes x*y*z* are derived in the Appendix and 
it is found that one of them always lies in the 
xy-plane, while the other two have the slope 
of 45° to this plane. We have chosen the 
first one to be the y*-axis and the latters to 
be the z* and x*-axes, respectively. It is 
immaterial whether we choose the first one 
to be x* or y*; the former choice will give 
y=1 instead of 7=—1, but the coefficient of 
7” in (6) also changes its sign and the result 
is quite identical. 
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From (12) it is evident that q is given by 
the relation 


(13) 


2 72 2 
¢ SO et ex 


9 9 
44 Ong 


Cth. ; C (13a) 


if 


= sere gh: sin? a-+--Cj} cos? a| (13b) 


2 2 
= ine Ca 114.8 cos? a] (13c) 
2n r 
where 
VO Oe 
é= 411 : 44 (14) 
Cy 
and 
a=tan-1~ (15) 
£8 


0 defined by (14) is a measure of elastic 
anisotropy, the isotropic condition being 6=0, or 
9C,7—4C,2=0, in which case q has no angular 
dependence. One of our task is to determine 
the value of 0. 

F(0,) defined by (7) depends on the direc- 
tion of the magnetic field. In the course of 
experiment, we have chosen three different 
directions of the magnetic field: With [001] 
being the direction of linear compression, a) 
Ao//[100], b) Ao//[010] and c) HA)//[110]. The 
difference between a) and b) is that in the 
former the field direction is parallel to the 
slip plane, while in the latter it makes an 
angle of 45° with it. Such descrimination 
requires that only a single pair of slip systems 
which are perpendicular to each other go into 
action upon the linear compression. As will 
be described in the next section, it was indeed 
possible to produce a slip of such fashion. 
Anyway, the Eulerian angles in each case are 
given as follows: 


; ee Pe ee 
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, il oH gs; 
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c) H//{110] 
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2) Edge Dislocation 


The treatment is quite similar to the case of a screw dislocation. The stress field of an | 
edge dislocation, however, is much more complicated than that of a screw dislocation; hence | 
some approximation becomes unavoidable. The qg tensor in the representation with respect ) 


to the dislocation axes is found to be 


(18) | 


zz Qay 0 
Qzyz=|qzy Quy O (19) | 
! 0 0 Qzz 
with 
Cuf 1 C 
(Oey 
a= (5 -» \ (cent 090) +H (yy 0s) , 20) 
2 LN a 
qov =—7 Cudey ’ gee=Cul y— 5 eet ov) ’ 
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ot y(3x?+ y") yx? — y?) 
Ore >= —D a 2 v = D> er 
(2-++9”) CEE 
a(x?— y?) fe 
t= Daye i D=Gb/2n(—-») 


vy being the Poisson ratio. r 
After the transformation to the x*y*z* system we have 


Qzze 1 es ea 
9g V ex Gv) +4q3, 0 0 


Cavytok = 0 Qzz 0 = (22) 


5 Qzz 1 . 
: 0 Nees alien 2 V Gxe—Qua)?+4q2, 


It is seen that on account of the presence of q:z, the tensor is rather involved compared 
with that of a screw dislocation. One is relieved, however, if he observes that the mean 
square of gzz is only $C,3/(9C,3+4C,2) times that of 1/ (Gez—Quy)?+ 4q2,, that is, the former is 
less than a tenth of the latter. Hence we shall neglect q:: in the ‘subsequent treatment. If 
this is allowed, the tensor reduces to 
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1 4 
“9 V Gex—Gu)*+4q2, 0 0 
Qxrytee™ 0 0 0 t (23) 
(apps 
0 0 9 V Gee duu)? +4q2, 


As shown in the Appendix, the two nonvanishing axes of the field gradient tensor in this 
approximation always lie in the xy-plane of the dislocation line and rotate as the angle a= 
tan“ y/x changes. The g value and the necessary Eulerian angles are found to be 


Seacel. 3 
P=" 4 (Gee dov)? +492) (24) 
* at i sin a+ Cit cost 2a | one (24a) 
D? 
ao C,31+6 cos? 2@) cos? a (24) 
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@) H,//{100) 
sin? @=1 . 
(25) 
sin? 0 cos 2p=—1 ; 


6) Hp//[010] 
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P= 9 GE + va 
where 4 is the root of the eigenvalue equation given in the Appendix. The final step to get 
the net frequency shift is to take the average and add together the effects due to both type 
dislocations. This procedure, of course, assumes the insignificance of the composite stress 


field as mentioned before. The result in each case is 
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As in the last paper”, the radial integration 
has been carried out from 3a to (zc)-/?, where 
a is the lattice spacing. cs and ce are the 
densities of screw and edge dislocations, re- 
spectively. In view of the approximation 
made in dealing with edge dislocations, the 
Poisson ratio which has the value of ~1/7 
has been neglected compared with unity. 
These expressions for three different angles 
of the applied magnetic field clearly indicate 
the possibility of the anisotropy of the nuclear 
magnetic resonance, which is to be demon- 
strated in the fourth section. 


§ 3. Experimental Procedures 


The measuring equipments for the reso- 
nance experiment are almost the same as 
reported in the previous papers,” except 
for the use of a Sumitomo-made permanent 
magnet. This magnet has poles of 13cm in 
diameter and 4cm in gap. The produced 
magnetic field is 4150 gauss at the center of 
the gap. The sweep of the magnetic field 
was made by changing the current through 
the auxilliary coils with a motor-driven slide 
rheostat. 

The specimens of KI were produced by the 
Kyropoulos method from the melt of com- 
mercial reagent branded as “of special de- 
gree.” Using the platinum crucible, crystal- 
lization was twice repeated in order to raise 
purity of the produced crystals. These grown 
crystals were then annealed at 30°C below 
the melting point for 24 to 48 hours by means 
of a potentiometric temperature-adjusting pro- 
grammer and then cooled down to room tem- 
perature by the rate of 5°C per hour. 

The method of plastic deformation was 
limited to a linear compression along one of 
the cubic axes. The oil-compressing weight- 
tester of the Civil Engineering Department 
was used in order to produce the deformed 
crystals of any desired degree of deformation, 
ranging from ten to twenty percent, which 
are most suitable for the present purpose. 

Some of the crystals were so deformed that 
only a single pair of slip systems which are 
perpendicular to each other went into motion 
upon the compression. This queer way of 
slip was recognized by examining the result- 
ant shape of the deformed crystal. In general 
the rectangular cleaved crystal is swollen to 
its all four side directions upon deformation. 
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By a method with some knack, however, only 
a pair of opposite side planes get swollen, 


indicating that the slip has occurred only two- | 


fold. This situation is schematically shown 


in Fig. 1, in which it is assumed that the | 


direction of linear compression is along [001]. 


Such a slip is easily achieved when the cross- | 
sectional edge lengths of the cleaved crystal | 
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are different by a factor of more than two. | 


Yet in the case of a crystal having a square | 


cross section, the achievement of such slip- 
ping is rather fortuitous and critically depends 
on the initial conditions of the stress appli- 
cation. 


C001] 


Two-fold Slip 
| a ae 
Linear Compression a 
Four-fold Slip 
Fig. 1. The ways of slip after linear compression 
along one of the cubic axes. Two- and four- 


fold slips are indicated in the figures of the 
resultant deformed crystals. 


In order to study the anisotropy of the reso- 
nance line, we prepared two such specimens 
with two-fold slip, one having a square cross 
section and the other consisting of six small 
pieces with rectangular cross sections. The 
degree of deformation for these crystals were 
around fourteen percent. 

Except for some test experiment in the 
liquid air temperature, every measurement 
was carried out in the room temperature at 


the sacrifice of signal-to-noise ratio, since the - 


specimens, especially heavily cold-worked ones, 
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got easily cracked upon soaking into the liquid 
air, however carefully we did it. 


§ 4. Experimental Results and Analyses 


Owing to the large eQq, the resonance line 
promptly broadens upon plastic deformation. 
Under the usage of a relatively low magnetic 
field, this effect is more pronounced, since the 
frequency shift and hence the broadening is 


4 ee rey (r!27) 
OSE. \ \ --— KB,(B,79) 
r O6- 
A. 
O 4b 
O2F 
(e) 1 L 
10) 0.1 0.2 


Degree of Deformation — 


Fig. 2. Reduction of peak intensity of the reso- 
nance absorption curves upon ths linear compres- 
sion. A similar result with KBr under a lower 
magnetic field of 3,600 gauss is indicated by the 
dotted line. 


Gauss 
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(0) Oo. 0.2 
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Fig. 3. The first moments of the resonance ab- 
sorption curves in the case of H// [100]. Those 
crystals used were with four-fold slips as in- 
dicated in Fig. 1. 


Anisotropy of NMR due to Dislocations 


1163 


inversely proportional to the applied field 
strength in the case of the second order 
perturbation. Even the resonance line of an 
undeformed crystal has a slight asymmetry, 
indicating that the defects have not completely 
been removed. This slight asymmetry, how- 
ever, is next to independent of the direction 
of the magnetic field and hence is expected 
to arise partly from point defects such as 
impurities or vacancies or their clusters. If 
the magnetic field were somewhat raised, say 
to 6,000 gauss, this asymmetry would almost 
completely escape one’s notice. 

The intensity reduction of the resonance 
line against the degree of deformation is 
shown in Fig. 2, and in Fig. 3 are plotted 
the observed first moments (asymmetry) of 
the resonance lines for )//[100] with the 
crystals which underwent the ordinary four- 
fold slip. Since the latter is a linear function 
of the dislocation density,* the straight line 


Ho L100] 


| Gauss 


Ho// LOIOI 


Ho/ TIIO] 


Fig. 4. Anisotropy of the resonance lines for a 
deformed crystal which underwent a two-fold 
slip. The directions of the magnetic field are 
as specified in Fig. 1. 


* The logarithmic factors are considered to be 
constant. 
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drawn in the figure indicates that the dis- 
location density increases linearly with the 
degree of plastic deformation in the range of 
10 to 15 percent. This is in esssential agree- 
ment with the conclusion of the previous 
paper». The datum on the heaviest deformed 
specimen may not be looked upon with much 
weight, since the smaller sample size and poor 
signal-to-noise ratio owing to a large broaden- 
ing considerably obscured the evaluation of 
the first moment. 

By the specimens with two-fold slip, we 
see a conspicuous anisotropy characteristic of 
the reasonance line shape as shown in Fig. 4. 
If we specify the directions of the magnetic 
field as defined in §2, the degree of asym- 
metry is greatest for A)//[010] and smallest 
for A//[110]. The results of the first moment 
evaluations for the two specimens are listed 
in the Table I. The sample I is that with 
square cross section and the other is a glued 
pack of six small rectangular slices. 


Table I. The first moments of the resonance lines 
for the deformed crystals with two-fold slip (in 
units of gauss). 


Sample  Hp//[100] Hh//[010] Hh//[110] 
I 0.30+0.02  0.38+0.04  0.11+0.04 
Il 


0.3140.02 0.41+0.03 0.13+0.03 


If we handle these figures with the formulae 
(28), (29) and (30), we shall get the values of 
0 and the ratio of the dislocation densities of 
two types. We should, however, not take the 
figures in Table I at their face values, since 
the specimens already had a slight initial 
asymmetry before plastic deformation. This 
initial asymmetry was sensibly constant for 
each undeformed crystal and within experi- 
mental error equal for H)//{100] and A//{110], 
having the value of (0.12+0.03) gauss. If 
we subtract this from the figures in Table I, 
we get the pure effect caused by the plastic 
deformation. Owing to the relatively large 
errors, which are inherent in the measurement 
of the first moment, such subtraction is rather 
arbitrary and might be regarded with some 
doubt. Especially, with #//[110] the result 
of such subtraction will be quite meaningless. 
We should be more sensible by stating that 
for H)//{110] the resonance line has no asym- 
mentry so long as the effect of the plastic 
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deformation is concerned. This situation was 
scanned also for other deformed crystals) 
which rather underwent the four-fold slip and|| 
In contrast with || 
H)//{100], in which asymmetry increases with|| 
increasing degree of deformation, any heavy | 
amount of cold-working seems not to affect || 
the asymmetry characteristic of the resonance | 
line more than its initial stage for Hp//[110]. || 


the result is given in Fig. 5. 
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Fig. 5. The first moments of the resonance ab- 
sorption curves in the case of Ho// [110]. The 
crystals are the same as in Fig. 3. 


Hence we may in a rough sense equate (30) 
tO) Zero: 


For the other two directions, the — 


above-mentioned subtraction should be allowed © 


with some ease. When it is done, the ratios 
of the first moments of the resonance lines 
for H)//[100] to H)//[010] become 0.69 and 
0.65 for samples I and II, respectively. For 
brevity, we substitude 0.67, their mean, to 


both. Then, by connecting (28) with (29), we 
have 
2 2 1 
ae 3° —f 
( 3 1 Jers Tatu & 
il 1 7 1 
=(0.67| | ——+4 —0d Se 
( 6 K 6 )o+( 12 +35°) |. 


while equating (30) to zero, we have another 


equation 
1 

Sat ee pee 
Here mG eo and the logarithmic factors have 
been removed out being regarded as constants. 
Solving these simultaneous equations, we ob- 
tain p=0.88~0.9 and 6=—0.76. It is seen 
that the densities of the two dislocation types 
are essentially of the same order of magnitude 


LOicer dO} (33) 
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and the above value of 0 yields |Cu/Cy| ~3. 


$5. Discussion 


It is reasonable that the dislocation density 
is divided nearly equally to screw and edge 
types. If the edge dislocations were predomi- 
nant, (28) predicts that the sign of the first 
moment would be contrary to the experimental 
result for H)//[100]. Inversely, one observes 
that neither screw dislocations can be over- 
whelming, since (29) should give one-fourth 
the first moment of (28) for screw dislocations, 
which again is contradictory to the experi- 
mental result. Thus, the dislocation densities 
are found to be quite well balanced. 


The absolute values of Cy, and Cy, cannot 
be determined directly from the present ex- 
periment. They are, however, obtained if 
we give the densities of dislocations. In the 
previous paper we determined the dislocation 
densities of plastically deformed KBr». The 
way of analysis used there is less precise and 
hence no such delicate analysis as obtaining 
anisotropy of the resonance line should be 
extracted from it; nevertheless we expect 
that a rather rough talk like an order of 
magnitude density estimation of dislocations 
would not be so far from the real one. If all 
the four slip systems have acted, the total 
asymmetry is given by 

<Y—Ypo> total 
—9+156 1 eQ? 


= 6400 ae Ge CZG?xa*c In 


(36) 


1 
97a?c 


where it is assumed cs=ce=c/2. Take a value 
from Fig. 2 for <vy—vo>total and give a proper 
corresponding value of c; then we shall get 
Cu. For ten percent deformation <y—vo> total 
is —130cps, while the corresponding disloca- 
tion density for KBr was ~10%’cm™ as re- 
ported in the last paper, which would be 
nearly the same for KI. We thus obtain 
Cu=+(8.3X 104) statvolts/dyne with Cu= 
+(2.7x10*) statvolts/dyne. If we put c=108 
cm-?, they are multiplied by a factor of ~3, 
and for c=10'°cm-? reduced by the same 
factor. Those values given above are some- 
what larger than those for In'° in InSb, which 
have been found to be Cy.=-4(2.4x10*) stat- 
volts/dyne and Cyu,.==(2.4x 10‘) statvolts/dyne. 

Shulman et al. conclude from their analysis 
that Cy and Cu should have opposite signs 
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for InSb. Since our case is concerned only 
with the second order effect, these tensor 
components always appear as square and hence 
their signs cannot be determined. The deri- 
vation of C tensor does not predict that Cu 
and Cy, should have opposite signs. Hence in 
our analyses both C values have been given 
a simple double sign. 

Finally some comments should be made on 
the intensity reduction of the deformed crys- 
tals. Since we formerly performed a similar 
experiment on KBr, it is of interest to com- 
pare the effects on Br”? and I”. In Fig. 2 
is plotted also the result for Br7® with a dotted 
line. It seems that the effect is nearly 1.3 
times greater with KI. The nuclear spin 
values for them, however, are different; i.e., 
I=3/2 for Br? and J=5/2 for [!27.  Further- 
more, the experiment on KBr was performed 
under a lower magnetic field of 3,600 gauss. 
If these differences are taken into account, 
we see that the amplification factor of eQq 
of I?’ is nearly twenty percent larger than 
that of Br”. Therefore, if we take 2~40 
for the latter, as derived in the last paper, 
the amplification factor of I” in KI should 
become 24~50. It should further be noted, 
however, that in the case of KI, the intensity 
standard itself is not actually 1.0 as given in 
Fig. 2, but is already reduced a bit, and 
hence we should consider the actual effect 
must be somewhat larger with KI. Then, 
A4~50 should be regarded only as the lower 
limit of the real value of 4. In the previous 
paper, determination of 4 for KBr was achiev- 
ed by the mixed crystal technique; namely, 
the studies of eQq due to the minority com- 
ponent NaBr, which was introduced into the 
mother crystal KBr, enabled us to estimate 
4. Such a procedure might be followed also 
for KI, by growing another kind of mixed 
crystal, say KI-Nal, and studying a similar 
effect. For the intensity standard, we should, 
of course, require a more perfect crystal than 
that used in the present work. Or, at least 
we require a higher magnetic field. Using 
the value of A thus determined, we might as 
well go along the line as described in the 
former paper in order to do a simplified dis- 
location analysis. The present treatment re- 
quires two parameters Cy, and Cy and hence 
is: rather complicated compared with the 
former one. 


1166 


§6. Conclusion 

The anisotropy of nuclear magnetic reso- 
nance due to crystal dislocations can be well 
accounted for, if we assume nearly equal 
densities for edge and screw dislocations and 
d=—0.76. Since d=0 is the isotropic condi- 
tion, this values indicates that KI is highly 
anisotropic in elastic properties. This is sup- 
ported by the fact that the anisotropy factor 
defined by 2¢u/(cu—ci2) is 0.37 and much 
smaller than unity which is the condition for 
elastic isotropy. Assuming the total disloca- 
tion density to be ~10°cm~? for a ten percent 
deformed crystal, we get |Cu|~8x10' stat- 
volts/dyne and its one-third for |Cul. 
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Appendix 
The principal axes of the field gradient 
tensor around a screw dislocation are found 
by solving the determinantal equation 


=A) 0. Ouex 
0 —2&  gyz|=0 (Al) 
Qzex Que —A 
for 2, and we get 
A=0, 
da=TVq3e+ 92, » (A2) 


Me Gah Gia” 
Their direction cosines with respect to the 
axes of the dislocation, J», mp», mp, where p 
is the suffix of 4, are obtained through the 


linear relations: 
GezNp=Aply , 
duiMp=AyMy , (A3) 


Qzealyp+QyeMyp= ApNp c 


Eizo OTSUKA 


For p=2 and 3, we get 


oe le Ge 
Pe BoQe Age, 
Dive 
OH oe (A4) 
Beit Dh ag 
Ny? =) 9 . 
and for p=1 
qd 2 
RL YZ 
: Get Dew 
me wD (A5) | 
Th apben’ 
Nny?= 0 


In the text we have allotted 2: to the z*-axis, © 


A; to the x*-axis and 24; to the y*-axis. 


A similar treatment is applied to the field ) 


gradient tensor around an edge dislocation. 


In this case we must solve the determinantal © 


equation 
Qzxz— A day 0 
Qey Guy—A 0 =e. (A6) 
0 0 Gz a 
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The homogeneous equations determining the ) 


direction cosines of the principal axes become 


Qexlp+QryMp=Aply , 


Qzulp+quyMp=Aymy , (A7) 
GzzMp=ApNy | 
where p=1, 2,3 and 
A =Qzz 
tlt aie 
xy (A8) 
od fs 


i: D sata Quy)?+ 4q2,,- 


The allocation of &»’s to the x*y*z* axes is 
likewise to a screw dislocation. 
From the third equation of (A7), we get 


N2,3=0 ; (A9) 
then we have for p=2 and 3: 
] yee Ups (Quu—Ap )? ) 
p 
< (Gra—Ap)* +q2, ~ G2 + (Guy —Av)® . 
(Qzz—Ay)* 


My=- Gay ! | 
qQ, ok (Guu ei Ay)? 


(A10) 
It should be emphasized that although we have 
neglected gz. compared with 7/ (Gez—Quyu)*+ 4q2, 
in the course of analysis described in the text, 


(Qax— AvP+a2, 


1958) 


we must use exact 2» values in (A10) in 
order to evaluate the direction consines. Only 
with this care being taken, we may calculate 
the average of q?f(0, (). 
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A differential equation which determines the time dependence of the 
radial distribution function of polymer molecules in dilute solution is 
derived. The equation is represented in a form of a diffusion equation. 

For a case in which the solution is flowing with the constant. velocity 
gradient, and the system is at a steady state, a calculation is carried 
out, adopting a Gaussian intermolecular potential between free draining 


chain polymer molecules. 


The result shows that the velocity gradient in 


solution causes the radial distribution function to be deformed into a non- 
spherical symmetry, and this deformation is increased with the increase 
of the velocity gradient and the molecular weight of polymer. 


Introduction 


§1. 

In the recent articles'~» we considered the 
interaction properties of polymer molecules in 
solution, and derived theoretical expressions 
for the mean intermolecular potential and the 
radial distribution function between two cen- 
ters of gravity of two polymer molecules in 
dilute solutions. In these treatment the solu- 
tions were considered to be in thermodynami- 
cal equilibrium, and the mean intermolecular 
potential function and the radial distribution 
function obtained are spherically symmetric 
and of course do not depend on time. In the 
present article, such problems are considered 
from a more detailed situation, and the 
methods are extended to a more general case 
where the solutions are not always in thermo- 
dynamical equilibrium. 


§2. Distribution of Molecular Pairs in Solu- 
tion 

In the following treatment we shall assume 
that the every point in our polymer solution 
is in the same external condition at the same 
moment. However, it is considered that if 
this assumption is not satisfied in a solution, 
the same discussion can be applied separately 
for each individual domain of different exter- 
nal condition of the solution. 

For the simplicity of discussion, we shall 
neglect the internal configurations of the poly- 
mer molecules, and shall notice only the co- 
ordinates and the velocity of the center of 
gravity of each polymer melecule in the solu- 
tion. 

We denote the coordinates of the center of 
gravity of the i-th polymer molecule existing 
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in our polymer solution by rm, and define the 
pair vector rij which represents the relative 
coordinates of two polymer molecules 7 and /, 
as follows: 


nrj=rj—h , 1 Saf (2.1) 
If ~ polymer molecules exist in a unit volume 
of the solution, the total number z of the pos- 
sible pair vectors which can be taken from 
this unit volume is given by z=n(m—1). 

We also define a density distribution func- 
tion of these pair vectors g(r, t) and represent 
the number of the pair vectors which fall in 
a small volume element dr situated at the 
position r at the time ¢ by zg(r, fdr. If all 
the possible pair vectors in this unit volume 
of solution are represented in a common space 
(r) of three dimensions, we can consider an 
assembly of the representative points of the 
pair vectors in this space, and the number 
density of these points at the position r at 
the time ¢ is given by zg(r, f). 

As in our case every point in the solution 
is at the same external condition, the distri- 
bution function g(r, t) defined here is equival- 
ent to the radial distribution function of poly- 
mer molecules in the solution at the same ex- 
ternal condition. Therefore, as we stated in 
the previous section, when the polymer solution 
is in the thermodynamical equilibrium, and 
any external field does not exist, the distribu- 
tion function g(r, t) is spherically symmetric 
about the origin and does not depend on the 
time. But, in more general case where the 
solution is not in equilibrium, the function 
g(r, t) would be supposed to have a more 
complicated feature and generally to depend 
on the time. We shall consider such a prob- 
lem in this work. 

A solute polymer molecule in solution is 
moving under complex exertion of the various 
intermolecular forces of the solvent and the 
other solute molecules surrounding it, and its 
instantaneous acceleration or velocity is gen- 
erally determined by all the coordinates of 
these molecules. However, in our treatment, 
following an ordinary theoretical method for 
dilute polymer solution, we shall suppose that 
our polymer solution is composed of a con- 
tinuous medium of solvent and of the solute 
polymer molecules dispersed in this solvent 
medium. 

Assuming such a theoretical model, we can 
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decompose generally the molecular velocity 


of a solute polymer molecule into the follow- | 


ing several components: 
i) The component for the random thermal 


motion, which is considered to represent the — 
random Brownian motion of an isolated solute | 


molecule in the pure solvent of the same ex- 
ternal conditions. 

ii) The component caused by the intermole- 
cular effects exerted by the other solute mole- 
cules and by other external forces. (In the 


present work, for the simplicity of discussion, | 
we shall not consider any effects of external 


forces). 

iii) The component due to the velocity of 
solvent medium. 

When a single solute molecule is isolated in 
a pure solvent, the motion of this molecule is 
considered to be a certain isotropic random 
Brownian motions. But it is supposed that if 
another solute molecule is introduced into the 
system, the random motion of the former 
molecule is affected by the presence of the 
latter molecule, and certain components of 
velocity which depends on the relative coordi- 
nates of two molecules are added. Such com- 
ponents can be described as the effects of in- 
termolecular interaction. 

Generally the solute molecules interact ac- 
cording to the intermolecular force acting be- 
tween them. As shown in the general statis- 
tical mechanics of solution, the possible micro- 
scopic configurations of the solution yield the 
average intermolecular force between the 
solute molecules in the solution, which is de- 
pendent on the relative coordinates of the two 
molecules. Besides this, we can consider 
another kind of intermolecular effect of solute 
molecules, which we may call the hydrodyna- 
mic interaction. Since the solvent medium is 
regarded as a viscous liquid, the relative mo- 
tion of the solute molecule to the solvent 
causes the viscous motion in the surrounding 
solvent, and affects the motion of the other 
solute molecules. This intermolecular effect 
is dependent on the relative coordinates of 
two molecules and also on their velocities in 
the solvent. Therefore we may consider that 
even if the intermolecular force does not exist 
between the solute molecules, their thermal 
motions are usually affected by this effect. 

However, according to ordinary discussions, 
these intermolecular effects are usually not 
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conspicuous excepting the case where the 
molecular separating is so small that the dis- 
tance between the centers of gravity of two 
polymer molecules is comparable with the di- 
mension of the molecules, and that the seg- 
ments of the other molecule can contact with 
each other. As the solution becomes dilute, 
the mean intermolecular distance between 
neighbouring solute molecules becomes large, 
and so the average number of molecules which 
exert the conspicuous interaction effects on 
one solute molecule is decreased. 

We shall here assume that our polymer 
solution is sufficiently diluted and that the 
whole intermolecular effects exerted .on one 
polymer molecule from the surrounding mole- 
cules can be neglected except that exerted 
from its nearest neighbouring molecule, and 
also that if a solute molecule has not any 
neighbouring molecules in a certain distance, 
such a molecule can be described to be iso- 
lated. 

Thus, more quantitatively, it is assumed 
that we can choose a certain distance, /, in 
our solution, which satisfies the following 
conditions: 

i) The total intermolecular effects exerted 
on one solute molecule from the whole part 
of the solution which is at a distance of more 
than / from this molecule can be neglected or 
at least can be left out of account in our dis- 
cussion. 

ii) If a spherical surface having radius of 
Z is supposed in our solution, the probability 
of finding more than three solute molecules 
in the interior of this spherical surface is 
negligibly small compared with that of finding 
two solute molecules in it. 

On this assumption, we suppose a spherical 
surface, S, whose center is at the origin of 
the space (r), and radius is 7, then we can 
conclude that every point of the molecular 
pair involved in the interior of this surface is 
moving independently with each other. For 
the two molecules z and j corresponding toa 
vector rij in this domain are interacting with 
each other, but there is considered not to 
exist any other molecules exerting the con- 
spicuous interactions on them, and so the mo- 
tion of the vector rij is determined by itself 
and does not depend onthe other vectors in 
the interiors of S, except on the inverse rj. 
Thus, from this conclusions we can obtain 
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the change of the distribution function g(r, t) 
in space (r). 

We shall consider the motion of a point of 
pair vector rij in the interior of the spherical 
surface S. We denote the friction constants 
of two molecules i and j by €; and €; respec- 
tively, and define the diffusion constants D; 
and D; of the respective molecules by the 
well known relations: 


Diva le joi. , (Zed) 


where TJ is the absolute temperature, and k 
is Boltzmann’s constant. Since the two mole- 
cules 7 and j are interacting hydrodynami- 
cally, the constants €:, €;; Dj; and D; depend 
on the coordinates rij and are generally to 
be represented in the tensor forms, whose 
elements are functions of rij=r. 


ve 


Fig. 1. Pair vector and spherical surface S in 
the space (r). 


The velocity of the point rij in space (r) is 
given by the difference of those of two mole- 
cules 7 andj in the solution. So we can de- 
compose the velocity of the point into several 
components in a similar manner as that in 
case of the solute molecule in the solution. 

i) The components for the random thermal 
motion of two solute molecules 7 and j in 
solution induce a similar component of motion 
for the point rij in space (r), whichis given 
by the resultant of those of two molecules in 
the solution. Therefore the diffusion constant 
Di; associated with the induced thermal mo- 
tion of point rij in space (r) is clearly given 
by the sum of those of two molecules, 


Diyg=DitD; . (2.3) 
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From the conception of the diffusion constant 
and from the symmetry property of the con- 
figuration of two molecules, we can conclude 
that 

Di= D;= Do(rij) = Dol) ’ (2.4) 
Dij=2D)(r) 


where r denotes the coordinates of the point 
of pair vector in space (r). 

As has been often indicated”, the Brownian 
motion of a solute particle in the solution can 
be replaced by a stochastic random flight mo- 
tions, in which the element of the diffusion 
tensor is represented as proportional to the 
number of flights in unit time. This considera- 
tion leads us to the relations of Eq. (2.3) and 
(2.4), with the aid of a hydrodynamic conside- 
ration. 

The points of pair vectors in space (r) are 
distributed according to the distribution func- 
tion g(r, t), and hence the flow of the density 
of points due to the thermal motion in space 
(r) is given by 


—2D)(r) grad g(r, t) . @.5) 


ii) The components of velocities of two 
molecules z and j caused by their intermole- 
cular force f(rij) also induce a component 
of velocity for the motion of the point rij, 
which is equal to the difference of those of 
two molecules. Similarly as in case of the 
diffusion constants, we can get the following 
relations for the friction constants, 


Ci=C5=Colves) = Colr) (2.6) 
So employing the friction tensor €o(r), the flow 


of the density of points in space (r) caused by 
the intermolecular force f(r) is written as 
200(r) Sf (njg(r, t) . (2.7) 
iti) Also, the velocity gradient in the sol- 
vent medium causes a hydrodynamic relative 
velocity v(r, t) between two solute molecules 
which are separated by the distance r. As 
in our case every point in the solution is at 
the same external condition at the same time, 
the velocity u(r, t) is a function of only the 
relative .corrdinates of two molecules and of 
the time. The corresponding flow of the den- 
sity of points in space (7) due to the velocity 
gradient of solution can be written as 


o(r, tg(r, t) . (2.8) 
Thus the total flow of the density of the 
points, u(r, t) is represented by 
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v(r, t)= —2Dy(r) grad g(r, t) 
+200 f Neg r, t)+07, g(r, 0) 


the equation of continuity, as follows: 


div [ Do(r) grad alr, t)—Colr) 1f(r)g(r, t) 
—2-1n(r, bg(r, t)]=270g(r, f/dt . 


is 
f(r)=—grad Wir) , (2.11) 


Eq. (2.10) can be written in the form, 


div [D)(r) grad g(r, t)+€0(7)* grad W(r)gir, t) | 


—2-y(r, Dg(r, f)]=2-10g(r, t)/Ot . (2.12) 


When the velocity gradient does not exist 


through the solution, and the system is at the 
equilibrium, we have 
vir, t)=0; Ag(r, t)/ot=0 , 
and also the total flow u(r, ¢) should vanish, 
i.e. 
u(r, f)=0 
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(2.9) | | 


and we obtain a differential equation for the | | 
distribution function g(r, t), in the form of | 


(2.10) 


In case that the intermolecular force f(r) is 
derived from a potential function W(r), that 


(2.13) | 


(2.14) | 


so from Eq. (2.9) or Eq. (2.12) we obtain the | 


relation: 
Dir) grad g(r) + €0(7)-! grad Wi r)gir)=0 
(2.15) 
Employing the relation, Do(r)for)=kT, of Eq. 
(2.2), we have a natural solution for this case, 
g(r)=exp{—Wir)/kT}. (2.16) 


§3. <A Simple Calculation for Free Draining 
Macromolecules 


There can be considered various examples — 


or applications of Eq. (2.10)®. 
treat a simple example, in which the solution 
is flowing with the constant velocity gradient, 
and the system is at the steady state. In 
this case the distribution function g(r, t) and 
the velocity function v(r, t) do not depend on 
the time, and Eq. (2.12) can be written as 
follows: 


div [Do(r) grad g(r)+C)(r)-! grad Win) g(r) 
—2-lv(r)g(r)|=0 (3.1) 


As previously stated, there exist generally 
two kinds of interaction effects between solute 
polymer molecules in solution, and it is con- 
sidered that the properties of such molecular 
interaction effects are different for the indivi- 
dual solute-solvent system, and also they de- 


We shall here > 
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pend on the physical states of the solution. 
Therefore it is convenient to discuss the vari- 
ous examples according to their individual 
characterized properties of the system. 

In our present problem we shall assume 
that the effects of the hydrodynamic interac- 
tion of the solute molecules is very small 
compared with that of the static intermole- 
cular potential, and shall examine the effect 
of the velocity gradient on the radial distribu- 
tion of the polymer molecules in solution. 

According to this assumption we shall put 
the molecular diffusion tensor D)(r) and the 
friction tensor €)(r) to be constants which are 
independent of the coordinates r. 

The velocity function v(r) is generally to 
be determined by the pure hydrodynamical 
calculation for the system of two molecules. 
But, as in our calculation we are not con- 
sidering the hydrodynamic molecular interac- 
tion, here we also assume a so-called free 
draining molecule, which has been often 
adopted in the various theoretical treatment”, 
that is, in which the streaming line of the 
solvent is assumed not to be disturbed by the 
presence of the solute molecules. Thus, de- 
noting the velocity gradient by g, we'put 


u(r)=(gy, 0, 0); 

Va= GY.) Uy vi—0 5 
wheré the coordinate axes are so chosen that 
the streaming line is parallel to the x-axis 
and the velocity gradient is in y-direction as 
shown in Fig. 2. This assumption directly 
gives us the relation: 


div v(7)=0 (20) 


We have also necessity of the knowledge 
of the intermolecular potential function W(r) 
in our calculation. In the recent paper”. we 
derived an expression of the mean intermole- 
cular potential between chain polymer mole- 
cules, which is written in the form: 


Wr)=kTXe-* (3.4) 


where X and @ are constants depending upon 
the molecular weight of polymer and on the 
temperature. We shall adopt this form of the 
potential function W(r) in the following cal- 
culation. 

Next, we shall consider the equipotentital 
surface in space (r), which is defined by the 
equation: ed 


(3.2) 


g(r)=constant . a) 
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This equation means that the distribution 
function g(r) or the apparent intermolecular 
potential —kT log gir) should assume a con- 
stant value on the equipotential surface. As 
is often repeated, when the solution has not 
the velocity gradient, and the system is at 
the thermodynamical equilibrium, the distri- 
bution function g(r) depends only on the mag- 
nitude of the coordinates r as shown in Eq. 
(2.16), and hence the equipotential surface is 
clearly given as the spherical surface. There- 
fore, it is generally considered that when the 
velocity gradient exist in the solution, the 
equipotential surface would be deformed into 
the non-spherical symmetry, corresponding to 
the magnitude of the velocity gradient. If 
the differential equation (3.1) is integrated, 
the equipotential surface can be determined 
from the definition in Eq. (3.5). But, in the 
following discussions we shall not integrate 
the equation directly, but employing a sui- 
table assumption for the equipotential surface, 
an approximate calculation shall be shown. 


Fig. 2. Deformation of the equipotential surface 
by the velocity gradient. 


From the symmetric property of our physi- 
cal state of solution and a simple geometrical 
consideration, we shall here assume that the 
equipotential surface can be approximately 
represented by the ellipsoidal surface, and we 
write tne equation of tne equipotential surface 
as the following form: 


1—-ADE+1—w)7?+(1—»)€?=constant. (3.6) 
where the coordinate axes &, 7 and € are so 


chosen as to coincide with the principal axes 
of the ellipsoid. The parameters £4, 4 and v 
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are considered to be functions of the velocity 
gradient, and when the velocity gradient va- 
nishes they should assume an equal value. 
Then, according to this assumption, and Eqs. 
(2.41) and (3.4), the distribution function g(r) 
should be put as follows: 

gir) =exp{ 2 Xe-4 POO} 

Pr, Q=*E* + uy? tv . 
From the symmetricity of the physical condi- 
tion of our solution we can conclude that one 
of the principal axis, € is coincident with the 
z axis of the original coordinate system. 
Thus, substituting Eq. (3.7) into Eq. (3.1), and 
comparing the terms of the constants and 
those of each second power of &, 7 and € re- 
spectively, the following relations are obtained. 


42(7— 24) —8XA(1—A) 
—(1—A)a?Dyo“1q¢ sin 2~=0 , 


(3.7) 


cama (3.8) 
p=) 
gi 
ae 
evueaion tie 


where x denotes the angle between the flow 
direction x and the principal axis of the ellip- 
soid €, or between the direction of the velo- 
city gradient y and another principal axis 7 
as shown in Fig. 2. Thus, knowing the value 
of the quantity @2D)~1¢, the parameters 4, uu 
and vy and the angle X can be calculated from 
these equations. As is shown in Eq. (3.8), in 
case that the velocity gradient g is very small, 
and the deviation of the equipotential surface 
from the spherical surface is also very small, 
‘the angle x is nearly equal to 2/4=45°, and 
A and yw are approximately represented by the 
formula: 


(3.9) 


As the velocity gradient gq increases, 2 and 
— are increased, and the angle x is de- 
creased from a value 45°. 

From the above results the equipotential 
surface can be again written as the form: 


(1—4)E?+(14+4)7?+C2=constant. (3.10) 
The eccentricity of the ellipsoidal surface, e, 
is given by the next formula, 

e=(A/1+ AMA AV. —4A+---), (3.11) 
and when 4(=—y) is very small, this is writ- 
ten approximately as 
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02-7 —2X)-V2aDy V2g'? 


minimum value of the mean intermolecular 


potential, and for some polymer solutions? X || 
assumes the values less than at most the | 
order of unity, and:also. a is proportional to | 
the mean square end to end distance L of the | 
polymer chain in the solution, as given by the | 


relation: 
a?=(.81-2/9-L2(0.42L)? 
From this Eq. (3.12) can be also written as 
e~2~}.0.42-(7-2X)-V2L Dy 2g)? , 
~10-L Dy M2? 


Several experimental results in ordinary poly- | 
mer solutions show that L has the order of -| 
about 10-°cm, and D,~? has the order of about | 
So, according to Eq. (3.12’), in | 


NO=%emiz Sees s 
order that the eccentricity e attains to a value 


(3.12) | 


According to our recent discussions?» the | 
quantity, kTX, represents the maximum or | 


(3.13) | 


(3.12’) | 


of the order of 10-1, the velocity gradient q — 


should have a value of the order of about 10°, 
which is rather a high value as the velocity 
gradient. Therefore in ordinary order of the 
velocity gradient the non-spherical symmetri- 


city of the radial distribution function should _ 


be small. But, usually L and D)- increase 
with the molecular weight of polymer in the 
same solvent, and Do"! is considered to have 
larger value for more viscous solvent. Con- 
sequently it is considered that the non-spheri- 
cal character of the radial distribution func- 
tion increases with the molecular weight of 
polymer and with the viscosity of solvent, 
and moreover it may become more appreci- 
able for greater value of the velocity gradient. 


§ 4. Discussions 


In our present discussions the internal fre- 
edom or configuration of polymer molecule is 
not taken into consideration, and we adopt 
the spherically symmetric intermolecular force 
between two polymer molecules, which de- 
pends only on the molecular distance and so 
acts along the line connecting the two mole- 
cular centers of gravity. However, it is con- 
sidered that the polymer molecule consists 
usually of large number of molecular seg- 
ments, and can take various configurations in 
the solution, and so in more detailed discus- 
sions their interaction property should be de- 
scribed by their total internal coordinates, 


1958) 


Also, when the solution has the velocity 
gradient, the solute polymer molecule per- 
forms a rotational motion as a whole about 
the axis perpendicular to the flow direction 
and the velocity gradient, in addition to its 
translational motion following the flow of 
solvent. This rotationalsmotion may produce 
another component of intermolecular force 
which acts in the tangential direction of two 
molecules, as it were a rotational friction be- 
tween two molecules. 

Besides these, as we can see in the several 
theoretical treatments™ for the flow birefring- 
ence or the viscosity of polymer solutions, the 
velocity gradient causes the statistical orienta- 
tion for the solute particle having the non- 
spherically symmetric configuration, and more- 
over it may deform the internal configuration 
for the chain polymer molecule owing to the 
frictional force exerting on the molecular seg- 
ments’ from the solvent. Consequently we 
can consider that such molecular orientation 
and the deformation effects also affect the 
intermolecular interaction between two poly- 
mer molecules, and deform the intermolecular 
potential function into the non-spherical sym- 
metry. 

However, such rotational or intramolecular 
effects are considerably small compared with 
the intramolecular effect, and they can be ap- 
preciable for very large velocity gradient, for 
it is supposed that the order of the intermole- 
cular binding force is far greater than that of 
the intermolecular interaction, and also the 
internal diffusion of a polymer molecule is 
more rapid than that of the translation of 
the whole molecule. On such considerations 
the rotational and intramolecular effects are 
neglected in our calculation. But, it is con- 
sidered that these effects may become more 
greater in case of the very large velocity 
gradient. 

Moreover, in the calculation in section 3, 
we did not consider the hydrodynamic interac- 
tion between polymer molecules, and also 
adopted a model of the free-draining polymer 
molecule. In the recent various theoretical 
calculations®™, the hydrodynamic intermole- 
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cular interaction is often considered between 
molecular segments in a chain polymer mole- 
cule, and in order to explain the observed 
relations between molecular weight of polymer 
and the intrinsic viscosity of the solution, this 
effect has been utilized by some authors”. 
The hydrodynamic intramolecular interaction 
in a polymer molecule, as shown in these 
treatment, would perturb or deform the 
streaming lines of the solvent near the poly- 
mer molecules as well as in the inside of 
them, and thus the velocity function v(r) would 
have more complicated form than that of Eq. 
(3.2). But, in our present calculations, taking 
account of the intermolecular potential of 
chain polymer molecules, the property of the 
effect of the velocity gradient on the radial 
distribution of the polymer molecules was 
considered in a simple calculation. 
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The paramagnetic resonance spectrum of Mn++ ions contained in NaCl 
single crystal with concentrations of 1~3x10-4 in mole fraction has been 
investigated. From the analysis of the spectrum the existence of Mnt+* 
—Na+ vacancy complex, in which a Nat vacancy is at one of the 
nearest neighbor positions with respect to the Mn++ ion, has been veri- 
fied at room: temperature in crystals quenched from high temperatures. 
However, this state of Mnt+ ion is unstable at room temperature, and 
such complexes diffuse through the lattice to form aggregates of Mnt* 
ions. The ground level splitting parameters of a Mn** ion accom- 
panying a Nat vacancy at one of its nearest neighbor positions have 
been obtained as follows: D=137.9+1 gauss, H=51.4+0.4 gauss, 
where D and F represent the parameters in the spin Hamiltonian, 
D[S2-1/3-SCS+1)]+ #(S,2—S,?), in which z axis is in the direction of 
Mn++ —Na* vacancy and y axis along the cubic axis perpendicular to it. 


§1. Introduction 


By investigating the paramagnetic resonance 
spectra of paramagnetic impurities in dia- 
magnetic crystals, certain informations about 
their electronic states in crystals will be 
derived. Since the electronic states strongly 
depend upon the crystalline field, the state 
of the environment around the paramagnetic 
ions may be informed by analyzing the struc- 
ture of their resonance lines. When the 
valency of the impurity ions is different from 
that of the ions in the base crystal, additional 
vacancies would be produced by the principle 
of charge compensation. For example, if 
Mntt+ ions are added to a monovalent ionic 
crystal, a positive ion vacancy is produced 
for each Mn*+t ion. In this case, relative 
positions between these divalent ions and 
positive ion vacancies will be known by para- 
magnetic. resonance studies, and a_ basic 
knowledge may be obtained concerning com- 
plex formation between them. 

From this point of view, the paramagnetic 
resonance of added paramagnetic impurities 
in alkali-halide crystals has been investigated 
by several workers.?-® Schneider and 
Caffyn” first investigated the paramagnetic 
resonance spectrum of a NaCl-Mn** single 
crystal, and observed fine structures in Mn++ 
resonance when the crystal was quenched 
from a high temperature while only broad 
single line was observed before quenching. 
This shows that, when the crystal is quench- 


ed from high temperature, some Mn*+*+—Nat* 
ion vacancy pairs, ‘‘ complexes ’’, are formed 
and then a crystalline field of a lower sym- 
metry is produced at each Mnt* ion by a Na* 
ion vacancy associated with it. However, 


detailed analysis of the fine structure has not | 


yet been published.* The change of the line 
shape and line width with heat treatment of 
the crystals has been reported also by Oshima 
et al,” who did not observe any fine structure 
of the resonance line. On the other hand, 
Low® observed weak h.f.s. lines superposed 
on a strong bell-shaped line even without 
heat treatment. He concluded that these 
h.f.s. lines originated from isolated Mn*+ 
ions still remaining in the crystal, so that only 
cubic crystalline field acted upon them. 
Later, Watkins and Walker® have made an 
experiment at high temperatures, and found 
that when the temperature was raised to 
about 200°C, fine structures of the resonance 
lines which originated from two different 
states of Mn** in the crystal were observed 
(one being in axial symmetric, another in 
orthorhombic crystalline field). They inter- 
preted these crystalline fields as those originat- 
ing from Nat ion vacancies in the next nearest 
neighbor position and in the nearest neighbor 
position to Mn*+ ions respectively. Also 
A brief report jof..the, analysis of the fine 
structure was given by Schneider at the Conference 
on the Radio & Microwave Spectroscopy, Duke 
University, November 1957. 
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they observed only six h.f.s. lines at 450°C, 
which meant that at this temperature Mnt+ 
ions did not accompany any vacancies, so 
that the crystalline field at them was of cubic 
symmetry. They also made an experiment 
with quenched crystals. 

In this paper the results of the paramagne- 
tic resonance of Mn** in NaCl single crystals 
grown from aqueous solutions are reported. 
When the crystals were quenched from high 
temperatures, fine structures were observed 
at room temperature in accordance with 
Schneider and Caffyn’s result. Analyzing the 
fine structure, it was found to be explainable 
as the effect of a Nat ion vacancy associated 
with a Mnt* ion. So the existence of Mn++ 
—Na* vacancy complex is verified in the 
crystal quenched from high temperatures. 
The crystals before quenching showed no 
such structure. It is interesting to compare 
these results with that of the existence of 
two kinds of Mn++—Na*+ vacancy complexes 
at high temperatures observed by Watkins 
and Walker. Analysis of the fine structure 
together with the discussion is given in sec- 
tion 3. ‘ 


§2. Experimental Method 


Measurements were made at a wavelength 
of 3.17cm and at room temperature, using a 
TEus circular reflection cavity. The signal 
detected by a standing wave detector was 
amplified with a pre-amplifier and then with 
a narrow band amplifier, and finally detected 
by a phase sensitive detector and recorded as 
the first derivative of the absorption line. 
The frequency of the magnetic field modula- 
tion was 60c/s or 315c/s. The magnetic 
field measurement was made with proton re- 
sonance. The g-factor was determined by 
comparison with the absorption line of a—a@ 
diphenyl 8-picryl hydrazyl (g=2.0036). 

NaCl-Mn*+ single crystals were obtained 
by slow vaporization of aqueous solutions of 
NaCl containing small amounts of MnCl, at 
60°C. By spectroscopic analysis the concen- 
tration of Mn*+ was found to be 1~3x10-! 
in mole fraction. With the base NaCl crystal 
alone, no resonance lines were observed. 

The procedure of the quenching was as fol- 
lows. The specimen’ kept at a high tempera- 
ture for about three hours was dropped into 
dry ice as rapidly as possible. It took about 
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five seconds. In this procedure the specimens 
cracked into several parts occasionally, but 
some parts of the crystal remained uncrack- 
ed. They were used in the measurement 
with the static magnetic field parallel to [100] 
or [110]. The specimen used in the measure- 
ment with the magnetic field parallel to [111] 
was the crystal cut along a (110) plane before 
the quenching, and for this specimen many 
cracks appeared after the quenching, probab- 
ly due to strains produced by the cutting. 
Therefore, the results of the experiments in 
this case may include some ambiguities in 
the line shape, the line width, the intensity, 
and others. The resonance measurements 
were started about thirty minutes after the 
quenching. Since the fine structures decayed 
with time, as will be shown in section 3, the 
quenching of the crystal was repeated before 
each resonance measurement. The fine 
structures observed were quite reproducible. 


§3. Experimental Results and Discussions 


Experiments are divided into two parts. 
One is the measurements of the resonance 
line with the crystals without heat treatment. 
The other is the measurements of many lines 
with the single crystals quenched from high 
temperatures. 

1) A single line 

In the case without heat treatment, an 
orientation-independent single line was observ- 
ed with a half-width of 205+20 gauss, the g- 
factor of 2.020+0.005 and a! shape of appro- 
ximately Lorentzian. This results agree with 
those of Oshima et al? and Low. But in 
our case, any resolved h.f.s. lines superposed 
on the broad line could not be observed, 
which Low observed with weak intensities. 
The origin of the line width has been dis- 
cussed by Schneider and Caffyn,” and. Oshi- 
ma et al.” 


2) Fine structure 

With the single crystals quenched from 
high temperatures (350°C to 785°C) to dry ice 
temperature, many strongly _ orientation- 
dependent lines were observed at room tem- 
perature, which were similar to those obtain- 
ed by Schneider and Caffyn?. By the follow- 
ing analysis, it will be shown that they cor- 
respond to the fine structure of a Mn** ion 
accompanying a Na* ion vacancy in the 
nearest neighbor site, This fine structure 
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disappeared in several days and a. single 
broad line appeared, which was just the 
same as the line observed without heat 
treatment*. This result agrees with the ob- 
servation of Schneider and Caffyn.? 

The observed spectra of resonance lines in 
crystals quenched from about 410°C, are 
shown in Fig. 1. Fig. 2 shows partially 
resolved structures superposed on a _ broad 
line at sixty eight hours after the quenching. 

Now we discuss the results of the above 
measurements. From the consideration on 
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the line width and the line shape of the 
single broad line, Mnt* ions are probably in 
aggregate states prior to the heat treatment, 


so that line width originating from dipole-dipole | 
interaction is narrowed and h.f.s. are smear- | 
ed out by the exchange interaction among | 
in. Lorentzian line shape. | 
This situation has been already discussed by | 


them, resulting 
several workers.?- 

According to the experiment of Watkins 
and Walker®, Mnt* ions will exist freely in 
the lattice above 410°C. When the crystal 
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Fig. 1 (a). 
H // [110] 
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Fig. 1 (b). 
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observed immediately after quenching, 


_ 


partially resolved six h.f.s. lines were 


which disappeared in several days and became a single broad 


line in the same way as in the case of single crystals.1) 


| 
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Fig. 1°(c). 


Fig. 1 (a), (b), (c). 


The paramagnetic resonance spectrum of Mn++ in quenched NaCl single crystal. 


The observed spectrum is shown in the lower part of each figure and the calculated:one in the upper 


part. 
(b), and the [111] direction in Fig. 1 (c). 


composed of two spectra (A) and (B), corresponding to two orientations of Mn++ 
In Fig. 1 (b) and (c), a composed spectrum alone is shown. 


complexes in the static magnetic field. 


The static magnetic field is along the [100] direction in Fig. 1 (a), the [110] direction in Fig. 1 
In Fig. (a), the calculated spectrum, (C), is shown to be 


—Na* vacancy 


In the observed spectrum, noises and a slight drift of the zero line which eventually occurred are 


omitted. Noise levels are shown in each figure. 


The zero point in the field scale indicates the position 


of the magnetic field corresponding to the g-value of Mn++ in NaCl crystal (g=2.0012). 
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Fig. 2. Experimental record for Mn++ in quench- 
ed NaCl single crystal with H parallel to [100] 
obtained sixty eight hours later after quenching. 
Partially resolved structures can be seen. The 
center strong signal is that due to DPPH. Many 
marks drawn on the resonance curve are the dc 
current marks. 


is quenched from this temperature, it might 
be considered that Mn** ions occupying posi- 
tive ion sites in the lattice are frozen with- 
out accompanying Na* vacancies. Then, six 
h.f.s. lines alone would be expected. How- 
ever, complex spectra which are composed 


of the mixture of fine structure and h.f.s. 
are always observed instead of six h.f.s. lines 
alone, even in the case of the crystal quench- 
ed from 785°C, at thirty minutes after the 
quenching, This means that during the 
process of the quenching or the time to set 
crystals into cavity, a Na* ion vacancy dif- 
fuses through the lattice to form some kind 
of a complex with a Mn** ion. This suppo- 
sition may be reasonable by the following dis- 
cussion. If the diffusion of free Na* ion 
vacancies is assumed to be isotropic, for 
simplicity, the time, ¢, required for a Nat 
ion vacancy to diffuse on the distance / is 
estimated by the following relations, 


a ava? 
t=—— 3, Dyac = ay A ’ 


where Dyac and v are the diffusion coefficient 
and the jump frequency of Na* vacancies 
and a is the spacing between neighboring 
Nat ions. The jump frequency v at room 
temperature is of the order of 1c/s.!» If the 
distance /] is taken to be about 80A (the 
average distance between Mnt* ions if they 
are assumed to distribute uniformly in the 
NaCl crystal containing Mn** ions of 1074 
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mole fraction), the time, ¢, is estimated to 
be of the order of several minutes by the 
above relations*. So during the time of the 
preparation of our resonance measurement, a 
Na* ion vacancy will certainly diffuse to a 
site around a Mn*+ to forma complex. Also 
it may be considered that. during the process 
of the quenching Na* ion vacancies diffuse 
through the lattice to form some sort of 
the complexes since the jump frequency of 
a Na* ion vacancy at high temperatures is 
larger than that at room temperature. Indeed, 
in NaCl containing small amount of divalent 
impurities, Catt, Cd+*+, Mn*+t, such comple- 
xes are suggested to exist from dielectric 
loss measurements! and also, in the case of 
NaCl-Cd++, from ionic conductivity measure- 
ments!»!, Jn these cases, it has been sug- 
gested that the complex consists of a divalent 
impurity and a Na* ion vacancy occupying 
one of the Na* sites nearest to the divalent 
impurity. In our case, this position of a Nat 
ion vacancy associated with a Mn** ion is 
also assumed. Then, the crystalline field at 
a Mn** ion will no longer be cubic and fine 
structure will appear in Mnt* resonance 
lines. 

Now, there are twelve equivalent positions 
for the vacancy around a Mn** ion. If the 
orientation of the vacancy referring to a Mntt* 


moves 


H= Hp 9 


a vk 
2H 


i 
At : 

— Am — = II+1)—m?+m(2M+1)] , 
2. Hp 


where M and m are the components of the 
electronic and nuclear spins in the applied 
magnetic field, Hy is hyv/gB and the values of 
D, E, and A are reduced by a factor of gf 
from those in Eq. (2). 

In the present case, resonance spectrum 


* According to Haven (Report of Bristol Con- 
ference in the reference (13)), the jump frequency 
of free Nat vacancies at 20°C in the NaCl crystal 
is estimated to be 17 c/s. If this value is used, it 
takes about 28sec for Na* vacancies to diffuse on 
the same distance. 
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ion is taken as the z-axis, which is assumed || 
to be the [110] direction, for example, as | 


shown in Fig. 3, orthorhombic crystalline 


field is produced with the x-axis in [110] and | 
Then, the ef- || 
fect of the crystalline field on a Mn** ion | 
following spin | 


the y-axis in cubic axis [001]. 


can be described by the 
Hamiltonian 


LE crys= DIS2+1/3-S(S+ VI+E(S2—S,"). (1) | 


Considering twelve equivalent Nat ion vacan- 
cy positions, the z-axis must be taken as one 
of the six equivalent [110] orientations with 
appropriate choices of the x- and y-axes. 
With Zeeman energy and the hyperfine in- 
teraction with ®Mn nucleus, the total spin 
Hamiltonian of a Mn** ion is given by 


Sf =g8H-S4+ LH cyst APS, (2) 
where the first term gives Zeeman energy 
and the last term represents the hyperfine 
interaction. Here fourth order terms in com- 
ponents of S and the anisotropic part of the 
hyperfine interaction are omitted because 
experimental data can be explained without 
them. 

Let the magnetic field H be in the (0, ¢) 
direction in the (x, 4, z)-coordinate system. 
In the second order perturbation calculation, 
the field strength of resonance lines for the 
electronic (M«- M-+1) transition is given by 


[D(3 cos? 0—1)+3E cos 2¢:sin? 7] 
[\D — Ecos 2¢)?-sin20- cos? 0+ E? sin? 0-sin? 2¢][24M(M+1)—4S(S+1)+9] 


1 {{D sin? 0+ E cos 2(1+cos? 6)]?+4E* cos? 0-sin? 29}+[25(S-+1)—-6M(M+1)—3] 


(3) 


consists, in general, of 180 lines because the 
z-axis of the crystalline field must be taken 
as each one of the six orientations and the 
fine structure consists of 30 lines for each 
direction of the z-axis. But, if the magnetic 
field H lies along some symmetry axis, the 
number of resonance lines is reduced. For 
example, if H is parallel to the cubic axis, 
resonance lines consist of two sets, one being 
given by Eq. (3) with @=45°, ~=0° and the 
other with #0=90°, g=90° (See Fig. 1 (a)). 
Similarly, for the cases in which H lies in 
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{110] and [111] the numbers of the equivalent 
sets can be easily obtained. Table I shows 
the equivalent values of 0 and ¢ for these 
sets, together with the numbers of the 
equivalent orientations of z-axes for each set. 


ee 
% AD 
cape rape: 


No*-vocancy 


cr 


Fig. 3. A coordinate system with the origin at 
the position of Mn++ on a Na? site. The cry- 
stalline field about a Mn++ jon accompanying 
a Nat vacancy at one of the nearest neighbor 
Nat sites has orthorhombic symmetry, and for 
the analysis of the fine structures, 2, y, z-axes 
were taken as shown in this figure (see text). 


Table I. Classification of the orientations of equi- 
valent crystalline field 2-axes at Mn++ in the 
static magnetic field. 


Direction 


oe 0 Q Abundance 
45° 0° roll. 
[100] 
90° O08 . 2 
- | 
0° Ped a 
| 
[110] 90° 0° | 1 
60° cos-1(—3) 4 
cos7ly/ 3 | 90° | 3 
1 goo mad lentil 1) ced 
| 9 Cos (= | 


By fitting the observed spectra for the 
orientations of H in [100] and [110] with the 
calculated ones as shown in Fig. 1 (a), (b), 
we find the following values for the para- 
meters, g, A, D, and E. 

g=2.0012+0.0008 
A=—88.8+0.8 gauss 
D=137.9+1 gauss 
E=51.4+0.4 gauss 


The signs of D and E in the above asign- 
ments were determined from the considera- 
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tion of the variation of the spacings of h.f.s. 
multiplets assuming that A is negative. 

We now compare the experimental results 
for H parallel to [111] with the spectrum cal- 
culated by Eq. (3) using the parameters 
given by Eq. (4). As shown in Fig. 1 (c), 
the agreement of the observed spectrum with 
the calculated one is not satisfactory. This 
may partially be due to the difficulty of sett- 
ing the crystal with the desired orientation 
because the crystal used was cut along a 
(110) plane. Moreover, in the observed 
spectrum, some of the lines expected at the 
lowest field side are so weak that their ex- 
istence can not be confirmed by the masking 
effect of noise. Theoretically, it is expected 
that these lines have equal intensities with 
those of the corresponding lines at the high- 
est field side. We have no appropriate inter- 
pretation as to this intensity anomaly even if 
a slight distribution of the orientation of the 
crystal axes due to cracks is taken into con- 
sideration. Wertz and Auzins’ also reported 
similar anomaly in intensity in the case of 
Cr*+** resonance in MgO-Cr**+* crystal. 

The width of h.f.s. components at the 
highest and lowest field sides in the spectra 
with H parallel to [100] and [110] is 10~12 
gauss, and the width between maximum 
slopes of the main h.f.s. components (M=1/2 
«—]/2 transition) observed with H parallel to 
[100] is about 8 gauss. The orign of these 
widths may be attributed mainly to the un- 
resolved h.f.s. due to neighboring six Cl 
nuclei and a small distribution in the para- 
meters D and E due to strains in the crystal. 
Also the dipolar interactions with neighboring 
Cl nuclei and Na nuclei contribute to the 
width by 2.7 gauss for HA parallel to [100] 
and by 2.2 gauss for A parallel to [110]. 

Watkins and Walker observed complex 
structures when the crystal was heated to 
200°C. By analyzing them, they concluded 
that two types of Mn*+*—Nat* vacancy com- 
plexes existed in the crystal, one with the 
vacancy in the nearest neighbor position with 
respect to a Mn** ion and the other in the 
next nearest neighbor position, and they 
obtained the values of the parameters for 
each case. In order to compare the value of 
of.the parameters which they obtained for 
the former case with our values given by 
Eq. (4), a new coordinate system is taken, 


1180 


in which the z-axis is along the cubic axis 
and the x-axis in the direction of Mn** to 
Nat vacancy. In this new coordinate system 
the following values of the parameters are 
obtained: 


D=—146.0+1 gauss, 
E=43.3+0.3 gauss. 


These values agree very well with those 
obtained by Watkins”. 

In our measurements, the fine structure of 
the resonance lines of Mn*+ ions which ac- 
company Na* ion vacancies occupying the 
next nearest neighbor Na* sites could not be 
observed. This indicates that the complex 
with the vacancy in the nearest neighbor Na* 
site is more stable than that with the vacan- 
cy in the next nearest neighbor Nat site, so 
that the former prevails at room tempera- 
ture when the specimens were quenched from 
high temperature. According to Watkins”, 
the binding energy of the former type of 
complex is larger than that of the latter by 
0.03eV. This difference in the binding 
energy may be the reason why the resonance 
lines of one type of complexes could not be 
observed in our measurement. 

The change of the relative intensity of the 
resonance line with time after quenching was 


(ii) 


intensity 
° 
on 


Relative 


ike) 20 30 40 50 
hours 
Fig. 4. The change of the intensity of the lowest 
h.f.s. line (m=—5/2) in M=1/2<->-1/2 tran- 
sition when the static magnetic field is parallel 
to [100] in NaCl single crystal quenched from 
410°C. Two decay curves correspond to the 
cases of two different times of the duration of 
heating at 410°C, which is about fourty minutes 
for the lower curve, (i), and is about three hours 
for the upper curve, (ii). For each case the 
intensity of the resonance line was compared 
with the intensity of the resonance line of DPPH. 
The relative intensities are so normalized that 
they have the same value at the starting time 
of the measurement which is an hour and a half 
after the quenching. 
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investigated with the lowest h.f.s. line in M 
=1/2-—1/2 transition when H is parallel to || 
[100], using the specimen quenched from 
410°C. The results are shown in Fig. 4. 
These two decay curves correspond to two 
different times of the duration of heating at 
410°C which are about fourty minutes and 
about three hours respectively. The reason 
for the disappearance of the fine structure of 
the resonance line will be that the Mntt— | 
Nat vacancy complexes diffuse through the 
lattice and eventually form aggregates of Mn** 
ions. As already stated, Mn** ions in ag- 
gregate state in the crystal should not yield 
fine structure of the resonance lines, but they 
should yield a single broad line.” “Fig. 4 
shows that in the case of the fourty minutes’ 
heating the initial decrease of the intensity 
of the resonance line is rapid. This may be 
explained as follows: As the time of heat- 
ing is not long enough to separate Mn** ions 
completely, the initial recovery of the aggre- 
gate state of Mn** ions is attained quickly. 
In the case of three hours’ heating the decay 
is slow, meaning that the Mn*+—Na?* vacan- 
cy complexes are distributed more uniformly 
throughout the lattice, so that it takes a 
longer time to diffuse and aggregate together. 
It may be considered that aggregation of 
Mn** ions may occur at a sort of internal 
boundary or may form an ordered state with 
Na* ion vacancies as found in the NaCl-Cat+ 
crystal by Miyake and Suzuki’. Then, when 
the crystal is heated, Mn**+—Nat complexes 
may first diffuse easily on this boundary 
plane, and after a prolonged heating, they 
may diffuse slowly to the inside of the host 
crystal itself. After quenching, Mnt+—Nat 
complexes may diffuse back to the aggregate 
state just in the reversed way, and this 
might be the origin of the different rate of 
the intensity decay for the both cases in Fig. 
4, 

It seems to us that the quantitative analy- 
sis of the decay curve might supply some 
valuable informations about the divalent im- 
purity diffusion. Though a_ quantitative 
treatment of the decay curve on the base of 
the theory of the impurity diffusion by vacan- 
cy mechanism’ has been tried, any con- 
clusive explanation could not be obtained at 
the present stage because no reliable infor- 
mation about the aggregate state of Mnt*t+ 
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ions is available.* 


§4. Concluding Remarks 


In this paper there have been presented 
the experimental results of the resonance 
spectrum of Mn++ contained as impurity ions 
in NaCl crystals, and the fine structure of 
the resonance lines observed in the crystals 
quenched from high temperature has been 
analyzed on the base of a spin Hamiltonian 
containing an orthorhombic crystalline field 
term. From the analysis of the fine struc- 
ture the existence of Mnt*—Na* vacancy 
pairs, ‘‘complexes’’, was confirmed. At 
room temperature these free complexes are 
unstable and diffuse slowly through the lat- 
tice to form aggregates of Mn** ions. 

The authors wish to thank Dr. T. Kojima 
for his valuable suggestions about the com- 
plex formation from Mn** and positive ion 
vacancies. One of the authors (J.I.) would 
like to thank Dr. G. D. Watkins for his 
valuable discussions which were given to him 
at Duke University on the occasion of the 
Conference on the Radio and Microwave 
Spectroscopy, November 1957. 
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* In order to obtain some informations about 
the aggregate state of Mnt++ ions, we made some 
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etching, we could not obtain any reliable informa- 
tion about this problem by the electron microscope 
studies. 
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Nuclear Magnetic Resonance Studies of Iodine Ions 


in Aqueous Solution 
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Department of Physics, Osaka, University, Osaka, Japan 
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Chemical shift and line width were measured for the nuclear magnetic 


resonance of iodine nuclei in aqueous solutions of alkali iodides. 


The 


chemical shift was independent of temperature, but was dependent on 


the concentration of the solution. 


The spin lattice relaxation time calcu- 


lated from the line width varied with temperature as well as concentration. 
General trend of the variation of the spin lattice relaxation time agrees 
with that of viscosity. By analysing the data of the chemical shift and 
spin lattice relaxation time, it is suggested that even in very dilute solution 


there exists chemical shift of the order of 6x10-4 as compared to the 


case of ‘ pure ion’. 


Introduction 


§1. 


When strong electrolytes such as alkali hali- 
des are desolved in water, each molecule 
separates into positive and negative ions. 
Often the nuclear magnetic resonance fre- 
quency for these ions was taken as a standard, 
to express the chemical shift for other compo- 
unds containing the same nucleus. To discuss 
the chemical shifts in solid metal halides, it 
is necessary to know the shift of resonance 
frequency for solids from that of pure ion”, 
and in some previous works, the shift of 
resonance frequency of the solids from that 
of ions in aqueous solution was taken as the 
true shift from ‘pure ion’, without detailed 
considerations», However, ions in aqueous 
solution are usually surrounded. by several 
water molecules of hydration” and, as pointed 
out already by Saika and Slichter®, there 
seems to exist considerable effect on resonance 
frequency by the hydration. Moreover, in the 
case of Tl nuclei, Gutowsky and McGarvey” 
observed that the resonance frequency for Tl 
ions in aqueous solution showed marked con- 
centration dependency in some cases. Also, 
they pointed out that a similar concentration 
dependence of the resonance frequency was 
found in the case of Cs ions, suggesting some 
other effects than the hydration. 

During the investigation of the chemical 
shifts for solid alkali halides, which will be 
published in near future, we noticed that it 
is necessary to know the true resonance fre- 
quency for nuclei in pure alkali or halogen 
ions. However, it is very difficult, almost 


impossible, to measure the resonance fre- | 
quency for pure ions, so we aimed to investi- | 
gate the effect of hydration for ions in aqueous | 


solution. 
the chemical shift, it seems probable that 
also it has some effect on the electric quad- 


If the hydration has some effect on | 


rupole interaction, when the nucleus has spin | 
larger than 1 and momentary configuration | 
of water molecules of hydration is not highly | 


symmetrical, and by this electric quadrupole | 


interaction spin lattice relaxation time, 74, 
of the nucleus in ion may be considerably 
shortened. Therefore, we measured the con- 
centration and temperature dependence of the 
shift and spin lattice relaxation time for 
various metal and halogen ions in aqueous 
solution. 
the results of our experiments on iodine ions. 
As will be discussed in section III, it is very 
difficult to analyse clearly our experimental 


In this report, we shall describe © 


j 


results to obtain the resonance frequency for 


‘pure ion’, though it may be suggested that 


there exists considerable chemical shift for 


iodine ion even in very dilute solution as com- 
pared to ‘pure iodine ion’, and further ex- 
periments of different kinds should be made to 
determine accurately true resonance frequency 
for ‘pure ion’. 


~ 


§2. Experimental Results 


(a) The chemical shift. 

The ‘resonance field for iodine ions in aque- 
ous solution was compared with that for solid 
sodium. iodide. First, we desolved potassium 
iodide in water and noticed that there existed 
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considerable concentration dependency of the 
resonance field. Since the spin lattice relax- 
ation time of iodine nuclei is rather short in 
aqueous solution which will be described in 
(b), it might be the case that the shift in 
resonance field is not a true chemical shift, 
but is caused by some other origins such as 
second order quadrupole effect”. If the shift 
is a true chemical shift, 4H/H where 4H is 
the shift of the resonance field from a standard 
(in this case the resonance field for solid 
sodium iodide) and H is the applied field, will 
be constant for all values of H®, while if the 
shift originated from quadrupole effect, 4H/H 
will depend strongly upon H. We checked 
that the resonance field for the standard solid 
sodium iodide was exactly proportional to the 
frequency, by measuring the ratio of the re- 
sonance frequency for sodium ions in aqueous 
solution of sodium bromide and that for iodine 
nuclei in solid sodium iodide at various fields. 
In the case of sodium nuclei in aqueous so- 
lution, the line width is very narrow, being 
almost equal to the width corresponding to 
field inhomogeneity, and no effect of second 


J -4 
aginlo 


2.0 


1.0 0 
O07 A aud $4) (5) b> 248 62 


Concentration (mole / liter of woter) 


Fig. 1. Concentration dependence of the chemical 
shift for iodine ions in aqueous solutions. 
Avo is relative shift of the resonance for aqueous 
solutions from that for solid sodium iodide. 
Different marks show the experimental results 
for KI aq., Nal aq. and Lil aq. at three fre- 
quencies: © KI aq. at 3.4 Mc/sec, © KI aq. at 
4.5 Mc/sec, © KI aq. at 6.0 Md/sec, [] Nal aq. 
at 3.4Mc/sec, and A Lil aq. at 6.0 Mc/sec. 
Solid line was drawn to fit best with the ex- 
perimental plots. 
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order quadrupole term will exist. 

The measured values of 4H/H are constant 
within experimental errors at three frequen- 
cies, 3.4, 4.5 and 6.0 Mc/sec, indicating that 
there exists a true chemical shift between the 
resonance field for iodine ions in aqueous 
solution and that in solid sodium iodide. The 
results of the measurements are shown in Fig. 
1, in which the relative shifts of the resonance 
field for aqueous solution from that for solid 
sodium iodide are plotted against the concen- 
tration of the solution. The resonance for 
solution lies always in diamagnetic side with 
respect to that for solid. In this figure, the 
results of the measurements for other alkali 
iodides, Nal and Lil, are also included. The 
concentration dependence of the shift is almost 
linear, and the shift is independent of the 
nature of positive ions. 

Next, we measured the temperature depend- 
ence of the chemical shift. In this case, we 
used only an aqueous solution of potassium 
iodide with the concentration of 1 gr of KI in 
1 gr of water. Keeping the reference sample 
of solid sodium iodide at room temperature, 
the temperature of the solution was changed 
from room temperature upto about 80°C. No 


(A) x 10 sec. 


17 


i 
Oo 2 4 6 8 ike) 


Concentration (mole / liter of water) 


Fig. 2. Concentration dependence of the inverse 

of T, for aqueous solutions of potassium iodide 
and sodium iodide. 
Circular marks are the experimental points for 
KI aq., while square marks are those for Nal 
aq.. Solid curves show the concentration depend- 
ence of 7, normalized to fit best with the ex- 
perimental plots of 1/7, for KI aq. 
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change in 4H/H was observed within the ex- 

perimental errors which were about 0.5 

10-°: 

(b) The width of the resonance line; The spin 
lattice relaxation time. 

Since the nuclear magnetic resonance line 
width is rather broad for iodine ions in aque- 
ous solution and also the line shape is Lore- 
ntzian, it will be safe to assume that 7;=7» 
in this case. Therefore, to determine the 
value of 7,, we only measured the line width, 
OH, (full width between maximum and mini- 
mum deflections in the derivative of the 
absorption curve), and 7;(=T»2) is calculated 
by the relation 71=2/1/ 3 réH. 


stl. 
hs X10 sec. 


Ve for 6 


Temperature in °C 


Fig. 3. Temperature variation of the inverse of 
T., for aqueous solutions of potassium, sodium 
= lithium iodides, with various concentrations. 

: © Kl aq. 1.10 mole/liter of water, 2: © KI 
aq. 0.27 mole/liter, 3: @ KI aq. 7.5 mole/liter, 
4: [e} Nal aq. 1.21 mole/liter, 5: (] Nal aq. 0.30 
mole/liter, 6: HJ Nal aq. 8.3mole/liter, 7: A 
Lil aq. 1.30 mole/liter. Solid curves show the 
temperature dependence of the values of 7/7’ for 
corresponding concentrations, normalized to fit 
best with the experimental plots of 1/7, for KI 
aq. with the concentration of 1.10 mole/liter of 
water. 


OH was measured for aqueous solutions of 
potassium, sodium and lithium iodides with 
various concentrations and at different tem- 
peratures. Typical values of 1/7, calculated 
from the line width are shown in Fig. 2 and 
Fig. 3. 7, depends upon the concentration 
in the case of Nal aq., while 7; is almost 
constant in the case of KI aq. The viscosity 
of the solution of sodium and potassium iodides 
changes with the concentration by similar ways 
as those of 1/7;. Also for the temperature 
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dependency of 1/7\, similar parallelity with 
the change of viscosity exists. 


pected from the dipolar interaction with sur- 
rounding water molecules which is time 
dependent by the Brownian motion of water 
molecules. Therefore it is suggested that the 
origin of the relaxation is time varying electric 
quadrupole interaction which is produced by 
the motion of water molecules of hydration. 
The extrapolated value of 7, for infinitely 


dilute solution which is, of course, equal for — 
is rather short even at _ 


KI aq. and Nal aq., 
higher temperatures. 


83. Discussion 


Though the concentration of the solution by 
which nuclear magnetic resonance measure- 
ment of iodine nuclei is possible is not so dilute 
as is considered ‘dilute 
sence’, the interaction between positive and 
negative ions may be neglected in the discus- 
sion of nuclear magnetic relaxation for dilute 
solutions used in our experiment, because the 
width of the resonance line is almost indep- 
endent of the concentration when the con- 
centration of the solution is made less than 
3 mole/liter for KI aq. and less than 2 mole/ 
liter for Nal aq.. This means that in these 
cases the spin lattice relaxation time is 
determined solely by the interaction between 
the ion and water molecules of hydration. If, 
as a first order approximation, we neglect the 
interaction between ions at all concentrations, 
1/7, may be assumed to be proportional to 
7/T according to the theory of Bloembergen, 
Purcell and Pound’, where y is the viscosity 
of the solution and 7 is the temperature. In 
Fig. 2 and Fig. 3, values of 7/T! are also 
shown, normalizing the curves of 7/T to fit best 
with the experimental 1/7\-curve for dilute solu- 
tion of KI. General tendencies of the curves 
of 1/7; and y/T agree with each other, sug- 
gesting that the main origin of the relaxation 
is time dependent electric quadrupole inter- 
action of iodine nuclei which is produced by 
the water molecules of hydration. It is not 
clear, however, whether the electric quadru- 
pole energy is produced by the asymmetric 
configuration of water molecules around the 
iodine ion which is made time dependent by 
the rotational motion of the system of iodine 
ion plus water molecules of hydration among 


The absolute || 
values of 7, are much shorter than those ex- || 


in electrochemical — 
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free water, or the configuration of the water 
molecules of hydration changes from time to 
time by Brownian motion, or both. 

Next, we shall discuss the chemical shift. 
The chemical shift shows considerable con- 
centration dependency. Therefore, contrary 
to the discussion given above, some effect 
from positive ions should exist. The fact 
that the shift is independent of the kind of 
positive ions suggests that the perturbing ef- 
fect of positive ions is not the association to 
form neutral molecule. On the other hand, 
according to the theory of strong electro- 
lyte’?, a sheath of positive charge is formed 
around each negative ion on an average, the 
mean radius of which is determined by the 
concentration, and this positive sheath may 
polarize the water molecules of hydration 
around the negative ion. This polarization, 
in turn, may perturb the charge distribution 
of the negative ion and change the chemical 
shift. 

If this picture is the actual case, there must 
exist concentration dependence of momentary 
electric quadrupole energy which is the origin 
of the spin lattice relaxation. In fact, strictly 
speaking, the measured values of 1/7; are not 
exactly proportional to 7/T. 

Now, we shall assume that root mean square 
of momentary electric quadrupole energy and 
the shift come from the same origin. Then, 


Eo, root mean square of quadrupole energy, 
can be assumed to be proportional to (1/Tiy)”?, 
and also to the net shift, o, from purely ionic 
state. Then the following relation is easily 
derived: 


(1/Ti9)/?—(0/Tin) 0”? plist oe 
(1/T)0¥/ Fo 


where 1 and 0 means two solutions of con- 
centration 1 and 0, provided that all these 
quantities are measured at one temperature. 
Taking the concentration 0 as very dilute one 
(or the extrapolated one to zero concentration), 
6», that is the chemical shift of iodine nuclei 
in very dilute solution as compared to that of 
‘pure ion’, can be calculated. The estimated 
value of o) from the experimental values of 
(1/T:):, Q/Ti)o, and o,—«0, is ~6x10-, both 
for aqueous solutions of potassium and sodium 
iodides. Of course, equation (1) might be very 
crude one, since the origin of o and 1/7; is 
not known exactly. So, the estimated value 


(1) 
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of o) might be only tentative, but, to explain 
the concentration dependence of the shift and 
also rather short relaxation time in very dilute 
solution, we must assume considerable chemi- 
cal shift from ‘pure ion’ even at very small 
concentration. 

The main force between an ion and sur- 
rounding water molecules of hydration is pro- 
bably electrostatic one, but there might exist 
some kind of bonding by which small part of 
electron charge of the ion may transfer to 
water molecules. Then by p-electron hole 
produced by electron transfer, chemical shift 
and also electric quadrupole interaction for 
iodine nuclei will be produced. In this case, 
theoretical treatment given by Saika and 
Slichter® or Yoshida and Moriya” will be 
applicable. If we assume the number of water 
molecules attached to one iodine ion is four, 
the estimated fraction of p-electron hole per 
one pair of iodine ion and water molecule 
becomes about 4 percent to interpret the 
chemical shift in very dilute solution from 
that for ‘pure ion’. Then electric quadrupole 
energy of about 80 Mc/sec is expected for a 
pair of iodine ion and water molecule. If we 
assume further that electric quadrupole in- 
teraction of this order of magnitude fluctuates 
with time by a correlation time corresponding 
to the viscosity of the solution, we get spin 
lattice relaxation time of right order of mag- 
nitude as compared with the experimental 
values. Concentration dependency of the 
chemical shift can be well interpreted by the 
change of electron tranfer caused by the 
polarization effect due to positive ions around 
the hydrated iodine ion. The analysis of the 
experimental data given above has been done, 
taking these considerations on the chemical 
shift and spin lattice relaxation in mind. 

Interactions between ions and water mole- 
cules of hydration can also be investigated by 
measurements of the chemical shift and spin 
lattice relaxation time of proton. Broersma!? 
and Shoolery and Alder!” investigated proton 
magnetic resonance, but direct correlation bet- 
ween proton and metal or halogen nuclear 
magnetic resonances was not clearly shown 
in the present stage. 

Hitherto, the chemical shift in metal halides 
was referred to that of ions in aqueous so- 
lution, and also often the nuclear magnetic 
moments have been calculated from the reso- 
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nance condition for ions in aqueous solution 
with diamagnetic shielding correction for ‘ pure 
ioh’™, Therefore, these values should be 
considerably revised by the chemical shifts of 
the ions in aqueous solution as compared to 
the pure ion. 

Similar concentration dependency of the shift 
was observed in other alkali metal and halogen 
ions, too. The results of these measurements 
for other ions will be reported in near future. 
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The Lower Excited States and the Phosphorescent State of Diphenyl 


I. 


Scheme of Modification of MO 
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To treat the problem of phosphorescence of alternant hydrocarbon we 
propose a new method to take account of the mixing of higher order 


AO’s, 


We give here a theoretical scheme of the modification of 2px MO with 


the addition of 3d AO’s for diphenyl molecule. 


With the modified MO’s 


thus obtained, the singlet triplet intercombination matrix is given in the 


concrete form. 


§ 1. 


The 2pz MO method with two center inte- 
grals is unable to approximate the observed 
value of the singlet-triplet intercombination 
intensity in the phosphorescence of alternant 
hydrocarbon. Some authors have yet publish- 
ed works concerning this problem.!~° 

But, in the preceeding paper we have 
proposed a new method modifying MO’s con- 
sisted simply of 2bz AO’s with higher order 
AO’s. 


MO Expansion 


A generalized MO ¢% can be written in the 


following form; 


OF as >, Ca? XQ? atZza"e oa P 
* A par 


(1h 


Note. A. atom. xa, ya, Za. coordinates 


measured from the atom A. 64 depends 
On (pqr). 7a?=Xa?+yo?+ 202. 
When the antisymmetric property of MO by 
the reflection to the xy plane is taken into 
account, the Eq. (1) can be transformed as; 
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Ord: {ca°tat (Ca’ tat Ca*Va)ya’ +++} = » ay Si+ Bio Uitri Vit: (2) 


Here S:, U:, and V; are the simple symmetry MO’s defined for an irreducible representation 
I’ as follows; 


Si= 2 oa (Ll x4 ? Pat x By 
U =} u(pre 20” ees Fa Bldd =p 
U ¢ OA ( ) 3 NaxXa > O4 ce Ea ’ r I XK Bag 
Cs aat(") yf 28 yaya’ = 3 oa0” Yn [= SOP 
2 9. 3 ? 21 4: ‘Ay 39 (3) 


XsA= y= e-aza-+-2px AO, E,= je e>axaZa*++3dez AO. 
14 37 

Va = je e-*''a Yaza° . -3dy: AO . 
3a 


o4’(J"’) is already known in the construction of 2z symmetry MO, and from this we can 
easily find out o4'(”’) and o4'(I'’”’). 
On the other hand, the Hueckel orbitals are found in the form; 


2px MO $=) asiSi= >, Aa Xa, f=1—n occupied, n’> 1’(n+1 

: = — 2n) unoccupied 
3dz:MO $= BrUi=> BalCs, f=1->V (4) 
3dyz MO Ora riVi= Dray. f=1-V | 


Here au’, But, rat are the Hueckel coefficients.» 

One might consider the necessity to include 372 MO’s in the Eq. (2) because they lie 
lower than 3d MO’s. But even if they were included, it can be shown that they disappear 
in the course of evaluation of S-T intercombination integral because of the symmetry 
property. 


§ 2. Determination of Expansion Coefficients 
Substituting Eq. (4) into Eq. (2) we have the following form for the modified MO’s; 


os= b+ aide +d, Diss + 2s Cisoe , bis = Pr— Gikbit “: buss + 2 CrsOF 
(5) 
Of= Ord bisbi—& beshx wf=ws— Di cisbi— 3 Curr . 


1, j=l—n occupied. k, /=n’— 1’ unoccupied. f, g=1— 1’. 


With these MO’s, the orthonormality can be proved to hold if one retains untill the first 


order terms.” 
The energy diagonalization conditions also can be shown to be satisfied by the following 


choice of the coefficients aix, bir, cir etc.; 


ip _GrH' Gs) 4 _ Gr HG) wae, (or TE Oe) 
© Ey=Ex ?-"— -Bi-Ey, ’ Ei—Ew, ” 
with (6) 


H=G*—G= > AIp—J)—-KS Kp) 5 


and Ei=energy of ¢; etc. 
J; and K; and Coulomb and exchange operators respectively. Here the Hueckel MO ¢is 
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are assumed to be sufficiently approximate to SCF orbitals. 
When expanded in MO integrals. 


(eH b:)=(¢| > 2(J38— Js) — Ks — K3)| 6%) | 


| 

=>) 4a ¢bi|bjbx] + > 4b se bil bihs]+ = Acs eoilojoy] | 
ij 

| 


(7) 
—: and lo gel bibs] +lods| diel} — > bir{lodr| bibs] +e os Gihs]} 
by 
a> esr{[eos| dibs] t+ledsldios]} } 
v=either of ¢1:, %g, wg. 
i, j=lon. k, l=n’ > V (n4+1->2n). f, g=1—- 1 (1 2n). 
These MO integrals can be expanded in terms of AO integrals as follows; 
[didsloy’ I= dS astasiEcEn (xaxelEoCr’) 
ABCD 
=~ Dd astastEc€o’ (xaX4\CoFo’) in Pariser approximation 
AC 
(8) 


[div ds¢"] Ti, Bs asEpaciEn’ (xa alXo€ vo )= > as*€ sacsEo’ (x4 4|x0Cc’) , 


&€4=either of asl, bat, ca’, €=either of x, &, 7. 


Thus we have two types of AO Coulomb integrals to be evaluated: (y4x4\€c€c’) and 
(yaCalxcoCo’) which contain 3dzz and 3dyz AO’s. 

When the AO integrals are evaluated, we substitute them into Eq. (8) and obtain the 
numerical values of MO Integrals. With these values put into Eq. (7) and (6) we get 
numerical values of dix, biz, cir etc. We may better utilize the interation method to solve 
the complexity of simultaneous equations. 


§3. S-T Intercombination Integral 


After the modified MO’s are obtained, we proceed to compute the S-T7 intercombination — 
integral. It is given as”; 


esl te, Opis Of; AGS O58 
V nH Voy) =1{ —— A ee er d 
bilan de ‘Coane Ox Oy Oy Ox Lav , (3) 


where ¢;° and ¢;* are the combining MO’s belonging to the singlet and triplet states re- 
spectively. They are illustrated in Fig. 4 and Table IV of the reference 4. 

Putting the AO expansion of ¢* as given by Eqs. (3), (4) and (5) into Eq. (9), we have, 
retaining only the first order terms, 


a Odi Oi Ads OG58 
r=\V| Ox Oy Oy Ox lav 


65/207 EP eR 
— pe =—0>) (42s bra 8'"y Vedv * Bat {Vala@a'bjyp— asIbi zy) —Xa(aa'cjp—Aaiciz)} : (10) 


3a 604B.) La 


One may remark that the coefficients aj; better computation value of S—T intercombi- 
do not come in Eq. (10). This is quite natural nation intensity. 
because they represent the mixing of 262 MO As for the form of potential V, we may 
of higher levels. In other words, this indicates assume the ordinary electrostatic potential 
that the adoption of SCF MO instead of composed of the nuclear attraction and electro- 
Hueckel MO makes no matter to obtain far nic repulsion.” 
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Numerical computation must be made now 
on the evaluation of AO Coulomb integrals 
involving 3d orbitals and then the determi- 
nation of the expansion coefficients aiz, bis, 
ciy by the iteration method, and finally the 
intercombination integral. 

Unfortunately publications concerning the 
evaluation of integrals containging 3d AO are 
very rare at present and we can find neither 
formula nor table utilizable directly for our 
calculation. Only in the table of Kotani et 
al., some formulae are given in the un- 
resolved form, but they are not enough for 
our purpose. 

Now we are studying to extend the formu- 
lae given by Kotani ef al. to serve for our 
calculation. The result of numerical com- 
putation shall be published later. 

In the succeeding paper, we shall discuss 
the emission spectra of the triplet states and 
the lifetime of phosphorescence of diphenyl. 
The method can be extended directly to other 
compounds and we may compare the result 
of our method with those of other workers. 


Lower Excited State and Phosphorescent State of Diphenyl IT. 
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The Mulliken and the Sklar approximations for difficult molecular inte- 
grals have for some years been the subject of several investigations. So 
far, however, we are not provided with clear insight into these approxi- 
mate methods and, accordingly, with sufficiently reliable criteria for the 
choice between them for each individual case. 

In this paper a possible answer to the problem is presented by examin- 


ing carefully the accuracies of these two methods. 


In addition, a new 


approximate method is proposed, which is useful when both the Mulliken 
and the Sklar approximations break down seriously. 


Introduction 


§ 1. 

Among various approximations for difficult 
molecular integrals the Mulliken” and the 
Sklar2 approximations are most widely used. 
Close examinations of these approximations 
have been the subject of several papers®~!”. 


In spite of those rather extensive studies, it 
seems that we have still no clear insight into 
the natures of these approximations and, ac- 
cordingly, we have no sufficiently reliable 
criteria for the choice between them in actual 
molecular calculations. In the treatment of 
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the electronic levels of the benzene Parr, Craig 
and Ross®) estimated three- and four-center 
integrals by the Sklar approximation. They 
examined the accuracies of the Sklar and the 
Mulliken approximations in reference to seve- 
ral two-center integrals and they stated “In 
these, and other similar cases, the success of 
the approximations perhaps varies too much 
to justify a choice between them; Sklar’s 
method was therefore adopted to secure con- 
tinuity with previous work.” Eyring et al® 
arrived at a similar conclusion after their long 
effort to clarify the point of the present sub- 
ject: “The tables for the individual integral 
values indicate that generalizations as to the 
direction or magnitude of errors caused by 
the approximations examined are dubious if 
not dangerous.” Shull and Ellison”»® have 
made a distinct contribution by suggesting a 
qualitative criterion for the choice’ between 
the Mulliken and the Sklar approximations. 
Their suggestion, based on the experience of 
actual molecular calculations, is that “in future 
computations using these approximations, one 
should use that approximation for each inte- 
gral which gives the lower value to that inte- 
gral.” 

In this paper we present a possible answer 
to the present problem. We hope it is clear 
enough to justify a choice between the ap- 
proximations for each individual case. In ad- 
dition we shall see that a new approximate 
formula suggests itself in the course of ex- 
aminations of the Mulliken and the Sklar ap- 
proximations, which works well where both 
of these two approximations break down seri- 
ously. 


§2. On Rudenberg’s Argument 


Mulliken” gives a general approximate for- 
mula for multicenter repulsion integrals in 
terms of two-center overlap and Coulomb 
integrals. His expression may be written, 


[xa%vl XexXa] = [za(Laa()Q/rabzel2) tears 


ak 3G | xv (Xelxa{ [Xara | XexXe] + [xaxa|Xaxa] 
+[x0x0|xexe] +[xoxolxaxa]} , (2.1) 
where 


(rans) = | za(Dxo(Ddey (overlap integral), 


(xaxalzotel=|2o(t)xa(I)(U/radte2ne2)drde, 


(Coulomb integral), 
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a, Xv» Xe, Xa=atomic orbitals centered on 
nuclei a, 6, c and d. It is easily seen that if 
we use the following approximate expression 
for the product xa(1)x.(1), 


xa(1)x0(1)~3(xalxo){xa(1)xa(1) +x) xo(1)} , 


(2.2) 
we obtain the expression (2.1). This is the 
core of the Mulliken approximation. Mulliken 


suggested his formula on an intuitive basis 
and, subsequently, Riidenberg’” succeeded in 
showing that this approximation corresponds 
to the leading term in an infinite series deve- 
lopment. We shall recapitulate here Riiden- 
berg’s argument in a simple case of two ho- 
monuclear centers a and b. Let 


RGN PGMs: 3s) HOR coe 
be a complete set of orthogonalized real orbi- 
tals on center a and analogously 


Xvid, Xie ha He Oke 
on center 6. Then we may have the expan- 
sions, for example, 


(yrs (xa1|Xox)xXoe(1) , 
(2.3) 


zn(1)= 3 (orltan)xax(1) 


whence: 
Xai1(1)%01(1) 


=3 © (eas {ten L)eax(1) +201(1) xox(1)} 


= 3(Yai|Xo1 M{xai(1)xa1(1)+ x01 (1) x01(1)} 

+3(Xa1|Xv2){Xa1(1)%a2(1) + xo1(1) xo2(1)} 

tere, (2.4) 
The first term is nothing but the Mulliken 
approximation (2.2). This justification of the 
Mulliken approximation seems quite lucid 
mathematically but it does not provide us 
practical criteria of the approximation useful 
for each individual case encountered in actual 
molecular calculations. Concerning this point, 
one might suggest an “improvement” of the 
Mulliken approximation by including the 
second term of the expansion (2.4). This 
“improvement” has an apparent disadvantage. 
To fix the idea, let us suppost our ya: be a 
ls orbital. Then it is natural to take a 2p0 
orbital for yas Thus we have to estimate 
additional overlap and Coulomb integrals in- 
volving 2po. Actually, it turns out that such 
a straightforward inclusion of a second term 
does not constitute an “improvement” at all. 


1958) 


One can see this, for example, by evaluating 
the following two-center integrals using first 
two terms in (2.4); 


falzorel= [Urs e(t) rate 


(nuclear attraction integral), 
[xa(1)x0(1)|%a(2)x2(2)] 


=| xo()2(0)/ridaal resided 


(exchange integral). 


For these cases the Mulliken approximation 
yields too large values in large nuclear sepa- 
ration Ra» as shown in Table I and Table II, 
and it is easily seen that the inclusion of the 
second term makes them still larger. Barker 
and Eyring” have revealed another example 
showing that the mathematically elegant dis- 
cussion of Riidenberg does not necessarily 
lead us to practically useful approximations. 
This situation seems to indicate that it would 
be rather difficult to proceed purely mathema- 
tically to reach our desired clear-cut answer 
to the present problem. Probably we should 
recede a little and start again from more or 
less intuitive bases after the manner of Mul- 
liken’s original reasoning. 


§3. Types of Approximation 
In the present treatment, we shall start by 
recalling Ellison’s important observation” that 
“in general, good approximations of AO in- 
teraction integrals can be obtained only by 
securing good approximate representations of 
the actual charge distributions involved.” 
Now let the atomic orbitals y’s be simply 
ls hydrogen-like functions such as 
va(1)=Sa(1)=(Z5/x)/2 exp(—Zra), (3.1) 
where Z is the effective nuclear charge. Then 
the “charge distribution ” %a(1)z.(1) is expli- 
citly written 
Sa(1)so(1) ™~ exp [—Z(rar+701)] . (3.2) 
Here, it is important to recognize that this 
function is “ flat” on the line connecting two 
centers a and b, as pictured in Fig. 1(a). With 
this in mind, we shall try to examine the 
natures of the Mulliken and the Sklar ap- 
proximations: 
(M)  sa(1)so(1) & 4(SalSo){Sa(1)sa(1)+s0(1)so(1)} , 
(3.3) 


(S)  sa(1)so(1) & (Sa]$0)Sm(1)sm(1) , (3.4) 
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where m is the middle point between a anb bd. 
Corresponding charge distributions are pic- 
tured in Fig. 1(b) and (c), respectively. It is 
clearly observed that the resemblances be- 
tween these two approximate charge distribu- 
tions and the actual one are rather poor, 
especially at large internuclear separation 
(right-hand side of Fig. 1). Looking at these 
three figures, (a), (b), (c), we naturally arrive 
at an idea of increasing the resemblance by 


a a 
(b) Wihealy eat IS 
a b a b 
am b a m b 
(d) 9 er Pee 
a m b a m b 


Fig: J. 


superposing (b) to (c) with the resulting figure 
(d). More precisely, this means to take 


(MS)  sa(1)so(1) & 3(SalS0){Sa(1)sa(1) 
+5$m(1)sm(1)+so(1)so(1)}. (8.5) 


This formula may be regarded; as. one of pos- 
sible hybrids of the Mulliken and the Sklar 
approximations and we shall call this here the 
MS approximation tentatively. 

At first sight, it is expected that the use of 
the approximate formula (3.5) yields the re- 
sults always better than those of the Mul- 
liken and the Sklar approximations because 
the figure (d) seems to have the best resembl- 
ance to the actual distribution (a) in Fig. 1. 
Actually, however, this is not the case. A 
nuclear attraction integral [a|sas»] presents a 
notable example: we observe in Table I that 
the Sklar approximation is consistently su- 
perior to other two approximations for this 
integral. What is the reason for this rather 
perplexing situation? The reason lies in the 
fact that the molecular integrals interested 
here are not integrals over simple products 
of certain charge distributions, as is the case 
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q=Zk Actual value M S) MS 

ee So 0.4060 0.4318 0.4277 0.4304 

3.0 0.1991 ().2318 0.2034 0.2223 

4.0 0.09158 0.1182 0.08943 0.1086 

5.0 0.04043 0.05794 0.03772 0.05120 

6.0 0.01735 0.02747 0.01554 0.02350 

8.0 0.003019 0.005724 0.002540 0.004662 

10.0 9.004994 0.001107 0.0004024 0.0007547 

12.0 000007987 00002030 


0.00006246 0.0001562 


for overlap integrals, but contain the “ weight 
factor ” such as (1/7a1) or (1/m2) in the inte- 
grands. In the next section we shall try to 
explain more clearly the implication of this 
statement. 


§ 4. Approximate and Actual Values of 


Various Molecular Integrals (Part I) 


In this section we compare values calculated 
using the three types of approximation, (M), 
(S) and (MS), with actual values of two- and 
three-center 1s orbital integrals, where the 
centers are located linearly with equal dis- 
tances. Fig. 2 is prepared for the purpose 
of easy identification of the definition of each 
integral. 


Group I. Nuclear attraction integrals. 


ee eae =| (raisa(1)soaes ;' 


(I-a-M):  4(Sa|so){[a|Sasa]+[alsoso]} , 
$ pansy 
ge af a 'e) 
tal 4si [1 $56) 
hE vee wee mo) ee 
Gu ao tS Qa b c 
La 1 $)$,1 (sq 'SaScl 
g @ o ° ©. 6 
a b Cc a b c 
Cplsg,5.] ($5, ead 
————— 
Qa b 
Css, Is 5, 1 
————— oS oe 
a b c a b c 
I5,5,15,5.1 Us,5,'155.1 
Fig. 2 


(Sa ah (aban : 
(I-a-MS): 4(Sals»){{a]|saSa] + [4|SmSm] +[a|soso]} 
=3{2(M)+(S)} . 


[a|SaSv] is a simple two-center integral which 
can be evaluated exactly. Table I shows that 
the Mulliken approximation gives always 
higher values and the departure from actual 
values grows seriously for larger values of 
q=ZkR. At those large distances the first 
term (Sa|sv)[a@|SaSa] of (I-a-M) makes dominant 
contribution. Since [a|saSa] is a constant, the 
above mentioned tendency of the Mulliken 
approximation means that the decay of the 
factor (Salso) is too slow as compared with 
that of the actual values of [a|sas,]. Let us 
try to speak a little more pictorically. As 
may be seen from (3.2) and Fig. 1(a), the ac- 
tual shape of sa(1)so(1) is something like an — 
elongated spindle. In the Mulliken approxi- 
mation the half of the charge distribution is 
gathered to a spherical distribution sa(1)sa(1) 
centered at a and another half to  s,(1)s(1). 
Then the charge distribution sa(1)sa(1) at @ 
tends to exaggerate the effect of the “ weight ” 
(1/ra1) centered also at a. Thus, the effect of 
[a|saSa] becomes predominant more and more 
for larger distances because of insufficient 
suppressive effect of (sals») which is a simple 
integral over Sa(1)s.(1) lacking any damped 
weight factor and decaying too slowly. 

In the Sklar approximation the actual charge 
distribution is replaced simply by a single 
charge cloud sm(1)sm(1) at the middle point m 
between a and 6, and there exists finite dis- 
tance between the center of Coulomb potential 
(1/ra:) and that of the interacting charge cloud. 
According to Table I, this situation works 
rather faborably at least for intermediate 
values of g. It should be noted, however, 
that (I-a-S) yields consistently smaller values 
(except for g=2 and 3) and the discrepancies 
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seem to become larger with increasing dis- 
tance. This may be understood again by 
considering the effect of the weight (1/rai): 
in the actual distribution sa(1)s.(1) there sur- 
vives finite portion of the distribution in the 
deep “hole” of (—)(1/ra1) but in the Sklar ap- 
proximation there lies only rapidly vanishing 
tail of Sm(1)Sm(1). 

Finally, as for the MS approximation, it may 
easily be inferred that this approximation 
should yield too large values because the fatal 
defect of the Mulliken approximation men- 
tioned above is remedied only insufficiently 
here. 


(I-8) [a|svSe]= [(d/ra)so(Dse(Ddr ; 
(I-8-M): = 3(so|se){[a|svso]+[a]sese]} , 
(I-B-S): — (SojSe)[a@|smSm] , 

(I-8-MS) 3{2(M)+(S)}. 


In this case the center a of the troublesome 
weight factor (1/7a:) lies outside of main por- 
tion of the charge distribution s»S- as con- 
trasted to the case of [a|sas,]. Nevertheless, 
it is probable that the charge concentration 
$v(1)so(1) in the Mulliken and the MS approxi- 
mations is still prone to exaggerate the effect 
of (1/ra1). Thus, in view of the detailed dis- 
cussion in the case of [a|saso], it is quite na- 
tural to expect that the general tendency that 
the Mulliken approximation gives larger values 
and the Sklar approximation yields smaller 


Table II. [a|spse]/Z (in au) 


Methods of Approximation of Molecular Integrals. 


1193 


values will still be observed but the degree 


of diversity of the actual and approximate 
values will become less conspicuous in this 
case of [a|s»se] as compared with the case of 
[a|sasv]. These expectations are completely 
comfirmed in Table II. 


d-n) [bsese)= | (A/rn)se(A)seLidr | 
(1-y-M): — (Sa|Se)[b| Sasa] , 
(I-r-S):  (Sa|Se)[B| soso] , 
(I-y-MS): 3{2(M)+(S)} . 


This integral seems to deserve careful con- 
siderations because both (I-y-M) and (I-7-S) 
provide only very poor approximate values. 
Let us try to “ predict ” characteristic features 
of the Mulliken and the Sklar approximations 
for this case. Imagine that we dig a deep 
hole of the Coulomb potential (—)(1/m) at the 
middle point between a and 6b in each dia- 
gram of Fig. 1. Comparison of the diagrams 
thus obtained immediately render us to predict 
that the Mulliken approximation shoud give 
smaller values and, on the contrary, the Sklar 
approximation should give badly exaggerated 
values. Our reasoning in this case is quite 
similar to that used in (I-w) and (I-8) and it 
would be unnecessary to describe it in detail. 
Table III tells us that our predictions are 
quite right. It should be remarked that both 
the Mulliken and the Sklar approximation 
break down seriously especially for large 


q=ZR Actual value M S MS" 
“epee i, soa 0.516 0.501 0.511 
1.5 0.313 0.331 0.311 0.324 
2.0 0.197 0.212 0.194 0.206 
2.5 0.124 0.135 0.122 0.131 
3.0 0.0791 0.0866 0.0774 0.0835 
4.0 0.0323 0.0354 0.0315 0.0341 
6.0 0.00536 0.00589 0.00523 0.00567 
Table III. [b|sase]/Z (in au) 
- g=ZR Actual value _ M S MS 
ca 5 0.465. fet 0.428 0.586 0.481 
is 0.242 0.203 0.349 0.252 
2.0 0.117 0.0894 0.189 0.123 
2.5 0.0539 0.0377 0.0966 0.0573 
3.0 0.0240 0.0155 0.0471 0.0260 
4.0 0.00443 0.00254 0.0102 0.00509 
6.0 0.000128 0.000062 0.000375 0.000166 
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values of qg and the MS approximation yields 


consistently rather good results. 
Group II. Hybrid integrals. 


(II-@) [SaSa|SaSo] 
- [se(t)sa(1)/radsu(2)su(2)dride, : 

(II-B) [sasalsvso] 
=| su(1)so(d/riaol@)ss2)de dr 

(Ir) [soso)sase] 
- [su(t)so)A/ris)so@)so2)dedr 


There are obvious relationships between the 
integrals of Group I and Group II. It is clear 
that, if sa(1)sa(1) or so(1)so(1) is contracted to 
a 0-function-like distribution in (IJ-a@), (II-~), 


Table IV. [Sa8alSa8o]/Z (Gn au) 
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(II-y), we immediately obtain (I-a), (I-8), 
(I-y), respectively. Conversely, we may say 
that the integrals of Group II can be obtained 
by smearing the point charge in Group I to 
form a spherical distribution sa(1)sa(1) or 
sv(1)so(1).. These observations serve to clarify 
the behaviors of our three approximations for 
the hybrid integrals in question. Thus, it is 
expected that the general situation would re- 
main essentially unchanged but several dis- 
tinct features remarked for the nuclear at- 
traction integrals (Group I) would be moderated 
here because the troublesome “singularity ” 
of (1/ra:) or (1/71) in Group I is somewhat 
blurred in Group II. In fact, we can easily 
notice close correspondences and resemblances 
between the results exhibited in Tables I, II, 
III and Tables IV, V, VI. 


q=ZR Actual value M S MS 
2.0 0.3080 0.3082 0.3252 0.3138 
3.0 0.1607 0.1646 0.1709 0.1667 
4.0 0.07698 0.08257 0.08062 0.08192 
6.0 0.01531 0.01864 0.01506 0.01745 
8.0 0.002739 0.003816 0.002519 0.003384 
10.0 0.0004611 0.0007296 0.0004017 00006203 
Table V. [SaSa|SoSc]/Z (in au) 
q=ZR Actual value t M - nr S j MS ji 
1.0 0.4171 0.4208, “lat (00-4908 of “ine ontateons jo 
2.0 0.1884 0.1975 0.1875 0.1942 
4.0 0.03222 0.03525 0.0315 0.0340 
6.0 0.005355 0.005885 0.005233 0.005668 
Table VI. [8y8»|Sa8e]/Z (in au) 
“WP GEZP ver 0 Actual value (1: M Sh pres MS and & 
1.0 0.3358 0.3252 0.3665. et PG SGQ STH 
2.0 0.09421 0.08062 0.1183 0.09318 
4.0 0.003923 0.002519 0.006360 0.003799 
6.0 0.001178 000006244 0.0002342 0.0001197 
Table VII. [sas»|Sasy]/Z (in au) 
q=ZR Actual value M S MS 
2.0 0.1842 0.1807 ~ 0.2150 0.1890 
3.0 0.05851 0.05738 0.07591 0.06040 
4.0 0.01563 0.01563 0.02239 0.01621 
5.0 0.003717 0.003845 0.005829 0.003884 
6.0 00008140 0.0008779 0.001386 0.0008595 
8.0 000003290 000003883 000006472 0.00003584 
10.0 1.138 x 10-6 1.469 x 10-8 2.532 x 10-8 1.293 x 10-6 
12.0 3.548 x 10-8 4.975 x 10-8 


8.780 x 10-8 4.227 x 10-8 
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Group III. Exchange integrals. 
(III-a@) [SaSo|SaSo] 
_ [sa(L)so)(U/rs)su(2)s2ideude, 
(III-a-M): 4(Sa|So)*{[SaSa|SaSa]+[SaSa|SoSo]} , 
(III-a-S): (Sa|So)*[SmSm|SmSm] ’ 
(III-a@-MS): 4(sa|sv)*{3[saSa|SaSa] 


ae A[saSa|SmSm] “i 2[SaSa]SoSo]} : 


This integral brings about a new feature. 
Let us first examine the results of Table VII. 
The most interesting point is that both (III- 
a-M) and (III-a-S) yield higher values for 
larger gq. So far, this is never the case. 
Mathematically, this is a direct consequence 
of the fact that both approximate formulas 
contain a constant’ term, [SaSa|SaSa] = 
[SmSm|SmSm]. In this respect, (III-a—M) is quite 
similar to (I-a-M) and (III-a-S) to (I-;-S). 
Some reflections on the shapes of the actual 
and the approximate charge distributions seem 
to be useful again for the present case. 
[SaSv|SaSo] describes the Coulomb interaction 
between two overlapping charge distributions, 
Sa(1)so(1) and sa(2)s,(2), of an elongated shape. 
In the Sklar approximation this is approxi- 
mated by the interaction between two identi- 
cal spherical charge distributions centered al- 
ways at the middle point m between a and b. 
Just as in [b|sase] (I-v) and [soso|sase] (II-r), 
we are bound to overestimate the “ weight ” 
(1/712) under such a condition, especially for 
large g. . Thus, the Sklar approximation gives 
consistently higher values in the present case. 
Also in the Mulliken approximation the term 
[SaSa|SaSa], representing the interaction be- 
tween two identically overlapping spherical 
charges, gives rise to the same kind of depar- 
ture from actual values but the existence of 


Table VIII. [Sa8v|Sa8e]/Z (in au) 
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another term [SaSa|sos»] which represents the 
interaction between two distant charge distri- 
butions prevents to some extent serious break- 


down of the approximation as compared with 
the Sklar approximation. 


Inferring in this 
way, we may understand that the MS ap- 
proximation yields always values of tolerable 
accuracy. It is of interest to note that for 
q>6 (Ill-a-MS) gives lower values than 
either those of (II]-a-M) and of (III-a-S). 


(III-B) [Sas»|SaSe] 
= |su(1)s(t)radst2)seidevdes ; 


We may obtain this type of integral from 
[SaSo|SaSo] (II]-@) by making one of the two 
SaSv’S longer than the other, or from [saSa|sase] 
(II-a@) by elongating the spherical charge dis- 
tribution SaSa to SaS». From such view-points, 
we may expect the following features. (I) In 
the Mulliken approximation the tendency of 
departure from the actual values will be more 
or less similar to the cases of [Sas»|saSv] and 
[SaSa|SaSv], namely the approximate values will 
be smaller at the beginning and eventually 
surpass the actual values because of the over- 
lapping of two spherical charge distributions 
at a. (2) In the Sklar approximation, a seri- 
ous overestimation exhibited in the case of 
[saSv|SaSo] will be avoided because there now 
exists finite separation between centers of the 
two approximate spherical charge distribu- 
tions, but this very separation might bring 
about a tendency of giving smaller values in 
the long run in analogous manner encountered 
in the case of [a|Sas»] and [saSa|Sasy]. Unfor- 
tunately, these expectations are not fully con- 
firmed in Table VIII, because comparisons are 
performed for only three values of gq, 2, 4, 6. 
Nevertheless, the present author believes that 


q=ZkR Actual value M SS) MS i 
2.0 0.05121 0.04785 0.06155 0.05185 
4.0 0.0006539 0.0005995 0.0008204 0.0006711 
6.0 4.769 x 10-8 4.596 x 10-8 5.645 x 10-6 5.068 x 10-8 
Table IX. [8a8o|S8e]/Z (in au) 
q=Zkh Actual value M ae S MS ; 
2.0 0.1412 0.1483 0.1465 0.1490 
4.0 0.009128 0.01115 0.0008867 0.01066 
6.0 0.0004364 0.0005775 0.0003695 0.0005101 
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the above expectations should turn out essen- 
tially correct, if comparisons are made for 
larger values of gq. It is of interest to note 
that the MS approximation yields rather ex- 
cellent values. 


(Ilr) [saSo|sose] 


= [sa(Q)so(A/rs)su@)su2hdevdes 7 


This integral represents the interaction of 
two elongated charge distributions, sa(1)so(1) 
and s.(2)s-(2), with their end tails overlapped. 
The Mulliken approximation will exaggerate 
this overlapping by placing two spherical 
charge distributions at 6. On the contrary, 
the Sklar approximation will tend to yield 
smaller values because two spherical charge 
distributions are put separately here. Table 
IX seems to confirm these expectations. 


§5. Rules of Choice 


Anyone who is patient enough to follow 
rather tiresome discussions in the preceding 
section may recognize that the line of reason- 
ing is very simple and almost trivial but, 
none the less, seems to be useful in some 
cases. It is based upon intuitive comparisons 
of the forms of the actual and approximate 
charge distributions with accompanied con- 
sideration of the effect of the “ weight” fac- 
tor such as (1/7a1) or (1/72) in each individual 
integral. It may be possible, if we wish, to 
write down the “rules” explicity in fixed 
sentences but we will not do so here. The 
reason is that we believe we had better keep 
the manner of reasoning in mind as a work- 
ing principle to be applied flexibly to individual 
cases. 

Here, let us try to find a possible explana- 
tion of a rule of choice between the Mulliken 
and the Sklar methods for interactions involvy- 
ing symmetrical charge distributions proposed 
empirically by Ellison®: “Here, the best pro- 
cedure is to utilize the lower value as given 
by the two methods for each integral.” In 
the preceding section it is observed that we 
obtain exaggerated values when approximate 
charge distributions are placed in such a way 
that the Coulomb interaction, (1/7a1) or (1/2), 
is apt to be overestimated under insufficient 
suppression due to the factor, (sals») or (salsv)?. 
In many cases we can identify terms mainly 
responsible for such troubles in approximate 
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formulas and it seems almost always certain 
that the higher of two approximate values 
from the two methods comes directly from 
such troublesome terms in respective approxi- 
mate formula. Because of this distinct cause, 
it seems that deviations take place more seri- 
ously to larger value side than to the opposite 
side. Presumably here lies one of possible 
explanations of the rule of Ellison and Shull. 
The most typical examples are the Sklar ap- 
proximations for [b|sase] (I-r), [soso|SaSe] (III-r) 
and [SaSv|SaSo] (III-a@). (See Tables III, VI, 
VID. Another example is found in the Mul- 
liken approximation for [a|sas,] (I-@) or 
[SaSa|SaSo] (II-@). (See Tables I, IV). Here 
the “lower value” rule favors the Sklar ap- 
proximation. 

In the present paper, we have three ap- 
proximate methods. In addition to the Mul- 
liken and the Sklar methods, we have _ pro- 
posed a new approximation which is properly 
regarded as one of possible hybrids of the 
Mulliken and the Sklar approximations. This 
third method works rather well where both 
parent methods break down seriously. As 
will be shown in the following sections, we 
can be definite about the choice among these 
three methods in some cases, but in some 
other cases we are not quite sure about the 
matter. In such cases we may rely upon the 
“lower value” rule explained above or upon 
the MS approximation. 


§6. Approximate and Actual Values of 
Various Molecular Integrals (Part IT) 


Taylor! in his treatment of the linear H, 
system calculated accurately various multi- 
center integrals. We shall make use of them 
to check the accuracies of our three approxi- 
mation methods. The accurate values of inte- 
grals are listed in Table X together with the 
approximate values given by our three 
methods. Before we begin to examine Table 
X, les us try to choose the best method for 
each integral. Diagrams similar to those in 
Fig: 2 may easily be drawn for the integrals 
in the table. The nuclei a, b, c, d are spaced 
linearly at equal intervals (R=1.4au), the equi- 
librium ‘internuclear separation Hy. Looking 
at those diagrams, we may foresee the follow- 
ing features. (1) The Sklar approximation 
will be successful for [a|sose], [a|svsa], [a|SeSa]; 
[SaSa|Svse], [SaSalsoSa], [SaSalSeSal; [SaSv|SeSa], be- 
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cause these integrals belong essentially to the 
same type as [als»se] (I-8) and [sasa|S»Se] (II-B) 
in §4. (2) For [blsase], [blsesa]; [soSo|SaSel], 
[SaSa|SoSe], the Mulliken approximation will 
yield lower values and the Sklar approxima- 
tion will give too high values. Probably the 
MS approximation will give the best approxi- 
mate values. (3) As for the remaining inte- 
grals, we cannot be quite certain about selec- 
tion of a single method for each integral. 
The interval between nuclei, R=1.4 au, is not 
large enough to permit us to say something 
definite about the behaviors of the three ap- 
proximate methods. Here we may use the 
“lower value” rule between the Mulliken and 
the Sklar approximations or rely upon the 
MS approximation. 


Table X. Taylor’s integrals. (in eV) 
Actual 
value M S MS 
[a|soSe] 9.321 9.807 9.256 9.623 
la|sosa] 3.840 4.476 3.718 4.223 
[a]sesa] 5.839 6.013 5.800 5.942 
[b|saSe] 7.523 6.441 10.56 7.814 
[6|sasa] 2.655 2.164 Soho 2.687 
[Sa8a|8oSe} 8.376 8.579 8.435 8.531 
[SaSa|SvSa] 3.589 3.906 3.570 3.794 
[SaSa|SeSa] 5.583 5.856 5.706 5.806 
[SoSp|SaSel Satoe 5.316 6.599 5.744 
[SoSy|SaSa] 2rL13 1.893 2.643 2c 43 
[SaSv|SaSe] 4.050 3.916 4.671 4,141 
[Sa8o|SaSa] 1.481 1.442 1.705 1.534 
[SaSe|SaSa] 0.776 0.747 1.031 0.806 
[SaSv|SvSe] 7.475 7.560 El2o 7.634 
[SaSp|So8a] 3.207 3.385 3.290 3.380 
[Sa8p|ScSa] 5.033 5.434 5.190 5.358 
[Sa8e|Sn8a] 1.903 1.798 2.073 1.803 
[SaSa|SvSe] 1.776 1.425 ZUG 1.622 
Table XI. [a|ranp]/O (in au) 
gnor Actual ow : 
2.0 0.2932 0.2977 0.3108 
3.0 0.1743 0.1829 0.1881 
4.0 0.09463 0.1043 0.1025 
5.0 0.04829 0.05640 0.05192 
6.0 0.02355 0.02927 0.02499 
7.0 0.01109 0.01469 0.01160 
8.0 0.005088 0.007172 0.005233 
9.0 0.002283 0.003420 0.002312 
10.5 0.001006 0.001599 0.001005 
11.0 0.0004370 0.0007345 0.0004305 
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In Table X we find just what we expect. 
As for the integrals mentioned in (3), the 
Mulliken and the MS approximations reveal 
almost the same degree of accuracy. 


Table XII. [rana|many]/6 (in au) 

Te ee 
4.0 0.08599 0.08713 0.09087 
5.0 0.04480 0.04694 0.04728 
6.0 0.02217 0.02425 0.02321 
GeO, 0.01056 0.01212 0.01092 
8.0 0.004881 0.005893 0.004978 

Table XIV. Integrals for the benzene 
molecule*. (in eV) 

Integrals S M MS 
E523) 0.039 0.113 0.0883 
(1:24) 0.006 0.0167 0.0131 
(1:25) 0.015 0.0077 0.0101 
(1:26) 0.318 0.0333 0.128 
(1:34) 0.002 0.00208 0.00205 
(1535) 0.002 0.000505 0.00100 
(11|23) 1.870 1.780 
(11|24) 0.280 0.272 
(11]25) 0.160 0.130 0.140 
(11|26) 0.524 0.351 0.409 
(1134) 1.421 1.382 1.395 
(11|35) 0.251 0.220 0.231 
(12]13) 0.136 0.103 
(12]14) 0.046 0.042 
(12]15) 0.091 0.092 
(12]16) 0.677 0.687 
(12|34) 0.436 0.428 
(12|35) 0.073 0.064 0.0661 
(12]|36) 0.046 0.0338 0.0368 
(12|45) 0.383 0.359 
(13]14) 0.009 0.0063 
(13]15) 0.015 0.0128 
(13|24) 0.020 0.0121 0.0145 
(13]25) 0.009 0.0051 0.0062 
(13]46) 0.014 0.0106 0.0111 
(14|25) 0.005 0.0023 0.0029 


* This table includes the three- and four-center 
integrals listed in Table II of Parr, Craing and 
Ross®), They used the approximate valves given 
by the Sklar method. Values due to the Mul- 
liken and the MS approximations can easily be 
calculated by using numerical values in their 
Table II. (pq|7s) is the Coulomb-exchange inte- 


gral [ro"(nr* (2)(€2/r19) nq(L)ms(2)de1dr, where 


Tp is the 2px orbital on the pth carbon atom, 
and the carbon atom are numbered consecu- 
tively around the ring as is shown in Fig. 3. 
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§7. Approximate and Actual Values of 
Various Molecular Integrals (Part III) 


So far, we have concerned exclusively with 
1s orbitals. Practically, however, it would be 
more important to examine the approximate 
methods in the case of difficult integrals in- 
volving 2pz orbitals such as 

(2pr)a=7a(1) 
= (65/7)/27a1 sin Oa, COS Par EXP (—4O7a1) . 

Unfortunately, there have been found no ac- 
curate values of the multicenter integrals 
available to the present author. We believe, 
however, that examinations of the approxi- 
mate methods with reference to available two- 
center integrals are useful enough to draw 
some general conculsions at least for homo- 
nuclear systems. Comparisons are made be- 
tween the actual!® and the approximate values 
in Table XI ({a|zazv]), Table XII ([za7a|za7]) 
and Table XIII ({zaz|za7»]). These are to be 
examined in relation to Table I ([a|sas»]), Table 
IV ([saSalSaSo]) and Table VII ({sass|sass]) re- 
spectively. It is immediately noticed that, 
except for smaller values of g=0R devoid of 
practical importance, the parallelisms between 
the two corresponding tables are very close. 
This suggests strongly that the line of reason- 
ing successful for 1s orbitals could be applied 
also to 2pz orbitals without suffering any es- 
sential modification. 

Parr, Craig and Ross» in their famous 
treatment of the benzene molecule calculated 
three- and four-center integrals by using the 
Sklar approximation. It would be of interest 
to try to check the accuracies of adopted ap- 
proximate values because it is shown by them, 
that the inclusion of those multicenter inte- 
grals affects the final result quite appreciably. 
Table XIV contains the relevant numerical 
values and Fig. 3 will be helpful for the in- 
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pect that the “lower value” criterion of Elli- 
son and Shull should work well for the pre- 
sent case. This criterion favors the Mulliken 
approximation overwhelmingly here as is seen 
in Table XIV. Values due to the MS ap- 
proximation are given for the integrals for 
which the MS method is expected to be the 
best. We may easily pick up those integrals 


ia Be hj 


(1123) 


({:23) 


(12 | 16) (13| 24) 
(1:34) (it | 34) (12134) (13125) 
(1:35) (11135) (12135) (131 46) 


; ; ; \ 
spections of the results displayed in the table. (12136) 
In view of the discussion of §5 we may ex- Fig. 3 
Table XIU. [rany|many]/d (in au) 
q=0R  Actualvalue  ™M — & Shei: bape IMBm adhe vty 
2.0 0.1760 0.1709 0.1889 eeaid are ape 
3.0 0.07507 0.07151 0.08573 
4.0 0.02644 0.02500 0.03223 0.02628 
5.0 0.008096 0.007696 0.01052 0.008035 
6.0 0.002231 0.002152 0.003082 0.002214 
7.0 0..0005660 0.0005577 0.0008289 0.0005633 
8.0 0.0001345 0.0001359 0.0001345 


0.0002081 
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by inspecting the corresponding diagrams in 
Fig. 3 a little carefully. For example, the 
type of (11|26) is already familiar to us. The 
integrals such as (13/24), (13]25), (14|25) pre- 
sent new features. In those integrals the 
two interacting charge distributions are cros- 
sing each other as indicated in Fig. 3. It is 
easily imagined that the Sklar approximation 
should give too exaggerated values and the 
Mulliken approximation too lower values for 
those cases. In this connection, especially 
striking is the way in which values as given 
by the Mulliken and the Sklar approximations 
differ each other for the so-called penetration 
integrals. The most conspicuous case is (1:26), 
where the value due to the Sklar approxima- 
tion is almost ten times larger than that of 
the Mulliken approximation. It seems neces- 
sary to pay special attentions to these inte- 
grals. The definition of the penetration inte- 
grals is 


(p:rs)= —\U stan" (Iymd(Ldes , 


where U,(1) is the potential on electron 1 
caused by a neutral pth carbon atom. We 
may obtain this type of integrals by replacing 
the Coulomb potential (1/7,) with U,(r) in the 
usual nuclear attraction integral. It is quite 
important to notice that the new “ weight ” 
function U,(r) decays much faster than (1/7). 
Then, it follows that approximate values are 
bound to be quite sensitive to the location of 
the concentrated charge distributions in indi- 
vidual approximations. Let us consider the 
integral (1:23) as an example. The actual 
distribution of the electron feeling the poten- 
tial Ui(r) is extending over the region be- 
tween the points 2 and 3 (See Fig. 3, (1:23)). 
In view of the steep dependence of U(r) on 
ry, the “tail” of the charge distribution around 
the point 2 would essentially determine the 
actual value of the penetration integral (1:23). 
In the Mulliken method the half of the dis- 
tribution is concentrated at 2 and this is bound 
to exaggerate the value of the integral. On 
the other hand, the whole charge is gathered 
on the middle point between 2 and 3 in the 
Sklar method and this procedure may give 
too lower value. These reasonings seem to 
be justified if we note that the discrepancy 
between the results as given by the two 
methods is diminished appreciably for (1:24) 
and still lesser for (1:25), where the Sklar 
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method gives larger value probably because 
the distances are equal here between 1 and 2 
and between 1 and the middle point of 2 and 
4. Now let us return to (1:26). In this case 
the middle point between 2 and 6 (the charge 
center of the Sklar method) locates very clo- 
sely to the potential origin 1, while the points 
2 and 6 are equally far apart from1. Then, 
the numerical result mentioned above and 
shown in Table XIV is now accepted as quite 
natural one. Situation in the remaining two 
integrals, (1:34), (1:35) may also be understood 
analogously. 

In Table XIV the presumably best values 
are printed in boldface. As a whole, the 
modifications of approximate values proposed 
here are not insignificant and it is hoped to 
repeat tne calculation of the electronic levels 
of the benzene molecule with these new values 
of integrals. 


Concluding Remark 


In this paper the discussions are limited 
within homonuclear systems involving 1s or 
2px orbitals only, not because we are not 
capable of treating other cases but because we 
wish to expose the essential features of our 
way of reasoning about the present subject 
as clearly as possible. In the subsequent pa- 
pers we shall treat several other cases of 
practical importance. 
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The Visco-elastic Properties of Network Structure 
IlI. Normal Stress Effect (Weissenberg Effect) 


Misazo YAMAMOTO 
Department of Chemistry, Faculty of Science, Kyoto University 
(Received July 2, 1958) 


A statistical mechanical theory of the so-called Weissenberg effect (or, 
normal stress effect) is presented. We adopt the weakly coupled rubber- 
like network model which we have formulated and applied to investigate 
the shearing and the tensile viscosity of concentrated solutions of linear 
high polymers. When the elastico-viscous liquid is compelled to statio- 
nary shearing flow, our theory shows that an additional normal tension 
arises in the direction of flow owing to the orientation of the network 
structure in addition to the usual shearing stress. Furthermore if the 
fluid is in a concentric circular motion with the angular velocity gradi- 
ent in the radial or the axial direction, each doughnut-shaped piece 
along a flow line behaves as a streched rubber loop due to the said ad- 
ditional tension. As the result the inner bulk of the liquid is squeezed. 
The pressure increases as one approaches to the rotational axis. Such 
pressure distribution is calculated for the instruments of three types, i.e., 
the coaxial cylinder, the parallel plate and cone and plate instrument. 
The results are at least qualitatively in good agreement with various 


experimental results reported by Roberts, Philippoff, Rivlin, 


Kotaka and Tamura and others. 


§1. Introduction 


In the previous papers” of this series we 
have developed a molecular theory on visco- 
elastic properties of amorphous polymeric 
substances as well as concentrated polymer 
‘solutions making use of: the weakly coupled 
rubber-like network model. A genral formu- 
lation was given in the first paper, and in 
the next paper we treated the shearing and 
the tensile viscosity. In the present paper, 
we shall consider the application of our 
theory to the so-called normal stress effect 
(Weissenberg effect). 

Let us consider a liquid put into the gap 
between coaxial cylinders and subjected to a 
continuous shear. If the liquid is purely 
viscous and inelastic, a concave surface may 
be observed because of the centrifugal force. 
On the contrary, in the case of elastico- 
viscous liquids, the liquid often climbs up 
around the inner cylinder. The phenomena 
of this type which are commonly termed 
““ Weissenberg effects’’ have been investigat- 
ed with increasing interest from rheological 
point of view since 1946.” 

On the other hand, it has long been re- 
marked that when a cylindrical piece of 
certain elastic materials such as steel, lead or 


Kurata, 


vulcanized rubber are subjected toa torsional 
couple, the cylinder shows an anomalous ef- 
fect termed ‘‘ Poynting effect’’ or an elonga- 
tion proportional to the square of the amount 
of torsion.” These two effects, however, are 
essentially the same in nature and are charac- 
terized by the non-uniformity and anisotropy 
in the normal components of the stress ten- 
sor. Hence we will use in this paper the 
term ‘‘ normal stress effects ’’. 

A quantitative measurement of normal 
stresses in steady flow has first been carried 
out by Roberts by using a cone-plate instru- 
ment with a narrow gap (the Weissenberg 
rheogoniometer)», in which the rate of shear, 
4, remains constant throughout the gap. He 
has determined separately the normal pres- 
sures (i.e. the negative sign of normal stres- 
ses), P;, Po and P,, in three directions of 
the polar coordinate system, and found the 
follawing relations between them: 


P,r=Pao , (1) 
Po—P,= Po— Po C25 
veh mga - 
s dlogr — Cg (=r, 6, 2) (3) 


where C is a positive constant and depends 
only on the rate of shear, 4, in the manner 
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shown in Fig. 1. He has also noted that the 
relation (1) was favorably in agreement with 
the cross elasticity theories,” but not with 
the cross viscosity theories.” After that, the 
normal stress measurements have been con- 
ducted by many investigators:®-!) i.e. by 
Markovitz, Philippoff and their coworkers 
with the same type of instrument as above; 
by Padden and DeWitt with a coaxial cylin- 
der instrument; and Greensmith and Rivlin, 
and Kurata, Kotaka and Tamura with paral- 
lel plate instruments. As a result of these 
experiments, a considerable amount of the 
normal stress data are now accumulated for 
concentrated solutions of high polymeric sub- 
stances. 


Cc lo 
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dynes LAURATE (ROC) 
( cm? ) t 
1 
4y 
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Figs: 
Weissenberg effect. 
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There are number of phenomenological 
theories of the effect,” 14-18 but the treat- 
ments for molecular point of view are still 
scarce. In the paper of Zimm,?” it was not- 
ed that the elastic stress tensor for an isolat- 
ed polymer coil in solutions also involves 
normal stress components, but they appear 
so small that we can not detect them by the 
present accuracy of experiment. Thus in 
this paper, we will develop a molecular 
theory of the normal stress effect in concent- 
rated polymer solutions and/or in amorphous 
polymers following the weakly coupled net- 
work model proposed in the previous papers 
of this series,?»» and make an interpretation 
of some existing data. We start with the 
stress tensor for a simple shearing flow. Re- 
sides the shearing stress component it has an 
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additional tensile stress component in the 
flow-direction which is proportional to the 
square of the velocity gradient (§2). This 
additional tension results in non-uniformity 
and anisotropy in the distribution of the pres- 
sure for simple circular motions of the said 
three types (§3 and §4). This gives a 
satisfactory interpretation of the Weissenberg 
effect. Although Lodge presented recently a 
theory” similar in nature to ours, the over- 
lap between his theory and ours seems only 
slight. 


§ 2. General Consideration 


We begin with general remarks on the 
stress tensor in steady flow. For the flow- 
ing pattern of fluids, we assume that: 

i) Motion of the liquid is irrotational, 
laminar steady flow. 

ii) Velocity of the liquid has no com- 
ponents in the radial and vertical directions, 
and therefore flow lines are simply concentric 
circles around an axis. 

In what follows, the cylindrical coordinates, 
(7, ¢, Z), are adopted in the cases of coaxial 
cylinder and parallel plate instruments, and 
the polar coordinates, (7, 6, ~), in the case 
of cone-plate instrument. As is easily seen 
from the above assumptions, the motion of 
the liquid can be described as a steady, 
simple shearing flow in the g-direction and 
the velocity gradient is generated in the 7-, 
z- and @-directions in the coaxal cylinder, 
parallel plate and cone-plate instruments, 
respectively. 

For this simple shearing flow, let us define 
the steady stress tensor, s(A4)=(0i;(4)), asa 
function of the velocity gradient, 24. The ex- 
plicit form of the function s(A) corresponding 
to our weakly coupled network model will be 
given at the end of this section. The dis- 
tribution of the velocity gradient, 4, and in- 
ner hydrostatic pressure, P, which is consider- 
ed to be a function of coordinates, may be 
determined by Euler balancing equations. 

The Euler equations for steady flow are 
written down in the cylindrical coordinates 


O60 rr a ode O6or vy Oe a Orr—Io@ +R=0 i (4a) 
or Ye Oz Rs 

06+ ue 1 Odue en 0629 me 9 Ore +0=0 ; (4b) 
or r Og Oz r. 
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Oe ; oa an oe + +Z=0 (4c) 

and in the polar coordinates, 
r eer + Seer. le ae id + 26,,—600—Syy—Cot 0-09,+Rr=0 , (5a) 
Bore ee = ; os + 30r0+cot 8: (de0—o9) + Or=0 , (5b) 
| yee + eee = ; ies + 36rg+2 cot 0-o9a+0r=0 , (5c) 


where (R, 9, Z) and (R, 9, ®) are the external body forces acting on the bulk of liquid. 
Let the liquid be constrained to the simple shearing flow in the x-direction with a con- 


stant velocity gradient, 4, in the y-direction. 


1 
aiy=(o 
0 


The deformation tensor, e(¢), is written as 


At 0 
0). 
0 1 


(6) 


We shall employ the weakly coupled network model, which has been treated in the two 


previous papers, in the determination of the stress tensor for this deformation. 


For the 


time being, we assume that the network is constructed of so-called Gaussian chains and 
breaks with a constant rate B(v, N)=8. (The definition of the ‘‘ chain-breakage coefficient ’’ 


Bir, N) was given in §4 of Part 1.) 
stress tensor, 


More general case will be treated afterward. The 


(7) 


8=sr,+FP1 ; 
satisfies the equation of motion 
dsn _ de 9. -pt-l det d8n \”" 
7 jy ROP abe ears, +( 7) ; (8) 


with the isotropic inner hydrostatic pressure, P. 
due to breakage and reformation of the junctions. 


(ds,/dt)*” expresses the creation of stress 
Here if we assume that the instantane- 


ous distribution of the reformed chains is isotropic, the term (ds,/dt)” in the right-hand side 


of Eq. (8) may be written as 


(d8n/dt)” ‘= B(ool —Sn) . 


(9) 


Substitution of Eqs. (6) and (9) into Eq. (8) yields the steady stress tensor 


1+2(4/B)? 
meal 4/8 


0 


The xy- and yz-components give the shearing 
stresses constraining the simple shearing flow 
Eq. (6), and yw defined by 

=O xy/A= 65/8 (11) 
represents the Newtonian viscosity coefficient. 
o is the instantaneous elastic modulus 
(rigidity) of our network, and 


t=1/8 (12) 


4/8 0 
1 0). 
0 1 


has the meaning of the so-called relaxation 
time. 

Purely viscous liquids may have no normal 
components of stress but only the isotropic 
hydrostatic pressure in simple shearing flow. 
In our system, however, there exists an ad- 
ditional normal component of stress, 20(4/8)?, 
in the flow-direction. This quantity which is 


(10) 
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of second order with respect to the flow 
parameter, 2, is one of the cross effects in 
the stress-strain relation, and is always 
neglected in the classical linear theory of 
(visco-) elasticity. But it is this term which 
plays an important role in the normal stress 
effect, as will be shown in the following 
sections. 

Through an analogous procedure to that of 
the previous paper? we can easily get an ex- 
pression of the stress tensor without appeal- 
ing to the assuming of Gaussian chain and 
of the constant chain-breakage coefficient. In 
the case of small values of A, the stress 
tensor may expanded in powers of 2 as 


o4= > ana, (=x, y, 2), (18a) 


Oxy = Oye = >, CzyOP ED Aart! 
n=0 


(13b) 


Ozs=Osz=0, (S=57 V jen (be) 


The details of calculation’ and the final ex- 
pression of o¢°? for m=0~3 are given in 
Appendix. oy, is generally not equal to oz. 
Ozy May have the terms of higher powers of 
4 than the first, which correspond to the so- 
called non-Newtonian (or, structural) viscosity: 


p= Oxy A= SHOR”, (14) 
n=0 
BOM) = GyzyOr*) : (15) 


Eq. (13c) hold for any value of 4 in our 
model. 

If the higher derivatives of P(r, N) and 
d(r, N) with respect to 7 are sufficiently 
small, the following relation is obtained (cf. 
Appendix): 


|o yy —oze| ee 
Oxy ae 
This means that the ‘‘order’’ of the aniso- 
tropy of normal stress components should be 
smaller than the ‘‘order’’ of the structural 
viscosity. 


(16) 


§3. Pressure Distribution in Circular 


Motion of Liquid. (1) 

By application of the expressions for the 
stress tensor obtained in the last section and 
of Euler equations (4) or (5) we can calculate 
the pressure distribution in the circular mo- 
tion of liquid. In this section the simplest 
stress tensor, Eq. (10), is adopted for three 
types of instruments. The more general 
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stress tensor, Eq. (14), will be treated only 
for the cone-plate instrument in the next 
section. 


A. Coaxial cylinder instrument 

Consider the motion of liquid put into the 
gap between two coaxial cylindrical surfaces 
(their radii are a and b (a>), respectively), 
both of which rotate around their common 
axis with angular velocities 24 and Qs (42Q= 
Q4—2z), respectively. Using cylindrical co- 
ordinates (7, g, z), let us consider a_ steady 
flow in ¢g-direction with angular velocity 
=o(r) and neglect the end effect for simplici- 
ty’s sake. The velocity gradient, 


A4=r(dw/dr) (17) 


is in the ,r-direction. In this system the 
gravitational and the centrifugal force act on. 
the bulk of the liquid, and since we assume 
that the z-axis is in the vertical direction, the 
body force is written as 5: 


(R, 0, Z)=(0re?, 0, — pg) 


where o¢ is the density of the liquid. 

P and 4 are obtained as the functions of 
coordinates by solving the Euler equations 
with Eq. (17) and the stress tensor which is 
analogous to Eq. (10). That is, 

A=2A/?r? , (19) 
P= P’ —2A*o,/8?)(1/r') . (20) 
Where FP’ is a part of the hydrostatic pres- 


sure arising from the body force, 
Pol > 5 + AB log r -3 eget Pr 5 


(18) 


(21) 
and constants A and B are given in the 


forms 


a’b 


(22) 


and 
a?24—b?Q 

B= Loe” 
In Eq. (20), the second term 2A%o,/8?r' gives 
the contribution from the additional normal 
stress component. If the network formation 
is remarkable, P’ may be neglected in the 
expression of P. 

Substitution of P into Eq. (7) gives the 
distribution of stress in the velocity field. 
As the actually measurable pressures are the 
minus signes of the stresses, we obtain 


(23) 
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Pz = Py= Po t+2A%(oo/6?)(1/r') (24) 

and. 
Po= Po—6.A*(6o/8?)(A/r*) . (25) 
Eq. (24) suggest that the vertical cross- 


section of the free surface of the liquid pass- 
ing through the rotational axis is expressed 
as z=c/r*. This is just the tendencies of the 
experimental results. 

Eqs. (24) and (25) show that the nearer is 
the location of the bluk of the liquid to the 
rotational axis, the larger are the pressures 
in the v- and z-directions, and the smaller in 
the y-direction. Let us consider a doughnut- 
shaped section of the liquid along a flow line. 
Eqs. (7) and (10) imply that there exists a 
tension along the circular axis of this 
doughnut-shaped section. Then this bulk 

“may squeeze the inner part of the liquid as 
the circularly streched rubber loop. This 
effect results in the pressure distributions, 
Eqs. (24) and (25), and then, in the normal 
stress effect. 


B. Parallel plate instrument. 

The similar procedure determines the pres- 
sure distribution in the parallel plate instru- 
ment. The velocity gradient 

A=r(dw/dz)=r(42/h) (26) 
is in the z-direction, where h is the distance 
between two horizontal circular plates which 
rotate around: the vertical axis with angular 
velocities, 2 and 2+42, respectively. If the 
gravitational and the centrifugal forces are 
neglected, we arrive at the pressure distribu- 
tion 

P,= Pz= Po—(60/B8?)(42/h)?r? ? (27) 
Po= Po—3(00/B2)(A2/h)2r? (28) 


Eq. (27) suggests that the vertical component 
of pressure, which can be measured by capil- 
lary tube, decreases parabolically with increas- 
ing distance from the rotating axis. This 
tendency is not strictly the one observed by 
the experiments. Greensmith and Rivlin’s 
data of 6% decalin solution of polyisobuty- 
lene, and Kotaka, Tamura and Kurata’s 
data for aqueous solutions Na-carboxylmethy]- 
cellulose (Na-CMC) with several amounts of 
NaOH™ show clearly the departures from 
parabolic pressure-distribution. This may be 
due to ‘‘non-linearity ’’ of visco-elastic propar- 
ties of these systems, that is, due to the 
velocity gradient dependences of the elastic 
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modulus, oy), and of the relaxation time, T. 


C. Cone and plate instrument (Involved 

cone-cone arrangement). 

It is convenient to make use of the polar 
coordinate, (7, 0, vy), for the conical surface 
(cone-plate and cone-cone) instruments. Two 
conical surfaces are characterized by 0=a@ 
and 6=8 (a—fB=0>0) and rotate with angu- 
lar velocities, +492 and 2, respectively. 
With sufficiently small value of 6, the liquid 
flows laminarly in the g-direction with the 
velocity gradient 


A=dw(6)/d0 (29) 
in the 6-direction. Eq. (5c) leads to 
A= A/sin? 6 , (30) 
where 
A=—42/(cot a—cot B) . (31) 


In what follows, for the convenience of cal- 
culation, we assume that both a and 8 are 
nearly equal to 90°. The velocity gradient 
in this situation 

A 


Ts ase i poe ‘= 
sin? at 2 cot a-(@—a@) 


+(1+3 cot? a@)(@—a)?4+ +--+] 

~ A/sin? a= 42/6 (32) 
is independent of location of the point being 
considered. The cone-plate instrument with 


a narrow gap satisfies this condition. The 
pressure distribution may be obtained as 


Pr= Pe= Py—2(69/8?)(4.2/8)? log r , (33) 

Po= Py—2(09/8?)(4.2/0)? log r 
—2(04/8?)(4.2/0)? . (34) 
with the neglection of body forces. The 6- 


component of the pressure has the logarith- 
mic dependence on distance from the axis. 
This is consistent with the experimental 
results carried out by several authors. How- 
ever, 4 vs. (—@P/0logr) relations obtained 
by experiments show more or less departure 
from the parabolic dependence. In the next 
section, we shall consider this point in more 
detail. 


§4. Pressure Distribution in Circular Mo- 
tion of Liquid. (II) 

A part of this section is concerned with 
the more general liquids inserted into the 
cone-plate instrument. The stress tensor for 
laminar rotating motion in this instrument 
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may have such a form in the polar coordina- 
te that. (cf. Eq. (13)) 


Ory’ (A) 0 0 
( O — aee"(A) — aay"(A) Jim (35) 
0 oy0'(A) age’(2) 

with 
Soy (A)=ag0'(A) . (36) 


Substitution of Eq. (35) into Eq. (5c) gives 
the equation 


(O099/02)(dd/d0) = —2 cot 86-d¢0 . (37) 

This implies the constancy of 2 in the cone- 
plate instrument in which @~90°, cot @~0: 

A= 42/8=const. (38) 

Eqs. (5a), (5b) and (38) determine the hydro- 

static pressure, P. With neglection of the 


body forces, normal components of the pres- 
sure, 


Pr=—6t, (t=r, 6, ¢) 
may be written as 
P= Po(8)+ (20 rr’ — 690’ — do’) log Y— Ort’ 


(= 2-H. Oy (39) 
Then, we have 
(OP; /0 log r) = 26,’ —600 —Cvy’ 
=—C=const., (40) 
P,— Po= 609’ —Grr’ , (41) 
P,—Pe=Geo —Orr (42) 


Eq. (40) suggests the logarithmic v-dependen- 
ce of the normal components of the pressure, 
which has just been observed by Roberts, 
Rhilippoff, and others. Eqs. (1) and (2), the 
results of Robert’s experiment,” are consi- 
dered to be the special case of 609’=67,’. 

Eq. (16) may be expected for the network 
model in which B(r, N) and ¢(7, N) are not 
so singular function of r. This implies that 
the difference |P,—P.»| may be comparatively 
small even if the non-Newtonian flow is 
observed, at least in the range of small 2- 
value. What may happen for large 2-value ? 
With Gaussian chains and constant chain- 
breakage coefficient, there exists only the ad- 
ditional tension (2¢,/82)A? in the normal stress 
component of the flow-direction. If B(7v, N) 
increases with 7, i.e., the probability of brea- 
kage of junctions increases with stretching of 
chains, the effective number and the average 
tension of chains may be smaller than those 
in the case of constant $8 for the same of 
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stress. Especially, o99—0o,,, which is zero at 
A=0, may remain in the vicinity of zéro 
although oy itself apparently deviates from 
those of the ideal case. Similarly, an effect 
of non-Gaussian behavior of constituent 
chains may arise. Denoting the effective 
instantaneous elastic modulus by «.(4)=<oo> 
and the effective relaxation time by t-(4)=1/ 
<B>, we may write approximately the stress 
tensor for simple shearing flow, Eq. (16), in 
the form 


Tare" ter 0 
8= Ke ( TeA 1 0 ) ig (43) 


0 Os 


This stress tensor gives an explanation of 
Robert’s experimental results,» Eqs. (1)~(8). 

2-dependence of the additional normal ten- 
sion, 4o=2k.-t.2A2, can be obtained directly 
from the measurement of the normal stress 
effect in any instrument. On the other hand, 
measurement of the structural viscosity gives 
the w=«-te vs. A relation. Then, we can 
separately obtain the A-dependence of the ef- 
fective elastic modulus «-(4) and of the ef- 
fective relaxation time t-(2). This is an im- 
portant feature of the observation of the 
normal stress effect in the rheological con- 
siderations of elastico-viscous liquids. 

In a suitable range of A-value, it has been 
seen experimentally that 4o and 4 depend on 
A in the power forms 


4o=A2* , (44) 

= Bre. (45) 

This implies in this range of A-value the 
tendencies 

Kke(A)= KoA , 

c,(a)=Td-* . 


(46) 
(47) 


In Fig. 2 is shown the relation between [a, 


8] and [6, €]. te should decrease with 2, and 
the degree of the orientation of the internal 
mechanism, which is expressed by .&=t-A, 
should increase with 4. Then, it is necessary 
that 0<€<1. In our network model 6 ex- 
presses the departure from the Gaussian 
nature of chains, and because of the nature 
of real chains, it is supposed that d>0. 
Observable set of [@, 8] would be in the 
domain MABN in Fig. 2. In this figure, the 
full circles represent the experimental results 
for aqueous solutions of Na-carboxylmethyl- 
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cellulose (Na-CMC), the deltas for aqueous 
solutions of methylcellulose (MC) and the 
crosses for decalin solutions of polystyrene by 
Kurata, Kotaka and Tamura.1»* The open 
circle corresponds to the decalin solution of 


polyisobutylene by Garner, Nissan and 
Wood,!2 and Mooney.?» These plots suggest 
that in the case of random coiled linear 


a 


Fig. 2. Weissenberg effect and structural 
viscosity. 
+ Polystyrene in decalin 
ea2or6 wt.% Pst. 
Biegetr ls, wt.% Pst. 
3. 30.8 wt.% Pst. 
Z\ Methylcellulose in water 
Areal cic wt.% MC. 
by 2:00 wt.% MC. 
Ginn 8:54 wt.% MC. 
@ 2 gr. Na-Carboxylmethylcellulose in 100 ml. 
water. 
7. With 0.1 N-NaOH (preheating at 80°C 48 
' Shi ?). 


8. with 0.1 N-NaOH. 
9. with no Salt. 
© Polyisobutylene in decalin. 
(1.~9. by Kurata, Kotaka & Tamura. 
10. by Garner, Nissan & Wood and Mooney). 


* The author is indebted to Professor M. Ta- 
mura, Professor M. Kurata and Mr. T. Kotaka 
for their kind permission to cite their unpublished 
data (MC and PS) in this publication. 
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molecules such as polystyrene and polyiso- 
butylene in decalin, polymer chains are fair- 
ly approximately represented by the Gaussian 
chains, and non-Newtonian flow of these sys- 
tem is chiefly due to. the ’-dependence of 
the relaxation time. On the contrary, chains 
of cellulose derivatives and polyelectrolytes 
show remarkable departure from the Gaus- 
sian character. This is an expected result. 


§5. General Remarks 


A. Assumption of simple circular motion. 
Pressure distributions in elastico-viscous 
liquids were treated for simple circular mo- 
tions of three types. In our calculations it 
was assumed that the flow lines of liquid- 
motion were concentric circles around the 
rotational axis. This assumption is actually 
not the case for the parallel plate instrument 
and the conical surface instrument, when we 
take the effect of, body forces into considera- 
tion. For example, let us consider the paral- 
lel plate instrument. The body force in this 
case, too, is given by Eq. (18). The angular 
velocity is the function of z given by 
w(z)= 2+ (AQ/h)z (48) 
with the velocity gradient, Eq. (26), in the 
z-direction. With Eqs. (18), (26) and (48) and 
suitable expression of stress tensor, Euler 
equations (4) can not be solved with respect 
to P; P is not a total differential of 7 and z. 
This implies that the assumption of the 
simple circular motion conflicts with the 
actual flow pattern under the influence of the 
body force, Eq. (18). Consider a_ vertical 
cylindrical section of the liquid in this instru- 
ment. The gravitational force homogeneous- 
ly acts in parallel to the cylindrical axis and 
gives no moment of force. On the other 
hand, the centrifugal force is in the r-direc- 
tion orthogonal to the cylindrical axis, and 
its magnitude is a function of z, because of 
non-uniformity of the angular velocity, Eq. 
(48). Then there exists a moment of force 
in the g-direction. This moment leads to an 
additional convection of the liquid in the r0- 
plane. Hence a bluk of the liquid will 
make a complex helical motion. The neglec- 
tion of body forces, then, amounts to the 
assumption of the simple circular motion at 
least for the parallel plate instrument. 
For the cone-cone instrument, furthermore, 
this assumption does not hold even if body 
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forces are neglected. Substituting the ex- 
pression of the velocity gradient, Eq. (30), 
Euler equations (5) may not lead to the con- 
sistent solution of P. In this case, the balanc- 
ing of the stress as’a whole is impossible, 
and then, a convective motion of the liquid 
may happen. However, in the case of the 
cone-plate instrument, in which @~90°, the 
dependence of 4 on @ may be neglected, and 
the liquid is in the simple circular motion under 
the condition of no body force. Our calcula- 
tion has a meaning only in this case. 


B. Symmetry and asymmetry of  defor- 

mation. 

The essential point of the normal stress 
effects, either Poynting or Weissenberg 
effects, lies in the existence of the additional 
normal tension which is of the second order 
with respect to the magnitude of the defor- 
mation or velocity gradient in the deformation- 
or flow-direction. An unequality of the 
normal stress components of such direction 
and the gradient-direction is important in the 
interpretations of several results on the 
anisotropy of the normal pressure. This pro- 
perty of the stress tensor is clearly due to 
the asymmetry of the deformation tensor, 
Eq. (6). 

In the explanation of the normal stress 
effect, Rivlin has symmetrized the deforma- 
tion tensor, as has been done in the classical 
theory of elasticity.* His symmetrized tensor 


ere. of 
es= ( atfe © 1 ) (49) 
0 0 1 
leads to the stress tensor such as 
VR/2 OR 0 
Ss= ( @i = VFH/2 0 jem, (50) 
0 0 0 


which has the discrepancy from that experi- 
mentally obtained, Eqs. (1) and (2). 

The symmetrization of deformation is ac- 
companied with the neglection of second order 
quantities of deformation. This procedure is 


* In the recent paper,+) Rivlin has developed the 
phenomenological theory of elasticity in which the 
general asymmetrical deformation is correctly 
treated. He has obtained the stress tensor which 
is essentially equivalent to Eq. (10) for the simple 
shearing deformation with the displacement gradi- 
ent, 4, instead of the velocity gradient. 
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permitted in the classical linear theories of 
elasticity and visco-elasticity in which'Jénly 
small deformations are treated. However, 
this symmetrization may, of cause, be impos- 
sible in the treatment of second order effects 
such as the normal stress effects. 

The symmetric deformation, Eq. (49), has 
the strain ellipsoid one of whose _ principal 
axes bisects the first quarter of the xy-plane. 
On the other hand, in the case of asymmetric 
stress tensor, Eq. (6), the x-axis has an acute 
angle with a principal axis of the strain el- 
lipsoid in the first quarter of the xy-plane. 
This implies that the extinction angle, x, is 
less than 45° in the experiment of flow 
birefringence. x is dependent on the velocity 
gradient such as 


2 cot 2¢=Ar.(2) (51) 


for our network model. At.(A) may be obtain- 
ed for any A-value by measurement of the 
normal stress effect and of the viscosity 
coefficient, as was shown in the last section. 
Philippoff showed a good agreement between 
the extinction angle obtained by a direct 
measurement of the flow birefringence and 
that obtained by measuring the mechanical 
properties using Eq. (51). This fact sug- 
gests that the asymmetry of deformation is 
important in our system. 


§6. Summary 


The normal stress effect of elastico-viscous 
liquids (Weissenberg effect) was treated adopt- 
ing the weakly coupled rubber-like network 
model. It was shown that the normal stress 
of these systems is no longer isotropic for a 
stationary simple shearing flow. Although 
normal components of the stress are in 
general different from each other in magnitu- 
de, those along the directions orthogonal to 
the flow-direction are almost isotropic. A re- 
markable additional tension must be applied 
in the flow-direction in order to compel the 
system to the said flow. This tension leads 
to the non-uniform distribution of the normal 
pressure in some concentric circular motion 
of the liquid. These distributions were 
obtained for three types of experimental ar- 
rangements with coaxial cylinders, parallel 
plates and cone-plate, respectively. The 
results of our theory are at least qualita- 
tively consistent with that obtained by ex- 
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periments, although the treatment is limit- 
ed in the rather simple case, that is, in the 
simple concentric circular motions. By the 
observations of the normal stress effect and 
the viscosity coefficient, we can determine the 
effective elastic modulus (rigidity) and the 
effective relaxation time at any value of velo- 
city gradient. This may have an important 
role in the study of the rheological behavior 
of such systems. For example, it can be 
possible to separate the non-linearity of visco- 
elastic properties into that of conservative 
elastic part and that of dissipative relaxational 
part. The similar separation may be made 
for the well-known molecular weight depen- 
dence of visco-elastic parameters. Especially, 
it will be expected that in the analysis of 
the law of 3.4th power for molecular weight 
dependence of the bulk viscosity of amorphous 
polymers, the normal stress effect will give 
an important contribution.* 
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Appendix 


In the first paper” of this series, we have derived the stress tensor, s, of the weakly 


~ coupled network structure for any strain tensor, e. 


the stress tensor is given by 


s=Sr\\\am( > sa Fih, N, )dh+P1, 
? r= lh} 


where ¢(7, N) is the free energy of a chain having the end-to-end distance, 7. 


In the case of incompressible substances, 


distribution function, F(h, N, t), satisfies the equation 


Ith, N, t)=hi(e"(d)-h, N) exp] — | Ae(t)-e-MD-h, N) ar’ | 


1 ag (A.1) 
The chain- 
t t 
+\ Gle(t’)-e"(t)-h, N, t’) exp |-| Ble(t’’)-e-1(t)«h, Nydt’ ae’ (A.2) 
0 hi 


where G(h, N, t) is the chain-reformation function and (hk, N) is the chain-breakage 


coefficient. 


In our case the strain tensor e(¢) has the form 


1 


e(t)= ( 0 
0 


At 0 
1 0 (A.3) 
Qvgo tng 


Substitution of Eq. (A.3) into Eq. (A.2) gives the following stational chain-distribution 


function 


FE; 22> 00s Nal 


: 
GE m 65 Noes] 7.1" 86”, m 5 Node” dk’, (Ada) 


* 


Such measurement of the molecular weight dependence of normal stresses are now in progress by 


Kotaka, Kurata. Sakamoto and Tamura for polystyrene solutions as an example. 


Ee 
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1 


PE 1 <0, 6 N= ties pikes en N)exp| — 


ag Be”, In|, Nyae” Jae’ 
(A4b) 


1 
Aln| 


Making use of the similar procedure to that of the second paper of this series, we can 
obtain the stress components, that is, 


goo 25u || E°G(|hl, N)[Kat-+Ko-] dh+P, ee 
cum oum2ty || EcG(|hl, N)[Kit-+Ki-] dh (A.5b) 
an 
and 
tumdu=22x\ (| otG(|h|, N)Kot+Ko-] dh-+ Poet , (A.5c) 
my 


(s, £=y,.2; 6, T=, €). 


In this derivation, it is assumed that B(h, N) and G(h, N, t) are spherically symmetric. 2” 
denotes the quartered space, § >0 and 7 >0. Kn is defined such as 


Kye = $ ( m (4 ae) expe | 8(E0’, 7, €; N) aa’| do. (A.6) 
An Jai ry dr/e@) An Jat 
where (1/r)(d¢/dr);e) is the abbreviation 
1 sf) ti (+ dd A7 
ic dr /) r a ee ete 


Because of the spherical symmetry of G(h, N), B(h, N) and ¢(h, N ), Kn* has planar sym- 
metry with respect to the xy-plane. Hence we have 


22 Oz7 =O yz= ou =0% (A.8) 


No more reduction of these equations can be made for general functional forms of B(7, N ) 
and ¢(7, N). 
If the chains are Gaussian and §(r, N) is independent of 7 and N, i.e., 


g(r, N)=(3kT/2)(7/Na®) (A.9) 
and 
BY, N)=G=const. , (A.10) 
K,* may be read 
Sed) eal: 
t= 2 PN 
Ko Na B° ( ) 
_BSkT 1a yx [ B E) 
eres OD) | pepe bo (A.12) 
uN@ B ie r) eal Os 
SR 1 A 7 A” dl 
= (ae De ‘ A.13 
Ks cette eae) ee 


Introducing of the instantaneous elastic modulus, 0, 


1 
watt 2 ry aaa Nodh, (A.12) 


we can reduce the stress tensor, Eq. (A.5), to the form described in Eq. (10). 
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For sufficiently small 2-value, the stress tensor is expanded in powers of 2, as has been 
done in the calculation of the viscosity coefficients in the previous paper”: 


On= s Opp 2 22” 3 (A.13) 
n=0 

or ae Ss Dpy QR tD JIMA (A.14) 
n=0 


Simple but lengthy calculation determines the expansion coefficients as follows: 
Define the differential operator 


1 rake (A.15) 
to give 

dex == Oa Ey \r co Dodr, (A.16) 
aX =n Sxfr ae er . mi Dipdr+2n Sy{r° Np | SD6— —TD'$ (7°) Jer 

sean Se Mare ana -oa(28)- (2A) 
sna be set Mfape-l a 

ses Qt fae so(78)-me(28)-(8). je. aa 
gered Fn (A.17c) 
bs =n Sy a NyDibdr tien sw) can ny | Did po 2) Jar, (A.18) 
by =n Syl oe = | sD 2D ve )| dr 

ten Sn ie a | 24D4— 28D 6(% ae D's} 7 oe es 25 we +t lar 

+ ag * "| gy ny OO6— ee 75") — Deol (7°) —19(7ae) | 

na) 228) 2), am 


Consider the difference oyy—o2z: 
Oyy™ —622 =0 
4 i. G(r, N) D'g 
FOO C8) es op 6 UN, 4 a B 
ow®—0 pt" |" ae | 20% po(*, I dr 
G(r, N) 


#505728] pony 226-8 (lp) D4 (a)-Gyt Je aan 


, (A.20) 
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Visco-elastic Properties of Network Structure III. 


The viscosity coefficient, 4, is given by 


B= Ony| A= > MON) 22 
n=0 


where the expansion coefficients are 


mor) a Oxy APT) us 
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(A.22) 


(A.23) 


If Br, N) and ¢(7, N) do not so sharply change with 7, comparison of Eqs. (A.18), (A.19) 
and (A.20), (A.21) leads to the relation 


1) 
2) 
3) 
4) 


5) 


6) 
7) 


8) 


9) 


LapePesrta Pie Aibel 28? (A.24) 
yy 5p) 
References 10) F.J. Padden and T. W. De Witt: J. Applied 
Phys. 24 (1953) 675; 25 (1954) 1086. 

M. “Yamamoto: *}.) PBys.-Soe.- Japan” F1'(1956) 11) H.W. Greensmith and R.S. Rivlin: Phil. 
abs Trans. 245 (1953) 399. 
M. Yamamoto: J. Phys. Soc. Japan 12 (1957) 12) M. Kurata, T. Kotaka and M. Tamura: Bus- 
1148. seiron-Kenkyu 98 (1956) 141, 153; 101 (1956) 
K. Weissenberg: Nature 159 (1947) 310. 69 (in Japanese); Zairyo-Shiken (J. Japan 
J.H. Poynting: Proc. Roy. Soc. A82 (1909) Soc. Testing Materials) 6 (1956) 227 (in 
546; A86 (1912) 534; Note in India-Rubber Hf Japanese); 2 Applied Phys. (to be published). 
Oct. 4 (1913) p. 6. 13) F.H. Garner, A. H. Nissan and G. F. Wood: 
J. E. Roberts: Ministry of Supply Report Phil. Trans. Roy. Soc. A241 (1950) 379. 
ADE 13/153 (England) (1952); Proc. 2nd Intern. 14) K, Weissenberg: Proc. Ist Intern. Congr. 
Congr. Rheology, New York, 1953 (1954) 91. Rheology, Amsterdam, 1948 (1949) 36. 
M. Mooney: J. Colloid Sci. 6 (1951) 96. 15) R.S. Rivlin: ‘‘ Large Elastic Deformations ”’ 
R. S. Rivlin: Proc. Roy. Soc. (London) A193 Rheology, ed. by Eirich, Ch. X N. Y. 1956. 
(1948) 260; AZOO (1950) 68; Trans. Faraday 16) M. Mooney: J. Applied phys. 24 (1953) 675. 
Soc. 45 (1949) 739. 17) R. S. Rivlin: J. Rational Mech. Anal. 5 
H. Markovits and R.B. Williamson: Trans. (1956) 179. 
Soc. Rheology 1 (1957) 25. 18) H. Markovitz: Trans. Soc. Rheology 1 (1957) 
W. Philippoff: J. Applied Phys. 27 (1956) ofa 
984; Nature 178 (1956) 811: J. G. Brodnyan, 19) W. Philippoff: Trans. Soc. Rheology 1 (1957) 
F. H. Gaskins and W. Philippoff: Trans. Soc. 95. 
Rheology 1 (1957) 109; W. Philippoff, J.G. 20) B.H. Zimm: J. Chem. Phys. 24 (1956) 269. 
Brodnyan and F. H. Gaskins: J. Applied 21) A.S. Lodge: Trans. Faraday Soc. 52 (1956) 
Phys. 28 (1957) 1118. 120. 


JOURNAL OF THE PHYSICAL SOCIETY OF JAPAN VOl. 13, No. 10, OCTOBER, 1958 


Disturbance Phenomena in Probe Measurement of Ionized Gases 


By Takayoshi OkuDA and Kenzo YAMAMOTO 
Faculty of Engineering, University of Nagoya, Nagoya 
(Received June 20, 1958) 


This paper is concerned with disturbance phenomena occuring when 
a probe is immersed in plasma. 

There are two types of disturbance, i.e., one independent of probe 
potential and one which depends upon it. The former (inherent) dis- 
turbance has three effects which are classified: Asymmetrical effect, 
formation effect of transition region, and the scattering effect. The latter 
(incidental) depends on either the negative probe or the positive probe. 
In the negative probe, penetration of ion sheath into surrounding plasma 
is characteristic. In the positive probe, there is an unexpected change 
of electron current, asa result of drainage of electron, which is observed 
with rise of positive probe voltage. 

The mechanism of collection of ion and electron on probe is also ex- 


plained in terms of these disturbance effects. 


§ 1. Introduction 


A complicated situation arises when, as is 
usually encountered in the laboratory work, 
a probe of finite dimension is immersed in a 
plasma having a finite extent and density, 
resulting in disturbance. In reality, the dis- 
turbance has a marked influence on deter- 
mination of plasma density made by ordinary 
probe method, as already described in a 
previous paper). 

Here, for the purpose of insuring accuracy 
of measurement, it is necessary to have com- 
plete knowledge of the conditions resulting 
from insertion of probe in laboratory plasma. 

Since disturbance may be responsible for 
formation of a disturbed region spreading 
extensively into plasma and controlling density 
of charged particle near the probe, the 
purpose of this paper is to clarify disturbance 
phenomena and to explain how it affects col- 
lection of charged particle. 

Finally, we elucidate causes of error and 
improve reliability of measurement. Also, the 
conclusions obtained in this study offer helpful 
information on interesting problems in practi- 
cal use of the third electrode, viz., grid 
electrode in discharge tube or extracting 
electrode in various ion sources. 


§2. Experimental Procedures 


All experimental discharge tubes used in 
this work are sealed-off tubes, made of hard 
glass, having an oxide coated cathode, a Ni 
disc anode and Mo probes. Gases of Ne and 


Ar are used. Since commercial Ne and Ar 
are both only 99.9% pure, they are purified 
by means of Ca getter. 

Ultimate pressure of vacuum system is of 
the order of 10°'mm Hg and gas pressure 
used ranges from 107? to 10mm Hg. The 
discharge currents are below 1.0 A and tube 
voltages are several tens volts. Structures, 
dimensions and materials of pecular probes 
are described in detail in Section 3. 


§3. Experimental Results and its Consider- 
ation 

A. General view of disturbance 

(1) Visual observation of disturbance near a 

probe 

When a probe with floating potential is 
immersed in a plasma, the outline of an ion 
sheath forming around the probe is indistinct 
and in the space surrounding the ion sheath 
a faintly luminous “ disturbed region ” appears. 
Extent of the disturbed region in the direction 
toward the anode is found to be less than 
that in the direction toward the cathode, and 
at the boundary of the disturbed region on 
the,anode side, there is clearly observed a 
dense plasma having more intense luminosity 
than that of undisturbed plasma. 

At low pressure (below 10-?mm Hg) the 
local dense plasma is too diffusive to be ob- 
served and the distance between probe and 
the center of the local dense plasma is of the 
order of several cm. As pressure is raised, 
such anisotropic appearance becomes more 


V212 


a 


1958) 


remarkable and moves nearer the probe. 

Fig. 1 shows the disturbed region appearing 
around a probe held at the floating potential. 
As shown by the dotted line, the cathode side 
of the disturbed region expands owing to in- 
crease of negative voltage, while the local 
dense plasma formed on the anode side grows 
progressively without changing its relative 
position to the probe. 


Ar ,p=0 45mmHg 


i=100mA HlOmA 


ion sheat 
cathode y 


——* anode 


| 
' 
t 
' 


tLe! 
faint luminous | \ ‘local dense plasma 


region atlOOV ia O'S 
bak ee hee probe (dia 0:5 mm) 


potentia faint luminous region at the 


floating potential 


Fig. 1. Illustrating disturbed region asymmet- 
rically developed around a probe. 


As discharge current is reduced, the distance 
from the probe to the center of local dense 
plasma decreases slightly, while the extent 
of the disturbed region on the cathode side 
increases. Of course, the larger the dimension 
of probe employed, the greater such an effect. 

On the other hand, if the probe potential 
approaches the plasma potentials by application 
of probe potential relative to the cathode, ion 
sheath becomes thinner and at the same time 
the disturbed region becomes unobservable. 
Here a somewhat anomalous circumstance is 
found where the luminosity of the disturbed 
region on the anode side rather far from probe, 
as well as that of the local dense plasma, 
become slightly weaker in comparison with 
luminosity when the probe potential is negative 
to plasma. Meanwhile, on the contrary, lumi- 
nosity of the rigion close to probe increases. 
Also, no matter how probe potential is with 
respect to plasma, the relative position of the 
local dense plasma is unchanged. 

Whenever probe potential is raised until the 
potential difference between plasma and probe 
reaches a magnitude corresponding to the first 
excitation potential of the gas, the layer just 
covering the probe has a faint glow which is 
followed by gradual development of a glow 
similar to the anode glow, indicating occurence 
of ionization in electron sheath. As a result, 
currents flowing into the probe quickly in- 
crease, limited by the resistance of probe 
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circuit. At high pressure, the faint glow can 
not be distinctly observed, abruptly changing 
into a glow mode. 

(2) Distribution of potential and plasma de- 

nsity in disturbed region. 

A movable probe construction is more con- 
venient for measuring potential and plasma 
density in the disturbed region. In the tube 
shown in Fig. 2, a disturbing-thick probe can 
be inserted into or removed from the discharge 
column normal to the discharge axis, while a 
measuring-thin probe moves parallel along the 
discharge axis. In every case, interaction 
between the thick probe and the thin probe 
can be regarded as negligible, because the 
mersuring-thin probe is made of small dimen- 
sion and is always far from the thick probe 
by several mm. 


‘al 50mm {0} 


tT _Mo thick probe (dia 2:0mm) 


Mo thin probe (dia O-2mm, length4mm) 


oun Deere 


glass wire(dia 2:;0mm) 


-—Mo thick probe (dia O-5mm) 
he 
Fig. 2. Experimental discharge tube with movable 
probes. 


From measurements of potential and plasma 
density using the thin probe, it is found that 
the disturbance may exist to a considerable 
extent even if the pressure is below 10-?mm 
Hg, where the depletion due to elastic scatter- 
ihg seems to be small compared with that at 
high pressure, as already mentioned in a pre- 
vious paper”. 

Consistent with visual observation, the local 
dense plasma is observed as a maximum of 
potential and plasma density on anode side of 
disturbed region. The potential and the plas- 
ma density on cathode side of disturbed region 
change monotonously toward the undisturbed 
plasma. 

By taking the deviation of ion current di» 
measured at —30V with respect to the space 
potential, and taking the deviation of potential 
AV from the undisturbed condition realized by 
removing the thick probe from the discharge 
column, we obtain Fig. 3. 

Fig. 3 shows distribution of the potential 
and the ion current as a measure of plasma 
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density in cases where the thick probe is held 
at the floating potential. 

The way in which the disturbance is con- 
nected with discharge current, pressure and 
probe dimension is obvious from this. As 
discharge current increases, the local dense 
plasma develops with increasing distance from 
the probe, while the extent of cathode side 
of disturbed region decreases. Those effects, 


Ar, p=5‘OmmHg, i=100 A 
10 thick probe, floating 


(a) 


4 O5yA(i=50mA 
POH) 1-5 uA(i=1OmA) 


anode 


distance (cm) 


(b) 


SS arrrr or ore Pree BT ES 
Av,p=4.10 mmHg, i=!00mA 
thick probe, floating 


O 
distance (cm) 


(c) 

Fig. 3. Deviation of ion current and potential 
from those of the undisturbed case, where the 
thick probe is absent. The ion current ipo of the 
undisturbed casd is written in figure. 

(a) 5mm Hg, (b) 1mm Hg, (c) 4-10-8 mm Hg of 
Ar. 
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of course, become more remarkable as the 
probe radius is enlarged. 

To examine how the meterial of the thick 
probe affects such disturbance, the same pro- 
cedure as for Mo probe is carried out with 
a glass cylinder having the same dimension 
as Mo probe. The results are identical for 
both the glass cylinder and the Mo probe. 

As potential of probe approaches the space 
potential, a remarkable change takes place in 


-10 O 10 
voltage relative to space 
potential (V) 
Fig. 4. Ion current flowing into thin probes near 
a thick probe and potential of the thick probe. 


i) i} ' 
Ar, p=O-0055mmbtg, i=|OOmA 


-—— positive potential 5V 
negative: ” -100V 


+ aaitte n 
e 
penetrating 
O 2 4 6 8 
distance (mm) 


Fig. 5. Disturbed region. 


mica plate 


‘a) Ni plane probe 4x4mm 
thickness O:lmm 


Ni plane probe (5mmo ) 


(b) ‘ 


Fig. 6. Probe structure for measuring directional 
collection. 
(a) Back-to-back probe, (b) Unidirectional probe. 
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the space around the thick probe. In Fig. 4 
the ion current measured by the thin probe 
is plotted against the potential of the thick 
probe, showing that the plasma density on 
anode side of disturbed region decreases, as 
we observed under visual observation of dis- 
turbance near probe. 

As shown in Fig. 5, the disturbed region 
distant from the probe is formed independent 
of the probe potential. Such a distant dis- 
turbed region is called a “transition region ”. 
Of course, the disturbed region close to probe 
is different depending upon whether the po- 
tential of probe is negative or positive with 
respect to plasma. 

(3) Directional distribution of ion collection 

Here, we investigate how the asymmetrical 
disturbance is connected with collection of ion 
on the probe. For this purpose, we prepare 
the back-to-back. plane probes shown in Fig. 
6 (a) and a pair of plane probes facing only 
in the direction, as shown in Fig. 6 (b). 

From experiments, it is seen that at ex- 
tremely low pressures (below 10-*mm Hg) 
the ion collection on the probe facing the 
cathode is larger than that on the probe facing 
the anode, while at high pressure inversed 
results are obtained. The data obtained by 
using the tube shown in Figs. 6 (a) and (b), 
are given in Figs. 7 (a) and (b) respectively. 

To obtain the distribution of collection over 
the whole orientation around probe, we use 
a parent-daughter probe structure, as shown 
in Fig. 8, consisting of a (parent) cylindrical 
probe made of Ni and a plane (daughter) probe 
made of Mo mounted in an aperture on the 
surface of the parent probe. This apparatus 
can be rotated with the help of a magnet. 

Measurement of the ion current flowing into 
the daugnter probe at an appropriate negative 
potential, yields the orientational distribution 
of the ion collection, provided the parent probe 
is held at a fixed negative posential. From 
experiments, we see that asymmetry of dis- 
tribution of ion collection becomes appreciable 
as discharge current is raised, as shown in 
Fig. 9. 

We may conclude, therefore, that the asym- 
metry is closely related to the development 
of local dense plasma on anode side of dis- 
turbed region. 

Fig. 10 shows the effect of potential of the 
parent probe. As the potential of parent probe 


A: facing anodd 


Ar,(a) probe, 


O 100 200 
discharge current (mA) 


(a) 


Ar p=55-10 mmHg 
(b) probe 


° 100 200 300. 400 
discharge current (mA) 
(b) 

Fig. 7. Comparison of ion current flowing into 
a facing-anode probe with that flowing into a 
facing-cathode probe. Symbol A and C indicates 
facing-anode and facing-cathode, respectively. 
(a) Back-to-babk probe is used at 5, 0.25 and 
2.5x10-3 mm Hg of Ar. 

(b) Unidirectional probe is used at 5.5 x 10-3 mm 
Hg of Ar. 


(a) aa (b) dau 
d, / ghter 
{7 O' 8mm i probe 
O:-2mmp Ni parent 
Mo probe glass probe 
iron block 


Fig. 8. Parent-daughter probe for measurement of 

_ directional collection around probe. (a) Scheme 
of parent-daughter probe, (b) structure of daugh- 
ter probe. 
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approaches the space potential, the ion current 
flowing into the daughter probe increases ow- 
ing to the increase Of plasma density caused 
by drainage of electron, which we shall discuss 
later. 

The results of experiments may be sum- 
marized as follows: 

(a) However a probe is held, whether at a 
negative or positive potential with respect to 
the plasma, the space surrounding the probe 
is forced to be disturbed asymmetrically along 
the direction of discharge axis. 

(b) The circumstances of disturbance for- 
med on cathode side of probe and those on 
anode side are not identical, and their depend- 


Ar, p=O:'5mmHg 
parent probe, floating 


—+ anode 


(a) 


cathode 


Ar, p=0-04mmHg 
ts 


i=1000mA 


cathode ——— 


anode 


(b) 

Fig. 9. Directional distribution of ion collection 
to the daughter probe, when the parent probe is 
held at the floating potential. 

(a) Potential of daughter probe is —65V with 
respect to the space. Pressure is 0.5mm Hg of 
Ar. 

(b) Potential of daughter probe is —45V_ with 
respect to the space. Pressure is 0.04mm Hg. 
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encies upon such parameters as pressure and 
discharge current are opposite. 


responds to a mechanism of loss of electron 


by probe acting as an absorbant, while that | 
appearing on anode side corresponds to a | 


mechanism of compensation against loss of 
electron. 


Ar p=0:04mmbg, i=|OQmA 
facing anode 


-60 -40 -20 O 
potential of parent probe relative 
to space potential (V) 


20 


Fig. 10 Jon current flowing into a daughter pro- 
be measured at —45 V with respect to the space 
and the potential of the parent probe. 


Distant disturbance is not noticeable af- 


(c) 


fected by the material and potential of probe, | 


except that, at positive potential, the plasma 


A feature of | 
the disturbance appearing on cathode side cor- | 


density on anode side decreases slightly with- : 
out changing the relative spatial distribution | 


of density. On the other hand, a close dis- 
turbance may be affected by the potential of 
probe. At negative potential, the penetration 
of ion sheath occurs, while at positive poten- 
tial, the increase of density occurs close to 
electron sheath by virtue of the drainage. 


B. Collection of electron and disturbance 
Positive probe characteristics are likely to 
be influenced from some source. 


velocity of electron®. 


It has been | 
seen that in positive column, the electron | 
drift velocity is only a few percent of random | 
As a result, if the | 


sheath area is a few percent of the cross sec- | 
tion of positive column, the probe current | 
may become comparable to discharge current | 


and, consequently, a distorted characteristic 


may be obtained, from which one can not 


estimate plasma quantities of undisturbe 
plasma. . 
In addition to this type of disturbance, an- 
other one called “drainage” occurs even in 
conditions in which such distorted character- 
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istics are not observable. 

Now from this standpoint, we examine the 
behavior of positive probe. 

(1) Voltage-current characteristic 

Here, we are concerned with slope s in the 
plot of electron current vs. positive probe 
voltage in log-log scale. 

Provided that the collection of electron is 
limited by sheath area, the value of s depends 
on plasma density, probe radius and space 
charge equation applied under that condition. 
Computation of theoretical value of s can be 
derived from the assumption that electron cur- 
rent related to sheath area be set equal to 
electron current based upon space charge 
equation, as already described in a previous 
note’, 

We prepare a concentric cylinder-type tube, 
as shown in Fig. 11, for the purpose of elimi- 
nating asymmetrical disturbance. 

Using this tube, we may expect the ratio 
of cross-section for electrons drifting towards 
anode to the sheath area to be greater than 


[ot 45m | Mo probe O-2mm® 


Sle, 


oxide cathode Mo probe |-'Smm@ 
Ni anode 


Fig. 11. Concentric-cylinder type tube. 
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that when the ordinary long cylindrical tube 
is used, and consequently we can expect asym- 
metrical disturbance to be less than for the 
long tube. 

Experimental results are tabulated in Table 
I, showing that there is a discrepancy between 
the measured and the theoretical values. Ac- 
cording to our experiment, such discrepancy 
becomes large as pressure and plasma density 
are raised. 

As a reasonable explanation of the discre- 
pancy, a change in potential of the surrounding 
plasma relating to probe potential is consid- 
ered. 

To examine this relation, it is better to 
measure the potential difference 4V between 
the space potential deduced from the inflection 
point of semi-log plot of probe characteristic 
and a potential where an additional ionization 
takes place, which means that the sheath 
voltage reaches a voltage corresponding to the 
first excitation potential for the gas used. 
Even under a condition that there is a large 
discrepancy of slope s, the difference between 
the first excitation potential and the potential 
difference 4V is seen to be quite small. This 
confirms the fact that the change of plasma 
potential of the space surrounding probe with 
change of probe potential, can not be the 
reason for the discrepancy. 

Furthermore, it has already been pointed 
out in a previous note that there is no ob- 


Table. I. Comparison of measured slope of log-log plot of electron current vs. 
positive voltage with theoretically expected slope. Gas is Ar. 
i s 
oe a Sade soe Blah atte wrt —_ | 
(mA) (cm) (mA/cm?) Measured Theoretical 
0.0055 50 0.01 10 0.67 0.51 (L) 
y | 100 , 33 0.57 0.45 (L) 
0.12 | 25 | ” 2.5 | 0.95 0.72 (L) 
” ” 0.075 6.5 1.12 0.33 (D) 
n” 100 0.01 5.0 0.85 0.55 (Z) 
” ” 0.075 2.0 1.00 0.44 (L) 
5.0 10 ” 0.34 0.16 0.40 (0) 
” 50 0.01 AZ. 6 0.92 0.38 (6) 
” ” 0.075 er 0.46 0.35 (0) 
” 200 0.01 180 TeAZ 0.28 (6) 
” ” 0.075 cee O02: 0.27 (6) 


In computation of s, end effect is taken into account, where probe length is 3.3mm. 
Simbols Z and 6 indicate Langmuir’s and 6’s law, respectively. 
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servable relation between collection of electron 
and sheath radius. 

“Consequently, as a possible source of such 
discrepancy, we may consider an anomalous 
dependency of density of the surrounding space 
upon positive voltage, which is caused by a 
dtainage of electrons. The drainage appears 
as a result of penetration of electrons accumu- 
lated in electron sheath. Thus, the drainage 
becomes more pronounced as accumulated 
charge is increased or as diffusion flow outgo- 
ing from the neighboring space of probe is 
decreased. Consequently it can be seen that 
as plasma density and gas pressure are in- 
creased, slope s must be increased due to the 
drainage. 


sheath radius (cm) , 
=) 
electron current (mA) 


positive voltage (vi? 


Fig. 12. Eléctron current and sheath radius plot- 
ted against positive probe voltage. 


Next, we consider the mechanism of col- 
lection of electrons on positive probe. When 
the discharge current is lowered, there is less 
discrepancy between the measured sheath 
radius and the theoretical radius. Also, as 
the.discharge current is decreased, there is a 
closer correspondency between the plot of 
sheath radius vs. positive voltage and the plot 
of electron current vs. positive voltage, as 
shown in Fig. 12. 

Since the drainage decreases as the discharge 
current or collecting electron current is de- 
creased, a close correspondency between elec- 
tron current and sheath radius is obtained at 
low density plasma. 

Discrepancy between measured sheath radius 
and theoretically expected sheath radius can 
be explained by formation of a penetrating 
sheath, as in negative probe. Therefore the 
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measured sheath radius corresponds to a posi- 
tive voltage which is less than the applied 
positive voltage. Since the penetrating sheath 
develops as positive voltage is increased, the 


slope of the plot of sheath vs. positive voltage | 


is always less than the expected slope, as 
reported in previous note”. This is the rea- 
son that at large discharge current the meas- 
ured sheath radius has only slight dependence 
on positive voltage. 

At high pressure where the drainage is 
prominent, there is not the same close relation 
between the drainage and the penetration as 
at low pressure. The departure of measured 
sheath radius from theoretical radius is less 
than that at low pressure. This is due to 
the fact that at high pressure the penetrating 
sheath posseses a characteristic more plasma- 
like than sheath-like. 

Next, we are concerned with collection of 
electron at low pressure where electron col- 
lection is determined by orbital motion. Under 
such condition, an effective collecting radius 
of probe determines the degree of collection 
of electron. Using the same procedure as 
that used in measuring sheath radius under 
condition that the collection is limited by the 
sheath area, we can measure the collecting 
radius. 
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Fig. 13. Collecting radius and electron current 
plotted against positive probe voltage under the 
condition of orbital motion. 


Fig. 13 shows typical data obtained for Ar. 
The measured collecting radius is fairly con- 
stant with positive voltage V, independent of 
plasma density. This would indicate that 
Langmuir’s orbital motion theory of collec- 
tion® in which collecting radius is roughly 
proportional to V’? is not valid, and that 
Bohm’s theory in which collecting radius is 
independent of V is valid®. 
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In spite of the constancy of collecting radius, 
a considerable increase in electron collection 
is obtained with increasing positive voltage, as 
shown in Fig. 13. This increase is due to the 
drainage. 

(2) Electron collection in magnetic field 

Here we deal with the subject of electron 
collection in magnetic field in order to acquire 
information on the relation between drainage 
and voltage-current characteristic. 

Since magnetic field used in this measure- 
ment is below 1,500 gauss, the ion is hardly 
affected by magnetic field, while the electron 
is so affected that the probe characteristic of 
positive probe is strongly influenced by mag- 
netic field. 
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Fig. 14. Electron and ion currents as a function 
of magnetic field applied to the direction of the 
probe axis. 


Such magnetic effect on electron colleciton 
can be understood from the fact that the 
electron current flowing into probe held at the 
same potential as the plasma potential de- 
creases with increasing magnetic field, while 
the ion current flowing into probe at an ap- 
propriate negative potential with respect to 
the plasma potential, increases with increasing 
magnetic field, as shown in Fig. 14. Since 
there is no doubt that ion collection is not 
affected by magnetic field, it can be considered 
as an approximate measure of plasma density. 

We may postulate, therefore, that the de- 
crease of electron collection is caused by the 
magnetic effect. The reason considered for 
this effect is a decrease of diffusion coef- 
ficient®. 

Next, we consider collection of elctron at 
positive potential. With increasing magnetic 
field the slope of log-log plot of positive probe 
characteristics decreases almost independent of 
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probe orientation. Since from the standpoint 
of drainage decrease of the slope corresponds 
to decrease of plasma density, it is concluded 
that the drainage becomes less pronounced by 
virtue of decrease of plasma density near probe 
with increasing magnetic field. 

As shown in Fig. 12, the correlation of the 
plot of electron current vs. positive voltage 
with the plot of the measured sheath radius 
vs. positive voltage in magnetic field is distinct 
as compared with that in the condition when 
magnetic field is absent. 

A saturation of electron current appearing 
in high positive voltage range when magnetic 
field is applied, is the result of a backward 
flow of electron caused by magnetic field. 
Also, decrease of sheath radius when magnetic 
field is applied, can be explained by decrease 
of effective sheath voltage through circulating 
motion of electron, while the lowering of 
plasma density by applying magnetic field 
should result in large sheath radius. 


C. Ion collection affected by disturbance 

The probe theory proposed by Langmuir is 
based upon the assumption that ion sheath is 
completely screened by the surrounding plas- 
ma, In laboratory plasma, however, such 
screening is not complete. 

To study this type of disturbance, it is 
necessary to obtain knowledge of dependency 
of the disturbance upon plasma density, probe 
voltage, dimension of probe and, gas pressure. 

(1) Voltage-current characteristics 

Numerical value of s=dlog i,/dlog V decreases 
with rising pressure and with increasing probe 
radius and plasma density when the rate of 
expansion of ion sheath accompanied by ne- 
gative voltage is lowered. 

Using a similar procedure for electron, we 
examine the way in which measured valtie of 
s differs from the theoretical value. 

Experimental results are tabulated in Table 
II. At all except intermediate pressures, the 
measured value of s is less than the theoretical 
value based upon the theory that collection is 
limited by sheath area: as discharge current 
is: lowered, the difference between these values 
becomes greater. 

To see whether or not the value of s is 
affected by the asymmetrical disturbance above 
mentioned, the measurements are carried out 
in various tubes, that is, in the ordinary long 
tube (Fig. 2), the concentric cylinder’ tube 
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(Fig. 11) and a large spherical tube with dia- 
meter of 15cm. These results are all consist- 
ent in their general dependence upon various 
parameters. 

As a possible cause responsible for discrep- 
ancy between measured and theoretical values 
of s, we may consider that real sheath voltage 
is less than the applied negative voltage and 
that the discrepancy between them increases 
with increasing negative potential. By measur- 
ing the real sheath radius by applying a 
variable-length probe method already proposed 
by us, an answer may be given. 

(2) Penetration of ion sheath 

We have already described in a previous 
paper that in all cases of sheath area limited 
condition, the sheath radius measured by using 
the variable-length probe method agreed with 
or was less than the sheath radius evaluated 
by using an appropriate space charge equation, 
and that the discrepancy between them in- 
creased with decreasing discharge current or 
plasma density. 

A most acceptable reason for such discrep- 
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ancy is that the sheath voltage V is less than 
the applied negative voltage deduced from 
probe characteristic. 

The expected value V’ of the sheath voltage 
corresponding to the measured radius is always 
less than the applied voltage and the discrep- 
ancy between them becomes large as the 
applied voltage increases and as the discharge 
current is reduced. 

Now we consider how the disturbance affects 
the collection of ion on probe. The two im- 
portant effects are the penetration effect and 
the scattering effect. The penetration effect 
results in the sheath voltage being less than 
the applied voltage, as we described above. 
Also, it may arise that the penetration effect 
leads to a decrease of plasma density at the 
outer boundary of ion sheath. 

This is checked by examining how ion 
current density 7 at the boundary, estimated 
from the measured sheath radius and ion 
current, is changed by increase of negative 
voltage. Table. III gives some results of this 
examination, showing that the value of 7 


Table. II. Measured and theoretical slope of log-log plot of ion current vs. negative voltage in Ar. 


Tube type ee hs ee je P tpg | Be sars pours. ws rus Satul 
(mA) | | (# A/cm?) Measured Theoretical 
a | 0.0055 100 | 0.01 | 40 0.55 0.63 (L) 
” | ” ” 0.075 . ” 0.55 0.63 (L) 
" ( 0.02 ” ” 350 0.40 0.55 (Z) 
” 0.1 | ” ” 490 0.28 0.28 (pz) 
1 1.0 ” 0.025 | 570 OL22 "0 SO" Ce) 
1 " ” 0.075 290 0.18 ° 0.20 (x) 
” 5.0 " 0.025 380 0.17 0.38 (b) 
b 0.15 ” 0.01 170 0.49 0.44 (pz) 
; : ’ 0.075 240 0.27 0.29 (n) 
4 1.0 ” 0.01 360 0.38 0.41 (pz) 
” Kt) 200 ” 1900 0.31 0.44 (6) 
c 0,004 50 0.075 30 0.36 0.40 (LZ) 
” 0.02 200 0.015 270 0.36 0.45 (Z) 
” y | 25 ” 60 0.46 0.50 (Z) 
1 0.35 5 0.075 105 0.50 0.37 (xn) 
’ ’ 25 0.015 75 0.43 0.40 (n) 
. 5.0 200 , 51 0027 0.43 (b) 
V ” 50 ” 17 0.32 0.44 (b) 


and large spherical tube, respectively. 


Symbols a, 6 and ¢ in the first column represent the ordinary long cylindrical, concentric cylinder 
In computation of s in cases when a and b tubes are used, 


the end effect is taken into account (probe length is 3.3mm), while in tube c, the end effect is not 
‘taken into account, because this effect is eliminated by using variable-length probe method. Symbols 
L, » and 6 in the last column indicate Langmuir’s, y’s and b’s law, respectively. 


) 
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Table. III. Ion current density outside ion sheath. 
Gas Pressure Discharge current | Probe radius Probe voltage Ion current 
(mA) (mA) | (cm) Vv density (~A/cm?) 
Ar | 0.004 25 0.015 30 | 9.2 
” " ” 60 8.7 
” 100 0.075 30 30.0 
a ” ” 60 | 28.1 
0.026 25 ” 30 12.36 
” ” ” 90 12.8 
0.15 50 0.075 30 30.5 
” ” ” 90 31.8 
” ” 0.015 30 76.2 
” ” ” 60 77.4 
1.0 ” 0.075 30 34,2 
| ” a ” 90 35.6 
5.0 ” 0.015 30 39.0 
” ” ” 90 34.8 
Ne 0.02. | 50 ” 30 105.0 
/ ” Y ” 60 93.0 1i 
” / Y 0.075 30 61.2 
” ” ” 60 Diad 
0.35 200 ” 30 (i) 
” ” ” 60 84.6 
5.0 25 0.015 30 20.6 
) ” ” ” 60 20.1 


decreases slightly with increasing negative 
voltage, except when the pressure is inter- 
mediate. This fact serves to explain the 
reason why the decrease of density by pe- 
netration effect can be neglected by us when 
we determine plasma density of undisturbed 
plasma. 

A proof for such picture is also given by fol- 
lowing the way which shows how the slope s 
obtained by employing the sheath voltage V’ 
instead of the applied voltage agrees with 


radius of ion sheath (cm) 


corrected sheath voltage (V) 


(a). 


the theoretical slope. 

Results obtained at low pressure are plotted 
in Fig. 15 (a). In this case the slope s is 0.63 
independent of the radius of probe, which is 
consistent with the theoretical value of Schultz 
and Brown” based on their assumption that the 
sheath area limited collection and Langmuir’s 


radius of ion sheath (cm) 


CHO ** 2°30" "Go TOC 
corrected sheath voltage (V) 
(b) 


Fig. 15. Radius of ion sheath plotted against the 
corrected sheath voltage. 
(ay At 2.6x10mm Hg of Ar, (b) At 0.15 mm Hg 
of Ar. 
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law of space charge equation are valid. At 
high pressure, as shown in Fig. 15 (b), the 
slope s agrees with the theoretical value ob- 
tained by assuming the sheath area limited 
collection and y’s law of space charge equation 
to be applicable. Those results show that the 
ion current density outside ion sheath is con- 
stant. This fact may be interpreted from the 
point of view of Boyd’s sheath criterion®. 
Finally, we deal with the anomality observed 
in intermediate pressure in which the me- 
asured slope of log-log plot of ion current 
vs. negative voltage exceeds the theoretically 
expected slope. This would indicate that in 
such a pressure the depletion due to elastic 
scattering affects ion collection, because the 
extent of a range in which spatial distribution 
of plasma density changes appreciably because 
of elastic scattering, becomes comparable to 
sheath radius. 
“The fact that at intermediate pressure, value 
of j7 estimated by measured sheath radius in- 
creases with increasing negative voltage, as 
seen in results of pressure of 0.35 mm Hg for 
Ne in Table. III, is successfully explained by 
such scattering effect. 
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Fig. 16. A parent-daughter probe. 


Furthermore, to prove the existence of a 
discrepancy between the sheath voltage and 
applied voltage, we prepare a parent-daughter 
probe as shown in Fig. 16. As the potential 
of the parent probe is lowered, the potential 
of the daughter probe is lowered, but they 
are not always equal and the difference 
becomes large especially at high pressure. 
After the relation between those potentials 
is checked, we obtain a characteristic of the 
daughter probe as shown in Fig. 17, in which 
the electron current at each space potential 
of the daughter probe is plotted against the 
negative voltage of the daughter probe. The 
broken lines in Fig. 17 represent the expected 
characteristics estimated from the electron 
temperature by the ordinary technique, that 
is to say, from the slope of the semi-log plot 
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of the probe characteristic of the daughter 
probe when the parent probe is held at the 
plasma potential. 

From this figure, it is found that the electron 
current at high negative voltage greatly exceeds 
the expected value. Therefore, it is reason- 
able to suppose that the sheath voltage is 
always less than the applied voltage. A com- 
parison of the magnitude of discrepancy ob- 
served in the variable-length method with that 
in this experiment, shows that -both are 
identical numerically. 


O SAD, 
negative voltage (V) 


-40 a6, 


Fig. 17. Plot of electron current flowing into the 
daughter probe vs. its negative potential with 
respect to plasma potential. Broken line repre- 
sents an expected curve which is derived from 
the measured electron temperature. 


Now we may interpret the discrepancy as 
being the result of a penetration of ion sheath. 
As in electron collection, the penetrating effect 
is a result of electrostatic repulsion of ac- 
cumulated charge. The penetrating sheath 
thus formed is an intermediate region between 
plasma and sheath, so that a high voltage drop 
can be applied across it. This takes place in 
front of an extracting electrode of discharge 
type ion source and results in a broadened 
energy spectrum of ion beam. 


~ 


§ 4. Conclusions 


(1) Inherent disturbance. When a probe 
is immersed in a plasma, a transition region 
appears, extending for a considerable distance 
around the probe, independent of the potential 
of the probe. 


Transition region posseses less density and 
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has lower potential when compared with densi- 
ty and potential of the undisturbed plasma. 
The transition region is characterized by a 
loss of charged particles toward the probe 
acting as an obstacle. 

Especially in d.c discharge plasma, there is 
an asymmetrical effect which is caused by 
drift of electron toward anode. As a result, 
the transition region posseses an asymmetrical 
configuration along the drift direction, that is 
to say, behavior of anode side of the transition 
region is altered by development of a local 
dense plasma as compensating for the loss of 
electron near the probe. 


Besides the formation of transition, there is 
another important effect. It is the scattering 
effect which leads to depletion of charged 
particle density near probe, and depends upon 
the mean free path as well as on the geome- 
trical dimension of the probe. At high pres- 
sure, this scattering effect plays a suprisingly 
important role and results in a remarkable 
error in estimation of plasma density unless 
it is taken into account. 

The transition region is observed over a 
fairly large area, while the elastic scattering 
effect is restricted closely around the probe. 
Consequently we can not observe the scatter- 
ing effect by means of a thin probe placed 
close to a large probe, because the thin probe 
itself posseses an ion sheath of finite thickness. 

(2) Disturbance at negative potential. In 
Langmuir’s probe theory it is assumed that 
the applied probe voltage is impressed across 
the ion sheath and do not penetrate into the 
surrounding plasma. However, we observe 
that at low density plasma, a penetration of 
probe voltage takes place and becomes promi- 
nent with’ increasing negative probe voltage. 
Owing to the penetration, a penetrating sheath 
is formed outside the ion sheath, and as a 
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consequence, the applied voltage is not only 
imposed across the ion sheath, but across.the 
penetrating sheath. 

This conclusion is confirmed by our probe 
method using variable-length structure and 
other examinations using unique probe tech- 
nique. 

(3) Disturbance at positive potential. In 
positive probe, change of plasma density near 
probe called “ drainage effect ” is an important 
process. This is experimentally verified by the 
fact that the slope of log-log plot of electron 
current vs. positive probe voltage is startlingly 
different from the theoretical value. 

Also the fact that measured sheath radius 
is always less than the theoretically expected 
one, can be identified with the formation of 
a penetrating sheath just outside the electron 
sheath, in a way similar to that in the negative 
probe. 

Thus we reveal that collection of electron 
is determined by the drainage and that ion 
sheath is influenced by the penetration effect. 
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An attempt to improve theories of magneto-hydrodynamic oscillations 


of a conducting fluid sphere in a uniform magnetic field is made. 


Unlike 


the previous theories which have been developed by M. Schwarzschild 
and T. Rikitake, analytical expressions for zonal oscillations are obtained 


rigorously in this paper. 


It turns out that no eigen-periods are deter- 


mined accurately. However, they are approximately obtained with dras- 


tic simplifications. 


Two fundamental normal modes of oscillation are 


also approximately obtained and illustrated. 


§1. 

Magneto-hydrodynamic oscillations in stars, 
the sun and the earth’s core have been in- 
yestigated by M. Schwarzschild», V. C. A. 
Ferraro, T. Rikitake® and others. All 
through the studies, it has turned out that 
magneto-hydrodynamic oscillations of a fluid 
sphere placed in a uniform magnetic field are 
quite different from electromagnetic, hydro- 
dynamic or elastic oscillations which have 
been hitherto examined. In those oscillations, 
normal modes are usually given as spherical 
harmonics. However, normal modes for mag- 
neto-hydrodynamic oscillations are given as 
certain combinations of various spherical har- 
monics. 

Schwarzschild? has succeeded in obtaining 
normal modes approximately, though his solu- 
tions did not completely satisfy the boundary 
conditions at the surface of the sphere. Mean- 
while, Rikitake® tried to examine the coupl- 
ings between poloidal and toroidal magnetic 
fields of different types. Although he could 
obtain a set of simultaneous differential equa- 
tions, which govern the oscillations, in a gen- 
eral form, no accurate solutions of the equa- 
tions have been obtained, because the equa- 
tions contained harmonic constituents of suc- 
cessive degree and consequently it was ap- 
parently required to solve a set of simultane- 
ous differential equations of infinite numbers 
with infinite unknowns. 

From the theoretical stand-point, however, 
it is highly desirable to obtain exact normal 
modes of magneto-hydrodynamic oscillations 
as well as their eigen-periods as has been done 
in theories of electromagnetic, hydrodynamic 
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and elastic oscillations related to a spherical 
body. The purpose of this paper is to obtain 
normal modes for a _ perfectly conducting 
sphere in an analytical form, though it seems 
impossible to determine exact eigen-periods. 


§ 2. Fundamental Equations 


Since we assume that there are no fluid 
motion and no electric current in the equilib- 
rium state, the fundamental equations can be 
written as 


e+v\H=0, (2-1) 
curl e= —0h/0t , (2-2) 
curlh=4ni , (2-3) 
00v/0t=iHy—grad p , (2-4) 


where i, e, h, ie. o, p and » denote respec- 
tively electric current density, electric field, 
magnetic field, steady magnetic field applied 
from outside, density, pressure and velocity. 
It is also assumed (1) that the magnetic per- 
meability is unity, (2) that there is no non- 
electromagnetic force that depends on time, 
and (3) that the inertia term of fluid motion 
can be ignored. The fluid is also assumed 
to be incompressible, so that 


: divv=0. (2-5) 


Following Schwarzschild, let us introduce a 
vector potential A which is defined by 


v=curl A . (2-6) 


In that case, by taking the curl of both 
sides of (2-4) and applying the formulas of 
vector analysis, we obtain 
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—pDpA=HOdi/0z , (2-7) 
where 0=0 axis is taken as the z-axis. The 


external magnetic field is parallel to-the z- 
axis, its intensity being denoted by H. D 
stands for the operator 0/dt. 


By taking curl of (2-1) and eliminating e 


with the aid of (2-2), we obtain 


Dh=H@(curl A)/dz , (2-8) 
from which it follows, by taking the curl of 
(2-8), that 


4nDi= —H0(p2A)/0z . (2-9) 


On eliminating i from (2-7) and (2-9), we 
obtain 


K2p2?A=0%p2A)/oz , (2-10) 


where 


K*(7?A»e—Ao/(7 sin? 0))= (cos 00/0r—sin 00/(700))*(7?Aa—Ag/(r? sin? 0)) . 
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IK?=4reD?H-? . (2-11) 


§3. Solutions for Zonal Magnetic Fields 


(2-10) has been already obtained by Schwarzs- 
child. He considered solutions only for meri- 
dional motions. He described the solutions 
in terms of power series of radial distance 
and the periods of free oscillations were esti- 
mated from the boundary conditions. In this 
solutions, however, the boundary conditions 
were fulfilled only at a few points on the 
surface of the sphere. 

It is intended here to solve (2-10) in a more 
rigorous way. As has been done by Schwarzs- 
child, it is also assumed that the fluid motion 
occurs entirely in meridional planes. In that 


case, the 7 and @ components of A do not 
exist, so that (2-10) can be written for the 
@ component as 


(3-1) 


It is suggested that the solutions will be of the form such as }) Rn(7v)Pni(cos 9) where Pp! 


is the associated Legendre function of degree m and order 1. 


=>) R27) Pai(cos,0); 


If we put 
(3-2) 


the lefthand-side of (3-1) is easily reduced to K? 5) Sn(r)Pn!, where 
n 


Sal) =7-? al 


,dRn 


ee n(n-+lrRn . 


(3-8) 


Meanwhile, the righthand-side of (3-1) can be rewritten by recurrence formulas as follows; 


Righthand-side of (3-1) 
aSn 


=(cos 00/0r—sin 90/706) S; = 


Py, cos 0— 


So dP. ing) 
r dao 


=(cos 00/Or—sin 00/700) x E 41 dr 


=(cos 00/0r—sin 00/700) S) Trlr) Pn’ ; 


5 2 gear oe +(n+1) — | 


where 
BSn-1 1 Seth H+ 2 {San 42 may (3-4) 
Tar) = win (01) ae hate) 
and repeating the similar reduction, we obtain 
Righthand-side of (8-1)=3) Un(r)Pr , 
where 
ae an —] aine =I Z baw et 492 = 3.5 
Unlr) = ia — (9-1) At) EE nt 2) et (3-5) 
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On comparing both sides of (8-1) thus reduced, we see that S, should satisfy the differen- 
tial equation 


K°Sn(r)= Unl(r) (3-6) 


where Sy, and Un are defined respectively by (3-3) and (3-5). 
A solution of (3-6), which does not become infinite at r=0, is to be of the form 


Sn(1)= (20 +1)(Kr)-Insa/a( KY) (3-7) 


where Insc/2) is the modified Bessel function of degree 7+4. When we consider recurrence 
formulas for modified Bessel functions, it is easily shown that 


aa —(—l) — K(2n—1)(Kr) Ins aly) 5 
uty +9) Ph — K2n+3( Kr) Tnscary(KP) , 
so that (3-4) gives 
a KSh 
and consequently we have 
Un=Kin=K?2Sn 


from (3-5). We thus see that S, as given in (3-7) is the solution of (3-6). 
Introducing such a function to S» of (3-3), the differential equation for Rn is obtained as 


(pil 


ya t_( nee ) n(n Dr R= COn + Krav KP) (3-8) 


where C denotes a free constant which determines the amplitude of oscillation. It is easily 
seen that the particular solution of (3-8) is given by A-?C(2m+1)(Kr)-)/*Inzq/2)(Kr), so that the 
general solution, which does not become infinite at r=0, can be written as 


Ri(r) = ane” + K-?C(2n +1 )(Kr) Ina Br) , (3-9) 


in which 2, is a constant which will be determined later. In the above process, it is obvious 
that 5} should be read 
n 


co 


(eal | 
Since A» is given by (3-2) together with (3-9), the typical term of 7, @ and ¢ components 
of v is calculated as 


Fe re egrecmmnamemnaaaa 


Rn 1d (ippi Rn 
v= Xi ( _drRn) ps = 3 ( d(rRn)d Pn (3-10) 
j rdr "1 | rdr dO 
0 0 


with the aid of (2-6). From (2-8), the corresponding magnetic field inside the sphere is ob- 
tained as 


nin +p ¥" p, 
: 


vdr do 
0 


h=D"H > | d(rVn)dPn 3-11) 


n=l 
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where 
—1 (dRns Nee n+2 (dR, R 
Valr) = n | (i RE ec: } J iF v1 N+1 re 
) 2n—1{ dr CF 1) r 2n+3 | dr tin 2) r 1 oe 
which can be also transformed to 
Valr) =(N+2)anwrr+ K-1C(2n +1) Kn)-Y Ting KY) . (3-13) 


$4. Boundary Conditions for Fluid Motion 

1) Rigid boundary 

If the sphere is surrounded by a rigid surface, the normal component of velocity should 
vanish at r=a, whence, from (3-9) and (3-10), we have 


an= —a-"(2n +1) K-2C(Ka)- 2 Ineaj( Ka) « (4-1) 
Putting (4-1) into (3-13), we obtain 
Va(r)= CK */(2 +1)( KY)? Ine ay Kr) —(0 +:2)(2n +3 Ka)-3/2In4¢3/2)( Karla)” . (4-2) 


2) Free boundary 
In this case, the condition which should be satisfied at the boundary is 


p=0. (4-3) 


We can calculate grad p and subsequently p from (2-4). After some calculations, » is found 
to be 


p=—K?D [(n41) dn +2K-2C(2n4+-1)( Kr) Insa/a(Kr)| Pr , (4-4) 


hence (4-3) implies 


An= —2K 202241 gm Ka)/2Inecan (Ka) « (4-5) 
n+1 
Putting (4-5) into (3-13), we obtain 
Va(r)=CK- (20 +1) Kr)? Inca) Kr) —2(2n + 3) Kay */?Inacajy(Ka(r/a)"] . (4-6) 


No detailed discussion about cases of free boundary, however, will be made in this paper 
_ because we are mainly interested in oscillations of a sphere surrounded by a rigid boundary 
such as the earth’s core. 


§5. Eigen-values 

The eigen-values of K should be determined by the boundary conditions that electric and 
magnetic fields are continuous at y=a. However, unlike usual hydrodynamic, elastic or elec- 
tromagnetic oscillations of a sphere, no rigorous eigen-equation is likely to be obtained be- 
cause the components of magnetic field inside the sphere are given by infinite series such as 
that shown in (3-11). In the following, a method for obtaining approximate eigen-values 
will be described. 

In the case of a rigid boundary, from (3-11) and (4-2), the magnetic field at r=a should 
be written as 


D-1HCf (0; Ka) 
hreaw= 4 D-!HCg(0; Ka) (5-1) 
0 , 
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where 
F (6; Ka) : 
=> n(n+1)(Ka)"[(2n +1)(Ka)-¥*Insay2(Ka)— (n+ 2)(2n-+ 3) Ka)-*/4In+/2( Ka)]Pa(cos ay, 
& (9; Ka) 
(Ka) x [(20 +l) In-ay(Ka)— n(2n+1)( Ka) Unsayjy(Ka)—(n+1)(n-+ 2)(2n+ 3) Ka)? 
x Inscayn( Kea) eos | 
(6-2) | 
Since the magnetic field has a magnetic potential outside the sphere, we have / 
(s+1)r-*-2hsPs(cos 9) | 
h=z — rep ZPAces 2 for r>a 63), 
alia 
The continuity of the magnetic field at the surface of the sphere implies | 
= (s+1)a-*-2hsPs(cos 0)= D-!HCf (6; Ka) | 
; = Sart Ps — p-HCg(0;Ka) | ov 
When C is eliminated from these equations, we obtain | 
= k:0(0;Ka)=0 , (5-5) | 
where 
0,(0; Ka)=(s+1)g(6; Ka) Ps(cos 0)+ f (0 ; Kaye PHcos (5-6) | 
and 
ks=a-*“*he . (5-7) | 


In order to obtain approximate eigen-values, we may assume that (5-5) holds good at | 
0=0,, 02, ---, Ov. By taking terms for s=1, 2, ---, N, we obtain a set of simultaneous | 


equations such as 


0,(0;; Ka)ki + 02.(01; Ka)ko+++++0yn(0,;Ka)kw=0 , 


0;(02; Ka)ki + 92(02; Ka)ko+++++On(02;Ka)kw=0 , (5-8) 


O,(Ov ; Ka)ki + O2(On ; Ka)ko+++-+0yn(On; Ka)kv=0. 


In order to have non-vanishing solutions for ki, kz, ---, kw, we should have 


0,(0:;Ka) (01; Ka) +++ Ow(01; Ka) 


0\(02;Ka) ©2(02; Ka) ---Oy(02; Ka) =') (5-9) 


0,(0v;Ka) (On; Ka)---Oy(0n; Ka) 


which may be regarded as the approximate eigen-equation. 
It is no easy matter to solve such a complicated eigen-equation as (5-9) in a general 


1958) 


way. Some crude approximations of eigen- 
values will be obtained in the following with 
drastic simplifications. 

From what we have been dealing with in 
Section 3, we see that there are no couplings 
between harmonic constituents of even and 
odd modes separately. This fact has been 
also pointed out in the writer’s previous paper”. 

1) Odd mode 

If we disregard terms for s >1 and m>1 
in (5-9), (5-9) is reduced to 

(Ka)*hhj2(Ka)=15I5/2( Ka) , (5-10) 
which may be regarded as the crude approxi- 
mation of the eigen-equation for the lowest 
odd mode. In that case, the eigen-values be- 
come 

Ka=0.761, 5.777, --- , (5-11) 
hence the largest period of this oscillation 
mode is given by 

T= 5:275/29 

2) Even mode 

In this case, we take into account only the 
term for s=2 and m=2, ignoring higher degree 


Wadd} . (5-12) 


terms. We therefore have, from (5-9), 
(Ka)?J372( Ka)=281;/2(Ka) , (5-13) 
which gives 
Ka=2.081, 7.491, --- , (5-14) 
and the largest period becomes 
T=1.925" pq . (5-15) 


§ 6. Oscillation Modes 

Since divv=0 and divh=0, we may ex- 
press v and h in terms of appropriate Stokes’ 
“stream functions”, ~@ and wu respectively. 
The curves for ¢=constant will then be the 
stream-lines of the motion, while the curves 
for u=constant give the equations of the lines 
of force of the magnetic field. As has been 
shown by Ferraro”, there are relations such 
as 


sep 
y2sind 06 
v=’ 1 Op (6-1) 
rsin@ Or 
0 ; 
1 Ou 
“psind 00 
aps Pagan (6-2) 
rsind Or 
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From (3-10), (3-11) and (5-3), we see that 
the stream functions become 


=—7 >) Rnsin OPy} ; (6-3) 

=—D- Hr> Vnsin@Pn for r<a, (6-4) 

ess =! D5 fs r-* sin 6 Ps! for r >a. (6-5) 
§ 


Corresponding to the even mode discussed 
in the last section, we obtain 


u=—D"HArV2(r)sin@P:! for r<a, (6-6) 


ya's i y-? sin 0P3 for r>a, (6-7) 
where only the terms for n=2 and s=2 are 


taken into account as before. /:2 is determined 


Fig. 1. Magnetic lines of force for the lowest 
even mode. External magnetic field is directed 
upwards. 


Fig. 2. Stream-lines of motion for the lowest even 


mode. External magnetic field is directed up- 
wards. 
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by (5-4) or by the continuity of uw at r=a, we 
therefore have 
h2=2D Ha’ V2(a@) 3 (6-8) 
The magnetic lines of force can be calculated 
from (6-6) and (6-7) as shown in Fig. 1. 
It is obvious from (3-12) that the stream 
function of the motion is described, to the 
degree of the present approximation, as 


g=—rki sin 0P? (6-9) 
from which the stream-lines are calculated as 


shown in Fig. 2. All through the calculations 
in the above, the lowest eigen-value given 


Fig. 3. Magnetic lines of force for the lowest odd 
mode. External magnetic field is directed up- 
wards. 
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Fig. 4. Stream-lines of motion for the lowest odd 
mode. External magnetic field is directed up- 
wards. 
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in (5-14) is to be taken. In that case, it is 
easily seen that higher degree terms for u and 


become fairly small, so that the above pro- 
cedure, in which only the spherical harmonic | 


of lowest degree is taken, would be justified. 
As for the odd mode, we obtain 


u=—D-HrVi(r)sinO0P: for r<a, (6-10) 
u=—hr- sin 6P? for r>a, (6-11) 
where 
i= D> Ha? Vila) , (6-12) 
and 
b=—rkR2 sin 0P; . (6-13) 


With these expressions, the magnetic lines of 
force and stream-lines of motion for this mode 
are obtained as shown in Figs. 3 and 4 re- 
spectively, while the lowest eigen-value given 
in (5-11) are adopted. 


§7. Discussion and Concluding Remark 


It is interesting that the analytical expres- 
sion of normal oscillation modes are given by 
(3-10) and (3-11). However, it is not possible 
to determine accurate eigen-periods of free 
oscillations. A crude estimate with some sim- 


plification suggests that the eigen-periods for : 


oscillations of the lowest mode are nearly the 
same as those obtained in the previous paper. 


If we imagine a perfectly conducting liquid | 


sphere, of which the density and the radius 
are assumed to be 10 g/cm* and 10cm respec- 
tively, placed in a magnetic field of 10 gauss, 
the period for the lowest odd mode is esti- 
mated as 110sec., while that for the lowest 
even mode as 33sec. However, it is not pos- 


sible to make such an experiment because of | 


low conductivity of existing fluid. 

If we consider problems of astronomical and 
geophysical scale, the present study has some 
bearing. But since the results in this paper 
are more or less similar to those obtained in 
references mentioned in the introduction, no 


detailed discussion in this line will be tried 


here. 


> 
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Chemical and Thermal Polish of 
KCl Crystals 


By Masayoshi SAKAMOTO and 
Shunsuke KOBAYASHI 


Piysics Department, Tokyo College of Science 
Shinjuku-ku, Tokyo, Japan 


(Received July 31, 1958) 


KCl crystals are so soft that its surfaces are 
likely to have many dislocations by any slight me- 
chanical shocks from outside. In other words, 
they are apt to be contaminated in the meaning of 
dislocation theory. In order to remove these con- 
taminations effectively, we have some methods of 
chemical and thermal polish”. 


(a) 


(b) 


Fig. 1. An example of a chemically polished sur- 


face. 


Fig. 1 is an example of a deep chemical polish 
with H;O only. In the field of Fig. l(a) there are 
one oblique cleavage step and two glide bands run- 
ning in the [100] direction, which have existed since 
before the generation of other stripes of dislocation 
groups. Besides these we can see about four stripes 
of dislocation groups in the [010] direction, which 
have a large density of dislocation respectively. 
These stripes resulted from the rubbing of KCl 
crystal surface with a sheet of paper by about 3cm 
in distance under the loading of 20 gr/cm? in weight. 
A picture after the chemical polish of about 5 
seconds in time and about 1004 in depth with H,O 
is Fig. 1(b) and it is well recognized that the stripes 
of dislocation groups in high density and also the 


oblique step vanished completely. 

Adequate heat treatment can give us an effect of 
polish which never cause so much volumal change 
as chemical polish. Fig. 2(b) shows the stripes of 
dislocation groups generated on a cleaved surface 
by rubbing under the same load as in Fig. 1. In 
this picture two glide bands and one boundary can 
be seen clearly the same as the picture before the 
rubbing [Fig. 2(a)]. After the heat treatment of 
600°C in temperature, one hour in duration and 
40°C/hour in its cooling, rate, we got a result of 
Fig. 2(c). Contrary to the facts that the charac- 


(a) 


(b) 


Fig. 2. An example of a thermally polished sur- 
face . 


teristic stripes of dislocation groups and glide hands 
vanished undoubtedly, it is notable that the bound- 
ary and most of cleavage steps did not vanish 
through treatment. 

Contamination in the meaning of dislocation 
theory and also geometrical roughness in usual 
meaning on KCI crystal surfaces will be removed 


by using together both methods of chemical and 


thermal polish described above. Both are usable 
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for the removing of surface contaminations, but 
especially chemical polish is effective for the re- 
moving of cleavage steps and thermal polish for 
the removing of glide bands. 
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Nuclear Magnetic Resonance Experiments 
of PF’ in KI 


By Junkichi 1TOH and Yukio YAMAGATA 


Department of Physics, Faculty of Science, 
Osaka University 


(Received July 7, 1958) 


We have made a series of experimental studies 
on nuclear magnetic resonance of alkali halides. 
In this note, the temperature dependence of the 
spin-lattice relaxation time and chemical shift of 
iodine nuclear magnetic resonance in KI crystal 
will be reported. 

Fig. 1 shows the results of 7; measurements, in 
which ,/1/7, is plotted against temperature, T’. 
Now, time dependent nuclear electric quadrupole 


200 


300 400 500 °K 
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interaction caused by lattice vibration probably con- 
tributes mainly to the spin-lattice relaxation in al- 
kali halides. Kranendonk” calculated 7, theoreti- 
cally by assuming the electric quadrupole interac- 
tion arises from electrostatic field gradient due to 
relative displacement of ions by lattice vibration, 
while later Yosida and Moriya» extended the theory 
to the case in which a small degree of covalency 
exists in the bond between positive and negative 
ions. According to these both theories, “1/7, is 
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nearly proportional to 7, in the temperature range 
of our measurements (line A in Fig. 1). The ex- 
perimental plots deviate from this straight line at 
higher temperatures. As for this deviation, higher 
order terms in 7 in the theoretical calculation and 
effects due to the temperature variation of Debye 
temperature and sound velocity in the crystal are 
negligibly small, and the implicit temperature de- 
pendence due to thermal expansion of the lattice 
seems to be most important. Using known value 
of the thermal expansion coefficient and assuming 
a relation A(covalency)« exp (—#/0.345) (R is the 
interionic distance in A), which Yosida and Moriya 
assumed in their calculation, a numerical calculation 
was done (curve B in Fig. 1). The result of the 
calculation explains the experimental data in some 
extent, but, to interprete the experiments perfectly, 
much stronger dependence of 4 upon RF should be 
assumed, which seems to be inadequate. Kranen- 
donk’s theory gives much less improvement than 
Yosida and Moriya’s one does. 

The experimental results of the temperature de- 
pendence of the chemical shift are shown in Fig. 
2. Here relative shifts of the resonance frequency 
from that at room temperature are plotted against 
T. A numerical calculation of the temperature de- 
pendence of the shift was made along the line of 
Yosida and Moriya’s theory (curve A in Fig. 2). 
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In this calculation, it is needed to use the absolute 
shift of solid resonance from pure iodine ion resonance. 
Solid KI shows a chemical shift of —1.7x10-4 re- 
lative to dilute KI aq., while by the measurement 
of concentration dependence of the shift of KI aq., 
a shift of the order of —6x10-4 was found for the 
resonance in dilute KI aq. from that of free iodine 
ion), Therefore, we took the sum of these two 
shifts (—7.7x10-4) as the true chemical shift of 
solid KI from pure iodine ion at room temperature. 


Though general feature of the theoretical tempera- | 


ture dependence agrees with the experiments, there 
appears an abnormal behavior of the measured shifts 
at higher temperatures. These descrepancies at 
higher temperatures are still opened to question 
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both for 7; and the shift. 

The absolute values of 7, and the shifts can be 
interpreted by Yosida and Moriya’s theory, at least 
in their orders of magnitude, if a covalent degree 
of about 5 percent is assumed in each bond between 
K* and I-, though this value of covalency seems 
to be too large. Kranendonk’s theory, with appro- 
priate value of Sternheimeér antishielding coefficient 
gives also right order of magnitude for 7, but 
Sternheimer’s ion core deformation may not give a 
shift of the order of magnitude mentioned above. 
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A Proposed Explanation of Irradiation 
Growth of Uranium 


By Ryukiti R. HAsiguTI, Hideo SAKAIRI* 
and Tetuya SUGAI 


Department of Metallurgy, University 
of Tokyo 
(Received July 8, 1958) 


The problem of irradiation growth of uranium is 
far from being fully understood at present. It is 
observed that an a uranium crystal elongates in 
[010] direction, and contracts in [100] direction under 
the neutron irradiation. No dimensional change is 
observed in [001] direction. To explain this pheno- 
menon, two concurrent theories, i.e. anisotropic 
diffusion theoryY and slip and twin theory”), were 
proposed and are still being examined by many in- 
vestigators. We have taken another step forward 
along the line of twin theory, and then combined 
it with the precipitation scheme of interstitials and 
vacancies produced by irradiation. This proposed 
theory will be discussed here briefly. 

Pugh?) proposes a theory, in which he states that 
local elongations in [010] direction and local contract- 
ions in [100] direction are effected by successive 
twinnings caused by stresses of thermal spikes. 
However his statement is only qualitative in nature, 
and he does not designate any specific twinning 
system. 

We propose (130) [310] twinning caused by ther- 
mal stresses due to local heating by thermal spikes. 
This kind of twinning is most frequent in @ ura- 
nium, and is actually observed in large quantity in 
thermal cycled uranium. As is shown in Fig. 1, 
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twins results precisely in [010] elongation and [100] 
contraction. 


—— 


— 
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The most important requirement for the mecha- 
nism of uni-directional elongation is the irreversibi- 
lity of deformation. The slip mechanism is a priori 
reversible. But the twinning is considered to be 
irreversible according to the circumstances, although 
the conditions for a twin not to make detwinning 
are not yet known. 

The internal stress produced by small local twin- 
ning, mentioned above, must be released in some 
ways in order that the growth process is continued 
without an appreciable hardening. We consider 
that the stress release is achieved by means of pre- 
cipitation of vacancies and interstitials which were 
produced by irradiation. 

Precipitation of vacancies means here the absorp- 
tion of vacancies by [100] edge dislocations, which 
climb in [010] direction, resulting in a contraction 
in [100] direction. Interstitials tend to precipitate 
in (010) plane, because the atomic bond is considered 
to have covalent nature in (010) plane, and metallic 
nature between these planes. The precipitation of 
interstitials in (010) plane results in an elongation 
in [010] direction. 

Fig. 2 shows a schematic representaticn of the 
proposed mechanism of precipitation. Tw is a 
small twinned region, where there exist [010] elon- 
gation and [100] contraction in average. The inter- 
nal stress will be released, if the surrounding 
medium deforms in the same way asin Tw. Thus 
the precipitation of interstitials (I) in (010) planes 
and the climbing of dislocations (d) will bring about 
the deformations indicated by the arrows in the 
figure. 

We did not hitherto mention about slips at all. 
But we think that slips do actually take place. 
They may probably release the internal stresses 
partly. 

Seigle and OpinskyY discussed the anisotropic 
diffusion of interstitials and vacancies. This may 
also help the growth phenomenon to occur in addi- 
tion to the mechanism described here. 

The irradiation growth does not occur both at 
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low temperatures (say at liquid air temperature) 
and at high temperatures (for example at 500°C). 
This is explained by the facts that diffusion and 
precipitation become very slow at low temperatures, 
and that twinning becomes very difficult to take 
place at high temperatures. 
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On the Conduction Mechanism of Oxide 
Coated Cathode 


By Hiroyuki MIZUNO 
Matsushita Electronics Corporation, Takatsuki 
(Received July 15, 1958) 


According to Loosjes-VinkY the conduction of 
matrix of oxide coated cathode was explained by 
dual mechanisms. One mechanism is the electron 
conduction through the oxide coating particle which 
is seen in the so called low temperature region. 
The other mechanism is the conduction through the 
electron cloud emitted from the grains which is 
seen in the high temperature region. The experi- 
mental tube used in their work consists of two 
symmetrical cathodes which pressed against each 
other by springs. The essential feature of the ex- 
perimental tube is the dimensional symmetry about 
the center of (BaSr)O matrix. 

We have measured the potentital distribution in 
oxide coated cathode for low and high temperatures 
by means of potentiometer flowing the current to 


Short Notes 


<—___ 
Current 


thermo couple CBaSno 


(00 


Filament Ni Sleéve 
BAC !OP Pt Filament 
Fig. 1. Test tube for potential measurement. 


milar to Loosjes-Vink’s which is shown in Fig. 1. 
The obtained results are given in Fig. 2 which 
were contradicted to Loosjes-Vink’s theory. From 
those results one can see that nearly all applied 
voltage falls across the contact layer of so called 
reverse direction between (BaSr)O and metal sleeve 
in low temperature region where-as that is monoto- 
nous in high temperature region*. When the current 
direction is changed, the same phenomenon ap- 
peared in the opposite contact layer. 

It seems reasonable to conclude that the barrier 
layer across the contact between matrix and sleeve 
has main role in the usual measurement of conduc- 
tivity of oxide coated cathode in low temperature 
region. It is pointed out by Mott-Schottky®) that 
there is the rectification property at contact bound- 
ary between metal and semiconductor. Accordingly, 
it is supposed that there should be the rectification 
in the contact layer between (BaSr)O and metal 
sleeve. Therefore the conduction of oxide coated 
cathode should be explained in view point of recti- 
fication theory. Wright® had tried for the first 
time to explain the conduction in high temperature 
region by assuming that the electrons have to pass 
through the barrier layer between (BaSr)O and 


one direction. The design of tested cathode is si- sleeve. However his explanation is also contra- 
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dicted to our results. 

According to our opinion one has to do essentially 
with newly proposed mechanism as shown below: 

In low temperature region, the conduction cur- 
rent is mainly determined by the resistance of bar- 
rier layer of reverse direction produced between 
(BaSr)O and sleeve which is represented by the rec- 
tification formula proposed by Mott-Schottky 
whereas in high temperature region, as almost all 
electrons emitted from grains have sufficient energy 
to pass through the barrier thermally the conduc- 
tion depends almost upon the properties of elec- 
tron gas present in the pores. 

Details of our consideration on our explanation 
and some expériments which are carried out for 
further confirmation of that will be published later. 
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The Far Infrared Absorption of Sulfides, 
Selenides and Tellurides of 
Zine and Cadmium 


By Akiyoshi MITSUISHI, Hiroshi YOSHINAGA 
and Shigeru FUJITA 
Department of Applied Physics, Faculty of 
Engineering, Osaka University, 
Osaka, Japan 


(Received July 31, 1958) 


The far infrared absorption due to the lattice 
vibration of ZnS, ZnSe, ZnTe, CdS, CdSe and CdTe 
was measured. These materials have the simple 
crystal structure such as zincblende or wurtzite 
and no measurement of the far infrared absorption 
has been reported previously except ZnS. 

The absorption spectra were recorded by the far 
infrared spectrograph which was constructed in 
this laboratory and reported by Yoshinaga et al”. 

As the single crystals of these materials which 
were thin enough to produce the appropriate trans- 
mission and at the same time large enough to 
cover the relatively large slit of the spectrograph 
could not be obtained and only a small amount 
of the materials was supplied except ZnS and CdS, 
recource was made to the polyethylene suspension 
technique which was proposed by Yoshinaga and 
Oetjen®. A small amount of the finely powdered 
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material was mixed with small pieces of polyethy- 
lene by the heated roll to produce the uniform 
suspension of the material in polyethylene film. 
The thickness of a polyethylene film was about 
0.3mm and the concentration ranged from 1 to 
2.5mg/em?2. The evaporated layers of ZnS and CdS 
on polyethylene films were also measured. 

For each material investigated only one strong 
absorption band was observed. The wave number 
of the absorption band is given in Tab. I together 
with the crystal structure. As is clear from Tab. 
I, the material with smaller reduced mass has the 


Table I. 
Material Structure * Freq. (cm-!) 
ZnS Z 310 
ZnS Ww 300 
ZnSe Z 215 
ZnTe TE 190 
CdS L 270 
CdS Ww 260 
CdSe Ww 185 
CdTe Z 150 


* Z: zincblende, W: wurtzite. 


larger wave number as in the case of alkali 
halides»). 

The zincblende type lattice has one molecule in 
its unit cell and in the harmonic approximation 
only one optically active mode is expected. This 
agrees with the present experimental result. 

For the wurtzite type lattice which contains two 
molecules in the unit cell two optically active 
modes are expected and two bands or the indica- 
tion of the splitting of the band was reported for 
BeO and ZnO”. In our case hexagonal ZnS and 
CdS gave only one strong absorption band which 
shifted to a little smaller wave number than the 
cubic one and showed no indication of the splitting 
nor the broadening compared with the cubic one. 
Also this was true for the hexagonal CdSe. 

In the case of the evaporated layer, the absorp- 
tion band was observed at 275cm-! for ZnS and 
245cm-1 for CdS. The same result has been re- 
ported for ZnS®. The slight differences of these 
values from those of the powdered materials would 
be due to the effect suggested by Frohlich and 
Mott®. 

Kroger and Meyer”? deduced the infrared lattice 
frequency of CdS to be 227cm~-1 from the spacing 
of the line series in the edge emission. The pre- 
sent investigation gives the experimental value of 
245cm-1!. The difference is somewhat large com- 
pared with the case of ZnS which showed the good 
agreement”. 


The authors wish to thank Mr. H. Suzuki of 
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Kyushu University for providing ZnSe, ZnTe, CdSe 
and CdTe and Mr. S. Ibuki of Mitsubishi Electric 
Manf. Co. for ZnS and CdS. 
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The Far Infrared Absorption of Ferrites 


By Akiyoshi MITSUISHI, Hiroshi YOSHINAGA 
and Shigeru FUJITA 
Department of Applied Physics, Faculty 
of Engineering, Osaka University, 
Osaka, Japan 


(Received July 24, 1958) 
Recently Waldron”, using the KBr pellet techni- 


que, has measured the infrared absorption of 
several ferrites in the spectral region from 4000 to 
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280cm-1. In this spectral region he found two 
strong absorption bands due to the lattice vibration 
of ferrite. 

Assuming the ions in the primitive unit cell to 
be subdivided into two MO, groups (M stands for 
a divalent ion) and one Fe, group with tetrahedral 
symmetry, he obtained theoretically four optically 
active modes of lattice vibrations. The frequencies 
of these vibrations were labeled v1, v2, v3 and v4 
in the order of decreasing wave number. Among 
these, v3 and y, have low values and absorption 
bands due to these vibrations are to be observed 
beyond 280 cm-1, the lowest limit of the spectral 
region of his spectrograph. 

It is the purpose of this note to report the ex- 
perimental results on ferrites obtained with our 
far infrared spectrograph. 

The ferrites investigated were ZnFe,O,, NiFesO,, 
CoFe,O, and MgFe,O; in powdered form. A suitable 
amount of the powder was suspended uniformly in 
polyethylene film by a heated roll. 

The far infrared spectrograph was constructed 
in our laboratory and has been reported by Yoshi- 
naga et al)». The spectral region covered in this 
investigation was from 500 to about 10 cm-1. 

Fig. 1 shows the transmission curves obtained. 
The absorption band at about 400cm~—! for all the 
ferrites examined is the same as v2 band obtained 
by Waldron. Another fairly strong band which is 
only observed for ZnFe,O, at 330cm-! has also 
been reported by him. The slight difference in the 
wave number of these bands is due to the different 
matrix used. Furthermore, a weak shoulder band 
was observed at 425cm-1! for ZnFe.O, in our in- 
vestigation. These bands were obtained with the 


— 


ZnFe20a 


60} 


vee) 

8 40 or 

* X= oo K- = X= =X «— transmission 

e 20} x---x reflection 

e ; _ re 
80 oe ie er 
= 60 cs ye 

& 

% 40 

ra 20 —e NiFe,Oa. 

2 a---a CoFe,O4 

2 Clie! Ee) ee ee Ae es 
+ 80 ou 

8 MgFe, Qa os : 

® 

a 


40 


eRe a Ke SKE XS 
= ~ xX 


=Z22 yaa -— transmission 
20 x--x reflection 
i = Ser obs 
500 400 300 200 100 50 10 
Wavenumber cm" 


Fig. 1. 


Far infrared absorption and reflection spectra of ferrites. 


(Fluctuations of points in the lower 


wavenumber region are due to the interference effect of the polyethylene film.) 
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concentration of about 1 mg/cm?. 

Increasing the concentration to about 7 mg/cm? 
another band which might correspond to y3 band 
was observed except MgFe.0,. The absorption 
band of ZnFe,O, was very sharp and located at 
169cm-1!. The absorption bands of NiFe,O, and 
CoFe,0O; were rather broad as in the case of vs 
band and observed at 196cm-! and 18lcm-! re- 
spectively. We could not find any definite absorp- 
tion band of MgFe.Q, in the corresponding spectral 
region. 

The observation was extended up to about 1 mm 
region and the concentration increased to 25 mg/ 
cm? to find the ys band, but no absorption band 
could be obtained for all the ferrites examind. 

The reflectivity of the sintered plates of ZnFe.O, 
and MgFe,O, is also measured and given in Fig. 1. 
The reflectivity maxima which correspond to vs 
band of both materials and to 330cm-! band of 
ZnFe,O, are clearly shown. 

The authors wish to thank Mr. B. Kubota of 
Matsushita Electric Industrial Co. for providing the 
ferrites examined. 
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Growth and Extinction of Guanidine 
Aluminum Sulfate Hexahydrate 
Crystals 


By Atsuo NISHIOKA and Kyozo SEKIKAWA 


Electrical Communication Laboratory, 
Musashino, Tokyo, Japan 


(Received December 17, 1957) 


Forroelectricity of Guanidine aluminum sulfate 
hexahydrate (GASH) has been found by Holden et 
al), but detailed studies are yet to be done. We 
have observed the growth of single crystals under 
crossed nicols and have observed several curious 
facts. Fig. 1 shows one of the crystals which se- 
emed to be so called c-plate, but most of them did 
not show any extinction around ¢ axis (Fig. 2). 
Viewing from a-axis, straight extinction was ob- 
served in a or ¢ direction (Fig. 3 and 4). From 
X-ray analysis of these crystals, c-axis is found to 
be perpendicular to hexagonal plane. 

Next, we observed the growing process of seed 
crystals from saturated solution under polarizing 
microscope at room temperature (Fig. 5 and 6 under 
parallel nicols). At the stage in Fig. 6, the nicols Bigao: 


x 100 
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Fig. 6. 


x 100 
Fig. 7. 


were crossed and the viewing field was rotated. 
As shown in Fig. 7, 8 and 9, the crystal A is al- 
ways dark around the c-axis, showing that this is 
a c-plate crystal. But the crystal B has extinction 
in a special direction, and so appears to be a kind 
of a-plate. The crystal C seems to be mixed in a 
and c-plate. These anomalous behaviors of B and 
C crystals, which is not expected from the results 


x 100 
Fig. 8. 


x 100 
Fig. 9. 
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of X-ray analysis of the crystals shown in Fig. 3 
and 4, would probably be related with crystal habits 
of GASH. Further study is now going on. 
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The following line should be inserted after ‘connected to’ on line 5: 


By Yujiro TomIIn 
J. Phys. Soc. Japan 13 (1958) 1030 


Last line of Eq. (4), 2(1+Sa,2)-1/2 should be {2(1+.S,,2)}-1/2. 

Line 8 in right column, ay should be yz. 

Eq. (16), (1/2a) should be inserted after (x/2a). 

Line 3, 27-A and 2r-B should be 2r-A and 2r-B respectively. 

Line 6, K’=t(a+6+1) should be K’=t/(a+b++t). 

Eq. (21), the denominator of the first term should be (a+b) instead of (2+5). 
Line 30, (@I2’’00a) should be (@I2'/06a). 

Eq. (27), exp {K’(arq?+67,”)} should be exp {—K’(araq?+br,?)}. 

Line 34, 2.332 A should be 2.232 A. 

Fig. 2, in legend, following sentence should be added: Upper curve is for 2-D 
and lower curve for 3-D. 


Fig. 3, the figures for maximum electron densities should be (a) 0.86, 0.76, 0.61 


instead of 8.6, 7.6, 6.1, and (b) 0.86, 0.80, 0.66 instead of 8.6, 8.0, 6.6. 
Lines 5 and 3 from the bottom, A should be A’. 

Line 18 in left column, at should be as. 

References 3) and 7), Weatley should be Wheatley. 

Reference 5), S. Sasada should be Y. Sasada. 


Piezo-Effect of Selenium Rectifiers 


Tadasi NUMATA 
J. Phys. Soc. Japan 13 (1958) 1066 


fier whose output terminals were connected to’. 


Diffusion of Cobalt into Single Crystals of Copper 


By Masanobu SAKAMOTO 
J. Phys. Soc. Japan 13 (1958) 845 
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The Reaction F%(d, n)Ne” and the Energy Levels of Ne” 


By Susumu MorITA and Kenji TAKESHITA 


Department of Physics, Faculty of Science, 
Kyushu University, Fukuoka, Japan 


(Received, July 7, 1958) 


The energy spectra of neutrons emitted in the reaction Fd, )Ne, 
produced by the 2.17 MeV deuteron, were measured with nuclear plates 
disposed at angles of 0 to 165 degrees, with respect to the incident 
deuteron, at intervals of 15 degrees. The general features of the spectra 
were consistent with the evaporation model. From these spectra, the 
energy levels of Ne22 were found at excitation energies of 1.74+0.03, 
4.20+0.04, 4.96+0.05, 5.62+0.04, 6.80+0.01, 7.16+0.09, 7.41+0.05, 
7.90+0.04, 9.15+0.04 and 10.01+0.03 MeV. Some evidences for the 
existence of new levels at 0.65+0.04, 2.53+0.07, 8.32+0.03, 8.71+0.01 
and 9.50+0.04 MeV were also obtained. The Q-value for the ground 
state transition was determined to be 10.81+0.03 MeV. The angular 
distributions of the neutrons leading to the ground state and the lowest 
four excited states, with exception of the uncertain states, were obtained 
and compared with the stripping theory. The agreement is not very 
good. The relative values of total cross sections for each neutron group 


were estimated. 


Introduction 


§ 1. 

It has been proved that the shell model is 
successful for the interpretation of properties 
of low-lying levels of light nuclei and the 
configuration mixing is very probable in the 
states of nuclei of mass number near 20. On 
the other hand, the energy levels of C’ and 
O' have been well fitted with the predictions 
of alpha particle model. From these point of 
view, it seems interesting to investigate the 
level structure of 4n-self conjugate nucleus 
Ne”. The characteristics of the 4.97 MeV 
level in Ne”? is of special interest for thermo- 
nuclear reaction in stars. 

The energy level scheme of Ne” has been 
studied mainly by the reaction Na”*(d, a)Ne”)»» 
and the elastic and inelastic scattering of pro- 
tons by Ne», and the consistent results 
have been obtained. However, the spins and 
parities have been determined only for the 
ground state and the 1.63 MeV state. 

As for the reaction F1(d,7)Ne?°, Bonner, 
in 1940, measured the energy spectrum of 
neutrons, produced with deuteron beam of 0.9 
MeV, at an angle of 90 degrees with respect 
to the incident deuteron by means of cloud 
chamber. Powell, in 1943°%, measured the 
same spectrum at an angle of 100 degrees 
with nuclear plate. In 1955, Calvert et al.” 
measured the angular distributions of neu- 


trons, produced with the 9.06 MeV deuterons, 
in the angular range of 0 to 60 degrees by 
means of fast neutron spectrometer and ob- 
tained the results consistent with the stripping 
theory. But in their work, the three levels 
in the range of 4 to 6MeV of excitation 
energy, which had been well established by 
the study of the reactions emitting charged 
particles, were not observed. 

The aim of the present experiment is to 
measure the energy spectra of neutrons, at 
the deuteron energy of 2.17 MeV, at various 
angles in the whole angular range and to 
determine the energy levels of Ne”, with the 
reaction F!9(d, m)Ne”® as accurately as possible. 
Moreover, we intended to obtain the angular 
distributions of neutrons, which will be useful 
for the interpretation of the mechanism of 
the (d,n) reaction at rather lower energy of 
deuteron. 

§2. Experimental Arrangements and Pro- 
cedures 


The experimental arrangement is shown in 
Fig. 1. The deuterons were accelerated to 
2.22 MeV by the Van de Graaff generator at 
Kyushu University, whose voltage was calib- 
rated with the resonances in the reaction F!°%(p, 
a)O'*(7)O' and the accuracy of deuteron 
energy was about 0.5 percent. The thickness 


1241 


1242 


of the target of CaF,, which were evaporated 
onto a silver plate, was determined to be 100 
KeV for proton of 1.3 MeV by measuring the 
apparent width of the resonance peak of the 
reaction F!9%(p, a). The target could be rotated 
with a small magnet and removed from the 
deuteron beam in the background runs. The 
beam duct in front of the target chamber, 
shown in Fig. 1, was made of thin brass tube 


d Beam 


Ag Plates 


Al Frame 


Nuclear 
\ Plate 


Fig. 1. Arrangements of the target and photo- 
graphic plates. 


of wall thickness of 0.5mm to minimize the 
absorption and scattering of neutrons emitted 
backwards. The attenuation of neutron in- 
tensity in the materials which were present 
between the target and plates was estimated 
by considering their total neutron cross sec- 
tion. The correction was found to reach 
maximum at the direction of 75 degrees and 
amounted to 14 percent. The inner surface 
of beam duct hit by the deuteron beam were 
all covered with silver plates to avoid the 
neutron production. 

The bombardment was carried out with 
beam current of 1 to 2 microamperes for 
about nine hours. The neutrons were detect- 
ed with Fuji ET-2E emulsion of 250 microns 
thickness and these plates were arranged in 
the angular range of 0 to 165 degrees in 
laboratory system, with respect to the direc- 
tion of the incident deuteron beam, at intervals 
of 15 degrees. The glancing angle of neutron 
to the emulsion surface was chosen to be 10 
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degrees and the distance between the target 
and the centers of scanned area of each plate 
was 19cm. Those tracks of recoil protons 
were recorded which had horizontal angles to 
the direction of incident neutrons of less than 
or equal to 10 degrees and dip angles of less 
than or equal to 10 degrees in the unprocessed 
emulsion®. The energy spectra of neutrons 
were obtained by applying the corrections due 
to the different probabilities with which recoil 
protons with different energies escape from 
the emulsion surface and due to the variation 
of m—p scattering cross section with neutron 
energy. 

As the range-energy relation of the Fuji 
ET-2E emulsion for protons had not been 
known yet, it was obtained by measuring the 
recoil-proton ranges in the emulsion exposed 
to the neutrons of known energies from the 
reactions D?(d,m)He? and T*(d,n)He*. The 
result is shown in Fig. 2. In this figure, the 


5 75 fe) 
Proton Energy(MeV) 


Fig. 2. Range-energy relation of the emulsion 
Fuji ET-2E for protons. Curve A is the calcu- 
lated one and curve B was determined by ex- 
periment. 


curve A is the calculated one from the stop- 
ping powers of the chemical components of 
the dried emulsion and the curve B is deter- 
mined by the experiments. The abscissa shows 
the energies of protons EF», which were deter- 
mined from the known energy of neutron Fy, 
by the relation E,y=0.961E,8. The three 
points on curve B at lower proton energies 
were determined based on the neutrons emit- 
ted in the directions of 0, 45 and 120 degrees 
in the reaction D*(d,m)He*, produced by 
deuterons of 2.04MeV and the point of the 
higher energy was determined by the neutron 
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emitted in the direction of 90 degrees in the 
reaction T%(d,z)He‘, produced by deuterons of 
170 KeV.* The energy spectra of these stand- 
ard neutrons are shown in Fig. 3. The two 
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Fig. 3. Energy spectra of neutrons emitted from 
the reactions D2(d, 2)He* and T%(d, m)Het. 


points on the curve B of Fig. 2 in the middle 
energy range of protons correspond to the 
neutrons emitted in the directions of 0 and 75 
degrees in the reaction F!%(d, 7)Ne”® leading 
to the first excited state at 1.63 MeV of Ne?®. 
As is shown in Fig. 2, this range-energy re- 
lation gives an energy value three percent 
larger than that given by the calculated curve 
A. 


§3. Results and Discussions 


The examples of energy spectra of neutrons 
from the reaction F!°(d, 2)Ne”°®, thus obtained, 
are shown in Fig. 4. The energy spectra of 
neutrons greater than 2 MeV were investigated 
on the three plates placed at 15, 90 and 165 
degrees, and one of these, obtained at 165 
degrees, is shown in Fig. 4 (a). From these 
spectra, in the range of excitation energy 
higher than 6 MeV, the states of Ne”? were 
found at 8.32-+0.03, 8.71:0.01, and 9.50 
+0.04 MeV, besides the 6.80-++0.01, 7.16+ 
0.09, 7.41+0.05, 7.90+0.04, 9.15+0.04, and 
10.01-40.03 MeV states, which were obtained 
previously in the reactions Ne” (p, b )Ne?? © 


oH) This bombardment was carried out in the 
nuclear laboratory of K6nan University. The 
authors wish to express their cordial thanks to the 
staff of that laboratory for their kind assistance. 
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Number ot Tracks per |OO KeV 


Neutron 
erergy 
citatio 

Eneray (Mev) 


Fig. 4 (a). Energy spectrum of neutrons from the 


reaction F19%(d, m)Ne2°, The histogram shows the 
spectrum of neutrons of energy higher than 2 
MeV, obtained at the direction of 165 degrees. 
The smooth curves show the calculated spectra 
based on the evaporation model. The curves A, 
B and C correspond to the nuclear temperature 
@=2.06, 2.33, and 2.72 MeV, respectively. 
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Fig. 4 (b) and (c). Energy spectra of neutrons 
from the reaction F1%(d,)Ne. The curves 
show the detailed features of neutrons of energy 
higher than 6 MeV, obtained at the directions 
of 0 and 75 degrees. 
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and Ne(a, a’)Ne®. The 7.16 MeV state 
will be the unresolved overlapping of the 7.18 
and 7.22MeV states found in the reaction 
Ne(a, a’)Ne®. The smooth curves in Fig. 4 
(a) were calculated by the following equation™, 
based on the statistical theory of compound 
nucleus formation. 


[(€)dE= const €oe(€)one(Eat+Q—€)dE 


in which Q=10.81 MeV is the energy release 
of this reaction, Ea the energy of incident 
deuteron in the center of mass system, & the 
energy of emitted neutron, o-(€) the cross 
section for the formation of a compound 
nucleus by an incident neutron of energy & 
and wne the level density of the residual 
nucleus Ne” as a function of excitation ener- 
gy. The values of o-(€) were referred to the 
table given by Blatt and Weisskopf and the 
level density used are based on Fermi gas 
model and is given by 


o(E)=C exp (2V aE) 
in which E is the excitation energy and a 
and C are constants. The calculations were 
carried out for @=1.73, 2.36, and 3.00 MeV-}, 
and best fit was obtained for a=2.36 MeV-}, 


which corresponds to the nuclear temperature 
@=2.33 MeV. 


Excitation Energy (MeV) 


O° 15° 30°45° 60" 75° 9 IOS" I20 [35° BC’ Ios 


Fig. 5. The level schemes of Ne, determined 
from the energy spectra of neutrons. The 
abscissa shows the angles at which the nuclear 
plates were disposed. The dotted lines show 
the mean values of the energy states. The 
range of excitation energy higher than 6 MeV 
were studied only on the plates placed at 15, 
90 and 165 degrees. 
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It will be seen in this figure that the theo- 
retical curve is in fair but not good agree- 
ment with the experimental result, and it will 
be probable that the compound nucleus for- 
mation is predominant in this reaction, al- 
though some contribution from the stripping 
reaction may not be excluded. This result is 
consistent with the angular distributions of 
neutrons, which will be described later. 

The energy spectra of neutrons of energy 
higher than about 5MeV, where the spectra 
can be decomposed into discrete groups of 
neutrons, were studied in more details on all 
the twelve plates. The smoothed curves in 
Fig. 4 (b) and (c) show the spectra, thus ob- 
tained on the plates disposed at angles of 0, 
and 75 degrees. The energy levels of Ne” 
determined from these spectra are shown in 
Fig. 5 and the mean values of the excitation 
energies of these states are shown in Table I, 
together with the results previously obtained 
by other investigators. The Q-value for the 
ground state transition was estimated to be 
10.81-+0.03 MeV, which is to be compared 
with the values of 10.645 MeV given by 
Ajzenberg and Lauritzen! and 10.80+0.2 MeV 
given by Segre™. The three levels at 4.20, 
4.96, and 5.62MeV, which were completely 
missing in the results obtained by Calvert et 
al.”, were distinctly observed and in good 
agreement with the results obtained by the 
reactions emitting charged particles. The 
second and the fourth peaks in Fig. 4, shown 
with arrows, might correspond to the level of 
Ne”? at 0.65 and 2.53MeV. As these peaks 
are so small that the existence of levels cor- 
responding to them is not certain. But these 
two small peaks were observed in almost all 
of the energy spectra and the variation of the 
position of these peaks with the angles of ob- 
servation were consistent with the reaction 
Fd, n)Ne*”. Moreover, the possible contami- 
nants responsible for these higher energy 
neutron groups are B"!, Na, and Al’, and 
the result of the chemical analysis* of the 
sample of CaF. used for the target indicated 
that the abundances of these impurities were 
less than 0.01 percent. 


For the estimation of the intensities of 


*) This chemical analysis was performed by Prof. 


Yoshimura and Mr. Takashima of Dept. of Chemis- 
try of Kyushu University. The authors wish to 
express cordial thanks to them. 
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Table I. Excited states of Ne20 observed by several investigators. 
(The two levels in the brackets in the last column are not certain) 

gator | (1300)  someRSS ap Sh BBA x al ame) Pek a aay tga RES Nok tea 
Reaction Fed, n)Ne# Ne*a, /)Ne% Net(p, p')Ne™ FH, n)Ne®, Ne20(p, p')Ne Na25(p, a)Ne2 F1%(d, m)Ne2 

ia (0.65) 

P25 ‘ts 1.63 163 1.635 1.74 

2.2 i cake : i Se (2.53) 

4.2 4.20 ‘ : 4.26 4,248 4.20 

‘4.95 | i 4.97 4.969 4.96 

5.4 5.62 con 5.81 5.631 5.62 

re 74 si 6.80 

wital’ 7.18 7.16 

hh 7.22 a | 

a oe 245 «han Sects ; 7.45 7.41 

HBA ws PIBSnos tod aan 785 7.90 

| ~ age EA Cone : 8.32 

| He ogee 8.71 

| 9.0 9.2 9.2 . 9.2 91415 

¥ stabi 9.50 

10.1 10.1 10.0 10.01 


neutron groups overlapping each other, the 
upper and lower limits of the energy of each 
group were estimated as follows. The high- 
est end was obtained by merely extrapolating 
the slope of the higher energy side of each 
spectral peak, and the lowest end was assumed 
to be lower by eight percent than the neutron 
energy of the peak. These assumptions were 
made because the shapes of the well separated 
peaks are consistent with them, as shown in 
Figs. 3 and 4. The uncertainties caused by 
such decomposing procedures are included in 
the following angular distributions as well as 
the statistical one. The theoretical curves, 
shown in the following figures, were cal- 
culated by the Born approximation theory!” 
of stripping for /p=0 and 2, using a 
nuclear radius r=(2.7+1.22A"*) x 10-8 cm 
for F*®. As the ground state of F!® has 
spin 1/2 and even parity and is supposed to 
be (1ds/2)? si/2 configuration, the angular distri- 


butions corresponding to the excited levels of 
Ne”? in the same shell as the ground state, 
that is (ds/2)(Si/2)(dsy2), would fit the theoretical 
curves of J/»=0 or 2. 


The ground State 


The angular distribution of neutron leading 
to the ground state, including the neutrons 
leading to the 0.65 MeV state, is shown in 
Fig. 6 (a). The ground state of Ne”, which 
is even-even nucleus, has spin 0 and even 
parity and has been supposed to have the 
configuration (lds/2)%(2si/2)2.. The angular dis- 
tribution in the forward direction obtained by 
Calvert et al.?, was in good agreement with 
the theoretical curve of /»=0. As is shown 
in Fig. 5 (a), the present result is not con- 
sistent with the theoretical curve of /,=0 and 
is rather near to that of /»=2. This disagree- 
ment may be due to the effect of Coulomb 
barrier, which was not taken into account in 
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Fig. 6. The angular distributions of neutrons 
from the reaction F1%(d,2)Ne°, leading to the 
various states of Ne2®. The smooth curves were 
compted with the stripping theory for /»=0 and 
2, using a nuclear radius R=6x10-¥8cm. 


the theoretical calculation, or may be due to 
the configuration mixing and the interference 
with the compound nucleus formation. The 
effect of configuration mixing will be excluded 
because of the fact that the Calvert’s result 
was obtained with a considerably higher ener- 
gy of deuteron and it is not likely that the 
higher angular momentum transfer becomes 
more probable in lower bombarding energy. 
1.74 MeV State 

This level coincides well with the 1.63 MeV 
state, obtained by the reactions emitting 
charged particle, within the accuracy of the 
determination of the neutron energy. It has 
been proved that this level has spin 2 and 
even parity by the measurement of angular 
correlation in the reaction Na%(p, a)Ne” 1, 
The angular distribution in the forward direc- 
tion, obtained by Calvert et al.”, well fitted 
the’ theoretical stripping curve of J,=2. The 
present angular distribution, shown in Fig. 5 
(b), is not much consistent with the theoretical 
curve... 


2.03 MeV State 
In the early experiments on the beta decay 
of F*°, the 2.2 MeV state has been reported!) 
and some indication for the existence of this 
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state was found in the reaction F"(d, n)Ne° 
also by Powell®. But this state has been 
missing in the charged particle measurements. 
Jelley, in 19502, found the 2.45 MeV state 
in the measurements of beta- and gamma-rays 
from F*. This value is consistent with the 
present result. The existence of this state is 
probable but not certain yet. 


4.20, 4.96 and 5.62 MeV States 


The angular distributions of neutrons lead- 
ing to the 4.20, 4.96 and 5.62 MeV states are 
shown in Fig. 6 (c), (d) and (e), respec- 
tively. The angular distributions in Fig. 6 (c) 
and (e) are rather isotropic compared with the 
others. As is usual in the second excited 
state of even-even nucleus, the 4.20 MeV state 
may have spin 4 and even parity. The reason 
why these levels were missing in the Calvert’s 
experiment and appeared distinctly in the 
present experiment is not clear but it seems 
to be probable that the stripping process is 
predominant in this reaction at higher energy 
of deuteron and in our case, the compound 
nucleus formation becomes predominant. 

The 4.96 MeV state is just above the sum 
of the masses of O"* and He‘, which is 4.476 
MeV higher than the ground state of Ne” 
and the characteristics of this state has much 
effect on the abundance of neon in stars. It 
will be seen in Fig. 5 (d) that the transition 
to the 4.96 MeV state may be interpreted by 
the stripping reaction of /»=0. Accordingly, 
this state might have spin 0, or 1, and even 
parity. 

The relative values of total cross sections 


Table II. Relative values of total cross sections 
for each neutron groups. 
Sa a Relative values | Relative values 
gy of Ne” cor- of total cross jof cross sections 
responding to | sections. (Pre- |at peaks. (Cal- 
each) neutron sent experiment)| vert’s results) 
groups 
0 ‘ 0.43 0.16 
1.74 0.89 | 1.00 
Fees) Orot 0 
4.20 0.54 0 
4.96 0.52 0 
5.62 1.0 0 
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corresponding to each neutron group are shown 
in Table II. These values are normalised to 
the largest one for the 5.62 MeV state tran- 
sition. The values, obtained by Calvert et al.?, 
for the relative values of cross sections at 
their peaks, are shown in the third column. 
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of the nuclear laboratory of Kyushu Univer- 
sity for their support and discussion through- 
out this work. Thanks are also due to Mr. 
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Kajiwara, Miss M. Hirakura and Miss R. 
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The absolute differential cross sections for the elastic scattering of 14 
MeV neutrons in Al, Fe, Pb and Bi have been measured for large angles 


up to 170°. 


The neutrons generated by 3T(d, m)*He reactions were scat- 


tered by the disk-shaped scatterer, and counted by the »—a coincidence 


circuit with the resolving time of 4ns. 


An anticoincidence method was 


used to reduce the accidental coincidences between the a-particles and 
the neutrons which run directly to the detector from the target. 

Except for the lighter nucleus, the angular distributions obtained fit 
fairly well with distributions based on the optical model theory employing 
a surface imaginary part and a real spin-orbit coupling term. 


§1. Introduction 

Experimental data on the differential cross 
sections for elastic scattering of neutrons have 
been reported by many authors» for the 
energy region 1~5 MeV, and have been com- 
pared with the optical model theory developed 
by Feshbach, Portor and Weisskopf”. Re- 
cently some experimenters’ have extended 
the energy region up to 14MeV. The use of 
high energy neutrons has the following advan- 
tage. By the optical model theory, the elastic 
cross section is divided into the “ compound 
elastic ” cross section and “ shape elastic” cross 
section. The shape elastic scattering occurs 
without the formation of a compound nucleus, 
while the compound elastic scattering comes 
from the formation of a compound nucleus 
and the subsequent emission of the incident 
particle through the entrance channel. Since 
the observed differential elastic cross section 
is an unknown mixture of these two cross 
sections, it cannot be compared directly with 
the calculated cross section. The compound 
elastic scattering, however, is appreciable only 
at the neutron energy below several MeV. If 
the neutrons of higher energy were used, the 
possibility of compound elastic scattering would 
become very small, more nuclear levels being 
available for inelastic scattering. In consequ- 
ence, the theory can be tested more rigidly 
by comparing directly with the calculated re- 
sults. The theoretical angular distribution 
depends upon the detailed assumptions made 


about the potential used in the calculations 
especially at large angles. The data for 14 
MeV neutrons published so far have, however, 
been confined to the relatively small angular 
range. Therefore, the experiments at larger 
angles are desirable but are very difficult 
owing to the extremely small cross section. 

Quite recently, a combination of the ring 
geometry and the time-of-flight technique by 
a pulsed neutron source has been adopted by 
Wong, Anderson, Gardner and Nakada!!%, 
This technique seems very promising for the 
measurements of large angle scattering, but 
there are two limitations in the ring geometry: 
(1) There is difficulty for many elements in 
constructing large ring-shaped scatterers for 
their high prices. (2) The energy spread 
becomes considerably large except when the 
ring-shaped sample is placed symmetrically 
with respect to the direction of the deuteron 
beam. 

The present experimental method is of course 
quite suitable for measuring expensive ele- 
ments, but the author tentatively performed 
the measurements on such commoner elements 
as aluminum, iron, lead and bismuth, because 
the theoretical calculations for these nuclei 
were available in detail for the whole angular 
range!” 


§2. Experimental Method 


The 14 MeV neutrons were generated by the 
°T(d, n)‘He reaction. A target of T-Zr or 
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T-Ti was bombarded with a magnetically 
analyzed beam of 150 keV deuterons from a 
Cockcroft-Walton accelerator’. 

The deuteron beam was deflected by 60° in 
a double focusing electromagnet and focused 
on a target about 65cm apart from the mag- 
net. The beam was defined by a slit of el- 
liptical shape to give a round spot of diameter 
5mm on a target which was inclined by 45° 
to the beam. The current density of the beam 
was made to be less than 10 wA/cm? to avoid 
the local heating of the target plate. 

Precautions were taken to diminish the scat- 
tering and absorption of neutrons by the target 
chamber. The chamber was made of an iron 
cylinder of 2mm thickness with two acrylite 
windows for alpha-particle counters and a 
window of copper foil of 0.15mm _ thickness 
through which the neutron beam passed out 
to the scatterer. The T-Zr or T-Ti target 
was lcm in diameter and was fixed on a cop- 
per slab 2mm thick and it was maintained 
at a fixed temperature by circulating hot 
water. The back of the target was holed to 
avoid the absorption and scattering of neutrons. 

The number of neutrons emitted was moni- 
tored by a plastic scintillator at a fixed posi- 
tion and a counting-rate meter connected to 
the alpha-particle detector. The neutron in- 
tensity was kept as constant as possible dur- 


aa 
YY 
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Experimental arrangements. 


m: neutrons scattered by S, 
neutrons which go directly to the detector 

from the target, 

a4, ap: alpha-particles corresponding to m and 
mp respectively, 

A: alpha-particle detector (for coincidence), 

B: alpha-particle detector (for anticoincidence), 

D: neutron detector, 

S: scatterer, 

T: target. (The deuteron beam injects perpen- 
dicularly to the figure at 7.) 
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ing the measurements. 

Fig. 1 shows the experimental arrangements. 
The scattering experiments were performed 
at 90° in the direction of the deuteron beam. 
The alpha-particles from the reaction *T(d, 
n)‘He were detected in the counter A, and 
only the neutrons emitted in coincidence with 
those alpha-particles were recorded. 

The background coincidence rate, taken with- 
out scatterer, consisted mainly of accidental 
coincidences between the alpha-particles and 
the neutrons which wet directly from the 
source to the neutron counter. To avoid these 
accidental coincidences, the alpha-particles cor- 
responding to those neutrons were detected by 
another alpha-counter B, the pulses of which 
were used to cancel the pulse of the corre- 
sponding neutrons. 

In this way, the accidental rate was reduced 
without using an absorber between the source 
and the neutron counter so that the. counter 
was allowed to come nearer to the target with- 
out causing much increase of background 
rate, and thus the scattering measurements 
at large angle were made possible. 

Disk-shaped scatterers of diameter of 10cm, 
15cm and 20cm respectively were used, the 
thicknesses of which were such that 10 to 15 
per cent of the incident neutrons were scat- 
tered elastically. The larger and thicker scat- 
terers among these were used only for 
measurements at larger angles. 

The scatterer was placed roughly tangent 
to the locus of point for which the scattering 
angle was constant, and the angular resolu- 
tion could be limited in a range from -:2° to 
+4° in spite of the comparatively large dia- 
meter of the scatterer. 


Fig. 2. Position of neutron detector. 


1250 


The differential elastic cross section was 
deduced from the results of the following 
three runs (Fig. 2). (1) The scatter was re- 
moved, the neutron detector was placed at A 
and the coincidence rate No between neutron- 
and alpha-counter was measured. (2) The 
detector was transferred to the point B, the 
scatterer was placed at S and the coincidence 
rate Ns was measured. (3) The scatterer 
was removed, the detector was placed at B, 
and the background Np was counted. No, Ns 
and Ng were all normalized for a given num- 
ber of monitor counts. 

The absolute differential cross section can 
be calculated from the scattering ratio defined 
as: 

Ns—Np 
SOS) eee ; 
where 0» is the scattering angle at the 
center of the scatterer. It is not neces- 
sary to determine the value of the absolute 
neutron flux in this case. 

To make the coincidence efficiency the 
same for the three measurements (1), (2) 
and (3) it was necessary that 

ANT Gamat 


(2.1) 


COUNTING RATE 


(2.2) 


Since the neutrons were measured in 
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siderably lower energies!. The gamma rays 
were also rejected by this bias setting and 
further by means of the flight time. The 
pulse height spectrum of the neutron detector 
for 14MeV neutrons and gamma-rays from 
radium is shown in Fig. 3. 

The alpha-particle detectors were both the 
sheet of plastic scintillator of 5cm in diame- 
ter and 0.12 mm in thickness, which was pre- 
pared by pressing a small disk-shaped plastic 
scintillator* with two glass plates in an oven 
heated at 160°C. 

The pulse height distribution for alpha- 
particles from polonium is shown in Fig. 4. 
This curve was taken by coupling the scintil- 


_ 14MeV NEUTRON 


10 20 30 40 
PULSE HEIGHT (VOLT) 


coincidence with the alpha-particles of Fig. 3. Differential pulse height distribution of 
the reaction, the background counting neutron counter. The curve for the gama-ray 
was taken only to show its maximum pulse 


rate at the No measurement was negli- 
gibly small. 

The angle % may be varied either by 
changing the distance between the source 
and the neutron detector, or by changing that 
between the source and the scatterer, or by 
changing both distances. For some value of 
Oo, several different geometries were used to 
confirm the results. g(00) was measured over 
the angular range from 70° to 170° for 
aluminum, iron and bismuth, and from 90° to 
170° for lead. 


§3. Detectors 


A cylindrical stilben of 3/4’ in diameter 
and 3/4’’ in length was used as the neutron 
detector. The crystal was connected optically 
through an acrylite light guide to an RCA 
6810 photomultiplier. The discriminator bias 
was set to count only the pulses correspond- 
ing to recoil protons of energies greater than 
10~11 MeV. Such a criterion can eliminate 
almost all inelastically scattered neutrons, for 
a great majority of these neutrons have con- 


height, 
tween the 
neutron. 


and there was no definite relation be- 
intensity of the gamma-ray and the 
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Pulse height distribution of plastic scinti- 
lator for alpha-particles from polonium. 


Fig. 4. 


*  Plastifluor, Larco Nuclear Instrument Com- 


pany, Palisades Park, New Jersey, U.S.A. 
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lator sheet directly to the face of a photo: 
multiplier EMI 5311 with some silicone oil. 
During the scattering experiments, however, 
each sheet was attached to the inner surface 
of the respective acrylite window of the target 
chamber. The scintillator was covered by 
0.39 mg/cm? aluminum foil to stop the scat- 
tered deuteron and the light from the deuteron 
beam. To each outer surface of the acrylite 
window, the head of RCA 6810 photomultiplier 
was optically connected. 

All the three photomultipliers were operated 
at 2000~2300 volts with their anodes at the 
grounded potential. The dynode voltage divid- 
ing ratio was taken as specified by the manu- 
facturer!. The magnetic shield of 0.9mm 
permalloy sheet* was provided to each photo- 
multiplier. This sheet was also used as an 
electrostatic shield by being maintained at the 
same potential as that of the photocathode. 
The electrostatic shield was necessary to sup- 
press the noise due to internal discharge of 
the surface charge in the tube. The high 
potential was supplied from a common source 
developed by K. Sugiyama’ in this laboratory. 
It was very stable against the primary voltage 
change and the drift was less than 0.05 per 
cent for many hours. 


§ 4. Electronic Circuits 


The block diagram of the overall electronic 
circuit is shown in Fig. 5. 


nN PULSE 
COINCIDENCE LENGTHENER 

O [6 810 o_CIRCUIT AMPLIFIER 
(To4x10%s) 

Qa |6 810 


LINEAR 
AMPLIFIER 


LINEAR 


AMPLIFIER 


DISCRIMINATOR 


RATE METER 


Fig. 5. Block diagram of electronic circuits. 


The fast rising pulses from the anode of 
each photomultiplier were directly fed to a 
coaxial cable RG 63/U** or C44T***. Each cable 


* Permalloy P. C., Sumitomo Metal Industries, 
LTD., Osaka, Japan. 

** Fujikura Densen LTD., Tokyo, Japan. 
Transradio LTD., London SW 7 England. 
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was grounded at the end near the photomul- 
tiplier anode through a resistance equal to the 
characteristic impedance of the cable. To the 
other end, the diode coincidence circuit and 
another coaxial cable of Lcm in length were 
connected. This cable was short-circuited at 
the farther end and clipped to the width of 
2Lt seconds, where ¢ means the time delay 
of the cable per cm. The value of 2Lt was 
chosen usually at about 4ns (1 nano second 
=10-® second) for coincidence pulses, and 
about 10 ns for anticoincidence pulses. 

The coaxial cables were also used to give 
suitable delays to the pulses from the photo- 


multipliers. Fig. 6 shows the relation between 
DETECTOR COINCIDENCE petTecTor COINCIDENCE 
CIRCUIT CIRCUIT 
DeLay | DELAY 
5 ae) Seca i ae eta | 
i) 
On A Mens 
Os Os | | | 


(ANTICOINCIDENCE) 


(a) coincidence (b) accidental coincidence 
Fig. 6. Time delay of each pulse. 


the time delays for the pulses from each 
counter. In the figure, ” is the pulse due to 
the neutron elastically scattered and 7p is that 
due to the neutron which goes directly to the 
detector from the target. a@a and ap are the 
alpha-pulses from the counter A and B respec- 
tively (Fig. 1). These pulses are produced at 
different time instants depending on the flight 
time of the neutrons or alpha-particles be- 
tween the target and the detector. In Fig. 6 
(a), the neutron pulse ” and the pulse a@a are 
produced by the identical neutron production. 
These pulses were made to arrive at the same 
time to the coincidence circuit by suitable 
delay lines. In Fig. 6(b), the neutron pulse 
Np is caused by the identical nuclear reaction 
as the pulse ap. The mp- and aa-pulses have 
reached to the coincidence circuit simultane- 
ously only by chance, though they are in- 
dependent of each other. This chance coin- 
cidence is avoided by the anticoincidence 
of the aa- and @p-pulses as described before. 
The latter pulse is made to arrive at the 
coincidence circuit about 5ns earlier and end 
slightly later than the neutron pulse to make 
sure of the anticoincidence. 

The diode coincidence circuit is shown in 
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Fig. 7. It is, in principle, the circuit of R. 
Madey, though we have made some modi- 
fications. The most essential point of the 
modifications was the attachment of an anti- 
coincidence circuit, which was specially de- 
signed to work satisfactorily when the time 
rate of the anticoincidence pulses is very 
large. E180F tube at the input was used as 
an amplitude limiter. The anticoincidence 
circuit requires the pulses of the same polarity 
and height as those of the pulses for coincid- 
ence, but the pulse height and the duration 
were made somewhat larger than those of 
the pulses for coincidence to. provide against 
possible fluctuations not only in the pulse 
height but also in the time when pulse arrives 
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at the coincidence circuit due to uncertainty 
in the transit time in the photomultiplier. 

The pulse lengthener circuit was just the 
same as that used by Madey. The linear 
amplifier and discriminator were of the types 
described by Jordan and Bell”?. 

The positive dynode pulses from the neutron 
counter and the alpha counter A were used 
for amplitude discrimination for selection of 
neutron energy and to avoid spurious count from 
alpha-counter. These pulses were amplified 
by the respective amplifier with low gain and 
discriminated. They were clipped by shorted 
delay line to 100ns at the input of the linear 
amplifier. The linear amplifier was of con- 
ventional ring-of-three unit, the rise time of 
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Fig. 7. Schematic diagram of fast coincidence circuit. 
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Fig. 8. Schematic diagram of EFP60 trigger discriminator circuit. 
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which was about 100ns. Fig. 8 shows the 
amplitude discriminator of EFP60 trigger 
type) which generates output pulses of 100 
ns in duration. The trigger level of this cir- 
cuit was determined by changing the bias 
voltage of the cathode follower Via by a 10 
turn helicalohm*. The duration of the output 
pulse was determined by the delay line be- 
tween the anode and grid of EFP60 tube. In 
the present circuit, RG65/U of 80cm length 
was used. The output pulses from the two 
EFP60 discriminators were fed to the two 
grids of 6BN6 tube in a coincidence circuit. 
The time resolution of this circuit was about 
100ns. The number of alpha-particles was 
so large that a coincidence circuit with such 
relatively short resolving time was required. 

The output of this 6BN6 tube was coupled 
to the output of the fast coincidence circuit 
by a slow coincidence circuit. The resolving 
time of this circuit was about 2 us, and its 
output was led to the scaler through a uni- 
vibrator and a gate tube. The scaler was of 
scale-of-100 type modified from a Higinbotham 
circuit”. The spurious counts and natural 
background counts were not observed for 
several hours. 


§5. Calculation of the Cross Section 


The relation between the scattering ratio 
2(@0) defined by (2.1) and the differential cross 
section o(#) is expressed by the following 
equation: 


& (90) a te rors rs *S(E ) f (A)o(8) 


x {exp [—y/d+e)]}ndV , 


where @ is the scattering angle in the labora- 
tory system, S(E) is the sensitivity of the 
detector for scattered neutrons, /f(@) is the 
correction factor for the variation of the de- 
tector sensitivity due to the incident angle of 
the neutrons, is the total absorption coeffici- 
ent, is the number of atoms per unit volume 
in the scatterer and what are represented by 
the remaining symbols are seen in Fig. 2. 

The integration has to be performed over 
the entire volume V of the scatterer. The 
factor S(E) is derived from the energy E of 
the scattered neutron. E is given approxima- 
tely as follows: 


(5.1) 


* Sakae Tsushin Kogyo Co. LTD. Tokyo, Japan. 
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E-Aa1toos 0 
A+1—cos6~”’ 


where > is the energy of the incident neu- 
tron and A is the mass number of scattering 
nucleus. 

The factor (0) was determined by a test 
measurement, but it was almost unity, the 
angular sensitivity of the detector being nearly 
constant. 

Since 7? and m are constant and o(0), S(E) 
and /(@) are nearly constant in the formula 
(5.1), g(@) can be rewritten approximately as 
follows: 


2(0)=0(00)re°S(E) fon\ rit 


(5.2) 


x {exp [—u(d+e)}} dV , (5.3) 


where o() is the differential elastic cross sec- 
tion at the center of the scatterer. This inte- 
gration was performed numerically by divid- 
ing the scatterer into several zones. Thus 
the curve of differential elastic cross section 
was obtained to a first approximation. The 
correction for the angular spread due to the 
finite dimensions of the scatterer and the de- 
tector was carried out by integrating the 
formula (5.1) using the value of o(@) from the 
above curve. This. process was continued 
until the shape of the curve did not appre- 
ciably change any more, but this correction 
itself was very small in the present angular 
range where the dip and rise of the curves 
were not so distinct and the iteration was not 
necessary adequate in most cases. 

Since the thickness of the scattering samples 
was so chosen that they scatter only about 10 
to 15 per cent of the incident neutrons elasti- 
cally, the correction for the multiple scatter- 
ing was not so large compared to experimen- 
tal errors in our data and only the correction 
for the double scattering was performed. In 
calculating the correction, it was noticed that 
the angular distributions were strongly peaked 
in the forward direction. The details are given 
in Appendix. 

§6. Results and Discussions 

The experimental results are represented in 
Figs. 9~12, and the numerical data are shown 
in Table I. The errors indicated in the 


curves and table are the statistical ones, and 


they do not include the other experimental 
errors which are usually much smaller than 
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this. Only the error due to the normalization 
of the neutron intensity amounts to about 6 
per cent. The errors of the corrections for 
multiple scattering and angular resolution were 
far smaller because the corrections themselves 
were small. 


ALUMINUM 


1? —— THEORETICAL 
4 EXPERIMENTAL 


o(8) mb/ sterad 
a 


100 120 140 160 180 


(DEG) 


0 20 40 60 80 
LAB. ANGLE 


Fig. 9. Differential elastic cross section of almi- 
num. 
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Fig. 10. Differential elastic cross section of iron. 
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Fig. 11. Differential elastic cross section of lead. 
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BISMUTH 


—— THEORETICAL 
t EXPERIMENTAL 


o(8) mb/sterad 


Oo 20 40 60 80 100 120 
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4o 160 180 


Fig. 12. Differential elastic cross section of bis- 
muth. 


In the angular range below 60°, the experi- 
mental results?! closely fitted into the theore- 
tical calculations based on the optical model 
theory when simple square-well potential was 
used. At angles larger than 60°, however, it 
was difficult to fit by such a simple well po- 
tential. Culler, Fernbach and Sherman” used 
the tailed-well including the spin-orbit poten- 
tial, but there appeared some pronounced dips 
which were not observed experimentally. 
Bjorklund, Fernbach and Sherman? used a 
tailed-well as the real part, and a Gaussian 
type potential for the imaginary part, namely: 


U=U)/[1+exp (R—Ro)/a] , 
V= Vo exp [—(R—Ro)/6?] , 
(6.1) 


where Up=40.3 MeV, Vo=8 MeV, Ro=(1.2A¥3 
+0.64) Fermi, @=0.6 Fermi, 6=0.977 Fermi. 

Their results still show too large dips at 
large angles. Recently they have extended 
their calculations so as to include the spin-orbit 
potential as well as the central potential™. 
The potential used in their calculation was of 
the form: 


real part: 
imaginary part: 


V= Voero(r) +i Verg(r) + Ven( > tila al, 
Beery. ar 


where . 
o(r)= 1/[1+exp (r—Ro)/a] , 
q(r)=exp [—(r—R)?/b?] , 


and ir, 


Ro= ro Als, 


: 
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Table I. Elastic scattering of 14 MeV neutrons. 
Differential cross section, millibarns per steradian 
Aluminum Iron je bead se Bieniithi 

Lab angle | o(@) error «(0) error o(@) yon : o(@) error 
70° 46.2 ALD 12.8 a3 $6 adiuiinos dd 83.2 9.8 
80° 22.6 4.2 Ree Stee / 30.5 yarh 
90° 16.0 5.0 ant 4.5 1321 Ane, TART 3.9 
100° 14.1 4.0 | 12.4 4a% 24.9 4.1 2346 4.1 
110° 18.5 os | 10.3 3.8 14.0 3.8 14.9 4.0 
120° TTA 4.1 / 6.1 2.8 11.8 355 8.0 Si 
130° 11.8 3.8 | 12.6 BeO 9.9 oe 12.8 3.0 
IBS 8.2 3.6 | 12e2 3.4 | 
140° 69 7 42,0 | 9 168 “Ser. Tope ep eG e- "28 
150° 7.9 4.0 | 11.9 4.5 eis 33 dal 1 
160° 30.3 A3 8.3 4.8 13.8 4.7 11.8 4.0 
165° 12.0 5.8 
170° 7.8 ho | 7.9 Deo | PANS: 6.8 16.7 5.6 


(The notation is the same as that used by 
Riesenfeld and Watson?.) The numerical 
values in the formula are as follows: Vcr= 
44 MeV, Ver=11 MeV, Vse=8.3 MeV, a=0.65 
Fermi, 6=0.98 Fermi and 7=1.25 Fermi. 
Their results are shown by solid-line curves 
in the figures. 

Our results for medium weight and heavy 
nuclei are in good agreement with the theore- 
tical curves. They also agree with the data 
of Coon and Davis”, Gardner et al.» and the 
normalized results by Berko, Whitehead and 
Groseclose?®. Whereas, the data of Mehlhorn® 
and Rhein” up to the scattering angle of 150° 
seems to be inconsistent with ours. 

In aluminum, our experimental values are 
appreciably larger than the theoretical ones 
for the backward scattering. The optical 
model theory may not be applied satisfactorily 
for a lighter nucleus such as aluminum.* Fu- 
jimoto and Hossain and Burge et al.* have 
shown, however, that the optical model with 
a simple square-well is able to explain fairly 
well the experimental data of the angular dis- 
tribution up to 160° for a nucleus of much 
smaller mass number such as nitrogen or 
oxygen. The discrepancy between theory and 


* Note added in proof: Recently it was shown 
by M.P. Nakada et al. (Phys. Rev. 110 (1958) 1439) 
for C and Be and by J. H. Coon et al. (Phys. Rev. 
111 (958) 250) for C that the observed differential 
cross section differ considerably from the results 
af optical model calculations. 


experiments still remains unexplained. The 
experiments for other light nuclei and the 
reexamination of theory will be necessary. 
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Appendix 

The Correction for the Multiple Scattering 

The calculations for multiple scattering have 
been performed by several authors, but little 
of them was found to be applicable to the 
present case. Langsdrof e¢ al.» derived an 
exact solution of the multiple scattering by 
expanding the differential cross section in 
Legendre’s polynomical, but their calculation 
was very complicated. In the present mea- 
surements, very simple assumptions can be 
used, because the scattering of neutrons is 
strongly predominant in the forward direction. 
It is to be noticed, however, that this approxi- 
mation is only applicable to large angle scat- 
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tering in which the rise and dip of the cross 
section are not appreciable. 

Since the thicknesses of the scatterers are 
so chosen that only 10 to 15 per cent of the 
incident neutrons are elastically scattered, it 
is always sufficient to consider only the cor- 
rection for the double scattering as stated be- 
fore. 

Suppose the sample to be a infinite slab of 
thickness ¢. Moreover, we assume, for the 
sake of simplicity, that the incident and scat- 
tered neutrons are collimated and are in the 
same plane perpendicular to the slab. Then, 
the flux ®, of the neutrons which are scat- 
tered once in the slab, is given as: 


t 
0,= 9) cos a no(o) 
0 


x exp {—(sec 01+sec 62) 4x} da 
cos 04 
= 9.0(b0)=-{1—exp (1—bt)}, (A) 


where 
b=(sec 61+sec O24. 

In this formula, @o is the flux of the incident 
neutrons, ” is the number of nuclei in the 
scatterer and o(¢o) is the differential cross 
section of elastic scattering. The meaning of 
other notations can readily be seen from Fig. 
13, 

Next, we consider the neutrons which suffer 
the double scattering in the slab. Since the 
scattering is strongly peaked in the forward 
direction, only the two extreme cases shown 
in Fig. 14 (a) and (b) will occur in practice 
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when the over-all scattering angle is large. 
Since the probability for occurrence is nearly 
equal in the two cases, we can consider only 
one of the cases (e.g. the case (a)) and mul- 


Fig. 13. Diagram of single scattering. 


tiply the result by two. The flux d®, of the 
neutrons which make the first scattering at a 
point of depth x and then the second scatter- 
ing at a point of depth x+mu, as shown in 
Fig. 14 (a), is given as: 

rdrdg 

 R o(p2)n | 
x exp[—{x sec 61+R+sec 6.(x+u)}uJdu. (A.2) 


d0.= DO 0(¢1)ndx 


where FR is the distance between the two 
points. Thus, the total flux @, of the neu- 
trons which suffer the double scattering in 
the slab and emerge at the angle @, is ex- 
pressed in the form: 


0,=20un0(6.)\ dx [au “dood mw 
0 0 0 0 


x exp [—{x sec 01+R+sec 0.(x+u)}] . (A.3) 


(a) 


Fig. 14. Diagram of double scattering. 
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Since the scattering is strongly peaked in 
the forward direction, we can assume 


0(¢1) & oo exp {— A(1—cos ¢1)} , 
o(2) = o(do) , 


and 
R~usec hi, 


where oo is the differential cross section for 
¢i=0 and A is a constant to be so chosen as 
to fit the experimental angular distribution of 
the scattered neutrons®». Substituting the 
above approximate equations into the right- 
hand side of (A.3), we obtain: 


9, = gordon 2270 (1—(1+61) exp (—bt)} . 
(AA) 


Since the measured intensity of the scattered 
neutrons is proportional to @:+9@,, the correc- 
tion factor for the double scattering which 
should be multiplied to the observed data, is 
given by: 


oO, 
0,+0, 
te 1—exp (—df) 
~ {1-exp(—bf)}+4x00n{1—(1+biexp(—bt)}/ Ab 


(A.5) 


An example of the numerical data is shown 
in Fig. -15. 


100 


IRON 


70 


Fig. 15. Example of correction for double scat- 
tering (0;=0°, @:=10°, ¢o=170°). The values 
for the scatterers used in this measurement are 
represented by black circles. 
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The Multiplicity of Mesons Produced in the Nuclear 


Interaction of High Energy Nucleons and 
a-Particles in Cosmic Radiation 


By Shin-ichi KANEKO* 
Institute of Polytechnics, Osaka City University 
(Received July 14, 1958) 


It was proposed in a previous paperY that the multiplicity m+ of 
charged mesons produced in the high energy nucleon-nucleon interaction 
can be empirically expressed as a function of the inelasticity AK and the 
Lorentz factor 7¢ in the center-of-mass system: mi —~3.5 K(ye—1) for 
Yeo 7, me YO K(ye—1)¥? for ye >7. It it shown here that further ex- 
perimental results published in recent years are also consistent with this 
dependence. It is also suggested, with the support of experimental 
material, that the peripheral collision of high energy a-particles with 
nuclei can be explained in terms of a superposition of a few nucleon- 
nucleon collisions so that the meson multiplicity in the interaction can 


also be represented by the above equations. 


The results of observation 


of a jet (3+33,) initiated by a high energy a-particle (~1.2x10% eV/ 


nucleon) are described. 


§1. Introduction and Summary 


It is well known from observations with 
photographic emulsions that the multiplicity 
of charged mesons produced in the high ener- 
gy nucleon-nucleon interactions shows wide 
fluctuation even for a given primary energy. 
However, it was shown in our _ previous 
paper» that the multiplicity normalized at the 
completely inelastic interaction for individual 
events seems to be a rather smooth function 
of primary energy; i.e., the multiplicity is 
empirically given by 


& Now at the Physics Department, University of 
Washington, Seattle, Washington, U.S.A. on leave 
of absence from the Osaka City University. 


ns=3.5 K(re—1) 
n+=9 K(yre—1)/? 


for 2SreSs7; (1) 
for fieSye- ’ (2) 


where ”+, K and ye are the number of charg- 
ed mesons, the inelasticity, and the Lorentz 
factor of the incident nucleon in the center- 
of-mass (C-) system measured for each event, 
respectively. 

Recent observations made at different labo- 
ratories seem also to support this dependence 
as will.be shown in §2. Some possible evi- 
dence for this view is discussed in §3 in re- 
gard to an apparent discrepancy between the 
conclusion given by the Bristol group and 
ours. In this connection, the validity of the 
assumption that the transverse momenta of 
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shower particles have a fairly constant value 
is also discussed. 

The interaction of high energy a-particles 
(or heavier particles) with nuclei in photo- 
graphic emulsions has so far been analysed 
by many authors under the assumption that 
the event was produced by a single nucleon- 
nucleon (N-N) interaction. The assumption 
may be inadequate for analysing the nucleus- 
nucleus collision, especially the head-on colli- 
lision, since some of nucleons in both of the 
nuclei may as a whole interact with each 
other. In §4, it is pointed out that at least 
the peripheral collision of high energy a- 
particles with nuclei should be explained in 
terms of a simple superposition of the N-N 
interactions. The experimental results now 
available are shown to be in agreement with 
this prediction. Therefore, it results that the 
multiplicity of mesons produced in the peri- 
pheral collision of @-particles can also be ap- 
proximately represented by Eqs. (1) and (2) 
within the present experimental limitations. 

The results of observation of a jet (3+332)*, 
which gives a support to the argument in § 4, 
initiated by a high energy a@-particle (~1.2x 
10'3eV/nucleon) are described in detail in 
§ 5. 

§ 2. Nucleon-Nucleon Interactions 

We reproduce in Fig. 1 the relation of n./K 
versus ¥c-—1 (Fig. 1 in reference 1). In draw- 
ing this figure, we have supposed that the 
process of antiproton-nucleon annihilation is 
equivalent to the N-N collision of re=2 and 
K=1 as far as we are concerned with the 
meson multiplicity. This assumption has not 
yet been proved to be correct on experimen- 
tal and theoretical grounds. Afterwards, 
lizuka et al.» have shown that. a simple rela- 
tion between n/K and ye—1 holds still at the 
energy region of Cosmotron. They have cal- 
culated average values of ms/K from the 
average energies of pions produced in the 
proton-proton collisions at the Cosmotron 
energies and have shown that the straight 
line fitted to these experimental values passes 

* This is the conventional nomenclature of the 
type of shower. The first and the second numbers 
refer to those of heavily ionizing prongs and 
secondary relativistic charged particles, respective- 
ly. The subscript a (or p) means that the primary 
particle of the shower is an a-particle (or a singly 
charged particle). 
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through the antiproton annihilation point (0 
in Fig. 1) with slope 0.78 as shown in Fig. 1. 
This probably shows that the average energy 
in the C-system of pions produced in the pro- 
ton-proton collisions at 6 GeV (7e=2) should 
be approximately the same as that in the 
antiproton-nucleon annihilation and hence the 
above assumtion should be correct**. 

At extremely high energies, on the other 
hand, some observations have been done at 
various laboratories in recent years. The ex- 
perimental data*-© of these showers selected 
under the similar criteria to reference 1 are 
shown in Fig. 1 and Table I. It seems to 
require explanation for the individual events 
especially for estimates of inelasticity. 

Event A-1®: This shower (1+7») was de- 
tected by the tracing back method® and is 
not a pure proton-proton collision, since a 
proton ejected backwards with ~100 MeV was 
accompanied. Multiple scattering was satis- 
factorily measured for five shower particles 
ejected at large angles with respect to the 
primary direction. The energy of a neutral 
pion ejected into the forward cone was deter- 
mined by measuring energies and angles of 
two electron pairs. Assuming all the shower, 
particles to be pions, we found that y¢e=13_-,*° 
and K=0.18. 

Event A-2: The average energy of two 
neutral pions in the C-system of this event 
was found to be ~4.2GeV. Assuming that 
the charged mesons were emitted with the 
same average energy, we can estimate the 
value of +/K. 

Events observed by the Bristol group*: 
Edwards et al. have carried out a systematic 
observation on the transverse momenta, pr, 
of secondary particles arising from the energe- 
tic nuclear interactions, and have shown that 
pr of secondary pions has a rather narrow 
distribution around 0.5 GeV/c. (The same 
conclusion, but with a somewhat lower 
value of the average <pr>, has also been 


** Note added in proof: By making use of 
nuclear plates, Kalbach, Lord and Tsao have re- 
cently observed that in the proton-proton interac- 
tion at 6.2 Gev the average charged pion multip- 
licity and the average degree of inelasticity are 
1.9+0.3 and 0.49+0.05, respectively. This obser- 
vation appears to support the above prediction. 
We are indebted io Prof. J. J. Lord for informing 
us of their results before publication. 
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Fig. 1. The™normalized multiplicity, the multiplicity divided by the inelasticity, of charged mesons 


plotted against the kinetic energy (in units of the nucleon rest energy) of the incident nucleon in 
the center-of-mass system. The chain line is the one given by lizuka et al.», which has been 
fitted to three experimental points (marked with dotts) and has slope 0.78. The square and the 


circles are the experimental points already described in the previous paper). 


The solid and the 


dotted lines represent Eqs. (1) and (2), respectively. The triangles show the experimental results 
of the proton-induced showers: A-1(1+7») observed by Kaneko et al.®) and A-2(1+6,) observed by 


Fowler). The crosses are those observed by the Bristol group». 
Table I. Experimental data of high energy showers plotted in Figs. 1 and 2. 
Sh T f Lorentz factor Normalized multi- 
nee ee = in the C-system plicity of charged Remarks 
number showe 4 mesons, 71./K 
A-1 14+7p 13 33 Kaneko eé al.) 
A-2 1+6) 730 230 Fowler? 
(P-17) 2+11p 16 36 
(P-7) 2+13, 28 29 
(P-19) 0+3p 30 13 
P18) ee - 3h Edwards et al.® (The 
(P-10) 0+16) 33 32 ous numbers in paren- 
‘“ r theses are those given by 

(P-9) ee ep 39 a these authors. The nor- 
(P-16) 1+11) 46 37 malized multiplicity has 
(P-5) 0+32, 68 107 been taken as 0.8 2,;/K’’.) 
(P-2) eo. 88 104 
(P-24) pee 112 37 
(P-20) 0+4, 143 18 
B-1 3+33¢, 76 64 The present paper 
B-2 1+387 200 » ipneie 30) Gramenitzkij et al.” 
12 0+14a 420 160 Ciok eé al.) 

obtained by the Japanese group. usin = 
i y Jap a Bry. 8 1+. 1.Opr >) coses 0 

emulsion cloud chambers”.) Assuming that Kv= ; Co) 


80 per cent of secondary particles are pions 
with pr=0.5 GeV/c, they have estimated the 
inelasticity for 13 jets induced by high energy 
protons*: 


2re 


* We are very much indebted to Drs. D. H. 
Perkins and J. Iwadare for informing us of the 
detailed data of these jets. 
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where @ is the angle of a secondary particle in 
the C-system. The values of 0.8%;/K’’ of 
eleven jets with Na<4 among them are plott- 
ed in Fig. 1, where ms and Np are the numbers 
of shower particles and of heavily ionizing 
particles, respectively. 


Discussion of Nucleon-Nucleon Interac- 
tions 


It can be seen from Fig. 1 that the dotted 
curve (Eq. (2)) is in excellent agreement with 
events A-l and A-2. The Bristol events 
are also consistent with the curve within fac- 
tor two expect for two events (P-19 and 
P-20). It should be noted, however, 
that they indicate the general trend that 
the events with low multiplicity lie below 
the curve, whereas those with high 
multiplicity lie above. It was also shown 
that the jet with low multiplicity shows a 
strong angular anisotropy rather than that 
with high multiplicity. These facts have led 
the Bristol group to the conclusion that the 
inelasticity does not appear to be dependent 
strongly on the multiplicity at a fixed energy. 
This conclusion contradicts to the dependence 
given by Eq. (2) that the multiplicity is pro- 
portional to the inelasticity at a given energy. 

The estimate of K for the events described 
in our previous paper and events A-l and A 
-2 is based upon the direct measurement of 
energies of secondary particles in the labora- 
tory system and upon the determination of 
the average energy in the C-system. We 
have then noticed that all of these data can 
be well approximated by Eq. (2) in spite of 
the fact that they were obtained by many 
different observers. Whereas, the Bristol re- 
sult relies on the assumtion that the average 
value of transverse momenta is constant for 
each event. It is to be noted, however, that 
the assumption pr=const. should be valid 
only in the statistical meaning. Moreover, 
due to their selection of particles on which 
the energy measurements were made, a strong 
bias should be given to the events with high 
multiplicity. It may therefore be possible 
that <pr> for individual events depends to 
some extent upon ”s; or it shows fairly large 
fluctuation from event to event. For exam- 
ple, <pr> computed for the showers analysed 
in detail by Debenedetti e¢ a/. (3+39») and 
Glasser e¢ ai. (2+15») was 0.34 and 0.07 


§ 3. 
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GeV/c, respectively. As was explained in the 
previous paper, these showers are in a good 
agreement with the dotted line in Fig. 1. 
However, by computing K”’ for these showers 
by Eq. (3) with pr=0.5GeV/c, one can see 
that the resulting value of ms/K’ for the se- 
cond shower would then be far from the dott- 
ed line, while the first shower would be still 
consistent with the line. It seems therefore 
that Eq. (3) with pr=0.5 GeV/c gives a reli- 
able estimate of the inelasticity only for 
events with high multiplicity.* These con- 
siderations show that it is necessary to ac- 
cumulate further data of <pr> for individual 
events especially for those with low multiplici- 
ty, in order to prove the statement given by 
the Bristol group that K does not depend 
strongly upon ms at a given energy. At pre- 
sent, it seems more reasonable to suppose 
that almost all jets analysed in detail are in 
fact consistent with Eq. (2) so that mz is 
proportional to K at a given energy. 


Interaction of High Energy a-Particle 
with a Nucleon or the Peripheral Nu- 
cleons 

We restrict ourselves to the interaction of 
high energy a@-particle with either a nucleon 
or peripheral nucleons in a target nucleus. 
This should probably correspond to an a- 
particle induced shower with Na<4 observed 
in photographic emulsion. The interaction is 
assumed to be explained by a simple super- 
position of single N-N interactions. (This 
assumtion has already been employed by some 
authors! for analysing the interaction of a- 
particles or heavier nuclei.) A support for the 
assumption seems to be given by the fact 
observed by Appa Rao et al. that the 
nuclear interactions initiated by cosmic-ray 
a-particles (median energy ~10 GeV/nucleon) 
can be classified into those in which 0, 1, or 
2 protons inside the a-articles have taken 
part, by observing the number of shower 
particles ejected within a definite cut-off 


§ 4. 


* It may be more reasonable to interpret this 
view in terms of the degree of anisotropy rather 
than the multiplicity. As stated already, the 
Bristol result suggests that the multiplicity de- 
pends strongly upon the angular anisotropy. If 
we assume that <p7> for events showing the strong 
anisotropy is comparatively small, we could obtain 
not only a satisfactory explanation of the data of 
the above two showers but also a justification 
of the dependence given by Eq. (2) (see Eq. (5)). 
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angle. Furthermore, fragmentation products 
consisting of nucleons, a-particles, and heavier 
fragments emerge quite often from collisions 
of heavy primary particles with emulsion 
nuclei. These observations show that. many 
nucleons within the incident nucleus do not 
experience any significant effect from the 
collision and are simply emitted by a process 
such as the evaporation from the nucleus in 
its own system of reference. It is apparent 
therefore that some of nucleons in an @- 
particle play a significant role in the collision, 
but the remaining ones are not concerned 
with the interaction so that the whole process 
may be considered as a simple sum of a few 
N-N collisions. This simple view might, how- 
ever, seem to be invalid for the central col- 
lision of an extremely energetic a-particle 
with a heavy nucleus, since several nucleons 
existing behind the first target nucleon in 
the heavy nucleus come to participate in the 
interaction, resulting in that only a collision 
between the incident a-particle and the target 
particle heavier than a nucleon is responsible 
for the meson production, and hence the in- 
teraction would no longer be a simple super- 
position of the elementary processes. 

It has been shown in the previous section 
that the normalized multiplicity in the N-N 
collisions is satisfactorily expressed by Eqs. 
(1) and (2) with the support Of experimental 
material. If we assume that the peripheral 
collision of a@-particle can be explained in 
terms of a simple superposition of N-N col- 
lisions, then it results in that 1./K observed 
for a-induced showers should also be repre- 
sented by Eqs. (1) and (2). This is simply 
due to the proportionality between v. and K 
at a given energy. If we estimate y- and K 
for an a@-induced shower under the assump- 
tion that the shower has been produced by a 
single N-N collision, the resulting values of 
ms and K are of course the sums of those in 
the elementary processes involved in the in- 
teraction so that they are usually greater 
than those in an N-N collision (The value of 
K thus estimated can amount to 4 in the up- 
per limit.), but the ratio m./K remains to be 
the same as that in the latter at the same 
value of 7c. 

The normalized multiplicities of three a- 
induced jets are shown in Fig. 2 and Table 
I. Shower B-1 is the one observed by us and 
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is described in detail in §5. The inelasticity 
of shower B-2 has not been explicitly given 
by Gramenitzkij ef al but can be roughly 
estimated from the angular distribution of 
shower particles given in their paper by as- 
suming pr to be constant (see §§3 and 5). 
Shower 12 is the one! used already for the 
analysis in the previous paper. 
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Fig. 2. The normalized multiplicity of showers 
initiated by high energy a-particles plotted 
against the kinetic energy per nucleon (in units 
of the nucleon rest energy) of the incident a- 
particle in the center-of-mass system. The 
solid and the dotted lines represent Eqs. (1) and 
(2), respectively. The crosses show the ex- 
perimental results of the a-particle induced jets: 
B-1 (8+33.) described in § 5; B-2 (1+37.«) observ- 
ed by Gramenitzkij et al.1; 12(0+-142) observed 
by Ciok et al.13) The quantity 9(7¢—1)/(7e sin 6m) 
=n+/K computed for 9 a-induced showers ob- 
served by Winkler! is shown with dotts. 


In the lower energy region, the inelasticity 
in interactions initiated by a-particles was not 
estimated so far by plausible method; it 
seems therefore that there are no experimental 
data to be plotted in Fig. 2. However, we 
could obtain some knowledge from angular 
distribution observed in a@-particle induced 
showers. Winkler, for example, has pre- 
sented the maximum angle, 0m, of shower 
particles together with the primary energy 
for 26 a-induced showers. We can estimate, 
as was explained in the previous paper, the 
normalized multiplicity as 

Ms Aro—1) _ 

K resin Om 
assuming that pions have been emitted with a 
single energy in the C-system. The quantity 
on the right-hand side in the above formula 
has been computed for 9 showers having MN, 
<4 and plotted in Fig. 2. (The values of ye 
estimated by the method of Castagnoli et al. 
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for these showers have been employed in 
this computation.) It is to be noted that the 
uncertainty in the position of the individual 
point should be quite large due to possible 
fluctuations in ye and @m and to incorrectness 
of the assumption of the single energy. 

It seems that the dotted and the solid lines 
(Eqs. (2) and (1)) are consistent with experi- 
mental points in the higher and the lower 
energy regions, respectively*. This probably 
suggests that the peripheral collision of a- 
particles with nuclei can be explained in terms 
of a simultaneous occcurrence of a few N-N 
collisions of the same energy. The experi- 
mental and statistical precisions for a-induced 
showers are quite insufficient at present in 
order to draw any decisive conclusions. But 
if we confirm the above view to be correct, 
it turns out that the investigation of a@-induc- 
ed showers is very helpful for studying the 
single N-N interactions. This is due to the 
fact that an a-induced jet should in general 
be subject to a smaller fluctuation in the 
normalized multiplicity than a proton jet, be- 
cause the former itself is already a superpo- 
sition of the latter. It is to be noted, in this 
connection, that a-induced showers can perhaps 
be observed with a frequency comparable 
with proton-induced showers in the stacks ex- 
posed at an altitude higher than 30km, and 
also that much more peripheral collisions 
should occur for incident a@-particles rather 
than for protons’. 

Furthermore, it seems possible to give 
some indication of the number of interacting 
nucleons in the incident a@-particle. Edwards 
et al. have observed three a-induced jets 
and six proton-jets with N,<3 in the energy 
interval 2,000~5,000 GeV/nucleon (Fig. 1 in 
their paper). The average multiplicity for 
these proton-jets is found to be ~10 (which 
gives the average inelasticity in the N-N col- 
lision in this energy region to be ~1/5 with 
the aid of Fig. 1), whereas it amounts to ~30 
for the a-jets. This seems to suggest, 
although the statistical precision is quite low, 
that on the average three nucleons in the in- 
cident a-particle come to interact during the 
peripheral collision. At the lower energies 
(~100 GeV/nucleon), on the other hand, the 


* Note added in proof: In addition, the Bristol 
event a—5(0+11e, 7e=108, K’’=0.105) agrees fairly 
well with the dotted line. 
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ratio of average multiplicity between a@- and 
proton-induced showers (irrespective of Np) 
was found to be about 1.3 by Engler et al.) 
and Winkler™. It seems that this value 
gives a lower estimate, since in this energy 
region proton-showers with low Np, and ns 
are likely to escape from observation and the 
correction made for their frequency seriously 
affects the result. Indeed, the average num- 
ber of nucleons taking part in collisions (in- 
cluding central collisions) has been estimated 
to be 2.4 by Appa Rao et al.1» in a quite dif- 
ferent but more reasonable manner**. This 
should be compared with the above value at 
the higher energies allowing for the fact that 
the former refers to all values of Np but the 
latter to Na<3. 


§5. Observation of Jet B-1 (3+33.2) 


Event B-1, as well as A-1, was detected in 
a large stack (108 sheets of 6x9” size) of 
600 microns thick G5 stripped emulsions ex- 
posed at 29km altitude during six hours in 
Japan. Shower particles consist of 14 and 19 
tracks in the inner and the outer cones, re- 
spectively. The shower axis has length 6.5 
mm per plate and passes through 13 plates. 
Except for three, all the secondary shower 
tracks have been carefully traced from plate 
to plate (total length ~240cm), and only one 
nuclear interaction (2+13,) could be found. 
This observation corresponds to an extreme 
case improbable to occur, if we assume the 
mean free path for interaction of shower par- 
ticles to be geometrical (~35cm) and also 
take into account some neutral particles in- 
volved in the inner cone. 

The target diagram of the shower particles 
in the laboratory system is shown in Fig. 3. 
The primary energy of the incident @-particle 
is estimated by the method of Edwards et 
al. assuming that the jet has been initiated 
by a single N-N collision: 

—2 log re=<log tan 9>;+<log tan O>o, (4) 
where @ is the laboratory angle of a shower 
particle with respect to the primary direction 
and both of the terms on the right-hand side 
are the averages taken for the forward and 
the backward cones respectively. Thus, we 


** By using a simple model for the nuclear inter- 
action of a-particles, Ceccarelli e¢ al.1) have shown 
that the average number of interacting nucleons is 
calculated to be 2.8. 
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(a) 


(b) 

Fig. 3. The target diagram of the shower particles 
in the laboratory system of jet B-1 (3+-33.): (a) 
the inner cone, (b) the outer cone. The six white 
circles correspond to the particlesexcluded for 
estimating the inelasticity (see the text). 


obtain 7¢=76_23t**; i.e., the primary energy 
of the incident a@-particle is estimated to be 
(1.2-9,5*1-?) x 101% eV/nucleon. 

An estimate of the inelasticity of the in- 
teraction will be most easily given by making 
the assumption of pr=const. The high mul- 
tiplicity of the shower particles in this event 
should justify to make this assumption (see 
§ 3). Using Eq. (3) with pr=0.5GeV/c, the 
normalized multiplicity is then written as 

Posey 2re 2.7 To 


K 1.5 pr<cosec 0) <cosec 09’ Set 


In Fig. 4 is shown the distribution in cosec@ 
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of the shower particles which have been 
transformed by the relation usually employed: 


1k -+ oe tan? 0 
Qr-tand — 


In addition to those shown in Fig. 4, there 
are four particles having very large values 
of cosec@. If we assume that these particles 
are pions with pr=0.5 GeV/c, their values of 
Lorentz factor in the C-system would be too 
high as compared with the value of 7c; this 
is inconsistent with the fact that none of the 
shower particles was ejected into the back- 
ward direction in the laboratory system. 
They should therefore be either the pions 
having pr<0.5 GeV/c or the particles heavier 
than the pion. 


cosec@ = 


a) 
ra) 
3 
- 8 
a 
“ 
6 
Te 
1e) 
arg 
i 
MO Fb 
= 
32 
gs | ro} 
fe) AS ESS Oe ER A 
Pee a Pe fF een GQ ann) l2 13 14 15 16 


cosec @ 


Fig. 4. The distribution in cosec@ of 29 shower 
particles of jet B-1, where @ is the angle of a 
shower particle in the center-of-mass system 
with respect to the primary direction. The 
shaded histogram shows the particles ejected 
into the forward cone. Two particles represent- 
ed by the dotted squares, together with four 
particles having the values of cosec@ too high 
to be shown in the figure, are discarded for 
estimating the inelasticity. 


Two particles among those shown in Fig. 


4 have also the values of cosec @ much higher 
than the others. They appear to be similar 
to the four particles mentioned above. Of 
these six particles showing the higher values 


of cosec@, two being in the forward cone 
may be two protons initially involved in the 
incident a@-particle. It is remembered, in this 
connection, that at the lower energies a non- 
interacting proton in an incident a-particle 
emerges within an extremely small angle re- 
lative to the primary direction™. In the 
present event, however, either of the two 
tracks may be such a non-interacting proton, 
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but the other cannot be, since the relative 
momentum between them in the transverse 
direction would be computed to be too high 
(~5 GeV/c) assuming that their energy is the 
same as that at incidence. Whereas, the re- 
maining four out of the six particles are in 
the backward cone and may consist of the 
colliding partners and the shower particles 
produced in the secondary interaction inside 
the target nucleus. (The existence of three 
heavy prongs accompanied by the jet suggests 
that some of the shower particles in the outer 
cone might have been originated from the 
secondary interaction.) 
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Fig. 5. The angular distribution of the shower 
particles in the center-of-mass system of jet 
B-1. The dotted area corresponds to the six 
shower particles discarded for computing the 
inelasticity. 


With the exception of these six particles, 


it results in that the average values <cosec 0) 
for the forward and the backward cones 
agree quite well with each other. The nor- 
malized multiplicity is therefore estimated to 
be 64 using Eq. (5). 

The angular distribution of the shower 
particles in the C-system is strongly peaked 
at the forward and the backward directions 
as shown in Fig. 5. 
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The Brownian motion of an oscillator in a thermostat is considered 
assuming simple forms of interaction between them. No further assump- 
tion is made except that the thermostat is always in thermal equilibrium 
in itself. Solving the Liouville equation or its counterpart in quantum 
mechanics the long time evolution of the system is clarified. Thus the 
theory connects automatically the irreversible and the equilibrium be- 
haviors of the system without any ad hoc assumption as in conventional 
theories. The results include, as a special case, the equation derived by 
Kramers and Chandrasekhar using the theory of stochastic processes. It 
is shown that the oscillating part of the distribution function or the 
density matrix plays an important role to which the peculiar way of 


damping of the oscillator is to be attributed. 


Introduction 


§ 1. 

The purpose of this paper is to treat the 
problem of the Brownian motion in the frame- 
work of the general statistical mechanics of 
irreversible processes developed quite recently. 
While the latter deals with a large system in 
which irreversible processes themselves take 
place, the former pays special attention to a 
small system or a particle embedded under 
the supposition that the rest of the system 
stays always is thermal equilibrium playing 
the role of a thermostat. With the thermo- 
stat included, the problem of the Brownian 
motion reduces to a very special case in the 
general statistical mechanics of irreversible 
processes in which the initial condition is that 
only a small number of freedoms is out of 
equilibrium. The interaction within the ther- 
mostat will guarantee the state of equilibrium 
for it. 

Though there exists a number of theories 
of the Brownian motion, most of them are 
based on the theory of random flights or of 
stochastic processes? and are rather phenome- 
nological in nature. The coefficients in the 
Fokker-Planck equation, for instance, are left 
unknown, though certain relations among them 
are found by other considerations such as the 
requirement of the state of equilibrium to 
which the whole system has to approach. 
The same can be said with respect to the 
Langevin equation, in which one assumes the 
friction constant and the correlation constant 
of the fluctuating part of the force acting on 


the particle under consideration. The relation 
between these two constants is left unknown 
till one demands that the asymptotic solution 
ought to be the Maxwell-Boltzmann distri- 
bution law. Thus the theory is usually sup- 
plemented artificially to meet the request of 
the statistical mechanics of the equilibrium 
state. 

From the microscopic point of view the 
friction constant and correlation constant are 
to be derived from the interaction between 
the particle and the thermostat. Moreover 
one has to show the force due to the thermo- 
stat can be split out in two parts, the friction 
and the random forces, as is done in the 
Langevin equation. An attempt in this direc- 
tion is seen in one of the papers by Kirkwood”, 
in which the friction force is attributed to the 
plateau value of a certain quantity. Actually 
he intended to formulate the equation which 
had been derived by Kramers and Chard- 
rasekharY using the theory of stochastic 
processes. The validity of the time-smoothing 
procedure employed in the theory of Kirkwood, 
together with the existence of the plateau 
value, however, remain to be justified. 

There is another kind of microscopic theo- 
ries in which one calculates the transition 
probability from a state to another, and thus 
formulates the so-called Pauli’s equation in 
quantum mechanical terminology. If one is 
concerned only with the diagonal elements in 
the representation in which the unperturbed 
state is diagonal, it is clear that one gets some 
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equation different from that of Chandrasekhar 
and quite different evolution to equilibrium.» 
As we shall see later we can formulate this 
kind of theory including the off-diagonal ele- 
ments and clarify that it is still insufficient 
to describe the detailed behavior of the system. 

Recently we have developed the general 
statistical mechanics of irreversible processes” 
which is quite transparent in mathematical 
manipulations and affords direct application to 
concrete problems. In this paper we shall 
use this method to provide us with a consist- 
ent theory of the Brownian motion. 

As the essential feature of the problem of 
the Brownian motion is to ask the behavior 
of a small system under the influence of the 
thermostat, we treat an oscillator which inter- 
acts by a certain simple interaction with the 
thermostat, which we assume to consist of a 
large number of harmonic oscillators. In §2 
we shall derive equations which are purely 
mechanical and are applied in the following 
sections. In §3 we shall use the solution of 
the Liouville equation obtained from the gener- 
al theory”. Assuming a simple from of inter- 
action we get the Kramers equation, a 
kind of diffusion equation in phase space. 
Other kinds of interaction are examined. It 
is shown that if the interaction is proportional 
to the displacement of the oscillator one gets 
the Langevin friction and that if it is pro- 
portional to the momentum one gets the 
Lozentz friction. The latter is what we meet 
in the problem of a charged particle in a 
radiation field, that is the problem of radiation 
damping. In §4 analogous treatments for 
quantum mechanical case are performed. 

In §5 we derive the average equation of 
motion with friction in one step. In §6 an 
extension to forced oscillation with application 
to the problem of stopping power is given. 
§7 is devoted to clarify the origin of the dis- 
crepancy between the result of Chandrasekhar 


KH =H" x, p)+H'(x’, p')+4V(x, ps x P’) 


with 
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and that of Zwanzig®. It is shown that the 
exact interpretation of the latter has to be 
expressed in terms of the so-called systematic 
part of the density matrix or the distribution 
function. The important role of the remain- 
ing terms, oscillating terms, is stressed in 
this connection. 

In this paper we do not make explicit use 
of the so-called diagonal singularity condition 
stated by van Hove» and used in our general 
statistical mechanics, because this condition 
is to do with large systems, the thermostat 
in our present case. The state of thermal 
equilibrium of the thermostat is maintained 
by this condition. 


§2. Mechanical Equations in Classical Case 


To treat the problem rigorously we have to 
define a system, simple as possible but rele- 
vant of real situations. Most of the systems 
we can treat with rigour can be regarded as 
composed of harmonic oscillators. Therefore 
we shall consider a system of’ harmonic oscil- 
lators to clarify the fundamental nature of 
the Brownian motion. In so doing little of 
the general feature of the problem will be 
lost. Our model is then as follows: a harmo- 
nic oscillator, the motion of which is under 
consideration, is interacting with a large sys- 
tem composed of a great number of harmonic 
oscillators. The latter is afterwards assumed 
to be in thermal equilibrium and serves as a 
thermostat. We can also extend our treat- 
ment to the case where there is an external 
force depending on time; but we shall omit 
it for a while. 

We denote by x, p and m the coordinate, 
the momentum and the mass of the oscillator 
under Brownian motion, and by x’, p’ and m’ 
the coordinates, the momenta and the masses 


of oscillators of the thermostat. The energy 
of the total system is then 

(2.1) 

(2.1’) 

(OR ee) 


where H® represents the energy of the central oscillator with the frequency w, and H’ that 
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of the thermostat, and 2V the interaction between them, 4 being the coupling constant as- 


sumed to be small. 
The Liouville equation for the distribution function o(%, p; x’, p’) of the total system is 


Op _ 


where we have used the notation for the Poisson bracket. We may use the Liouville opera- 
tors defined as 


y 6s; pT (2.2’) 
L'9=[V, po]. (2.2’”) 
We make use of a suitable transformation and rewrite (2.2) in the form: 


Oo. 


at =A[Vi, 01] « (2.3) 


As we will make use of the explicit forms of the transformed quantities in the next section, 
we shali write down some of them. The transformation which brings (2.2) into (2.3) is 
p>p=et™o, LoLi=L(x, pr), ete. 


Any quantity F which does not depend on time explicitly is transformed at the same time 
into F;, where 


OF,/0t= —L°F; . (2.4) 
Especially 
OH (xt, pr) 0  OH%x:, pi) 8 ) 
dx,/dt= —LY x= = 
7a fe ( Ox: Op, Op: Ox: ve 
=p./m . (2.5) 
Further 
dp.fdt=—Li p= —mox, . (2.6) 


Thus x; satisfies the differential equation 
d?x,/dt?+ w2x,=0 . (200) 
Solving the last equation with the initial condition that 


t=038 a tae Dyas. 


we get 
x, =x cos wot -+(p/ma) sin ot . (2.8) 
Similarly Ry 
pi=p cos ot—mox sin ot . (2.8’) 


It must be noted that the oscillating nature of these quantities comes from the fact that the 
eigen-values of the operator L° are purely imaginary. The operator exp —tL® gives thus 
oscillating behavior to the quantities transformed. At the same time one notes that the 
transformation is merely a rotation of the coordinate axes; the angle of rotation being a 
function of time. 
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It is convenient to introduce an arbitrary function F(x, p) which is a function of the coordi- 
nate and the momentum of the oscillator and does not depend on time explicitly. Its average 
is 


ry={ lr dt dv’ (2.9) 


where 
dt=dxdp, dr’ —dx'dp’=T dxjdpj . 


_ We may write it referring to the coordinate system (4%, p:) in such a way that 
(P>=\\Fioedes de”, dt.=dxdp:, etc, 
We multiply F to the both sides of (2.2) to get 


\\F 30. av—|(FL% Ware i | ei» RE (2.10) 


The right hand side of this equation can be written as 


F=h [| Fz dc dt’ = il lrcen dt, dtz . (2.10’) 


§3. Statistical Behavior of the System 
We shall solve the equation 


do.fdt= Al V1, 01] (3.1) 


assuming that & is sufficiently small. We have to know the long-time evolution of the 
system, and this requires some special technique. We first observe that if 24=0, then o@ 
remains constant all the time. Whereas when 4 does not vanish, but is small, o; will ap- 
proach slowly to equilibrium value, although there is fluctuation always. So we may split 0: 
in two parts: the one is the systematic part p, which is to approach to equilibrium value, 
being governed by some sort of master equation. The other is the fluctuating part, which 
is zero if A2=0, and can be expanded in powers of 4. It is then convenient to look the 
fluctuating part as a function of p and ¢. That is, we assume the form 


0:=0+4P(0, H+AQ(0, t)+-+-. (3.2) 


If 4=0, it is again evident that d?/dt vanishes, indicating the expansion 
dp/dt=29(p)+ Yo) +--- , (3.3) 


in which we have used the fact that we can define the systematic part in such a way that 
the rate of change in j is determined by the value of 6 at that time. This implies that 
dp/dt and ¢,,--- are independent of time and are functions of 9 itself. We can decide ¢, 
P, %, Q, +--+ in the following manner. We insert (3.2) and (3.3) into (3.1), and get, as the 


first power of 4, 
g+OP/ot=[V:, 0] . (3.4) 


For the derivative 0P/t in (3.4) 0 is regarded as if it were a constant. The term (OP /00)dp/dt 
is of higher order. 

To determine yg and P from this single equation we assert, as mentioned above, that g is 
a function of » and does not depend on time explicitly. This kind of requirement on 9? is 
sufficient to determine the systematic part and the master equation for this. Consequently 
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it may be said that F,Q,--+ represent oscillating behavior of the system around the smooth 
path A(t). The role of the oscillating part will be elucidated in the following calculation. 

We have noticed that in general V; oscillates with time. If the time average of V; does 
not vanish and depends on the energy of the oscillator, it gives small shift of the frequency 
or the energy of the oscillator. In principle we can get rid of this term by a small shift of 
the origin of the energy and a small shift of the potential of the oscillator.* We may safely 
assume that g=0.** 

We make use of a converging factor, and obtain 


PG, f)=1im |" 


er Vi,dti, | Z (3.5) 
Inserting the expansion (3.2) into the right side of (2.10), we get 
= ill nLep Beda vl \RLePG, yy deeds (3.6) 


We assume that the thermostat is in equilibrium. This implies that the coordinates and the 
momenta of the oscillators in the thermostat are distributed randomly obeying the Maxwell- 
Boltzmann distribution law. The integral 


[Leo dt; => \t Vi, | dati 


represents the shift of the potential of the central oscillator as mentioned above. We can 
omit, therefore, the first term in (3.6). We have 


ez. wel [rte Pas, ye 


OV; OP OV; OP OV. OP OV; OP 
=? F ? 7 a 5 z ia e 4 : 
\\ - Ps) {( Ox: Op: Opi Ox: )+ ( Oxi, Opis Opis’ Oxei” bdr a 


The second term including the Poisson bracket with respect to the thermostat vanishes after 
partial integration. Thus 


OV: OP OV. OP 
Ox: Op: Op: Ox: 


OF, 0 V; OF; 0 V; ; 
=— j2 ns A, 8 > 
A \(op. On: ie Ox; Op, P) dtr dt: . (3.7) 


F=a=+R \\ F(xn po( ) de,de,’ 


To carry out further calculation we shall first assume the case: 


Vaud xy, (3.8) 


where we have omitted the interaction within the thermostat, which does not seem to be 
quadratic. Because if it were quadratic the total system would afford many constants of 
motion, which are in contradiction with the requirement on the irreversibility. In our case 
this is out of question: the thermostat is playing the role of the source of the random force 
on the oscillator in question, and that is all. In the special case expressed by (3.8) we get 
(using invariant property of the Poisson bracket) from (3.7) and (3.5) 


* The energy shift corresponds to the first order perturbation due to the interaction AV, which is 
AV (J) in terms of the expansion coefficient in (7.12) below. See also the detailed analysis by I. Prigogine 
& F. Henin!, and, for the quantum mechanical case, I. Prigogine & M. Toda. 

** Y does not vanish (diagonal singularity condition), yielding (7.9) or (7.22) below.®)»8):10) 
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sph eel 4.8 OF, (/ OV:, Op Op OV, 
F=—7, im | es(ti-t) dt Wantt( pyle SOY ) 
s—0 } Op: Oxt Ope Ox, Op: 


OV:, Op Oo OV; 
-++ dna al Le eal 
era or Bia Opis 


—oo 


I Ditacdtrde;. ; (3.9) 
We note that (see Eq. (2.5)) 


Xty=%X; COS w(ti—t)+(pi/mo) sin o(ti—f) , 3.10) 
Hed = Kez! cos oj (ti—t) +( pismo) sin w;(t1—f) . ; 


Integrating partially we get thus 


0 
F = iim evao{ (la LLL o8 S) (x17 COS WH O-+-(pij’/m’ ws) sin WO) > x’ 
Pte Eee Op? j j 
iliac oes 
Ox:Op: mo 


> (x15 cos 0) O+( prji//mas) sin 0/0) Xxx’ 


1 
mM’ wo; 


-\\a ace cos #6 -+( pi/mo) sin of) > sin oso} : 
t 


ie 


Integrals with respect to 0=t:—t¢ yield terms like 


0 
lim e°dé cos w6 cos w’0= {d(o+o’)+0(o—w’)} , 


s—0 


(3.11) 
0 
lim | e? d@ sin w8 cos W0={-do+o')+0o—0')} ‘ 


$0 


The integral of sin #@ cos w’@ will never give rise to large contribution compared to the above 
integrals. Consequently ((%j xx ):= Xj Xun’ etc.) 


. 02F, pete 028 (py xn )e OF ./Op: , \— ; 
en ee EE Ray et : t Bs pad Pt 
F=Ah 2 9 0(o—w; iI Ope Di (Xi Xe au ee 2 ee ion pep dt,dt;’. (8.12) 


The assumption that the thermostat is in equilibrium implies that 0 factorizes: 


p= (x, p)Oulx’, D’) ; (3.13) 
and 
[ess dei’ =(RT/m' ws”) 05,x 5 (3.14) 
[2 be ia cee =0 : (3.14’) 
We assume that there are 
Do’? doy |(27)8 (3.15) 


oscillators in the thermostat which have the frequency between w’ and w’+dw’, where D is 
a constant. Finally we come back to the original representation (x, p), and define 


f(x, = fate, bi, Pde", (3.16) 
where we have to notice the fact that while @ factorizes, o does not. This is a situation 


which have never been stated clearly. The difference between op and o is AP. Neglecting 
higher powers of 4 we get the final equation for Ne. 
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GF =R= Dil [\ (mer oe — 5p b)fde dp 


2 (2)3 mm’ Op? 
pe Oe Of . 3.17) 
nc (fe (our sora i 
where 
Gas paced (3.18) 


~ “9 (22)3 mm’ * 


Thus (2.10) takes the form 


[\re@rie0 dx ap+\\F(S oe mots) dx dp 


0 Of ) 
ie —— T—— dx dp+O(A’) . 3.19 
CVF op (mel gp ter) ax db 00% (3.19) 
As the function F is quite arbitrary we get the following differential equation for the distri- 
bution function f for the oscillator. 


Ci re es alee Pe ay 3.00 
Seo aoa Cos (mer Gy tes) - (3.20) 


This is nothing but the Kramers-Chandrasekhar equation. It is easy to see that the same 
equation can be obtained for the case in which the interaction between the oscillator and the 
thermostat is V=x > bj'/m’w;’. Thus the Kramers equation is verified from the first principle. 

We shall close this section with a comment that if the interaction is of the form either 
V=p>x/ or V=p >) pj /m’wj we get, instead of (3.20), the equation 


OTF peaDe OF a, an OS oo. eee (= Of 
atm on” * ap © Ox \m on tO ). — 
with 
, D1 ‘ 
gat dpa ean (3.22) 


This equation can be obtained immediately from (3.20) by rotating the (x, p) coordinate 
system —7/2, that is, by changing the variables from x/mo/2 and ~p/V2mo to —p/V2mo 
and */mo/2 . 

For a charged oscillator interacting with a radiation field 


2 
ee CV D=8r/c°, = -m’=1. (3.23) 


So that €’ =2¢?/3c?. 


§ 4. Quantum Mechanical Case 


Calculation in the quantum mechanical case goes, nearly in parallel to those of §2 and §3. 
One gets formulas in which the Poisson brackets are replaced by the corpesponding commu- 
tators. We shall show briefly what happens here. 

The Liouville equation for the density matrix p is 


dpldt=(|F, 0] , (4.1) 
with 
LA, p\=(i/h)\ 0-0) . 
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By the transformation matrix U, which satisfies the equation 
—th 0U/0t=(H°+H’)U , (4.2) 
quantities are transformed in such a way that 
0—>0:=UpU—' , V>-Vi=UVU-. (4.3) 
And the Liouville equation takes the form 
do:/dt=Al Ve, pr] . (4.4) 


One sees readily that the operators x and p; satisfy the same forms of operator equations as 
(2:0) tO (2.08). 


The average of an arbitrary quantity F is now 
GE y= Ta Up). (4.5) 
The time-rate of change of <F> is given by the equation 


2+ (Fo)—Tr FUL +H’, =A Ts (FLV, DSF (4.6) 
We write as before p:=0+4AP(0,t)+--- , and get the same expression for P(o,t) as (3.5). 


Inserting o:-=o+AP(o,f) into the right hand side of (4.6) and dropping the term proportional 
to 4 as we have done in §3, we get 


2 
igrZ <T, {(FiVi—ViF)P} (4.7) 
We treat the case, as before, in which the interaction between the oscillator and the thermo- 
stat is V=xX(x’, p’) omitting the interaction within the thermostat. In virtue of the relation 
Fx—xF=(h/i)oF/Op , (4.8) 
we get 


OF, 
Ope 


t 
Lee (on eRe dt) 


Fe -2T, ( XP) 


rau OF OF, 
- Fi at. Tr ( Fp teXXiy—terp ‘XuX-)p ~ (4.9) 


In the representation in which the unperturbed energy (A=0) is diagonal, we denote by 1 and 
N the eigen-states of the oscillator and the thermostat, and write (N stands for M(w;’)) 


OF. am% OF; im(ty-t) ( x e7im(t-t) (4 10 
(ap, oe wit rs ). bedi id nad Had Opt /njr=1 late , .10) 
(XiXi,)w wv =|Xw ws 1l2e!s-) + |Xw,w-a|2e- Os — (4.11) 


We have also the corresponding equations for «:,0F:/Op; and X:,X:. We have assume that 
the only elements which do not vanish are Xy,ws1 or Xwsi,v. We have taken the diagonal 
elements with respect to the thermostat, because we are dealing with the case in which the 
thermostat is in equilibrium, and the systematic part of the density matrix factorizes as (3.4), 
in which fin, the density matrix for the thermostat, is diagonal. 

We perform the integration with respect to f1, obtaining 


1274 Morikazu TODA | (Vol. 13, 


(OF /Opt)n, t+1Xt:t+1, |Xw, wil? Xt; 2,2 — (OF %/Op1)n- z Xa, ae i)? 


F=; h = sti(o+w’) 
4 OF Opin, 1-1%t;1-1,1| Xa, wi)? —Xesn ne OFt/Ope)n+1, 1|Xw,w-1\|? 
s—i(o—a’) 
(OF :/Op+)n,141X0; 141,1| Xv, w—1/?— Xt;n,n—1OFr/Opt )n-1,1| Xw,w +11” 
sti(o—o’) 
4 OF /Op:) ng -1Xt;1-1,1| Kw, w—1|29—Xtinns1(OF/Opt)n+1, 1| Xn ,w41|? ba a 
s—i(o+o’) segs 
We make use of the relation 
; a =70(x)—i1/x)p . (4.12) 


The second term gives rise to the energy shift which corresponds to the second order pertur- 
bation. We may ignore it as before. We assume 


|Xv,w-1?=CN , |Xw, wail?=C(N+ 1) ? (4.13) 


which is correct for the case treated before, that is, when X=) xj’ or X=3) p;’. In sucha 
case we have 
F-=> xd(o—o')| (CT) sesrayN+D) — Hunn 5) N 
NMyl—1 NM+1,l 


Opt Opt 
OF: OF, _ 
ayn, seo+t, 7 AG NN N i Ny 
a \ OD: Veet : bs m ( OD: yak foe es 


Te Soe Oh GR, eae. fhe Cape 
ihe > 20(o—-a (5 Keke ab, Jeg (V+ rt 9 (es is Patna 


ue ) -(% ) (28 ) r 
Xt, n+ =a 30410 — At;n n4+11 A, ya: 4.1 
aa (op ML yl Op: aaa ae : Ope J n-1,1 ia (4.14) 


We take the trace as to the thermostat and write 


fun= = Pin; Nyx ; N= * Noun; ,w/ Fin 5 (4.15) 
Making use of the relation 


1Xnn—1= Pnyn—1/Mw ; iXnieess —Pnjynoi/Mw i (4.16) 


we get 


25 Eate (GE), (Ws Bom LO an BB) Tr 


For the case X= i xj or X=D pj/m'w;’ we have C=h/2m’o’, and the coefficient in (4.14) 
gives € defined as (3.18), provided there are Dw’2dw’ /(2x)8 ostilibtors within the frequency 


range from w’ to w’+dw’. In such a case we obtain (now AN is the value for o 6 — 3)" 


gr EN-Teur, =e td (Se (W+ 2)hom — eld a PtP rel) cae (4.18) 


The right hand side of the last equation can be modified using the identity 


1.(3 f) a +t, {(An~ cA) fhe -T,( oa : (4.19) 
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Thus we get 


T, ( 3r)- —T, (F[H®, fI)=e T, {Pe (+5 ‘Yhaom +5 (ef +s0)) (4.20) 


which is quite analogous to (3.19). Further as the function F is arbitrary we almost recover 
(3.20) formally: 


or in", J cyt yy oom + (or + Foy} (4.21) 


This equation goes over to (2.20) in classical limit because for 4-0, 
N+ 5 kT ho al Ps Tae 


§5. Friction Constant 


Observation of (2.20) shows that the friction force acting on the particle is the Langevin 
force —€dx/dt. Actually if one multiplies x and p to the both sides of (3.20) and integrates, 
one gets the average equations, 


ax>/dt=¢p>/m , (9.1) 

a p>/dt= —mwx>—€ d<x>/dt . (9.1’) 
Consequently one gets 

dX x>/dt?+€ d<x>/dt+0%Xx>=0 . (5.2) 


This is the well-known damping equation, or the “ average ” of the so-called Langevin equation. 
We have pointed out that (5.2) can be derived directly from the Liouville equation®. We 
shall show a simplified way of doing so. First we consider the classical case. We have 


<x) =| [rote Braap laura (5.3) 
It is easy to see from (2.2) that 
Ko. =P ail op oe 7 (5.4) 
And further differentiation gives | 
EL aXn=¥, (5.5) 


where Y stands for the friction term, given by 


y= Ge dt dt a5, Oe ee 
m 


a dt\\ ap 
be bed as), adtidty + A @ alae dt,’ . (5.6) 
m Xe Op, 


We insert the expression o:=p+4P(p, t)+O(42) into the right hand side of the last equation. 
As mentioned before we can drop the term proportional to the first power of 4, obtaining 


yr dedt OY coe oayte, derred | Wee Ve pop, t) dee dev (5.7) 
m Ox: dt 
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For the special case V=x 51x; the above equation yields 


y=-F\\3 Di X09 PCO, t) dts dei’ 


joan dis | dreds! Su’ Se ged Petrova ; (5.8) 
—0 PY) 4 


OX: Op: Op: Ox: 


We can perform the integration, as before, with respect to f1, which gives 0-function given 
by (3.11). We get finally 


y=-¢42 (5.9) 
with € given by (3.18). 
Quantum mechanically 
2-2 OV; d OV: 
Yong: pt tT, P) 5.10 
ae al dt a a 
corresponds to (5.7). 
For the case V=x >) x;’, we get 
2? (3 ss 7 / rap Werex 
Y=— We T, cs dt, Kei Ds Xeyi She — eG, Rage ) 
are - T, Gey dic, cos Bae + (pavie sintt =O) (5.11) 


sepa (ta cos w;(ty—t)+(prj/m’a;’) sin ws (tit) iw’ — xix’ {+ ++ ++ } yp) : 


Using the relation pj’ xx’ —xx’Pj’ =(h/i)djx and (3.11), we get the same equation as (5.9) for the 
quantum mechanical case. 

That analogous results are obtainable for other types of interaction is quite obvious. One 
gets, for instance, the Lozentz type of friction if the interaction is proportional to the mo- 
mentum of the oscillator. 


§6. Forced Oscillation and Energy Absorption 


When an external force acts on the oscillator, it is clear that the only change in the treat- 
ment of the foregoing sections is to add a term to the hamiltonian H° of the oscillator. That 
is, we have 


Hx, p)= oe i > minrain Kt) . 6.1) 


This way of introducing the external force has the advantage that we can treat it however 
large it may be. Using the transformation of the type (2.4) or (4.2), the effect of the external 
force can be treated without relying on perturbation methods. For example the transformed 
x is now 


xt=X COS wt? sin ct +o K(t’) sin w(t—?t’) dt’ . (6.2) 
The equations (3.20) and (5.2) are changed respectively into 


0 0 0 0 
OF 4b EL —(mors— KOVEE = (mht pf), 6.3) 


dK x>/xP +E dix>/dt+o0X*)=K/m . (6.4) 


eee 
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We shall calculate the energy absorbed by the oscillator. This is equal to the amount of 
work done by the oscillator against the external force. Thus the energy transferred from 
the external system to the oscillator is 


4H= -<lKw dx = . [Koracnrfan dt (6.5) 


where <*> is the solution of (6.4). If K(—co)=K(co)=0 the increment in the total energy of 
the oscillator is 
ana ate-on ON 


? ott’ /2 Awe lapels 
ag Oe dt a est’? R(t’) sin w(t’ —t) (6.6) 


with w= VY o?—C7/4 . 

When Ait) is the force due to an incident particle, which interact with the oscillator by 
coulomb interaction, the above formula (6.6) gives the stopping power against the incident 
particle modified by the interaction with the surrounding. If the oscillator is isolated, 
that is if € vanishes, (6.6) reduces to the well-known formula: 


[Oat (atone 2 
AH=— et K(t) dtl. 
7 Te 
§7. Discussion 
We have seen that in a special case the problem we have considered so far is identical to 
that treated by Chandrasekhar using the thery of stochastic processes. Now, we note the 
fact that the solution of the Kramers equation (3.20) shows quite peculiar character as was 
pointed out by Wang and Unlenbeck”. This behavior can be illustrated by the following 
example: Consider the energy of the oscillator given by 


2m 


@=\|(F + jmura) fdr dp (7.1) 


The rate of change of <E> is obtained from (3.20). That is 


“ (E>=2¢( ae —_<F a (7.2) 


This means that the rate of change of the total energy of the oscillator is governed by its 
kinetic energy. This is very peculiar since, for instance, if the oscillator starts with a large 
displacement but zero momentum, having larger energy than kT, the total energy goes up 
first and then decreases. It approaches to kT of cource, but every time the oscillator comes 
to largest displacement, the energy goes up a little. Thus the total energy of the oscillator 
shows oscillatory damping behavior, which is in sharp contrast to the following argument. 
One considers the probability x», the diagonal element of the density matrix, that the 
oscillator is in the m-th quantum state. x» will satisfy the Pauli equation of the form: 


drsldt= {ne~9xn1—[n-+(n-+1) e-] in + (+1) Xnar} (7.3) 
where y is a constant proportional to the transition probability and 0=hw/kT. (7.3) can be 
obtained in many ways”. But we shall only point out that (7.3) gives 

dE/dt=7(Eau—E), E= > %(n+})ho . (7.4) 


This is a smooth approach to equilibrium in contrast to (7.2). 
Recently Zwanzig® derived a phase-space respresentation from (7.3). His result, including 


small off-diagonal elements, can be written as 
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OPT profi AT, OPM OPF ROM: NONFO RT aa 75 

it weteeel wae ii apa sl epihicag tGmaROe he) 
in the classical limit. In (7.5) we write f instead of f because of the fact that this equation 
is concerned with the systematic part of the distribution function as will be seen below. It 
is easy to see that (7.5) shows smooth damping given by (5.4). 


The very drastic difference between (3.20) and (7.3) (or (7.1) and (7.4)) can be explained in 
the following manner. As will be seen immediately below, (7.3), (7.4) and (7.5) are concerned _ 
with the systematic part, or the smooth part of the irreversible change. This situation will | 


be made clear if one observes that the solution of (3.20) given by Wang and Unlekbeck” is 
of the form: 


CE) =RT+ (CE Di-o— RT eS? + Ce- x(a function of ° my oF) FOE) (7.6) 


One sees that d<E)/dt is oscillating as is given by (7.2), but also that 4¢&)>/4t can be 
approximated by an equation of the form (7.4) with y=€ if dt is taken sufficiently large. 
We shall examine this point of view more systematically. 


In classical mechanics it is more convenient to use, instead of x and p, the conjugate © 


variabies a and J, where a@ is the angle and J the action variable defined by 


2m 7 


a=—tg7! p/xmo , Je (on Bs +- mora). (7.7) | 


Using these, for an assembly of harmonic oscillators, 


(a) 
D=—-> ir, A, (7.7’) 


Kk 


The transformation from og to po; can be expressed, for the systematic part, as the transfor- 
mation from 0 to the Fourier coefficients ox defined by 


O= >) Onl J, t expt Dd mx(@e— xt) . (7.8) 
The master equation for the systematic part is ©>® 
O0n[OL=2?QGn—22Mn20n , (7.9) 
where 
Dan d(S mepe\VnVedluo)(S uF), (7.10) | 
NOE Ji k OSs 
Me=n3(S near (3 Sn — Jae) (7.11) 
in which we have used the expansion: 
V=> ViulJ) expi Dd) neare (7.12) 


We shall treat the case where the interaction is of the form 


V= BE miay=D yf Ph 2S - 08 etry) 2d. 2J5_ COS aj 


Mjw; 
1 Sa Rye S 
Gis d es tay @ .—a@ -a. gre bal ee -a@ 
5 ey ee +e%-*j +e je i. (CAak)) 
These four terms on the right hand side correspond to Vi,1, Vi,-1, V-1,1 and V1,-1 respec- 
tively. When the thermostat is in equilibrium the distribution function p factorizes as 
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o=fla, J)pn(J’) (7.14) 
where fr is given by the Boltzmann law, i.e. pn~ exp (—S ws Jy /kT) . 


Integration with respect to the coordinates of the thermostat can be carried out, we shall 
denote the results by the bracket < >. For instance we have 


<p>= 25 {SIVi.-rcol *badyr pK (Se Fil Vir-icol Vio > bF (w=) ° (7.15) 


where 


1 is 
ater: —SSs_ A (7.16) 


We get for w’=a 


(IVa, -scn)md= 2 AZ, 
Al V1,-109 1? = 
< aman Ue ba = ai orn Ba (7.17) 
J 


where E=w/ is the energy of the oscillator. Since we assume that there are Dw’*dw/(2z)* 
oscillators in the thermostat within the frequency interval w’< w;/<w’+dw’, using € defined 
by (3.18) we get 


1X05) = 7 mG T Ae +1 Fah Bhs (7.18) 


Further we can rewrite M,2 as 


My=%. 5 (= age Ly (7.19) 


i V mimMmjoiw; hi 


so that 


(3; etBn(a-nt) 22,29) = —C- ee oF ; (7.20) 


Writing E=7? we get finally 


Of oF r O vat 02 “as Os Lay i 
ett © =015 ay ety ar > a ee J; (7.21) 


which is written in porlar coordinates, the last bracket on the right being the Laplacian 

operator. If we go back to the coordinates x/mw/2 and p/V2mo , (7.21) yields (7.5), r=€. 

This equation is valid even if pn (#+<0) is not small. Thus the Zwanzig’s equation has wider 

validity than he would have thought. But it is concerned with the systematic part only. 
The quantum analogue of (7.7) is” 


Adaa" eg mh ‘al’ BEL Eu: arr —Ew i Hescealt: taaaie ‘ 
keee 5 \ae i | Veco’ spa h ) | Vasrw |20 Tey US Caw 


2 
i [dreVasesidatorarsnVarend( 7" ) . (7.22) 


nh h 


The equation for the oscillator in the thermostat is obtained from (7.22): 
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= = (nt Nn N44 +) N40 N+ Dhow 


(7.23) 


The corresponding density matrix in coordinate representation is 


09, 7, =X orgy nnn *(q’) , 


where qd» is the m-th eigen-function of the unperturbed oscillator. 


the Wigner function 


Fm p=)" exp Rips/Ma(xe—y, x+y, 1) dy 


can be derived after some calculations which are quite similar to those of Zwanzig®. 
The only difference is that kT is replaced by 


we get the equation of the form (7.5). 
(2hw) tgh (kT/2hw). 


§ 8. Concluding Remarks 


The fundamental role of the oscillating part 
of the distribution function or of the density 
matrix is clarified. And a straight way of 
treating the problem of the Brownian motion 
has been given. In our formalism we split 
the distribution function into two parts: the 
systematic part and the oscillating part. The 
former obeys the master equation given by 
Philippot and Prigogine®, and the equation 
derived by Zwanzig is equivalent to this. On 
including the oscillating part one gets another 
type of equation. As a special case one gets 
the Kramers equation. Without referring 
to the equilibrium state we get the friction 
constant and the correlation constant (or the 
diffusion constant in the momentum space). 
Thus our theory covers automatically the ir- 
reversible change and the equilibrium state. 

The irreversible change towards equilibrium 
is attributed to the nature of the thermostat. 
To maintain the state of equilibrium the 
thermostat has to fulfill certain conditions 
such as the diagonal singularity condition of 
van Hove. The systematic part of the distri- 
bution function can be written as a product 
of the terms; one is for the oscillator and the 
other is for the thermostat. This does not 
imply that the distribution function factorizes. 
Actually the Liouville equation is not satisfied 
by a factorized distribution function. The 
factorization is true only for the systematic 
part. 

It seems worth-while to stress that most of 
current theories in this field might lead to 


(7.24) 


The equation of motion of 


(7.25) 


Finally 


incorrect results if they were used without 
caution. Because most of them are concerned 
only with the systematic part. Interference 
between the oscillating part and physical 
quantity to be considered may give rise to 
important contribution. 

The system we have considered in this paper 
is of the same type to that of Callen and 
Welton in treating the generalized Nyquist 
theorem. The author wishes to return to this 
subject in the near future. 

The author wishes to express his thank to 
Prof. I. Prigogine of the Brussels University 
for illuminating discussions and communica- 
tions. The resent study was partially financi- 
ated by the Scientific Research Fund of the 
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Excess noise has been studied on narrow alloyed p-m junctions fabricat- 
ed on heavily doped p-type and x-type germanium with less than 200A 
junction width, which exhibit inverted rectification and negative resis- 
tance in the forward direction. Considerable 1/f noise has been observ- 
ed in a forward range, the character of which is stable and surface in- 
sensitive. Moreover, the noise was found to be mainly associated with 
the excess forward current that is peculiar to narrow p-m junctions. 
Measurements were made also at low temperatures down to 77°k on 
both noise and static characteristics. The origins of the excess forward 
current and the associated excess noise were discussed in connection 


with the crystal imperfection. 


Introduction 


§ 1. 

In the recent experiment by one of the 
authors,»’» it was found that extremely nar- 
row p-n junctions fabricated on heavily doped 
degenerate germanium exhibit much different 
current-voltage characteristics from those of 
the usual p-v junctions. The main features 
encountered are the inversion of rectification 
direction** and the existence of negative resis- 
tance in the forward direction. Both features 
are fairly well explained by considering Zener 
current; or internal field emission, across the 
energy gap at the junction. Moreover, vari- 
ous new effects will be expected associated 
with the properties of the material having 
high impurity concentrations. Therefore, the 
noise properties have been studied here as an 
inherent character of the device. 

It has been well known that 1/f noise, or 
excess noise, appears commonly in almost all 
semiconductor devices and crystals accompa- 
nied with flowing current while it is absent 
in metals. In semiconductor crystals, how- 
ever, an experimental tendency that the 
magnitude of 1/f noise becomes lower with 
the decrease in resistivity might be probably 


* Present address: Department of Physics, 
Faculty of Science, University of Tokyo, Tokyo. 

** In this paper, we defined the forward direc- 
tion of any p-m junction as the case where p-side 
is positively biased relative to m-side, regardless of 
the relative easiness of the current flow. 


accepted. Actually, it is usually difficult to 
observe 1/f noise in germanium single crystal 
filaments with the resistivity below about 1 
ohm-cm. On the one hand, 1/f noise is be- 
lived to be predominantly a surface effect, 
because of its large dependence on surface 
conditions especially for reverse biased usual 
diode. Accordingly, most of the existing 1/f 
noise theories® include the surface as a part 
of the model, though exact picture has not 
yet been established. 

Considering above facts, it was simply ex- 
pected at first that the narrow p-v junction 
will have very low or no detectable 1/f noise, 
since the device is composed of metal-like 
semiconductor with extremely low resistivity 
of the order of 10-* ohm-cm and its static 
characteristics are quite stable to surface con- 
ditions in the whole bias range. Practically 
we observed considerable 1/f noise in a cer- 
tain bias range, and its properties were found 
to be somewhat different from those of the 
usuall p-m junctions in several points. This 
is a subject of interest as a particular exam- 
ple of 1/f noise. It is the purpose of the 
present paper to describe the experimental 
results about this 1/f noise and to discuss the 
underlying physical processes. 


§2. Samples and Noise Measurement 


The samples are fabricated by alloying te- 
chnique on heavily doped p-type and n-type 
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Table I. 
Base Crystal | Alloying Dot 
Sample coneucnen nine < i rit ; = bucayi \ 
y : impurity content resistivity 
type doping agent (cm-3) (ohm-cm) | component 
5-12 p pure Ga 1.6 x 1019 0.0021 | 0.5-1% P-In 
; ‘ 2 | 
IID-3 m interpre 1.21019 0.0015 | 0.5% Ga-In 
germanium of 10%~3x10!%cm-* impurity where g is the electronic charge, k is Boltz- 
concentration. The main features of the mann constant, JT is the absolute tempera- 


typical units used are listed in Table I. 

Fig. 1 shows typical current-voltage charac- 
teristics of the narrow p-m junction. Large 
current in the reverse direction and current 
peak in the low voltage forward region can 
be attributed predominantly to Zener current 
corresponding to the electron transition 
between valence band and conduction band at 
the junction.»»» The current peak appears 
for the units having above about 2 x 10!8 cm-? 
impurity concentration, and the higher the 
concentration the higher the height of the 
peak. In the large forward voltage range, 
the observed characteristics were found to 
obey the usual diode current voltage relation 


I=Is[exp (qV/RT)—1] 


10° 


Sample 5-12 
at 290°K 


< 
& 
p=) 
& | Excess] 
= Current | 
6 
‘Calculated 
1 Zener 1 
‘ Current | 
\ ;* Diode Current 
/ Ib=Islexpqwk1-1) 
, = Isexp(4W/kT) 
a O O01 0.2 03 04 O5 
Voltage (WVolt) 
Fig. 1. Current—voltage characteristics of nar- 


row p-n junction. 


ture, and J; is a constant. The whole static 
characteristics are quite stable both for 
ambient variation and light illumination un- 
like usual p-m junctions. 

There still remains, however, an excess 
current component dominantly observable in 
the range from 0.2 volt to 0.4volt at room 
temperature. Though the nature of this cur- 
rent component has not yet been completely 
explained, it was found to be related closely 
with the observed excess noise. This is the 
principal subject of this paper, and the more 
details will be described in the later sections. 

Noise measurements were performed in the 
usual manner according to the circuit diagram 
as shown in Fig. 2. For the sample with 


WIDE BAND! |FREQUENCY | |THERMISTER 
PRE: ANALYZER SQUARE 


AW 
DETECTOR 


N.D. : STANDARD NOISE DIODE 

Rr = STANDARD NOISE RESISTER 
S +SAMPLE UNDER TEST 
Ru= Ro = 1KQN 


Fig. 2. Circuit diagram of noise measuring 
sistem. 


large nonlinearity as in this case, it is neces- 
sary to determine the mean square short- 


circuit noise current ins? and/or the mean 


square open-circuit noise voltage vno? correctly 
in order to know the intrinsic noise behavior 
of the units, because load resistance affects 
the observed noise characteristics consider- 
ably. (ins? and vac? are simply related as vnc? 
=P ins, where r is the dynamic resistance of 
the sample). In the present case, they are 
determined through the simple circuit rela- 
tions, using the measured values of the out- 
put noise voltage across a given load resis- 
tance and the sample dynamic resistance. 
Actual measurements were madeapproximately 
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under the open-circuit conditions due to the 
low sample resistance. 


§ 3. Experimental Results 


In the whole reverse region and in the 
forward region up to the current peak, we 
observed no detectable excess noise even for 
the open-circuit conditions. The situatisn is 
the same for negative resistance range. In 
this range, however, we were obliged to use 
very low load resistance below 10 ohm to set 
a stable bias, which results in great undesir- 
able decrease of sensitivity of noise measure- 
ment. Although these results might be partly 
due to the low dynamic resistance of the 
sample, it seems to show that Zener current 
dominant in these range does not accompany 
particular excess noise. This seems to be in 
accordance with the previous results by other 
workers for less narrow p-” junctions.” 

On the other hand, considerably excess 
noise was observed beyond the current 
minimum in the forward direction. The 
frequency spectrum was found to show 
typical 1/f character and to be much higher 
above thermal and shot noise with white 
spectrum as indicated in Fig. 3. Also, this 
noise is fairly stable without pulsive character, 
and relatively surface insensitive. Even for 
the heavy ambient conditions, that is, dipping 
in water and some organic liquids such as 
benzene, carbontetrachloride, ethylalcohol, or, 
for the re-etching of the samples, no ap- 


i2,/2elat 


Sample 5-12 ] 
Vo=0.26 V 
To=!5mA 


Noise Power obove Shot Noise 
ro) 


10 10° 10 10 10° 


frequency «cps? 


Fig. 3. Noise frequency spectrum of narrow p-n 
junction. 
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preciable changes of both noise and_ static 
characteristics were found. This is in con- 
trast with the behavior usually associated 
with the 1/f noise. 

The variation of the noise with the forward 
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—0o— Narrow p-n Junction 


---o-—-—Usual p-n junction 


~ 
SPAS EE Spread of the data Q0 
among units 
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eo 


0.01 Ol | 10 
Forward Current, I (mA) 
Fig. 5. Mean square noise current as a function 
of forward current for narrow and usual p-x 


junctions. 
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voltage is shown in Fig. 4. The outstanding 
feature is that the mean square open circuit 


noise voltage vno? decreases rapidly with the 
bias voltage, while mean square short circuit 


noise current ins? increases. From a simple 
equivalent circuit consideration, this can be 
interpreted as that the noise source is concen- 
trated at the junction as a form of current 
generator which is nearly identical with ins, 


and that the decrease in vx? with the bias 
voltage is due to the change of barrier resis- 
tance of the junction. It is noted, however, 


that no such decrease in vnc? has been found 
in the forward range of usual p-m junctions. 
Series or bulk resistance seems to contribute 
to the excess noise in direct or indirect way 


in the latter case. In Fig. 5, ins? of several 
units are plotted as a function of the forward 
current, simultaneously compared with that 
of the usual forward biased alloyed p-m junc- 
tions. The latter represents an average 
characteristics of the excess noise of random- 
ly selected 20 units, and the spread of the 
data among units is indicated by the hatched 
section. Two points should be noticed about 
the difference between narrow junctions and 
usual junctions. First, the noise level of 
narrow junction is much higher than that of 
the usual junction in the forward direction. 
Second, the current dependence of the noise 
for narrow p-n junction deviate greatly from 


the normal square-law relation, i.e., ins2o< ?, 
for the 1/f noise, while it is nearly normal 
for usual junctions. 

Above results can be interpreted phenome- 
nologically in the following way. In the case 
of usual germanium p-m junction diode, the 
observed forward current is known to consist 
almost only of the theoretical diode current, 
though modified by the series resistance, and 
hence the fact of normal current dependence 
for the excess noise may naturally be accept- 
ed. On the other hand, the forward current 
of narrow junction consists of three compo- 
nents, i.e., Zener current, diode current, and 
excess current, as described previously. In 
the voltage region of interest, the contribu- 
tion of the theoretical Zener current will be 
negligible, and hence the last two components 
are sufficient to be considered. Since these 
two components can be thought to have dif- 
ferent origins, it will be natural to consider 
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different 1/f noise sources for each compo- 
nent. Then, the spectral density of the 
observed noise current may be the sum of 
two independent mean square noise current 
generators accompanied by the diode current 
and the excess current, respectively, and is 
expressed by 


— eee Ia? Nees 

das a f + Ke f 
where J, is the diode current, Jez is the ex- 
cess current and Ai, Ke are the proportionali- 
ty constants of different values. It is easily 


shown that in this case ins? cannot be propor- 
tional to the square of the total current, (Ja 
+Jee)?, unless Jz is always proportional to Jez. 
This might explain the departure from the 
square-law current dependence. Furthermore, 
suppose that the excess current is much nois- 
ier than the diode current, i.e., Ai<Ke, as 
is guessed from the results in Fig. 5. Then, 
the square-law relation between the noise and 
the excess current, instead of the total current, 
will be expected. By the method indicated 
in Fig. 1, we can always obtain the excess 
current as a monotonic increasing function of 
the voltage, except in the small region 
where normal diode current dominate extreme- 
ly over the excess current and so the estima- 
tion of the latter becomes uncertain. Thus 


Measi Square Short Circuit Noise Current 


oye) Ol | 10 
Excess Forward Current lex CmA) 


Fig. 6. Mean square noise current as a function 
of excess forward current for narrow p- junc- 
tions. ' 


1958) 


we can plot the noise as a function of the 
excess current as shown in Fig. 6. The re- 
sults yield the relation fairly close to square- 
law for most of the measured samples as 
expected. This seems to be a strong indica- 
tion that the excess noise in narrow p-n 
junction is mainly accompanied with the 
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Fig. 8. Mean square noise current as a function 
of excess forward current for narrow p—z junc- 
tion at low temperature. 
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Fig. 7. Noise and current-voltage characteristics 
for narrow p-m junction at low temperature. 
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excess forward current. This is quite 
analogous to the situation that the excess 
noise in usual reverse-biased p-m junction 
arises mainly from the leakage or excess re- 
verse current,” although physical origins of 
these two excess currents might be quite 
different. 

To understand the phenomena more clearly, 
measurements were made at lower tempera- 
tures of 195°k and 77°k. The results are 
shown in Fig. 7 and Fig. 8. Following fea- 
tures were found concerning to the excess 
current; 

(1) The excess current is relatively indepen- 
dent on temperature both in its magnitude 
and voltage dependence, and hence it be- 
comes dominant at low temperature because ~ 
of the rapid decrease of the diode current. 

(2) The excess current varies nearly ex- 
ponentially with voltage. 

(3) The excess current vs. voltage curve has 
a gradual hump which appears more clearly 
for lower temperatures, but still keeping to 
be a monotonic increasing function. 

Similarly, the results of noise measurements 

are summarized as follows; 


(1) At low temperatures vno? varies in a 
complicated manner with the forward 


voltage, while ins? increases monotonically. 


This again seems to indicate that ins? re- 
presents more direct physical nature of the 
excess noise. 


(2) ins? shows nearly normal current depen- 
dence as a function of the excess current 
even at low temperatures, which might be 
a further support for the relation between 
the excess noise and the excess current. 

(3) The magnitude of the noise always de- 
creases with decreasing temperature but not 
so strongly. This is in contrast with the 
situation that in the usual p-m junction 
transistors, the excess noise associated with 
the emitter current shows considerable in- 
crease at low temperatures.” 


§ 4. Discussion of the Results 

Summarizing all the results mentioned 
above, it may be believed that the observed 
1/f noise is a pure junction effect associated 
with the remarkable excess forward current, 
and the understanding of the latter will afford 
a key to the understanding of the former. 
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Since we have not yet get a satisfactory ex- 
planation, only a brief qualitative discussion 
will be given below. The nature of the ex- 
cess forward noise in usual p-m junction, 
which is the problem to be solved at the 
sametime, will not be concerned here. 

First, it might be quite natural to suppose 
that the excess current is caused by some 
kinds of crystal imperfections, such as the dis- 
locations or the impurity aggregate, due to 
the heavy doping. In fact, etch pit observa- 
tion showed many characteristic pit clusters 
when the impurity amount becomes as high as 
10%cm-*. However, the possibility of any 
current mechanism, arised from the thermal 
process governed by the activation energy or 
' the potential barrier, may be excluded because 
of the relatively weak temperature dependence 
of the excess current. The current through 
local ohmic contacts is a possible cause with 
the desired temperature dependence. But it 
may be improbable because observed charac- 
teristics are non-ohmic, and noisy ohmic con- 
tact is unlikely. Another possibility is some 
non-ohmic leakage current through the imper- 
fection at the junction, which can be large 
because of the small effective leakage path 
length due to narrow junction width. Surface 
leakage will also come to mind from the 
analogy of usual junction, but this must not 
be predominant, if present, since any heavy 
surface conditions do not greatly affect the 
characteristics as described previously. Now, 
one might question whether the excess current 
is peculiar to narrow p-m junctions or not. 
According to our measurements, we could 
not find such distinct excess current in the 
usual forward biased p-m junctions even at 
the liquid nitrogen temperature. This result 
seems to suggest that the excess forward cur- 
rent is governed not only by the degree of 
imperfection, even if it were so, but also by 
some another properties directly associated 
with the narrow junction width. 

At this stage, an idea of another type of 
internal field emission will be proposed as a 
cause of the excess current. This can be 
considered to be present in addition to the 
internal field emission, previously intro- 
duced to explain the negative resistance, by 
the following reason. Since the internal 
field emission of the type described previous- 
ly is the one produced by the direct interband 
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electronic transition at the junction, it must 
go to zero above the critical forward voltage 
where the bottom of the conduction band in 
the n-side coincide with the top of the valen- 
ce band in the p-side.»-» This voltage is 
derived from the position of the Fermi level, 
and is estimated theoretically as ranging 
about 0.1~0.2 volt depending on the impuri- 
ty concentration and temperature. Then, if 
any internal field emission mechanism is to be 
considered above this value, it must occur 
through the additional energy levels in the 
forbidden gap. Since there are many experi- 
mental evidences for the existence of such 
levels associated with the impurities and the 
dislocations, it will not be impossible that 
this new type of internal field emission 
causes the excess forward current with the 
temperature-insensitive character. Although 
we will not proceed further because of the 
lack of the necessary knowledge to treat the 
problem quantitatively, one following fact 
might be worth noticing. Namely, as is 
shown in Fig. 7, the excess current has a 
gradual but clear hump at low temperature 
centered in the range about 0.3~0.4 volt cor- 
responding to about the half of the energy 
gap, and sometimes noise current also show- 
ed similar hump in the corresponding range. 
Since some impurity or dislocation levels are 
known to lie near the midgap in germanium, 
this would seem to suggest a _ correlation 
between these levels and the excess current. 

If this is true, the associated excess noise 
will be understood naturally according to the 
following modulation mechanism. ‘Appart 
from the explicit details, it is evident that the 
current produced by this cause will strongly 
depend on the situation of the imperfections 
and the associated field distributions near the 
junction. Since there would be the statistical 
fluctuations of the trapping and recombination 
processes through these levels such as sug- 
gested by Morrison” or of the impurity state 
itself, the resultant fluctuation of the popula- 
tions or the number of levels and of the 
neighbouring field distributions will strongly 
modulate the field emission current associated 
these levels. Further, if these modulation 
sources have l/f type fluctuation, 1/f noise 
must arise. 

Of course, above explanation is only a pos- 
sibility, and it is hoped to seek more reason- 
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able point of view in future. There will be 
also a question whether the 1/f noise describ- 
ed here is actually different from the usual 
surface-sensitive 1/f noise in its intrinsic 
nature. Regarded from the general appearan- 
ce of 1/f noise, it seems to be desirable to 
consider unified model for all the units ex- 
hibiting 1/f noise. However, it may be pos- 
sible or even natual to suppose that the 
different physical causes of 1/f noise dominate 
for different types of device, as far as the 
underlying statistical elementary processes 
satisfy the mathematical requirement for the 
derivation of 1/f type spectrum. 

In conclusion the authors wish to express 
their thanks to Miss Y. Kurose for her assis- 
tance in the experiment and the calculations. 
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The impurity band conduction was treated where the resonance energy 
(or the translational energy) is much smaller than the fluctuation of local 
potential energy. By the interaction with phonon, electron can hop from 
one localized state to another, exchanging the difference of the local po- 


tential energies for a phonon. 


The agreement between theoretical and 


experimental results is fairly satisfactory. 


§1. Introduction 


In the previous paper» (hereafter referred 
to [1]), one of us discussed impurity conduc- 
tion of semiconductor, and classified it as fol- 
lows. 

(1) High impurity concentration: In this 
range, impurity levels are merged into con- 
duction band, and we can treat the problem 
as a single band conduction. Then, impurity 
atoms play a role of scatterers. 

(2) Low impurity concentration: When the 
concentration of impurity atoms becomes smal- 
ler, impurity levels are separated from the 
conduction band. Our problem is how to treat 


the transport phenomena in this impurity level. 
In the range (2), we treat the case that the 
energy width of impurity band is determined 
mainly by the resonance energy between ato- 
mic wave functions localized in different im- 
purity atoms. 

We treated these cases in [1], and here we 
treat the third case, that is: 

(3) Very low impurity concentration: When 
the concentration of impurity atoms becomes 
very small, the fluctuation of local potential 
energy becomes much larger than the reso- 
nance energy which corresponds to the trans- 
lational energy. Thus the localized state be- 
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longing to a particular impurity atom becomes 
stable, and transport phenomena hardly occur 
if we consider only the freedom of electron 
system. In this situation, the interaction of 
eelctron with phonon system becomes import- 
ant because electron is possible to walk about 
the whole crystal by hopping from one lo- 
calized state to the other, exchanging the dif- 
ference of the local potential energy for pho- 
non system. 

To perform the calculation practically in Ge 
and Si, we must consider the complex effects 
of band structures in both n-and p-type. In 
n-type Ge and Si, the conduction band has 
many valley structure and as many degenerate 
states as a number of valleys exist. In p- 
type, the valence hand is constructed by three 
degenerated bands. By the effects of spin- 
orbital interaction, these degeneracy are re- 
leased partly and the band structure becomes 
such that: two bands with different effective 
masses are degenerated at k=O, and the other 
one band has lower energy than these two 
bands at k=O in order of spin-orbital interac- 
tion energy. Localized states composed by 
these bands are fairly complicated and con- 
sidered in §2. In §3, we treat the effect of 
electron-phonon interaction. In §4 the me- 
chanism of conduction is discussed, and in § 5 
the comparison with experimental results is 
done. 


§2. Localized State of Ge and Si 


At first, we treat electronic states trapped 
by a particular impurity atom when the effects 
of the other impurity atoms are negligibly 
small. 

We begin with n-type. When there is no 
impurity atom, wave functions of electron can 
be expressed by Bloch function 

dr) = e!*Ux( 1) 
We can rewrite it as a following form 
Pur) =e Ux, (1r) Cz) 
Un) =e'* UK, +4, (1) (3) 
where Ki is the wave vector of the state cor- 
responding to the bottom of 7-th valley, and 
ki means the wave vector measured from the 
bottom of i-th valley. 

The potential of impurity atom may be 

written in a form 


(1) 


(4) 
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where ris measured from the center of the 
impurity atom, and & is dielectric constant. 
Then, if ki dependence of Uy,+«, is negligible, 
ls state composed by the i-th valley may be 
approximated by the following form as shown 
by Kittel-Mitchell”. 


¢1s,i(P) 
/ 
=(e 0) “exp [—{atx?+b2(y*-+29)}"9/ro] 
710 
x eKiry,(r) , (5) 
where 
2 
fisset og (6) 
me 


and parameters are given in Ge and Si as 
follows 


Ge Si 
f= 16 1, 
a= 0.135 0.216 (7) 
b= 0.017 0.073 


In rigorous sense, however, ¢is,i is not or- 
thogonal to ¢is,; when 7 and j represent dif- 
ferent valleys. In Ge and Si, however, as 
shown by Kittel-Mitchell, Kijro/a or b (where 
Ki;=Ki—K;) is sufficiently larger than 1, and 
we can consider in fairly good approximation 
that {gis,:} are nearly orthogonalized each 
other. On the other hand, Vij=<¢is,i| Vigis,5> 
remains in lower order than <¢is,i|@is,;> with 
respect to a/Ki;ro and we can not neglect this 
effect. From this effect, wave functions of 
ls states may be approximated by the linear 
combinations of ¢g1s,; with same weight, that 
is, 

digit seen vCR (8) 

’ V no r J Pis,j > 

where |C;'| is constant, and mo is the number 
of valleys. The degeneracy of energy spec- 
trum is also released. Energy splitting by 
this effect may be of the order of Vi;.. To 
estimate the order of Vi;, we use the isotro- 
pic effective mass m*=(m.m;?)/3, where m; 
and m: are respectively longitudinal and trans- 


versal effective masses, and further assume | 


that ls ux(rux,rdr=1. Then a and dare | 
9 


replaced by m*/m and Vi; becomes 


e 
Vi= 


~ €oro*[1+ (Kijro*/2)?] ” (9) 


where 
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(10) 


ro* =e : 
For example, in Ge, if we take Ki; as the 
principal wave vector in the direction of [1, 
1, 1], Vij becomes 0.2«, and nearly the same 
order in Si, too. Fluctuations of local poten- 
tial energy are more than 10« in Fritzsche’s 
samples® as shown in Table I, and thus we 
may neglect, in the following consideration, 
the effect of energy splitting of ls states com- 
pared with the local fluctuation energy. 
When the overlapping of 1s wave functions 
locating at the nearest nighbour impurity 
atoms becomes large, the wave function which 
makes the overlapping most effective becomes 
stable. In this case, Eq. (8) are not applicable. 
In p-type Ge and Si, it is very difficult to 
calculate 1s state theoretically due to the de- 
generated band structure. Experimentary, 
however, ionization energys of electron in im- 
purity level were observed, that is, 0.0le.v. 
in p-type Ge and 0.05e.v. in p-type Si. If we 
assume that in this case, too, a hydrogen like 
wave function is applicable and effective mass 
is considered as isotropic, m*/m becomes 0.19 
in Ge and 0.53 in Si. In §5, we compace 
these values with that obtained as to satisfy 
the experimental results of mobility of p-type 
Ge and Si. 


§3. Electron-Phonon Interaction 


In the preceding section, we considered ls 
states where only one impurity atom exists. 
When there exist more than one impurity 
atoms, mixing of ls wave functions localizing 
at different impurity atoms occurs even if we 
do not consider the effect of electron-phonon 


M,2= [vi—vat{(v1— v2)? +4(v1— 2) JL+- 4 LE? 7)/2L 5 
L=<¢1| V2tvlb2>—<dil VatvlorJ 


J= Hilda , 
vi=<Pilv|Po> , 


and we took that v1 < vz. 
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interaction, because these ls wave functions 
are not orthogonalized. At first, we consider 
this mixing effect by choosing only two nearest 
neighbours impurity atoms, because in this 
paper we treat only the case that in average © 
the difference of local potential energy at two 
impurity atoms is much larger than the reso- 
nance energy between ls wave functions lo- 
calized in these impurity atoms induced by 
non-orthogonality of these wave functions, and 
thus the ratio of the mixing is small and we 
can regard each electron to be trapped ap- 
proximately in each impurity atom. 

When there are two impurity atoms _ locat- 
ing in position Ri and Re, the real wave func- 
tion ” may be approximated by the linear 
combination of ls wave functions ¢1 and ¢2 
localized respectively in impurity atoms of 
position Ri and Re 


F=criditcar. (11) 
Hamiltonian of this system is written as 
H= Ho+ Villr—Ril)+ Va(lr—Rel)+v(7), (12) 


where Hy is the Hamiltonian with periodic 
potential, Vi and V2 mean respectively the 
potentials of impurity atoms at positions Ri 
and R:z, and v(7) is potential energy changing 
very slowly in space mainly induced by mi- 
nority impurity atoms. ci and cz are deter- 
mined by variation principle, and we obtain 
the wave functions of ground state ¥1 and 
excited state Y%2 as 


Y= xiditda/(1t 2x1J+ x17)? 
Vg =Xahitpe/(1+2%2 J+ x2?)!/2 


(13) 
(14) 


where 


(15) 
(16) 
(17) 
(18) 


When a perturbation H’ is added, the transition matrix element VY |H’|\W2> is given from 


Eqs. (13) and (14) by 


CY |H’|\¥ a= 


where 


X1X0H1 + He! + (x14 %2) A’ (19) 
(142 Jer x12) 2142 Jun x27)/? ’ 
i=1, 2, (20) 


Ai =il HH |hr) » 
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Aye! =(hil'|P2) , (21) 


and further using the assumption that v2> 1, |xi1|S>1>|x2| which corresponds to the assump- 
tion that the local fluctuation energy |v.—vi| is much larger than the resonance energy L, 
Eq. (19) is approximated by 


CUAL Wad (Hil + Ha!) JH! 


ig 7 
ETE (1 Valda)y—Cal Valid J+iloldad— If (22) 

As to replace H’ for usual electron-phonon interaction, however, it remains a complicated 
problem. In usual electron-phonon interaction, the motion of electron is more rapid than that 
of ion, and thus we can use adiabatic approximation for the motion of electron. In our hop- 
ping model of impurity conduction, however, the time of hopping becomes rather larger than 
the periodic time of the motion of lattice, and the hopping of electron from one localized 
state to the other accompanies the motion of the deformation of lattice. This effect is in- 
teresting problem in itself and may be important also in other phenomena. In this paper, 
however, we adopt the zeroth approximation to neglect the effect of deformation of lattice, 
and discussion about this problem should be given in an other paper. 

As to H’, we use here the form of deformation potential proposed by Bardeen-Shockley”. 


H= Hes => Dge'VEq ’ (23) 
q 
where D is the coupling constant of electron-phonon interaction and €&_ means the coordinate 


of accoustical phonon of longitudinal mode with wave vector g, and the matrix element of 
Eq is 


(24) 


<Nal&q*|Nqg—D=<Nq—11Eq|Na> =( os ya 


2MwqN. 


where M is the mass of each lattice point, N is the number density of lattice point, and aq 
is the angular velocity of phonon with wave vector g. Optical mode is not important in re- 
gion of impurity conduction. In Eq. (22), the third term may, in general, be considered as 
smaller than the first term, and the second term is also smaller than the first term due to 
the oscillation term e2” of Eq. (23). From the above consideration, we adopt only the first 
term hereafter, and the square of the matrix element becomes 

1 DAs 


P| He Wa)? = | Wald) = 


Ji22(1—cos q Riz) (25) 


where 41, is the energy difference between two states, ¥1 and Ws, and nearly equals to 
[vz—vil, S is the velocity of the longitudinal phonon and the wave vector gq is determined by 
the condition of energy balance 


hqu= Ai. (26) 


In samples we refer, 4iz is nearly the order of 10” and then @Ri becomes the order of 10 
and thus the term cosqRy cancels out each other in average. Ji is the overlapping integral, 
KXdild2>|, and written in p-type Ge and Si as 


_ Rv Ris 1 / Riu \? 
exp ( ro* ye ro* ee) } 


when the ground state wavezfunction of p-type impurity level is represented by the hydrogen 
like 1s function with isotropic effective mass m*. In n-type Ge and Si, if we write the ground 


Jnu= 


(27) 
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state wave function by the type of Eq. (8), we obtain the following form using the approxi- 
mation that wave functions of different valleys are nearly orthogonal, and the energy splitt- 
ing of states {¢1s,.} is negligible, 


i P ; 
Jat= = SE. cv'ee'ors( Rin Ra) P= EK ors, R) re (Ra)>I? (28) 
No % 


by the relation between the coefficients c;' 


> cies’ =Nod4; . (29) 


Eq. (28) is also applicable when ls state is not written by Eq. (8) but single valley wave 


function (5). Using Eq. (5) 
enh (-*=" )qut Riz"* = it: ae )} 2 
Yo Yo 3 Yo 


12°*=[(AR jpg) +OR ie, y)? + ORig, 2)? (31) 


, (30) 


where 


and Ri, etc. are measured by the coordinate of i-th valley. Or, we may replace summation 
by valley, 2 in Eq. (30) by integration by the direction of Rw. Then Jiz becomes 


Jie [ax = {—2ba(+(e—Dx)} 1 +bd(+4(2— aay CE +e—Dx | (32) 


where d=R1:/70, and t=a/b, and when d is fairly larger than unity, /iz is approximated by 


ata bro i bRis yi bRis 1 ee 4, : 
oe p( Yo ¥ Yo ES 3\ 1 . 


We neglected here the second order effects (see Appendix I). 


(33) 


§ 4. Mechanisms of Conduction 

In this section, we consider the mechanisms of conduction. Our model adopted in this 
section is such that: Fluctuation of local potential energy is much larger than resonance 
energy and localized state of electron trapped by a particular impurity atom is nearly stable 
if we do not consider electron-phonon interaction. By electron-phonon interaction, electron 
can hop from one localized state to the other emitting or absorping a phonon. We consider 
that initially there is no external electric field and then the system is in thermal equilibrium. 
Then the distribution function f,, which means the probability to find a electron in the loca- 
lized state belonging to the impurity atom locating at Rn, is represented approximately by 
Fermi distribution function f (En), 


F(En)\=[expEnt1}?, En= Ear ¢ : (34) 


where E, is the energy of the state Y, and we may approximate it by the local potential 
energy Un as in Eq. (18). € is the chemical potential and given by 


> F (En) = Nimai—Nmin (34) 


When external electric field F is applied on the system, the probability of hopping to the 
direction of electric field increases, and the electric current begins to flow in the direction of 
electric field. In steady state, the distribution function f, should satisfy the following condi- 


tion 
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Ot h N@) 
x O(En—Em—eFXnmthwq)=0 (35) 
where |Wam(q)|? is the constant of transition probability and given by Eq. (25). Mq) is the 


distribution function of phonon with wave vector q given by Eq. (26) and upper or lower 
part is taken corresponding to En = Em. Here we assume that the phonon system is always 
in thermal equilibrium, and thus N(q) is given by 


eit 
Ni@)=| exp Sa! —1| 


When the distribution function in steady state is obtained by Eq. (35), the electric current 
Jx in steady state is given by 


(36) 


Junot pp] Wan(a)l*Xomd Sal—Fo] ane 2 ifr sie ari haa ‘} 


x O(Em—EnteFXnmthwg) . (38) 


It is very difficult to solve the Eq. (35) rigorously due to the random distribution of im- 
purity atom. For this reason, we use in following some simplified model and calculate it in 


some extreme cases. 


At first, we consider the case that fn is replaced approximately by /f(&n). 
assumption, we replace fn in Eq. (35) by f(&n). 


to external field, 


To examine this 
Then, using the linear theory with respect 


CB) =F LE Wonlar sens eng =| * |oEn—Eewsthioy) 
Sex eFN | Weam@)|?4nm?Xnm 


heT(kO)5 2 (e&m + 1)(e-®m+1)e®m-Fn—]| * 


As is easily seen from Eq. (39), if the dis- 
tribution of impurity atoms and the local po- 
tential energy are symmetric with respect to 
the point Rn, (Of /0t)con becomes zero, namely, 
F (En) represents the distribution function of 
steady state. In case (I) of Fig. 1, that is, 
when Nmaj is not so larger than Nmin, the 
situation of the surrounding of any point Rn 
may be regarded as nearly at random, and 
in average the distribution of impurity atoms 
and the local potential may be considered as 


<e ae | 
Xe 
6 ° ° ROE os 
(S) i ° ° Re S) 
aed Ve a . ° 
; r > , 
or Oo oT. Hiei 
a o ° / mie SS 
e) of bs a ae ae 7 
me 
case! casel 
Fig. 1. 


© means the position of minority impurity atom 
© means the position of majority impurity atom 
-- means the direction of current flow 


(39) 


symmetrical distribution in not a so bad ap- 
proximation. Therefore, we may replace fn 
by #(&) in case (I). 

In case (ID) of Fig. 1, that is, when Nmaj is 
much larger than Nmin, the approximation to 
replace fn by f(&:) becomes not so good. In 
this case, it may be more convenient to con- 
sider the impurity atoms by deviding into the 
molecules as is represented by dotted line in 
Fig. 1. Each molecule has one minority im- 
purity atom, in the center, and in average 
contains one hole which suffers atractive 
Coulomb force to the direction of the minority 
impurity atom at center (hereafter, we con- 
sider the case of n-type. In p-type, too, the 
situation is just same as that of n-type when 
we exchange the role of electron for hole.). 
At first, let us look at the points Ri and Rz 
near by ‘the centered minority impurity atom 
as in Fig. 1. In the point Ri, we may say 
that EL; = E, corresponding to Xi Xn com- 
paring to the point Rn near by Ri. If the 
space distribution of majority impurity atoms 
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is considered as nearly symmetrical with re- 
spect to Ri, (Ofx,/Ot\con becomes negative, 
that is, the probability to find a electron in 
the localized state belonging ito the impurity 
atom at Ri decreases. In the position Re, the 
situation is reversible and (0fx,/0t)con becomes 
positive. The above situation becomes weak 
at point Rs near by the surface of the mole- 
cule, and here the distribution function fr, 
may be replaced by f(&) in a fairly good ap- 
proximation. Thus, we may say that each 
molecule suffers polarization by the existence 
of the external field in near neighbours of the 
minority impurity atom, and the electrical 
current occurs by transition of hole from one 
molecule to the other. Therefore we calcu- 
late the electrical conductivity in the case (II) 
by using a following model: The electrical 
current in steady state is determined mainly 
by the transition of hole from a state localized 
at a majority impurity atom locating near by 
surface of a certain molecule to that of an- 
other molecule, and the distribution function 
fr, near neighbour of the surface of the mole- 
cule is replaced by f(E&n). 

In the following, we calculate the electrical 
conductivity in case (I) and (IJ) more qualita- 
tively. é 

Case (I). Nmaj is not so larger than Nmin, 
and fn is replaced by /(&n). 

Eq. (38) becomes 


6zN 

h({cO)eeT 
| Wnlq)|?4am*Xnm? 
Sy 2 : 
Cam) (€®n-+1)(1+e-m) |e &m-®n —]| 

To calculate Eq. (40) more qualitatively, we 
use further the following approximation. As 
is seen from Eq. (25), Wnm(qg) decreases rapidly 
when Rnm becomes larger, because it contains 
the overlapping integral Jnm. Therefore, it is 
sufficient to consider only the terms with 
small value of Ram in the summation with 
respect to Rum. However, it may be given a 
non sense result to consider only nearest neigh- 
bour impurity atom, because this current gives 


J<e=@F 


(40) 


o © 


Fig. 2. 


= means the polarization current 
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merely a polarization current as is seen from 
Fig. 2, and should vanish in the true distri- 
tion function of steady state. Therefore we 
must consider at least until next nearest neigh- 
bours impurity atom in the summation with 
respect to Rnm. Further, we define dasa 
mean distance between these next nearest 
neighbours impurity atoms, and replace Rum 
by d. Here, we determine the value of d by 


2 -1/2 
d(C Ne) 


which corresponds to the condition that when 
each impurity atom has average volume 
Nya We can find two other impurity atoms 
when we draw a sphere of radius d with the 
center on the given impurity atom (see Ap- 


(41) 


pendix IIT). Then we can rewrite Eq. (40) as 

DTN A? Per 

=—p2 aL eee, 
we oh ovat |_.f OMe 
ia "| WalA)|?4? 

G(E, 4)d4 
a aoe (eh Brea 
(42) 

where 


and F(E)dE is the number of majority im- 
purity atom with local potential energy of 
value between FE and E+dE, and G(E, 4)d4 
means the probability that when the impurity 
atom with the potential energy E is given, 
the other impurity atom with distance d from 
the given impurity atom and the potential 
energy of value between E+4 and E+4+d4 
is observed. Tnese quantities are normalized 
such as 


\ FUR )GE= Nona (44) 


a GUE, dd4=1 (45) 


Next, we calculate F(£) and G(E, 4), using 
the following simplified model. 

[Calculation of F(Z )]. Now we consider a 
sphere of volume 20 with center on a given 
minority impurity atom. Average volume of 
2) is Nz\, and it is assumed that in each 
sphere, there is one hole in average and the 
potential energy within this sphere is deter- 
mined by Coulomb field of the minority im- 
purity atom at the center and effects from the 
other spheres are canceled out in average be- 
cause they are neutral in average. As the 
distribution of majority impurity atoms is as- 
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sumed as uniform, the probability to find ma- 
jority impurity atom in the distance between 
y and r+dr from the centered minority im- 
purity atom is proportional to 7dr. - As 
Coulomb field is proportional to —1/r, F(E)dE 
is proportional to dE/E*. On the other hand, 
from the normalization condition, the relation 


=3 
F(E \VdE=Nein (46) 
exists, and thus F(£) becomes 
F(E)= Nein 3° (47) 
min E3 
where € is determined by 
e?( Ar ua e? 
=—(——N,aj) = 48 
¢ =( 3 = i) €0d maj ( ) 


The upper limit Eo of impurity band is deter- 
mined by the normalization condition (44) and 
Eo becomes 


e?( Ar ne e 
Ep=—| —— Nani a 49 
: ah 3 min) Cndmin ( 
In the temperature range where impurity 


conduction is important, € is much larger 
than «T for almost samples we consider. In 
this case, we can write 
3.Nmin- 
C 
[Calculation of G(E, 4)]. Calculation of 
G(E, 4) is more difficult than that of F(E), 
because in former calculation inter molecular 
transition is important. In a rough approxi- 
mation, & may be replaced by € as mentioned 
above, and when 4 becomes negative G(E, 4) 
may be small and thus replaced zero in this 
range. When 4 is positive, however, we may 
say approximately that G(f, 4) does not de- 
pend on 4, corresponding to the assumption 
to replace fn by f(€n). Thus from the nor- 
malization condition (45) we can write that 


G(¢, 4)=(€—Ho).. when. 0<( 4<0 €—o 
=0 (51) 


Using Eqs. (50) and (51), we can obtain Jx 
as 


ey = (50) 


otherwise 


ieee a ; @@Dk@ 
Jx=@7F 9 Nmin gee (€ — Eo) 
tM rot (See 
x(4) J #( = ys (52) 
where 
ok, tas yrdy 
in =| accom" (53) 
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As a condition of applicability of Eq. (52), 
we may say roughly such that; electron can 
transfer from one atomic state with energy € 
localizing at an majority impurity atom be- 
longing to a certain sphere to another atomic 
state with energy € localizing at an majority 


2 dmin 


Fig. 3. 


impurity atom belonging to another sphere. 
As seen from Fig. 3, the above condition is 
written by 
Nai aS A 
pl! 8 1+ 2Q-2/3)3 = 5 
N.. Sk ) 


min 


(54) 


Case (II). Nmaj is much larger than Nmin, 
and it is convenient to devide the impurity 
atoms into molecules. 

From the above consideration, we calculate 
the conductivity by the model that the steady 
current is determined by the inter-molecular 
transitions, and in this process, the majority 
impurity atoms locating within distance d from 
the surface of each molecule is important. 

Concerning to F(E), we can use Eq. (47) 
also in this case. Further, if the condition, 
€, Eo>«T, is satisfied, we can replace E by 
Eo, and thus /(£) becomes as 


a) 36 
F(E) = F (Eo)= =—Nnin (55) 
Et 
The range of the integration by E is defined 


by, 2 4? es iia where BY is defined 
BE 
by 


E’=eJ/Eod . (56) 
On the other hand, the determination of 
G(E, 4) is fairly complicated. However, here, 


we assume it as constant for simplicity. Then 
G(E, 4) becomes 


EE’ —Eo 
G(E, 4)=———. 
Eira , 
and the range of the integration by 4 is de- 
fined by 0 < 4 < Eo/E—Eb. 
From the above consideration, Jx is written 
by 


Ju=eF 2 Nin 


(57) 


PD COCE — Ey ry y Te 
hMu2E 0° Cy ia 


xexp (BENE =BI=0),, ( 


Ey? 
ae 
(58) 
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where in the above calculation is larger than the 
| say Eg Fermi energy —€, as is shown in Fig. 4. 
Oe Ns i (59) This condition is written by 


d\3 Nag Nein > Csk21/8)8 =21185 (61) 

r=1-(1- # Ee ) (60) The range 5< Nmaj/Nmin< 11.5 is not co- 

” vered by the above cases. However, we can 

obtain a knowledge of this range by the ex- 
trapolation from the both sides. 


The facror y is multiplied to extend the sur- 
face current to the total current. 

The range where Eq. (58) is applicable may 
be determined by the condition that the po- §5- Comparison with Experimental Results 


tential energy of the surface range considered In this section, our results obtained in the 
preceding section are compared with the ex- 
\/ perimental results made by Fritze® for several 


@dnaj_,_d ; d__ dimaj samples of n- and p-type Germanium. The 
sec results are shown in Table I. 
Amin The first three samples are Sb-doped n-type 


Ge, and the next three are In-doped and the 
Fig. 4. last three are Ga-doped p-type Ge. These 


Table I. Theoretical and experimental results of both n- and p-type Germanium. 


Samples | Sb-15-1 Sb-19-1 | Sb-19-3 In-1 In-2 In-5 Ga-3 Ga-4-1 | Ga-4-4 
Nmin cc“! | 4.7x10"% | 2.8x10%/| 2.6x1018|-3.1x10"| 1.4x10% | 3.3x101| 1.410" |1.5x 1015 |7.0 x 10% 
Nymaj cc-1 | 6.9x10% | 3.4x10!8| 1.2x1017 | 9.3x10"%| 3.0x1015| 1.3x1017| 4.410% |2.1 x 1016 |7.3 x 1018 
Nmaj/Nmin 15 12 4.6 2 2 4 44 14 10 
d cm | 4.1x10-§ 2.4x10-% 1.6x10-§ 8.0x10-§ 5.4x10-91.54x10-§ 4.8 10-%2.8 x 10-81.9x10-§ 
Je 3.4x10-41.65 x 10-2) 8.6x10-% 1x10-51.26x10-3 4.1 10-1) 3.6x10-38.410-22.8x10-1 
G6 IK 32 54.5 83 16.4 24.3 85.5 27.5 46.7 70.5 
Eig °K 13 23 a, 50 11.4 18.8 54 bob 1922 Ogee 
se*P 2 2x 105 8 x 10? 2x10-1 1.3107 3 x 104 3 3x10 |1.5x 104 3.5 
pe? /pgexP 50 25 1.5 4 6 5 57 30 16 
patheo oO 4.5 x 104 5x10? | 2.5x102 | 1.4107 3x 104 8.5 1.2x105 3.3102 | 3x10! 
Pztheo/pytheo 30 28 14,5 Zo 3 14.4 139 65 16 
pstheo* 0.8x10-2 0.7x10-2 1x10-2 


* To evaluate the value of Eq. (79) in [I], we assume that V= 2 and ap=d. 


three samples of each kind of impurity atom results except the samples of highest impurity 
are chosen to contain the minority impurity concentration. Especially, we must consider 
atom of the concentration about 104, 10° and_ the fact that the overlapping integral depends 
10'*cc-1, or the majority impurity atom of sensitively on the values of m* and d, and 
the concentration about 10%, 10!* and 10'7cc-!. thus if d varies with the change of tempera- 
The ratio of Nmaj and Nmin runs from 2 to tures, the temperature dependence of the re- 
44. As mentioned in §2, the effective mass sistivity changes fairly markedly. 
m* of p-type Ge or Si is not determined in the In samples of highest impurity concentra- 
localized impurity level state, and in Table I tion, that is Sb-19-3 and In-5, the overlapping 
we take m*/m as 0.1 in order to get a good integrals are nearly the order of unity, and 
agreement with the experimental results. This thus the model adoped in this paper is not 
value of m*/m may be not so unreasonable. applicable. These samples are considered 
Not with standing of our rough approxima- rather to belong to the range 2) in § 1 already 
tion, both in the absolute value and the tem- considered in the preceding paper [I]. In 
perature dependence of resistivity, we get a fact, as seen from [I], if the conduction me- 
fairly good agreement with the experimental chanism of the range 2) is dominant, the re- 
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sistivity does not depend on temperature in 
the temperature range of impurity conduction, 
and it is rather satisfactory with the experi- 
mental results as shown in Table I. In the 
absolute values of the resistivity, too, the 
theoretical values calculated using the Eq. (79) 
of [I] is rather satisfactory with experimental 
results as shown in the last line of Table I. 
In the sample Ga-4-4, too, the overlapping 
integral is nearly the same ordes as that of 
Sb-19-5. Nevertheless, the experimental re- 
sults show that in Ga-4-4 our model adopted 
in this paper is applicable in fairly good ap- 
proximation rather than that of the range 2). 
This situation seems to cause from the fact 
that the ratio Nmaj/Nmin is fairly large in Ga- 
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4-4, because the larger the ratio Nmaj/Nmin 
becomes, the more stable our model of mole- 
cular system becomes. Thus, our model is 
applicable until higher concentration of im- 
purity atom in order that the fluctuation of 
the local potential energy, that is €—Eo, be- 
comes larger. 

In Si and the other substances, for example 
InSb, too, the theoretical calculations are per- 
formable. However, in these substances, the 
detailed experimental results such as Fritzsch’s 
in Ge are not performed, and further the some 
parameters are lacking. Therefore, the de- 
tailed comparison with experimental results are 
not given in this paper. 


Appendix I 
We assume here that the Hamiltonian of electron-phonon interaction is written as 


h 


1/2 
ie of ) ee QP? Crago DRnay* an Ag t+ A-q*) +e ORnan*ax(A_-qt+Aq*)} (AID) 


2MNu 


where D means the coupling constant, ax*, @, and dn*, dn mean respectively criation and ani- 
hilation operators of the electronic state ~, of the conduction band and the localized state 
isn and Ag*, Aq mean respectively criation and anihilation operators of phonon with wave 
vector q of longitudinal mode. Cy, is the Fourie component of the state duis, that is 


Ch= | duot(retua(a dr . (AI.1) 


{dx%, Yis,n} compose a orthogonal set and ¢; is nearly represented by the Bloch function. 
Electron can make a hopping from a localized state ¢is,n to ¢isym by using the conduction 
state ~, as the intermediate state. This process is represented by the second order perturba- 
tion of He» such as 
Hep =(D*h/2MNu) >: >: py D1 Di (4192)? CpgyCnsg,e HIRI) Ream * ain 
qm FW 


nm 


x {anan*( Ago + Aqy*)(Agqy/(Ex—En—hor) + A-a,/(Ex—En+hor)) 


a an* ar Aq Fe A-q,*)(A-qq/(En— Em a8 hws) ath Ag,*/(Ex— En—- hw.))} . (AI.3) 


This mechanism represents essentially a Raman Process, and not important in very low 
temperatures where the impurity conduction is important. The only important term amongst 
this process comes from the term qi=q:. We consider for simplicity the absolute zero tem- 
perature, then this term becomes 


2 
sy Cea]? exp — (AI.4) 


DR SS an*a {5 
2MNun m= = (a Ex —Ent+hogq 


In the denominator, we can neglect hw, be- 
cause it is always finitely positive. Further 
we can replace g approximately by k because 
in the summation of qg, the main contribution 
comes from the terms in which k+q is nearly 
zero, Then the summation by q is performed 


easily and gives the overlapping integral be- 
tween the localized states ¢isjn and dis,m that 
is Jum. The summation by k is also perform- 
able and the above term is written approxi- 
mately by 
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(AL.5) 


where Ey means the energy width of the con- 
sidering band, and q is the Debye cut off 
wave vector. This term gives the correction 
of the overlapping integral Jnm and the cor- 
recting factor is nearly given by 
3D*hqo 
8E.4Mu ’ 
where 4 is the ionization energy of the im- 


purity state dis,n. In Ge, this correction fac- 
tor is the order of 107}. 


(AI.6) 


Appendix II 
We consider the system where the identical 
particles of N numbers are contained per unit 
volume, and the probability to find a particle 
ina volume v is proportional to v. Then the 
probability to find m-particles in a fixed volume 
v is given by 


Wo=( \d—ay—" 
n 
As easily seen, W, satisfies the condition 


N 
> Wa=1 (AII.2) 
n=v0 
When the conditions, v<1,7< Nand vn <1 
are satisfied, Wn is approximated by 


Wr= N® prev —-n) Fe ‘ 
n!\ 


(AII.1) 


(AII.3) 


Kte-% 
where 
x=Nov (AII.4) 
Therefore, the probability to find more than 
two particles in a fixed volume v is given by 
W2=1—Wo—Wi=1—(1+x)e* ~=(ATI.5) 
For example, if we put x=2, Ws: becomes 
0.61. 

Next, we obtain the other probability, that 
is, the probability to find m particles in volume 
v and 6n particles in a different volume dv, 
where dv is a arbitrary small volume. It is 
written by 
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N 


W,5” = ( 
n 


n N-n Cy ey Wee N-n-8n" 
) on( As ao io) 


‘ eer( ATL:6) 


or using the above mentioned conditions, and 
in limit of dv— 0, 


Nin 
= 0) OY) 
Wg on! i 
For example, if we put du=1, and replace v 
and dv respectively by (47/3)r3 and 4zr*dr as 


shown in Fig. Al, the probability to find 


(AII.7) 


r f 
n particles 
n+i-th particle 


Fig. 5. 


(n+1)-th neighbours particle in distance r~r 
+dr from a given center is written by 


(AII.8) 


Mee” 
W2"=4xNr? rT dr, 


and the average of 7* of (v+1)-th neighbour’s 
particle is 


ca wer 
(r= tn yet 
0 


x 
dr 
n! 


(AII.9) 


=atl'(n +o41 \/n' (AII.10) 


where 
Fa =N> , (AIL.11) 
and I(x) is ordinary J’-function. If we put 


n=1 and t=3, rv* average of next nearest 
neighbour becomes <¢723>=2a* or x=2. 
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Magnetic Property and Crystal Chemistry of Ilmenite 
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Magnetic properties of synthesized solid solutions of ilmenite (MgTiOs, 
MnTiO;3, FeTiO3, CoTiO3 and NiTiO3) and hematite (aFe,O3) are investi- 
gated and it was confirmed that those of any ilmenite-hematite series can 
be divided into three parts: i) pure ilmenite, ii) solid solutions with 


R3 crystal symmetry and iii) those with R3c crystal symmetry. Pure 
ilmenites are antiferromagnetics having their Néel temperature below 
80°K except MgTiO3, the Néel temperature of MnTiO;3 being determined 


to be 41°K. The solid solutions with R3 symmetry are ferrimagnetic 
except MgTiO; series which is paramagnetic. Ferrimagnetism in FeTiO;, 
CoTiO3 and NiTiO3 series is due to the same mechanism, while that in 


MnTiO3; series to the different one. The solid solutions with R3c sym- 
metry are again antiferromagnetics on which feeble ferromagnetism is 
superimposed. 

Through the analysis of magnetic properties of ferrimagnetic speci- 
mens, the sign of superexchange interaction with the coupling angle 


(4 Me-O-Me) of 90° in the rhombohedral structure was determined. 


§1. Introduction 


In the previous paper we have discussed 
the crystallographic problem in the solid solu- 
tion of ilmenite (MeTiO;) and hematite (aFe,0s;) 
and showed that the miscibility of ilmenite 
and hematite in the solid solution varies 
with different ilmenite-hematite systems. 
That is, FeTiO,; and NiTiO; make the 
solid solution with FeO; in the whole 
range of composition, while in the solid 
solution of hematite and MgTiO;, Mn- 
TiO; or CoTiO3, there exists inmiscible 
range of composition. It has also been esta- 
blished that, in any cases, the solid solutions 
on the ilmenite side and hematite side have 


different crystal symmetries, i.e. R3 and R3c 
respectively. 

In this paper we shall discuss the magne- 
tic properties of these solid solution systems. 
As we reported in previous paper of the 
solid solution of FeTiO; and Fe.032) magne- 
tic properties of the solid solutions are greatly 
correlated with their crystal symmetry and 
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can be divided into three parts; i) antiferro- 
magnetism of pure ilmenite, ii) ferrimagne- 


tism of specimens with R3 symmetry and iii) 


antiferromagnetism for specimens with R3c 
symmetry on which parasitic ferromagnetism 
is superimposed. 

The investigations of magnetic properties 
in the solid solution have different significan- 
ces for these three parts, which are discussed 
separately in the following. 

i) Pure ilmenite, which we shall use as a 
generalized name of substances with the il- 
menite structure such as FeTiO;3, NiTiOs, 
MnTiO;, CoTiO; and MgTiO; in this paper is 
found to be antiferromagnetics with their 
Néel temperature below 80°K except MgTiO. 
Antiferromagnetism of FeTiO; was first 
found by Bizette and Tsai® and its antiferro- 
magnetic structure was determined by Shira- 
ne et al. by a neutron diffraction analysis”. 
According to their results, magnetic structure 
of FeTiO; is constructed by two kinds of 
superexchange interactions between magnetic 
ions. One is that in a hexagonal layer of 
which coupling angle ( Me?+-O?--Me?*) is 
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nearly 90° and the other is that between 
magnetic ions on different layers which are 
separated by two oxygen layers. Such inte- 
ractions have formerly been neglected as 
weak ones, but recently much attention has 
come to be paid on. For example, it has 
been reported that in chlorides of transition 
metals or in a zinc ferrite such interac- 
tions as stated now play an important role in 
constructing the magnetic structure. Through 
the investigation of magnetic properties of 
ilmenites, we can obtain some knowledge 
about these interactions in the rhombohedral 
structure. 

ii) The solid solutions with the crystal 


symmetry R3 are found to be ferrimagnetic 
except MgTiO; series. These ferrimagnetic 
substances are of the rhombohedral structure 
and do not belong to any groups of the ferri- 
magnetic oxides hitherto investigated. This 
ferrimagnetism was first found in the solid 
solution of FeTiO; and Fe203 by Nagata et al. 
in nature”. Since then, detailed investiga- 
tions have been carried out on this solid solu- 
tion series and results are reported in the 
previous papers.» Although we have 
showed in these papers that the ferrimagne- 
tism is interpreted qualitatively by the theory 
proposed by Néel if the proper arrangement 
of cations is assumed, several points are left 
unexplained. Furthermore it has been ex- 
pected that in FeTiO; series the situation 
that Fe?+ ions are unstable at high tempera- 
ture and their orbital moments are left un- 
quenched may complicate the magnetic pro- 
perties of this series. It is, therefore, neces- 
sary for the purpose of understanding the 
ferrimagnetism newly discovered to extend 
our investigation to isomorphic compounds 
such as the solid solution series of CoTiO;- 
Fe.0;, MnTiO;-Fe,O3; and NiTiO;-Fe.0; and 
to distinguish the properties common to all 
the solid solution series from those peculiar 
to each series. 

iii) The solid solutions with the crystal 
symmetry R3c are antiferromagnetics on 
which a feeble ferromagnetism is superimpos- 
ed. It is confirmed that the antiferromagne- 
tism and the feeble ferromagnetism in the 
solid solutions are due to the same origin 
with those in hematite. Although the anti- 
ferromagnetism in hematite is easily under- 


Magnetic Property of Ilmenite (MeTiO;) and Hematite (aF'e,03) 


4299 


stood by its cations arrangement and the 
superexchange interactions between them,10) 
no decisive interpretation has yet been done 
on the feeble ferromagnetism. Besides, the 
change of anisotropy below 260°K in hemati- 
te! is also left unexplained. We have 
showed in the previous paper! that the solid 


solutions with R3c symmetry have entirely 
the same crystal structure as hematite. 
Hence we can substitute Fe*+ ions in hematite 
by other cations such as Mg?+, Mn?*, Co**, 
Fe?+, Ni?* and Ti‘t for the wide range of 
composition without changing its crystal sym- 
metry by preparing the solid solutions of 
hematite and ilmenite with these cations. 
Such a substitution produces a change in the 
magnetic couplings in hematite continuously 
and may throw some light on the above- 
mentioned magnetic properties of hematite. 


A. 


In the following sections magnetic proper- 
ties of the ilmenite and hematite system are 
studied in conformity with the three classi- 
fications mentioned in the introduction. All 
specimens used were prepared in the ceramic 
forms. The methods for preparing them are 
described in the previous paper. 


Experimental Results 


§2. Magnetic Properties of Ilmenite 


The magnetic susceptibilities of ilmenites 
(FeTiOzs, MnTiO;, CoTiO; and NiTiO;) are 
measured with the aid of a magnetic balance. 
It was confirmed that they are paramagnetic 
above 80°K and their magnetic susceptibilities 
obey the Curie-Weiss law %uy=Cu/(T—9) 
above room temperature. The values of @ 
and “yz calculated from Cy are presented in 
Table I. The magnetic susceptibilities below 
80°K was measured for FeTiO; and MnTiO; 
at the Research Institute for Iron, Steel and 
other Metals, T6hoku University* and both 
are found to become antiferromagnetic at low 
temperature. The result for FeTiO; has 
already been reported” and that for MnTiO; 
is shown in Fig. 1. From this figure the 
Néel point of this substance is determined to 
be 41°K. Although measurements have not 
yet been extended below 80°K for other 
ilmenites, we can expect, with sufficient 
plausibility, that other two ilmenites may also 


* The authors are éntirely indebted to Dr. Tsu- 
bokawa for the measurements. 
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Table I. Magnetic properties of ilmenite. 
Substance T,(K) Cwor @ (°K) Mest Y 4S(S+1) Y L(L+1) + 4S(S+1) 
FeTiO; La}5}2 3.92 iN7/ 5.62 4.90 5.50 
NiTiO3 1.30 — 55 3.24 2.87 4.49 
CoTiOs B50) -— 15 Ay 3.87 52k 
MnTiO; 41° AalS —210 5.80 5.92 5.92 


Magnetic Susceptibility (arb scale) 
Ss 


100 (°K) 


20 40 60 80 
Temperature 


Fig. 1. Magnetic susceptibility vs. temperature 
for MnTiO3. 


become antiferromagnetic below 80°K. In 
Table I, it must be noticed that FeTiO; has 
a positive value of 9, while that of MnTiO; 
is negative and very large compared with 
those of other ilmenites. In the table we 
also show the values of “ey; calculated from 
the formulae fesy=V4S(S+1) and feys= 
V L(L+1)+4S(S+1) where L and S are the 
orbital and spin angular momentum quantum 
number respectively. From these values we 
expect that in MnTiO; the orbital moment is 
completely quenched and in NiTiO; and Co- 
TiO; it is left slightly unquenched, while in 
FeTiO; it is left highly unquenched. The 
effective g factor of NiTiO; obtained from a 
measurement of paramagnetic resonance 
absorption is 2.22; which accords well with 
the above situation.* 


§3. Magnetic Properties of Solid Solutions 
with R3 Symmetry 


It has already been reported that the solid 
solutions of FeTiO; and NiTiO; series are 
ferrimagnetic in this range.”»!% In this sec- 


* The measurement was carried out by Mr. 
Shimada in Institute for Solid State Physics, Uni- 
versity of Tokyo. 


tion we show the results for MnTiO; and 
CoTiO; series. 


als 


The intensity of magnetization was measur- 
ed by the same method as that previously 
reported. In Figs. 2 and 3, thermomagnetic 
curves of several specimens MnTiO; and 


Intensity of magnetization 
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Fig. 2. Intesity of magnetization in a field st- 


rength of 8500 Oe. vs. temperature for the 


specimens with R3 symmetry of MnTiO;-Fe,0; 
system. 
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Fig. 3. Intensity of magnetization in a field st- 


rength of 8500 Oe. ws. temperature for the 


specimens with R3 symmetry of CoTiO3;-Fe,0; 
system. 
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CoTiO; series measured down to liquid nitro- 
gen temperature in a field strength of 8500 
Oe. are shown. The specimens of both series 
are found to be ferrimagnetic at low tempera- 


7 Ce.m.u/gr) 
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Fig. 4. Field dependence of magnetization at 80°K 


of the specimens with R3 symmetry of MnTiO;- 
Fe,03 system. 
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Fig. 5. Field dependence of magnetization at 80°K 


of the specimens with R3 symmetry of FeTiO;-, 
NiTiO3- and CoTiO3-Fe,03 systems. 
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ture and the intensity of magnetization in- 
creases linearly with decrease of temperature. 
These situations are quite similar to those 
for NiTiO; and FeTiO; series.2»18) By mak- 
ing the detailed comparison, however, we 
can find the magnetic properties of MnTiQO; 
series are considerably different from those of 
other series. This situation can be better 
understood by comparing Figs. 4 and 5, 
where the field dependence of magnetization 
at 80°K of specimens in the various series is 
given. As these figures show, the characteris- 
tics of the field dependence of MnTiOs; series 
are quite different from those of other series, 
that is, the magnetizations of all specimens 
in MnTiO; series are far from saturation 
under the field strength of 8500 Oe., while for 
other series they are nearly saturated by this 
field strength when the content of ilmenite in 
the solid solution is less than 80 mol. per cent. 
It seems to be more reasonable to suppose 
that such a characteristics of the field depen- 
dence of MnTiO; series may indicate that a 
weak ferromagnetism is superimposed on the 
paramagnetism. In Fig. 6, estimated satu- 
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Fig. 6. Estimated saturation magnetization at 0°K 
vs. composition for MeTiO;-Fe,03 system. The 
solid straight line indicates the theoretical value, 
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ration values of magnetization at 0°K 


of all ilmenite-hematite system with R3 
symmetry are drawn against the composi- 
tion, which are expressed in the unit of the 
reduced Bohr magneton number (s8//me, 
where Uunt+2=09, Lyor2=4, Legor2=3 and LENi2+ 
=2 respectively) for the convenience of com- 
parison. These values are obtained by extra- 
polating the values at 80°K to 0°K by the 
method previously reported.» In the case of 
FeTiO; series only the results for annealed 
specimens are shown. In the figure, the re- 
sults of Bozorth et al. for FeTiO3; series which 
were obtained by the measurements at 1.3°K 
in the field strength of 110000e. are also 
plotted Their results accord fairly well 
with ours except that of 0.8 FeTiO3-0.2 
Fe,0;, for such a composition range our 
method of extrapolation is expected to include 
a considerable error. Although our results 
are only approximate ones and only a few 
data could be obtained for CoTiO; series be- 


cause of the narrowness of the R3 region in 
CoTiO; series, we may safely suppose from 
the figure that the ferrimagnetism in NiTiO; 
and CoTiO; is nearly the same as that in Fe- 
TiO; series, while that in MnTiO; series is 
greatly different. We shall show in the lat- 
er section that such a difference may be at- 
tributed to the situation that MnTiO; has a 
different antiferromagnetic structure from 
other ilmenites. 


3.2. Magnetic susceptibility 


In the previous papers we have reported 
that the magnetic susceptibilities of NiTiO; 
series at high temperatures obey of Curie- 
Weiss law 
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Fig. 7. Reciprocal magnetic susceptibility vs. 
temperature for the specimens of 0.8MnTiO;: 
0.2Fe,03 and 0.8CoTi03-0.2Fe,03. 
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T+9 

and Cy and @ change continuously from those 
of Fe,0O; to those of NiTiO;,! while in the 
case of FeTiO; series the anomalous change 
was observed.» In Fig. 7 the reciprocal of the 
magnetic susceptibilities of 0.8MnTiO;-0.2Fe:03 
and 0.8 CoTiO;-0.2Fe.03 is shown. In both 
cases their modes are similar to those of 
ordinary ferrimagnetics and the Curie constant 
Cx obtained from the straight line part in the 
figure by the least mean square method is 
turned out to be 5.90 for MnTiO; series and 
3.30 for CoTiO; series respectively. It must 
be noticed that in the case of 0.8CoTiO;-0.2 
Fe.0; the value of Cw calculated by assum- 
ing the orbital moment is completely quench- 
ed is 3.16, which may indicate, in reference 
to the result in Table I, that the orbital mo- 
ment which is left unquenched in pure CoTiO; 
is more quenched in the solid solution. The 
same situation may be expected in the solid 
solution of FeTiO; and the decrease in Cy 
in this series may, to some extent, be at- 
tributed to this effect. 


Lu 


Ilmenite- 
Hematite System with R3c Symmetry 


§4. Magnetic Properties of 


All specimens investigated are found to be 
feebly ferromagnetic in this range. The 
thermomagnetic curves measured in a field 
strength of 8500 Oe. of MnTiO; series and 
MgTiOs series are shown in Figs. 8 and 9, 
and the intensity of magnetization at room 
temperature in the field strength of 8500 Oe. 
is plotted against the composition in Fig. 10. 
From this figure, we can find the intensity of 
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Fig. 8. Intensity of magnetization in a field st- 
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magnetization of the feeble ferromagnetism 
decreases linearly with increase in the content 
of MnTiO; from that of the parasitic ferro- 
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Fig. 9. Intensity of magnetization in a field st- 
rength of 8500 Oe. vs. temperature for the 


specimens with R3c symmetry of MgTiO3-Fe,0s 
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Fig. 10. Intensity of magnetization in a field st- 
rength of 8500 Oe. at room temperature vs. 
composition for the specimens with R3c sym- 
metry of MeTiO3-Fe,03 system. 
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of which composition deviates slightly from 
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magnetism in Fe,0O3;. As the parasitic ferro- 
magnetism is greatly affected by the atmos- 
phere under which the specimen is prepared, 
all specimens are prepared in the same 
atmosphere. It must also be noticed in the 
figure that the rate of decrease is the same 
for both MnTiO; and MgTiO; series, which 
indicate that Mn?*, Mg?+ and Ti+ do not 
contribute at all on the feeble ferromagnetism 
and the parasitic ferromagnetism of hematite 
are only diluted by these ions. In Fig. 11, 
we show the intensity of magnetization at 
low temperature of the specimens in MgTiO; 
series, whose composition deviates slightly 
from Fe,03. Here we pay an attention to 
the low temperature transition of the parasi- 
tic ferromagnetism found by Morin. As 
we found in the figure this transition tem- 
perature which is confirmed to exist in pure 
hematite is shifted by about 50°C to the low 
temperature side when only two mol per cent 
of MgTiO; is added to Fe,0O3;. Furthermore 
such a transition almost disappears when the 
content of MgTiO; exceeds 5mol per cent. 
The entirely similar phenomenon is observed 
for MnTiO; series. In the case of FeTiO; 
series the situation is expected to be the same, 
for which we found as was reported in the 
previous paper? that the specimen of 
0.93Fe203;-0.07FeTiO3; does not show any low 
temperature transition above 80°K. 


§5. Summary of Experimental Results on 
Magnetic Properties of Ilmenite-Hema- 
tite System 

In the above sections we have described 
the magnetic properties of the MnTiOs, 
CoTiO; and MgTiO; series. These results, 
together with those of FeTiO; and NiTiO; 
series reported previously, are summarized as 
follows. 

1) All ilmenites except MgTiO; are expect- 
ed to be antiferromagnetics having the Néel 
temperature below 80°K. The magnetic 
structures of CoTiO; and NiTiO; are expected 
to be the same as that of FeTiO; which has 
been determined by the neutron analysis, 
while MnTiO; may have a different structure 
from those of other ilmenites. 

2) The solid solutions of any MeTiO; and 
Fe:O;, xMeTiO;-(1—x)Fe,O; have a remark- 
able characteristic that the magnetic proper- 
ties of the specimens on the ilmenite side 
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are considerably different from those on the 
hematite side. The former is ferrimagnetic 


at low temperature except in the case 
of MgTiO; series which is paramagnetic 
in this region, while the latter is anti- 


ferromagnetic on which the feeble ferro- 
magnetism is superimposed. These charac- 
teristics are correlated with the situa- 
tion that the crystal symmetries of both 
sides in the solid solutions are different with 
each other. The ferrimagnetism occurs only 
in the specimen having the crystal symmetry 


R3, that is only in the specimen where Me?+ 
and Ti‘t ions are arranged in order, while 
the antiferromagnetism in the specimen with 


the crystal symmetry R3c where all cations 
are distributed at random among the lattice 
sites, 

3) Ail ferrimagnetic specimens have a 
common characteristic that the magnetization 
increases almost linearly down to the liquid 
nitrogen temperature with decrease of tem- 
perature, indicating that molecular fields act- 
ing on the magnetic ions in these compounds 
are relatively weak. 

4) The mechanism of occurrence of the 
ferrimagnetism is expected to be the same 
for FeTiO3, CoTiOz; and NiTiO3 series. By 
analyzing the results of FeTiO3; series for 
which the most reliable data have been 
obtained, we can find the mechanism of fer- 
rimagnetism of this group is different in the 
following four regions of composition. 

i) The region where the magnetization is 
very weak and the magnetic structure is ex- 
pected to be antiferromagnetic as a whole on 
which the feeble ferromagnetism is superim- 
posed, which is 1>x>0.95 for FeTiOs; series, 
1>x=0.9 for NiTiO; and CoTiOs; series. 

ii) The region where the magnetization at 
8500 Oe. increases abruptly with the increase 
of the content of hematite in the solid solu- 
tion. The maximum value of magnetization 
in this region is most close to the value cal- 
culated by assuming that all magnetic mo- 
ments on each layer in the compound are 
aligned in the same direction, coupling anti- 
ferromagnetically with those on the adjacent 
layer. This region is 0.95>x>0.8 for FeTiO; 
series, 0.9>x>0.8 for NiTiO; and CoTiO; 
series. 

iii) The region where the saturation value 
of magnetization takes the value lower than 
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the one calculated by adopting the above as- 
sumption, which is 0.8>x*>0.5 for FeTiO; 
series and 0.8>x>0.7 for NiTiO; series. 

iv) The region where the saturation value 
of magnetization decreases sharply to zero 
with the further increase of the content of 
hematite in the solid solution, corresponding 
to the situation that the crystal symmetry 


R3 in which Me?* and Ti‘* ions are orderly 


arranged is changed into the symmetry R3c 
in which all ions are arranged at random, 
which is 0.5>>*>0.45 for FeTiO; series and 
0.7>x>0.6 for NiTiO; series. 

5) On the contrary to the above situation 
the ferrimagnetism in MnTiO; series is caus- 
ed by an origin common to whole composition 
range, which may be classified into i) of the 
above group. That is, the magnetization of 
all specimens of this solid solution series is 
very weak and it is far from saturation in 
the field strength of 8500 Oe. 

6) The magnetization of the ferrimagnetic 
specimen in FeTiO3; series is much affected 
by the heat treatment, while those of other 
solid solution series are not affected at all by 
the heat treatment. 

7) The intensity of magnetization of the 
parasitic ferromagnetism in the antiferro- 
magnetic specimen decreases with the increase 
of the content of MeTiO; in hematite, usually 


attaining to a minimum value for x around 
0.4. 


8) The low temperature transition of the 
parasitic ferromagnetism which is observed at 
260°K for pure hematite is considerably shifted 
to the lower temperature side by addition of a 
small amount of MeTiO; in hematite. This 
transition disappears when the content of 
MeTiO; is increased more than five mol _ per- 
cent in the solid solution. 

9) The magnetic susceptibility of the 
ferrimagnetic specimens in FeTiO; series 
shows a peculiar behavior, that is the value 
of Cx decreases and the value of 9 in y=Cy 
/T—®@ increases in keeping its positive sign 
as the composition changes from x=1 to x 
=0.5. Such a situation could not be observ- 
ed for other solid solution series, that is the 
value of Cy obtained for these solid solution 
series can be interpreted by assuming that 
only spins contribute to the magnetic moment 
and the values of @ are negative for the 
whole range of composition. 
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B. Discussions 


As we have described in detail in the pre- 
vious papers)»») cation sites in the rhombo- 
hedral sesquioxide can be divided into four 
sublattices A1, As, Bi and B, and three types 
of superexchange interaction, Ma, I) and I's 
between magnetic ions on these sites have 
been expected to predominate in the structure. 
The former two are between magnetic ions 
on adjacent layers and the latter between 
ions on the same layer. The coupling angle 
ZMe-O-Me is greater for the former than 
the latter. In order to describe the magnetic 
structure of pure ilmenite, it is more appro- 
priate to divide the sublattices Ai and A, into 
four sublattices A1, As, Ai’ and A,’ as is 
shown in Fig. 12. In the following sections 


axis 


Cc 


Fig. 12. Cation lattice in a rhombohedral sesqui- 
oxide. A- sublattice must be further divided 
into two sublattices, A and A’ in order to desc- 
ribe the antiferromagnetic structure in ilmenite. 


magnetic properties of ilmenite and hematite 
system will be discussed by using these sub- 
lattices and superexchange interactions. 


§6. Antiferromagnetism in Ilmenite 

In ilmenite (MeTiO;) Me?* and Ti‘* ions 
occupy A and B sublattice selectively. As 
Ti‘+ ions have no magnetic moments, the 
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antiferromagnetic arrangement of Me?* ions 
is constructed by two kinds of superexchange 
interactions. One is that between Ai and A, 
or Ai’ and A.’; (/’c) and the other is that 
between Ai or A; and Ai’ or A,’. We can 
easily find that three kinds of antiferromagne- 
tic structure are possible in ilmenite, which 
are as follows; 


(a) Aiths Ast, Ai=, A.’ — 
(b) Ait, Ao—, Ai’ +, Ad’ — 
(c) Ait, As, Ay-, Ad’ + 


where + and — indicate the directions of 
spins on the lattice site. Through the neu- 
tron analysis carried out by Shirane et al. 
the antiferromagnetic structure of FeTiO; 
was determined to be the case (a). The 
spins are directed along c-axis in it. Hence 
we may decide that the sign of the superex- 
change interaction within the layer (I’.) is 
positive in FeTiO;. Although nothing is 
known about the antiferromagnetism in other 
ilmenites we can suppose their configurations 
through the magnetic studies of the solid 
solution. Because, as we state in detail in 
the next section, the structures (a), (b) and 
(c) grant different situations for the magnetic 
property of the solid solutions. We expect 
that NiTiO; and CoTiO; belong to the case 
(a), while MnTiO; to (b). If such an expec- 
tation is correct, we may obtain a knowledge 
about the sign of the superexchange interac- 
tion with the coupling angle 90°, the results 
being indicated in Table II. 


§7. Ferrimagnetism in the Solid Solution 


(a) 1l>x0.45 for FeTiO3 series 


1>x>0.6 for NiTiO3 series 
1>«>0.8 for CoTiO; series 
(by 142037 for MnTiO; series 


In this region the ordering of Me?* and 
Ti‘* established in pure ilmenite is retained. 
Hence Me?+ and Ti‘t ions are expected to oc- 
cupy the A and B sublattices respectively, 
while Fe** ions distribute at random among 
all sublattices. If, then, we assufme that the 
intractions 74 and 7’) are negative and their 
strength is fairly large compared with I, 
the magnetic momets on each layer are orien- 
tated in the same direction, coupling antifer- 
romagnetically between those on the adjacent 
layers. Consequently the saturation magneti- 
zation of the solid solution, «MeTiO;-(1— x): 
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Fe,0; at 0°K is given by 
Is= Ja— Jn =X PM e2+ 

where Jand “me are the magnetization per 
one molecule of the solid solution and that of 
Me?* ions respectively expressed by the num- 
ber of Bohr magnetons. In Fig. 6 of the sec 
tion 3, this value is drawn by a straight solid 
line. As is seen in the figure the estimated 
saturation values of the magnetization of the 
solid solutions deviate considerably from this 
line. As the ferrimagnetism of ilmenite and 
hematite system is divided into two groups, 
(a) FeTiO;, CoTiO; and NiTiO; series and (b) 
MnTiO; series, the deviation from this line 
is discussed separately for these two groups. 

(a) Ferrimagnetism in FeTiO3, CoTiO; 
and NiTiOs3 series 

As the magnetic properties of this group is 
represented by those of FeTiO; series which 
had been discussed in detail in the previous 
paper”, the ferrimagnetism in four regions of 
this group is discussed only qualitatively in 
this section. 

i) When the amount of Fe*+ ions which 
enter into the B sublattice is very small and 
the interaction between cations on the A and 
B sublattices are too weak to destroy the an- 
tiferromagnetic coupling between those on A 
and A’ sublattices, the spin orientations of 
cations which enter into the Bi sublattice are 
opposite to those of cations on the B, sublat- 
tice by the reason stated in (b) of this sec- 
tion. Consequently if Fe*+ ions are distribut- 
ed at random among these two sublattices, 
the resultant spin configurations become 
antiferromagnetic and the difference in the 
occupation number between B and B, sublat- 
tice produces a feeble ferromagnetism. As 
the interaction between the cations on the A 
and A’ sublattices is very weak compared 
with that between the cations on the A and 
B sublattices, the region i) is expected to be 
very narrow if the interaction within the A 
or A’ sublattices, that is 7"., is ferromagnetic. 

ii) When the amount of magnetic ions on 
the B sublattice is increased, the antiferro- 
magnetic coupling between the A and A’ sub- 
lattice is destroyed by the strong interactions 
between A and B or B and A’ sublattices and 
the magnetic moments on both A and A’ sub- 
lattices began to align in the same direction,* 


* see note added. 
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which results in the sharp increase in the 
resultant magnetizations with increase in 
Fe,O; in the solid solution as is seen in Fig. 
6. The magnetization of the specimen of 
0.8FeTiO;-0.2Fe,03 attains nearly to the value 
which is expected when the magnetic mo- 
ments on A and B sublattices are aligned in 
the same direction, coupling antiferromagne- 
tically with one another. 

iii) When the content of Fe** ions in the 
solid solution is further increased the resultant 
magnetization comes to deviate from the 
value expressed by J=x“Me in spite of the 
fact that the interaction between A and B 
sublattices is more increased than that in the 
region ii). This situation can be interpreted 
if we put an assumption that the sign of the 
superexcange interaction with 90° angle I’. 
between Fe?*+ and Fe** is negative. This as- 
sumption does not seem unacceptable, since 
we have expected in the above section that 
the superexchange interaction I’, between Fe?* 
and Fe?+ is positive while between Fe** and 
Fe?+ is negative. Accordingly when the con- 
tent of Fe’+ ions on the A sublattice is in- 
creased, negative superexchange interaction 
is predominant over positive one on the A 
sublattice. On the other hand, more than 
half of B sublattice sites are occupied by non- 
magnetic ions and then the magnetic coupling 
between the A and B sublattices is expected 
to be fairly weak. Such a situation results 
in a non-saturation of magnetization or a 
magnetic coupling at an angle on the A sub- 
lattice as was theoretically treated by Néel!® 
and Yafet and Kittel’ and found by Prince 
in CuCr,O, through the neutron diffraction 
analysis!®. Hence the resultant magnetization 
deviates from the line J/=xume. It has been 
confirmed through the neutron diffraction 
analysis that magnetic moments are aligned 
in the planes perpendicular to c-axis in the 
solid solution of FeTiO; and Fe,0;!. As the 
anisotropy energy within the layer is expect- 
ed to be very weak in the rhombohedral 
oxide,?) the magnetic moments may easi- 
ly rotate in the plane. Such a situation is 
very favourable for the coupling of magnetic 
moments at an angle. 

iv) With the further increase of Fe.0; 
content, the magnetization decreases rather 
sharply, attaining to zero in both FeTiO; and 
NiTiOs; series. This corresponds to the situa- 
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tion that the perfect ordering of Me?* and 
Tit* ions which we assumed in the above 
consideration is difficult to be maintained even 
in an annealed specimen” and the crystal sym- 


metry changes from R3 to R3c gradually in 


this region. As the range of R3 is narrower 
for NiTiO; series than for FeTiO; series, the 
magnetization at 0°K begins to decrease at 
the lower content of Fe.0; for NiTiO; series. 

(b) Ferrimagnetism in MnTiO; series 

The ferrimagnetism of the MnTiO;-Fe,0; 
series is greatly different from that of other 
series. As we can find in Fig. 6 the devia- 
tion of the saturation magnetization of MnTiO; 
series from the value J=5x is so great that 
we can not attribute the mechanism of the 
ferrimagnetism in this series to the same one 
as that of (a) group. 

We have found that such a magnetic pro- 
perty of MnTiO; series can be interpreted 
successfully if we assume that the superex- 
change interaction between Mn ions within a 
layer is negative. Such an assumption was 
expected from the fact that MnTiO; has 
large negative value of 0. 

In order to explain the magnetic properties 
of this series, we consider the molecular field 


he, or hp, which act on a magnetic ion on 
Bi or B, sublattice sites. The A _ sublattice 
must be divided into four sublattices Ax, As, 
Ay and A,’ as we show in Fig. 12. Then 
he, and he, are expressed as follows by us- 
ing the same notation as we used in the pre- 
vious paper.” 


hs, =2/(Ng2)[31'a Ja, +30" 0 Jas 
eth sitet adecd 

hie, =2/(Ng2#B 13F' a Jag +3I' a Jay’ 
cole a led (1) 


where 5 oe pS Jey and fda are the magnetic 
moments on the A:, As, Ax’ and A,’ sublat- 
tices respectively. The last term may be 
neglected as we stated in that paper.» The 
interaction between the B: and B, sublattices 
is also neglected because the number of 
magnetic ions on the B sublattice is small 
and probability that these magnetic ions form 
pairs is expected to be very small. We next 
put another assumption that the configuration 
of the magnetic moments on the A and A’ 
sublattices is not altered by the interact‘on 
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between the A and B sublattices. In the 
cases of FeTiO;, CoTiO; and NiTiO; series, 
such an assumption was permitted only when 
the content of magnetic ions on the B sublat- 
tice is very small. On the other hand, in 
the case of MnTiO; series, such an assump- 
tion is permissible for a considerably wide 
range of content of the magnetic ions on the 
B sublattice. This is inferred from the situ- 
ation that as the magnetic moments on the 
A and A’ sublattice align antiferromagneti- 
cally within each sublattice, the magnetic 
ions on the B sublattice need not destroy the 
magnetic structure within the A and A’ sub- 
lattices, because they tend to align the mag- 
netic moments on both A and A’ sublattices 
in the same direction through the negative 
interaction between B and A or A’ sublattices. 
In the following we discuss the molecular 


field he, and hes in the three possible cases. 


i) Ja,= Jo,= —Joy= — east 

This is the case where the magnetic mo- 
ments are coupled ferromagnetically within 
each A and A’ sublattice, corresponding to 
the group (a). In this case the Eg. (1) is 
reduced to 

he,=2/(Ng2p?)-3I"vJay 

hp, =2/(Ng2up?)- 30 vJay= —hp. (2) 

As this equation shows the direction of the 
magnetic moment on the B: sublattice is op- 
posite to that on the B, sublattice. Hence if 
these two sublattices are occupied by the 
magnetic ions with an equal probability, the 
structure is antiferromagnetic as a whole, 
and a slight difference in the probability pro- 
duces a weak ferromagnetism. Such a situ- 
ation may be realized when a very small 
amount of Fe?+ ions is added to FeTiOs, 
NiTiO; or CoTiO;. This may correspond to 
the region i) of the group (a) in the section 
5. 

ii) Jay= —Joq= Jay = — Jay’ - 

This is the case where the magnetic mo- 
ments on the A; and A; or Ai’ and A,’ sub- 
lattices are coupled antiferromagnetically, 
while those on the Ai and Ai’ or A, and A,’ 
sublattices ferromagnetically. In this case 
the Eq. (1) is reduced to 


he,=2/(Ng2up?(6l'a—3I'») Jay 


his, =2/(Ng2uB?)(6l'a—3I"»)Jag= —h,- (3) 
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Again in this case the molecular fields on the 
B: and B, sublattices are opposite. Hence the 
situation becomes similar to the case i). 


iii) Juy= —Jng= —Jay = Jay’. 
In this case the Eq. (1) is reduced to 
his, =2/(Ng?vp*): 30" »Jag 
hp, =2/(Ng2up?)- 30 oJay = he, - (4) 
From this equation we can find that all 
magnetic moments which enter into the B 
sublattice align to the same direction. Then, 
a strong ferromagnetism is expected to ap- 
pear and the resultant magnetization js of 
the solid solution xMeTiO;-(1—x)Fe.03 _ is 
given by 
Js=(1—*x) Jp=5(1—x) . (5) 
We can find from these considerations that 
the solid solution of MnTiO3; and Fe.:O; must 
exclusively belong to the case 1i) and there- 
fore find that the only permissible spin con- 
figuration in MnTiO; is (b) of the section 6, 
that is 
Ait+, Az—, Ar’+, As’ — 


where + and — means the spin directions on 
the sublattices. It may be possible to sup- 
pose that a tendency that Fe** ions occupy 
selectively one of two sublattices is increased 
when the content of Fe®+ ions in the B sub- 
lattice is increased. Accordingly the uncom- 
pensated magnetic moments are increased 
with increase in the content of Fe.,O; in the 
solid sulution. Thus we can explain the 
magnetic properties of MnTiO; series. We 
hope that the situation we have expected is 
examined by the neutron diffraction analysis 
in near future. 


§8. Superexchange Interaction with 90° 
Angle (J’.) in the Rhombohedral Oxide 


In the above considerations we have shown 
that the superexchange coupling with 90° 
angle plays a very important role on the 
magnetic properties of the solid solution of 
ilmenite and hematite. In this section we 
summarize the results obtained from above 
considerations about the superexchange interac- 
tion, which are presented in Table II. 

It has been reported that in the chloride of 
the transition metals the magnetic struc- 
ture is chiefly determined by the superex- 
change interaction with 90° angle as in 
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ilmenite. The sign of its interaction is found 
by the neutron diffraction analysis to be 
positive in FeCl, CoCl: and NiCl:,?” while in 
MnCl, and FeCl; it is expected to be negative 


Table II. The sign of the superexchange interac- 
tion with 90° angle in the rhombohedral oxides. 
Configuration Magnetic ions sign 

| 

(3d)-(3d)5 Fet3-O-Fet3 - 

Mn+t?-O-Mn*? - 
(3d)8-(3d)8 Fe+2-O-Fe*? + 
‘(3d)'-(3d)" Co*?-O-Co*¥? + 
(3d)8-(3d)8 Nit?-O-Nit? + 
(3d)5-(3d)° Fe*®-O-Fe*® fs] og 
(3d)5-(3d)* Fet3-O-Co*? ? 
(3d)5-(3d)8 Fet3-O-Nit? —(?) 


in taking the sign of 9 of the paramagnetic 
susceptibility into consideration.2» | These 
results are very consistent with ours. Fur- 
thermore, Kanamori predicted in his theory 
of superexchange interaction that the interac- 
tion with 90° angle between (3d)° ions is 
negative, while positive for (3d)® under a 
cubic crystalline field. It has been report- 
ed that the sign of superexchange interaction 
is dependent not only on the numbers of 
electrons in the 3d shell but also on many 
other factors such as the orbital state of 
electrons which is determined by the sym- 
metry of crystalline field.» Although the 
crystal symmetry of the chlorides is slightly 
different from that of ilmenite, the orbital 
state of cations in ilmenite is expected to be | 
not so different from that of chlorides. 
Hence our results which are obtained by an 


indirect method seems to be very reason- 
able. 


§9. Magnetic Properties in the Solid Solu- | 
tion with R3c Symmetry 


0.5>*>0 for FeTiO; series 
0.6=>x*>0 for NiTiO; series 
. 0.4>x*>0 for MnTiOs; series 
0.4>x>0 for CoTiO; series 
0.5>x*>0 for MgTiO; series. 


All specimens with R3c symmetry show 
the antiferromagnetism on which feeble fer- 
romagnetism is superimposed. The antiferro- 
magnetism in the specimen is easily under- 


| 
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stood by their crystal structure, but as to the 
origin of the feeble ferromagnetism we can 
not deduce any decisive conclusion through 
our experiments. It is, however, expected 
that its origin must be the same as that in 
hematite, hence careful investigations of our 
series may be very profitable for understand- 
ing the parasitic ferromagnetism in hematite. 

Among many hypotheses proposed to ex- 
plain the feeble ferromagnetism in hematite, 
those by Li? and Finch and Sinha?) seem to 
be the most plausible in the present stage. 
The one attribute the parasitic ferromagne- 
tism to the uncompensated magnetization in 
the antiferromagnetic domain walls which is 
stabilized by some imperfections, while the 
latter suggest through their electron diffrac- 
tion analysis that it is a ferrimagnetic defor- 
mation of Fe:03 (8Fe203) precipitated in the 
form of the basal intergrowth with hematite 
(aFe,03). In any cases, it may be safely 
said that the parasitic ferromagnetism owes 
its origin to some imperfections in the 
crystal. 

We have found, as shown in Fig. 10, that 
the intensity of magnetization of the feeble 
ferromagnetism in the solid solution is de- 
creased with increase of the content of 
ilmenite (FeTiO3, MnTiO3s or MgTiO3). This 
experimental results imply that the parasitic 
ferromagnetism is entirely inherent to FeO; 
and does not related to such a crystalline de- 
fect as dislocations because the addition of 
MeTiO; is not expected to decrease systemati- 
cally such a defect. Accordingly the sugges- 
tion of Finch and Sinha is very attractive to 
explain our experimental results. Detailed 
investigations are now going on along this 
line. 

In Fig. 11 we showed that the low tempera- 
ture transition in hematite is lowered with 
the addition of MeTiO3; in it and disappears 
when the content of MeTiO; exceeds 5 mol. 
per cent. This result is nearly consistent 
with that of Haigh who measured the effect 
of addition of AlsO3 and TiO, in Fe.O;.22 As 
the low temperature transition is_ closely 
related to the change of anisotropy, we may 
suppose that the addition of small amount of 
any impurities such as Ti‘t, Al’*, Fe?+, Mg?* 
and Mn? is sufficient to suppress such a 
change. 


In concluding the present paper the authors 
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wish to express their hearty thanks to Prof. 
Shozo Sawada and Prof. Takesi Nagata under 
whose guidance and encouragement the work 
of this series has been accomplished. Their 
thanks are also due to Dr. I. Tsubokawa for 
their magnetic measurement at liquid helium 
temperature, to Dr. G. Shirane for his neu- 
tron analysis and to Mr. Kondho for his 
illuminating discussions. 


Note added 


According to a recent communication from 
Dr. Shirane, it was confirmed through a 
neutron analysis that the long range magne- 
tic order vanishes in a specimen of 0.9FeTiO3 
~0.1Fe.03; even at 4°K, while broadly diffused 
scattering lines indicate the presence of short 
range order. The magnetic moment observ- 
ed in a field strength of 8500 Oe. for this 
specimen must be due to that of the cluster. 

It seems to be plausible that A-B or A’-B 
interactions, which are strong enough to de- 
stroy the antiferromagnetic A-A’ interaction, 
are still insufficient to construct a long range 
magnetic order over the whole crystal in the 
specimen with this composition. 


References 
1) Y. Ishikawa and S. Akimoto: J. Phys. Soc. 
Japan 13 (1958) 13 (1958) 1110. 
2) Y. Ishikawa and S. Akimoto: J. Phys. Soc. 


Japan 12 (1957) 1083. 

3) H. Bizette and B. Tsai: 
234 (1956) 2124. 

4) G. Shirane, S.J. Pickert, R. Nathans: Pitts- 
burgh Diffraction Conference Nov. 7 (1957). 

5) H. Bizette, C. Terrier et B. Tsai: C.R. Acad. 
Sci. 234 (1956) 895. ibid. 234 (1956) 1295. 

6) J. M. Hastings and L. M. Corliss: Phys. Rev. 
102 (1956) 1460. 

7) T. Nagata, S. Akimoto and S. Uyeda: J. 
Geomag. Geoelec. 5 (1953) 168. 

8) Y. Ishikawa: J. Phys. Soc. Japan 13 (1958) 
SY 

9) Y. Ishikawa: 
828. 

10) Y.Y.Li: Phys. Rev. 162 (1956) 1015. 

11) S. Iida: J. Phys. Soc. Japan 11 (1956) 1300. 

12) C.G. Shull, W. A. Strauser and E. O. Wollan: 

Phys. Rev. 83 (1951) 333. 

Y. Ishikawa: J. Phys. Soc. Japan 12 (1957) 

1165. 

R. M. Bozorth, D. E. Walsh and A. J. Wil- 

liams: Phys. Rev. 108 (1957) 157. 

15) E.T. Morin: Phys. Rev. 78 (1950) 819. 

16) L. Néel: Ann. de Phys. 4 (1949) 249. 


CG. Ro» Acad: Sci: 


J. Phys. Soc. Japan 13 (1958) 


13) 


14) 


1310 


17) Y. Yafet and C. Kittel: Phys. Rev. 87 (1952) 


290. 

18) E. Prince: Acta Cryst. 10 (1957) 554. 

19) G. Shirane, S. J. Pickert, R. Nathans and Y. 
Ishikawa: J. Phys. Chem. Solid. to be 
published. 


P. W. Anderson, F. R. Merritt, J. P. Remeika 
and W. A. Yager: Phys. Rev. 93 (1954) 
717. 

H. M. A. Urquhart and J. E. Goldman: 
Rev. 101 (1956) 1443. 


20) 


21) Phys. 


Y. ISHIKAWA and S. AKIMOTO 


(Vol. 13, 


M. L. Wilkinson and J. W. Cable: Bull. Amer. 


Phys. Soc. 1 (1956) 190. 


22) 


23) C. Starr, F. Bitter and A. R. Kaumann: Phys. 
Rev. 58 (1940) 977. 

24) J. Kanamori: Busseiron-Kenkyu 105 (1957) 
80. 

25) Y.Y. Li.: Phys. Rev. 101 (1956) 1450. 

26) G.I. Finch and K.P. Shinha: Proc. Roy. 


Soc. (Lond) A 241 (1957) 1. 


27) G. Haigh: Phil. Mag. 2 (1957) 505. 


JOURNAL OF THE PHYSICAL SOCIETY OF JAPAN Vol. 13, No. 11, NOVEMBER, 1958 


The Temperature Dependence of Forced Magnetostriction 


By Toshiro TsuJI* 


Department of Chemistry, Faculty of Science, 
Kyoto University 


(Received July 31, 1951) 


The forced magnetostriction above technical saturation was measured 


on some ferromagnetic materials at various temperatures, 


from the 


boiling point of oxygen to about 250°C. As expected theoretically, large 
forced magnetostrictions were observed either as the temperature ap- 
proached up to the Curie point, or in the sample which has a considerable 
anomaly of thermal dilatation, such as alloys of invar system. The results 


obtained were discussed from the standpoint of thermodynamics. 


We 


also observed the magnetostriction at the temperature above the Curie 


point. 


Introduction 


§1. 

Small deformations of a ferromagnetic crys- 
stal in the presence of magnetic field are made 
up of three parts. The first depends merely 
on the sharp of the sample, while the second 
is caused by the anisotropy of the spontaneous 
distortion. These two effects are observed at 
low and intermediate field strengths as the 
sample is magnetized through domain wall 
motion and by the rotation of magnetization 
vectors within domains. Beyond the technical 
saturation there is a different process of 
magnetization corresponding to the increase 
in saturation magnetization by external field. 
In the region of the apparent saturation the 


This paper was submitted to the Faculty of Sci- 
ence, University of Kyoto, in partial fulfillment of 
the requirements of the degree of Doctor of Sci- 
ence, July, 1958. 

* Present address; 
Ltd., Tokyo. 


Nippon Electric Company 


sample still changes its dimensions linearly 
with external field. This deformation is called 
the forced magnetostriction, or the volume 
magnetostriction because of its nearly isotropic 
nature. The forced magnetostriction is closely 
connected with the anomaly in thermal dila- 
tation. Both effects arise from the volume 
dependence of spontaneous magnetization. 
Ferromagnetic expansion (or contraction) 
takes place with the appearance of the spont- 
aneous magnetization. The magnitude of the 
distortion may be estimated by assuming a 
non-magnetic state below the Curie point. 
This state is not realized, but its dilatation 
curve is drawn by extrapolating the real curve 
in paramagnetic region into the lower tem- 
perature range. The difference of these two 
curves gives the spontaneous distortion. Thus 
estimated values attain the order of 10-’~10-4 
in the relative change of length for ferromag- 
netic metals. The spontaneous distortion is 
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almost isotropic. Though the spontaneous 
distortion itself cannot be measured, its change 
with magnetic field is observable as the forced 
magnetostriction. This effect, so small as it 
is, has an importance in providing us a direct 
information on the nature of ferromagnetic 
coupling. 

For this reason we have investigated the 
temperature dependence of the forced magneto- 
striction of some ferromagnetic materials. 
The experimental results are discussed from 
the standpoint of thermodynamics. It has 
been considered difficult to measure the small 
magnetostriction at various temperatures, but 
the difficulty is reduced by the use of strain 
gauge. At the same time we extended our 
measurements of the magnetostriction into the 
region above the Curie point. 


§ 2. 


The fundamental relation of thermodynamics 
concerning magnetostriction at constant tem- 
perature is given as follows, 


(ain) var a: 


where Vy) and w are the unit volume and its 
its relative change. Using bulk modulus K, 


(oe).7 ae Da (2) 


Let us consider the forced magnetostriction 
which is proportional to an increase in spon- 
taneous magnetization with field. According 
to the molecular field approximation we can 
derive an expression for the volume effect, 

Ow 1 dW or 

Crehes dw aI baer sad 
where W is the molecular field constant and 
dW/dw means the variation of the exchange 
interaction with interatomic distance. If the 
forced magnetostriction is isotropic and suf- 
ficiently small, the relative change in volume 
can simply be obtained from the linear change. 

In the equation (3) dw/dH is proportional 
to [(0I/0H), provided that both dW/dw and K 
are considered to be constant. According to 
the molecular field theory /(0//0H) increases 
as the temperature approaches to the Curie 
point from below. Consequently we can ob- 
serve large forced magnetostriction near the 
Curie point. 

The experimental works on the temperature 
dependence were made by Kornetzki? and 
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Doring”. Their results have the same tenden- 
cy consonant with the above argument, though 
the measurements were not carried out in 
wide temperature range. But in this simple 
theory a difficulty arises in determining the 
value of dW/dw. Néel® and other authors” 
tried to find this value. It was assumed that 
the small change in interatomic distance would 
merely give rise to the variation of exchange 
interaction without affecting the electronic 
structure of atom. Nevertheless the results 
obtained are unsatisfactory in that they con- 
tradict with each’ other; as shown in Fig. 1, 


(b) 


Interaction curves relating the exchange 
energy to the distance D between atom centers, 


Big. ok. 


with fixed diameter d of 3d shell. 
Slater curve. (b) Néel’s curve. 


(a) Bethe- 


dW/dw is negative for iron in Néel’s inter- 
action curve, but positive in Bethe-Slater’s”. 

Using the molecular field approximation 
Néel gave the relation of the anomaly in 
thermal dilatation. This result reads as fol- 
lows; 


A= (Ih)? ; (4) 


where 2 and dp are the relative change in 
length of spontaneous distortion at an arbitrary 
temperature and at 0°K, respectively. The 
analogous equation can be derived by integrat- 
ing the equation (3) with regard to J, from 0 
to J. 

--To visualize how the change in dimensions 
takes place with spontaneous magnetization, 
we employ the Ising ferromagnet which has 
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a magnetic moment of spin 1/2 at each lattice 
point. Two different interatomic distances 
are assumed for parallel and antiparallel con- 
figurations of nearest neighbour spins. There- 
fore the ordering process of spin gives rise to 
the change in dimensions. The anomaly in 
thermal dilatation is due to the spontaneous 
ordering below the Curie point. The forced 
magnetostriction corresponds to the field- 
induced-increase in the degree of order. The 
strong external field produces the spin order- 
ing in the paramagnetic region. As far as 
the exchange interaction remains the magneto- 
striction can be observed even above the Curie 
point. 

On this basis we calculated the mean rela- 
tive change in length as a function of mag- 
netization. Thesame equation as (4) was ob- 
tained when the Bragg-Williams approximation 
was used for spin arrangement (See Appendix 
I). The magnetostriction in the paramagnetic 
region can be expressed by simply replacing 
I by (xH), as follows, 

A=Io(xH Io) 5 
x being the paramagnetic susceptibility. 

In a rough estimation 2 turns out to be 
more than 10-° for a sample, y=2 x 10-* emu, 
Ay=5X 10-3 and 4=1000 gausses, placed in the 
magnetic field of 10,000 oersteds. The relative 
change of the order of 10-®° can be easily 
detected in our experiments. 


(9) 


Ss. 

To investigate the temperature dependence 
of the forced magnetostriction the measure- 
ments were carried out at various tempera- 
tures from the boiling point of oxygen to 
250°C. The upper limit means that of using 
the strain gauge, but it is sufficiently higher 
than the Curie points of some ferromagnetic 
materials. 

In order to obtain a constant temperature 
higher than the room temperature we used 
an oil bath with a heater. The measurement 
at lower temperatures was made in the Dewar 
bottle containing cooling agents. These heat 
controllers have so large heat capacities that 
the measuring system is not sensible to slight 
thermal disturbances. A small sample and 
its holder were set, together with the heat 
controller, between the pole pieces of De Little 
type electromagnet. The distance between 
these pole pieces and their diameters are 3cm 
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and 5cm, respectively. A schematical dia- 
gram of the apparatus is shown in Fig. 2. 
With this arrangement we observed the mag- 
netostriction up to the field strength of 23,000 
oersteds. 


—— Pole piece 


Sample and 
active qauge 


T 


Copper strip = 
and dummy ___ = 
gauge 


Sample holder 


Fig. 2. Schematical diagram of measuring ap- 
paratus. 


In measuring the magnetostriction the strain 
gauge technique” has been used; the change 
in length was directly detected by the deflec- 
tion of galvanometer composing an element 
of the Wheatstone Bridge circuit. The strain 
sensitivity of the order of 5x10-7 per mm 
scale can be obtained. Unfortunately the 
usual strain gauge coated by paper is not 
available at temperatures higher than 50°C. 
But the bakelite coated gauge enables us to 
employ it to 250°C. When we use the 
strain gauge at much higher temperatures 
special coating such as ceramic one is neces- 
sary. 

The usual strain gauge made of the con- 
stantan alloy (Ni 44.5%, Cu 55.5%) has large 
magnetoresistance effect especially at lower 
temperatures. On the other hand we observed 
the negligible magnetoresistance effect for the 
strain gauge of the alloy containing 57% 
nickel, 16.5% chromium, 24% manganese and 
2.9% molybdenum. This gauge was used in 
the, measurement at lower temperatures. 


§ 4. Results and Discussions 


The anisotropy of the spontaneous distortion 
or magnetostriction constants can be deter- 
mined by rotating a crystal in the strong 
magnetic field. In this state the forced mag- 
netostriction superposes upon the spontaneous 
distortion, If the forced magnetostriction is 
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anisotropic the magnetostriction constants 
would be dependent on the field strength. 

Sato” pointed out that the anisotropic term 
was important especially at lower temperatures. 
The large anisotropy was observed by Vautier® 
for iron single crystal. On the contrary we 
saw the small anisotropy in forced magneto- 
striction of 2.6% and 3.2% silicon steel”. 
The similar results were previously obtained 
by Carr and Calhoun!™, 

The magnetostriction in cubic crystal is 
described analytically by the following equa- 
tion, 

A=hot+hi > a?Be+ha & aia;BiBj+---, (6) 


where the a:’s and #:;’s are the direction 
cosines of magnetization and those of measured 


Temperature Dependence of Forced Magnetostriction 


1313 


axes. Assuming that 2 varies linearly with 
the external field, we can write all /i’s as 
follows, 


hi=h®t+h’H. (GA) 


According to our previous data the anisotropic 
linear coefficients were extremely small for 
2.6% and 3.2% silicon-steel. h1/ and ho’ were. 
only a few percent of f’ in our experiment. 
In consequence the volume change of the 
forced magnetostrictions is approximately 
equal to three times fo’. Our previous results 
are cited again in Table I. 

The forced magnetostriction is nearly iso- 
tropic, especially in the samples having cubic 
symmetry. Accordingly we used polycrystal- 
line samples in the study of the temperature 


change in length with respect to the crystal dependence. We can also estimate the order 
Table I. 

Sample | (04/01 )obs (04/01 oat A Is (gauss) | @ (°C) 
Ni | —0.31x10-10 —0.5x10-10 —1~x10-4* 510 358 
Fe | 1.7 ae 1730 770 
2.6% Si-Fe | 4.4 1670 746 
3.2% Si-Fe 4.7 1560 742 
32% Ni-Fe 24.0 40 | 40** 830 130 
37% Ni-Fe 38.6 60 57 1050 220 
10% Cu-Ni —0.3 415 280 
20% Cu-Ni | —0.4 330 180 
30% Cu-Ni —0.6 250 70 
Mn-Zn-Ferrite —3.2 360. 220 


* Williams!) ** Chevenard!) 


of magnitude of the forced magnetostriction 
from the differential form of equation (4), 


(Bi )o2ud £85) 
OH fe stvoH | 
(@J/OH) calculated from the molecular field 
- theory is too small as compared with the ob- 
served value; for example, this is less than 
10-* for nickel, the observed one being 1.3x 
10-*. Consequently, using the experimental 
values of 4), J and (0//0H), we calculated the 
forced magnetostriction for nickel and iron, 
as indicated in Table I. These are in good 
agreement with our experiment. 

Kornetzki? observed the forced magneto- 
striction for iron between 0°C and 100°C while 
Doring» studied it for nickel near the Curie 
point. According to their results the forced 
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magnetostriction increases as the temperature 
approaches to the Curie point from below, but 
they did not study it at temperatures below 
0°C and above the Curie point. In order to 
further the study of the temperature depend- 
ence in detaie, we measured the forced mag- 
netostriction of the materials having compara- 
tively low Curie temperatures. 

It is well known that the invar alloys contain- 
ing about 30~40% nickel have large anomaly 
in thermal dilatation. We selected as samples 
some of these alloys having comparatively 
low Curie temperatures such as 37% Ni-Fe 
(8@=220°C) and 32% Ni-Fe (@=130°C). The 
samples were prepared by melting the mixed 
powder. Prior to melting the mixture was 
reduced in hydrogen gas atmosphere at 600°C 
for 1 hour, The small ingot was cold rolled 
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and cut into strips of size1x5x1l0mm. The 
forced magnetostriction of these samples was 
measured at various temperatures as shown 
in Fig. 3. As expected theoretically large 
forced magnetostriction was observed. 

We estimated the values of (04/0H) at the 


xlo® 


100 


O 
6) 1x10" 2xl0* 
——» H in oersteds 
xl0° 
110°C 
20°C 
nw : 
og -78°C 
—|182°C 


O Ixio* 2xl0* 
— H in oersteds 


Fig. 3. Linear forced magnetostriction at various 
temperatures. 
(a) 37% Ni-Fe. 


(b) 32% Ni-Fe. 


x10? 
100 
Oe! 


Fig. 4. Temperature dependence of forced mag- 
netostriction. 
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room temperature from the anomalies in 
thermal dilatation. The calculated values are 
cited in Table I. The values of (04/0H) at | 
various temperatures are plotted against the | 
reduced temperature 7/0 in Fig. 4. Although 
the relation (3) predicts a sharp increase of 
(04/0H) near the Curie point, observed (01/0H) 
varies linearly with temperature. The curves 
have a maximum a little below the Curie | 
temperatures. Such a tendency is consistent 
with the observed temperature dependence of 
T(01/0H). 

Recently Belov'» measured the change of | 
spontaneous magnetization with linear stress 
o for 36% Ni-Fe alloy. The temperature 
dependence of this change is shown in Fig. 5. 
It is in fair agreement with the temperature | 
dependence of (04/0H) in our experiment, as | 


x!0° 
fe) 


Als. 
P 


gauss cme? 
dyne 


O 


=2£00:— 10025 O loo 200 300 


TC 


Fig. 5. Temperature dependence of the change 
of spontaneous magnetization with linear stress 
for 36% Ni-Fe. (After Belov) 


P32% SiFe 


O O5 | 
— T% 


Fig. 6. Temperature dependence of forced mag- 
netostriction. 
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well expected from the thermodynamical re- 


lation, 
Oa waa a 
ee do eg ‘ (9) 


Further we measured the forced magneto- 
striction of other ferromagnetic materials. 
Their temperature dependences are shown in 
Fig. 6. In cases of copper-nickel alloys and 
a Mn-Zn-ferrite, (04/0H) is negative and its 
absolute value increases with temperature. 
From the data of the forced magnetostriction 
we can estimate the ferromagnetic contraction 
for Mn-Zn-ferrite to be of the order of 10-3 
in relative change of length. 

The magnetostriction in the region above 
the Curie point has scarcely been investigated 
up to the present. Using the samples of 32% 
and 37% nickel-iron alloys we measured the 
magnetostriction above their Curie points. The 
results obtained are shown in Fig. 7. Ata 


xi ® 


50 


fe) Ixlo* 2x10* 
——>_ Hin oersteds 


2) Ixlo* 2x10* 
— H.In oersteds 
Fig. 7. Magnetostriction at temperatures above 
the Curie point. 

(a) 37% Ni-Fe. (b) 32% Ni-Fe. 
sufficiently higher temperature than the Curie 
point, the change in length is predicted by 
the equation (5) to be proportional to H?. 
But in our case the measurements were car- 
ried out a little above the Curie point so that 
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x is not constant but decreases with the ex- 
ternal field. It is natural to consider that the 
magnetostriction is proportional to the square 
of the field-induced-magnetization, 7H. 

From the equation (3) and the experimental 
data of the forced magnetostriction we get an 
information on the variation of the exchange 
interaction with interatomic distance. Accord- 
ing to the molecular field theory it is easily 
seen that the signs of (04/0H) and (OW/do) 
are the same. And the larger the forced 
magnetostriction the greater the variation of 
the exchange interaction. dW/dw thus calcu- 
lated is consistent with the prediction by 
Bethe-Slater interaction curve for nickel and 
iron. 

In conclusion the author acknowledges Pro- 
fessor H. Takaki for his kind guidance and 
encouragement thoroughout the work. The 
author also thanks Mr. Y. Nakamura and Mr. 
J. Hayashi for their instructive discussions. 
The expense involved in this research has 
been partly defrayed by the Scientific Research 
Expenliture of the Ministry of Education. 


Appendix I 
Let us consider a simple cubic crystal com- 
posed of N atoms. As mentioned in §2, a 
length of the crystal containing N} parallel 
and Ny, antiparallel spin pairs is assumed to 
be proportional to 


aNitt+dNny 


a and b being the lattice parameters corre- 
sponding to the two different spin configura- 


tions. According to the Bragg-Williams ap- 
proximation, 
zN ié 
aye ; Al 
se 4 +( rn ante 
and 
=a zN fi yt 
= 1 1]-(— } +, A2 
Ni ri ( h (A2) 


where z is the number of nearest neighbour 
atoms and J, is the magnetization at 0°K. 
The magnetic expansion referred to the non- 
magnetic state is given by 


hy ee 
l \ uaa a+b Io : 


It is the same relation as Néel’s, (4). 


(A3) 
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When the PVA film is irradiated in CCl4, PVA is swollen and cross- 


linked. 


A Phenomenological theory is proposed for this experiment. 


The processes are considered that with the change of diffusion constant 
CCl, enters into PVA as the radiation dose increases, and the radicals 
from CCl, react upon PVA and cause crosslinking. The results of calcu- 
lation agree reasonably with experiments, that is, the weight changes of 
swollen polymers against the total dose, the gel fraction changes and the 
viscosity average molecular weight changes in sol fractions against the 


total dose. 
cussed. 


§1. Introduction 


On the irradiation effects on polymers, the 
diffusion processes of radicals or of gas mole- 
cules in polymers play sometime an important 
role, in many relations, such as does rate, 
temperature, sample thickness dependence of 
oxidation effect, of gas evolution effect, and 
of paramagnetic resonance absorption effect, 
etc. These phenomena have not been resear- 
ched quantitatively from the standpoint of 
diffusion mechanism, but only discussed in 
qualitative views. 

It has been known that the gel formation 
takes place in the aqueous solution of poly- 
vinyl alcohol by irradiation”, but the similar 
experiment has not been carried out in the 
case of PVA-insoluble liquid systems. Re- 
cently Yoshitake” has discovered new experi- 
mental results that the gel of polyvinyl al- 
cohol is obtained by irradiation in carbon te- 


Other various mechanisms that can be considered are dis- 


trachloride, or in dichlorbenzen. With 12.5 
rad. sec"! of ®Co gamma-ray dose rate, at 
room temperature, the polyvinyl alcohol film 
was irradiated in CCl, or in dichlorbenzen to 
the extent of 10°~3x10' rad. Before irradia- 
tion, the PVA film was not swollen at all, 
but with increase of dose, the liquid molecules 
entered into PVA and the weight of film was 
increased. The weight change is so large 
(~30% of the initial weight) that the entered 
molecule may be CCl; or dichlorbenzen. When 
this film was dried in vacuum in order that 
the entered molecules were made to get out 
of it, its weight came back to the value of 
unirradiated and the gel formation was de- 
tected from the results of gel fraction and 
viscosity measurements of its aqueous solu- 
tion. And the relation between gel fraction 
and irradiation dose had not the tendency of 
Charlesby’s curve». The detailed report of 
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these experimental methods and results, in- 
volving the measurements of other properties 
such as infra-red spectra, chemical analysis, 
etc. is to be published by Yoshitake before 
long. 

These results are also concerned with the 
diffusion processes of liquid molecules being 
caused by irradiation. In this paper, the 
author proposed a phenomenological theory of 
this mechanism in PVA-CCl, system, obtained 
the results of calculation with some assump- 
tions, and compared them with experimental 
data, and discussed other mechanisms that 
can be considered. 


§2. Theoreticals of Swelling and Gel Frac- 
tion 

A model of reaction mechanism is proposed 
as follows. When the PVA film is irradiated 
in insoluble liquid CCl,, this film increases the 
affinity of CCl, with certain reason, the liquid 
molecules enter into polymer and cause the 
swelling of polymer. The reason of their 
entrance has not yet been evident from the 
experimental data that has been given. It 
may, however, be said that some changes are 
occured in PVA by irradiation and the value 
of diffusion constant of CCl, in PVA is in- 
creased, causing CCl, entrance. Then radicals 
are mainly produced of CCl, by radiation, for 
CCl, has the larger G value (70.0) than that 
of PVA. This radical reacts upon the PVA 
molecules, maks intermolecular linkings, and 
network structure of them. 

The diffusion equation for CCl, entrance is 
as follows: 
dr 
: “Hie 
where D(r); the diffusion constant of CCl, in 
PVA polymer, which is the function of total 
exposed dose of irradiation, 7: the total ex- 
posed dose of irradiation, J: the dose rate of 
irradiation, ¢t: the time, u(x, y, z, ft): the con- 
centration of CCl, in a place (x%, y, z) ata 
time (f). 

The specimens used in Yoshitake’s experi- 
ments were of 1/100mm and 3/100 mm films 
in thickness, and thus equation (1) now be- 
comes one dimentional problem, in which we 
take x as variable, with the boundary condi- 
tion of u(0, r)=u(J, ry)=1 and the initial condi- 
tion u(x, 0)=0 for O<x</ and x(0, 0) 
=u(l, 0)=1. Here we take the variable 7 in 


pIDrul=3 (1) 
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stead of ¢ and w is normalize to 1 which is 
the CCl, concentration of corresponding to the 
maximum swelling, and / is the thickness of 
specimen. 

Equation (1) is solved easily with the result- 
ing formula: 


= 4 . f2n-+1 
Toes! 205d, ots i 
2. Qn+)e sin ( i nx) 


x exp |-(* te Tt hie ea ] ® 1G28) 


Now we define U=\'udx i \.ae, then 
0 


0 


i — 


8 
pe o72(2n +1)? 
PNT de {4 
xexp| (Fhe ) | ee. Cs) 
I Mere i 
Next, let us consider D(v), D(v) must be zero 
when r=0 because CCl, scarcely enters into 
polymer initially, and D(r) may increase line- 
arly with 7 when ¢ is small, and be constant 
when , is infinite. Thus we assume the fol- 
lowing formula for D(r): 
D(r)=D..(1—e-*") . (4) 
We substitute equation (4) to (3), then we 
aquire the equation: 
Sie, 1 


at sige) (2n+1)? 


X exp 6 etn 7 ) pe (r+ d o os je ; 
I “i a a 
(5) 

As U is the average concentration ratio of 
liquid molecules in PVA per unit volume to 
the maximum one, we can compare this value 
with the data of the increased weight ratio 
of swollen film to the initial one, that is, 
4AW/W. U equals to 4W/4Wm, where 4Wm 
is the maximum of 4W. 

In order to determine the value of D. and 
a@ experimentally from (3) we can obtain the 
relation: 

Lo/olhu Beet DT) 
2(0/0r) U [Dear 
0 


U=1 


, (6) 


and with (4) we can transform (6) into the 
following: 
(O/oU ser als 
20/Or)U 1-e* a’ 
The curves of equation (7) are shown Fig. 1. 
The intercept of the asymptote is to be l/a, 
and the slope for 7=0 is to be a/2, and we 


or) 
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can get a from these relations. This a@ is 
substituted to (5) and we can get the unknown 
parameter D.. 


xlO°rad 
30 


6) 5 Te) S 20 28. 30 
r xl0° rad 
U 
Fig. 1. Relation between 1 / 2 and 7. 


@© The values which are derived from the data 
in the neighbourhood of 7=1/100 mm. 

A The values in the neighbourfood of J=3/100 
mm. 


Next, we consider the relation between ir- 
radiation dose and crosslinking number or gel 
fraction. Let v be the concentration of radi- 
cals produced from CCl, by radiation such as 
Cl, CCl; etc., 6 be the radiation-induced reac- 
tion constant of radical production, that is, the 
yield of radicals per unit dose rate per unit 
CCl, concentration, 8 be the reaction constant 
of radical recombination, then the equation 
for radicals is 


(8) 


Taking into account of 0v/0t=>0 and v>0, 
equation (8) becomes 
Dep? +V Dp! + 4p0 lu. 
0<v< 3 y Bolu 

One may suppose that D, is not different so 
far from D., which is, as described later, of 
the order of 10-"cm?sec. D,p? is of the 
order of J(0/Or) in equation (1), from experi- 
mental data it is of the order of 10-®sec-!, 
and Olu is of the order of 10-°~10-8 sec-! 
which is obtained from the G value of CCl, 
and its concentration and PVA density. It is 
very difficult to estimate the order of 8, be- 
cause 8 concerns the various process, such as 
the mobility of radical in PVA, the transmis- 


P(Depr) +3 ]u— Bor? = <a 
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sion coefficient of reaction, the activation 
energy, etc., and can not be measured direct- 
ly in this case. The smallest 8 may be ob- 
tained from the case of solid polymer phase. 
We can get the smallest @ from the data of 
paramagnetic resonance”, and it seems to be 
of the order of 10?~10-!sec-!®. On account 
of the swollen polymer system in our case, B 
is supposed to have the larger value than that 
of solid polymer. And if (8) is stationary in 
the region of 7=10°~10' rad., B is the order 
of <10!°sec-!. We consider, therefore, three 
cases when f is of the order of 10-1, 108, and 
10° sec-!, which correspond to 107%, 107%, 
10-14 cm? sec~! in CGS units respectively. For 
B=10-!sec-!, we get 0<cv <10-* which cor- 
respond to the value smaller than 101” radi- 
cals cc7}, 

The first term of equation (8) is of the 
order of 10-!°sec-!, the second one is of the 
order of 10-9~109-8 sec“! and the third one is 
less than the second. Then we ignore the 
diffusion term in (8) in treating v. In statio- 


nary state, 
Olu 
v= ,/ —— 
/ B 


and in the other two cases with the numerical 
calculation by the method of perturbation which 
is shown in appendix, we obtain v as a func- 
tion of w and x, namely, 


v=f(u, x). (9’) 
The crosslinking process is considered in the 


case of unimolecular, or bimolecular reaction 
mechanism such as 


(9) 


ore 
aad 

9 ; (10) 
POT. wen 

raged 


where 7 is the crosslinking index to the initial 
molecule of PVA ina place x, k is a constant. 
But it is said that PVA in the solid state 
degrade by irradiation” and the gel formation 
of PVA aqueous solution by irradiation is well 
explained with a mechanism of endlinking 
process), It is the reason why we must take 
the bond rupture process of main-chain of 
PVA into account. Now let 7” be the true 
crosslinking index which is the average number 
of crosslinked monomers per molecule, taking 
the main-chain rupture into account, then 


Vi Yr 
1+ Poér’ yD 
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where Po is the number average of number 
of monomer units for the initial PVA mole- 
cules, and € is the probability of the main- 
chain rupture per monomer per unit dose, 
equals to 8.7x10-" rad-! from the data of G 
value of PVA main-chain rupture, namely, 
1.89, The viscosity average of the degree of 
polimerization, where exponential factor is 
0.62, is 1740 in our case, and so the number 
average Py is 855 with assuming the Poisson 
distribution for the degree of polimerization. 
The measured gel fraction G are related 
with 7’ by the following equation, that is, 
1 U 
ee (12) 
where g is the local gel fraction in a place x 
at a time ¢, <@>» means x average of g. And 


as ty ate 


Peal 


for 7h = > 
i 
2 


for 0<7”"< = 


(13) 
which is derived from the equation” 
sd +7" —7T'sPsl 
s=1-—g 
where s is the sol fraction. 

Equations (9) and (9’) do not involve an un- 
known parameter, but in (10) & is not known 
from other data. In order to decide k from 
the measured gel fraction, one point, that is, 
the value of 7 from G=50% in the specimen 
of /=1/100 mm, is used. 

With such known parameters, we can calcu- 
late G. The line shape of G against yr for 
J=1/100, =3/100 mm, and the separating space 
of two curves can be compared with experi- 
ments. 


§3. Comparison with the Experimental Data 
of Swelling and Gel Fraction 

We get a, 1.0x10-°~5.0x10-° rad from 
Fig. 1, where 0u/0] has been obtained by 
way of interpolation. Now we take the value 
of a 2.0x10-* rad-!. Then from the data U 
and ¢ in Fig. 2, when /=1/100mm, we take 
the value of D./J=1/4x10-'%cm?rad-1, In 
Fig. 3 we can show U as a function of 0 


only, where 
Piz D(r+ % Dor =v) Il (14) 
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and the shape of U against o agree with each 
other in the general character. We may, 
therefore, conclude that U is a formula as 
shown in (5), and the diffusion process. of 
CCl, is regarded to obey generally the equa- 
tion (1). D.=3.13x10-!cm?sec-! can be 
compared with the diffusion constant of gas 
in rubber which is of the order of 10-® cm? 
sec-!, and so be regarded plausible, consider- 
ing that PVA can permeate gas much less 
than rubber. 


Weight change ratio aW/W 


————t_.. 

{3} 10 5 20 25 30 

Irradiation dose r xl0°rad 
CAfter Yoshitake) 


Fig. 2. Relation between weight change ratio and 
irradiation dose. 


@ 1/100 mm specimen. 
A 3/100 mm . 


iGo be gpa faa) ae 25 
Fig. 3. Relation between U and op. 


@® 1/100 mm. 
A 3/100 mm. 


Numerical solutions of (8) with B=1 and 
10®sec-! are performed. We see that, when 
B=108 sec-!, v equals almost to that of the 
stationary state. And that little difference is 
obtained among four cases, that is, stationary- 
unimolecular, -bimolecular, nonstationary-uni- 
molecular, and -bimolecular, as shown in Fig. 
4, so it is impossible to decide which process 
is the most proper one to explain. But the 
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line shapes and the separation of two lines 
agree well with the experimental data in four 
cases. While, among these processes in (9), 
(9’), and (10) the stationary-unimolecular reac- 
tion type may be proper. Because, in liquid 
CCl, 8 may not be so small, and from G 


100 
% 


a 
je) 


Gel fraction G 


25 30 
xlO°rad 


0 20 
Irradiation dose r 
Fig. 4. Relation between gel fraction and irradia- 
tion dose. 
stationary and bimolecular type. 
—--—-- stationary and unimolecular type. 


unstationary and bimolecular type. 
unstationary and unimolecular type. 


oO 


Sol fraction 


4 41 1 a awl t 


05. I 5 


reseree ew ee bl 


0 xidhad 


Irradiation dose r 
Fig. 5. The log-log plot of sol fraction against 
total dose. (After Yoshitake) 


value of CCl, and the measured G about 3.2 
radicals may produce one crosslink, so cross- 
linking reaction seems to be of so high effici- 
ency that it is supposed unimolecular. But 
for deciding the reaction mechanism of cross- 
linking it is necessary to observe the dose 
rate dependency of viscosity and gel fraction, 
and the swelling ratio which is effective when 
y’’ is large. The relation between log (1—G) 
and logy is shown in Fig. 5 and these curves 
do not resemble to the Charlesby’s ones. The 
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reason is evident, because in (11) y is not a | 
linear function of 7, and that the crosslinking | 
reaction does not occure homogeneously in 
every place, so 7’’ increases rapidly with r | 
in the neighbourhood of «~0, x~/, and the | 
gel formation takes place early, but late in | 
the neighbourhood of x~//2. Consequently it | 
is only the case when / is small (~1/1000 mm) | 
and r is large, to be able to compare log (1—G) | 
with the Charlesby’s curve. 


§ 4. Changes of the Molecular Weight be- | 
fore Gel Formation 

In the above description, we consider the 
both processes of crosslinking and degration, 
and that the ratio of probability 7/Epo of cross- 
linking to that of degradation are not constant 
as illustlated in Fig. 6. So it is of importance | 


DKiSRA 


=F 


Fig. 6. The ratio of crosslinking to main-chain 
rupture is a function of 7. 


to investigate the behavior of molecular weight 
before gel formation. 
From Saito’s equation», we can obtain 


CMPD) + opm(p, rar 
=6(0)|"9 bpp, Am(p—p’, nap’ 


(15). 
and 
mp, r)=n(p, r)/N 


where n(p, r): the number of molecules which 
have the degree of polimerization » and are | 
exposed to radiation 7, c: the probability of | 
a monomer to form the active centre for cross- 
linking by unit radiation, which is not a 
constant but a function of 7 in our case. In 
the same manner in reference (8), we can ob- 
tain the number average of molecular weight — 
Mn and the weight average of molecular 
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weight Mw as follows: 
Mn=Mno-foy /( fos {trav ) (16) 
0 


where foo=\"m(o, O)dp, Mn,o is the initial 
0 


number average of molecular weight, and 
Mu=Muw/(1 — 2)" cerar’ fun) (7) 
0 


where Foor | "pmo, 0)dp, Mw,o is the initial 
0 


weight average of molecular weight. 

In order to take the degradation effect into 
account, we can as well take m involving the 
effect of degradation for the initial m(p, 0) in 
calculating fo,o and f2,.. By assuming Poisson 
distribution initially, Mn and Mw become 


Mn.o 
1+€por—po a c(r’)dr’ 
0 


(18) 
Mw,o 


1+-Spor—4po o’)dr’ 
0 


here 


2poc(r) = a Tavs ye 2a) "cr dr’ 
0 


with (9), (9’) and (10), we can calculate nu- 
merically M, and Mw against r. 

As in every case mentioned in (9), (9%) and 
(10), v is scarcely different from one another 
when 7 <3, we take the simplest case, namely 

eS 2pe” ers = oy lunar 

0 B Jo 


sin (- HH nx) 


oon oy 
ae aao(2n-+1)r 


xexp| —(A 7 ) 


(19) 


For small 7, J; Bocer)ar changes like some- 
0 


thing in proportion to 7* in the above case 
and also in proportion to r"(v > 1) in the other 
three cases. For large rv changes as r= A—Br 
(A, B are constants) in all cases. Accord- 
ingly, when 7 is small, 


Apo" c(y’ )dr’ < Epor 


and we obtain 
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When the gel formation occurs, 7’’ must be 
1/2iine{11); so 


1 +€por—Apa|” c(r’)dr’ == (ee 
0 


Then, My» must have a minimum as shown 
in Fig. 7, but M, has not always a minimum. 


Molecular weight ratio 
a 


\ Me 


Mno- 


c Eales 
loomm ~e 


20 g 
Irradiation dose r_—-*!0 rad 


Fig. 7. Relation between molecular weight 
dependence and irradiation dose. 


Numerical calculations of <Mn>z and <(Mw>z 
are carried out by the equation: 


Teale Mn,odx 
Mn — 2 
ich l ie sorat ory x) (20) 
[Oe Mw od x 
Miss : 
See ties ie + &por—21(r, X) 


but the averages are not taken into account 
for M, and M, of the following value, that 
is; Mn >4Mn.o and Mw. >4M.w,0 respectively, 
because the measured viscosity is not con- 
sidered to be detected with these conditions. 

It is very difficult to calculate the viscosity 
average of molecular weight M, against r 
(the exponent of viscosity against molecular 
weight is 0.62 for PVA-H:O system). But 
Saito has gotten the viscosity average mole- 
cular weight in the analytical form with the 
constant ratio of crosslinking and degradation. 
From his formula one can get Miz with the 
previous method, that is, 
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y3/2dy 


Mi j2= My/2,0(1 + peel 


The calculation of Mij2 can be easily made 
by using the table of elliptic integrals! and 
was performed, averaging out with x only for 
Miy2 <4Mij2,0. Since the viscosity average 
of molecular weight M, is a value between 
M. and Mi, the results of calculation agree 
plausibly with experiments as shown in Fig. 
7 which are measured from the aqueous solu- 
tions of soluble part of these films. 


§5. Discussion 


The diffusion mechanism in the microscopic 
sense which causes CCl, entrance has not yet 
been clear, but we may suppose three cases. 
The first of these is the process that is shown 
in equation (1), that is, PVA is made by ir- 
radiation some chemical changes that occur 
to increase the diffusion constant of CCl;,. The 
chemical changes may be something like bond- 
rupture or decrystalization. 

Second, the permeation of molecule into 
polymer is regarded to be decided by the 
solubility for its molecule and the diffusion 
constant, that is, the permeability constant is 
represented by the product of the solubility 
and the diffusion constant. It is also sup- 


posed that the entrance of CCl, into PVA: 


caused by the change of overall solubility of 
PVA for CCl,. If so, the equation that deter- 
mine u(x, vr) is the following form, i.e. 


(22) 


with the initial and the boundary conditions: 

‘ u(x, 0)=0 

u(0, r)=ull, r)=1—e-"” 

where the boundary condition 1—e-“ is the 
overall solubility that changes in this case 
with ~ and D is constant. 

We can solve equation (22) by the method 
of Duhamel!, with the resulting formula 


Migs Wy a oye 
“2h ine ln sin ( i ns) 
x {1- e-2r par ela a (23) 
TD fesse h oN? 
B= “al j n | 


0 — —yy] 1 —2y(y-41)[" er )dr’ /oroen | 


B 
U= 24, on aaah chal nee, 
(24) | 
on the other hand equation (2) becomes 
= 4 . (2n+1 
u= 2 Onde sin (* z nx) 
x {1—e-4"—(exp (—(2n-+1)?0)—e78")} . 
(25) 


Comparing (23) with (25), we can see that 
both equations resemble to each other in x 
and 7 dependency, and choosing the favourable 
values of D and a, we can make w in (23) 
agree with experiment. 
agrees with experiment in every case of 
J=1/100 and /=3/100mm with the values of 
D=D.. and a =& (1/3)- Deo/Ix/1)*. 

Third, HCl or PVA chloride, for instance, 
are produced in PVA by irradiation after re- 
acting CCl, or Cle to PVA molecule, and more 
CCl, enters into the solid polymer as the re- 
sults of inducing of HCl or PVA chloride. 
The presence of HCl or PVA chloride may 
determine the local solubility of PVA for CCl, 
and so w is a function of HCl concentration 
or chride contents in PVA molecule. Accord- 
ing to this view, the diffusion equation is as 
follows: 

Ou 
y|Drpu+egrad Geol (26) 
where V(z) is a potential for CCl, in PVA. 
Equation (26) becomes 
Ou 


ff (D+ OM) pu far 


In general character, V must be infinite or 
very large value for w=0, because none of 
CCl, entered into PVA, and must have mini- 
mum for w=1, because when w=1 and force 
is not act on CCl, in PVA. D(z) in (1) may 
regard as corresponding to <D+0V/Ou>z in 
(27), here <D+0V/Ou>s means the x average 
of D+0V/0u. More generally we may con- 
sider the equation such as 


(27) 


VU" Vids Dike = fo 
Or 


And in the case of one dimensional problem 
by means of Laplace transformation of 7, we 


In fact, ~,in (23) 
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can obtain the potential form of Vix, r) from 
the data of / and + dependency of experi- 
mental U. In order to study this process 
more completely, one expects the measuring 
data of more various shapes and thickness of 
specimens and of its temperature dependency. 

One may anxious to use (11) and to take m 
involving the effect of degradation, for the 
initial m(p,0) in calculating fo,o and fs,o in 
(16) and (17) in spite of non-constant ratio of 
crosslinking and main-chain rupture. Never- 
theless, it is proper, because in Charlesby’s 
or Saito’s theory, nothing like the velocity of 
crosslinking or degradation, or the sexuences 
of these processes is taken into account, and 
the matter is treated as it is static. 

In above we have considered crosslinking 
only to explain the forming of gel, but it is 
possible to suppose to cause the gel formation 
as a result of endlinking process. And it is 
difficult to conclude which process, crosslink- 
ing or endlinking, is more proper without 
other experimental results. Anyway, it is 
known that, no sooner the chain rupture has 
occured by 2/3 per initial molecule, than the 
gel formation has begun to appear when the 
radicals of ruptured end is most effectively 
used’. Only 0.5 bond per number average 
molecule is ruptured directly for 3x10*rad 
which correspond to the dose of 50% gel frac- 
tion of 1/100mm specimen. According to the 
high efficiency of gel formation and to the 
effect of specimen’s thickness, the bond rup- 
ture for endlinking must be caused by the 
influence of radicals from CCl, or HCl, if the 
endlinking process be the main process. But 
it does not seem natural to suppose the pro- 
cess of the main-chain rupture by the external 
radicals, for its reaction must be complicated 
one. 
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Appendix 

In order to solve equation (8) neglecting the 
diffusion term, with non-stationary state, the 
method of perturbation is used as follows. 
As u is a slowly varing function of 7, u can 
be expanded with r’s power series, that is, 

U=Uot+ui(r—ri)+uxlr—n)?+---. (Al) 
And we set 
V=VotVitvet::: 

that is, the solution of zeroth order, first order 
and second order approximation, etc. 

One can easily obtain vo, namely, 


vo= / 7 tanh | / Brn) +r} , 


where 7i/ 
Vo=U(ri’) fon 7 =i. 


= exp(—2 \ fvdr’) 


a 


x \" Our(r’ —1ri)- exp (2\" feed \dr | 


4 
(A3) 


(A2) 


is determined with the condition 
And v1 becomes 


with assuming vivo > v1. 

But when »=0 the expanded form of u do 
involve zeroth power of 7, then we must solve 
(8) by some different method. In this case, 
in (Al) w#=0 and vo=0, equation for v1 is 


reer (A4) 
dr 
When we set 
Bt dy 
ji n adr 
and 
ras en 7=& 3a i (A5) 
2 
Equation (A4) becomes 
ao), Lodo. ol Che Fpl iz 


dete de 9 BT 
And we can solve easily with the resulting 
formula, 


o= Ajun| y/ —dur4 b+ Bl-anty/ dure 


(A6) 
where A and B are constant. 
Considering that 7 is small, and 
nee (A7) 


Next, we divide 7 axis into m parts, and 
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denote 7 and uw as follows 


TOUT ASOT Ae AT 4 fi eh 
Yisi— i= Ar 
u(7o)=u(0)=0 
u(ri)=U(1), U(r2)=u(2), 


and 


---u(mi)=Uult), etc. 


u(i+1)—ui) 

Ar : 
Considering that (r—7:) is small and v<l 
with above expression we can obtain v(z) from 
the value of v(i—1) using the succesive ap- 
proximation, namely, 


n=v-1)4| 2 Vv bui—D(1+ 


ui(1)= 


pour) 
Idu(i—1) 


+5 (u()—ui—1) [ar 


2 
B Bov@i—1)?\_,. 
— he Te) [ar 
for 7 ub 
and 
_ Olu) . red 
aie ag am Ar TOGe eal 
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In the present work, it is reported that the glass transition phenomena 
of chain polymers can be studied by observing the temperature dependency 
of the photoelasticity of the materials, and the transition temperature 
determined using this method agrees with the second order transition 
point by the specific volume method for P.V.C., but for polystyrene it 
is a little higher and rather near to the softening point by the dynamical 


elastic method. 


Introduction 


§1. 


The glass transition phenomena of chain 
polymers have been studied by a few methods 
of measurement. These phenomena are also 
studied by means of the temperature depend- 


ency of photoelasticity.»»2 This photoelastic 
method appears to be a kind of elastic method, 
but it is applicable to the measurement in a 
softening state as it is not so strongly inter- 
rupted by the plastic flow as an ordinary 
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elastic method. And also it is profitable in 
observing of the existence of a rubber-like 
state. In the present work the transition 
point of chain polymers, especially of poly- 
styrene, and the existence of a rubber-like 
state above that point are investigated by this 
method. 


§ 2. 


To maintain the plastic flow of specimens 
as small as possible, it is desirable that the 
tension applied to specimens is small. For 
that reason Szivessy-Dierksmann’s compensa- 
tion method® which is applicable to the meas- 
urement of weak birefringence was used. 
The compensation plates were made of mica 
and the birefringences of the plates were 
0.148 (Nap) for the weak birefringence and 
1.45 (Nap) for usual one. As the birefringence 
as weak as about 0.001 radian could be ob- 
served by this method, the measurement could 
be done under small tension whose order is 
about 100 g/cm?. 


The films of commercial polystyrene (M>= 


270,000) and polyvinyl chloride (P.V.C.) (Mo= 
47,000) were used as specimens. These films 
were cast from solutions of the materials, 
chlorobenzene solution for polystyrene and 
nitrobenzene solution for P.V.C. Then they 
were carefully dried. From a part with uni- 
form thickness of these films, strips were cut 
out, each with a size of 1.5cm in width and 
2.3cm in length. Their thickness was 0.05~ 
0.07 mm for polystyrene and 0.25mm_ for 
PVC: 

These strips were hung perpendicularly in 
the center of a little furnace with two windows 
through which the birefringence was observed. 
The lower end of the strip was tied by the 
wire, a part of which was put out of the 
furnace. The weight was applied on the lower 
end of this wire for the purpose of changing 
the tensile load at the outside of the furnace. 
And at the same time the elongation of the 
specimens was observed by measuring the 
displacement of the end of this wire by a 
microscope. The temperature of the furnace 
was raised at the rate of about 0.5°C/min 
during observation by controlling the electric 
current. The temperature of strips was read 
by the thermometer which was inserted in 
the center of the furnace. In all measure- 
ment, Nap was used as the source of light. 


Experimental Method 


Study of Chain Polymers by Photoelastic Method 


1325 


In order to put the strips under the uniform 
tension, the both ends of the strip were clip- 
ped by the two small metal plates. 


§3. Results and Discussion 


The results for polystyrene are shown Fig. 
1. Below about 80°C the birefringence is 
seldom observed. Passing though about 80°C, 
the birefringence begins to appear slightly, 


but the value is still very small. At tempera- 
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tures from 100°C to 120°C the absolute value 
of the birefringence suddenly increases. Above 
120°C it appears that the value slightly de- 
creases with increasing temperature. The 
first region in which the birefringence does 
not appear may be in an amorphous solid 
state. The birefringence in this region is 
believed to be too weak to be observed under 
such small tension as applied in this experi- 
ment. It is likely that the second region 
where the birefringence begins to appear and 
shows a sudden increase is in a transition 
state. Also recognized in this region is the 
elongation of the specimens which does not 
appear in the first region. For example, in 
case of the curve for the tension of 90 g/cm? 
in Fig. 1, the elongation of a specimen at 
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about 120°C becomes about 1%; above this 
temperature the elongation increases and the 
absolute value of the birefringence decreases 
with increasing the temperature; and the elon- 
gation at about 140°C is about 2% against the 
length at 120°C. If compensation is made for 
the value of the birefringence on the assump- 
tion that the volume is kept constant, as is 
the case with the rubber-like material, the 
absolute value of the birefringence should 
increase about 1% with the increase in ten- 
sion of about 2% and the decrease in thick- 
ness of about 1%. However, the observed 
value of the birefringence at 140°C indicates 
a decrease of about 20% against the value 
measured at 120°C. Therefore, it seems 
reasonable to assume that in the region where 
the absolute value of the birefringence de- 
creases the specimen is in a rubber-like state 
and its birefringence is proportional to the 
reciprocal of absolute temperature, as known 
from a theory for the birefringence of the 
rubber-like material®. Likewise it applies to 
all the curves for different tensions. Though 
the elongation becomes larger with the in- 
crease in tension, such a large decrease in 
the absolute value of the birefringence as 
measured is unexplainable by considering the 
compensation for the elongation alone. It is 
also interesting to note that the rate of the 
decrease in that value becomes larger with 
the increase in tention. This can likewise be 
expected from the theory for the birefringence 
of the rubber-like material”. If these facts 
are considered, it is likely that the third re- 
gion where the absolute value of the birefrin- 
gence decreases as shown in Fig. 1 is in a 
rubber-like state. As the temperature is raised 
higher, other regions appear where the elon- 
gation increases rapidly and the absolute value 
of the birefringence shows again a tendency 
for increase,» although in this figure the 
regions showing the increase in that value are 
not plotted. 

When the tension is decreased at 140°C, 
both the elongation and the absolute value of 
the birefringence are slowly decreasing. But 
the former never returns to the latter. This 
indicates that the plastic flow is included in 
this elongation. 

If the first region were in a solid-like state 
and the third region were in a_ rubber-like 
state, according to the above discussion, the 
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second region, that is the transition region, 
would be the one where the materials change 
to a rubber like state from a solid like state. 
In the first place of this region the materials 
may rapidly change to a rubber like stage 


and the observed value of the birefringence 
‘becomes larger but in the final state the rate 


of the increase of that value may be lowered 
by the opposite effect of the part changed to 
the rubber like stage. Then here it is as- 
sumed that the glass transition point is the 
inflexion point of the second region of the 
curve in Fig.1. The transition point obtained 
by the above assumption are plotted against 
tensions in Fig. 2. From this figure it is re- 
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Fig. 2. The relationship between the transition 
points and the tensions. 


vealed that the transition point shifts slightly 
to the lower temperature side with the in- 
crease in tension, as the case of Nielsen et 
al® and that, when tension is extrapolated to 
zero, the transition temperature approximates 
115°C, This value is fairly higher than the 
second order transition point estimated by 
means of specific volume™:”»® or specific 
heat. However, this one nearly agrees with 


the so-called softening point obtained by the 


dynamical elastic measurement!™, 

The temperature at which the birefringence 
begins to appear was not discussed because 
of the accuracy of the present work, but it 
is likely that this temperature also slightly 
depended on the tensile load. 

“Fig. 3 shows the results for P.V.C. In this 
case the shape of the curve is also the same 
as that for polystyrene. In this figure the 
region of plastic flow is also shown. In the 
case for P.V.C. the transition point has like- 
wise the tendency of decreasing with increas- 
ing tension. The transition points estimated 
from Fig. 2 are 74°C for 100 g/cm? tension 
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and 70°C for 200g/cm? tension. This value 
is near the so-called second order transition 
point obtained by means of specific volume”. 

It has been reported that the rubber-like 
stage does not appear for polystyrene', but 
the foregoing results obtained by our experi- 
ment suggest the existence of a rubber-like 
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Fig. 3. The temperature dependency of the bire- 
fringence of P.V.C. (The sign of the birefrin- 
gence is positive) 


stage fpr polystyrene. This may be attribut- 
able to the fact that, as the amount of ten- 
sion was not sufficiently large in our experi- 
ment, effects by the secondary cross-linkage 
due to entanglement, and so forth, were work- 
ing. It is likely that the effectiveness of the 
secondary cross-linkage was a cause of the 
lowering of the transition point with the in- 
creasing tension. 

The value of the transition point for poly- 
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styrene reported in the past work is a little 
lower than in the present work”. It is be- 
lieved that the difference was caused by the 
insufficient drying of samples in the past 
measurement which permitted solvent remain- 
ing in the samples to act as plasticizer”. 


Acknowledgement 


The author has to acknowledge his hearty 
thanks to Professor J. Furuichi of Hokkaido 
University for his kind advice and encourage- 
ment, and to Mr. Y. Miyake for his assistance 
in determining of the molecular weight. 


References 


1) M. Kaneko, R. Murai, K. Kishi and D. Mori: 
J. Phys. Soc. Japan 10 (1955), 78. 

2) M. Kaneko, R. Murai, K. Kishi and D. Mori: 
J. Faculty Science, Hokkaido University Series 
Il. 4 (1954) 305. 

3) G. Szivessy and A. Dierksmann: 
Phys. 11 (1931) 949. 
G. Szivessy, A. Dierksmann and Cl. Miinster: 
Zs. f. Phys. 82 (1933) 279. 

4) R. Kubo: J. Phys. Soc. Japan 2 (1947) 84; 3 
(1948) 119. 

5) L. Nielsen and K. Buchdahl: 
21 (1950) 488. 

6) R. F. Boyer and R. S. Spencer: 
Colloid Science 2 (1946) 1. 

7) R. S. Spencer and R. F. Boyer: 
Phys. 17 (1946) 398. 

8) T.G. Fox Jr. and P. L. Flory: 
21 (1950) 581. 

9) R.F. Boyer and R. S. Spencer: 

15 (1944) 398. 

von K. Schmieder and K. Wolf: 

134 (1953) 149. 

R. Klein and E. Jenkel: 

Ta (1952) 800. 


Ann. der 


J. Appl. Phys. 
Advances in 
To eAD Ets 
J. Appl. Phys. 
J. Appl. Phys. 
10) 


Kolloid. Zeit. 


1) Z. Naturforschung 


JOURNAL OF THE PHYSICAL SOCIETY OF JAPAN Vol. 13, No. 11, NOVEMBER, 1958 


Paramagnetic Relaxation of Copper Tutton Salt 


Yosuke NAGAOKA 


Department of Physics, University of Tokyo, Tokyo 
(Received July 17, 1958) 


The spin-lattice relaxation time of Cu-Tutton salt is calculated basing 
on the Van Vleck theory. At liquid helium temperatures, calculated re- 
laxation time shows a remarkable anisotropy, which arises from the 


nature of orbital states of Cu2+ in the crystalline field. 


Its order of 


magnitude is too large compared with the value 2x10-4sec. measured 


by Townes et al.. 


At liquid air temperatures, however, it is in fairly 


good agreement with experimental data if a reasonable value is assumed 
for the separation of the first excited orbital state from the ground 


state. 


§1. Introduction 

The spin-lattice relaxation time of para- 
magnetic salts was calculated by Van 
Vleck?-» for Cr- and Ti-alum. He consider- 
ed the mechanism that the lattice vibrations 
modulate the spin-orbit coupling and reverse 
spins through it. The results of his calcula- 
tion were in fairly good agreement with ex- 
perimental data at liquid air temperatures in 
the order of magnitude of the relaxation 
time and its dependence on magnetic field 
and temperature. At liquid helium tempera- 
tures, however, there remains a big discre- 
pancy between theory and experiments.” 

At present this discrepancy is attributed to 
the fact that the bottleneck of the relaxation 
is not the energy transfer between the spin 
system and the lattice but between the lattice 
and the helium bath, and that the relaxation 
time observed in usual experiments is the 
lattice-bath (not spin-lattice) one. Townes 
and co-workers» have presented experimental 
evidence indicating this. They have observed 
also the time constant which they think is 
the true spin-lattice relaxation time. It is 
about 2x 107‘ sec. for Cu-Tutton salt. 

However Bloembergen® has recently point- 
ed out that such a strong coupling between 
the spins and the lattice is incompatible with 
the successful operation of three-level steady- 
state masers in some salts. If his objection 
is right, the relaxation time of Cu-Tutton salt 
may also be longer than that measured by 
Townes et al.. 

In the present paper we shall calculate the 
spin-lattice relaxation time of Cu-Tutton salt 
on the basis of the Van Vleck theory. In 


Tutton salts each divalent cation is surround- 
ed by a slightly distorted octahedron of six 
water molecules just like a trivalent cation in 
alums. In the case of Cu?* ions, however, 
the orbital states in the crystalline field have 
a different property from Ti** and Cr**; i.e. 
the lower states 7’; separated from the upper 
by the cubic field are degenerate (see Fig. 1) 
but are non-magnetic unlike Ti**. Then we 
should take into account also the upper states 
I’; in the perturbational calculation. Because 
of this the relaxation time of Cu-Tutton salt 
shows a new property which is not seen in 
the cases of Ti?* and Cr?*; i.e. a remarkable 
anisotropy as to the direction of an external 
magnetic field. 

The calculation is rather straightforward 
and is done nearly in a parallel way to the 
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Fig. 1. Splitting of the orbital states of Cu+2 by 
the crystalline field. 
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cases of Ti- and Cr-alum. In the following 
sections we show only essential points of the 
calculation and the main results. 


§2. Orbital States in the Crystalline Field 


The ground state of the free Cu?* ion is 
3d°2D. In the crystalline field of Tutton 
salts, which has a rhombic symmetry, it 
splits as shown in Fig. 1. If we label the 
split states as 1, 2, 3, 4 and 5 from the bot- 
tom, their wave functions are given as 
follows: 


i= (orto) +000 


t= 0 (ort 9-2) 


ot ay ee 
b3= Voi? ¢-2) (1) 


yy 3 
P= V Fi (git¢-1) 


Ws= (1-9-9) 5 

Here ¢gw’s are the eigenfunctions of the com- 
ponent of the orbital angular momentum 
along the approximate tetragonal axis, and 
c is a constant determined by the ratio of 
rhombic component to tetragonal one of the 
crystalline field. We assume |c|<l. 

The values of g-factor of Cu-K-Tutton salt 
measured at 90°K are” 

@2=2.14, gy=2.04, g.=2.36. (2) 
Making use of these values, we can estimate 
magnitudes of level separations and c. If we 
neglect the separation among the states 3, 4 
and 5 of I’;, the separation 4 between 1 and 
I’; and c are obtained as 

4=15500 emi}, ve=0.15, (3) 
taking the spin-orbit interaction constant 4= 
—710cm7!.® The separation 4’ between 1 
and 2 is not known because it has no effect 
on g-factor. 


§3. Calculation of Direct Processes 


The original Hamiltonian is given as follows: 
FL =F AA it Kas 

+H at Fut oa. (4) 

Here & 2 is the Hamiltonian for the orbital 

motion of d-electrons of Cu?*, : that for 


the lattice vibrations, @z=2usH-S and 
HF co=ueH-L (us=the Bohr magneton) re- 
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spectively the spin and orbital part of the 
Zeeman energy, #s the spin-orbit interac- 
tion and &. the orbit-lattice interaction. 
The spin-spin interaction is neglected assum- 
ing that the sample is magnetically dilute. 
Now we take 470+ 471+ H2s as the un- 
perturbed Hamiltonian and #WatAot 
1 as the perturbation, and carry out a 
perturbational calculation of higher order. By 
eliminating the orbital motion we obtain the 
effective Hamiltonian #s. which represents 
the spin-lattice interaction. Then (4) is effec- 
tively reduced to 


PC t= FatFAit+ Fu. @) 


In connection with Hou, we have only to 
consider the vibrational modes of the complex 
Cu?+-6H2O0 which are even with respect to 
inversion when we calculate direct processes, 
as Van Vleck has pointed out. Neglecting 
the distortion of 6H,O from an octahedron, 
even modes are Q: (totally symmetric vibra- 
tion, representation: I'1g): Q2, Q3 (M39): Qa, Qs, 
Qs (Msg): Qs, Qe, Q2i (rotational motion, 
I'4g). Now we should take into account not 
only Q2~Q, as in the cases of Ti?+ and Cr'°*, 
but also Qi and Qi, Qo, Q2i, for the orbital 
states have the translational properties of Is 
and /’; and their products are 


[P'3?]*=Tig tl sg 
[PsJ=Ligtlsgtlsg 

3X s5=lagtT sg . 
Then each mode has non-vanishing matrix 


elements only between the following orbital 
states. 


(6) 


Or : ''3—I'3, '5—I's. (diagonal) 
Q:, Qs 8 EBA Ci) OF 
Qs, Vs, Qe bed srk ios diatrwaks 


Qo, Qo, Qu: M3—l's. 


Taking a point dipole model for the crystal- 
line field, we explicitly obtain Ho. linear in 
these Q’s. ; 

In Hs appear two kinds of terms, adia- 
batic and non-adiabatic terms. 

(1) Adiabatic terms. 

These terms are obtained by the so-called 
adiabatic approximation, i.e. by carrying out 
the perturbational calculation leaving S and 
Q as operators. So in order to reverse spin, 


* [IF] denotes the representation of the sym- 
metric product of I’ with itself. 
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according to Kramers’ theorem, it requires 
the magnetic field and hence the third order 
perturbation including Azo as well.as KH so 
and #1. In other words these are the 
effect of the lattice vibrations on g-factor in 
the spin Hamiltonian. 

We remark here that there are two kinds 
of terms different in the order of magnitude. 

(a) Terms, the denominator of which is 
a: e.g. 

(1| A 01|3)(3| A 9015) 6| A 20|1)/ a? . 

(6) Terms, the denominator of which is 
4A’: e.g. 

(1|Fo1|2)(2| AF 90|5)(5| F 2ol1)/4d’.* 
Terms (b) are larger than (a) by the factor 
4/4’. Because 1 and 2 are connected neither 
by A750 nor Hz, in terms (b) Hs and 
CF zo appear always in such a form as 


(2| FF soll s\0's| & 201) 
=AusS-(2| LU s|L|1)-H . (7) 


As one can see easily, the factor (2|Z|Is) 
(5|Z|1) does not vanish only when LL is 
equal to LzLz, LyLy or LeLz, where x, y and 
z correspond to the axes of the crystalline 
field. As a result terms (6) are always pro- 
portional to either S:H:, SyHy or SzH:z. 

(2) Non-adiabatic terms. 

When we calculate adiabatic terms, con- 
tributions of HH: and Hzs to the energy 
difference appearing in the denominator is 
neglected, so we obtain none from the second 
order perturbation. If we do not neglect 
them, however, we get the spin-lattice interac- 
tion from the second order perturbation of 
SF « and GF. too. These terms are of the 
same order as (a) of adiabatic terms. 

In order to proceed to the numerical evalu- 
ation of the relaxation time of direct proces- 
ses, it is necessary to know the values of a 
few constants. We use (2) and the following 


values: 
euir*>R-§=1900 cm-} 
euir?) R-4=5200 cm=} 
density: d=2 g/cm? (8) 
sound velocity: v=2.3x10° cm/sec 
A/4’~2~10. 


Here —e is the electron charge, the dipole 
moment of a water molecule, R the distance 
between Cu?* and HO, <7*> and <r*> respec- 


= he modes Qs and @3 connect 1 with 2, 
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tively the mean square and mean forth 
power radius of the d-electron orbit. The 
value of ex<r*>R-* can be evaluated directly 
from that of 4 under the assumption of a 
point dipole model of the crystalline field. 
euir?>R-* is obtained from ep<7*>R-*? assum- 
ing that the wave function of d-electrons is 
hydrogen-like and further <7?>=0.9 x 10776 cm? 
(R=2 A). Unfortunately no specific heat 
data of the lattice vibration of Tutton salts 
can be found, so we take the value of sound 
velocity used by Van Vleck for alums. We 
cannot estimate 4’ from experimental data 
but the above value of 4/4’ may be plausible. 

Finally the relaxation time ts: of direct 
processes is as follows: 

if kTSyeH, 


t= 0.1/0 %10* hy AT 
and if kT<yeH, 
rae hhxier- aes (9’) 
F=aitamn?+a;n(n?—1)+a(1—i—m'*—n') 
+ Bi(m?—I?)+ Bon?(m?—?). (10) 
Here H is the applied magnetic field in 


oersteds, T the temperature in °K, (/, m, n) 
the directional cosine of H and 


ai=0.015 
AI—le5 


2 
ats =2.8 (+) +0.5(4-) +0.4 


a=1.9(4-) +0.9(4-) 


6i=0.013 


43 4 
B.=0.28( 4) +0.10(7°) 


In Fig. 2 we show the dependence of F 
(proportional to ts:~1) on the direction of the 
magnetic field in a few planes. An_ interest- 
ing fact is that ts: becomes extremely long 
when the magnetic field is parallel to a princi- 
pal axis of the crystalline field. It is much 
shorter in other cases. This anisotropy is the 
more emphasized, the larger 4/d’ is. 

Stach a remarkable anisotropy arises from 
the fact that in 4s there are terms (d) 
larger than others by a factor 4/4’. These 
terms are proportional to HzS:z, HySy or 
H,S:, and therefore unable to reverse spins 
and to have any effect on the relaxation time 
if the magnetic field is parallel to a crystal- 
line field axis. It should be noticed here that 


(9) 


(11) 


= 1958) 
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Table I. rs: of direct processes (sec.) 
[ 3 E. . MT SmunReyY 9 Ti 
Direction of H 
H(¢) | T (°K 
® K) (100) (010) (001) (110) 
| | ‘ — a me rata ; = = 
ai 4 1.2x104 8.6 x10? 1.9x10 5.9% Ze Oe IAs 
1 4.8x 104 3.4 x 103 7.4x10 2.3x10 10 
| 
-: be " “ * A 
co 4 9.8x10 7.0 1.5x 10-1  4,.8x10-1 2.1x10-3 
| ip ) 3.9 x 102 2.8x 10 6-0x10-2 © 17910-2822 << 10F2 
 ay4' 2. See g | a Oe 


Values at H=10000 ¢, T=1°K are obtained by means of (9), although k7~p,H in this case. 
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Fig. 2. Dependence of the value of F'/Fimax (~F/Faio)) 
on the magnetic field direction. 
(a) «-z plane. 
(b) «-y plane. 
(c) z-(110) plane. 


such anisotropy is, at least qualitatively, in- 


frequency ox. 
dependent of approximations taken in the Van terms. 


Vleck theory; i:e. the crystalline field 
approximation, its point dipole model, 
the Debye approximation of the 
lattice vibrations and so on. 

We show numerical results in 
Table I. The value of the spin- 
lattice relaxation time of Cu-NH,- 
Tutton salt measured by ‘Townes 
et al. is of the order 2x10-‘sec. 
at the frequency 9000 Mc (H~3000 ¢) 
and the temperature 1.3~4°K. The 
values calculated here and too large 
compared with this experimental 
result. Townes et al.® have also 
found the anisotropy of the relaxa 
tion time in connection with the 
phenomenon of the asymmetry of 
the cross saturation. But as the 
direction of the magnetic field is 
not shown in the paper, it is not 
clear whether their observation can 
be explained by our result. 


§ 4. Calculation of Raman Processes 


We now proceed to the calcu- 
lation of Raman processes. The 
most important contributions are 
from non-adiabatic terms obtained 
by means of the third order pertur- 
bation #HoovrtH wo (Hau: linear in 
Q’s) in which one of the inter- 
mediate state is 2; e.g. 

ae pg nz+1) \(2+|AF #0|4— —) 

4, ne| A all, ne—1) 
aye hax)(—4—hox) 
Here mx represents the number of 


phonons with wave number k and 
We calculate only such 
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Neglecting effects of the rhombic component 
of the crystalline field (c=0) for simplicity, 
final results are as follows: 


b+CH? al 
Poe py SOR Dd (12) 
T= 0(1+0.23 n?)4, (13) 


where po is a constant dependent on tempera- 
ture and 7 is the cosine of the angle between 
the magnetic field and the tetragonal axis. 
We do not neglect the spin-spin interaction 
here. As Eq. (13) shows, ts: of Raman pro- 
cesses has not so remarkable anisotropy as 
that of direct processes. The numerical 
values of p are shown in Table II. In the 
calculation of p at liquid air temperatures the 


Debye temperature was assumed to be 
330°K.® 
Table II. o of (13). (sec.) 
=} T(°K) | it 
ois 1 aR Et ae 90 
A/a’ 
ites 10) 
2 LMe0h 38x10 be ag ee Kage 
AMT 2G 
3} 2.6 x 106 9.9 x 10-7 x 10-7 
lea 6.8 Sh 
au 3.7 210% 10-1 | x10-2 «10-9 


Comparing these values of Raman processes 
with those of direct processes calculated in 
§ 3, we see that even at T=4°K Raman pro- 
cesses are more effective than direct proces- 
ses if the magnetic field is not so strong and 
is parallel to a crystalline field axis. Asa 
result the anisotropy at helium temperatures 
will be smaller than expected from the cal- 
culation of direct processes. 

In the liquid air region the calculated values 
are in good agreement with experimental 
results if we take 4/4’=3. We show in Table 
III the values averaged over the direction of 
the magnetic field with experimental results 
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of Cu-NH,-Tutton salt. Our calculations are 
so rough that we cannot regard this agree- 
ment as a proof that 4’ = 4/3=5000cm". 
However it may well be said at least that 


Table III. cs; at liquid air temperatures. (sec.) 
Experimental results are for Cu-NH,-Tutton 
salt. 

I T+ 108 Too 106 p 
calc 0.43 0.87 0.5 
T7°K 
exp. 0.35 0.7 / 0.5 
He 
calc 0.24 0.48 0.5 
90°K | 
exp. 0.24 0.4 | 0.6 


the Van Vleck theory agrees with experiments 
at liquid air temperatures for Cu-Tutton 
salts too. 

The author wishes to express his sincere 
thanks to Professor R. Kubo for his kind 
guidance, and to Dr. T. Moriya and to the 
members of Kubo Laboratory for their help- 
ful discussions. 
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The effect of the magnetic ions of those paramagnetic salts whose spin 
degeneracy is completely lifted by the combined action of the spin-orbit 
coupling and the crystalline electric field, on the magnetic resonance of 
nuclear spins and electronic spins of other kind of ions such as Cu?+, 
Co2+, Mn?+ substituted for the host ions are studied theoretically. 
General formulas for the resonance field shift, line width and the thermal 
relaxation time in nuclear (or electron) spin resonance in magnetic sub- 
stances are given. J, and T, are here related to the difference between 
isothermal and isolated susceptibilities. Temperature dependence of T} 
and J, as well as magnetic field dependence of them are studied. At 
low temperatures they become longer rapidly (exponentially) as tempera- 
ture is lowered while at high temperatures they are independent of tem- 
perature. Field dependence of the line width is of the type of Ho?+H,2 
when the line is narrowed by spin-spin interaction among the host ion 
spins, or }“H)?+H;2 when the line is not narrowed, where Hj; denotes 
the local magnetic field. Field dependence of 1/7, is always like Ho?+ 
H;?. The theoretical results are compared with some available experi- 
mental data on electron spin resonance. The agreement between theory 
and experiment seems to be not unreasonable as far as order of magni- 
tude and qualitative characters of the line width are concerned, though 


experimental data are now rather scanty. 


§1. Introduction 


A certain amount of studies on the nuclear 
magnetic resonance in magnetic compounds 
have been done in recent years. These could 
reveal us many important informations on the 
’ properties of several para and antiferromag- 
netic compounds. Among them are some pro- 
blems concerned with those paramagnetic salts 
whose magnetic ion has even number of un- 
paired electrons and then has no Kramers’ 
degeneracy. As examples there are Cr’*, 
Mn*+, Fe?* and Ni?* ions. Under the crystal- 
line electric field in solid their spin degenera- 
cies are generally lifted. In an orthorhombic 
field all the degeneracies in the spin states 
are completely lifted so that the spin operator 
has no diagonal components in the absence 
of the external magnetic field. This situation 
may be said that the spin is quenched by the 
combined action of the spin-orbit coupling and 
the crystalline electric field. The spins have 
in this case only high frequency components 
because of the absence of the diagonal ele- 
ments and won’t have effect on the magnetic 


resonance of nuclear spins or other kinds of 
electron spins substituted for host magnetic 
ions in the crystal. However, when the ex- 
ternal field is set in, magnetic moments are 
induced on the ions owing to the polarization 
effect. These moments interact with nuclear 
spins as well as other kinds of electron spins, 
but to the extent much smaller than usual 
magnetic ions whose spins are not quenched. 
Some experimental studies have been carried 
out on this type of salts. Paramagnetic reso- 
nance of Mn?*, Co?+ and Cu?* ions placed 
instead of Fe?+ and Ni?* respectively in 
Fe(NH,).(SO4)26H2O0 and Ni(NH,4)2(SO,)26H2,O 
were reported first by Ono and Hayashi” and 
recently by Otsuka, Abe and Kanda”. The 
latter authors measured also the susceptibility 
of Fe(NH4)2(SO,)26H2O and deduced from it the 
initial splittings of the spin levels. Non- 
resonant dispersion and absorption measure- 
ments on (Co—Ni) (NH,)2(SO,)26H2O0 ‘and (Co- 
Fe) (NH,)2(SO,)26H2O0 have been studied by 
Haseda®. Nuclear resonance experiments 
have been studied recently by Sugawara and 
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Kim® though the results are not yet conclu- 
sive. 

As for the theoretical side, the idea of 
diminution of the resonance line width due 
to spin quenching was first put forth by P. 
W. Anderson and worked out in the case of 
high temperatures by one of the authors 
(Y. O.). In the present article we shall treat 
the problem in more detail and from more 
general point of view especially taking notice 
of the temperature and field dependences of 
the line width and the relaxation time. 

At first we shall give in §1 general for- 
mulas for the resonance field shift, the line 
width or 7. and the thermal relaxation time 
T; due to the paramagnetic ion related with 
the nuclear resonance (or electron spin reso- 
nance of a different kind of ion). The pro- 
blem of calculating 7; and 72 are then reduced 
to the calculation of the frequency distribution 
or time correlation functions of the paramag- 
netic spin fluctuation. The frequency distri- 
bution of the spin fluctuation for our case 
where the degeneracy of the spin levels are 
completely lifted by the crystalline electric 
field is studied in §3 and their low frequency 
components are shown to be related to the 
difference between the isothermal and the 
isolated susceptibilities, yr and yis. Isolated 
susceptibility is an adiabatic one in Ehrenfest’s 
sense. In another word, yis appears when the 
populations of the energy levels are kept con- 
stant during the change of the measuring 
field. In 84 (wr—xis) is calculated for Ni2* 
(S=1) and Fe?* (S=2) salts. Numerical values 
are given for Ni(NH,)2(SO,)26H.O and 
Fe(NH,)2(SO,)26H,O. The relaxation times 7; 
and 7, of nuclear spins as well as electron 
spins of different kinds of ions are discussed 
respectively in §5 and in §6. For the latter 
case the theoretical results are compared with 
some available experimental data. The agree- 
ment proves to be not unreasonable in the 
order of magnitude and in the qualitative 
characters of the temperature and field de- 
pendences of the relaxation times. In the 
last section, §7, some remarks on this problem 
are made. 


§2. General Formulas 

We shall here consider a system consisting 
of two kinds of spins, electronic spins of a 
kind of magnetic ions and nuclear spins. The 
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latter can, aS occasion demands, be replaced 
by spins of different kind of magnetic ions. 
The reasonance frequency, the line width and 
the relaxation time 7: of the latter will in 
general be strongly affected by the former. 
In this section this effect is treated. For 
brevity we shall consider one resonating spin 
(hereafter called the nuclear spin) and neglect 
the interaction among the resonating spins. 
This can not only be justified when the con- 
centration of the resonating spins is low but 
also be useful when the all sorts of contri- 
butions to the line width and to the relaxation 
time work additively. The formulas for the 
line width, the frequency shift and 7, in this 
case have already been derived for a special 
case?, We shall reproduce them in more 
general forms. 

The Hamiltonian of the system is written 
as 


FE =F nt Atk ne, 
IE n=—7whI- Hy , 


3 3 
AE we=Tnteh® X ly > XOP"Sin » (2.3) 
y= fees 


(2.1) 
(2.2) 


where &. is the Hamiltonian of the electron 
spin system which can, as circumstances re- 
quire, include the lattice vibrations, 7» that 
of the nuclear spin, and we that of the 
interaction between the nuclear spin and the 
electron spins. JZ denotes the nuclear spin, S; 
the j-th electron spin, yw and ye the gyro- 
magnetic ratios of the nuclear and the electro- 
nic spins, My the external magnetic field. The 
suffixes “4, y=1, 2,3, represent respectively the 
x, y, Z components of vectors and tensors. 
@;"” is the coupling constant of the nuclear 
spin to the j-th electron spin which is written 
in the case of pure dipole-dipole interaction as 


0o/= Dy, dgvr 7 (Guy —3tj*t;”’) (2.4) 


where gw is a component of the g-tensor, 
r;(rj=|rj|) the position vector of the j-th 
magnetic ion, assuming the nuclear spin is 
located at the origin, ¢;’=9r;’/r; its direction 
cosine. 

Dividing an electron spin into two parts, 
i.e. the thermal equilibrium value and the 
deviation from it: 


Siv=<Siv> +S jy , (2,5) 
(2.1) (2.3) can be rewritten as 
FC =F + HE'+ 4, (2.6) 


SH o=—rnhl- A, (2.7) 
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H”'=—rvhl-OH , (2.8) 
where H is the thermal average of the total 
magnetic field at the nucleus and 6H the 
fluctuating part of the local magnetic field. 
They are written 


3 
Ay= Hay= Hhy—teh Dy x O73" Siu if (2.9) 
J Ba! 


3 
OH,= —Treh SS SS O "OS iu ’ 


jal 
@1, 2, a; being the direction cosines of H. 
The second term of (2.9) represents the shift 
of the resonance field. By a orthogonal coordi- 
nate-transformation {@.,} we take the direc- 
tion of H as the new third axis, the quanti- 
zation axis for the nuclear spin. The com- 
ponents of JZ and 0A in the new coordinate 
system are written as /, and K,. They satisfy 


Iu= Srey , 
pi. 9 Iya ’ 


(2.10) 


(2.11) 


where @3,=a,. In the new coordinate system, 
the Hamiltonians are expressed as follows: 


SF p= —rvhij,H=—hwo/s , (2.7°) 
BH =—r1sh > HK, 
=—rwh[J3K3+3( J. K-+J_-Ky)], (2.8’) 


where Jz=fitijfe and Ki=Mitike. 
The shape of the resonance absorption line 
is obtained as follows”: 


Ko)= \" 


—o 


exp [iwt—(t)] dt , (2.12) 


HO= ral dete) Fie) ter FO} S(2. 03) 


hh)= <{K3(t)K3}> 
=>) = ayay<{6H,(t)d Hy} ) 


Fit) =<({Ki()K-}>/2 
=> 3(Oyy—aty aly) {0 H(t) 6 Hy} (2.15) 
where 


OH(t)=exp (it -/h)OH exp (—itH-|h) . 
(2.16) 


(2.14) 


The relaxation time 71 becomes 
1/Ti 
ie axl" di cos ont[(K.()K_-)+(K_(t)K)] 


=re” dt cos aot Full) . (2.17) 


<{6H,(t)6H,}> are expressed as follows neg- 
lecting the small effect of the modulation of 
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the coordinate by lattice vibrations: 
<{O Hy (t)d Hy} 
=(reh)? > Xi OSD’ LOS jut) OSkw}> , 
Ke eM! 
(2.18) 
When the correlations between two different 
spin fluctuations are neglected, which is 
actually the case in the usual paramagnetic 
state, (2.18) reduces itself simply to 
{OH (6 H,}> 
= (rob)? SB O70)" {IS ul) OSye}) 
(2.19) 


§3. Fluctuations of the Electron Spins 

We shall deal with the time correlation 
functions of the spin fluctuations in the case 
where the degeneracy of the electron spin 
states are completely lifted by the combined 
influence of the spin-orbit coupling and the 
crystalline electric field. The Hamiltonian of 
the electron spin system is expressed as fol- 
lows: 


Sve FE wae , (3.1) 
HK w= He y= Sj: 45--Sj+ 4eS5-9i- Ab) , 
(3:2) 


FO =>, FH je . (aia) 
5k 


S& « is the one-spin energy and #.’ is the 
interaction energy. A; denotes the tensor ex- 
pressing the fine structure coupling under the 
crystalline electric field, g; the g-tensor. 

When &.’ is smaller than #2, we can 
use the perturbation method to calculate the 
motion of the spin fluctuations and then their 
correlation functions”. We get 


{8S ju(t)O0S jp} = Gui) = DG ui@) , (3.4) 


GIL) 
=ciny-*\ aol "ats s [ata Sal 
0 0 0 


Se bids ot «bay B) oe ¢ (in) |S }> 


— Bn Sjud<Siv> 5 (3.5) 
S(t) =exp (tA eo/M)S ju. exp (—tt FH o/h) , 
(3.6) 
FE &(t) 
=exp(it#eaul/h)\KH’ exp (-—it FH wh) , (3.7) 


where 
[A;.B, C,---, KJ=[[-+ -[A,B], C]---], K). 
The suffix j specifying the j-th spin will 
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hereafter be neglected. 
We shall take such a representation as to 
diagonalize He: 


Ey 
Ex: 0 


0 ao , (3.8) 


: Eos4i 
where it is assumed that there is no degenera- 
cy of the energy levels. <S> and Gyy(#) 
are then expressed as follows: 


Sup i Sm(Su)mm , (3.9) 
fm=exp (—Em/kT)/> exp (—En/kT) , (3.10) 
Gyy(#) —= py Taya ral Sa) ae 


— >» ifatinOp nnoy) nem 
= =) Satfm tf exp (tenant )(Sw)nm(Sy)mn > 
(Sul) 
honm=En—Em : (12) 


To get G,.(t) we have in principle to extend 
the calculation to the higher order terms of 
the perturbation series. However, Gu.(t) may 
be considered as to have a form (3.11) multi- 
plied, term by term, by such functions as to 
satisfy the following condition: 
1 tor r= 0% 
FO=1 9 for foo, 
In many cases we anticipate by physical in- 
sight the form of f(t) and then determine 
the parameters from lower order terms of the 
perturbation series. The possible form of f(t) 
may be exp(—-*f?), exp(—|¢|/t-) and their 
intermediary, etc., where hw, and #/t. are of 
the order of magnitude of the effective spin- 
spin interaction. In our case the former form 
may be taken when the concentration of mag- 
netic ions is not low, and the latter when the 
concentration of magnetic ions is low or when 


(3.13) 
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the spin-lattice relaxation gives the dominating 
mechanism of the fluctuating motions of 
spins®. When the former type, the Gaussian 
function, is taken, we need only to know the 
second moment which is expected to depend 
scarcely on temperature. Actually we calcu- 
lated it in the special case where S=1 (Ni?*) 
and #H),//z-axis, and confirmed that the tem- 
perature dependence of we is very weak and 
its order of magnitude does not appreciably 
change in all the temperature range. 

We shall here simply make an approximat- 
ing assumption: 

Gult)=GuOOFfO® , (3.14) 
where f(t) satisfies the condition (3.13) and 
its decay time is of the order of magnitude 
of % divided by the effective spin-spin inter- 
action and does not depend on temperature. 
The shape of f(t) will be assumed properly 
according tothe case. This assumption, though 
simple, is sufficient for the qualitative discus- 
sions and is useful even for the quantitative 
order estimation. 

We shall here remark on the correction 
terms to G,z,(f) arising from the higher 
order terms of the perturbation series. This 
correction to zero frequency component is not 
always negligible as compared to the first and 
the second terms of (3.11), which are small 
themselves. The ratio of the zero-frequency 
component of this higher order correction to 
that of Gu, may be given by 
(spin-spin interaction energy/Zeeman energy)?. 
Therefore, the results of this and the follow- 
ing sections are applicable not only to the 
case where the Zeeman energy is much larger 
than the spin-spin interaction energy but also 
to the case where they are of comparable 
order of magnitude provided we replace HA)? 
by H,?+Hi?, Hi being the effective internal 
magnetic field.* 


* We have calculated this correction for the simple case where there is only one kind of magnetic 


ion site in the unit cell, and the static field is applied along one of the magnetic principal axes. 


results are as follows: 


PB? 


Guy(0)=- 
7ua(0) Xv? + (gH~Ho)? 


[ HPF a 


The 


X2 


cee eee , 
Xye+ (gp)? ont eee | ‘ 


in which Fy, and Xz are given by (4.6), (4.7), and Hju? and Fu,’ are given it the following table. 


| Ho|[x | Hijjy | Holl 
Bai | 3 > (Gien)?Y jx jx? | Biys (GH B)?e 5170 jx | 3 (Ge BPajn?y jn? 
i a kK 7 5x10 Ke 2 Kk 7 5x29 | 2 k 7 3419 
Fup! Kath | 8A | SOAs 7 
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We shall now further study the properties 
of Gut). The first and the second terms 
of (3.11) are secular terms and the third is a 
non-secular term. One can easily see from 
(2.13), (2.14), (2.15) and (2.17) that the contri- 
bution of the non-secular term to the line 
width and 1/7: is far smaller than that of 
the secular terms provided |wnm| and |@-+@nml| 
are sufficiently larger than we whose order of 
magnitude is that of the inverse of the decay 
time of f(¢). This condition is satisfied in 
many cases; when all the energy level sepa- 
rations are larger than the spin-spin interac- 
tion, it is satisfied in almost all the cases of 
nuclear resonance and in the case of the elec- 
tron spin resonance of different ions except 
when the resonance frequency is near to one 
of the resonance frequencies of the host ion 
spins. In the following treatment we shall 
confine ourselves to the case where this con- 
dition is satisfied. Neglecting then the third 
term of (3.11) we can write 

yy (t)=<(Su)a(Sv)ay—<Sup<Sv> (3.15) 
where ( )a means the diagonal component. 
This can further be related to the isothermal 
and the isolated susceptibility tensors as fol- 
lows: 

OEm OFm 
OH, OH, 


Su Sv HBG pyO(t) = py i 


cc = Sm ea ahs OH, 


fH Oth) tis OF ? 
OAw oi OA OH, 


=kT(xr—Xis) ur - (3.16) 


From the properties of (yr—Zis) qualitative 
discussions on the general properties of 71 
and T2 can be given. 

(1) At low temperatures where RT< 4E, 4E 
being the energy separation between the low- 
est two levels, 7; and 72 increase very rapidly 
(exponentially) as temperature is lowered, 
since (yr—xis) is proportional to e-“4/*" at these 
temperatures. 

(2) At high temperatures where kT is larger 
than the overall separation of the spin levels, 
T, and JT: are independent of temperature 
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since kT(zr—xis) is there independent of tem- 
perature. 
(3) When the Zeeman energy is smaller than 
the initial splitting, (S)aceHy) and Gyy(t)ec Hy? 
so that we have 

1/T2« Hy , (3.17) 
provided there is no narrowing effect, i.e. 
{lrw?Fy|}? >a. With the narrowing effect 
we have stronger field dependence of 72. In 
the case of extreme narrowing, i.e. {|rw?Py|}/2 
<we, we have 


1/T2 0 Hy? . (3.18) 
As for the field dependence of 71 we expect 
1/Ti x Hy? , (3.19) 


except for the factor arising from the field 
dependence of w 9. In the case of nuclear 
resonance (3.19) will represent the correct field 
dependence of 71, while for electron spin 
resonance the factor coming from the field 
dependence of » will be important. 

Before concluding this section, we shall 
transform (3.16) into the form convenient for 
later use. When the Zeeman energy is smaller 
than the initial splitting the energy eigenvalues 
given by (3.8) are written as follows taking 
up to the second order terms with respect to 
the external magnetic field: 


3 
Em= Em! —$ 3) Amity? . (3.20) 


From (3.16) we get 


RT (x7r—xis)uv = ((ApAv»—<Ap< Av) Aum . 
(Gray, 


§4. (yr—yis)for Ni?*(S=1) and Fe?*(S=2) 
The spin Hamiltonian of a magnetic ion in 
an orthorhombic crystalline field can be writ- 
ten in a usual form: 
SF =— DS?—E(S22—Sy*) 

+ 42(82HeS2t ZyHySy+gzHeS:) , (4.1) 
where x, y, and z axes are the principal axes 
of the crystalline electric field. We shall cal- 
culate kT(xr7—xis) by using (3.16) and (8.21). 
(I) Nit G=1) 

The expressions for yr and yis as well as 
xs (adiabatic susceptibility in a thermodynami- 


If we assume that the crystal has symmetry higher than cubic the magnitude of H;? is one-twelfth of 


the square of what is usually called an internal field. 


Phys. Rev. 74 (1948) 1168.] 


[See, for instance, Eq. (14) of Van Vleck’s paper; 


1 igs : 
He=s gust Ere 8= 75 | 5 SS 4 Dotnet Dre | 
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cal sense) have already been obtained for this 
case”, Some numerical calculations for the 
case of Ni(NH,).(SO,.)26H:0 have also been 
carried out®. Here we reproduce some of 
the results in which the terms up to the 
second order with respect to the external 
magnetic field Hp are taken into account. 
The energy eigenvalues are expressed in 
the form of (3.20) of which the values of the 
constants are given in the following table: 
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i= fi—fr ’ he= fs—fe > hs=fi—Sfs . (4.4) 
RT (Xr—Xis)uv = eelgrue HeP py pales (859) 
wy 


Fu=fith—i-fe) , 
Fiu=fr—(fra—f)(fa—S) 5 
Fu=fotfs—fe—Ss) ; 
Fa3= —f3t+(fs—fa)(fs—Sy) , 
Fs3=fstfi—(fs—fr? 5 
Fsi=fi—(fi—-fa)(fi—-S2) 5 


er 
| 


X1=(D+E£)/2 , =(D—E)/2.,.. Xa=E . (4.7) 
m Em Axm | Aym Aen The numerical results for Ni(NH,)2(SO,).6H,O 
oe ae ae are shown in Fig. 1. For the values of D, E 
042. pep | eseiws 0 ee he and g we used the experimental values at 
D+E E OK -10 
90SK : 2% 
3 é Qgetun®|  2gy2m0? Q D=V.99 cm", E=0.486 cm=!)'0 g=2/25". (48) 
PLE Dae The contribution of Zeeman energy to the 
Boltzmann factors are neglected in calculating 
ge | peep 0 280 Ln &?s* numerical values in Fig. 1. 
D-E E (Il) Fe?(S=2) 
(4.2) The energy eigenvalues are expressed by 
From this we get (3.20) up to the second order with respect to 
CS Sys") ape (4.3) the external magnetic field Hj). The values of 
Xy the constants are shown in the following table: 
m En Leon Aym | Am 
eubnicty 3s)? *us(c—Y3 S$)? 
1|-2D0+V1+7%) i : = “ a= . ae = pene & 
D(4+vite—Y 59) D(F+vite+¥ Sa) Dvite—D 
2202p? 2 oy 222 ae 
2 —4AD pee A kt ae ___ 280 MB | D 1+72+1 
DO+V 30) DE—V 37) EN 
a Sys 
Sx" tp" | (s—V 3c)? 
oer Noe Seas sh 
2 aA, ) Se 
Diy 3%) a anal een? 28M" 82's" 
ie Fi my DiS a 7/58 2), DV30 
vitg—Y sat) 
eta (Sty seP 
D : a cage 
4) -Di-v3n | - fear Vitw—S—949) git 
7) pc (c—-W 3s) ba DY 3% 
VERE ap | 
_ Bethlas— i F cy Sv Ua(S+V/3 c)? 
5) 2DV/it_p—D eT : ra al 4g221y°s? 
D(vise+% Sa) D(vite—% y+) DiVi-tyt) 


(4.9) 
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Fig. 1. [AT(%p —%is)yu/H.Hyg22?| x 108 for Ni(NH4).(SOz)26H,2O. The two figures in the braces 
specify tensor components. The dotted lines are used where negative values are taken. 


Table I. [AT (yr —yis)uv/HpHyvg?z2?] x 10-8 for Fe(NH4)2(SO4).6H,0. 


vate ag aie 3,3 42 3 3,1 

Te Ko~.| 

1 1.0x 10-6 5.1 10-7 5.1 10-4 —7.3x10-7 —1.6x 10-5 2.3x 10-5 

1.0x 10-4 5.0x 10-5 5.0x 10-2 ~7.1x10-5 ~1.6x 10-3 2.3x 10-3 

3 4.4x 10-4 2.2x 10-4 2.2x 10-1 —3.1x 10-4 —6.9x 10-3 9.8x 10-3 

4 8.6x 10-4 4.2x« 10-4 0.42 ~6.0x 10-4 —1.3x10-2 1.9x 10-2 

20 3.4x 10-3 4.4x 10-2 ri —5.5x 10-4 —5.4x 10-2 5.3x 10-2 

300 6.5x 10-3 1.8 0.59 —2.5x 10-2 ~—3.7x10-2 2.7x 10-2 

oo 6.2x 10-3 2.1 0.51 —3.0x 10-2 ~3.8x 10-2 2.3x 10-2 

where 
=v 3:E/Ds c= costs, $=sin 0, tan 20=y7 . (4.10) 


The values of kT(yr—vxis) are calculated by~-using (3.21). The numerical results for 
Fe(NH,).(SO,).6H2O are shown in Table I. The values of D and E are taken from Ohtsuka, 


Abe and Kanda’s result”: 
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DNAs iemay B= 5:8bicme. (4.11) | 
The anisotropy of g is neglected and the average value, 
Sav=2.14 , (4.12) 


are taken. The contribution of the Zeeman energy to the Boltzmann factors are here also 
neglected. 


§5. Nuclear Magnetic Resonance 

The motion of the electron spins are usually much faster than that of nuclear spins in the : 
local field, so that the narrowing condition for the nuclear resonance line stated in §3 is 
almost always satisfied. The neglect of the non-secular perturbation (nondiagonal components 
of the electron spins) are also justified. The line shape therefore is Lorentzian and 7: and 
T, are of the same order of magnitude. By using the formulas in §2 we get 


(a) for f(t)=exp (—i0-7#?) , 


1/T,=(2/2)"*(r w?/We)[ Fo (0) + Fi (0) exp (—207/e?)] , (5.1) 
1/Ti=(27)¥27 y2Fy (0) exp (—402/we?)/we , (5.2) 
(usually exp (—4$@o?/w.?)~1) > 
(b) for f(Z)=exp(—|é|/re) , 
1/T2= 7 w?tel Fo (0) +Fr (0)/(1+07r-")] , (5.3) 
W/T1=27 w?teFy (0)/(1 +a?) . (5.4) 
(usually (1-+-a2t-?)~1) 
where 
Fo'O)= 3 3 Pos kT Xr — xis) vB es? (5.5) 
Fy'(0)== DB Pas RT tr — tis) 1 Bro en? ; (5.6) 
Pag (Teh Se cee Of" ; (5.7) 
Pay’ =4(reh)? 2 Gaye aucun) OO” . (5.8) 


Pos”’ and P1j’”’ depend in a complicated way on the direction of the magnetic field and on 
the arrangements of the magnetic ions. When the interaction between the nuclear spin and 
the electron spins are of purely dipolar character, we may estimate 


Py ~ Pig)’ ~ grup? ]r 8 ; 


except for the angular dependent factor whose order of magnitude is 1. 

We shall make, for example, an order estimation of T; and T, of protons of the water 
molecules in Ni(NH4).(SO,),6N,0 and Fe(NH,).(SO,).6H,O. In this case one magnetic ion 
un to the considering proton makes a dominant contribution. Estimating P)j;””’ ~ Pi” 
~10®, we get 


1/Ti~1/T,~ (10M /oe) RT (x7— xis] g2U08? . (5.9) 


For Ni(NHx):(SO.),6H20 we estimate w,~5x 10° from the paramagnetic resonance line width” 
For Fe(NHj):(SO.),6H:O we shall here assume .~ 10" since no data is available, though : 
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will be estimated from a measurement of the nuclear relaxation time stated here. In Tables 
II and II the relaxation time in the case where the external field is applied along the x, y, 
and z axes are given. The numerical values in the Tables II and IU are only of order of 
magnitude significance, though the temperature dependence is reliable. We can of course 
make more precise calculations taking account of the exact arrangement of the ions in the 


crystals by using (5.1)~(5.6). 


Table Il. 71~Zy (in sec.) for protons in H,O in Ni(NH4)2(SO4)26H,O at Hp=3000 gauss. 


(we = 5 x 109) 
aK H_o//x Ao//y HAy//z T°K Ho//x A/ly Ap//z 
co 1. Ted O=4 4.3x 10-5 1.8x 10-5 0.4 2.7x 10-3 1.0.x 10-3 1.0x 10-4 
4 eS 1074 5.6 x 10-5 1.5x 10-5 0.3 8.3 x 10-3 3.1 10-3 3.2 10-4 
2 1 7x 1054 7.8x 10-5 1.5x10-5 Q°2 8.4x 10-2 3.1 10-2 3.3x 10-3 
1 3. 3610-4 1.5x 10-4 1.9x 10-5 0.1 91 34 3.5 
Table WI. %~T (in sec.) for protons in H,O in Fe(NH,).(SO,).6H,O at Ho=3000 gauss. 
(we = 1010) 
Y ad 3 | HAo//x Ally A//z Pes A//x Ab//y Ay//z 
co | 1.8x 10-2 5.3x 10-5 2.2K10=2 4 0.13 0.26 2.6x 10-4 
300 1.7x 10-2 6.3x 10-5 1.9x 10-4 3 0.25 0.51 5.1x10-4 
20 | 3.2x 10-2 2755¢10=3 9.8x10-5 2. 1, Vig? 2.2x 10-8 
af 110 220 0.22 


As one sees in Tables II and III the tem- 
perature and the magnetic field dependences 
and the anisotropies of 71 and 7, seem espe- 
cially to be interesting. A remarkable tem- 
perature dependence of 71 and T; is ex- 
pected at liquid helium temperatures for 
Fe(NH,)2(SO,)26H2O, though it is expected be- 
low 1°K for Ni(NH,)2(SO,).6H20. 


§6. Paramagnetic Resonance and Relaxation 


In this section we shall chiefly be concerned 
with the paramagnetic resonance and relaxa- 
tion of ions like Mn?*, Co?*, Cu?*, etc., which 
are diluted in the salts of Fe?* or Ni?*. Let 
Mn2*+ and Fe?+ be the representatives of 
the resonating and the host ion spins, re- 
spectively. If all the resonance frequency 
differences of Mn?* and Fe?* are much greater 
than the interaction energy (dipolar or ex- 
change) divided by %, the effect of nondiagonal 
elements (high frequency components) of Fe?* 
spin on the resonance spectrum of Mn?* can 
be neglected, i.e., (3.15) and (3.16) are satisfied. 
Further, if the condition, <(0S)a*><S(S+1), is 
satisfied for Fe?+ spins, their contribution to 
the Mn?+ resonance line width is narrowed 
by the interaction (dipolar or exchange) among 
Fe?+ spins. Tre above inequality expresses 


that the effective Fe?+—Mn?* interaction is 
smaller than the Fe?+—Fe?* interaction. This 
is valid when the initial splittings of Fe?*+ 
spin levels are much larger than the Zeeman 
energy. In this case the line shape becomes 
Lorentzian, and the expressions for 7; and T; 
are the same as Eq. (5.3) and (5.4) except 
that the yw there should be replaced by fe. 
One should be careful, however, that the neg- 
lect of high frequency components of Fe?* 
spins in the expression of 71 is not so good 
an approximation as in the NMR case. In 
the case where w>o-, the second term in 
the right-hand side of the equations of 7, 
(Eq. (5.1) and (5.3)) can be neglected. 

Let us first make simple order estimations 
and qualitative discussions. When the Mnt 
resonance line width is not narrowed by the 
Fe?+—Fe?* interaction, the width is of the 
order, 


TeV |Fy(0)| > (6.1) 


which, as compared to the value when the 
Fe?+ spins are assumed free, is reduced by a 
factor of (0S)a/S. When (0S)a/S<1 is satis- 
fied, the line width is necessarily narrowed 
since we is of the same order of magnitude 
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as in the case where Fe?* spins are free*, 
and we obtain the following expression for 


Ts: 
1. ((OS)a’ 
= Ro eral (1/T2)free spin 
ee (1/T2)free spin » (6.2) 


where (1/T2)free spin in a measure for line 
width of Mn?2* resonance when the Fe?* spins 
are assumed free. The exchange interaction 
between Mn?* and Fe?* spins also contributes 
to (1/T2)free spin. The line width will show 
strong temperature dependence (at low tem- 
peratures) and field dependence like H)?+ Hi? 
as in the NMR case. 

T: shows different behaviors in cases (a) 
and (b) in §5. Its temperature dependence is 
the same as that of 7,, but the field depend- 
ence is as follows: 

in case (a), 

1/T « (Hy?-+ Ai?) exp (— 4767 Ao?/w”) , 
which has a minimum near H)~ H;, and 

in case (b), 

1/T1 « (Ao? + Ai?)te/A+re2Ap*te?) , (6.4) 
and when t. depends weakly on A, so is 71. 
When the spin-lattice mechanism determines 
te, the decay time of (2), its field dependence 
plays an important role. It should also be 
noticed that the contribution of high frequency 
components of Fe?* spins to (1/71) can not 
necessarily be neglected. 

In the following we shall discuss, as some 
examples, the line width and the relaxation 
time of Mn?* which are substituted for Fe?* 
or Ni?+ in the salts of Fe(NH,).(SO,).6H,O, 
Ni(NH,)2(SO,4).6H,O and NiSO,7H,O. How- 
ever, there are 2, 2 and 4 non-equivalent 
magnetic ion sites respectively in these salts, 
which makes the exact calculation of the line 
width and the relaxation time very much 
complicated though possible. So we here dis- 
cuss about their order of magnitudes and 


(6.3) 


* We should notice here that we is of order of 
magnitude of the mean frequency of spin diffusion 
which decreases when one applies the magnetic 
field of a certain magnitude provided that there are 
some different sites of magnetic ions in a unit cell 
as is usually the case. It is because the ions in 
the different sites have usually different energy 
levels under the magnetic field, which causes to 
prevent the spin diffusion. In the following state- 
ment this effect is not taken into account. 

Though Eq. (6.2) is valid, strictly speaking, when 
all the ions are equivalent, it may be allowed to 
use it for order estimations. 
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qualitative characters of temperature and field 


dependences. 
(i) Fe(NH,)s(SO.)26H20. 


Details of the crystal structure, the orien- — 


tation of the magnetic principal axes etc, are 
found in ref. 2). If we take the external 
magnetic field to be 3000 gauss, we obtain 
from Eq. (6.2) and Table I the following: 
for Hy 1 K2, 
1/T, Ss 10-2(1/ T2)free spin 
y 35: 10-3(1/T2)tree spin 
and for Hy|| Ko, 
1/T,~ 10-°(1/Ts)rree spin at 4°K, 
1/Fo~ 10-8 /Ts)tree spin at. 2°K. 
As one can readily see from the Table I (§ 4), 
the line width at room temperature is, when 
Hy) 1K, the same order of magnitude as (or 
a little greater than) the value at 4°K, while 
it becomes about 10 times greater than the 
value at 4°K when Ap|| Ke. 

If we take the line width of free Fe** spins, 
(4H free spin, to be 700 gauss, the line width 
of Mn?* in this salt is always less than 7 
gauss at liquid helium temperatures, decreas- 
ing rapidly when the temperature is further 
lowered. Its field dependence is like Ho?+ H;?. 
(Mi; being several hundred gauss). 

One can, if necessary, calculate the line 
width, taking into account the effect of an- 
isotropy arising from the arrangement of Fe?* 
around Mn2*. However, it is clear from above 
rough estimations that, Mn2+—Fe?* interaction 
mechanism is insufficient to explain the whole 
line width obtained in Ohtsuka et al’s experi- 
ment, so long as the initial splittings of the 
spin levels they obtained are used. It is 
certain that this mechanism contributes to the 
line width, but very weak magnetic field 
dependence and the very weak temperature 
dependence of the observed line width may 
suggest that the main contribution comes from 
another mechanism. However, the qualitative 
characters of the temperature and field de- 
pendences of the field dependent part of the 
line width seem to favor our theory**, 


ac ee Ae 
Alec 


#* Ohtsuka et al as well as Hayashi, refered to 
below, obtained the field dependence of the line 
width by measuring the widths of several resolved 
fine and_hyperfine components of Mn?+ resonance 
lines, varying the static magnetic field and keeping 
the resonance frequency constant, while our theory 
deals with the field dependence of the line width 
of free spins. However, the correction owing to 
this different situations turned out to be of minor 
importance after careful examination. 


eee 
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(ii) Ni(NH,).(SO,).6H,0. 

Concerning this salt all the necessary data 
are at hand™. From Eq. (6.2) and Fig. 1 in 
§4, the line width for H)=3000 gauss has 
been calculated. We obtain the following: 
for Hy|| Ki, 

1/T, —_ 0.3(1/T2)free spin 
for room temp. ~ liq. He temp., 
~ 0.05(1/T>2)free spin ate0.4°K., 
The calculated line width is not strictly con- 
stant from room temperature to liquid He 
temperature, but shows a maximum near 
2~3°K. 
For Ao|| Ka or Ks, 
1/T> — 0.1(1/T>2)tree spin 
for room temp. ~ liq. He temp., 
~0.003(1/Ta)tree spin at 0.4°K. 
The line width decreases only slightly as we 
go from room temperature down to liquid 
helium temperatures. If we take (4H)free~ 
400 gauss for Ni?* in this salt, the width of 
Mn?2* becomes of the order of 100~40 gauss 
for this temperature range. This result is 
consistent with experiment so long as the 
order of magnitude is concerned. Its tempera- 
ture dependence should become remarkable 
only below 1°K. . As the narrowing condition, 
(OS )a<S, is not so well satisfied for Ni?* as 
for Fe?* spins, the value of the line width 
may become a little larger than the above 
estimation. The magnetic field dependence 
may be somewhat between YH,?+Hy (no 
narrowing) and H,?+ A? (extreme narrowing). 
There is no available data of the field depend- 
ence of the line width. 

If we assume f(t)=exp (—4.7t?), we shall 
be justified to estimate the relaxation time 71 
from 

Ti ~ T2 exp (409?/@e”) « 
Since this quantity depends strongly on a, 
accurate value of w. is necessary in order to 
obtain a reliable result. 71 reaches its mini- 
mum (same order of magnitude as 7;) when 
@)~e, and it becomes longer very rapidly 
when H, is further increased. If we take, 
for the time being, H)=3000 gauss, w/w. ~6, 
the following results are obtained: 
for Mn?* in Fe(NH,)2(SO,).6H,0, 
Hy | Ke M21 sec. aie, Gale 
2=10sec. at 2°K, 
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Ay || Ky Ti~ 10% sec. at 4°K, 
‘~104sec. at 2°K. 
for Mn?* in Ni(NH,).(SO,)6H,O, 
Ay \| Ka T:1~ 0.03 sec. 
for room temp. ~ liq. He temp. 
Hy Ki Ti~0.1sec. 


for room temp. ~ liq. He temp. 


These are only rough order estimations, but 
it is certain that this mechanism is more im- 
portant in Ni** salts than in Fe?* salts. 

(iii) NiSO,7H,O. 

Magnetic field dependence of the line width 
at room temperature was measured by I. 
Hayashi*. According to it the line width 
increases as the magnetic field increases and 
the magnitude of the field dependent part 
of the line width is much larger than in 
Fe(NH,).(SO4).6H,O and is of the same order 
of magnitude as in Ni(NH,).(SO,).6H;,0, in 
qualitative agreement with the expectation 
from our theory. 

The fine structure constants of this salt 
were determined by Ono from paramagnetic 
resonance experiment™. They are 


D=3 abcess B=1250 tm-*, (6.5) 


The crystal structure is found in reference 11). 

The whole considerations on 7: in this sec- 
tion are valid when the heat capacity of Fe?* 
(or Ni?*) spin system is much larger than that 
of Mn?* spins. Even if this condition is not 
so well satisfied, our considerations remain at 
least qualitatively valid when the heat contact 
of Fe?+ spin system with the lattice is very 
good. Some results of paramagnetic relaxa- 
tion experiments by Haseda®? may be inter- 
preted in connection with the above-mentioned 
mechanism. Relaxation rate due to this is 
additive to that due to the spin-orbit coupling 
(Van Vleck mechanism). 


8 7. 

Our study presented above is of almost 
purely theoretical character based on a spin 
Hamiltonian. Though some experimental re- 
sults of electron spin resonances seem to sup- 
port our theory, more experimental studies 
are needed to confirm it. 

Disappearance of the proton resonance line 

“* T. Hayashi, unpublished data. We should like 
to thank Dr. I. Hayashi for allowing us to quote 
his data prior to publication. 
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in some Ni salts at low temperatures reported 
by Kim and Sugawara” is not understood from 
our theory, though the very rapid increase of 
T, at low temperatures may have some rela- 
tion to those phenomena. 

We expect further experimental studies on 
both nuclear and electron spin resonances. 

In conclusion the writers would like to thank 
Dr. T. Sugawara and Mr. P. H. Kim for pro- 
viding them with a stimulus to the problem. 
They thank also Prof. R. Kubo and Dr. M. 
Shimizu for their kind interest and discussions. 
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Nuclear Magnetic Resonance of Transition Elements 


in Paramagnetic Salts 


By Toru Moriya 
Department of Physics, Tokyo Metropolitan University 
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Nuclear magnetic resonance of transition elements in paramagnetic salts 
under two situations is studied theoretically. One is the case where the 
magnetic ions have no Kramers degeneracy and their spin degeneracy is 
completely lifted by the combined action of the spin-orbit coupling and 
the crystalline electric field. Another is the case of the ideal paramag- 
netic substances under a strong magnetic field and at low temperatures. 
The resonance field (or frequency) shift, the relaxation times TJ, and T, 
due to hyperfine interaction and the indirect nuclear spin coupling via 
electron spins are calculated. The results show that the nuclear reso- 
nance of transition elements in paramagnetic salts is expected to be ob- 


servable under favorable conditions. 


§1. Introduction 


Nuclear magnetic resonance of transition 
elements has never been observed except when 
the ions are diamagnetic such as cobalt in 
complex salts. The reason for this is in 
paramagnetic substances considered to be due 
to very large fluctuating magnetic field at the 
nucleus produced by the electron spin through 
hyperfine interaction, which makes the nuclear 


resonance line width so large and 7, so short 
as to prevent the observation of the reso- 
nance», In antiferromagnetic state this fluc- 
tuating magnetic field decreases rapidly as 
temperature is lowered”, while there grow 
very large indirect couplings among the nuclei 
via spin waves”»®) which again make the ob- 
servation of the nuclear resonance difficult. 
In the present article we shall give a theore- 
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tical treatment of the nuclear magnetic reso- 
nance of transition elements in paramagnetic 
salts for two cases. One is the case which 
was our concern in the preceding article®*, 
i.e., the case where the magnetic ions have 
no Kramers degeneracy and their spin de- 
generacy is completely lifted by a crystalline 
electric field. Another is the case where the 
paramagnetic ordering occurs in a usual Ze- 
eman system under strong magnetic field at 
low temperatures. 

In both of these cases nuclear resonance is 
expected to be observable provided the energy 
level separation between the ground state and 
the lowest excited state is large compared 
with the spin-spin interaction energy as well 
as kT, though the frequency will be shifted 
quite remarkably. These conditions mean that 
there is a considerable amount of spin order- 
ing and thus a decrease of the fluctuating 
magnetic field at the nucleus produced by the 
electron spins. There are, however, a com- 
peting effect of indirect nuclear spin coupling 
via electron spins which becomes larger as 
temperature is lowered and is unfavorable for 
the observation of nuclear resonance. If the 
above stated conditions are satisfied this indi- 
rect nuclear spin coupling also will not be 
very large as will be shown in the following 
sections. 

We shall here treat the problems of nuclear 
resonance field shift, relaxation rate by hyper- 
fine interaction, and indirect coupling between 
nuclear spins in two cases stated above. 


The Case where a Crystalline Field re- 
moves the Spin Degeneracy Completely 


(1) Resonance field shift 

The general formulas for the shift, 71 and 
T2 in §2 of I are of course applicable here. 
The coupling constant between the nuclear 
spin and the electron spins are taken as 


9i3=(rerwh?) [Adi t+ Bix1—di)], (2.1) 
where A; is the hyperfine coupling tensor for 


the i-th ion, Bi; comes from the dipole-dipole 
interaction between the 7-th nuclear spin and 


§ 2. 


* Referred to below as I. In that article we 
presented a theory of magnetic resonance of nuclear 
spins and electron spins of impurity ions in those 
paramagnetic salts where the spin degeneracy of an 
ion is completely lifted by the combined action of 
the spin-orbit coupling and the crystalline electric 
field, 
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the j-th electron spin. Inserting (2.1) into 
(2.9) of I, we get the following expression for 
the total magnetic field at the 7-th nucleus: 


Ai=(1+01):-M , (2.2) 


oi=(lrwhus)[Ac- gi) Xi+Dd Bigs Hs 5 
Get) 

(2:3) 
where x: denotes the magnetic susceptibility 
tensor (per ion) for the i-th ion defined by 
LagiX Si) = Ai Ao**. 

Usually A is much larger than B and the 
shift of the resonance field is principally de- 
termined by the hyperfine coupling. Its order 
of magnitude is estimated as follows: we have 
Al(rw X 10-4)~10-2cm-!~2 x 10-18 cgs for Vt, 
Cr+ and Mn?*), so that 


(2.4) 


x7 takes a constant value at low temperatures 
whose order of magnitude is y~2g?2?/4~4 
x 10-*4/4 (in cm!) for S=1, 4 being the initial 
splitting. For example, if we take 4~2cm7 
we get o~20. Usually we expect very large 
shift. 

R. J. Elliott considered a similar problem 
for a rare earth ion Eu%*®, In this case a 
becomes negative i.e. the shift is diamagnetic. 


o=10%¥~20%mu (per mole) . 


(Il) Relaxation times 

The nuclear relaxation times 71 and TJ», due 
to the hyperfine coupling are calculated with 
the use of the formulas in §§ 2, 3, and 5 of I. 
The results are 


1/ Ti= Gir yy (Oy Ay?— aay Ay Ay) 


x RT (x7 —2is)vv'/PvL2v" ep? ’ (2.5) 
/ 
1/T2= elena BS (OyyAy?+ayay Ay Ay) 
2hWe yw 


x RT (nr — xis) vv'|2vEv lp? ’ (2.6) 


Where we took the principal axes of the hy- 
perfine coupling tensor as x, y and z axes. 
1, Az, &3 are the direction cosines of the total 
magnetic field, H=(1++o)-Ho, at the nucleus, 
xr, xis the isothermal and isolated susceptibi- 
lities per ion. Calculations of yr and yis for 
S=1, 2 are found in J. We assumed a Gaus- 
sian shape for the frequency distribution of 
the electron spin fluctuations, i.e. we took 


** The susceptibility defined here is not always a 
usual one. When Hp is large x differs from the 
differential susceptibility, y= —(02f'/0H2), F’ being 
the free energy. 
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the form f(f)=e-C/+:"t” for the decay of the 
time correlation functions of the electron spin 
fluctuations. fw. is of the order of magnitude 
of electronic spin-spin interaction. As was 
seen in I, 7; and TJ» increase rapidly (ex- 
ponentially) as temperature is lowered at low 
temperatures. 


CID) Indirect coupling 

Indirect couplings among the nuclear spins 
are derived by the second order perturbation 
calculation taking &e, the Hamiltonian of 
the electron spin system, as an unperturbed 
Hamiltonian and H& we, the interaction between 
the nuclear spins and the electron spins, as a 
perturbing Hamiltonian. It is, however, usually 
very difficult to obtain the eigenstates of the 
electron spin system, the eigenstates of H.. 
In ferro and antiferromagnetic substances spin 
waves represent the eigen states in good ap- 
proximation at low temperatures. In the 
present case the perturbation method is ap- 
plicable to calculate the approximate eigen- 
states of the electron spin system when the 
energy level separations of the spin levels are 
large compared to the spin-spin interaction 
energy. The couplings arising from the lower 
order approximation to the electron spin sys- 
tem are concerned only with a few electron 
spins. 

The indirect coupling between the nuclear 
spin of a magnetic ion and that of a non- 
magnetic ion is principally due to magnetic 
antishielding effect, where the electron spin 
of only one ion takes part in. On the other 
hand, the indirect coupling between two 
nuclear spins of magnetic ions comes mainly 
by way of the hyperfine couplings in the fwo 
ions; the electron spins of the two ions take 
part in this mechanism. We shall below deal 
with these two mechanisms. 

We want now to obtain an expression for 
the indirect nuclear spin coupling at an arbi- 
trary temperature. Our approximate eigen- 
states are localized ones concerned with only 
one or two electron spins. In calculating the 
indirect coupling between two nuclear spins 
it will be justified to take an average over all 
the electron spin states, since the transitions 
among the localized spin states due to the spin- 
spin interactions are so rapid as to satisfy 


h-Aaot? <1, (2.7) 


where A is the hyperfine coupling constant, 
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wo the nuclear Larmor frequency and t the 
electron spin relaxation time due to spin-spin | 
interactions. This condition mean that the | 
motion of the electron spins is so rapid that 
they show their average values at any instant 
of the nuclear spin motion. Denoting the | 
eigenfunctions and the eigenvalues of the 
electron spin system by #% and Ez etc., we 

may write 


QPaay. fe-F (al 18 (BIZ \a) (2.8) 


a>B Ka— Eg 


as the effective Hamiltonian for the indirect 
nuclear spin coupling, where 


Su=€XP (— Balk T)/x exp (—Ep/kT) , 


SH’ represents the interaction between the 
electron spins and the nuclear spins including 
hyperfine as well as the dipole-dipole interac- 
tions. 

It is of interest to remark here that the 
above expression is not accurate when the 
spin-lattice relaxation time ri of the electron 
spins is rapid. When 7T1 satisfies 


h- Awori? ailing (2.9) 


we have rather to calculate the free energy 
of the system regarding the nuclear spin ope- 
rators as parameters. From the second order 
terms of the perturbation calculation of the 
free energy the effective Hamiltonian for the 


indirect nuclear spin coupling results. This 
may be formulated as follows: 
FoR +S KE MT 
1/kT 7 ) 
-| ABP EE"Y| hoe 4 (2.10) 
0 


where 
FE" (a) =exp (AY) KH expVhHe) . 
F is the free energy, / that of the electron 


spin system neglecting the nuclear spin sys- 
tem, i.e. 


exp (—Fo/kRT)=Tr exp (—-¥-/kT) 


where #, is the Hamiltonian of the electron 
spin system including the spin-spin interac- 
tions, ¢ > means to take thermal average, 
(O=Tr Q exp(— #7 -/kT)/Tr exp(—F.|kT), 
and #%’ denotes the Hamiltonian of the in- 
teraction between the nuclear spins and the 
electron spins. The third term is to be used 
as the effective Hamiltotian of the indirect 
nuclear spin coupling. 
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These two formulas are in general different 
though it is equivalent when 3’ has no 
diagonal element. It is to be determined ac- 
cording to the case which of these two for- 
mulas should be used. In both cases, as one 
sees easily, the antishielding effect arises from 
those terms bilinear with respect to the hy- 
perfine and the dipole-dipole interactions (and 
those quadratic in the dipole-dipole interaction) 
though we derive it below in an instinctive 
but equivalent way. 

(a) Antishielding effect 

In a magnetic ion the nuclear spin polarizes 
the electron spin by the hyperfine coupling 
between them. The polarized moment of the 
electron spin follows the nuclear spin as it 
processes, i.e. the induced moment may be 
written as 

yi-gi-Acf/us , (2.11) 
where y: is the susceptibility tensor of the 
i-th ion. When the spin-lattice relaxation time 
is not short and does not satisfy (2.9) x: should 
be an isolated susceptibility, while when (2.9) 
is satisfied the state of affairs becomes much 
difficult though to take isothermal susceptibi- 
lity for y: may represent an extreme approxi- 
mation. The latter approximation will be 
justified when the spin-lattice relaxation time 
is shorter than the spin-spin relaxation time. 
However, the above two alternatives are not 
much different when the Zeeman energy is 
not too large; isothermal and isolated suscep- 
tibilities agree when the external field is neg- 
libible compared to the initial splittings of the 
spin levels. 

The induced magnetic moment given by 
(2.11) interacts with the nuclear spins of the 
surrounding ions, resulting in an effective 
coupling between the nuclear spins. The ef- 
fective couplings among tne nuclear spins thus 
produced can be written as follows: 


aT Ba Pd ey EEE OE jes) sts 
>i 


+55-1—3h;ti5)-o1- Ki] , (2.12) 
where 


PF mm = Plt) Pm(J) , 
1, 
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(2.13)* 


yi and y; being the gyromagnetic ratios of the 
2-th and the j-th nuclear spins. 

This coupling is o-times as large as the 
direct spin-spin interaction. From the estima- 
tion of (J), one sees that this coupling can, in 
some cases at low temperatures, be more than 
ten times as large as the direct dipole-dipole 
interaction. 

We shall remark here that this effect may 
be regarded as a magnetic counterpart of 
Sternheimer’s antishielding correction to the 
nuclear quadrupole interaction”. 


oi= Ai gi yi/rihue , 


(b) Indirect coupling between two nuclei of 
magnetic ions through hyperfine coupl- 
ings 

The approximate eigenstates of the electron 
spin system are obtained by perturbation cal- 
culation. If we terminate the series at the 
first order term of the eigenfunction, we get 
the indirect coupling concerned with two elec- 
tron. The convergence of the perturbation 
series will be good for the coupling between 
neighboring spins and when the electron spin- 
spin interaction is of short range character. 
The calculation is usually rather troublesome 
though straightforward. We shall here pick 
up a representative term in which a kind of 
configuration mixing is taken into account. 

In the representation in which #.o is 
diagonal, &.’ can be divided into two part, 
i.e. secular or energy-diagonal terms and non- 
secular terms. Here we take into account 
only the secular terms in which, as is seen 
below, those representing the simultaneous 
flippings of two spins are important. The 
contribution of the non-secular terms of the 
indirect nuclear spin coupling is of the same 
order of magnitude as that of the secular 
terms. 

Let us consider the coupling between the 
i-th and the j-th nuclear spins. We may take 
the electron spin eigenfunctions concerned with 
the z-th and the j-th ions. They are 


(2.14) 


ane Vo omen 3 seal Soa 1)%QmrD)Pm( J} 


a takes 1 and 2 and gm(i) denotes the eigenfunction of one spin Hamiltonian “; belonging 
to the eigenvalue Em. The energy eigenvalues corresponding to the eigenfunctions given by 


* Jt should be noticed that this expression is, in general, different from (2-3). 
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(2.4) are 
Emm =2Em+ Uismm) , (2.15) 
Evim = Em+t+ Em +Uijsmm’)—(—1)*Wismm’) , (m= mM’) | 
where 
Uism, m’) =(Gm(i)em( IIA islem(t)emXJ)) » (2.16) 
Wim, M)= (Pr) Om( DIF islom(D)Pm(J)) « 
Taking the hyperfine coupling, 
ge aes AivlivSiv +> AjyTjyS5v ? (2.17) 


as a perturbing Hamiltonian, we get the effective Hamiltonian for the indirect coupling be- 
tween the 7-th and the j-th nuclear spins. The result is 


FE ip=h-Uis- G , 
(2.18) 


ey, Welt Df, fn) Aa {(om|S|\(018|m) + (nl S|) Sln)}- Ay, 
m>n (Em— En) 


where 


Sm=eXP (—En/kT)/3 exp (—En/kT) . 


This coupling has a nearly constant value at very low temperatures where kT < E\—Ey, Eg 
and Fi being the energies of the ground and the excited states and decreases as temperature 
rises. At high temperatures it vanishes like 1/7?. 

The magnitude of this coupling at low temperatures is estimated as 


2 2 

~(sz) Cae, Pr, (2.19) 
where #a denotes the direct dipole-dipole interaction between the nuclear spins. Estimating 
(A/rw)~10-$cm-!, 7-=1.76 10", we see that the indirect coupling is about ~3x10/4E? (in 
cm~?) times as large as direct dipole-dipole interaction. This coupling will be more important 
than the effect of antishielding as regards the indirect coupling between two magnetic ions. 
When the concentration of magnetic ion is high the effect of this coupling is of major im- 
portance. On the other hand when this concentration is low such as in hydrated salts the 
antishielding effect may predominate. 


§3. Paramagnetic Ordering and Nuclear Resonance 


The problems treated in the preceding sections were rather special ones because the absence 
of the Kramers degeneracy and comparatively large initital splittings of the spin levels were 
the essential conditions. In this section our consideration will be extended to the ideal para- 
magnetic substances under a strong external magnetic field and at low temperatures. When 
the Zeeman energy is large compared to the spin-spin interaction as well as kT, the fluctua- 
tion of spins decreases rapidly as temperature is lowered and as the external field becomes 
stronger. ‘The observation of the nuclear resonance will become easier since T; and T2 will 
become longer as H/T increases. However, there is again an unfavorable effect of indirect 
coupling as in the case treated in the preceding section. There is,of course a large shift of 
the nuclear resonance frequeucy. We shall calculate below the shift, the relaxation time due 
to the hyperfine coupling and the indirect nuclear spin coupling. The Zeeman energy is as- 
sumed to be much larger than the spin-spin interaction energy. 
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(I) Resonance field shift 
The direction of the external magnetic field is taken as z-axis. Then the total magnetic 


field at the i-th nuclear spins is written as 
Ai,= Ha,y= Hoy +2 /4B x O13? S52) A (3.1) 
(Sjd=—SBs(gusHS/kT ) (3.2) 


where Bs(x) denotes a Brillouin function: 


Bs(x) = ast coth re x \-o5 coth (x/2S) . 


At low temperatures the shift amounts to the same order of magnitude as in ferro and anti- 
ferromagnetic substances. 


(II) Relaxation time due to hyperfine coupling 
The skeleton of the frequency spectrum of the spin fluctuation is as follows: 


{{dS(A) 6S.) =<{S2>=<Ss>* , 
C{8S29(D) Sz} >= ({OSy"(L)OSy}>= —4 coth (2/2)¢Sz> cos (wet) . 
{{5S29(H)OSy} >= —C{ISy(L)dSz}>= 3 coth (z/2)<S;> sin (wet) , 
C{8S2°(D dS} = {IS y(HOS:}>= {OSD OSz} >= C{OSA(L)bSy}=0 . 


where S%(t) is defined by S°(t)=exp (tt o/h)S exp (—1tH o/h), Fo denoting the Zeeman 
energy, <S.> is given by (3.2) and <S.*> is given as follows: 


(3.3) 


0S2>=<S22> —<S?= —(0/0z)<S2> = 4 cosech? (z/2)—(S+4) cosech? (S+4)z , (3.4) 
where 
z=gubHo/kT , O:=gUsHy/h . (3.5) 


r As one sees easily, when the Zeeman energy 
is much larger than the spin-spin interaction 
energy, only the z-component of the spin 
fluctuations is effective to the nuclear relaxa- 
tion because the x and y components are 
mainly of high frequency: their low fre- 
quency components are negligible. Finally 
we get the following expressions for the 
nuclear relaxation times: 


1/T2= (2/2)(7 7g? 48?/We) > > [aay 
viv’ 
+2(Ovy— yay’) e012? Di? Dis” 2 OSia*> ? 
. (3.6) 
Wii (7¢/2)/9(7 wg? 15?/We) > = (Oyy"—ay ay’) 

XK O790°/26? Dy 53D; 5””2 OS j2> , (3.7) 
where <0S,*> is given by (3.4) and is shown 
in Fig. 1 as a function of Ab/T. 

(III) Isothermal and isolated (adiabatic) sus- 

| | ceptibilities 
‘Sri 5 10 50 Before entering the discussion on the in- 
Z=OHeHPKT direct couplings we shall calculate the 


Fig. 1. <dS?,> as a function of z=gp,Hh/kT cal- magnetic susceptibilities. As was stated in I, 
culated from (3.4). isolated and adiabatic susceptibilities mean the 


—} 


l0oj 0 
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adiabatic susceptibilities in the Ehrenfest sense and in the thermodynamical sense respectively. 
Isothermal one is the usual one measured keeping thermal equilibrium of the spin system with 
the heat reservoir. In another words the isolated susceptibility comes only from the effect 
of magnetic polarization of the system while the isothermal one comes not only from the 
polarization effect but also from the effect of redistribution of the populations in the spin 
levels. As is easily seen the external field along the z-axis cannot polarize the system except 
due to the small effect of dipole-dipole interaction. Therefore we have 


O2E 
(Xis)e = Si =0, 


(x)e= (1t18)+ lee ar *) -e2at(S2>—(S) RT (3.8) 


Comey (Cz a NG ) /[#IKE)—<BY)=0 


Similarly 
(Xis)e=(Hs)z=(X7)e= —EuB(Sz)/ Ao . (3.9) 


(IV) Indirect coupling 

The indirect coupling in this case can be treated in the same way as in the preceding sec- 
tion. We shall here give more precise expressions than in the preceding section, because the 
result is simpler in this case. 
(a) Antishielding effect 

When the spin-lattice relaxation time of the electron spin is not too short, the electronic 
moments induced by nuclear spins are coming only from the polarization effect. We should 
then use the isolated susceptibility in the expression (2.13). As was seen in the preceding 
paragraph, the only nonvanishing components of the isolated susceptibility are 


(Xis)ex= (Xis)yy= —QuB<Sz>/Hb . 


The nuclear spin coupling by antishielding effect can be written as follows assuming the iso- 
tropic hyperfine interactions: 


FF t= —(hACS.)]/ Aol paris {1 —Btasthis die -+hi-Lje) —Stistis Leela + Lielix) 
—Sbistis* dels tlieli-) this Plein Sts P-L} 


+m rir {401 —Btartta Tiel + hls) —Stattalelig 
—$te*tir* Tieli-— Ft )* hia tin —B(tar*)2h_-h-}] , (3.10) 


where i and 7 specify the magnetic ions and / the nonmagnetic ions. A denotes the isotropic 
hyperfine coupling constant, 7; the gyromagnetic ratio of the /-th nuclear spin and tis=1i3[7i5. 

In the expression (3.10) the first term is the only secular term. The coupling between dif- 
ferent kinds of nuclear spins has in general no secular terms because of their different gyro- 
magnetic ratios. Therefore, the indirect nuclear spin coupling between the magnetic ion and 
the different kind of ions such as protons in the water molecules will not make any contribu- 
tion to the line width of the nuclear resonance of the magnetic ions, in contrast with the 
preceding section. On the other hand this type of indirect nuclear spin coupling between the 
same kind of magnetic ions proves to contribute to the line width but to the smaller extent 
than the contribution stated in the following paragraph. This was also the case in the pre- 
ceding section. 


(b) Indirect coupling between two nuclei of magnetic ions through hyperfine interactions 
Hamiltonian of the electron spin system is expressed as follows: 
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HE o= Bi AOL EGO : FF’ O= Op ASiz , 


LE if =4 Ai sSiaS ja t+ Bis(SisSj-+Si_S je) + Cij(SizS ja + Sia Sie) (3.11) 
+ Dis(StzSj5-+Si-Sjz) + EisSiaS jn + FigSi-Sj- , 
where Ajj, Bij, +++ are given by 
Aug=H Jas +Kis[1—3(tij2)")} , Bis= {Sis KajQ 1 —3bij*his"/2)} , 
Cis = —3 Ki stiz*tis/2 , Dig= —3 Ki jtiz*tis*/2 , (3.12) 
Eis=—3Kij(tis-)*/4 , Fij= —3Kis(tis*)7/4 , 
Jis being —2 times the exchange integral between i-th and j-th ions and K; j=2%uz?/ri>. The 
interaction between the electron and the nuclear spins are expressed as 
AE we= (AvlizSie+ AaliySiyt+ AslizSiz) . (3.13) 


_ The calculation of the indirect coupling is carried out in the same way as in the preceding 


section. We shall give here only the result: 


PF it=tanh? (gus H/kT)/(4gu8 A) [{{(Av?+ A) Bit Ar A(Ey tk} Uieh-+h_lj) 
+{2A,A-BijtAPhijytA?hij lists. +{2A,A_Byt A -kyjtAv?reph-L- 


—(A,Cij + A-Dij)As Tielja +Lyelis)—(A-Ciyps +t As Dip Ax hielj-+]lih-)] , 


where Az: =Ai+Asz. 


(3.14) 


When the hyperfine coupling is isotropic this reduces itself simply to 


A igtt= A? tanh? (gu2Ab/kT )/(2¢ 42 A)" Bij Lis 1;-+ h_-Is+) 


—3CijTielj+ +The) —3 Dis Tieljp-+ heh) t+EghsletFih_L-] . 


In the above expression only the first term 
can contribute to the line width. Its order of 
magnitude at low temperatures is 


A?Bi;/(2¢42Ho)?~10° FH al Ab? , (3.16) 


where 4a denotes the direct dipole-dipole 
interaction between nuclear spins. When Ab 
~10000 gauss, the indirect coupling is about 
100 times as large as the direct dipole-dipole 
interaction. However, this does not necessarly 
mean that the observation of the nuclear reso- 
nance is difficult. In the usual hydrated salts, 
the magnetic ions are located keeping rather 
long distances with each other and the actual 
magnitude of their indirect coupling is not 
necessarily so large as to prevent the obser- 
vation of nuclear resonance. 


§4. Concluding Remarks 

From the results of the preceding sections 
we see that it seems to be possible to observe 
nuclear magnetic resonance of transition ele- 
ments in some paramagnetic salts under favo- 
rable conditions. 

The first case treated in §2 is a rather spe- 
cial one. When the initial splitting is suffici- 


(3.15) 


ently large (far larger than spin-spin interac- 
tion as well as RT) we expect that the relaxa- 
tion times 7; and 7. by hyperfine -interaction 
are not very short and at the same time the 
indirect nnclear spin couplings will not be 
large, thus favoring the observation of the 
nuclear resonance of transition elements. We 
expect these situations in some salts of Mn**, 
Ci? aaa 

In §3 we dealt with the case of ideal para- 
magnetic substances, where the nuclear reso- 
nance of transition elements is expected to be 
observable under sufficiently strong magnetic 
field and at sufficiently low temperatures. The 
treatment will easily be extended to more 
general cases where the magnetic ions have 
Kramers doublets under no external magnetic 
field and show magnetic anisotropy. 

When the resonance is observed we shall 
be able to add some interesting information 
to the magnetic properties of paramagnetic 
ions such as fine and hyperfine structures 
under the influence of the crystalline electric 
field, and then some characters of the wave- 
functions of the magnetic ions, some informa- 
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tion on spin-spin interaction in paramagnetic 
Salts, etc. ” 

The writer wishes to thank Prof. R. Kubo 
and Dr. M. Shimizu for their valuable discus- 
sions. 
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The origin of the local high electric field in the electroluminescence of 
insulated phosphor particles is considered and attributed to the distur- 
bance of the applied field due to the conductive substance in the insula- 


tive phosphor. 


The distributions of local field are calculated and the 


dependence of brightness on the applied voltage is discussed. However, 
the comparison with experiments is impossible because of the complicat- 


ed structure of the phosphor. 


Finally, 


the luminous efficiency of 


electroluminescent cell is estimated and an agreement is obtained with 


the observed value. 


Introduction 


§1. 
The phenomenon that phosphors emit light 
by the direct action of electric field alone is 
generally called electroluminescence. The 
electroluminescence was already found in 
1936 and an idea of utilizing this as light 
source appeared about at the beginning of 
this decade. Although the luminous efficien- 
cy of electroluminescence was very low at 
first, it has been improved to be approximate- 
ly 10 lm/W up to the present. Therefore, it 
is not only theoretically but also practically 
important to understand the mechanisms and 
characteristics of electroluminescence. 

In some experiments of electroluminescence 
electrodes are in contact with a phosphor 
layer or with a single crystal while in other 
experiments there are no electrode contacts. 
In these two cases the constitution of sample 
and the method of application of electric field 
are different. Therefore, these two cases 


must be discussed separately, although many 
investigators do not distinguish them. It is 
the latter case when electroluminescence is 
utilized as light source; an_ insulating 
dielectric layer, in which phosphor particles 
are dispersed, is sandwiched between two 
parallel electrodes and an alternating voltage 
is applied. As we can suppose from the 
structure of electroluminescent phosphor, 
electroluminescence is very complicated pheno- 
menon and we have not a little uncertainties 
about it, although many investigations have 
been carried out.» In this paper, we shall 
distuss the electroluminescence of insulated 


particles under the action of alternating elect- 
ric field. 


§2. Local High Field 


Up to the present, only the small group of 
ZnS type phosphor is known as efficient pow- 
der phosphor for the electroluminescence. 
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The ordinary phosphor even in this group 
which is suitable for ultraviolet or cathode- 
ray excitation does not emit light when it is 
subjected to an electric field. It becomes 
electroluminescent if (a) it is covered with 
metal by evaporation, (b) copper sulfide is 
deposited on it by washing it with solution 
of copper salt or (c) the surface is slightly 
oxidized.»»®) For the preparation of electro- 
luminescent phosphor the copper content in 
the raw materials is much higher than that 
for the ordinary phosphor. By removing the 
surface of the finished phosphor particle 
chemically, it is known that the copper is 
concentrated near the surface and the remain- 
der is weakly  electroluminescent.” The 
copper is usually considered to be present as 
CusS segregated from the ZnS crystal. As 
CuxS and ZnO are known to have good 
electrical conductivity, the common feature 
among the above observations is that the 
presence of conductive substance is essential 
to make the phosphor electroluminescent. 

Further the following facts are important 
for the discussion of electroluminescence: 

(a) The microscopic observation of electro- 
luminescent particle shows that the light is 
emitted from small spots.” 

(b) By applying a strong enough magnetic 
field to quench electroluminescence simultane- 
ously with an electric field, it becomes clear 
that the electric field strengh at the luminous 
spot is at least ten times larger than the 
average field in the electroluminescent cell. 

(c) The brightness wave of the cell has 
two peaks and that of each luminous spot 
has only a single peak in an alternating 
cycle.» 

From these results, many workers consi- 
dered that the field concentration is due to 
the presence of rectifying barrier between the 
conductive substance and ZnS. The reality 
of this model is investigated below. 

(1) There is no limitation on the nature of 
conductive substance. For instance, metals 
(Cu, Ag), p-type semiconductor (Cu2S) and n- 
type semiconductor (ZnO) are used as conduc- 
tive substance. While, it is reported that 
various metals including Cu and Ag evaporat- 
ed on ZnS single crystal do not show notice- 
able rectifying properties.” Therefore, care- 
ful examinations are necessary to assume 
preferable rectifying barrier in other cases. 
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(2) The potential distribution in the 
electroluminescent phosphor particle is drawn 
schematically in Fig. 1 (a) in the same man. 
ner as in the theory of rectification. Differen- 
tiating this, we get the field distribution 
shown in Fig. 1 (b) and, by further differen- 
tiation, we get the charge distribution shown 
in Fig. 1 (c). It should be noted that net 
charge in the conducting substance is indis- 
pensable for the field localization. If the 
the conductor is neutral, i.e., 04a=— pz in Fig. 
1 (C), the field strength at the surface of ZnS 
is the same as that in the dielectric. Probab- 
ly dipole-layer is present at the boundary of 
two kinds of materials when no electric field 


= 


beulating| 
Dielectic 


Fig. 1. Local high field due to the rectifying bar- 
rier in the insulated phosphor particle. 
(a) potential distribution, (b) field distribution, 
(c) charge distribution. 


is applied and the conductor may be charged 
to some degree due to this dipole layer. 
When an electric field is applied, provided 
the conductor is negatively charged, i.e., |o.| 
<ozs|, the field is localized due to the dipole 
consisting of the charge pu-+os in the con- 
ductor and the charge of equal magnitude 
and opposite sign, oc, in ZnS. The excess 
charge in o¢ more than the above decreases 
the field strength in a part of ZnS distant 
from the boundary to smaller value than that 
in the dielectric but has no correlation with 
the field concentration at the surface of ZnS. 
In order to increase the local high field pro- 
portional to the applied field, the net negative 
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charge in the conductor p4+pz should be in- 
creased in the same proportion. As there is 
no external charge supply to the conductor 
and the neutrality of the phosphor particle is 
maintained, such an increase of space charge 
cannot but result from a current within the 
phosphor particle in the opposite direction to 
the applied field. It is unreasonable. This 
situation is in contrast to the ordinary recti- 
fying barrier, where electrodes are in contact 
with semiconductor and the charge in electro- 
des is supplied externally. Consequently, 
even if considerable field is present at the 
boundary between the conductor and ZnS 
when no electric field is applied, the local 
field is only the sum of the initial field and 
the average applied field when an electric 
field is applied. The observed characteristics 
cannot be explained by such a local field. 


It is concluded, therefore, that the rectify- 
ing barrier does not contribute essentially to 
the electroluminescence of insulated particles. 
Of course, a possibility that it plays a second- 
ary role cannot be denied. 

Zalm presented a model in which the sur- 
face dipole varies proportionally with the ap- 
plied field.» In his calculation, however, the 
polarization is neglected. When the polaliza- 
tion is evaluated according to his model, it 
becomes clear that his model is not self- 
consistent. 

When a uniform electric field is applied on 
a dielectric, in which conductive material is 
dispersed, the electric field is disturbed and a 
very high field is possibly produced. Leh- 
mann observed that the normally nonelectro- 
luminescent phosphors become electrolumines- 
cent when they are mechanically mixed with 
powder of good conductivity, and called this 
phenomenon contact electroluminescence.® He 
concluded from the similarity between the 
ordinary and contact electroluminescence that 
the former is also due to substances of rela- 
tively high conductivity incorporated as small 
segregations within the insulating phosphor 
particles. His conclusion is supported by the 
consideration of electric properties of the con- 
stituent materials in the phosphor. Although 
the resitivities of semiconductors depend 
greatly on the impurity concentrations and 
the histories, ZnS is usually a poor conductor” 
in contrast to ZnO! and CusS.™ The reci- 
procal of the relaxation time of electric field 
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of ZnS is much smaller and that of ZnO and 
Cu2S is much larger than the applied frequen- 
cies in the usual experiments of electrolumi- 
nescence. Therefore, the former can be re- 
garded as insulator and the latter as conduc- 
tors in the discussion of a.c. electrolumines- 
cence. Further, he showed qualitatively that 
the electric field near the sharp edge of the 
contact substance is considerably higher than 
the average electric field across the phosphor 
crystal. His conclusion is quite reasonable. 
In the following, the field distribution around 
the conductive substance will be investigated. 

Considering the conditions of preparation of 
electroluminescent phosphor, the conductive 
substance is probably a thin layer on the 
surface of the phosphor particle in many 
cases. Sometimes it may be a grain incor- 
porated inside the particle. Although the 
shape of individual conductive substance is 
quite irregular, we shall assume simple 
models, i.e., oblate spheroids and _ prolate 
spheroids. Probably the edge of conductive 
substance has a form which is intermediate 
between the two simple spheroids assumed 
here. These spheroids are assumed to be 
embedded in an ideal insulative medium. 
The boundary between the conductive sub- 
stance and ZnS may not be a clear cut and, 
moreover, there may be a dipole layer as 
discussed above. Hence, the above assump- 
tions must be regarded as a first approxima- 
tion. Since both ZnS and the dielectric have 
nearly equal dielectric constant, they are not 
distinguished in our calculations. 

When the conductive spheroid is placed in 
a uniform electric field Ey with its major 
axis parallel to the field, i.e., in the x direc- 
tion, the potential g around it is given with 
ellipsoidal coordinate u 


rote attaa ott 
u(@?+u)R(u)/ Jo (a?+u)R(u) 
(1) 
where 
Ru)={(a+u)(b?+u)(c2+u)p/? 
and a, b and c are the axes of spheroid.™, 
For the conductive spheroid around which 
high field is produced, the major axis is 
much larger than the minor axis; i.e., 
a=b>c for oblate spheroid 
and 


a>b=c for prolate spheroid. 
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The field distribution along the extension of 
the major axis is calculated from Eq. (1) in 
a first approximation for the oblate spheroid 
eae pail ol 
x (Vc?+2ax 

and similary for the prolate spheroid 

a” Eo a i o- 2ax 
FS og (ais aap Sar Bo we (2 1p ) 

for *=a/2; (3) 
where x measures the distance from the sur- 
face of the spheroid. From these equations, 
we see that the ratio of the maximum field 
at the surface to the average field is nearly 
equal to the ratio of major axis to minor axis 
for the oblate spheroid and to the square of 
the axis ratio for the prolate spheroid. 
Therefore, the local high field exceeding the 
average by two or more orders of magnitude 
is conceivable near an edge of actual conduc- 
tive substance. 

For theoc currence of electroluminescence, 
however, an extension of high field over 
some distance as well as the high field itself 
is necessary; i.e., the potential drop in the 
high field region must be larger than a certain 
value. For the local high field expressed by 
Eq. (2) or (3), the extent of the high field 
cannot be defined unambiguously. We shall 
compare the field strength at the position, 
where the first and the second term are equal 
in Eqs. (2) and (3) respectively, with the maxi- 
mum field at the surface. Denoting this 
position by x=06, we have for the oblate 


spheroid 
¥ ace 1/2 E(6) -(=)" 
o=( 2 ) A Hoceoys Ava 


and for the prolate spheroid 


a PN 
n Fa)’ ie 
where n is defined by (a/b)?=ne"/2. It is 
seen that the field decreases considerably at 
6 for the spheroid with large axis ratio. 
Therefore, & gives a rough estimate of the 
dimension of luminous spot. The average 
electric field which is necessary to produce 
electroluminescence Ex is roughly estimated 
by equating the potential difference in the 
high field region between the surface and 0d 
when Ey is equal to Ee with the energy of 
forbidden gap I¢eV. Thus we have for the 
oblate spheroid 


ce Tora a.) 


(4) 
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En=— 
“A {(2ac)¥8—c} i 
and for the prolate spheroid 
En= 22 Hog oa 7) (7) 


Of course, other considerations concerning the 
behaviour of free electrons in high field must 
be added to an accurate estimation of E%p. 
Accordingly the above equations give the 
order of the average field intensity necessary 
for electroluminescence. 

As examples, the ratio of the maximum 
field to the average, the average field strength 
necessary for electroluminescence and the 
length of luminous spot for an oblate spheroid 
with a=b=1y and c=0.1 4 and for a prolate 
spheroid with a@=lyw and b=c=0.ly are 
tabulated respectively in Table 1. The above 


Table I. Examples of local high field around con- 
ductive spheroid. 


oblate spheroid prolate spheroid 


axes G=0=10 c=—0. 1 a=1p b=c=—0.1 pu 
E(0)/Eo 13 50 
Eth 6.0104 V/em 3.7x 104 V/cm 
0.25 


6 0.17p 


dimensions of the conductive spheroids are 
chosen since the actual phosphor particles 
are of the order of 10 in length. Here the 
energy of forbidden gap for ZnS is taken to be 
3.7eV. The calculated values are reasonable in 
comparison with usual experimental results.» 
As the shape and size of the conductive sub- 
stance are quite random, the local field var- 
ies from spot to spot. Accordingly, we can- 
not observe the minirnum applied voltage for 
the electroluminescence when we measure the 
light output from a cell as a whole. This 
consideration is also in agreement with ex- 
periment.” The observation that the elect- 
roluminescent sensitivity of the phosphor 
containing much copper increases by washing 
in cyanide solution®»! is explained as fol- 
lows; the conductive substance, which covers 
too much the phosphor surface and shields 
the phosphor from the applied field, is partly 
resolved and becomes suitable in size for the 
electroluminescence excitation. 


§3.. Dependence of Brightness on Applied 
Voltage 


Since the location of the high field has been 
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made clear in the preceding section, the de- 
pendence of electroluminescent brightness on 
the applied voltage will be considered in this 
section. Although we measure the applied 
voltage directly in experiments, we shall use 
the local field intensity in this section, as the 
latter is proportional to the former and is 
suitable for theoretical treatments. Several 
possible mechanisms has been considered for 
the electroluminescence. Among them, the 
impact excitation theory is supported by 
many workers.» We shall also consider 
along this theory. The electrons introduced 
in the high field region are accelerated and 
some of them aquire sufficient energy to ex- 
cite an electron from the valence band to the 
conduction band. The secondary electrons 
are also accelerated and a repetition of such 
electron multiplication process leads to an 
avalanche well known in the dielectric break- 
down of solid. The holes generated in the 
valence band are trapped by the luminescence 
centers and then recombine radiatively with 
electrons which return to the ionized region 
when the direction of field is reversed. The 
sequence of the application of field and the 
emission of light is unambiguously demon- 
strated in the experiments by Zalm.» The 
luminescence center may be ionized or excit- 
ed directly by a collision of accelerated 
electron, but the probability of such transi- 
tions would be small due to the small.-con- 
centration of luminescence centers. 

It is difficult to obtain the probatility that 
an electron in the conduction band is accele- 
rated in a uniform field to an energy suffici- 
ent to excite an electron from the valence 
band to the conduction band, since the inter- 
action of electron with the lattice is not known 
accurately. Seitz gave the probability that an 
electron is accelerated to ionization energy 
without a collision with the lattice due to 
statistical fluctuation 


as exe(—F) : 


where C is a constant.» The situation in 
electroluminescence is more complicated, as 
the local field is not uniform but varies con- 
siderably in a short distance; i.e., ‘the field 
strength where the electron is generated 
differs from that where that electron makes 
a collision excitation. Since the average 
velocity of electron in the direction of field 


(8) 


Keiji MAEDA 


(Vol. 13, 


is “E, where » is the mobility, and 1/r is the 
collision frequency of electron with the lat- 
tice, the electron makes (dx/uEt) collisions 
with the lattice while it moves dx in the 
field direction. Therefore, the number of 
secondary electrons produced while 7 electrons 
move dx is given by 


(9) 


Exactly speaking, the interaction of electron 
with the lattice is a function of the energy 
of electron and above yu and Tt are the average 
values of all electrons at the position where 
the field strength is E. Further, the proba- 
bility given above is not a good approxima- 
tion when the field strength increases to be 
comparable to C. In spite of these drawbacks, 
Eq. (9) will be used in the following calcula- 
tions with uw and t independent of field strength, 
as there is no other suitable expression for 
the present situation. 

The variation of the local high field with 
position depends on the shape and size of the 
conductive substance. When the field at the 
surface of the conductive substance is Es, the 
local field distribution is given generally by 


Es 


Here, a and m are constants depending on 
the conductive substance. Using the results 
of the simple models in the preceding section, 
they are from Eq. (2) 

_2a 


a —— 
Yor 


and m= Ae 
2 
for the field due to conductive oblate sphroid 
and from Eq. (3) 
2a 
a — 


urs m=1 


and 
for the field due to conductive prolate sphe- 
roid. From Eqs. (9) and (10), the differential 
equation for the electron multiplication is 
obtained; 


dn_ Mm 
dx WE st 


(1+ax)™ exp \ -- (11) 


copa 
Es } : 
The total number of electrons resulting from 
a primary electron, which is generated at %, 
is given by the integration of Eq. (11) from 
Xo to infinity 
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nEs, Sys exp ae 
sT Ju, 


‘ ey 
exp ( Ey ay, 


where y=(l+ax)™ and yo=(1+ax)™. The 
primary electron is considered to be generat- 
ed by the ionization of electron in traps or 
donors due to the action of the high field 
alone or the simultaneous action of the field 
and temperature.» Since various positions 
and energy levels are considered to exist for 
these traps or donors, the distribution of the 
supply of primary electron should be taken 
into account. Denoting the number of pri- 
mary electrons generated per unit volume at 
x when the surface field is Es by o(Es, x), 
and the maximum value of Fs in an alternat- 
ing cycle by Emax, the total number of 
secondary electrons produced in a luminous 
spot during a half cycle is given by integrat- 
ing over field strength and volume 


=|" 0B. Bln Be, Ad Bi db. (18) 


(12) 


Here og is not known and further detailed dis- 
cussions cannot be made. However, provid- 
ed that op is a slowly varying function of x 
and Es, the values of o and m at x=0 and 
E;=Emax contribute predominantly to the 
total number of secondary electrons because 
of the strong dependency of (Es, x) on these 
variables. Therefore, for simplicity, the in- 
tegrations in Eq. (13) are replaced by the 
substitutions of the values at x=0 and E; 
=Emax and o is assumed constant. By per- 
forming the integration involved in Eq. (12) 
and putting x,=0, it becomes for the field due 
to the conductive oblate spheroid 


n(Es)= exp | 5 eaisite Porta 1 \t 


~(-§)] 


and for the field due to the conductive pro- 
late sphroid 


n(Es)= exp| oat es % (2 4) exp (= )} | 


(15) 


Since the magnitude of @ytC is an order of 
unity (see later section), the total number of 
secondary electrons is expressed in the same 
form irrespective of the shape of conductive 
spheroid if Emax is smaller than C 


(14) 
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N=const x {n(Emax)—1} 
=const X exp e es ) . (16) 


However, if Emax is larger than C, the total 
number of secondary electrons is expressed 
by 


N=const x exp (AEinax) > eu) 


where /=1 for the field due to the oblate 
spheroid, p=2 for the field due to the prolate 
spheroid and A is a constant depending on 
the size and shape of spheroid. Therefore, 
for the actual high field p would take a 
value between one and two. It should be 
noted that Eq. (9), from which Eq. (17) is 
derived, is no more a good approximation for 
an electric field intensity comparable to or 
stronger than C. 

For the discussion of the dependence of 
brightness on the applied field, the relation be- 
tween the probability of radiative recombina- 
tions and the total number of secondary elec- 
trons, i.e., the relation between the brightness 
and the excitation intensity, must be known. 
Generally the brightness of phosphor varies 
linearly with the excitation intensity when 
the excitation is weak but sublinearly when 
the excitation is intense. In order words, the 
efficiency of phosphor is constant up to a 
certain excitation intensity but lowers for 
more intense excitation. This is well known 
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Fig. 2. Power factor tand, emission intensity 
B-(lm/m?) and efficiency 7(lm/W) as function 
of applied voltage V. The frequency is con- 
stant at 120c/s. These are obtained from me- 
asurements on electroluminescent cell giving 
green light, 
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as the saturation of brightness under the 
cathode-ray excitation. Similarly for the 
electroluminescence, when the applied voltage 
is not so high, the excitation is weak and the 
brightness is proportional to the number of 
secondary electrons. Accordingly, the bright- 
ness of luminous spot is from Eq. (16) 


Bs 
Bywaig exp ( >) (18) 
for low applied voltages, where as and 8s 
are particular constants for the spot. 

Since the luminous efficiency of the electro- 
luminescent cell decreases with increasing ap- 
plied voltage as shown in Fig. 2,1 the bright- 
ness cannot be discussed from the excitation 
intensity alone for this voltage range. Fol- 
lowing reasons for the saturation of bright- 
ness may be considered: 

(a) When the density of impact ionization 
during a cycle becomes locally comparable to 
the density of luminescence center, the pro- 
bability of nonradiative recombination rapidly 
increases, 

(b) when the space charge in the surface 
region of ZnS becomes comparable to the 
surface charge of conductive substance, the 
high field intensity decreases and the pro- 
bability of impact ionization diminishes and 

(c) due to the high current density in the 
high field region, the phosphor is locally 
heated and the luminescence may be thermal- 
ly quenched. 

Experimentally it is difficult to measure the 
dependence of brightness of a luminous spot 
on the applied voltage, as the spot is very 
small in size and the emission intensity is 
weak. Several measurements have been re- 
ported but an agreement is not yet obtained 
among them.» 

The observed brightness of electrolumines- 
cent cell as a whole can be expressed over 
the range of several orders of magnitude by 


Bo=ao exp e er) 


where a@o and fo are constants and az is 
proportional to the applied frequency.” 
There are several other expressions similar 
to Eq. (19).2 The emission intensity of the 
cell is the sum of the emission intensity of 
individual spot. As stated before, the con- 
ductive substance, around which local high 
field is produced, is quite irregular in size 


(19) 
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and shape. Therefore, even in the voltage 
range where Eq. (18) is satisfied, the values 
of ag and Bs are different for each luminous 
spot. The situation is more complicated 
when Eq. (18) is not satisfied as discussed 
above. Consequently, we can hardly discuss 
the quantitative dependence of brightness of 
electroluminescent cell on the applied voltage. 

However, the explanation for the depen- 
dence of brightness on the applied frequency 
can be made similarly as given by previous 
workers”’®) irrespective of the origin of high 
field. As stated before, the primary electrons 
in the excitation process are considered to be 
generated by the ionization of electrons in 
traps or donors due to the action of electric 
field alone or the simultaneous action of 
electric field and temperature. The probabili- 
ty of field ionization of electrons in a certain 
depth from the conduction band is nearly 
zero under an electric field below a critical 
value, and rapidly increases under a field 
above the critical value. Therefore, the 
ionization of primary electron is almost deter- 
mined by the maximum applied field intensity 
but not by the duration while the maximum 
field is applied. Nearly equal excitation 
occurs in a cycle irrespective of the applied 
frequency and the average brightness is pro- 
portional to the applied frequency. 


§ 4. Efficiency of Electroluminescent Cell 


In this section the luminous efficiency of 
the electroluminescent cell will be roughly 
estimated. The whole phenomenon occuring 
in the cell under operation can be separated 
into several processes and the energy loss is 
involved in each of them. They are consider- 
ed in the order of occurrence. 

(1) Energy loss in ZnS 

Let us consider the high field region of the 
phosphor particle first. When an electron 
moves the distance dx in the direction of 
field, it aquires an energy eEdx and the pro- 
bability of impact ionization that the electron 
makes during this time is given by Eq. (9). 
The energy necessary for the ionization is 
the band gap energy and this is utilized in 
the later process. Therefore, the energy ef- 
ficiency in this acceleration and ionization 
proceses is given by 


rps $) 
uck? Eiyim 


(20) 
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Assuming # and t are independent of the 
field strength, the optimum field strength is 
given by the condition 


dn _ 
JE = 0" 
Hence, the optimum field strength is 
: < 
E=—. 
9 (21) 


The maximum efficiency is obtained by sub- 
stituting Eq. (21) into Eq. (20). 
4g 

as pcC? 
It is not reasonable that the efficiency of im- 
pact ionization decreases for the field strength 
larger than C/2. This is due to poor approxi- 
mity of Eq. (9) for strong field strengh com- 
parable to or greater than C. Actually the 
efficiency would tend to unity when EF appro- 
aches infinity. For the estimation of the ave- 
rage efficiency over the local high field region, 
however, the contribution from the relatively 
low field, where the number of electrons is 
much larger than that in the relatively high 
field, is more important. For ZnS the various 
constants in Eq. (22) are determined as fol- 
lows: Je=3.7eV, “=100 cm?/volt-sec,® t=5.7 
x 10-4 (m*/m) sec by the relation t=ym*/e, 
where m* is the effective mass of electron, 
and C=3.8Exz, where Ey is the breakdown 
field strength by von Hippels’ low energy cri- 


exp (—2). (22) 


terion.) Ex is calculated by Callen’®; it is 
at 0°K 
23/2772m*e Es— Ep 
= : 23 
Eu h2 hor (Es6p3)¥/? (23) 


For ZnS, the constants involved are; &s:=static 
dielectric constant=8.3, & =optical dieletric 
constant=5.07, and Aw,=energy of reststrahl 
frequency =0.035eV. Substituting these values, 
it becomes Ea=4.46x10° (m*/m) V/cm. At 
room temperature, correction is made and we 
have C=2.1x10%(m*/m) V/cm. With these 
values the efficiency expressed by Eq. (22) 
becomes 


m 3 
=0.081 (7 ) (24) 
We see that the efficiency varies considerably 
with the value of the effective mass, which 
is not known for ZnS and may vary with the 
energy of electron. Although Kréger assum- 
ed m*=0.4m in comparison with that of 
CdS,® the substitution of his value in Eq. 
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(24) results an efficiency larger than unity. 
It is quite unreasonable to set y»=1 which 
means that all the electrons are accelerated 
to the ionization energy without dissipating 
energy by collisions with the lattice. How- 
ever, when we consider the similarity 
between ZnS and CdS, it is not plausible to 
assume a large value of m*. Accordingly we 
shall assume the efficiency of the accelera- 
tion and collision process to be approximately 
2/3. 

The electrons generated in the high field 
region drift in the average field region and 
reach the end of the crystal or are trapped 
on their way. They are drawn back to the 
ionized region when the applied field direction 
is reversed. The high field region is confined 
to the small spot in the phosphor particle and 
the number of electrons which enter into the 
average field region is nearly equal to that 
of impact ionization for high applied voltages. 
Therefore, it is not probably quite in an error 
to estimate that the energy loss in the ave- 
rage field region in ZnS is twice of that in 
the high field region at the optimum applied 
voltage. 

(2) Energy loss in dielectric 

The energy loss discussed above is due to 
the resistance, which is dependent on the ap- 
plied field. There is another energy loss in 
the electroluminescent cell due to the resis- 
tance which is independent of the applied 
field. We know this from the value of tané 
of the electroluminescent cell when low vol- 
tage is applied. Such an energy dissipation 
occurs in the dielectric and ZnS but not in 
the conductive substance as there is no elec- 
tric field in the latter. The dissipation in the 
dielectric is probably larger than that in ZnS. 
This estimation is based -on the reason that 
the observed value of tand of the cell is 
nearly equal to that of dielectric although 
simple calculation taking into account the re- 
sitivities and volume ratio expects a greater 
energy loss in ZnS than that in the dielec- 
tric. The small energy loss in ZnS is consi- 
dered due to the limited carried injection 
from the surroundings into it. 

The relative magnitudes of the energy 
losses stated in (1) and (2) are evaluated by 
comparing the value of tand at low applied 
voltages and that at the optimum voltage for 
the electroluminescence efficiency. In Fig. 2 
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the value of tan dé at the optimum voltage is 
twice that at the low voltages. Hence, these 
two energy losses are equal in magnitude at 
the optimum applied voltage. 


~~ Energy loss in — 
Work done by __ ZnS 3 
electric field 6 
Energy loss in 
dielectric 3 


Therefore, the energy efficiency for all these 
processes is 1/9. 
(3) Efficiency of radiative recombination 

The energy efficiency of the radiative re- 
combination of electrons and holes, which are 
produced by the collision ionization, is the 
product of the probability of the radiative 
recombination and the ratio of luminescence 
energy to the excitation energy. The latter 
factor represents the energy efficiency in the 
luminescence center. These processes are 
compared with those in the cathodolumines- 
cence. Under the cathode-ray excitation, 
electron-hole pairs are produced on the pass 
of incident and secondary high speed electrons 
and the light is emitted when the recombina- 
tion occurs at the luminescence center. In 
the electroluminescence, one more process is 
added, i.e., the secondary electrons are swept 
away in the field direction and then drawn 
back to the ionized region. Hence, the pro- 
bability of radiative recombination in the 
electroluminescence is not larger but possibly 
smaller than that in the cathodoluminescence. 
The energy efficiency in the luminescence 
center is the same for both excitation 
methods. According to the measurement by 
Bril and Klasens, the energy efficiency of 
green luminescence of ZnS:Cu, Al phosphor 
is 25% under 20kV cathode-ray excitation.!» 
In the cathode-ray excitation, the total inci- 
dent energy is not utilized for the excitation 
and the average energy dissipated to produce 
an electron-hole pair is arbitrarily estimated 
to be 1.5 /¢, as an electron with energy more 
than Je can produce another pair. We are 
here concerned with the efficiency of radiative 
recombination of already produced electrons. 
Accordingly, the energy efficiency in these 
processes is 0.25 x 1.5=0.38. 


(4) 


Absorption of luminescence 
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The results obtained above are shown in i 
the diagram below. The figure in each term | 


is the relative magnitude of energy dissipa- 
tion at the optimum applied voltage. 


~ Energy utilized 
for ionization 
2/3 


Energy loss in 
local high — 
field 1 

Energy transfered 
to lattice as 
heat 1/3 


Energy loss in 
average field 2 


It is practically impossible to take out the 
whole luminescence emitted in the phosphor 
from the front surface of the electrolumines- 
cent cell. For example, the luminescence 
emitted backward suffers a considerable loss, 
even in the presence of the reflection plate, 
and the transparent electrode absorbs the 
luminescence to some extent. Therefore, the 
luminescence energy taken out from the front 
surface is probably 2/3 of the total. This 
estimation is made by an analogy with the 
light output from the glass side of cathode- 
ray tube screen.!% 

The luminous efficiency of the electro- 
luminescent cell is estimated from the consi- 
derations given above. The spectrum of 
green luminescence of ZnS:Cu phosphor has 
a lumen equivalent of about 4501m/W. Tak- 
ing the product of efficiencies for each 
process, we have for the luminous efficiency 
of the cell emitting green light 


450 x =x 0.38 x $=13 in/W.. 


Although the above estimation is quite rough 
and gives an order of the maximum luminous 
efficiency, the result is approximately equal 
to the maximum efficiency observed up to the 
present’. The efficiency lower than this is 
easily understood. For the applied voltage 
lower than the optimum, the efficiency of the 
acceleration and ionization process diminishes 
and further the ratio of energy loss in the 
high field region to that in the dielectric 
decreases. For the applied voltage higher 
than the optimum, the decrease in efficiency 
can be explained by the several reasons stated 
in the preceding section. It would be un- 
necessary to mention the low efficiency of 
phosphor which is not suitable for electro- 
luminescence excitation. 
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Phenomenological Free Streamline Theory, Part I. 


Flow past a Normal Plate 


By Yoichi MIMURA 
Faculty of Science, Hiroshima University, Hiroshima 
(Received June 23, 1958) 


The flow past a normal plate is discussed phenomenologically by the 
free streamline theory. The pressure distribution on the normal plate 
is determined by the pressure distribution on a free streamline which is 
obtained as a function of the distance from the separation point. In 
case when the latter is obtained only in the ‘‘free streamline range”’ 
(e.g., the range from the separation point to a distance equal to about 
one and a half of the breadth of the plate), the pressure distribution 
and other quantities on the normal plate are estimated with their pro- 


bable deviations. 


§1. Introduction 

It is well known* that the free streamline 
theory of the Kirchhoff type gives satisfactory 
results for the free jet problem and related 
ones. By the use of the theory, Kirchhoff 
himself calculated the resistance of a plane 


lamina with wake, thus dissolving the d’Alem- 


* The historical review of the free streamline 
theory has been given by several writers. See, for 
instance, Birkhoff’s book: ‘‘ Hydrodynamics. A 
Study in Logic, Fact, and Similitude”’ (Princeton 
Univ. Press, 1950). 


The shape of the free streamline is also examined. 


bert paradox, but no satisfactory result in 
good agreement with observations has yet 
been obtained. Recently Roshko” and Woods” 
improved the theory by assuming the pres- 
sure distributions on the free streamlines to 
be variable, and good results have been 
obtained by Roshko in the case of flow past 
a normal plate and also by Woods in the 
case of flow past a circular cylinder. How- 
ever, they postulated data on the free stream- 
lines intuitively. 

We shall now consider the problem to dis- 
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cuss phenomenologically the observed distri- 
bution of pressure coefficient Cpw on the front 
surface of a body with wake by the free 
streamline theory*. Here the front (wetted) 
surface is referred to as a part of the surface 
of the body ranging from the stagnation 
point to two separation points. We assume 
that the ‘observed pressure coefficient Cpw is 
equal to that as calculated by the theory of 
perfect fluid flow with free streamlines. The 
pressure coefficient on the free streameline 
thus assumed, expressed as a function of 
streamwise distance x from the separation 
point, is denoted by Cpr(x). 

It is known experimentally that the shear 
layer is thin and approximately steady in a 
certain range of distance downstream the 
separation point, which is of the order of the 
length of the body. We call provisionally 
such a range the ‘‘ free streamline range’’, 
and we assume for simplicity that the pres- 
sure distribution in this range can be obtain- 
ed definitely by the observation in the shear 
layer. We denote it by Cyr(x). It is expect- 
ed that this CyE(x) is closely related to Cpr(x) 
(eX. $7 (4): 

In the further downstream range, however, 
the shear layer becomes broader and broader 
and at the same time non-uniformity of the 
pressure distribution across the layer increases 
and finally the layer rolls up into Karman 
vortex street or becomes directly the region 
of turbulent mixing. In such a range, which 
we call here provisionally the ” mixing 
range ’’, the shape of the free streamline as 
well as the pressure coefficient C,(x) cannot 
be determined definitely, so that it is insignifi- 
cant to treat them either phenomenologically 
or theoretically (cf., e.g. the introduction of 
ref. 1)). The boundary of the above two 
ranges is of course altered according to the 
treatment of the problem. 

Thus, in the phenomenological free stream- 
line theory it is desirable to discuss the flow 
by the use of Cpp(x) alone and also to study 
the determination of Cpr(x) from the observa- 
tion in the wake. The standpoint that the 
drag of a body is determined by the use of 
data near the body is in contrast to the 


* Throughout the present paper the physical 
quantities with the suffix w refer to the wetted 
surface, while those without it refer to the free 
streamlines only. 
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theories in which, like the theory of Karman 
vortex street, the drag is determined by the || 
use of data at a great distance from the 
body. 

Thus, the problems to be discussed in the’ 
phenomenological free streamline theory may 
be summarised as follows: 

Problem I. When the pressure distributions | 
on the free streamlines, Cpz(x), are known | 
only in the finite ‘‘ free streamline ranges’’, | 
to what extent the pressure distribution, Cpw, 
and other quantities on the wetted surface 
of the body as well as the shape of the free 
streamlines can be determined ? 

Problem IT. When Cpw is known within 
experimental error, to what extent Cpr(x) as 
well as the shape of the free streamlines can 
be determined ? 

Problem IIT. How the mechanism of the 
wake near the body should be approximated 
experimentally or theoretically by the free 
streamlines and what should be the general 
law which may be determined from this ap- 
approximation ? 

In the present paper we shall discuss Pro- 
blem I in the case of a normal plate. A 
study of uncertainty of Cpr(x) in the real 
shear layer and its effect upon Cyw and other 
quantities is a further advanced~ problem 
relating to Problem I. The discussion on 
other cases in Problem I than the case of a 
normal plate as well as on Problems II and 
IIT will be postponed to later papers. 


§2. Method of Woods 
We shall now discuss the above-mentioned 
Problem I by the method of Woods”, an out- 
line of which may be given in this section. 
With the origin of coordinate-axes (x, y) at 
a certain point on the body, we take the x- 
and y-axes parallel and perpendicular to the 
undisturbed flow respectively, and we denote, 
as usual, the complex coordinate by z=x+iy. 
Then, if we denote the complex potential by 
w and the magnitude and the direction of the 
fluid velocity at any point in the flow field 
by g and @ respectively, we have 
on aft: (2.1) 
Following Woods, we map the w-plane onto 
a €(=7+i7)-plane by the relation: 
w= 4a(i sinh 3 €+sin 3 4), (2.2) 


where @ and & are constants to be chosen 
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adequately so that the wetted surface of the 
body is mapped onto the line-segment Bye ()k 
—n<y<z and the free streamlines are map- 
ped onto two parallel semi-infinite straight 
lines y<0, r=-tz. According to Woods, the 
function f=In (e/g) in the €-plane is given 
by 
I(O)=i10y(—z) 

1 . Se 
1 \ in Sint r* 470) dO w(1*) 


rr cosh (<1) 


yt=-—2 
_cosh3€ zn 24(4*) 
2x do cosh 4 7*+7 sinh 3 € 
2_(7*) 
cosh 3 y*—isinh3¢ lane Hila 2 
where 

f=—2+i0 , (2.4) 
=ing , (2.5) 


O.(r) being the value of @ on the wetted 
surface, and 24(7), 2-(7) being respectively 
the values of 2 on the upper and the lower 
free streamlines, while 7* and y* being integ- 
ration variables. 

When the shape of the wetted surface of 
the body and 2,(7), (7) on the free stream- 
lines are prescribed, implying that the angle 
of attack, the positions of the two separation 
points and the separation velocities qs are 
known, the flow can be determined by (2.3). 
In the case of symmetric flow where we 
always concern only with the upper free 
streamline and denote 2. simply by 2, Woods 
proposed a convenient form for 2 as: 

ae ee 

1+ 6? sinh? 3 7 

(6: a constant), 
which was deduced by assuming that far 
downstream on the free streamline, i.e. when 


ee 1; 


(2.6) 


q-1= Bx, (x>1) (2.7) 
B being a constant. Such an assumption is 
quite legitimate, e.g. in the cases of the free 
streamlines which are deduced by Roshko us- 
ing the method of the elliptic hodograph» 
and of the notched hodograph”. 
The condition that the upper and the lower 
free streamlines do not cross each other is 


given by: 
\" Ow(r*) sin 3 r*dr* 
-1« 


+) eer) + 2-009} cosh tat dnt 0, 
0 
(2.8) 
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which is referred to as the ‘condition of 
physical reality’’. The equality in (2.8) 
holds when the width of the two free stream- 
lines at infinity is finite. We shall call 2 
given by (2.6) the ‘‘ Woods type’’ when it 
satisfies such a condition of finite width. 


§3. Application to the Case of a Normal 
Plate 


(1) We now consider the flow past a nor- 
mal plate placed in a uniform flow. We 
adopt such units of length and time that both 
the breadth of the plate and the magnitude 
of the undisturbed velocity become unity. 

In the present case 0y(7) is given by 
Ow(r=—2/2 , (—whs 1) 0): (3 1) 
OW(rj=n/2, Orn), } 

and & in (2.2) is equal to zero. 

In order to express physical quantities con- 
veniently, we use, on the free streamlines, 

X=-—sinh (7/2), 0<X<o), (3.2) 
while, on the wetted surface of the body, 
W=cos (7/2), (O48: W, <4)... (8:3) 

Then, using (2.1)~(2.5), the physical quanti- 
ties are written as follows. Namely, on the 
wetted surface (€=/r), where W=0 at the 
separation points and W=1 at the stagnation 
point, we have 


LZ 1—W ,-wem) 
au(W) an) We Bd 
with 
Fates Seeley dep 
aw)= 21" (90) ax) FT, 85) 


Yul W= NY" aw WWW, (3.6) 
0 
where 


N= 2) ge WO) WHaW, (3.7) 
0 

the coordinate yw having been measured 
from the lower separation point. 

On the other hand, we have, on the upper 
free streamline (C=y+iz) where X=0 at the 
separation point and X=co at the point at 
infinity, 


q(X)=exp AX), (3.8) 
0(X)=cot? X= H{X), 3.9) 
with 
2 - dX* 
HX)== XRe| \ AX") oo ret G10) 
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where Re means ‘‘ the real part of’’, and 


mX)=NY aX" cos 0(X*)X*dX*, (3.11) 
0 


y(X =|" q-(X*) sin (X*)X*dX*, (3.12) 
0 


x and y having been measured from the 
upper separation point. By (2.8) the condi- 
tion of physical reality now turns out to be 


\" AX*dX* < 2/2, (3.13) 
0 
and the condition of finite width becomes 


| OX*\dX* =n/2. (3.14) 
0 

(2) By the use of the above formulae we 
shall discuss briefly the manner in which 
2(X*) in the range X*>1 affects quantities 
on the wetted surface of the plate as well as 
on the free streamlines in the vicinity of the 
body where X<1. It is readily found that 
since the function G(W) in (38.5) has the 
damping factor (W?+X*?)-!, the range of X* 
in which 2(X*) affects remarkably the quanti- 
ties on the wetted surface is short. Also we 
see that the range of X* in which 2(X*) af- 
fects remarkably the quantities on the free 
streamline in the vicinity of the seperation 
point is short too, because the function H(X) 
in (3.10) has the damping factor (X?—X*?)-}, 
But the latter damping factor becomes infini- 
te at X*=X, implying that the shape of the 
free streamline is much more affected by 
2(X*) than the quantities on the wetted 
surface. The detailed discussions on these 
points will be given in §§6~8. 

Similarly to the above case, the effect of 
2.(X) can also be discussed by (2.3) for the 
case of asymmetric flow past an arbitrary 
body by resolving 2:(X) into symmetric and 
antisymmetric parts. The interpretation of 
these damping effects which behave approxi- 
mately as X*-? has been given phenomeno- 
logically by Prof. T. Maekawa (cf. §7 in ref. 
3). 

(3) When (X) is given by (2.6), i.e. 
when 


(O< X < ce), 18.15) 
the integrals involving 2(X*) in (3.5), (3.10), 
(3.13) and (3.14) can be easily evaluated. 
Thus we have 


G(W)=In qs-b1+5W)-}, (3.16) 
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(3.17) 


| 
} 


H(X)=I1n gs-bX14+52X?)-!, 

and the condition of physical reality becomes 
b>Ing. (3.18)) 

Since @(X*) for large X* has only small! 


} 


effects upon G(W) and A(X), the functions} 
G(W) and H(X) for X>1 may be approxi- | 
mated by (3.16) and (3.17) respectively in} 
which the value of b is so determined as to) 
approximate 2(X) by (3.15) near X=0. . 

If we denote 2(X) of the Woods type by) 


Qw(X), we have, by (3.15) and (3.18), 


In gs 

1+ (In qs)?2X? 
If, in this case, we determine C,(X) by (3.8) | 
and x(X) by (3.11), (3.9) and (3.17), the be- 
haviour of C,(x) near the separation point is 
represented by {Cp(x)—C,(0)}*/200x%. This be- 
haviour should be compared with that of | 
C,(x) as treated by the notched hodograph | 
(cf. §6 in ref. 3)). The calculated results by 
the use of the Woods type, together with 
the results for other cases, will be given in| 
§5. It will be seen from Table I there that 

the value of Cyw, i.e., the sum of Cpy over ) 
the wetted surface, as obtained by the use| 
of the Woods type is too large. 


Qw(X)= , (0<X<oce). (3.19) 


§ 4. Procedure of Determining the Flow by 
the Use of Observed Pressure Distribu- : 
tion on the Free Streamline 


' 
Taking the case of normal plate we shall 
explain the procedure of determining the 
flow when the value of C» is obtained experi- | 
mentally as a function of x. The procedure 

can however be extended to the case of a 

body of arbitrary shape. In accordance with 

the discussion in §1, we assume that Cp= 

Cyr(x) is obtained definitely in the free 

streamline range. 

To begin with, we calculate 2=2x(x) cor- 
responding to Cy=Cpr(x) by the relation Cp 
=1—q’=1—exp (22). To a first approxima- 
tion, we first take an approximate value for 
Q(X) in 0<X<co which will be denoted as 
2'(X), and then, by aid of (3.7) we determine 
N' on the wetted surface.* In the next 
place, we determine, by (3.11), the value of 
x on the free streamline, which will be 
denoted as x'(X), and if we insert this value 
of x into p(x), we obtain the second appro- 


* Indices J, IJ,--+- will be used to denote the 
order of successive approximations. 
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ximation of Q(X), ie. 24(X)=2p(x"(X)). In 
like manner, further approximations @Q!/7 OOn 
2'V(X), +++ can be obtained. As will be 
proved in § 8 (2a), the successive approxima- 
tions converge rapidly. 

When Cpg(x) is obtained experimentally in 
the finite free streamline range x<xm, we 
must, in addition, supply C,(x) in the mixing 
range x>xmy. Alternatively, we may appro- 
priately choose 2(X) in X=>D in each order 
of successive approximations, where D is 
so chosen that x(D) corresponds to xm. The 
value of D can easily be determined approxi- 
mately since x(X) is insensitive to (X), 
especially x(X) in X<D is almost insensitive 
to the choice of 2X) in X=>D as will be 
shown in §8 (1c) and (2b). 

The practical method of determining 2”(X) 
(N=2) is as follows. First, 2%(X) in X<D 
can be determined when 2%-1(X) is determin- 
ed for 0<X<oo. Next, as 2*(X) in X=>D 
we choose the form 

2X) = 2(D)DAX-? , (X=D).,..» (4.1) 
and put D® and 2*(D”) in-place of D and 
2(D) respectively, D*” being the value of D 
in the mth approximation. We denote 2,(X) 
thus determined as 2.7(X). As will be ex- 
plained in detail in §7, by virtue of the 
simple form of 22%(X), we can easily esti- 
mate the probable errors involved in the cal- 
culation of Cyw and other quantities arising 
from this choice. Hence we can estimate the 
value of D” in order to determine Cyw within 
experimental error (see §7 (3)). 


The Solution for the Case of a Normal 
Plate 


As an example we shall here deal with the 
flow past a normal plate by applying the 
method described in the preceding section. 
As for Cpr (x) we first adopt the one which 
is determined by the elliptic hodograph used 
by RoshkoY, and also we use the value of 
1.545 for gs which was observed by Fage and 
Johansen.” In the present case D=oo. For 
the first approximation of 2(X) we have 
used the Woods type (3.19). As mentioned in 
§3 the convergency of successive approxima- 
tions is rapid, and the second and third ap- 
proximations of 2(X), i.e. Menip’7(X) and 
Qentip!4(X), nearly coincide with each other 
(Fig. 1). We may therefore consider enip’?’ 
(X) as the final form of 2(X), which may be 


§ 5. 
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approximated by the form (3.15), namely: 
_ Ings 
BU) Faas { 
(cleo Pie be 

We have determined the flow by making 
use of (5.1) in place of the elliptic hodograph 
obtaining the results as shown below. 

Next we have adopted for Cyg(x) the ex- 
perimental curve obtained by Roshko, mody- 
fying it in the vicinity of the separation point 
in such a manner that qs takes the value of 
1.545 (see Fig. 3), and we denote the resulting 
modified curve by Cpexp(x) and the quantities 
in this case by attaching the suffix ‘‘exp”’ 
The adequacy of such a modified curve will 
be discussed in §7 (4). 

In order to determine the flow we have 
used, as in the above case, the formula (3.19) 
for the first approximation, and for higher ap- 
proximations we have followed the treatment 
of the case where g(x) is obtained only in 
a finite range. Here we have determined D” 
without the use of the method described in 
the last paragraph. For the second approxi- 
mation D/’ has been determined by x'(D")~1 
under the consideration that the free stream- 
line range may be of about this length. For 
the third approximation we have chosen D/77 
=3.12 so that (3.14) is satisfied by @exp!77(X). 
Concerning these choices of D’? and D’’? we 
will discuss in §7 (3) and (4) respectively. 

The calculated results are shown in Tables 
I, Il and Figs. 1~5,* together with the 
results as obtained by using Woods type 
(3.19) and the elliptic hodograph (5.1). For 
comparison the calculated results for the 
Kirchhoff flow, in which 2x(X)=0 in 0<X< 
co, and for the notched hodograph devised by 
Roshko, as well as the experimental results 
obtained by Fage and Johansen are also 
shown in these tables and figures. 

Table I shows Cww for various cases, while 
Table II gives the values of D, 2(D), x(D), 
N and d’ where d’=1+2y(c) is the distance 
between the two free streamlines at infinity. 
Figs. 1~5 show 2(X), x(X), y(X), Co(x), 
Cow(Yw) and the shape of the upper free 
streamline. 

The calculations have been performed cor- 
rect to four significant figures, using the 


(with b=1.2), (5.1) 


* “We use abbreviated symbols such as K, i W, 
N, exp” and ellip” which are explained in Table 
I and Fig. 1. 
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Table I. The total value, Cyw, of the pressure coefficient Cpw(yw) over the wetted surface for 


various cases of © (X) (qs=1.545). 
K: Kirchhoff flow, li; 
N: notched hodograph, 

experimental curve Cpexp(x). 


exp’: 
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modified elliptic hodograph, 
mth approximation of the case of the modified 
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W: Woods type (3.19), 


K L W 


expl! 


expll N Obs.* 


0.8798 0.8019 0.7633 


0.7479 


0.7472 0.7424 0.743 


* The observed value of Cyw is obtained by the relation Cyw=Cp+(1— qs?) using the observed drag 
coefficient Cp and putting the base pressure to be uniform. 


Table Il. Numerical data for various cases of 2(X). 
D a(D) x(D) N d’ 
K ©0 0 oo 0.2806 co 
L oo 0 oo 0.3508 oo 
W co 0 oo 0.3868 2.50 
exp!! 2.90 0.1532 1.085 0.4005 ~ 
expilt 3.12 0.1220 1.299 0.4103 P51 


-ellip? OX yy/ 
a 


10) | 2 3 


Fig. 1. 0(X) for various cases. 
ellip”: the mth approximation in the case of the 
elliptic hodograph. 
Other symbols used in Figs. 1~5 are explained 
in Table I. 


once determined data of 2exp(x), in order to 
discuss the convergency of successive approxi- 
mations and the errors of approximate for- 
mulae in the succeeding paragraphs. 

The convergency of successive approxima- 
tions in the case of Mexp(x) is somewhat 


Fig. 2. 
. lines for various cases (the breadth of a normal 


plate is taken as unity). dx is the lateral spacing 
of Karman vortex street. 


x(X) and y(X) on the upper free stream- 


worse® than that in the case of enip(X) 
owing to arbitrary choice of D and (X) in 
X=>D. 

In case when we use the result of experi- 
ment, however, the final form of @(X), i.e. 
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l 
lous) to x 5 


Tig. 3. Pressure distributions on the free stream- 
lines C(x) for various cases. 
Original experimental curve taken from 
Fig. 2 in ref. 1. 


o2 0-3 Yu OF O-5 


Fig. 4. The pressure distributions on the normal 
plate Cyw(yw) for various cases. 


—— 


Fig. 5. The shapes of the upper free streamlines 
for various cases. 


Gexp(X), can be determined only when Qexp(X) 
is determined in 0<x<oo, but, as will be 
shown in §8 (2b), it is nearly equal to 
Bexp!i(X) in XSD. Other calculated results 
will be discussed in §§6~8. 


§6. Approximate Formulae for Quantities 
on the Front Surface of the Normal 
Plate, as determined by 2(X) 


From Fig. 1 it is seen that there are three 
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typical types of 2X), namely: 2, (X), Qw(X) 
and Mexp!4(X). However, 2(X) may take 
also various forms experimentally. Thus, the 
two-dimensional flow past a body whose wet- 
ted surface forms a normal plate can be 
treated by the free streamline theory as the 
flow past the normal plate irrespectively of 
the shape of the back surface as well as the 
Reynolds number. In this paragraph we give 
approximate formulae for quantities on the 
front surface of the normal plate as deter- 
mined by various 2(X). 

(1) General formulae. Following the dis- 
cussion in. §3 (3), we may approximate G(W) 


by (3.16), so that, choosing } properly, we 
have 
WGC WS Wee Gaie%.1) 


1+bW 


Neglecting the second term and noting that 
the first term is small, we put 


exp {WG(W)}-(1+&(W))=1+rW, 
with 


(6.2) 


r=exp G(1)—1. (6.3) 

The value of 7 is shownin Table IV. Since, 
as will be shown in Appendix 1, the value of 
&€(W) is fairly small, we shall put €(W)=0 
in the following lines. 

Using (6.2) and (3.4) qw(W) is approximat- 
ed by 
1-w _1 
14+W1+rw° 
Then approximate formulae for various quanti- 
ties on the front surface of the normal plate 
can be easily obtained. Namely, putting 


Mig ee 
An=\ 1aW wraw 


By =| /E wea, 


(n=1, 2, ---) 
thus, e.g. Ai=1l—7/4, As=z/4—2/3, A3=2/3 
—3z/16, Ay=3x/16—8/15, Bi=1l+7/4, Bo=7/4 
+2/3 and B3=2/3+3z/16, we obtain by (3.7) 
N= qs/2(Bi+ B:r). (6.6) 
Using its definition as well as (3.6), Caw can 
be expressed as 


Cow=[" Cow Yur) w) 


dw( W )=ds 


(6.4) 


(6.5) 


=1]— -2N| dw W*)W*dw*. (6.7) 
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Thus, expanding (1+7W)-+ and neglecting 
terms of O(7*) we obtain 

Cyw=1— qs Ai1— Aor + Asr?)/(Bit Bar). (6.8) 
The accuracy of the above two approximate 
formulae (6.6) and (6.8) will be examined in 
Appendix 1. 

Next we shall estimate the deviations of 
the quantities on the front surface of the 
normal plate due to 47, which denotes the 
deviation of 7 caused by 42(X), by neglect- 
ing terms of the order O(7*) and O(4r)?. 
The maximum deviation. including sign (i.e., 
one of the maximum and minimum of the 
deviation which has a larger absolute value) 


of Cyw(=1— gy?) is given by 
bt WwW 
4 w/max =2 Si an ———— 4 6.9 
(AC gn) qs 1+W +rwy’ (6.9) 
where 


W=Wo=V 2 —14+0.510—7Y 2 )r+O(7”) . 


The calculated value of y.(W) at W=W, in 
the cases in Fig. 4 is about 0.03. 

Using (6.6) and (6.8) the deviations of N 
and Cyw are found to be given respectively 
by 

AN=—2N(N/qs)B24r= —2.904N(N/qs)4r , 

(6.10) 
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and 
ACnw=4N*(Ai1Bo+ A2Bi—2A3Bir—2A3Bar*)Ar | 
= (27/3)N2(1—0.5293r—0.4317?) dr . . 
(6.11) | 


(2) Application. We shall next apply the 
above formulae to various 2(X) in Fig. 1. 
When C,(x) is pushed down, (x) is pushed | 
up and hence 2(X) is also pushed up (noting 
that 4x(X) caused by 42(X) is always small | 
(cf. §8 (1c)), so that 7 is decreased by (3.5) 
and (6.3) (cf. Table IV). Hence (Cpw)max and 
Cww decrease by (6.9%) and (6.11) respectively, 
but N increases by (6.10). This is found to | 
be the case in Figs. 3 and 4 and Table I (cf. 
the membrane analogy: §7 [2] in ref. 4). 
(Cow(¥w) and Cyw coincide well with each | 
other in the cases of the notched hodograph 
and of the experiment and it is explained by 
the fact that r may be almost equal for both 
cases.) 

Table III shows the accuracy of the approxi- 
mate equations (6.9)~(6.11). The first column | 
of the numerical data gives the approximate 
values of the deviations, dappr, of the quan- 
tities in the case of 2exp’(X) from those in 
the case of Qexp'447(X) and the second column 
gives the exact values of these deviations, 4e, 


Table II]. The approximate and the exact deviations for various quantities of the first and the 
second approximations in the case of Qexp ies 

exp! — Syprt exp/! —explll 

Aappr Ao Aappr Sal Ao Aappr wen! 

(x 10-2) (x 10-2) eat ) ci 7y de 
Gyr ms 3.29 4.86 0.32 | 12 29 (-0.6)* 
4N —1.37 —1.45 —0.055 -5 — 8 (-0.4) 
ACyw 1.38 1.61 —0.14 5 t (—0.3) 


* 


while the third column gives the values of 
(Aappr/4e)—1. The remaining columns give 
the corresponding values in the case of 
Gexp'(X) as compared with Mexp/(X). It 
will readily be seen from this table that the 
convergence of approximate values of various 
quantities is rapid. 
(3) Owing to the rapid convergence of the 
values of Cyw” we have 
(AeCrw)* 9? (AeCrw)*4 5 (6.12) 
where, for example, (4eCyw)*»* means the 
exact deviation of the mth approximate value 


The aie of ihe thee See are aioe in ‘braces: as “Ee are rough. 


of Cyw from its final value. Hence from 
Table III we have (4.Cww)!?.~2X10-2, 
(AeCyw)'4* ~1xX10-3. Furthermore, in the 
calculation of Cyw!” we choose D/” equal to 
D*"" and we have (4-Cww)"+1x10-*. For 
rough estimation we may use (6.11) and put 


(AeCyw)” es -~(Aappr Cyr et . 


Effect of the Deviation of 92(X) in the 
Mixing Range 


gi% 


Next, we shall estimate deviations of the 
quantities on the front surface of the normal 
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plate caused by uncertainty of (X) in the 
mixing range X>D. Such deviations will 
be denoted by 6, distinguishing them from the 
deviations, denoted by 4, caused by the ge- 
neral deviation of 2X). In this paragraph, 
2(X) in X< D, i.e. Q(X), is supposed to be 
given definitely. 

(1) General formulae. First, we derive con- 
venient formulae to estimate the deviations 
OCww Of Cyw and 6N of N. Let Gy(W) de- 
note the contribution of Q(X) in X>D to 
G(W). Then we have, by (3.5), 


Gu(W)= rae sp a aa a 


Simplifying the approximate expression (6.2), 
we put 
exp {WGm(W)}-(1+€m(W))=1+ WGm()) , 
Cha) 
and use the approximation: €y(W)=0. The 
ratio of error of this approximation, €y(W), 
and the errors in the calculations using this 


approximation will be examined in Appendix 
2. 


The deviation of G(W) which arises from 
62(X) is denoted by 6Gm(W). Following the 
approximate method in (7.2) we put 
exp{ WdGm(W)}-(1+6€m(W))=1+ WoGm() , 

(7.3) 


and neglect d&€y4(W). Further we put 


po 1 N—W we) W"dw ) 
An \, 1+w’ ? 


By = (fe M ercoowraw iis 
(n=1, 2, ---) 
Then, by (6.7) and (3.4), neglecting O(@Gm(1))*, 
we have 
OCnw=9s( Ar Bi + Ao’ BY) Br -?€Gm(1) , (7.5) 
which, by using (6.2) and (6.5) and neglecting 
terms of O(7*), is further simplified to 
OCnw=4N%{ Ai Bit A2Bi 
—(A2B3;—A,Bi)r?}6Gm(1) 
= (27/3)N2(1—0.09577)6Gm(1) . 
Here, by (3.7) and (3.4), N=qs/2By’. 
Similarly, by (3.7), dN becomes 
SN=—2N(N/qs)(B2+ Bsr)6Gu(1) 
= —2.N(N/qs)(1.4521+1.25577)6Gm(1) . (7.7) 


(2) Formulae to estimate |6Cwwlmax. To 
find 6Cyw by (7.6) it is necessary to estimate 


(7.6) 
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O0Gm(1). In the mixing range there may exist 
the most adequate (X) which is denoted by 
Q(X). (Q(X) may have different form for 
each order of approximations corresponding to, 
e.g. different 2”(D%).) We here postulate a 
probable and most simple limitation to (X) 
as: 0<2(X) <2g(D) in X= D. 

We use three forms of 2X) in X => D and 
discriminate those by sufficesa, bandc. The 
form (a) is represented by (4.1) and the other 
two forms are defined respectively by 

form (b):. 2p(X)=2(D) , (X =D), 

form .(¢c)ia2#06X)=05 (AszeD)a 
These forms are shown in Fig. 6. 


(7.8) 
(7.9) 


Fig. 6. Sketch of various forms of 0(X) 
in X=>D. 


By the use of (7.1) we have calculated 
WGm(W) in each of the forms (a), (b) and 
(c), obtaining 


ees. DP Ly i 
WGma(W)=—— 2D 7—-() taney 
(7.10) 
WGw(W)=— 29D) tan (7.11) 
v4 Db 
WGm(W)=0. Chal) 
We shall estimate the upper limit of 


\(6Gm(1))atl, where, for example, we denote 
Gwa(1)—Gmi(1) by (6Gm(1))at. When |(6Gm(1))atl 
becomes maximum, 2,(X)—#,(X) should have 
the definite sign by (7.1), so that using (7.10) 
and (7.11), we have 
\(6Gm(1))atl < max {(0GM(1))ab, —(@Gw(1))ac} 
=(0Gm(1))ab 
= (2/2) 2(D){(1+ D2) tan(1/D)—D} . (7.13) 
Here “max” means “the larger term of ”. 
In case when we use the form (a) in X = D,. 
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the maximum estimation of (@Cww)at is calcu- 
lated by (7.6) and (7.13) taking 2,(X) in place 
of 2(X). If we denote this by |(6Cww)atlmax, 
we have 

|(OCww)atlmax oF (OCww)ab 

= (4/3) N?.@(D)(1—0.09572) 

x {(1+.D) tan-4(1/D)—D} 
QD) La 


= 2 wit pe aS wee 
ae 0.095r2)(1 at ). 


_8 mp 
=o 


(7.14) 
The last expansion holds provided D> 1. 


In case when the form (c) is used in X => D, 
we have, by (7.11), (7.12), (7.6) and (7.13), 


I(6Cww)ctl max 
=tan"(1/D){(1+ D*) tan“*(1/D)—D}"(6Cyw)ab 
-1.5|(0Cww)atlmax . (Tal) 


(3) Application. We shall examine the re- 
sults in §5 by the above formulae, treating 
three cases where 2g¢(X) in the free stream- 
line range, X <D, is given by the elliptic 
hodograph 2,(X), the Woods type 2w(X) and 
the experimental curve 2cxp(X), respectively. 
We cut off the data given by the above ex- 
amples in the range X >D and treat this 
range as the mixing range, where we use the 
form (a) in place of 2(X), so that the maxi- 
mum deviation of Cww, i.e. |((6Cww)atlmax, iS 


0-04 
a D=\ 
\SCybat|mox x D=2 
& 0:3 
® 024 
0:0 
experimental 
Woods type 
0:02 Qs 21545 
| Gs=13 
Le As =! 
A Qs = 1-545 
“6 me) 20 x(D) 3:0 
Fig. 7. |(O0Cww)at|max vs. («)D. The marks on 


the curve show the relation w(D) for D=1, 2, 3 
and 4. The symbols used in the figure are ex- 
planed in Table I. 


Yoichi MIMURA 


given by (7.14). Fig. 7 shows the relation of | 
\(OCww)atlmax versus x(D), from which it will || 
be seen that |(8Cww)atlmax is mainly affected | 


by 2(D)/D. 


For example, we shall estimate the total|| 


error involved in the calculation of @exp'7(X). 


We have x/4(D7)=1.085 as shown in Table II 


so that |(6Crw)atlmax™1.1 x 10-2 by Fig. Ta 
Furthermore, by the 


these two, namely 1.2x107?. . 

‘The range 0 <% < %nec(D) of the free stream- 
line is referred to as the “necessary free 
streamline range” on which C,(x) must be 
obtained to determine Cyw within permissible 
experimental error. In case when Cp exp(x) is 
used in x < x(D) and 22,(X) is used in X= D, 
the value Xnec(D) is determined by the use of 
Fig. 7. For example, when the experimental 
error of Cyw is 110-7? or 11073, Xnec(D) is 
given by 1.2 or 2.3. It is of interest to ex- 
amine experimentally whether the so-estimated 
necessary free streamline range may be re- 
garded as a free streamline range or not. 

So far we have postulated the simplest limi- 
tation to Q(X): 0 <= 2(X) < 2g(D). 
in X > D combined with 2g(X) in X<D is 
considered to satisfy the condition of finite 
width (3.14), the choice of 2(X) in X > Dcan 
be severely limited, so that %pee may be short- 
ened appreciably. 
rough knowledge of the damping behaviour 
of 2(X) less than about 0.3.2(0) or that of 
Cy(x) in x=1~3 is very useful to estimate 
Crw- 

In general, if we use the Woods type 2w(X) 
for the first approximation of 2(X) and choose 
adequately D and 2(X) in X=>D (X%nec(D) 
being able to be estimated by the use of 277(X) 
and x7(X)), it may not be necessary in many 
cases to carry out the third approximation 
for practical purpose to determine Cyw from 
the observed data of Cpr(x). 

(4) Examination of the experimental curve 
Qexp(x) used in §5. We see from Table I 
that the calculated value of Cww is larger by 
4x10-° than the experimental value. We ex- 
amine the errors involved in the calculation 
of Cww'. First, when we use x(D)=2.3, 
(OCyw)atlmax decreases to 1x 10° as explained 
above. Taking D@7, which has been deter- 
mined by x«!47(D@!))~2.3 in place of D”!, 
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result of §6 (3), 
(AeCyw)?*~1x 10-3. The total error can be. 
approximately estimated to be the sum of | 


Tf 2(X) | 


It is clear that even the 
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the new Mexp’1(X), i.e. BexpF4(X), becomes 
smaller than 2exp’47(X) in X => D" (cf. Fig. 
1). Hence Cyww increases by the result of §6 
(2). Secondly, by the result of §6 (3) 
(4-¢Cww)7>”~1x10-4. Therefore the theore- 
tical value of Cyw determined by the tenta- 
tively adopted Mexp(x) is larger than the ex- 
perimental value of Cyw. Their difference 
may be larger than permissible experimental 
error of Cyw. 

Thus the experimental value of Cyw will 
be given correctly by pushing up @exp(x) in 
the free streamline range by the result of §6 
(2). Referring to §1 we denote this correct 
(x) by Mer(x). Hence 2pr(x) may recover 
more rapidly to zero at XD than does 
Qexp(x) when it should satisfy (3.14), so that 
its behaviour approaches that given by the 
notched hodograph (cf. Fig. 3). 

This improvement is appropriate concerning 
the condition (3.14): We try to choose, in 
place of 2,//7(X), the form: 


Q(X) =2p(D){1—(2e(D)/22(D))(X—D) 
+5(X—D)}+ , (7.16) 


where 2’(X)=d2(X)/dX, as the form of 2(X) 
in X=>D to continue to 2p(X) in X<D 
smoothly at X=D, and determine the constant 
6 so as to satisfy (8.14). Then it can be 
shown that b is unreasonably small in the case 
of 2exp'44(X) because of the too small value 


plit 
of j Qexp!!(X*)dX*. But, in the case of 


0 
Qer(x), b may take a reasonable value and 
we may treat 2gr(x) to satisfy (3.14). 

We examine the width of the free stream- 
lines at about x=1.5~2 which we denote by 
d’’ (cf. §8 (2c)). From the comparison of 
various 2(X) in Fig. 1 and the corresponding 
values of d’’ we may expect that d’ deter- 
mined by 2pr(x) (in this case d’’~d’) approa- 
ches the width of Karman vortex street which 
has been observed as 1.475 by Fage and Jo- 
hansen” (cf. Table II in ref. 3). 


§8. Effect of the Deviation of Q(X) on the 
Free Streamline 

(1) General formulae. (la) In order to 
examine the effect of the deviation of 2(X) 
on the free streamline, we first examine the 
behaviour of A(X) in the regions X<1, X 
~land X>1. In X<1 we may approxi- 
mate H(X) by (3.17) as stated in §3 (8) so 
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that 
A(X)~I1n qs-bX , (X <1). (8.1) 
We illustrate this relation: In the cases of 01,(X), 
Qw(X), Ooxp!47(X) and Ox(X) [=0] the. values of 
H"(0), ie. dH(X)/dX at X=0 are bln gq ;=0.52, 
(In gs)?=0.18 (both by (3.19)), 0.10 (by numerical 
calculation) and 0 respectively. 
From (3.10), putting X*=X(1—?f) in 0 < X* 
<X and X*=X(1—i)"! in X < X* <o, we 
have 


H(X)= (fm) | {0(X—D)—A(XA—1) : 


x (2t-—#)“1dt . 
If 2(X*) is analytic in |X*—X|<k, k being 
a constant, 2(X(1—t))—2(X(1—f)-1) can be 
expanded in power series of ¢ in the range of 
t < ty) where we choose fp less than both RX~-1 
and k1+X)-!, so that 


2 ( [% —2.0/(X)X—0/(X) Xt+0(e) 
H(X)=4 {\. ae dt 
° fed tao aul | 

0 1—v? 


where we have put t=l—uw int)<t<l1. By 


rough estimation of this equation we have 


H{X)~=} -(4 lit Rete to) @(X0X 
7 2 —fp 


+20)(1—t)} (8.2) 
Hence H(X) is large when 2’(X) and X are 
large. This formula may be useful for mo- 
derate X. 

The maximum value of H(X) and the correspond- 
ing value, Xp, of X in the case of OL(X) and 
Qw(X) are found, by (8.17), to be H(X,)=(In qs)/2 
=0:218, X,=—6-1=0.83 “and *HCG,)=0.218,- X,= 
2.30 respectively, while in the cases of Qexp!4(X) 
and Qexpl41(X) we find, by numerical calculations, 
that H(X;,)=0.365, X,p=2.68 and H(X;)=0.388, 
Xpn=2.79 respectively. The large discrepancies 
between these values are due to the large deviation 
of 0/(X) near X=2.5 (Fig. 1). 

Using (3.9), we have, for large X, 

OX) =—HX)+ X= (1BXP+ oo, 
so that, using (3.12), the condition of finite 
width (3.14) can be replaced by 

HX)=X3+0XK"), n>2, X>1). (8.3) 
When (3.13) is satisfied, the coefficient of X71 
in (8.3) is less than unity or H(X) < O(X~?). 

‘For example, using (3.17), we have H(X)=In qs 
xb-1X-1 in XS>1 in the case (3.15) and using 
(3.18), we find that Ings:6-1<1 when (3.13) is 
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satisfied. In the Kirchhoff flow H(-X)=0. 
(1b) When X <1, we have, by (3.9) and 
(8.1), sin?~1 and cos 0~(1+H’(0))X, so that 


x(X)~ Nags (1+ H’(0))X 3/3 , (8.4) 
WX)~ Nags 1X?/2 , (8.5) 

and therefore 
y(%)~(N/qs)¥/32-137/3(1 +- H’(0))-7/8x7/3 . (8.6) 


Hence we have yoox?/* irrespective of 2(X), 
and the rise of y(x) near the separation point 
(x=0) is smaller, the larger is H’(0). ((N/qs)/* 
is less sensitive to 42(X) than H’(0).) 


(lc) We next estimate 4x(X). Using (3.11) 
we have 
d(Ax(X))={—42(X)+4N/N+4H(X) tan 6} 


MANA Yo (eh) 
In the range X<1, we have, using (3.9), 
4H(X)tané~H’(0)1+H’(0)) and it can be 
verified that 4H(X)tan6@ is the main term in 
the brackets of (8.7) when X<1. But, by 
(8.7), 4x(X) is small in X¥<1 for dx(X)« X7dX. 
Let X.4 be the value of X at a point where 
|42(X)| becomes maximum. Then, in the 
range X*X.4 we can verify that 42(X) be- 
comes the main term in (8.7) when qs is un- 
changed. Therefore 


An(X)~—xd4QX), (XXz), 


where 42(X) is a weighted mean: 
FH X)={\" 49x} vA “(X). (8.9) 


Hence for positive 42(X) at X=Xu, 4x(X) is 
negative there, 4x(X) for moderate X (X=1 
~4 or x=0.2~2) may be at most of the order 
of 42(X4) when gs is unchanged so that it is 
small in general. 

In the range where 42(X) becomes small, 
AN/N predominates in (8.7). For positive 
42(X) at X=Xu, AN is positive (cf. §6 (2)) 
so that negative 4x(X) which appeared at 
X= Xa begins to decrease in the range where 
42(X) becomes small. 

(1d) Lastly, we shall estimate dy(X) for 
moderate X. Using (3.12) we have 

d(4y(X))={—42(X)+4N/N+4H(X) cot 0} 

xdyW(X). (8.10) 
4H(X) cot @ is negligible for X <1, but it can 
be large at moderate X (cf. (1a)), so that 
4y(X) can be large at moderate X (cf. Fig. 
2). For further discussion on 4y(X), see (2c). 

(2) General results. (2a) First we prove 


(8.8) 
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_ x(X) 
{ 42(X)=0 in X<D. By (7.6) and (7.7) 6N/N | 
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roughly the rapid convergency of successive | 
approximations prescribed in §4. By its de- 
finition together with (8.10), (42(X))*°**? is 
estimated to be 


(A4.2(X))¥ 9841 = Ope" -1(X))— p(x" (X)) 
dQ 4-4 X)) 4 swe 
wae GEO 
_dQ"(X) aX 


AX™ gl Xone a a 


(8.11) 


Hence (4.2(X))*»**1 decreases appreciably in. 
x~0. For moderate x, we estimate this equa- 
tion at x=1 by taking 2 )(X) as 2g(X). 
From Figs. 1 and 2, we find —dQexp(X)/dX | 
0.3 and dX/dx~1.4, so that 


(AQ(X))* 441 =0.4(A2(x))¥-E* . (8,12) | 


Therefore, when gs is unchanged, (42(X))*»**! 
at x=1 becomes much _ smaller than 
(AQ(X))*-b*, By (8.12) we can explain the 
fact in §6 (3) that (dCry)*”»**! is about 0.1 
x (AGaw "2" . 

(2b) In case when 2(X) has a deviation, 
62(X), only in X => D, the deviation dx(X) of 
is especially small in X< D, since | 


=0.4N-6Cyw so that dN/N is small when D 
and 62(X) are so chosen that 06Cyw is small. 
Therefore in X<_ D a small dx(X) may ap- 
pear, if possible, only in the neighbourhood 
of X=D by (8.7). 

(2c) Lastly we consider the width between 
the free streamlines. We take 2(X) which 
satisfies the condition of finite width (3.14). 
If we push down (or up) 2(X), the left-hand 
side of (3.14) becomes smaller (or greater) 
than 7/2, so that the width between the free 
streamlines at infinity, 1+2y(co), becomes 
+-co (or —oo), Therefore, if we combine 
properly these modifications of 2(X) and keep 
2X) to satisfy (3.14), we can make 142y(0o) 
to take an arbitrary value, e.g. zero or the 
width of Karman vortex street. Moreover, 
since, as will be seen from (7.6) and (7.1) 
(ck. Fig. 7), 6@(X) in X>D has little effect 
upon Cyww, the effect of these modifications 
of 2(X) upon Cyw can easily be made within 
experithnental error. Hence, instead of 
1+2y(0co), only d” in §7 (4) is significant in 
the experimental relation to Cyw. 

(3) Application. We shall apply the above 
results in (1) to the results in §5. (3a) At 
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x = 0, the rise of the curve y(x) of the free 
streamline is in the order of the cases of 
2X), Qw(X), exp’ (X) and 2x(X) (the last 
case being the largest) (see Fig. 5). This can 
be explained from the value of H’(0) in (la). 

(3b) We see that X4=1~2 in each case of 
Fig. 1. Corresponding to this, remarkable but 
small 4x(X) of the order of 42(X4) appears 
at X~=Xu4 in Fig. 2. As will be seen in Fig. 
2, 4x(X) at X=3 tends to decrease by the 
effect of 4N. 

(3c) In the examples in (la), 4H(X) cot é 
is large in X=2.5~3 so that it makes a large 
contribution to dy(X) there (Fig. 2). Thus, 
in order to determine the shape of the free 
streamline in the free streamline range it is 
desirable to choose 2(X) in X=>D in such a 
manner that the gradient at X=D is continu- 
ously connected, e.g. like the form (7.16). In 
this way the shape in this range may be de- 
termined within experimental error. To know 
the damping behaviour of C)(x) in X~D (e.g. 
x=1~3), even if it is rough, is very useful 
not only to determine Cyyw but also to find 
the shape of the free streamline. 


§9. Effect of the Separation Velocity and 
the Condition of Finite Width upon 


OCyrw 


Using the formulae in §§6~8, it is easy to 
estimate quantitatively the change of dr, 
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Ax(X), etc. when 2p(X) in X < D is changed 
by the decrease of gs (qs=1.545 may be ex- 
tremely large value observed in experiment, 
cf. the data of Roshko®”), But we only illus- 
trate here the effect of the decrease of qs 
upon |(@Cww)atlmax in Fig. 7 in which @g(X) 
in X<D is given by the Woods type (3.19) 
and gs takes 1.3 and 1.1 other than 1.545. 

(OC ww)atlmax in the case where the condition 
of finite width (3.14) is not satisfied is illus- 
trated in Fig. 7 where 2p(X) in X<D is 
given by the case of the elliptic hodograph 
(5.1). In the Kirchhoff flow (¢gs=1), 6Cyw=0. 
In general, it may be easily verified, using 
the formulae in §§6~8, that in case when 
(3.13) is satisfied the necessary free stream- 
line range becomes longer when it is pushed 
up to satisfy (3.14). 


Appendix I 


In Table IV the accuracy of the approximate 
formulae (6.6) and (6.8) is examined for the cases 
of O1(X), Ow(X), QexplZ(X) and Mexp!(X). The 
first column shows the value of 7 defined by (6.3). 
The second column shows émax which denotes the 
value of e(W) corresponding to maximum |e(W)]| 
(hence, when €max is negative, it means the mini- 
mum value of e(W)). It is found that the slower 
a(X) recovers to zero, the smaller become 7 and 
|emax|. This tendency can be seen by the use of 
(6.1). The third and the fourth columns show the 
ratios of the approximate values of N and 1—Cyw 


Table IV. The accuracy of the approximate formulae (6.6) and (6.8). 


Nappr _ 1—Cwwappr _ 1 
E mat wy A Cre 
L 0.26780 —3.9x10-2 1.3x 10-2 4.4x10-2 
W | 0.14096 —1.1x10-2 3,0901053 Lux 1052 
exp/= 0.09748 —5.0x 10-4 9.7x 10-4 Tose Oa? 
explZ! 0.09581 —5.7x10-4 2.4x10-4 5,1 10-4 


respectively, which are obtained by (6.6) and (6.8). 
The values in the third and the fourth columns 
should be compared to (1+ €max)-!1~—1 and (1+ 
€max)~2—1 respectively. It may be said that the 
accuracy of the approximate formulae (6.6) and 
(6.8) is sufficient. 


Appendix II 


We estimate the value of em(W) in (7.2) when 
lew(W)| becomes maximum. We denote this by 
em max (the negative emmax is the minimum value of 
em(W)). To estimate the order of emmax, we put, 
e.g. 0(D)=0.15 and D=2. Then emmax becomes 


1.0x10-3 and 6.7x10-4 in the cases of the forms 
(a) and (b) respectively. Therefore the approxima- 
tion €m(W)=0 in (7.2) is a good one. 

In a practical problem, noting the order of the 
quantities 7, |€max| and |émmax|, the last one be- 
ing of the order of |€wmax|, the maximum error 
ratio for the approximate formulae (7.6) and (7.7) 
may not exceed 5x10-2 even in the worst condi- 
tion. For the purpose to estimate the necessary 
free streamline range nec by the use of Fig. 7 
this rough error estimation is sufficiently enough. 
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On the Acoustic Field by a Vibrating Source Arbitrarily 
Distributed on a Ribbon Plate. I 


Using rectangular coordinates, 


The expression 


® 
By Norio KAWAI 
Department of Physics, Tékyo Institute of Technology 
(Received June 25, 1958) 

Two-dimensional rigorous solutions are presented for the acoustic field 
in the air caused by the vibrating source arbitrarily distributed on an 
infinitely thin and infinitely long ribbon. 
the unique solution satisfying the boundary condition is obtained by the 
method of expansion in the hypergeometric polynomials. 
of the velocity potential at large distance, pressure on the ribbon plate 
and power of radiation are obtained as a function of k=2na/d4, where a 
is the half-breadth of the plate and & is the wave length. 

§1. Introduction 


The calculation of the acoustic field caused 
by an emitter with a baffle of infinite dimen- 
sions can be carried out by the Rayleigh for- 
mula, and various problems for such emitters 
have been solved. So far as we are aware, 
however, there have been rather few treatises 
on the acoustical radiation of an emitter vib- 
rating freely or with a baffle of finite dimen- 
sions; only the general theories”: ®)»®) with re- 
spect to such problems and the calculations 
of examples for a circular plate source are 
treated, but no example for a ribbon source. 

Our method of calculation is applicable to 
the case of an emitter with a finite or an in- 
finite baffle, and also to the calculation of the 
diffracted waves by a ribbon plane which is 
fixed or vibrating. 

As a rule, the elliptic cylindrical coordinates 
are used for problems concerning the domain 
outside an infinitely thin and infinitely long 
ribbon plate, the method of integral equation 
or other methods® are used, but those are 
still far from convenient for numerical com- 
putation, In the present paper we use the 


rectangular cartesian coordinates for the same 
problem. That is, we express the wave equa- 
tion in the rectangular coordinates and ex- 
press the solution of the wave equation in 
terms of modified Weber-Schafheitlin integrals. 

The arbitrary constants in the expression of © 
the velocity potential are determined by the : 
method of expansion in hypergeometric poly- — 
nomials. 

In the forgoing papers, we applied this 
method to the calculation of the field caused 
by a vibrating source arbitrarily distributed 
on a circular plate, and discussed as an ex- 
ample the radiation of sound wave from a 
vibrating plane circular plate with a fixed 
circular baffle”. The expression of the field 
for a ribbon plate has the factors Gny!/? and 
Gny-/?, whereas the former calculation for a 
circular plate have the factor Gry”, where m 
is an integer. Gny™ with integer m are tabu- 
lated in the paper, “ Acoustic field by a vibrat- 
ing source arbitrarily distributed on a plane 
circular disc” which is referred to as A in 
the present paper. Tables of Gny/?2 and Gny-!/2 
are to be published in the next report II. 
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We refer to the paper, “ Diffraction of elec- 0=0 (2) 
tromagnetic waves by ribbon and slit” as B. must hold for z=0 and |o|/>1*. 


/ We can use the following expression, as a 
$2. General Solution solution of (1) satisfying the condition (2), 
Taking X and y axes on the ribbon plate 
and Z axis normal to the plate, we use X, y, 
Z as the rectangular coordinates of a point. 
Further we set x=X/a, p=y/a and z=Z/a, 
where a is the half-breadth of the plate. 
When the velocity potential of the acoustic 
field is expressed by @ exp (iwf), ® must satisfy 
the following wave equation 
Oo OO 
Op? + 022 
where kR=(w/c)a=(2z7/A)a, c is the propagation 
velocity and 4 is the wave length of sound. 
Since the field is antisymmetric with respect 
to the plane z=0, the condition Fig. 1. 


+kO=0, (1) 


220 Vos {aural” ring. baie exp ( VP R Raadé 


+ Agr’ oe exp (= VEP_R Badel , (3) 
taking the upper sign for z >0 and the lower sign for z<0. 

The integrals in the bracket are modified Weber-Schafheitlin integrals, and have the pro- 
perty to become zero for |o|=>1 or |y|=a@ when z=0®, and the formula (3) means that 00/0z 
is continuous at z=0. The first integral having subscript 1/2 is an odd solution and the 
second integral having subscript —1/2 is an even solution of p respectively. 

The coefficients A/? and A-'/? are to be determined by the velocity distribution on the rib- 
bon plate, 


-1(4) =v (Vibration velocity of each point on the plate) 
z=0 
1 
=— fo) for lel<l1, (4) 
and f(e) can be expressed as the sum of an even function f.(o) and odd function fo(o); that 
is f(0)=fe(o) +fo(e), 
Using the hypergeometric polynomials 


onm(ayma-mls| "VE Jal FE) Insmecorn BM 


Bg i Z ) 
eer ee he m+nt-s —n, m-+1, x 


V 20 (m+n-+3) x-™ oe m+n m+(1/2 
Toe eee ea. Wsrst) (5) 


* This condition means that the pressure is zero or unchanged from an undisturbed state. Or this 
condition is derived from the consideration that the velocity potential due to a linearly vibrating point 
source has the value zero on the plane through that source and perpendicular to the vibration of source, 
and that the vibrating source on the plane is an ensemble of such point sources. 

** y,-1/2(@) are used for the expansion of even functions and v,/?(x) are used for odd functions. 
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an arbitrary function f(x) can be expanded into the following series 


f()=3 Bows) , 


where 


V 27 (n+3) 


By the above theorem, the following relations are obtained, 


BO) m+2n+3 | £0) gee 


FLV B= an V9 HAA) 


where 
Oa a rm al #) se a ee 
PAV BI=V % Dank ont (2), 
where 


2n+2 are 
Looe TED, FV x )x-¥ 


Writing p= x, we have 
a0 af Fisa(0E) Jearyeanecsyy(€) VB 
Cp eae coal VE dé 


wajal ? J-1/2(05) J-caay+2nsca/ay(E) V E2— FB 
sine , ¥ = mah 


aco & is FiplV x & E)Jajy+mecain vB ke? 
a0, {Ar VE se 


ya (?J-1a Vx €)J-ayy+ansea/(&) V EF BP 
tant Ves ae} 


By the aid of the expansion formula 


=e —,_({h (—D\bV x /2)* 
ys ido )=(F)- > s!T(m-+s+)) 


ae {x7*G/2)(] —x)"*G/D}dx . 


and the equations (6) and (7), we get 


Jnl BY 5 )= HZ 2mepAn43) Messe Py may 


Using (10) 


nif” Il Vx ©) Jin+ons+cs/ay(E)V E2— 
a 


Rde= hams) /4 sf (2m+4v+3)Grv™vyv™(X) , 


where 


Cuma is (E2— ge age Inerecam() ge 


(Vol. 13, |] 


(8) 


(9) 


(10) 


(11) 


(12) 


* Reference (6), P. 203 and P. 209, 210. 
** See the paper B, P. 193, (2.14), and reference (4)-P. 301, 
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Then, by (11) 


wnt SiplV x Dememeen Oy Pde = 201 3 (dy +4)Gw¥0440%(x) (13) 


for m=1/2 (odd), and 


# hey AG Ara —(1/2) +22+4(3/2 yaa) co 
en’ / x ee ¢ Pr G/ (EVE k dE =X (AY +2)GnvV?0y-/ (ar) (14) 


for m=—1/2 (even). 


Therefore 
Oz z=0 m=0 


a0 : : : 
( ) => | Anta > (4y +4) Gry *vy/(x) + An-V2 SX (40+2)Gay-V20y- V(x) A (15) 
v= v=0 


Substituting (8) and (15) into the equation (4), and equating the even term in the left-hand 
side to the even term in the right-hand side and the odd term to the odd term respectively, 
we obtain 


<3) AnM 24/2 3 (4v-+4) Goya) = Vw S ao'2vM (x) 
n=0 v=0 v=0 
—S An V2 3 (4v-+2)Gav-M2vy- (x) = 3 ayy) 
n=0 yv=0 v=0 
Then we can set 


Ss As2Gn/?2= —An}!/?/(An +4), > AsV 9Gen Vass —dn-V2/(4n +2) 
3=0 $=0 


(n=0, 1-2 3, + ace) . (16) 
Introducting Xsy" by the follows relations 
2 1 1 
> Gsn™ Xsy"= —Ony awe eg 0) Oo erect | Bs (17) 
3=0 2, vs 
where Ony=1 as v=n and dnyv=0 as v2<n, we can set that 
© 1/2 Ga -1/2 
nilt= on n 1/2 n/t 2k Be ie 
Ae rere on a 2 dy 42° te) 


The arbitrary coefficients An’? and An-/? in the expansion formula (3) are thus determined. 
§3. Calculation of Ga” and Xny” (m=1/2, —1/2) 
For the calculation we express Gry” as follows 


Gry" =21(a, B)+igea, B) ’ (19) 


where 


ela, p) =| VESPEO OE, ala, aya [VERB Le Wed 


2 
and (20) 


a=m+2n+~, p=m+204+5 ’ 


By the paper B, 
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ee Sn! Qnri(t)” 


go, VEG” I 


4.(—1)(@+P)/2941 ve s 


w=0 


hb \orB+2e 
r(atp-+2n+1/(4) 


rastyr(s* CP 5, a \Pate+r Oat @te+et Dr (— CEP y+ 3. ) 
{210g-4 -apa-+B-+2n-+1)—$u +1) —9( 9 P+ n+1)—We+B+1) 
at+B 3 
—HB-+n+)—Ha+B+att+o(—SFF—nt >I, (21) 


where $(z)=(d/dz) log '(z)=I'’(z)/T'(z), and by the paper A, 


1 e\ (a+p+2wir(+b— + x) 
ox 


gia, )=4ES | 
plat e+mirat ate @+at br (AS +41 ) 


Using the two formulae (21) and (22), we obtain the following results, 


1 1/k™ k bi kt a 2EoF «ee 
(Pie | ms ay he 
Gil? r a e) +(35 og : +50) a +O(R°- log +i a ( 3 ) +00) 


Gylt= -3a(% )- a w \ +O(RS- log k)-+iO(R®) 


il NW BNE SO IaNG : 
1/2 — p= 6. 6 
Gull? 8 120 ( 9 ) cat 4 ) +O(R-log k)-+70(R*) 


= 
16-6! 


2 4 
Gul = —F(F) ~pmi(-g) TO) +IOw 


bln RN 360 He 
Lane Qe ; 
Bh oaaiTet (a) emi) tOW)+i08 2), 


Goll = — 55 (F) +08) +1008) 


and 


Gort = J +(5 10 +0\(5 i (4 log : +a \( rT +-0(k- log k) 
4a : g(a) toe} 
ans (a(t) 2) sma (8) 00 


2 4 ; 
Gurl? = ; —a3(4 ) —s ( - O(log k) +iO(K) 


* Gny-¥? is denoted by Gny*-¥?, and k by ; in the paper B. 1/48(y/2)* in the expression of Gyo*-W?2 
(B. p. 196) is incorrect, and to be replaced x/16(%/2)‘. 


sais r(a 1 seats («rue85A)r(n tae Se) P(-et a) 
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4 
Gurl? = we) +O(R®- log k)+-i0(k*) 


Mp y peau 7 GA? . 
Cw = =, Se ) sat 4 +-O(K®) +i0(K) 


Sek WE bts 22" Ae 
Gael cx 2. 
tn a6 ( 2 ) oa 2 ) TO TE 9 


where 
bi = —P(1)— 33) + P(5) +h(—3) = —0.6484 
aa= —P(1)—3h(2) +4(3) + (4) = — 1.7317 
as= —$(2)—34(3)— (4) +20(5) +(—4) = — 1.3983 
as=—$(1)—$(2)—$(3)— (4) + $5) +4(—4) = —0.4817 . 


The method of calculation of Xn” from Gn” is as follows*. We have 


DG 3S Xny™® ’ 
p=0 


where 

Xan™O = — ne : Karin = XanmO (n’ <n) 
and 

Xan” = — = 2) Xns™P-DG gn , 


Gun'™ i\ =F 
————— Xn) — DY Xsn™PVGsne™ , (p=1, 2, 3, ---) 


ninr nine s=0 


XnmrP = 


>Y denoting the omission of the terms s=m and s=n’. 
By the above mentioned method we obtain Xny” as follows, 


AREXN (33 ° 1 DNL EN sh ae f aes 
— 1/2— = — oskat 6. ES ( 
Xoo 4+ 3 ( A +(5 9 log pei )( a +O(R°- log b) +i 4 ( 5 ) + Oke) 


Ls RY ig LL ALY 3 
Ee. a 6. 6 
Xo mie ) 5 ( 9 ) +O(k®-log k)+i0(R°) 


_xgweug4 8 5) Figg) tO sto k) +i0(k°) 
i5\2) Tio 2 


k BNR (ae ane cee el aes aL k ii BN- 
ae gl en ee eae na 1 1 
Xoo 2 (2 los as) +45 ee 7 +5 (2 Og 5 t as tes) 


* See paper A, S. 201. 


*k  _ X,,-1/2 in the present paper corresponds to Xnv" in the paper B, because 21 Gos Xe Ws Les 


is used instead of 3 Gny*-WV2Xy5*=Osn. 19/240+272/2 in the expression of Xo * in B is incorrect, and to 
v=0 


be replaced by 1/2—7n?/2. 
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k k k 2 6 Ay 6 
+i|— n(-4.) + “ +2z log — 5 —-+ 1d. \) L400 -log k)+i0(R®) 
=X, Ws BV ie 2 tog kay a k ) O(log m+ i (4) + ove) 
ee 2 eee Be i2 8\2 
Wy ey eye : & Ve . ) +0(H- log k)-+iO(E8) 


§ 4. Acoustic Field at Large Distance from the Source 
It is shown in paper A, p. 202, that 


( In(oE Jase) CON 


a 25 ( 1} 1 ( 1 s 2(m+n+s) 
Te s=0$! Qm+2n-(3/2)+287" (7 +-2n +s +5) pene On) 


kh \mt+n+s+C]2) : 
i K-¢n+n+04+1/2))(0RYP) > (23) 


where 7= V 2+ p? é 
For large distance 7, using 


| 
Hy(@)=( 2) : exp fe oon a) 


and 
Kl) =@ 10/96 (jz) + / Tos 
2 22 
we obtain 
K-camatocieGna= / Te gine | 
2ikr 


Then we have 


i: Be exp (—/£2— 2 z)dE 


en thr > (— Lye ain. aes 


s=os! Qmran+(8/2) +2877 (44 +2n +s+$) 
het Ls sees) , (m+n-+s)! (-3)° 1 
yvsov! (n+s—y)! (m+n+s—yv)! 2 r’ (sin @)2” ’ 


=(7)™"1R cos 0 


(24) 


where o/r=sin 8, and @ denotes the angle between the normal to the ribbon plate and the 
vector from the middle line of plate to any point in the field. 
For the point where 7 is large, taking only the term »=0 from the above formula, we have 


ir FoleE Jagso\E) exp (—//F— 


r + (7\m+ re Jm+2n+(3/2) (k sin 0) 
Rk? 2)d& = 1)" a 0 = (ksin 2 (25) 


Using (25) and (3), we have 


* 1 Es (- a 3 Ay 7 \* (3 7 4 
Xy*= ~ og ~ dee + ——)24-O) og —|( +} “oO | 
m Ae 16" ag ‘ 2 4 er, ea ”) tah) (7) 


in B is incorrect, and to be replaced by the expression for —Xq1-1/2, 
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@=+Y 9 kcos 8-2 


aS ae Mf 5 (k sin 8) J-ajay+anec/a(k sin 0) 
1/2 1/2, SCA/2) 49+ (3/2) ~1 yd -C/2)-+2n+ (8/2) 
i, =, {4 Renee, ee ( sin 05” 


Then the velocity potential at large distance from the middle line of the ribbon plate is 
given by the equation 
i 0) ‘ 
OL 1/2 1/2 Jansalk sin 0) nol? Janek Sin | 26 
F/R cos @-sin ae aS i! iAn (k sin 0)3/2 ae (Rk sin 0)3/2 Gis, 
Obviously the sound wave becomes a cylindrical wave and its amplitude depends on the two- 


dimensional distribution of the source of vibration. 


§5. Pressure on the Ribbon Plate 


Denoting by o the density of air, we can calculate the intensity of pressure pe'* on the 
ribbon plate by the following formula: 


p=iwo(),.0= FiosyY p = [ Aaya] eee perme ae 


—rjal * J-12(0E)J—cyay+2n+¢3/2)(€) 27 
+An ae we ag. (27) 


It is shown in reference (6), p. 199, that 


Le ge — pp PAlactw ND gh (eho td, tlle ay, 
\ e a Ar (et lr{(Aty+1—yz)/2} 2 : 2 
(s=eS1, p=2-). 
a 
Setting 
= — /y (? Jaya: 8) Jmsan+(3/2(E) 
Say, 0) sete ie dé, 
we have 
- ei 
Sy, O)= y/ 2 aed n+l, >, 0°) 
=e, V2 1 ja 4 m—(1/2) m+(1/2)\) — HS eo 1/2.) —1/2 : 
“Fath antl dx gale = Ser Sher 2 ee 
Si¥(y, 0) =y/ 20d — oF (—m, +2, 5, ot) 
1 1 nm+(1/2) n+(1/2).— jhe 1/2 nil? : 
Ve rebar” ee rine V * sie 


Therefore by the equation (27) we obtain, as the pressure on the ribbon plate, 


oc 4 al hy : i 
p= +Fiws >, Aaa re) V x 1—x)/?0nl/*(x) + An Sip ST (1—x)/?0n-/ (x) 
ke 1 ‘ 2/ pn! = 1 Ss AANL/ Pep Bad 
= Five 5S {Ant 0 — or 0nl 08) + Ant T= pon X09t (28) 
or we can express 0 in another form, 
s = V2: 2 1 1 d" = 1 y+(1/2 

Se Foes ea ae (ale xn G/2) 1—x)” (1/2) : 

ede 7 E PO+D Intl det ( ‘ 


ee 


V 2 T(nt+3) dx pote) (29) 
2. 
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The total pressure are unit length, P, on the ribbon plate is expressed as follows, 


p=|" (Dz=+0 ee pe--aydy=a\) ( pze-+0—z--0)do ° (30) | 


Owing to the formula (29), we have 


P=—2iwoa s | Aa Ve u ic xl 2" ¢n-G/9(1 — x)*G/D}dp 
n=0 I'(n+4) 2n +1 dx” 


r 
Vt 2 (n+) 


+ An)? Nie ax” {xr+G/2(] — oro} dp | 
= 


In the above formula the first series corresponds to an integration of even terms, and the 
second series corresponds to odd terms, so that the value of second vanishes; accordingly 
we obtain the following expression 


P=—2iwsa >, An? tat \ a a {x*-G/2)(1— aC) hp . 
Bye 


n=0 T'(n+4) 2n +1 
The integral for ~=0 has the value z/2 and has the value zero for n=1, 2, 3, ---, so that 
we have 
pa ~iweay/ Agi (31) 


$6. Power of Radiation 
The total power radiated per unit length is given by the real part of the quantity, 


W=2a\) PY ip ‘ (32) 


Here ~ means conjugate complex. 


The velocity of the air on the ribbon plate, v is given by the following formula 
1 ili Geee ; eel 
v= {So) +fO="4 2 mV m2) FV x = an!!0n8/%(2)} ? 
m= m=0 


but at substitution of the expressions of p and v in (32), we may only use the even term of 
p-v. The even term takes the form, 


RON SL te dk 
( 2 Jet a 2a 18 1( 3,40 20m vxa) 3: An-V2 On T (1240-2) ) 


(Ve Ent !*0m2(x) ( 3 Ant? 
Us m=0 


= 2 Xue V #0 ova) )p 


Using (see Appendix) 
1 
| (1) /?0m-¥(0)0n-M%(x)d0= Onn 
0 


1 
2h (1 —1)/20m4/(x)0n'/(x)do= Onn , 
0 


we have 
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w=4al (£2) do= —1W0 x {4 “1/24 -1/2 me se +a 1/2 4 1/2 1 (33) 
0 2 even m=0 _ a 2m +1 _ * 2(m+1) . 


§7. Conclusion 


The unknown coefficients A,1/? and A,-1/? in the formula (3) giving the velocity potential 
are determined from the equation (16) in terms of the coefficients @n/? and an-!/? in the ex- 
pansion of the velocity distribution (4) in a series of hypergeometric polynomials. The solu- 
tion of equation (16) is obtained from (18) using the tables for Xny'/? and Xny-!/? which is a 
solution of equation (17). Therefore, if we determine the coefficients @n/? and an-/? by the 
formula (8) from the velocity distribution on the ribbon plate, we obtain a solution of the 
problem. 

But these tables are given in the present paper only for small values of k. We intend to 
publish the tables of Xn,” in the next report II. 

At large distance, the velocity potential is given by the formula (26) and it expresses a 
cylindrical wave. The deviation of the amplitude from the cos 0-distribution depenes upon 
the wave length and the distribution of the vibrating sources. For the direction 6=0, the 
odd part of the velocity distribution function does not contribute to the velocity potential at 
large distance. 

In the end we indicated a method of calculation for the power of radiation from the vibrat- 
ing plate. 


Appendix 
We have (see reference (6), p. 201) 


a _V 2T'(m+n+3),. =m, 1 fee m+n m+ (1/2) 
Vni™X) niFontn 40) (1—x)-V coe (l—x)"*G/2} 


. [—oy 2 ™(X)Unr™(x)dx=0 nN’ =n 
0 


(nt mtnt9) ,; 
~ (m+2n+3)n!T (m+n+1) 


Using above formulas, and taking m=(—1)/2, +1/2 and x= 6’, 


2\ ‘( 1—x)/20n-1/2(x)Un- V(x) dp = |e 2(1 —x)4/2y,-1/2( x) on 4x) dx 
0 0 


arnt (—3 4-04) 
~ (—24+2n +3) n!P(—h4+n4)) 


2\ ac — x)V2y71/2(¢)Un3(x)do = [iw 2(1 —x)¥/2y_,1/2 (x)Unl/ (x) dx 
0 0 


_ armtarGints) 
~ (4+-29n+3)-n! -T($+n+1) 
References cular baffle. 
1) Y. Nomura and N. Kawai: Sci. Rep. Téhoku 3) N. Kawai: ibid. (I) 35 (1952) 210. On the 
Univ. (1) 33 (1949) 197. On the acoustic field theory of Rayleigh disc. 
by a vibrating source arbitrarily distributed on 4) Y. Nomura and S. ee a Jour. Phys. Soc. 
a plane circular plate. [which is denoted by Japan 10 (1955) 285. Diffraction of electro- 
paper A in the present paper]. --* magnetic waves by circular plate and circular 
2) Y. Nomura and N. Kawai: ibid. (I) 33 (1949) hole. 


208. On the radiation of sound wave froma 5) Y. Nomura and S. Katsura: ibid. 12 (1957) 
vibrating plane circular plate with a fixed cir- 190. Diffraction of electromagnetic waves by 


1384 


ribbon and slit I. [which is denoted by paper 
B in the present paper]. 

6) I. Kobayashi: Sci. Rep. Tohoku Imp. Univ. 
(I) 20 (1931) 197. Darstellung eines Potentials 
in zylindrischen Koordinaten, das sich auf einer 
Ebene innerhalb und ausserhalb einer gewissen 
Kreisbegrenzung verschiedener Grenzbedingung 


Norio KAWai 


(Vol. 13, 


19 (1947) 682. On the radiation problem at || 


high frequency. 
8) J. Pachner: 
stical radiation of an emitter vibrating freely 
or in a wall of finite dimensions. 
9). H. L. Oestreicher: 
presentation of the field of an acoustic source 


ibid. 23 (1951) 198. On the acou- || 


ibid. 29 (1957) 1219. Re- || 


unterwirft. 
7) M. Lax and H.Feshbach: J. Acoust. Soc. Amer. 


as a series of multipole fields. 


JOURNAL OF THE PHYSICAL SOCIETY OF JAPAN Vol. 13, No. 11, NOVEMBER, 1958 


A New Approach to the Theory of Slender Body 
in Compressible Flow 


By Haruo MORIGUCHI 
Department of Physics, Faculty of Liberal Arts, 
Shizuoka University, Shizuoka 
(Received July 26, 1958) 


It is shown that the equation of perturbation given to a known two- 
dimensional or axisymmetric flow of compressible fluid can be written 
in a simple form by choosing appropriate coordinates. 

From an approximate solution of this equation in the case of a slender 
body, we can deduce a velocity transformation formula 


2 V1 @/e (3) 
YAR Ge dgatog (#)'; 
| qd tae U a 


U 

where g, c and U are the velocity of fluid at an arbitrary point on the 
surface of the body, the local velocity of sound and the velocity of free 
stream (the critical speed of sound being taken as the unit of velocity), 


and (q/U ), is the velocity of incompressible flow at the same point taking 
the velocity of free stream as unit. 

Though this result has been given earlier by Imai in two-dimensional 
case and by Kusukawa in axisymmetric case, our deduction gives it as 
a first approximate solution which could be refined by a procedure of 
successive approximations. It is also expected that the perturbation 
equation will play some important role in mathematical discussion on 
mixed flow problems. 


Introduction 


§ 1. 

For treating subsonic flow of a compressible 
fluid past a slender body, methods of succes- 
sive approximations, starting from the Prandtl- 
Glauert rule as a first approximation, are often 
used, and especially in the two-dimensional 
case some examples, e.g. elliptic cylinders” 
and circular arc aerofoils”, have been worked 
out to higher-order approximations. These 
methods, however, are believed to be unsuit- 
able for treating such flows as involving nearly 
sonic speeds. 


Imai» >>) offered a new procedure to treat 
the two-dimensional flow and deduced a trans- 
formation formula which gives the velocity 
of compressible flow directly from the velocity 
of the corresponding incompressible flow, and 
Kusukawa™,? extended the formula to the 
case of, axisymmetric flow. Though these 
methods seem to represent the flow pattern 
more precisely than the usual slender body 
theory, the prescribed boundary conditions 
cannot always be satisfied exactly, and it is 
not clear how to proceed to higher-order ap- 
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proximations. 

In this paper, we first give a simple repre- 
sentation of the perturbations for a flow of 
compressible fluid and then, in the case of a 
slender body, we find approximate solutions 
which satisfy the exact boundary conditions 
and show that our result leads immediately 
to Imai’s formula. 

Our perturbation equation is essentially the 
same as the usual one which, for example, 
has been used by Bers® in the discussion of 
mixed flow problems, but is expressed in a 
more simplified form by a suitable choice of 
independent variables. Therefore we may ex- 
pect that our equation can play some impor- 
tant role in the mathematical discussion on 
transonic flow. 

The higher-order approximations for our 
equation may be found by the usual method 
of iteration. But it seems difficult to find an 
analytical formula which covers a wide range 
of Mach number. 

We shall treat the two-dimensional case in 
§§2~5 and axisymmetric case in §6, and 
show the slide rule technique for the calcu- 
lation of velocity in §7. 


§2. Fundamental Equations in Two-dimen- 
sional Case 
The two-dimensional irrotational flow of a 
compressible fluid is governed by the equa- 
tions: 


or) 1 Ov 
= = ; Ody 
: Fe Pay GW) 
Oo 1 ov 
—_ SS = ee 
os Oy P Ox’ oa 
1 1/@/-1) 
Dah ay @ ae : (2.3) 
=u? +? , (2.4) 


where (u,v) are the component velocities in 
the x- and y-directions, Q is the magnitude 
of velocity, P is the density, @ is the velocity 
potential, ¥ is the stream function, and 7 is 
the ratio of specific heats. In these as well 
as in the following expressions we take as 
units the values at the critical state where 
the local velocity of sound C is equal to flow 
velocity Q@. For the local velocity of sound 
we have 


(2.5) 


eel aT ol 
Let us suppose that the solution for a uni- 
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form flow of free stream velocity U past a 
given obstacle is already known: 


2, OG) SAT Od 
Uo Ox 0 dy ’ (2.6) 
0G owl 00 
Ug= dy x 3 0 Ox b) (2.7) 
mcs eres Ee 
a Car a a ae 
P=Uurt+v? , (2.9) 


and choose ¢ and # as independent variables. 
Then the fundamental equations can be writ- 
ten as: 


00 _ 0 OF 
OO eyed Ov 
ad sP aba,” (2.11) 


The relations between (x,y) and (g,q@) are 
given by (2.6), (2.7) and the inverse relations: 


Ox _ Uo 


ear (2.12) 
Oe (2.13) 
Acme y (2.14) 
ek (2.15) 


When we consider the flow of a different free 
stream velocity U+d4U about the same ob- 
stacle, the boundary conditions for (2.10) and 
(2.11) are given by 


¥=const. on the surface of the obstacle, 
(2.16) 
and 
OY =P. U+4U 
—— , 2k 
Ste tupee nC a 
eee (2.18) 
dy U punt 
aw at infinity, 
2 eee | (2.19) 
dg 
0@ 
ee . 2.20 
ad —>0 ( ) 


where P.. and op. are the free stream density 
of the unknown and known flow respectively. 
We can put 


v=b=0 (2.21) 


on the surface of obstacle, 
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§3. Perturbation Equations 

Now let us consider the case in which the 
difference 4U is so ‘small that 9 and ¥ are 
very close to ¢ and # respectively. Then we 


can put 
O=¢+¢', (3.1) 
V=pt+y¢’ , (3.2) 
P=p-Fp, (3.3) 
Q=qtq' .. (3.4) 


and neglect the second and higher order terms 
in primed quantities, Thus we have, from 


(ies), 
pate (3.5) 
Cc 
and, from (2.1), (2.2) and (2.4), 
1 OG 
q T Bo , (3.6) 
or, making use of (2.10), 
1 g_ OY 
a we Od ’ (3.7) 
where 
w=1—-@/c ’ (3.8) 


and c is the local velocity of sound correspond- 
ing to q. Substituting these expressions in 
(2.10) and (2.11) we have for g’ and @’ 


0g’ _ OY’ 

yee 

Re ae (3.9) 
dy” OW’ 
2 ss ) 
ab Ben” (3.10) 

or eliminating ~’ or ¢’ 


a 13) a / ae") 
=e 4 E=() ire Sedsh 
ae (wae at ap ie 


“ ( ; 2S) Zj 2 & 35 )=9 von, GAD) 


These are the basic equations for our discus- 
sions. 

As is seen from our deduction, when the 
boundary conditions for gy’ and ~’ are given 
by 


0g’ 
=), 8.13 

Op on the surface \ 

- y’=0, (3.14) 
and 

GN ariel 

Ap Uy’ (3.15) 

oe 0 (3.16) 

ie at infinity, 

Wie: eee 

a 1 

Ow U S40) 

acy (3,18) 

dg 
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where the suffix co means the value at in- 
finity, then yg’ and #’ denote respectively 


(3.19) | 


og = 22% y, U) 
0U ‘ 
and 
,__ Of(x, y, U) 9 
y =e OU ? (3. 0) 


where g(x, y, U) and (x,y, U) are the velo- 
city potential and stream function for the 
flow about the given obstable with the free 
stream velocity U. This fact will be used in 
the following sections. 

If we take x and y as independent variables 
in (3.11), then we have 


O20 
Oxdy 
dg’ Og” _ 
Ox +B—— ay ; 
where A and B are certain functions of x and 


y. This is the form which has been employed, 
for example, by Bers®. 


(ws) = 7 2u0vo = Ee —v0") be 


+A = (3.21) 


§4. Simple Approximate Solutions for Thin 
Aerofoil 


In the case of a thin aerofoil where the 
disturbance due to the presence of the aerofoil 
is small, we can deduce simple approximate 
solutions of our equation (3.11) or (3.12). 

For this purpose, let us put 


p= u* (4.1) 
in (3.12). Then we have 
9 (wv dop* O2p* = 
Me ce ae apr tiet=0, (4.2) 
where 
me 1 On 0/1 Ou 
ena) "ap Geap) &9 


The boundary conditions for ~* are the same 
as those for ~’ given by (3.14) and (3.18). 

Since “ and e are functions of g, (4.3) can 
be written as 


Jott ae (ss ao) * ap wag)» 4 
where 
u=duldq . (4.5) 
Now we have, by means of (2.12)~(2.15), the 
relations 


6q __ oq 90 
dy x we Ow ? (4.6) 
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oq q 00 
Fa WR Be sca 4.7 
Op =p OD ma 
where 
O=tan-! (vo/to) . (4.8) 


Eliminating @ from (4.6) and (4.7), we have 
ie Coad) Sa aae) 
“he =0. (4.9 
Be \ oq 80) * aN G Op ee 
Substituting (4.9) into (4.4) we have 


I-{8(S0) (Sy 0. aw 

where 
gor ae oa ba MAY “ee\u) 
(4.11) 


If the deviation from the uniform flow is 
small, the bracketed factor in (4.10) can be 
regarded as small quantity of the second 
order, as is obvious when we write 

q=U+Eq (4.12) 
where € is a small parameter. Therefore in 
this case we can neglect J in (4.2) except the 
case in which there appears sonic speed which 
makes j(qg) singular, and we have an approxi- 


mate solution 
*=const. d=cip , (4.13) 
which satisfies the boundary conditions (3.14) 
and (3.18). 
From this solution, we have, by means of 
Kop and. (21): 
qi =er (4.14) 
Ls 
for the perturbation surface velocity, where 
the suffix s denotes the value on the surface 
of the obstacle. 
According to the remark given in § 3, when 
we put 
a Wad 
U ’ 
qs’ can be regarded as the approximate value 
of the partial derivative of gs with respect to 
U3 


C1 (4.15) 


Ods 
0U 


_ He Ws 


= H 4,16 
U Us \ 


or 
age) WTO ELA 8 ge wows 
0U U V 1—@s"/cs? 


On integration we have 


(4.17) 


e 


\ V1=93"/cs? gg, = { V1= U7 {e~* 4174 const. , 
q5 Qs e u 
(4.18) 
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where const. means a function of coordinates 
only. 

If U tends to zero, then gs must also tend 
to zero; therefore for small values of U we 
have 


(4.19) 


This means that the constant should be equal 
to 


—log gs=—log U+const . 


im (—log t)= —log(-#) , (4.20) 


U-0 
where the suffix 7 denotes the incompressible 
flow. Thus we have finally 


: ( V1—4Gs"|¢s* G9, 
ds 


A VIS RRS IP ae 
| Uri Wh) log (FF) (4.21) 


qs 


U 
which is the transformation formula given by 
Imai*®>#>5), 

It is to be noticed that in our deduction the 
boundary conditions are satisfied completely 
in contrast to Imai’s deduction. 

Further, since the functional relation be- 
tween cs and gs is the same as that between 
co and U, we can rewrite (4.21) as 
[invieaiet C* dq=log ts 

q Us; 


U 


(4.22) 


Similar procedure gives another approximate 


solution. Let us consider Eq. (8.11), and put 
g* 

y=——. (4.23) 
U 


Then we have 
020* re) ( 0? Oy* ) ; 
+ +Kge*=0, (4.24 
dg? Ob \ Od si okie 
where K is a small factor of the second order 
as can be seen from consideration similar to 
that given in the preceding case. Neglecting 
Ke* we have an approximate solution: 


g* =Cre (4.25) 
which satisfies the boundary conditions at in- 
finity. 

In this case, however, the boundary con- 
dition on the surface of the obstacle is not 
satisfied. The velocity potential corresponding 
to (4.25) may be regarded as one which repre- 
sents a flow with a slightly different bound- 
ary. But when we neglect the term which 
contains (0/0~)(1/), (4.25) satisfies the bound- 
ary conditions and give the perturbation sur- 
face velocity in the form; 


1388 


=CoB+ Cups (4.26) 


a. 

Os i) i 
where s means length along the surface. 
first term is in accord with (4.14). 

The difference between (4.14) and (4.26) can 
be interpreted to be due to the fact that in 
the velocity potential procedure the boundary 
conditions are only approximately satisfied 
while in the stream function procedure the 
conditions are exactly fulfilled, so that (4.14) 
should be regarded as superior to (4.26). 


The 


Finally a comment is added here. When 
we put 
C= ; (4.27) 
we have an approximate relation 
Ogs at WU) Ps 4.28 
0U Qs) U ; ( j ) 
where 
Mg=1—-¢@J/c? , (4.29) 
as is seen from the remark in §3. Since 
_ O¢s 
qs= Beag (4.30) 


we can regard (4.28) as a partial differential 


equation for gs with independent variables s 
and U. 


§5. Complex Formulation of the Preceding 
Procedure and the Possibility of Higher- 
Order Approximations 


We can write the procedure in a more com- 
pact form as follows. 


Let us put 
g=é, (5.1) 
==, (5.2) 
Pes 


and use g* and ¢* given by (4.1) and (4.23). 
Then (3.9) and (3.10) become 


aot Ri ecsOee da .0b* 
+ TE 2 gt 22 1p ayy 2@ _ 9 
ie Oy | Ok ee 
(5.3) 
Og*  Ob* 4 Oa 4 Oa 
ak an aE ibowa (5.4) 
where 
a=logu, (5.5) 
_ H? en” 
5.6 
on (5.6) 


It is to be noted that for Karman-Tsien’s gas 
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d=0. (5.7) 
Further let us put 
gt +ip*=F (5.8) | 
g*—id* =F, (5.9) 
Eline’, (5.10) | 
E—in=C, (5.11) 


then (5.3) and (5.4) can be combined into 


9 OF 0a 0a 
a Aer oes eh real ae) 
6 /0F OF . OF OF 
ge ar gen tae) 
(5.12) 


and the approximate solutions given in the 
preceding section are the imaginary and real 
parts of 

Fo=Co€ , (5.13) 


which is a solution of approximate equation 
obtainable when we neglect the right-hand 
side of (5.12). 

At first sight Fo would seem to be an ap- 
proximation neglecting the small quantities of 
the first order, but as we have shown in the 
preceding section, (5.13) gives a higher ap- 
proximate solution. 

Now we can see the possibility of successive 
approximations starting from (5.13), although 
the procedure of calculation is a problem left 
to future. 


§6. The Case of Axisymmetric Flow 
The fundamental equations for axisymmetric 
flow are 


aes ae 


_0 1 


where x and y are the coordinates parallel 
and perpendicular to the axis of symmetry, u 
and v are the component velocities in the x- 
and y-directions, ® is the velocity potential, 
Y is Stokes’ stream function and other quanti- 
ties"are the same as those in the two-dimen- 
sional case. 

If we know a flow represented by g and ~, 
we can write the fundamental equations as 


00 1p, d% 

Ay Tol Ob’ (6.3) 
00 lL cleo 

ah tay EE be. : (6.4) 


| 
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and the perturbation equations for 
g=0-¢, (6.5) 
y=U—d (6.6) 


can be deduced in a similar way to that in 
§ 4: 


0 209" 0 2 , 0g’ a 
@ “al (oy i, =o (6.7) 


0 1 0g’ oe Frege 

dg ay de ) * ap bins Op )=0 regi 
which coorrespond respectively (3.11) and 
(3.42). 

These equations are of the same forms as 
(3.11) and (8.12) except that (6.7) and (6.8) 
have ?y? in place of o? in (3.11) and (3.12). 

Accordingly we get the same approximate 
solutions and velocity transformation formula 
as in §4, 

The velocity transformation formula for the 
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case of axisymmetric flow has been derived 
by Kusukawa®” in a different way. As he 
has also pointed out, in this case the neglected 
term corresponding to Jin (4.2) or Kin (4,24) 
is a small quantity of the first order, whereas 
it was of the second order in the two-dimen- 
sional case. 


§7. Slide Rule for the Calculation of Velo- 
city 

As is seen from the form of (4.22), our for- 
mula permits slide rule calculations, when we 
know the velocity distribution at a certain 
Mach number, for example, at zero Mach 
number. In this section such a slide rule is 
considered. 

Fig. 1 shows the slide rule for the flow of 
adiabatic gas with y=1.4. On the A-rule the 
value of q is marked at the point where the 
distance from the mark q is 


ne LULL [| A 


ofritehrhhtat 


Fig. 1. 


\: V1I-G/eg, ; 
% q 
where go is a proper standard value. On the 
B-rule the value of (g/U):; is marked at the 
point where the distance from the mark 1 is 


log (g/U): . 


The graduation C denotes the Mach number 
corresponding to the free stream velocity 
graduated on the A-rule. 

Now let us find the velocity at a point on 
the aerofoil, where the velocity for incom- 
pressible flow is (q/U):. We should make the 
mark 1 on the B-rule in line with the mark 
U or mark M on the A or C-graduation, 
where U or M means the velocity of free 
stream or Mach number of the flow required. 

Then the mark on A-rule, which is in line 
with (q/U); on B-rule is the velocity required. 


Of course the critical speed is taken as the- 


unit of velocity. 
Fig. 1 shows the corresponding relations 
between the incompressible flow and the flow 


Slide rule for calculation of velocity. 


of Mach number 0.5; if, for example, (g/U); 
is 1.1, then at such a point q is 0.598 when 
the Mach number is 0.5. 
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The attenuation of ultrasonic waves for suspensions of polymethyl 
methacrylate particles (mean radius a=ca. 40) in ethyl alcohol, carbon 
tetrachloride and their mixtures are measured in the range of frequency 
1-—6Mc/s. For ka>0.5 (k=2n/wave length) the scattering and reflection 
losses are found to be predominant origins of the attenuation. But when 
ka approaches unity, the observed attenuation lies markedly below the 
prediction from Rayleigh’s formula which is established under the con- 
dition of ka<1. For ka<0.5, the viscous loss predicted by Lamb and 
Urick and the loss due to the internal viscosity of suspended particles 
become appreciable. A simple theory for the latter loss is developed 
under some assumptions. The sum of the theoretical values of these 
three kinds of losses is in satisfactory agreement with the experimental 
one. In the frequency range where the internal loss predominates, the 
method employed in this research can be used to measure the volume 


(Vol. 13, | 
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viscosity of a solid material. 


§1. Introduction 


The attenuation of sound in suspensions or 
hydrosols is of great importance in under- 
water sound transmission, in the study of 
colloidal systems and in many other applica- 
tions. While the attenuation properties of 
homogeneous liquids and solids have been 
widely studied and are now well known, the 
amount of study in suspensions has been 
rather limited. The first calculation of the 
attenuation of sound due to the scattering by 
a single sphere suspended in a non-viscous 
liquid was made by Rayleigh.» Lamb” cal- 
culated the velocity potential of waves scat- 
tered from a mobile sphere in a_ viscous 
liquid. Urick® cast Lamb’s theory in a more 
convenient form and obtained the attenuation 
due to the relative motion of a sphere in a 
viscous liquid. 

Since most of the previous experiments +») 


in this relation have been made for aqueous 
suspensions of natural powders, for example, 
kaolin, quartz sand, lycopodium etc. which 
are not perfectly spherical in shape and 
mechanical properties of which are not well 
determined, the results could not be quanti- 
tatively compared with theory. Busby and 
Richardson® recently investigated the attenua- 
tion of sound in aqueous suspensions of glass 
spheres and the result was accurately explain- 
ed in terms of scattering and viscous loss. 
In this case, however, since the density and 
elastic modulus are much higher in glass 
than in water and as the internal loss in 
glass is: negligibly small, the behavior of 
particles in the sound field can be expected 
to be rather simple. 

It is actually often the case, especially for 
organic suspensions, that the density and com- 
pressibility of a suspended particle lie near 


of 


1958) 


those of a suspending liquid and the transla- 
tional oscillation and deformation of the 
particle in the sound field must be taken into 
consideration. It is this more general case 
which was investigated by us. In the present 
investigation, the attenuation was measured 
for suspensions of polymethyl methacrylate 
powder. Since this material is perfectly 
spherical in shape and, moreover, its physical 
properties can be well examined in bulk 
phase, it satisfies reasonably well the require- 
ment for the test of the theory. This mate- 
rial seems very appropriate also for the study 
of the effect of internal loss of suspended 
particles on the attenuation, which has never 
been discussed in the existing reports. 


§ 2. Nomenclature 
a: Total amplitude attenuation coeffici- 
ent in suspension 
a@: Attenuation coefficient in suspending 
liquid 
a,: Attenuation coefficient for suspended 
particles a@)»=a—a, 
a;: Attenuation coefficient due to scatter- 
ing of sound 
a: Attenuation coefficient due to viscous 
drag at surface of particles 
a;: Attenuation coefficient due to inter- 
nal loss of particles 
c: Volume fraction of particles in sus- 
pension 
a: Radius of particles 
61, 02: Density of suspending liquid and 
suspended particle respectively, 
o=02/01 
Ki, Ko: Adiabatic compressibility of liquid 
and particle respectively, 
Tv =K./Ki 
%1, %2: Shear viscosity of liquid and _ parti- 
cle respectively 
ky, k2: Volume viscosity of liquid and parti- 
cle respectively 
Vi, V: Sound velocity in liquid and suspen- 


sion respectively 
k: Propagation constant of sound (com- 
pressional wave) in suspension 
k=2rf/V 


8: Propagation constant of transverse 
wave in liquid 


B= (af 01/91)? 
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f: Frequency of sound 


Vi, Vt: Velocity of longitudinal and trans- 
verse waves in particle respectively 
ai, a: Absorption coefficient of longitudinal 


and transverse waves 
respectively. 


in particle 


§3. Experimental 


The attenuations were measured in this 
research by a pulse technique (see block dia- 
gram, Fig. 1). A barium titanate transmitter 
of 3cm diameter was excited by a high fre- 
quency pulse for the duration of several 
microseconds, the repetition rate of pulses 
being about one kilocycle. Acoustic energy 
passes through the suspension to a receiver, 
which is also a barium titanate transducer of 
the same size as the transmitter. The trans- 
mitter and receiver were fixed at a distance 
of 10cm, their faces being set accurately 
parallel by a block gauge. 

The received signal was attenuated by a 
variable attenuator (0-50 db in steps of 0.2 db), 
amplified by a fixed amount and displayed on 
an oscilloscope. The increase in the attenua-: 
tion due to the addition of the particles was 
compensated by the variable attenator so as 
to regain the original pulse height. The 
value of a» was then obtained from the read- 
ing of the attenuator. Adding the particles 
to the liquid in approximately equal quanti- 
ties and taking a series of measurements 
after each addition, @, could be determined 
as a function of concentration. 

It should be noticed here that the density 
and sound velocity of the suspensation depend 
on particle concentration,” so that the effici- 
ency as well as the directional characteristics 
of both the transmitter and receiver might 
vary in the course of one run of experiment. 
In the present experiment, however, the 
transmitter used was of sufficient cross sec- 
tion to insure a well collimated wave through 
the medium and the receiver was placed in 
the Fresnel region of sound field, hence the 
variation of directional characteristics could 
be safely neglected. The correction for the 
variation of efficiency of the transducers was 
estimated from the theory of transducers® as 
less than one percent of the observed attenua- 
tion and also ignored. 

A glass tank of 11x8cm? base and 10cm 
depth was used as a container. In order to 
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obtain a uniform concentration of particles 
throughout the medium, the suspension was 
continuously stirred at an optimum speed. 
When the speed was too high, air bubbles 


were dragged into the suspension. When too 
low, on the other hand, sedimentation or 
floatation of particles occurred. Measure- 


ments in ethyl alcohol medium showed that 
the turbulence caused by stirring had no effect 
on the attenuation at the optimum stirring. 
All the measurements were carried out at 
room temperatures from 15° to 20°C. The 
temperature dependence of the attenuation 
coefficient was found within the experimental 
accuracy in this temperature range. 


Suspension 


§ 4, 

Commercially produced powders of poly- 
methyl methacrylate (PMMA) were used as 
suspended particles. The particles were per- 
fectly spherical in shape under microscopic 
examination. The distribution of radius was 
determined from microphotographs of about 
one thousand individual particles. There was 
a wide range of particle size, as is indicated 
by Fig. 2, where the number percent of 
particle in each radius interval of 5 microns 
is plotted. For the purpose of studying the 
particle size dependence of attenuation, some 
of the particles were fractionated into five 
fractions from the difference of sedimentation 
rate in ethyl alcohol, the fraction of the 
smallest size being not used because of ex- 
tremely small amount. Except in the study 
in §8, however, unfractionated particles were 
employed throughout this investigation. 

In Table I, two sorts of average radius, 
<a@s and <@», which are necessary to the 
numerical evaluation of the theories, are com- 
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Block diagram of electronic apparatus. 


RADIUS (A) 


Fig. 2. Particle radius distribution of polymethyl 
methacrylate powder: (a) unfractionated, (b) 
fractionated samples. 


Table I. Average radius of particle (micron). 


| Unfrac- | Fractionated 

| tionated | A B Cc D 
<a>, | 40.3. ..| 47.0 39.6 28.2 21.3 
<O>v | 31.7 | 


42.7. 33.2 24.6 17.4 


puted from the distribution curve by the fol- 
lowing definitions respectively: 
<ays=(Sieiai?/ Sci) = (XS miai®/X miaP)V3 
and 

(@o= (Sciai Sica)! =(Dmia?/] Smiai)-1 , (2 ) 
where c; is the volume fraction of particles 
of radius a, m the number fraction. 

The values of density, adiabatic compressi- 
bility and volume viscosity* of PMMA are 


(1) 


* The term “‘ viscosity’ in a solid is here used 
as the imaginary part of complex modulus divided 
by 2xf. ‘‘Compressibility’’ expresses here the 
reciprocal of the real part of complex bulk 


modulus. 
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also to be estimated for evaluation of the 
theoretical formulae. These were determined 
by use of a PMMA plate. PMMA plate and 
powder probably have different polymeriza- 
tion degree, since the method of polymeriza- 
tion differs in them. But, as is well known, 
mechanical behaviors of a polymer in the 
glassy state is very nearly independent of 
polymerization degree. 

The density was determined by the floata- 
tion method. The result obtained is o2=1.19 
g/cm. 

For the purpose of estimation of adiabatic 
compressibility, velocities of longitudinal and 
transverse waves were measured at 1.08 Mc/s 
by the total reflection method» using a 
PMMA plate immersed in carbon tetrachlori- 
de. The results are V:=2650m/s and V, 
=1240m/s. From these data adiabatic com- 
pressibility can be calculated by eliminating 
shear modulus Gz from the following rela- 
tions: 
gt eo 02V17=Ge. 
The present data yield a value of K2=1.70 
10-" cm2/dyne. 

In order to obtain a value of volume vis- 
cosity in PMMA, the absorbtion coefficients 
of longitudinal and transverse waves in a 
PMMA plate was measured, inserting the 
plate into the sound path in a water tank. 
At the normal incidence of sound beam from 
water into the plate, only longitudinal wave 
is excited in the latter, and from the inserta- 
tion loss corrected for the reflection loss at 
the interfaces one can easily obtain the ab- 
sorption coefficient of longitudinal wave. On 
the other hand, when the incident angle is 
larger than the total reflection angle of longi- 
tudinal wave, transverse wave alone is 
transmitted in the plate. For the case at 
hand, i.e. PMMA plate in water, the reflec- 
tion at the interfaces is reduced to nearly 
zero at an incident angle of ca. 50°,!% hence 
the absorption coefficient of transverse wave 
can directly be obtained. From the absorp- 
tion coefficients, volume viscosity is calculat- 
ed by the following relations: 
ai 2n2f 2 A » eitaaia 
~ pV («+ Mg A RE?) 

Since the absorption coefficients markedly 
vary with frequency, ultrasonic waves of the 


02Vi7= (3) 


ay i pl a 
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same frequency must be used in measure- 
ments in the plate and the suspension in 
order to make a reasonable comparison. In 
the present case, it was observed at 1.08 Mc/s 
that a,=0.115cm7-! and a;=0.613 cm7!, hence 
k,=50 poise. In the above experiments one 
must use a plate of thickness more than a 
half pulse length in order to avoid a possible 
error from multiple reflection of sound in the 
plate. A plate of 2.2cm thickness was em- 
ployed in our case. 

As suspending liquids, methyl alcohol and 
carbon tetrachloride were employed. PMMA 
particles, when added, immediately disperse 
in these liquids and no swelling was observ- 
ed at least for the period of one run. Since 
the density of PMMA lies between those of 
the two liquids, their mixture in a proper 
ratio, about 50 to 50 in volume, has the 
density equal to PMMA. In this case an ap- 
preciable swelling of particles was observed 
in one hour or so, hence the experiment was 
performed within this time. 

The numerical values of density, sound 
velocity and adiabatic compressibility in these 
liquids were compiled from Sacher’s paper!? 
and the International Critical Tables. 


§5. Concentration Dependence of Attenua- 
tion 

The values of a, for suspensions in ethyl 
alcohol, carbon tetrachloride and their mix- 
tures were obtained at six frequencies, 1.08, 
1.61, 2.20, 3.24, 4.12 and 5.40 Mc/s, as a func- 
tion of concentration. An example of concen- 
tration dependence of a, is shown in Fig. 3. 


3 = 


ATTENUATION (DB/CM) 


CONCENTRATION % 

Fig. 3. Concentration dependence of attenuation 
at 3.24 Mc/s. « denotes volume fraction of car- 
bon tetrachloride in ethyl alcohol. 
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The general behavior is the same at other 
frequencies. Since in most cases @» varies 
linearly with particle concentration over the 
range observed, it is to be expected that the 
scattering of sound from particles is single, 
not multiple in this range at least and the 
attenuation is additive with respect to the 
number of particles. Sometimes, especially 
at high frequencies, there is some indication 
that the curves level off at high concentra- 
tion, probably due to the multiple scattering 
and other interactions among particles. In 
the following sections the value of a@,/c 
obtained from the linear portion of the apvs. 
concentration plot is indicated and compared 
with theories. 


§6. Frequency Dependence of Attenuation 


and Scattering Loss 


The frequency dependence of @,/c for un- 
fractionated particles in two liquids is indicat- 
ed in Fig. 4. 

The origin of the sound attenuation in a 
suspension has been ascribed, among others, 
to the scattering of sound beams from parti- 
cles. The attenuation coefficient due to the 


(cm). 


alco 


al. 2 


FREQUENCY Mc/s 


Fig. 4. Frequency dependence of attenuation: 
experimental values of a »/ce in ethyl alcohol 
(©) and carbon tetrachloride (@). Broken lines 
indicate theoretical valus of as/e in ethyl alcohol 
(below) and carbon tetrachloride (above). 
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scattering from elastic spheres free to move 
in a non-viscous liquid has been theoretically ||| 
derived by Rayleigh” and Epstein!” as 


a eg, : 

aes Maa?) ii gees) je | 
under the condition ka<1. For a polydisper- || 
se system, it is theoretically required to re-|| 
place a by the average radius <a)s defined by |} 
the formula (1). In Fig. 4, theoretical values } 
of a;/c are given in broken lines evaluated || 
using the numerical values obtained in §4. |} 
For both liquids the experimental curve is in 
very good agreement with the theoretical one 
near the frequency of 2Mc/s, corresponding 
to about ka=0.5, i.e. the radius being of the 
order of one tenth of the wave length. But 
at higher frequencies the experimental curve 
lies fairly below the theoretical one and at 
lower frequencies the former is far above 
the latter. 

Since Eq. (5) is valid only under the as- 
sumption ka<l1, the discrepancy between the 
theory and experiment at high frequencies 
may be ascribed to the failure of this assump- 
tion. In fact, when the radius of a particle — 
approaches the wave length, the interference 
of the scattered waves from different parts 
of the particle may considerably diminish the 
scattered energy. From the above reasons it 
may be concluded that the scattering loss is 
a predominant factor of the attenuation in 
suspensions at frequencies above 2Mc/s in 
this experiment. Additional confirmations of 
this conclusion will be provided in the follow- 
ing two sections. 


o—l1 


(5) 


} 


§7. Effect of Suspending Liquid on At- 
tenuation 


The effect of a suspending liquid on a;,/c 
was measured at the frequency of 3.24 Mc/s, 
where the scattering loss is expected to be 
predominant. The results are illustrated in 
Fig. 5, together with the theoretical curves 
calculated from Eq. (5). 

In the case of ethyl alcohol—carbon tetra- 
chloride system, both liquids having good af- 
finity to PMMA, the experimental curve has 
a quite similar behavior to the theoretical 
one, disregarding that the latter is always 
about twice larger than the former, probably 
due to the reason described in the last 
section. 
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fo) 25 50. 75 100 
VOLUME % CCl, IN GH.OH 


(a) 


Fig. 5. Effect of suspending liquid on attenuation at 3.24 Mc/s: 
chloride system, (b) ethyl alcohol-water system. 


broken line theoretical value of as/c. 


On the other hand, in the case of ethyl 
alcohol—water system, the latter having only 
poor affinity to PMMA, the experimental 
value very rapidly increases with volume 
fraction of water. This may be due to the 
incomplete deflocculation of particles in the 
liquid. The association of particles should 
increase the effective radius, so make rise to 
the attenuation, as is readily known from Eq. 
(5). In fact, the association of PMMA parti- 
cles in water was observed by a microscope 
and an appreciable decrease in the attenua- 
tion was found for the aqueous suspension of 
PMMA particles after violent stirring for an 
hour. 


Dependence of Attenuation on Particle 
Radius 


Fig. 6 shows the attenuation for ethyl 
alcohol suspensions of fractionated and un- 
fractionated particles at the frequency of 
3.24 Mc/s, together with the theoretical curve 
calculated from Eq. (5). The accuracy of the 
data presented here is somewhat less than 
the others because the available amount of 
the fractionated particles were rather limited. 


§ 8. 
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fo) 
VOLUME % H,O IN CjHsOH 
(b) 


(a) ethyl alcohol-carbon tetra- 
Solid line indicates experimental value of ap/e, 


RADIUS <)s 


(M) 


Fig. 6. Dependence of attenuation on particle 


radius at 3.24Mc/s: ethyl alcohol suspensions 
of (A, B, C, D) fractionated and (E) unfraction- 
ated particles. Solid line indicates experimental 
value of a,/c, broken line theoretical value of 
as/C. 


As is easily seen, the experimental curve is 
nearly of the same form as that of the fre- 
quency dependence given in Fig. 4. It is ap- 
parent from Eq. (5) that increasing the fre- 
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quency has the same effect on the scattering 
loss as increasing the particle radius. In Fig. 
6, the accord between experiment and theory 
is encountered for the radius of 25 microns, 
corresponding to a value of ka=0.5, which is 
in good agreement with the case of the fre- 
quency dependence. 


§9. Attenuation in Low Frequency Range 


As has been described in the preceding 
sections, the scattering of sound from suspend- 
ed particles is considered as a dominant 
origin of the attenuation for the frequency 
range of ka>0.5. Below this frequency, how- 
ever, the observed attenuation is appreciably 
larger than that predicted from the scattering 
theory (see Fig. 4), hence there must exist 
some other origins of attenuation, which, at 
high frequencies, may become negligible com- 
pared with the scattering loss. 

In this relation, Lamb,» Epstein!® and 
Urick® calculated the energy loss due to the 
viscous friction at the surface of a sphere, 
socalled ‘‘ viscous loss’’, and obtained for the 
attenuation the formula 


ha Sax 
St+(64+T)2’ 


a,=£ (6-1)! (6) 


where 
9 


9 it 1 
al tt Se eee 

‘al - = Z re 

When Ba>1, that is, viscous shear wave 
in the liquid damps out very rapidly as is 
our case, the above equation is simplified as 


(7) 


Nos 
8Ba\o+1/2 
For a polydisperse system a in Eq. (7) must 
be replaced by <a>» defined by Eq. (2). 

Recently, Lane® calculated another type of 
viscous loss caused by the acoustic streaming 
from an oscillating sphere. But this type of 
viscous loss was found to be extremely small 
in our case, so will no more be referred to 
in this paper. 

Busby and Richardson” in aqueous suspen- 
sions of glass spheres found good agreement 
between experiment and theory, considering 
the scattering and viscous loss. In the pre- 
sent study, however, the situation is more 
complicated. Since PMMA has much higher 
internal viscosity than the suspending liquids, 
the absorption of sound due to the internal 
viscosity becomes of great significance. In 
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fact, the absorption coefficient of longitudinal } 
wave is 0.11cm-? in PMMA, but only 0.005 |[ 


cm-! in carbon tetrachloride at 1 Mc/s. 


No theory for the sound attenuation in a i} 
suspension of viscoelastic particles has been 1) 
Here we assume for sim- |] 
plicity that, firstly, the particle radius is |] 
much smaller than the wave length, i.e. ka || 
<1, and secondly, the particle oscillates per- | 


developed as yet. 


fectly in phase with the surrounding liquid, 
so that there exists no relative translational 


motion between them. The first assumption | 
is of course valid in such low frequencies as | 


in the present case. The second assumption 
is fulfilled if the density is the same for the 
particle and the liquid,» a condition also near- 
ly satisfied in our case. 

As is well known, generally a material in 


the field of longitudinal wave undergoes dila- | 


tation as well as shear. But in a suspension, 
since a particle has rigidity and a liquid 
none, the former undergoes no shear, but di- 
lation alone. Under these conditions a sus- 
pended particle in the sound field is expected 
to be applied by uniform pressure equal to a 
surrounding liquid and from a simple calcula- 
tion? the compressibility of a suspension K 
is found to have an additive character in 
volume: 
K=K\(1—c)+ Koc . 

For a viscoelastic medium, compressibility be- 
comes a complex quantity, so its imaginary 
part, and therefore the voluminal part of 
absorption coefficient per unit wave length, 
should also have an additivity. 

From the above considerations the absorp- 
tion coefficient per wave lengh in a suspen- 
sion is approximated by 


aV _ mV 


irl 


| (voluminal part of a Ne 


{i6) 


(8) 


It should be noted that, since there may exist 
additional shear motion of liquid at the sur- 
face of particle due to the discontinuity of 
rigidity, the shear viscosity term in (a,Vi/f) 
must somewhat be modified from the case of 
homogeneous liquid. This effect, however, 
is neglected here because the particle radius 
is much smaller than the wave length. Any- 
way, the first term in the righthand side of 
Eq. (8) plays a rather limited role in the fol- 
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lowing deduction. 
The absorption coefficient per unit length 
therefore becomes 


Vi 27f 2k2Ko 
— 1 a ee eee 
a=a, V (l—e) + V c 


O72f2 
ar a —a, Je ‘ 


Hence the contribution of suspended particle 
is obtained as 


=at( 
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20% ft 


ay =a—aA,=— 
: V, 


In the above derivation, the approximations 
were employed that a;<(voluminal part of 
absorption coefficient in particle) and V=V}. 
V' was computed by use of Urick’s equation” 
as a function of concentration and the ap- 
proximation was found to be reasonable in 
the present case. 


(9) 


Table Il. Attenuation coefficient (cm-1) at 1.08 Mc/s. 


ie ces Gn Observe awaken Calculated value 
CsH,OH (%) ane alenwtinsion hetele Total 
0 0.30 0.11 0.08 0.18 0.37 
25 | 0.31 0.15 0.02 0.19 0.36 
50 0.36 0.18 0.00 0.20 0.38 
aS 0.41 0.22 0.01 0.22 0.45 
100 0.48 0.22 0.04 0.22 0.48 


In Table II the experimental values of at- 
tenuation coefficient at 1.08 Mc/s are listed, 
together with the theoretical ones calculated 
from Eqs. (5), (7) and (9) respectively. The 
sum of the three theoretical values is in 
satisfactory agreement with the experimental 
ones within the limits of accuracy of the ex- 
periment and of the approximations of the 
theories. 

The frequency dependence of the viscous 
loss and internal loss is not so strong as the 
the scattering loss. The viscous loss is pro- 
portional only to half-power of the frequency 
and the frequency dependence of the internal 
loss is smaller than proportional to square of 
the frequency since the viscosity of a high- 
polymeric solid is a decreasing function of 
frequency due to the relaxational effect. At 
high frequencies, therefore, the loss in these 
fashions may be well covered by the scatter- 
ing loss, so the conclusion that the attenua- 
tion at high frequencies can be explained in 
terms of scattering alone may little be in- 
fluenced by taking into consideration the 
viscous and internal loss. 

In the study of viscoelastic behavior or 
high polymers, measurements of dynamic 
bulk modulus and volume viscosity have a 
great significance. The bulk modulus can 
be obtained, as described by Urick,” from 
the measurement of sound velocity in suspen- 


sions of the material to be studied. The 
method used in this research can be employ- 
ed to measure the volume viscosity, if spheri- 
cal particles of the material can be obtained 
in an appropriate radius. 


§10. Conclusion 


Specific conclusions to be drawn from this 
research are the following: 

(1) The attenuation coefficient of sound in 
suspensions depends linearly on the concentra- 
tion of suspended particles in the range of 
concentration up to several percents. 

(2) At high frequencies (ka>0.5), the scat- 
tering and reflection of sound from suspend- 
ed particles are the major causes of attenuation. 
At these frequencies, however, the experi- 
mental value of attenuation lies markedly be- 
low the theoretical one predicted from 
Rayleigh’s equation, which is established for 
ka<l. 

(3) At low frequencies (ka<0.5), the scat- 
tering plays a role of relatively decreasing 
importance and the viscous absorption term 
as well as the loss due to the internal vis- 
cosity of particles must be considered. The 
sum of these three effects gives satisfactory 
agreement with the experiment. 

(4) In the low frequency range where the 
internal loss predominates, the method employ- 
ed in this research can be used to measure 
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the volume viscosity of a solid material. 


§ 11. 
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On the Limit of Superheat 


By Hiromu WAKESHIMA and Kazuo TAKATA 
Kobe University of Mercantile Marine, Kobe 
(Received July 9, 1958) 


A new method of observing the limit of superheat was devised, in 
which small drops of a sample liquid are heated as they rise up in the 
non-soluble heating liquid with a suitable temperature gradient upward. 
Using the method, the limit of superheat was determined, mainly for 


some saturated hydrocarbons and polymethylenes. 


The result was com- 


pared with Doring’s theory of spontaneous bubble formation in super- 


heated liquids. 


The agreement between the theory and experiment was 


satisfactory, which seems to throw some light upon the problem of sur- 
face free energy on the nuclear bubble. 


Introduction 


§ 1. 

The limit of superheat is interesting from 
the standpoint of research on nucleation, be- 
cause the rate of homogeneous nucleation for 
bubble formation can be evaluated theoreti- 
cally in the case of superheat as in the case 
of condensation in supersaturated vapors, so 
far as we assume macroscopic values for the 
surface free energy on the boundaries of 
nuclei. As for reliable experimental facts 


which can be compared with the theoretical 
conclusion, however, only observations by K. 
L. Wismer and his collaborators? have been 
available up to the present. This situation 
may probably be due to the difficulty of ob- 
taining reproducible results, owing to gas ca- 
vities on the wall of the container of the 
liquid in question, which are liable to act as 
sources of heterogeneous nucleation. Recently 
L. Trefethen® has shown that liquids can 
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easily be superheated when they are sur- 
rounded by other liquids. (i.e. they are not 
in contact with solids) But he failed to ob- 
serve the limit of superheat of the liquids he 
investigated, because of his experimental con- 
ditions. Encouraged by his observation, we 
devised a new method of observing the limit, 
by which rather a definite limit of superheat 
has been obtained for some liquids. Here 
will be given the experimental procedure, the 
results obtained and their comparison with the 
expectation from the theory of homogeneous 
nucleation for bubble formation in superheated 
liquids and some discussion on this problem 
will be made. 


§ 2. Experimental Procedure 


The principle of our method is as follows: 
The vertical tube containing the suitable liquid 
which practically does not dissolve a sample 
liquid and which has a larger density and 
sufficiently higher boiling point than that of 
the liquid in question, is heated at the upper 
end and a stable, vertical temperature gradi- 
ent is maintained in the column of the heat- 
ing liquid. Through a small hole on the con- 
tainer of the liquid at the lower end of the 
column, small drops of the specimen is sui- 
tably introduced and the height, at which the 
drops, in rising up the column, reaches the 
the limit of superheat for the liquid and ex- 
plode, is measured. 

Fig. 1 shows the general scheme of the 
equipment used. The container of the heating 
liquid, made with a glass tube of about 35cm 
in length, 2cm in outer diameter, is sur- 
rounded by a brass pipe, 20cm long, 1mm 
thick and of about 2.5cm in outer diameter, 
which is fixed coaxially to the container. The 
pipe has blackened inside and its outside is 
polished. Two vertical slits were suitably cut 
along the pipe, one for illumination of the 
central part of the heating column and the 
other for observation of this part from out- 
side. The upper part of the brass pipe can 
be kept at various constant temperatures, us- 
ing the electric heater wound up on the pipe 
and supplied by a stabilized power source. 
The heating column with the brass pipe out- 
side, is enclosed air tight in another coaxial 
glass tube, of about 3.5cm in diameter, the 
lower end of which is closed with a metallic 
hollow stopper, and the space between the 
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two glass tubes is evacuated, in order to 
prevent heat conduction radial to the heating 
column. Water at constant temperature from 
a big reservoir flows inside the stopper at 
constant speed, controlled by the overflow de- 
vice. The heating liquid is sucked up by a 
suction pump, from the beaker through a 
small hole, of about 1mm in diameter, into 
the container until its surface is raised some- 
what above the heater. To keep the height 
of the surface constant, the air leak is effec- 
tively used, together with the large flask and 
the narrow capillary tube, inserted between 
the container and the suction pump. When 
the current through the heater and the height 
of the heating liquid column remain un- 
changed, we can maintain in the heating 
column a stable temperature slope, e.g. from 
about 250°C down to room temperature, as 
we confirmed it using a thermo-couple. The 
guide tube, made of glass, is to guide the 
sample droplets below the hole of the con- 
tainer. To produce small drops of a sample 
liquid, the latter was poured into the guide 
tube about one centimetre thick over the 
heating liquid and then a small quantity of 
either the heating liquid or the specimen was 
injected, with a syringe having a glass noz- 
zle, against the interface between the sample 
and the heating liquids. After a little preli- 
minary exercise, we could manage to let drops 
of suitable sizes (usually about 20 u to 2004 
in diameter) leak out of the nozzle of the 
guide tube, to such a degree that some of the 
drops occasionally passed through the hole 
into the container of the heating liquid. The 
drops, in rising up the heating column, are 
illuminated against dark back-ground by a 
lamp and a cylindrical lens and are observed 
directly with naked eyes or through a catheto- 
meter when it is needed. In order to know 
the size of droplets, the time required by 
droplets to ascend a definite distance was 
measured with a stop-watch and the radii of 
the droplets were calculated, using Stoke’s 
law of resistance for a liquid sphere moving 
uniformly in stagnant fluid. When the drop- 
let reaches the superheat limit and vaporize 
in an instant, it suddenly lights up brighter 
with a small cracking sound and begins to 
ascend faster than before. So we can easily 
locate the point of explosion. 

The materials, of which we investigated the 
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limit of superheat, were mostly saturated hy- 
drocarbons and polymethylenes of the highest 
quality, purified by Phillip Petrolium Company 
or Maruzen Petrolium Company. Namely the 
purity of n-pentane, n-hexane, isopentane, cy- 
clopentane and methylcyclopentane supplied 
by Phillip Petrolium Company was between 
99.99 to 99.67 in mol-percent, while n-heptane 
and cyclohexane specimens were distilled by 
Research Institute of Maruzen Company, 
within the temperature range less than 0.1°C. 
The corresponding heating liquid was pure 
sulfuric acid. We also made investigation on 


ethyl ether of extra pure grade obtainable on 
the market. As for the heating liquid in this 
case, glycerin and ethylene glycol were used. 


§3. Experimental Results and Comparison 
* with Theory 


The most remarkable fact observed thus 
far was that the limit of superheat was pretty 
definite. Especially in cases of saturated hy- 
drocarbons and polymethylenes in sulfuric 
acid, almost all of about fifty observed drop- 
lets in each case exploded within narrow 
ranges of about 1mm width, irrespective of 
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the size of drops. (in most cases the largest 
was almost hundred times the smallest in 
volume) In the cases of ethyl ether in glyce- 
rin and ethylene glycol, though the majority 
of droplets exploded at first within a rather 
narrow range of few millimetres, there were 
undoubtedly some which exploded prematurely 
without any apparent reason. And, possibly 
because of the slight solubility of ether in 
these heating liquids, the condition in the 
column seemed to change as the specimen 
drops were sent into the heated container for 
some time; by and by there appeared droplets 
which did not show any sign of superheating. 
Larger viscosity of, and the solubility in, the 
heating liquids compelled us to work with 
larger drops in these cases (~0.6 mm in dia- 
meter), which fact caused difficulties and might 
have led to various errors. 

In the following Table I, will be listed boil- 
ing points, explosion temperatures and the 


Table I. 

: . expl. limit of superheat 
Material boil. p. temp. exper. theoret. 
n-pentane 36:13., 1146? 110° 110.4° 
n-hexane GS. Te, Lat 113° 111.6° 
n-heptane On AS 2) i 113° 114.4° 
isopentane 2h.8° 136. 110°(107°) 109.3° 
cyclopentane 49.3° 180° Toe 128.4. 
methylcyclo- ° ° ° ° 

pentaine 71.8 200 128 12532 
cyclohexane Bis 1°¢ e263 135° 138 .2° 
ethyl ether S4ch° , nea 112°(108°) 109.4° 


corresponding limits of superheat obtained in 
this experiment, together with the theoretical 
conclusion according to Doéring’s formula which 
will be explained afterwards. Values observed 
by Wismer are also given in bracket for com- 
parison. 
In calculating superheat limits theoretically, 
the formula given by W. Doring 
J=Zie-"*" {60/(3—b)xm}/? 

x exp {—16x0*/3kT( px—pi)*} CL) 
was used, where / denotes the time rate of 
homogeneous nucleation in a droplet contain- 
ing Zi molecules. As for the size of droplet, 
we adopted in this calculation the value 0.1 
mm for the diameter. A means the heat of 
vaporization per molecule, o the surface ten- 
sion and m the molecular mass of the liquid 
in question. 6 stands for (px—f1)/px, in which 
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pe and fi represent the pressure inside the 
nuclear bubble and that acting upon the bub- 
ble from outside respectively. k and T have 
the usual meaning. The limit of superheat is 
supposed to be corresponding to the tempera- 
ture at which J=1; this assumption will be 
permissible in view of the extremely great 
dependence of j/-value on the temperature, as 
will be seen from Table II which shows an 
example of such a relation. (n-pentane) 


Table II. 
Temperature J-value 
140°C 6.37 x 10-25 
145°C 2.39 x 10-4 
150°C 5.89 x 107 


Values of physical constants necessary for 
the calculation refer to those given in “ Inter- 
national Critical Table”, “ Timmerman’s Phy- 
sico-Chemical Constant of Pure Organic Com- 
pounds” and others?. Specifically, values of 
surface tension for the liquids in the tempera- 
ture range near the explosion temperatures, 
which are most relevant to the limit as will 
be discussed later, and yet which are not given 
in any literature, were calculated using Kata- 
yama’s formula for the temperature depend- 
ence of surface tension”, from the values at 
lower temperatures. 


§4. Discussions 


In estimating the experimental errors for 
the determination of superheat limits, we have 
to take into account various factors. Though 
the spots at which droplets explode can be 
located within the error of a few tenth milli- 
metres, assigning a temperature to each ex- 
ploding droplet is open to some sources of 
errors. 

First, the explosion of a droplet and the 
rapid rise of the bubble thereafter might be 
suspected, inevitably to disturb the tempera- 
ture distribution of the surroundings which 
would influence the next explosion. Neverthe- 
less, for the tiny droplets used in our experi- 
ment where one explosion took place after the 
interval of at least thirty to forty seconds 
from the preceding one, this kind of influence 
is neglisible. That the location of explosion 
did not disperse for a given condition shows 
this facts. . 

Second, in the preliminary measurement of 
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the temperature distribution in the heating 
column, we had to insert the thermo-couple 
along the axis of the column from above, i.e. 
along the slope of temperature, because of 
the structure of our apparatus. We noticed 
that this condition possibly brings about a 
serious error in the determination of tempera- 
ture at the spot of thermo-junction, unless a 
thin couple with a larger joint than a usual 
one is not used. We used a thermo-couple 
consisting of a constantan wire of 0.3mm in 
width and a copper wire 0.15mm wide co- 
vered with a glass capillary, and having at 
the junction a copper ball, about 1mm in dia- 
meter. When this couple, enclosed in a thin 
glass tube, was put in reverse directions in 
the heating column (in a similar column as the 
one used in the main experiment, but which 
was made to permit the couple to be inserted 
from the bottom as well as from the top), it 
showed temperature differences of 2°~3°C, 
according to the magnitude of temperature 
gradient in the surrounding liquid column. 
From these differences we evaluated the ne- 
cessary correction to the temperature mea- 
sured. 

Third, the temperature of rising drops might 
be somewhat lower than that of the surround- 
ings. It would be difficult to calculate the 
lag of temperature rise vigorously. Ina rough 
estimation of its order of magnitude, we neg- 
lected the heat conduction inside the droplet 
and assumed a stationary heat flow outside 
of, and spherically symmetric to, the droplet, 
corresponding to the temperature difference 
between the droplet and the point distant from 
it. Then it is easy to derive a formula 40 
=(77/3n)av where 7, «, a and v denote the 
radius of the droplet, the thermal diffusivity, 
the temperature gradient and the rising speed 
of droplet respectively. For the condition in 
this experiment, 49 came out to be of the 
order of magnitude a few tenth degrees centi- 
grade. (except for the case of ethyl ether) 

In short, considering various factors men- 
tioned above, we have estimated the error 
for the cases of saturated hydrocarbons and 
polymethylenes to be about 1°C and that for 
the case of ethyl ether not much larger than 
o°C, 

As for the theoretical values, we cannot 
estimate the limit of error for sure. Parti- 
culary we are not certain how accurate Ka- 
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tayama’s formula is in predicting surface ten- | 
sion at higher temperatures in question here. 
Judging from the dispersion of extrapolated || 
values when reference surface tensions at dif- || 
ferent sets of temperatures were used, we |} 
are not likely to be free from errors less than |} 
a few percent in the values of surface ten- 
sion. Then our theoretical values might have ) 
errors of one or two degrees at least. 

Now the question might be raised whether 
the limits of superheat we observed actually 
correspond to the spontaneous formation of 
bubbles in the liquid themselves, i.e. to the 
homogeneous nucleation, or the bubble forma- 
tion took place on the boundary of droplets, 
namely it corresponds to the heterogeneous 
nucleation. In this connection it is interesting 
to notice the agreement of our result for iso- 
pentane with that given by Wismer. The 
fact that these two cases were in good accord- 
ance, in spite of very different nature of the 
boundaries of the specimen, seems to indicate 
clearly that the explosion of droplets was due 
to bubble formation by homogeneous nuclea- 
tion. In evitable existence in this experiment, 
of motes and dissolved molecules of ambient 
liquid in the droplets was not likely to have 
conspicuous influence upon the superheat limit, 
as such a conclusion was already drawn by 
Wismer. 

If all the limits of superheat observed in 
this experiment actually correspond to the 
homogeneous nucleation, then the remarkable 
agreement between the observed limits and 
the calculated, shown in Table I, gives another 
strong evidence that Doring’s theory is ap- 
plicable to the spontaneous bubble formation 
in superheated liquids, in spite of the difficulty 
of a bubble model of nucleus from statistical 
mechanical point of view. (for bubbles of the 
order of magnitude 10-7cm in diameter) 
Moreover, it means, at least for the liquids 
investigated here, surface free energy on the 
boundaries of nuclear bubbles does not differ 
much from that of the macroscopic vapor- 
liqtiid boundaries. Because, according to the 
calculation mentioned above, the change of 
five percent of surface tension corresponds to 
the change of one to two degrees centigrade 
of the superheat limit, i.e. to the limit of er- 
ror for observation as well as calculation. 
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J. PHys. Soc. JAPAN 13 (1958) 1404 
Etch Pits of Sb Single Crystals 


By Jiro SHIGETA and Makoto HIRAMATSU 


Department of Physics, Okayama 
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(Received July 25, 1958) 


Chemical as well as thermal etch pits of Sb 
single crystals prepared by zone-melting were 
studied in connection with dislocations. The Sb 
ingot used is analysed as 99.42 wt. % Sb, 0.225 
S, 0.025 Cu, 0.006 Bi, 0.022 As, 0.192 Fe and 
only a trace of Zn. Cleavage faces of Sb single 
crystals were etched by etching reagent (consisted 
of 10g FeCl3, 30cc HCl and 120cc H,O) at tem- 
peratures from 25 to 45°C for one to several 
minutes. The density of etch pits ranges from ca. 
1x108 to ca. 2x107/cm?, the latter of which cor- 
responds to heavily strained crystals. 

At the initial stage of etching the shape of each 
pit is a shallow regular-trigonal-pyramid and the 
progress of etching causes the following peculiar 
changes in each pit: the eccentricity of the pit- 
core, the formation of irregular pit contours and 
the growth of steps on pit sides. In an electron 
micrograph the shape of each pit-core is a simply 
conical dimple without any particular structure. 

#1. When a cleavage face of a single crystal is 
etched progressively, the site of each pit is almost 
fixed throughout the whole etching period. Fur- 
ther, when the originally etched cleavage face is 
cleaved off by the thickness of about 20 and the 


(b) 
Etch pits closely matched on opposite 
sides of a cleft Sb single crystal (both normal 


(a) 
Big. 1. 


printing). 125. 
renewed cleavage face is etched afresh, etch pits 
on both cleavage faces correspond to one another. 


These facts indicate that through each etch pit a 


line singularity particularly sensitive to etching — 


continues into the crystal. 

#2. The etch pits can be closely matched on 
the pair of separated faces of a cleft crystal as 
shown in Fig. 1. 

#3. A single crystal, annealed at 520°C for 
several to several tens hours, reveals regular etch- 
pit arrays on sub-boundaries. 

#4. The etching of a cleavage face previously 
scratched quickly and finely by a steel needle re- 
veals, besides incidental pits, etch-pit arrays lined 
up on many straight lines parallel to <110> direc- 
tions. The similar etch-pit arrays can be observed 
frequently on cleavage faces of Sb single crystals 
bended or pressed. 

#5. When a cleavage face of a single crystal 
is thermally etched at ca. 400°C in vacuum of 
10-2 to 10-4mm Hg for several minutes, fairly 
well defined etch pit or etch-pit arrays can be 
observed as well. Etch-pit arrays thus revealed on 
sub-boundaries by thermal and chemical etching 
correspond qualitatively to one another, while 
quantitatively the etch pit density of the former is 
far lower than that of the latter. 

These experimental results #1~4 suggest that 
chemical etch pits thus developed on cleavage faces 
of Sb single crystals are due to dislocations 
emerging from the grains and one to one corres- 
pondence between dislocations and etch pits may 
be expected. Thus, by means of chemical etch 
pits it is possible to observe the distribution of 
dislocations in Sb single crystals. On the other 
hand, the result of thermal etching #5 seems to 
show that thermal etch technique such as reported 
by Hendrickson and MachlinY cannot be applied 
successfully to Sb single crystals because of its 
high vapour pressure at high temperature). 
Details of this investigation will be published later 
elsewhere. 

The authors wish to express their gratitude to 
Professor Sho Yoshida for his valuable discussions. 
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Molecular Collisions in the Two- 
Dimensional Gases 


By Kazuo TAKAYANAGI 


Department of Physics, 
Sattama University, Urawa 


(Received September 29, 1958) 


Gases adsorbed on the surface of liquid or solid 
are often treated as two-dimensional gases. Espe- 
cially for the van der Waals adsorption, this sim- 
plified treatment has been found fruitfulY. Thus 
it may be worth studying the collision processes 
in the two-dimensional space. 

The probability of scattering in the central force 
potential V(7) can be calculated just as in the 
three-dimensional case. The Schrédinger equation 
in terms of the polar coordinates is (in the centre- 
of-gravity system) 

{ —(A2/2u72)(r2. 02/072+-7 -0/0r + 02/002) 
+V(r)}¢=Ee , (1) 
where H=72k2/2u is the energy of the system, p 
the reduced mass. For the adsorbed gas, it may 
be necessary to use effective molecular masses*. 
We can obtain the solution of (1) in the form 
R(r)e(e), where @(0) is sinmé or cosmée, m=0, +1, 
+2,---. R(r) is obtained by solving 
{r2.d2/dr2+r-d/dr+(kr2—m?*)} R(r) 
=2uh-rV(r)R(r) . (2) 
For V=0, the proper solution is given by the Bes- 
sel function Jm(kr). 

Now we must obtain the solution of (1) with the 

asymptotic form 
o~exp (ikr cos 6)+ f(0) exp (ikr)/Y yr . Co) 


dQ =| (e)|2d@ is of dimension of the length and is 
the differential cross section in the two-dimensional 
collision. By making use of the well known ex- 
pansion 


exp (ikr cos 0)= >) 2” Emdm(kr) cos me , 
m=0 


Em=2—Omo ; 
we can easily obtain 
g= > I™emY Qin EXP (tOm)Rm(r) cosmo, (4) 
m=0 
where Rm(7) is the proper solution of (2) with the 
asymptotic form 
cos (kr —mn/2—nr/4+0m)/V ker - 


The amplitude of the scattered wave is given by 


* This was pointed out by Prof. T. Kihara (Uni- 
versity of Tokyo), whom the author wishes to thank 
for discussions, 
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Sf (0)=W2)ak exp(in/4) ) em exp(idm) sin Om cos me , 
m 
(5) 
so that the total scattering cross section is 


Q= |" F@Pdo=C4Me) Bem sin? in (6) 


The phase shifts Om is easily calculated for the 
uniform potential hole as well as for the uniform 
potential barrier. For the rigid spheres with radius 
a, the phases are simply given by tan dm=edin(ka) 
/[Nn(ka), where Nm(z) is the Neumann function. 

The Virial coefficients for the two-dimensional 
gas have been studied by Kihara» using a simpli- 
fied intermolecular potential function. 

Kinetic theory of the two-dimensional gases is 
developed along the same line as in the three- 
dimensional case. Maxwellian distribution in the 
two-dimensional case is of the form 


(nM/2xenT) exp (— Mv?/2nT)dv , 
where « is the Boltzmann constant, M the molecular 
mass, and other notations as usual. Transport co- 
efficients are also obtained without difficulty. 
Among others the diffusion coefficient of the binary 
mixture is given by 
Dij= (eT /2nui3)/Aij (7) 
where m is the total number density, m;; is the 
reduced mass of the colliding pair and 


Au=VeTTng|, ex? (—7)Qo(7)dr 


In the integral 
14 
P= nginx, Qn=| (1-cos 0) | f(0)2d0 , 
-« 


and gi; is the relative incident velocity. Substitu- 
tion of (5) into the last expression gives 


as (4k): sin? (en eeit 
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A Note on the Magnetoresistance Effect of 
Strain Gauge Wire 


By Hideo TAKAKI and Toshiro TsuJI* 


. Department of Chemistry Faculty of 
Science, Kyoto University 
(Received July 31, 1958) 


As previously describedY the strain gauge of 
constantan (Ni 45%, Cu 55%) has a notable mag- 
netoresistance effect. The electrical conductivity 
increases in the presence of magnetic field, while 
that of non-magnetic metals decreases with magnetic 
field. The temperature dependence of the magne- 
toresistance effect of the strain gauge wire is re- 
ported in this short note. 

The method of measurement of the electrical re- 
sistance was the same as in the case of magneto- 
striction. The strain gauge bonded on copper strip 
was placed in magnetic fields. Copper has no mag- 
netostriction so that only the change in electrical 
resistance of the gauge can be measured. To mea- 
sure the magnetorsistance the method of using such 
a fine wire is very effective because of its high 
electrical resistivity. 


The results obtained are shown in Fig. 1. At a 
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Fig. 1. Magnetoresistance effect of Constantan 
strain gauge at various temperatures. 


constant temperature all the measured point fall on 
the parabolla described by 


(1) 
k being a constant. The material used is ferro- 
magnetic below 60°K. The tendency that the con- 
ductivity increases with magnetic field can there- 
fore be considered to be the magnetoresistance ef- 
fect of ferromagnetic metal above the Curie point. 
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We may assume that the above relation (1) can be 
analytically described by the following equation, 

AR C \ 
where k’ is a constant and JZ is equal to the effec- 
tive magnetization above the Curie point. In Fig. 
2 the inverse square root of —(4R/R)/H? versus — 
absolute temperature was plotted. The plotted || 
points composed a straight line. The Curie point | 
is determined from the intersecting point of the — 
straight line and the abscissa. We see a close 
agreement between the value thus obtained and | 
that found by other methods. 

Gerlach and Schneiderhan2) measured the mag- 
netoresistance of nickel near the Curie point and con- 
cluded that the decrease of electrical resistance 
with external field was proportional to the square 
of. effective magnetization. Our results coincide 


r 
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Fig. 2. Temperature dependence of magnetore- 
sistance effect. 
H/Y —A R/R varies linearly with (T~e). 
well with their conclusion. 

Large magnetoresistance effect causes the error 
in the measurement of magnetostriction. At room 
temperature the magnetoresistance effect of the ac- 
tive gauge on ferromagnetic sample is cancelled 
out by that of the dummy gauge. At the tempera- 
ture of the boiling point of oxygen magnetoresist- 
ance effect of both gauges is too large to be com- 
pensated. The error is due to the difference of 
magnetic fields which act on two gauges. Actually 
the difference is inevitable because of the demag- 
netizing field on the sample. The difference be- 
tween active and dummy gauges in these effects is 
described as follows, 


4R AR 

oer leary a =~_ et 3. 
( R ex * estat hg “hia cir : (3) 
where —NI denotes the demagnetizing field. This 
difference is positive in higher fields. Consequently 


the positive error is expected to intermix in the 
value of forced magnetostriction. 


x!0® 
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A Certain Anomalous Behavior of 
Iron Sulfides 


By Miyuki MURAKAMI and Eiji HIRAHARA 


Department of Physics, Faculty of Science, 
Tohoku University, Sendai, Japan 


(Received September 4, 1958) 


We have experimentally studied the anisotropies 
of magnetic and electrical properties of iron sulfide 
single crystal). We have recently found an a- 
nomalous behavior of susceptibility at a temperature 
somewhat lower than Jy (the temperature of a- 
transformation) on a cooling process. 

The temperature dependences of susceptibility of 
single crystal on heating are shown by solid lines 
in Fig. 1. The curves 1 and 2 are those of the 


Xmxlos 
3OFCe.mud 


20} 


CC/H) 


fe) 100 oo 400 


a ee coo” 

Fig. 1. The temperature dependence of suscep- 
tibility of the single crystalline sample. The 
solid lines are heating curves, and the dotted 
lines cooling curves. 


cases the external magnetic field is applied in paral- 
lel and in perpendicular to the c-axis of crystal, 
respectively. The sample being cooled along curve 
2 from a temperature above Ty, a large peak of 
susceptibility has been observed at 110°C with a 
temperature width of about 15°C as shown by dotted 
lines in Fig. 1. On the other hand, the sample be- 
ing cooled along curve 1, the susceptibility starts 
to fall at a temperature rather lower than Ty, and 
exhibits two steps before it settles down to the 
normal value. The temperature at which the 
anomaly occurs seems to shift lower with the rate 
of cooling. The results using of a polycrystalline 
sample have been observed as shown in Fig. 2, 
which should be anticipated from the results of 
single crystal sample. 

However, so far no clear explanation of the a- 
nomalous behavior have been obtained, it may be 
provisionally understood as follows. According to 
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Fig. 2. The temperature dependence of suscep- 
tibility of the polycrystalline sample. The solid 
line is heating curve, and the dotted line cool- 
ing curve. 


the X-ray measurements”), the stoichiometric iron 
sulfide contracts abruptly along c-axis on heating. 
We have been also observed the same results by 
using of a interferential dilatometer, and observed 
a hysteresis phenomenon on cooling. Connecting 
with the hysteresis phenomenon of lattice, we as- 
sume a change of exchange energy on the cooling 
process take place at a temperature lower than Ty, 
but a change of anisotropy energy just at Ty. Ac- 
cording to our previous works), the preferred di- 
rection of spins is on c-plane at the temperatures 
above Ju, and is along c-axis below Ty. When the 
sample is cooled along curve 2, the susceptibility 
abruptly increases with the change of anisotropy 
energy at Ty, and after that it decreased to the 
normal value because of the increase of exchange 
energy. When the sample is cooled along curve 1, 
although the change of anisotropy energy takes 
place at Ty the susceptibility would keep a con- 
siderable value because of the small value of ex- 
change energy, and then, it starts to decrease after 
the increase of exchange energy. 

The studies of these anomalous behavior seem to 
give a light to an elucidation for the nature of a- 
transformation, and so they have been required the 
more detailed measurements, which will be soon 
*reported on another paper by the one of authors. 
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On the Mechanical Loss of Polyethylene 


By Yasaku WADA 
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During the past several years many reports!-14) 
have been published on the temperature variation 
of dynamic mechanical loss factor of polyethylene 
and it has been quite firmly established that for 
branched polyethylene there exist three loss peaks 
below the melting point. It is customary to label 
these peaks as a, 8 and 7 descending from higher 
temperatures. For unbranched polyethylene, i.e. 
polyethylene of high crystallinity, it has been ob- 
served’:9,11) that the a peak shifts to high tempera- 
tures, the @ disappears and the + remains unchanged. 
The whole set of these investigations covers the 
frequency range from 10-1! to 107cps and makes it 


Short Notes 


(Vol. 13, 


possible to illustrate the “transition map”, which 
is presented in this short note. 

Fig. 1 represents this transition map, giving the 
frequency used in the measurement in logarithmic 
scale against the reciprocal of absolute temperature 
of observed loss maxima. 
side each point refer to the reference at the end of 
this note. 


While each observed point in Fig. 1 has been ob- | 


tained by use of different specimens and different 


modes of vibration, almost all the points lie near | 


a straight line for each transition respectively. A 
large deviation from the line is found only in the 
data of Schmieder-Wolf and Butta. Neglecting 
these exceptions, the gradient of the lines gives 
apparent activation energy of 40, 30 and 9 kcal/mol 
for a, 8 and 7 transitions respectively. For the a 
transition the data are still too scanty for the pre- 
cise evaluation of activation energy. 

The discussion about the molecular mechanism 
associated with these loss peaks is beyond the scope 
of this short note. 


TEMPERATURE (°C) 


200 I50 100 50 O 1530) =o) —-[00=—ll0». Ft20-—130 
ia “ai SFL! i is T T T T T 
o! ae 
rod hs “S 2 { © BRANCHED POLYETHYLENE 
ee 9 9 @ UNBRANCHED POLYETHYLENE 
Qk 9 
IO ce? | 


Fig. 1. 


aa 
Y O 
° ¥ 
Ve) 
: 
Oo 
Ze 
Lu P = 8 l2 
a Q 
e) I200) 5 * 
uJ 0 
jae 4a 
(ie \ e 
° 2 
eg = 
4 5 6 Zz 
VRAIS sCheS 


Relation between temperature of mechanical loss maxima and frequency of measurement 


for branched and unbranched polyethylene. (* above this temperature) 


In Fig. 1, numbers be- | 


~~ — 


1958) 


References 


1) W. P. Mason and H. J. McSkimin: 
Tech). 2k. (1952)- 112. 

2) K. Schmieder and K. Wolf: 
(1953) 149. 

3) L. Nielsen: J. Appl. Phys. 25 (1954) 1207. 

4) W. G. Oakes and D. W. Robinson: J. Polym. 
Sci. 14 (1954) 505. 

5) J. A. Sauer and D. E. Kline: 
491. 

6) Y. Wada: J. Appl. Phys. Japan 24 (1955) 287. 

7) Y. Wada and K. Yamamoto: J. Phys. Soc. 
Japan 11 (1956) 887. 

8) D.E. Kline, J. A. Sauer and A. E. Woodward: 
J. Polym. Sci. 22 (1956) 455. 


Bell Sys. 


Kolloid-Z. 134 


ibid. 18 (1955) 


9) Y. Maeda: J. Polym. Chem. Japan 14 (1957) 
442. 
10) I. G. Michailov and V. A. Soloview: Akust. 


Zh. sb Looe), Go. 

E. Butta: J. Polym. Sci. 25 (1957) 239. 

N. Fuschillo and J. A. Sauer: J. Appl. Phys. 
28 (1957) 1073. 

Y. Wada and H. Hirose: 
27 (1958) No. 11. 

S. P. Kabin: Zhur. Tekh. Fiz. 26 (1956) 2628, 
J. Tech. Phys. 1 (1957) 2542. 


J. Appl. Phys. Japan 


J. Puys. Soc. JAPAN 13 (1958) 1409~1410 


Study on the Correlation between the Noise 
by Hole Generation and Surface Recombi- 
nation Velocity at Ge Fused Junction 


By Kiichi KOMATSUBARA 
Semiconductor Dep. Kobe Kogyo Corporation 
(Received September 8, 1958) 


The effects of surrounding atmospheres upon the 
saturation current, Js, and the mean square short 
circuit noise current of collector junction of Ge 
fused p—n—p transistor were measured, and the 
correlation between surface recombination velocity 
and the G—R noise was studied. The junction was 
biased at 1V reversely when its noise was mea- 
sured, and was put in vaccum or some ambient 
gases, Ov, Nz, Hy. The values of surface recom- 
bination velocity, S, were calculated from the 
Websters equation of saturation current”, 


Is=nqpoS{2(a+ Ap)? +(a?+c?)} . 1) 
By differentiation, it gives 
Tq; dS __ (a2 —c?) +4arpt+2Ap (2) 
dIg Ss (a?'—c*)+-2adp 


In the present case, collector dia. 2a was 1.25mm, ~ 


emitter dia. 2c was 0.8mm, and base width w was 
0.145 mm, respectively, and the value of diffusion 
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length 2» was assumed to be 0.025 mm (s=522 cm 
/sec). 
Then, above equations become 


:=3.3 uA, 
and 
dS al 
g alo F (4) 


The shape of alloy junction cross section of the 
used transistor was observed after measurements. 
This junction was nearly perfect, and the surface 
condition of the junction seemed sufficiently good 
since the value of J; at the voltage between 0.5 to 
10 volt was similar to calculated value from equa- 
tion (3), This suggests that the surface leakage 
current can be neglected, so the reverse current 
at 1V is only diffusion current of holes generated 
near the junction, and this means the noise gen- 
erated in this case is originated by hole generation, 
i.e., G—R noise, (N;). The noise spectrum mea- 
sured at 1V reversely biased voltage is shown in 


Fig. 1. This spectrum has no indication of 1/f 
A TVs 
cAd) 1.4x10** (AMPYcycle 
100 ] 
10 
| 
Pi Ol l IO. 100 KC. 
Frequency 
Fig. 1. Noise spectrums of fused p-m junction 


with various atmospheres at IV reverse bias. 
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Fig. 2. Correlations between sand Nr/Is. 


1410 Short Notes (Vol. 13, 


Table I. The measured value of Zs, N; with reverse bias of 1V and center frequency of 1. K.C. and 
20°C, S is estimated value from Js. A: with thin oxide layer. B: with thick oxide layer. 


A B 
H, Oz Vac. Nz Vac. Ne Oz | H, / | 
I; x 10-® ampere 3.0 2.3 bes Diet 5.0 2.8 1.8 2.0 
Sx 522 cm/sec. 0.88 0.66 0.27 0.26 1.82 Ouvl 0.27 0.38 
N; x 1.4 x 10-4 (ampere)s/cycle eel 6.0 94 bs 3.0 5.0 9.0 8.0 
N,/Is x 1.4 x 10-29 ampere/cycle 1.0 2a 5.6 6.0 0.6 1.8 5.0 4.0 


noise component at 1KC. In Table I there are 
presented the data of Z; and N, measured in vari- 
ous atomspheres as 1V reverse voltage and center 
frequency of 1K.C. and S estimated from Eq. (4). 
A and B are obtained from the same sample with 
different surface treatment to give the appreciable 
thickness of oxide layer before each measurement. 
Fig. 3 is the correlation between S and N,/J; and 
is represented by 

N,=CIsS-£ , (5) 
where C and Z are constants, and the value of Z 
in Fig. 2 are 1~1.5. The G—f#& noise in germa- 
nium bar is a function of square of current flowing 
througn crystal), but equation (5) may be able to 
be explained, in the case of alloy type germanium 
P-—WN junction with small value of reverse bias 
voltage, as it is assumed that the noise may be 
caused by the fluctuation of the minority carriers 
generated on effective area for generation, and the 
fluctuation by the conductivity modulation by the 
variation of surface potential may not be contributed 
to the G—R noise (at this case, wrp<1). 
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On RF Electrodeless Discharges in 
a Capillary 


By Shigeo TAKEMOTO 
Department of Physics, Tohoku University 
Mineo KAsal 
Tohoku Electric Power Company 
(Received August 18, 1958) 


Electrodeless discharges in high-frequency fields, 
from 30 Mc to 100 Mc, have been investigated. The 


experimental configurations are shown in Fig. 1(a) 
and (b). The dumb-bell shaped discharge tubes 
made of hard glass and of fused silica were pre- 
pared, the spheres of about 50 mm in diameter were 
connected by a capillary, which is 0.1~1mm in 
diameter and about 15mm in length. The follow- 
ing phenomena were found at the pressure of about 
10-2~10-4 mm Hg. 

(1) When discharge tube was placed parallel to 
the electric field of the condenser, discharge through 
the capillary, with bright luminescence, was found, 
as shown in Phot. l(a). If the capillary was smal- 


(a) (b) (a) (b) 
Fig. 1. ; Phot. 1. 


ler than 0.1 mm in diameter, the long slender beems 
from the capillary extended to the ends of both 
spheres, and plasma density was so high that the 
inside of the capillary made of hard glass was 
damaged with many cracks in a few tenth of second. 
And we were able to get long term discharge only 
by a tube made of fused silica. 

(2) When the tubes were placed parallel to the 
magnetic field of the condenser, only faint lumi- 
nescence in the spheres and no discharge in the 
capillary were found, as shown in Phot. 1(b). 


We believe the former type of discharge to be 
quite useful for light source and ion source. We 
are going to study the deutron ion source of this 
type. 


= — 
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Dichroism of Color Centers in KCl Crystal 


By Takehiko IsHm, Tetsuhiko TomIKkI 
and Masayasu UETA 


Department of Physics, The Faculty of 
Science, Tohoku University, 
Sendai, Japan 


(Received September 5, 1958) 


Many authors” have studied the dichroic proper- 
ties of color centers in alkali halide crystals by 
means of both absorption and emission spectra. 
Recently, Kuwabara and Misu2 observed that the 
absorption coefficient of the M band measured with 
light polarized along the [011] direction (denoted as 
Ajouy for brevity) decreased but Afoiy remained 
constant, when the M band was bleached with light 
polarized along the [011] direction, and pointed out 
the discrepancy with the earlier results by one of 
the present authors. We considered that this dif- 
ference may have been caused by the dependence 
on the crystal temperature, and studied the thermal 
effects on the bleaching processes of M centers with 
polarized light. The dichroic properties of other 
centers were also measured. 

F' centers were formed as usual by heating KCl 
crystal with potassium metal (M absorption was 
detected slightly). The crystal was irradiated with 
monochromatic light (A=560 mz, slit width=5 mz) 
polarized along [011] at room temperature in such 
a way as to produce only M centers. In this case, 
the dichroism in the # and M bands were negli- 
gible. Observations were made at the temperatures 
0°C, 27°C, 63°C, 83°C and 100°C for the dichroic 
behaviors in the F', M and RF bands in the course 
of irradiation with M light (A=820mzpz, slit width 
=40mp) polarized along the [011] direction. Un- 
less otherwise stated, M centers were bleached with 
this polarized light throughout these experiments. 

The results are summarized as follows: 

i) 27°C: For brevity, we define the degree of 
dichroism as D=(Aponj—Afo1})/(Apnj+Apou). As 
the bleaching of M centers proceeded, Ajj, de- 
creased, while Ajfz,; did not change as shown in 
Fig. la, and the dichroism appeared in the # and 
R bands. This dichroic behavior of M centers 
corresponds to the results by Kuwabara et. al”). 
In this case, Dr <0, Dr>0O and Dy >0 were 
obtained. Subsequent irradiation with light (A= 
560 mp, slit width=5 mvp) polarized along the [011] 
direction made Dy tend to zero from its negative 
value and made Dy and Dz tend to zero from their 
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shoulder band appeared at the shorter wavelength 
side (A<550myz) of the F-peak. This shoulder 
was also observed when the crystal containing only 
F centers was bleached with F light polarized along 


the [011] (or [011]) direction. This fine structure 
of the # band may correspond to the luminescence 
excitation doublet in the # band found independ- 
ently by Kuwabara and Misu®). 


Bleaching Time for O°C 
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Fig. 1. Variation of absorption coefficients of the 


M-band for light polarized in the [011] and [011] 


directions when the M-band was bleached with 
light polarized in [011] direction at different 
temperatures of 0°, 27°, 63°, and 83°C. 


ii) O°C: It was more difficult to bleach the M 
band at this temperature than at room temperature. 
When the crystal was illuminated with polarized M 
light, Aji; decreased and Affj,; increased. (cf. Fig. 
Ib). 

iii) 63°C and 83°C: Both Aff, and Affr, de- 
creased on irradiation with polarized M light as 
shown in Figs. lc and 1d. These results will cor- 
respond to our early reportY. The degree of di- 
chroism either remained nearly constant or de- 
creased slightly when the crystal was kept in the 
dark for several hours at these temperatures. The 
absorption did not change in the wavelength region 
of the R band during these experiments and the 
shoulder just described could not be detected in the 


positive values, and then changed their signs re- ( F band. 


spectively. In the case of irradiation with F light: 


polarized along [011], these reversals of signs did2 


not occur. During the course of this F’-bleach, a 


iv) 100°C: In the similar bleaching experiment, 
the dichroism of the M band could not be found 
after the bleaching time of 5 minutes. Though it 
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could be produced by bleaching the # band with 
polarized light, it was very small and unstable 
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100 (1955) 753. 


C. Z. van Doorn: Phil. Res. Repts. 12 (1957) 


thermally. The critical temperature, at which it 309. 
vanishes thermally, lies probably in the vicinity of J. Lambe and W. D. Compton: Phys. Rev. 106 
100°C. (1957) 684. 
These facts may probably be the evidence that H. Kanzaki: Phys. Rev. 110 (1958) 1063. 
the dichroic behaviors of the M band are severely 2) G. Kuwabara and A. Misu: J. Phys. Soc. Japan 
affected thermally and that the dichroism is related 13 (1958) 1038. 
not only with the reorientation of symmetry axes 3) G. Kuwabara and A. Misu: J. Phys. Soc. Japan | 
of M centers in their excited states, but also with 13 (1958) 1067. 
the ionic motions. The experiment is now being 
extended to lower temperatures. 
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Eq. (11), page 652, | 


Caption of Fig. 7, page 964, should read: 


On the Anomalous Structure of a-AglI 


By Sadao HOSHINO 
J. Phys. Soc. Japan 12 (1957) 315 
left column, line 4 to 5 


01/8 1/8 ©, 07/8 7/8 OQ; 
01/8 7/8 ©, 07/8 18O. 


Crystal Structure and Phase Transition of Some Metallic Halides (IV) 


should be read 
1/2 1/8 1/8 @, 1/2 7/8 7/8 ©; 
W2nl/8.7/8 @), T/2 7/8 1/8" q - : 
left column, in the equation (4), 4fs-4 fs’ 
should be read <4fs-4fs'> 


in the equation (6), (4fs)? and 4fs-4 fs’ 
should be read <(4fs)2> and <4fs-4 fs'> 


Adsorption of Water Vapour on Glass and Other Materials in Vacuum 


By Hiroaki OKAMOTO and Yutaka Tuzi 
J. Phys. Soc. Japan 13 (1958) 649 


Nato 
1 


l 
mes should read i, 


Adsorption of Water Vapour on Lead Borosilicate Glass in Vacuum 


By Yutaka TuzI and Hiroaki OKAMOTO 
J. Hhys. Soc. Japan 13 (1958) 960 


“Rate of adsoption versus amount of H,O adsorbed.” 
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On the Observation of Magnetic Poles 


By Eiichi Goto 
Department of Physics, University of Tokyo 
(Received August 8, 1958) 


Expected behaviours of magnetic poles, especially their interaction with 
magnetic matters are considered. The magnetic pole is supposed to be 
an elementary particle having magnetic true charge satisfying Dirac’s 
quantum condition, namely 68.5 times as large as the electron charge. 
Magnetic poles would be attracted and trapped in ferromagnetic and para- 


magnetic matters. 


The magnetic minerals are the most promising source 


of magnetic poles and an efficient method for detecting the presence of 
even one magnetic pole among thousands of tons of magnetic minerals 
is proposed. This method is sensitive enough to detect such a small 
amount of magnetic pole as has escaped from the whole cosmic ray ob- 


servations so far conducted. 


$1. Introduction 


Studies conducted so far over centuries on 
electromagnetism have bequeathed us the em- 
pirical law that denies the existence of mag- 


netic true charge or magnetic poles in the 


nature. From the viewpoint of general theory, 
however, it is one of the prominent charac- 
teristics of classical electromagnetics that elec- 
tricity and magnetism are perfectly symmetric 
with each other. The classical theories hold 
good without any modification even if mag- 
netic true charge should exist. Therefore, it 
is a universal question anyone may raise “ why 
only a special case where magnetic true charge 
does not exist actually appear in the nature, 


while there regions the all-embracing law ap- 


plicable to more general cases where it does 
exist ”° Nevertheless, only few studies seem 
to have been made relating to this question 
and, within my knowledge, there are only 
those reports listed at the end of this paper. 

Among them, Dirac?»» discovered the fol- 
lowing very important fact. He gave methods 
for generalizing quantum electrodynamics so 
as to be applied to cases where a “ magnetic 
pole ” i.e. an elementary particle having mag- 
netic true charge, exists. As a result of this 
generalized quantum theory, he showed that 
the smallest electric charge quantum, e and 
the smallest magnetic charge quantum, go 
must satisfy the following quantum condition: 


elgo=4re?/hc= 2/137 (1) 
The right side is the fine structure constant 


multiplied by 2 and the numerical value of go 
(in e.m.u.) is 68.5 times greater than that of 


é (in e.s.u.). 

He says that an enormous energy is needed 
to separate magnetic poles of opposite sign, 
and this fact can very well explain why such 
particles have never been observed yet. Fur- 
thermore, formula (1) may give the only theo- 
retical explanation so far known of the quan- 
tization of electric charge to integral multiples 
of e. 

In regard to his theory of magnetic poles, 
Dirac? himself states, “ One would be surprised 
if Nature had made no use of it”, and I also 
think his theory is of exceeding elegance. 

In this paper, assuming the existence of 
magnetic poles that satisfy Dirac’s quantum 
condition (1), behaviour of magnetic poles 
especially their interaction with magnetic mat- 
ters will be treated. It will be shown that 
magnetic poles are attracted and trapped in 
magnetic matters. A method, utilizing this 
property, for detecting the existence of a mag- 
netic pole and some other possible experiments 
will be discussed. 

Although there are some experimental re- 
ports?®-© asserting the existence of magnetic 
poles, no one has yet received general ac- 
ceptance. This seems to imply that the mag- 
netic pole, even if it existed, might not be 
found much in amount. Hence, special stress 
will be lain on methods which will most effici- 
ently collect magnetic poles. Possible sources 
of magnetic poles and experimental facts such 
as those obtained from cosmic ray observa- 
tions will also be discussed. The most pos- 
sible source of magnetic poles seems to be 
magnetic minerals on the earth and an effici- 
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ent method capable of detecting even one 
magnetic pole among thousands of tons of 
magnetic ores will be proposed. 


§2. Behaviour of a Magnetic Pole in Mag- 
netic Field due to various Sources 


The magnetic pole treated here is assumed 
to be an elementary particle with magnetic 
charge go, without electric charge and unaf- 
fected by special forces such as nuclear force, 
etc. The motion of such a magnetic pole will 
be determined by magnetic field and Lorentz 
force due to electric field. In regard to the 
sources of magnetic field, the following four 
kinds will be considered: 

fl) Electric Current 

f2) Permanent Magnet 

f3) Magnetic Image 

f4) Other Magnetic Poles 

The magnetic field produced by electric cur- 
rent has potential which is multi-valued and 
has neither minimum point nor maximum 
point. Therefore, this magnetic field will be 
suitable for giving acceleration to a magnetic 
pole and will also be useful in transporting it 
from one place to another, but will not be 
suitable to confine a magnetic pole into a de- 
finite small space. 

Next, the potential of magnetic field pro- 
duced by a permanent magnet has maximum 
and minimum points in the neighbourhood of 
its “poles” (of the magnet). Hence, a perma- 
nent magnet will be capable to trap magnetic 
poles at these points. An explanation of this 
fundamental difference between these two 
kinds of magnetic fields may be given as fol- 
lows. Whena magnetic pole go turns ” times 
around electric current J, it obtains energy 
4znIgo and this energy after all is supplied 
from the battery which supplies the current 
6 

On the other hand, such a phenomenon can 
never take place in a permanent magnet, since 
the magnetized state of a permanent magnet 
i.e. a ferromagnetic body in the state of spon- 
taneous magnetization, corresponds to the 
lowest quantum energy state, and such a 
energy source as in the former case does not 
exist in the permanent magnet. 

The magnetic image above mentioned means 
the magnetic analogy of electric field induced 
when an electron is in the neighbourhood of 
a dielectric body or a conductor. In order to 
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pull out an electron from a conductor, a 1 
energy called work function is needed. Simi} 
larly, a certain amount of energy will be ne-} 
cessary to pull out a magnetic pole from para | 
magnetics of ferromagnetics and it will bey 
called the trapping energy Wm. i 

Now, we shall calculate the trapping energy. 
For the sake of simplicity, let us suppose that} 
magnetics here is isotropic and has such aj 
magnetizing character that the magnetisation| 
M changes linearly from 0 to saturation value} 
Ms; when the applied field H changes from 0) 
to a certain value Hs. The trapping energy’ 
Wm in this case may be considered as the? 
energy difference between two cases: one in 
which a magnetic pole go is placed in vacuum 
(suffix v) and the other in which it is placed 
in infinitely vast magnetics (suffix f). Namely: 


ro 


| 
be =) (HdBo—H,dB,) (2.1)| 


volum 4 


By using polar coordinates and considering 
the following relations; 


Bo= Hy= By= 20/7? (2: a 
72 aa ee R= ee 
Pia pe Te OD 7 << eee | 
ot 
ByHs 
Hee OER 
sie: ES) Peale sis | 
(2.1) gives the following value: : 
Wn =\"rar| 4x MdB; = c 4nMBerd 
0 B 2(Hs+ 42Ms) 
R H,t+4 My 
+| rar(| 4nMdBy 
0 0 
na 
+ ‘x M.aB;) 
Hi tinM , 
=F gn) 0+ Hele)? (25) 


Considering that the magnitude of 47M; is 
much greater than H; for ordinary ferromag- 
netics, we may neglect Hs in (2.5) and obtain 
the following numerical value: 


-Wmn=4.966//4zM, eV (42M; in gauss) (2.6) 


Futher, considering that the magnitude of 
4xM; for ordinary ferromagnetics is from 1000 
to 20000 gauss, (2.6) gives the value from 160 
to 700 eV. 

Next, we shall consider paramagnetics, of 
which the relation between the magnetization 
M and applied field H is given in terms of 
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Langevin function L(x) as follows: 
M=M.L(HB/kT) , L(x)=cothx—1/x, Ms=NB, 
(2.7) 
where 8 is the magnetic dipole of a molecule, 
N the number of dipoles per unit volum and 
M; the saturating magnetization. As the sus- 
ceptibility of ordinary paramagnetics is much 


smaller than unity, we may replace H in (2.7) 
by B and (2.5) becomes 


Wee |, rar| “se MaL(B 8) T)dB 
0 


= \. ar| "40 MeL (gb/ PRT )g/rdg 
0 0 


wii 


g Ae Magu V BIRT 


(2.8) 
where 


L=\" Lajsae (2.9)* 
0 


Using the values T=300°K and B=1 Bohr 
magneton, we obtain: 


m=1.28x42M;x10-* eV . (2.10) 


Further, considering that the magnitude of 
4xM; for ordinary paramagnetics is from 1000 
to 10000 gauss, (2.10) gives the value from 
1.28 to 12.8 eV. 

As this value of trapping enegry and that 
given by (2.6) for ferromagnetics are both 
much greater than the thermal energy of nor- 
mal temperature (about 1/40eV), magnetic 
poles will be attracted and trapped in ferro- 
magnetics or paramagnetics and would not 
escape from it by thermal motion. 

As may be observed from formula (2.5), the 
trapping energy depends on the material con- 
stant H;/4zMs; only through its square root: 
therefore, it will be not so difficult to calculate 
the trapping energy for actually existing mag- 
netic materials with fairly good accuracy. 

From the fore-going studies we have learnt 
that any one of the magnetic matters, perma- 
nent magnet, ferromagnetics and paramagne- 
tics has the property of attracting and trapping 
magnetic poles. When a magnetic body in 
which magnetic poles are trapped is brought 
in an external field which exceeds a certain 
critical value, the magnetic poles will be pulled 
out from the magnetic body. For the sake 


* The numerical value of definite integral (2.9) 
has been calculated by an electronic computer PC-1 
and the result is: L=1.08778316. 
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of simplicity, we shall assume that the ex- 
ternal field is uniform, and shall call the cri- 
tical value above mentioned the critical strip- 
ping field Asse. 

In case there is no external field, a fairly 
accurate value of the trapping energy was 
calculatable by a phenomenological treatment. 
On the other hand, the calculation of the cri- 
tical stripping field Hs; will be sensitive to 
molecular structure of the surface, so atomis- 
tic treatment will be necessary and it will be 
extremely difficult to calculate the accurate 
value of Hs without carrying out any experi- 
ments at all. Consequently, only rough esti- 
mations of the upper and lower bounds can 
be given here. 

Nevertheless, it will be good enough to give 
quantitative basis for experiments discussed 
in later sections. The image field Hi attract- 
ing a magnetic pole go placed at a distance 
R from a plane boundary of soft ferromag- 
netics is given, if the distance is not so small 
as to cause saturation, by an image —g» pla- 
ced at a distance 2R. Assuming that the per- 
meability is much greater than unity, we ob- 
tain 


H=gif@Ry, if Re 280. 


4nxMs; 
Further by considering the concentrating effect 
of magnetic flux, we may obtain the following 
lower bound of Hs: for a sphere made of soft 
ferromagnetics: 


Hs > 


(2.11) 


Az Ms 

16” * 
From this formula and the facts that satura- 
tion 4x; of magnetite is 6000 Gauss and the 
value of terrestrial field is about 0.5 Gauss, 
we may come to the following conclusion. 
Magnetic poles trapped in magnetite will not 
part with it by terrestrial magnetic field. 

In order to obtain an upper bound for HAs, 
the following has to be taken into considera- 
tion. An atom is trapped inside ordinary mat- 
ters with trapping energy which is generally 
less than and at most equal to the chemical 
binding energy Ec. Especially, in crystals an 
atom is trapped by a periodic potential, E- in 
depth. Assuming that the form of the periodic 
potential is sinusoidal, an external force f 
acting on an atom greated than zE./I, where 
1 is the lattice constant, will surely separate 
the atom from the substance. 


(2.12) 
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A magnetic pole trapped in a magnetic sub- 
stance will also be separated if a large force 
jas above acts on it, because even in the ex- 
treme case the magnetic pole would be sepa- 
rated accompanying an ordinary atom. 

Here, by using the values, Eo=2eV, J=1A 
and goH=7zE./l, we obtain H=30000 oersted. 
This field may differ from the external field 
because of demagnetizing field but not much 
since the saturation value of any existing mag- 
netics is less than 30000 oersted. 

Unless a more accurate information on the 
critical stripping field As: is obtained, the 
word, “a magnetic field greater than Hse”, in 
the later discussions must be understood as 
“a magnetic field as strong as possible and at 
least stronger than 30000 oersted ”. 

So far, we have neglected possibility of in- 
teractions of other than electromagnetic origin. 
As for the behaviour of magnetic poles in fer- 
romagnetics, however, this is not essential. 
As the range of such interactions is expected 
to be very short, if it were of repulsive na- 
ture, it would not cause any significant change 
in the results obtained. If it were of attrac- 
tive nature, the trapping energy and other 
results might be affected by a small amount, 
since even in a extreme case in which the 
interaction is so strong as to form a compound 
particle the trapping energy (which is more 
than 100 eV) would only change by amount of 
chemical binding energy of atoms (which is 
about 2eV or less). 

On s4), the influence of magnetic field caused 
by other magnetic poles will be worth con- 
sidering only if magnetic poles should be ob- 
tained in large amount. Therefore, it will 
not be treated here. 


§3. Possible Sources of Magnetic Poles 


The fact that no evidence of ,the existence 
of magnetic poles has yet been obtained seems 
to imply that even though it should exist, it 
would not amount to much. Possibly the rea- 
son will be sought, as Dirac says in that the 
magnetic charge quantum, go is much greater 
than electric charge quantum, e. Although 
there is no reliable theory relating to the mass 
of a magnetic pole, if we assume that it has 
the same classical radius as an electron i.e. 
ro=e?/mc?=2.818 x 10-43 cm, the mass will be 
(137/2)?= 4692.25 times {greater than the mass 
of an electron, and at least energy of 4.7 
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x10°eV will be necessary to separate mag- {| 
netic poles of opposite sign, or in other words i} 


to give rise to pair creation. 


If it should be possible for us to find mag- | 
netic poles on the earth, they would be from | 


one of the following four sources: 


sl) Those existed since the formation of | 


the earth. 
s2) Those contained in the primary cosmic ) 
ray and trapped in the earth. 
s3) Those created by the interaction be- 
tween primary cosmic ray (nucleons) and the 
substance of the earth. 
s4) Those created by artificial accelerators. 
The first three relate to possible natural 
sources. 
poles should be attracted and trapped in para- 
magnetic of ferromagnetic matters, and it is 
also known that such magnetic matters are 
very widely distributed among earth crust. 
Hence, natural magnetic poles should be con- 
centrated on magnetic minerals in earth crust. 


Specially, if a state near thermal equilibrium | 
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Through the studies in § 2, magnetic | 


is realized, magnetic poles will be concentrated 
in the largest rate on ferromagnetic minerals 
such as magnetite and magnetite sand. 


In regard to sl), as the inside of the earth | 


is of exceedingly high temperature, ferromag- 


| 


netics will not be present and thermal agita- _ 


tion will be fairly large; therefore, the mag- 
netic poles will move by force of terrestrial 
magnetism and will finally be attracted and 
trapped in magnetic minerals distributed among 
earth crust. 

As for magnetic poles, s2) and s3), origi- 
nated from cosmic ray, the large ionization 
loss of magnetic poles, referred to later, must 
be taken into consideration. The energy of 
magnetic poles will be lost at high altitude 
because of ionization loss and other losses in 
the air, and those which receive downward 
force from terrestrial field will reach the sur- 
face of the earth and will finally be trapped 
in magnetic minerals. In the northern and 
southern hemisphere, the polarity of these 
magnetic poles will be opposite with each 
other. 

On s2) and s3), the integration effect on time 
i.e. timevelapse of at least 10® years since the 
formation of earth crust, will be a very im- 
portant factor. 

If we think of the cosmic ray as a source 
for magnetic poles, a question may arise as 
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to its relation to the fact that no trace of a 
magnetic pole has yet been found in any of 
the cosmic ray observations so far conducted. 
The total integration of the cosmic ray ob- 
servations will surely not exceed the value: 
a detector of 100m? being operated for 100 
years. Though this value seems to be an ex- 
treme over-estimation, if it is taken into con- 
sideration that magnetic poles have never been 
searched purposely, the value is equal to that 
which came into only 1cm? in 108 years. In 
other words, the total sum of the cosmic ray 
observations so far conducted corresponds at 
most only to the examination of magnetic 
minerals under lcm? of the surface of the 
earth. Consequently, the failure of direct ob- 
servations made on cosmic ray to find mag- 
netic poles would be no deterrent of starting 
the examination of magnetic minerals. 

Next, as to the accelerator, the largest ones 
at present are the Phasotron and the Beva- 
tron and generally these produce 10!’ eV pro- 
tons at the rate 10° particles/sec. Consequ- 
ently, by operating these continuously for 1 
year, we may obtain 3x10"* particles. As 
the intensity of primary cosmic ray having 
energy greater than 10'°eV is about 107! par- 
ticles sec"! cm=? sterad7!, the above value cor- 
responds to the cosmic ray which came into 
only 15cm? in 108 years. Besides, energy of 
10%°eV does not seem enough to cause pair 
creation of magnetic poles. If this is the case, 
we will come to the following conclusion. In 
order to find a magnetic pole, the only way 
possible at present to do 1s to examine mag- 
netic minerals in the earth crust. 


§4. A Method for Collecting and Detecting 
Magnetic Poles 

Magnetic poles will be separated from mag- 
netic minerals by applying a external mag- 
netic field much stronger than the critical 
stripping field Hse discussed in §2. The re- 
collection of the magnetic poles separated in 
this way will be accomplished by placing a 
ferromagnetic plate (this will be called the 
“target”) at a position where the magnetic 
field becomes weaker than Hs. In this ope- 
ration, magnetic poles of opposite polarity will 
fly out to opposite directions so that it will 
be possible to collect them on separate targets. 

By this method, it will be possible to trans- 
fer even one magnetic pole among thousands 
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of tons of magnetic minerals to a target of 
relatively small size, say 1kg in weight. By 
repeating similar operations in each of which 
the magnetic pole is separated from a target 
and re-collected into another smaller target, 
it will be possible to transfer the magnetic 
pole into a magnetic body of very small size. 

One method of detecting the existence of a 
magnetic poles is to observe the movement 
of a small magnetic particle which is supposed 
to have trapped a magnetic pole. In an ex- 
ternal magnetic field less than the critical 
stripping field Hs, the particle will show be- 
haviour as if it were only possible to be ex- 
plained by the fact that the particle has mag- 
netic true charge. For example, if an iron 
sphere, in which a magnetic pole go is trapped 
and having diameter less than 2/100 mm, is 
placed in a uniform vertical magnetic field of 
1000 oersted strong, the sphere will move up- 
words conteracting gravity. Considering (2.12), 
the field of 1000 oersted will be less than Hse 
and the observation of the motion of a 
sphere, 2/100mm in size, will be made very 
easily. 

It seems that Ehrenhaft®-© and others might 
have observed such a phenomenon as above. 

In order to transfer a magnetic pole trapped 
in a target to such a particle as used in the 
above experiment, iron powder, i.e. ensamble 
of such particles, may well be used as the 
final target. The particular one particle hav- 
ing trapped a magnetic pole, may be sepa- 
rated from other particles by means of a mag- 
netic field. 

It will also be possible to measure the value 
of the magnetic charge quantum, go by ob- 
serving the motion of the above mentioned 
particle in viscous fluid and this will be al- 
most the same as Millikan’s oil drop experi- 
ment. 


§5. Discussion and Remarks 


The experiments in regard to the detection 
of magnetic poles discussed in § 4 were static. 
These static experiments seem to be the most 
effective and unfailing method of collecting 
and detecting magnetic poles existing only in 
very small numbers. If once the existence of 
a magnetic pole has been confirmed in this 
way, it will be quite easy to carry out vari- 
ous kinds of dynamic experiments by accele- 
rating the magnetic pole. It is easy to ac- 
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celerate magnetic poles up to high energy. 
For le.s.u. of electric field is 300 volt/em and 
magnetic charge quantum is 68.5 times as 
large as the electron charge, lorsted cm of 
magnetic field will accelerate a magnetic pole, 
£0 up to 300x68.5=2.055x10t¢eV. Here, take 
a magnetic field, 10000 orsted strong and 100 
cm long; it will provide an accelerator of 
2x10"eV, and further, it will be not very 
difficult to obtain accelerators 100 or even 
1000 times stronger. In order to inject mag- 
netic poles into such accelerators, it is only 
to apply a impulsive field sufficiently greater 
than the critical stripping field Hs; on the 
magnetic body in which it has been confirmed 
by static experiments that magnetic poles have 
been trapped. The great value of ionizing 
power of magnetic poles has been already 
pointed out and calculated by Dirac”, Yazaki 
and Miyatake”. Especially, Dirac states, 
“they would appear as heavily ionizing par- 
ticles and would be distinguishable from ordi- 
nary charged particle by the property that 
the ionization they produce would not increase 
towards the end of their range, but remain 
roughly constant”. Therefore, it would be 
quite easy to observe the traces of magnetic 
poles by cloud chambers and the like. From 
these dynamic experiments, we shall be able 
to study interactions between magnetic poles 
and other elementary particles. 

Particulary, the charge to mass ratio, g0/m 
will be measured through the speed of mag- 
netic poles of which the energy is known. 

As a magnetic pole never vanishes unless 
it should meet another magnetic pole of op- 
posite polarity, the magnetic pole used in a 
dynamic experiment can always be trapped 
inside a ferromagnetic shield surrounding the 
whole apparatus of the experiment, and after- 
wards it may be re-collected by the method 
discribed in §4. Therefore, even one mag- 
netic pole should be found in the whole world, 
then the one could be used repeatedly for al- 
most all kinds of experiments except those 
relatihg to annihilation. 

In order to study the interaction between 
two magnetic poles of opposite polarity, unless 
we could obtain magnetic poles in large quan- 
tity, there will be no other way but the static 
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method. 


each other. From the energy of 7 ray pro- 


duced in this reaction, we shall be able to 1 
know whether these two have caused annihila- 


tion as between an electron and a positron or 


produced an atom as between an electron and > 


a proton. 


§6. Conclusion 
We have found out that if a magnetic pole 


should exist it should be attracted and trapped | 


by magnetic matters. From this property, it 
is presumed that natural magnetic poles, which 
have either been existing since the formation 
of the earth or originated from cosmic ray, 
are concentrated on magnetic minerals in the 
earth crust and also it has become known 
that there is an efficent and unfailing method 
of collecting and detecting such natural mag- 
netic poles. Besides, we have reached the 
conclusion that even though direct observa- 
tions of cosmic ray or experiments relating to 
artificial accelerators may fail to find magnetic 
poles, there is fairly large probability of dis- 
covering them among magnetic minerals be- 
cause of integration effect lasting at least for 
10° years. Under these circumstances, J be- 
lieve it is at least worth while to try experi- 
ments with regard to magnetic minerals and 
hope that they will be started at an earliest 
opportunity. 

On closing the author wishes to express his 
sincere thanks to professor H. Takahasi for 
his encouragement and discussion. 


References 


1) P. A. M. Dirac: Proc. Roy. Soc. 133 (1931) 
60. 

2) P. A. M. Dirac: Phys. Rev. 74 (1948) 817. 

3) I. Tamm: Z. f. Phys. 71 (1931) 141. 

4) ,F. Ehrenhaft: Comptes Rendus 227 (1948) 626. 

5) F. Ehrenhaft: Phys. Rev. 67 (1945) 63, 626. 

6) C. B. Reynolds: Phys. Rev. 67 (1955) 202. 

7) T. Yazaki and O. Miyatake: Preprint for the 
sectional meeting on elementary particles of the 
Phys. Soc. of Japan (may 17, 1957). 


(Vol. 13, |f 


When two small magnetic bodies | 
(spheres of diameter 1/100mm, for example) | 
which have each trapped a magnetic pole of || 
opposite polarity are put together, reaction | 
will occur between magnetic poles attracting || 
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Gamma Ray Spectroscopy of Mn™ 
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Internal conversion electrons of 0.84 Mev gamma ray were measured 
by a two-directional focusing beta-ray spectrometer, and it was deter- 
mined that Ey=837.9+0.3 kev and K/L+M=8.5+0.7. Weak gamma rays 
were searched, using scintillation counters, but no gamma ray was ob- 


served. 


Introduction 


§1. 


It has been well known that Mn*, 290 days, 
dacays to the first excited state of Cr°¢, through 
the electron capture. Neither positive nor 
negative beta ray was found». The 0.84 Mev 
gamma transition from the first excited state is 
E2 transition and the spin and parity of this 
level are 2+”>8,. The internal conversion 
coefficient or K/L has not been reported. 

The internal conversion electrons of this 
gamma ray were measured using the two- 
directional focusing beta-ray spectrometer with 
the mean radius, p=40cm”, and the gamma 
ray energy and K/L+M were determined. 
As the gamma ray of Mn*‘ was precisely 
measured and moreover it is single gamma 
ray, Mn** should be used as a good standard 
gamma emitter, especially, for the calibration 
of the scintillation spectrometer. 

In general the second excited state of even- 
even nucleus is expected to be about twice 
higher than the first excited state. It was 
measured that the energy 0.528 Mev» is emit- 
ted in the electron capture. Hence the decay 
energy between the ground states of Mn™ 
and Cr®4 is 1.37 Mev, which is expected to be 
lower than the second excited state. Never- 
theless in order to investigate whether the 
second excited state is lower than the ground 
state of Mn** or not, weak gamma rays were 
searched for. 


§ 2. 


Mn* was produced by bombarding the in- 
ternal target of Cr with deutron beam accele- 
rated by the Osaka 11.4 Mev cyclotron. Cr 
was electroplated on copper sheet. After 
bombarding Mn was oxidezed by Brz and 
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separated by the radiocolloid method®. The 
carrier free source for spectrometer was depo- 
sited on 0.8mg/cm? myler film covered with 
thin aluminum layer. 


§3. Gamma Ray Energy and K/L+M 


The internal conversion lines of the 0.84 
Mev gamma ray were measured. In the case 
of the precise energy measurement, the gamma 
ray of Co® and Cs!’ were used for the stand- 
ard gamma rays and the gamma rays of Mn*? 
were also used for the substandards?. The 
results are shown in Table I. The resolution 
of the spectrometer was 0.7 percent in this 
measurement. 


Table I. The energy of gamma ray of Mn®4 
Ey (kev) Method Reference 
833 “415 7 Lens spectrometer ; a) 

825 +20 b) 
Scintillation 
840 aa? Spectrometer c) 
S37 Seon pe cca Present 
. ; spectrometer 


a) M. Deutsch and L. G. Elliott, Phys. Rev. 65 
(1954) 211. 

b) G. H. Stafford and L. H. Stein, Nature 172 
(1954) 1103. 

c) Maeder, Wapstra, Nijh and Ornstein, Physica 
20 (1954) 521. 


In our spectrometer L and M conversion 
lines cannot be separated, but K and L+M 
lines are slightly splitted, though the resolu- 
tion of 0.7 percent is larger than usual. 
K/L+M was determined to be 8.5+0.7. This 
value is larger than the theoretical value® for 


-E2 transition beyond the experimental error, 


as shown in Table II. The screening effect 
are neglected in Rose’s theoretical values for 
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M-shell. This effect can decrease the M-shell 
value by a factor 0.6, and the theoretical 
value becomes in agreement with experimental 
one. 


Table II. Theoretical and experimental Values 
of K/L+M 
5 Theoretical 
Experimental 
#1 H2 M1 M2 
8.5+0.7 8.1 thal 8.0 7.8 


§4. Search of Weak Gamma Ray 


Only 0.84 Mev gamma ray has been reported 
in Mn™ decay. If the second excited state of 
Cr** is lower than the ground state of Mn* 
and has the spin and parity of 2+, a weak 
high energy gamma ray may be observed. If 
the spin and parity of such a state are 2+ or 
4+, the coincidence measurement with the 
0.84 Mev gamma ray can show the existence 
of a weak cascade gamma ray. In order to 
research such unknown weak gamma rays, 
two scintillation counters of 14 inch Nal and 
20 channel pulse height analyzer were used 
for the single as well as the coincidence count- 
ing method. Sources were MnCl: solution of 
about 100, 10 and 1 uC. 

However, no gamma ray was observed, and 
upper limit of gamma rays were determined 
to be about 10-* per one decay for the high 
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energy gamma ray in the single count meas;} 
urement and to be about 10-* for low energyj) 
gamma ray in the coincidence measurement. || 
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Grain Boundary-Hardening due to Piled-up Dislocations 


By Jin-ichi TAKAMURA and Sei MIuRA 
Department of Metallurgy, Kyoto University, Kyoto 
(Received August 28, 1958) 


. The grain boundary in deformed bicrystals of a-brass has the hardening 


layer of 50~100 microns in thickness. 


Evidences for the assumption 


that the hardening is attributable to the dislocations piled up against the 
grain boundary were provided by the fact that the amount of hardening 
could be reduced by the application of reversed stress, and also by the 
analysis of the hardness distribution which showed the amount of harden- 
ing to be approximately proportional to the density of piled-up dis- 


locations. 


§1. 


A linear array of like dislocations piled up 
against a barrier has been treated in detail by 
Eshelby, Frank and NabarroY. And it has 
been suggested by Mott” that the strains 
around piled-up groups of dislocations are 
responsible for the intense work-hardening of 
metals. Such a barrier may be, for instance, 
a grain boundary; it would be expected to 
be more hardened at the grain boundary than 
in the grain of deformed polycrystals. 

Evidences for piled-up dislocations have been 
obtained by producing etch pits at the sites of 
dislocations in a-brass by Jacquet*®, Bilby and 
Entwisle®, and Sun and Wilsdorf®, and also 
in zinc crystals by Gilman®. The present 
work was undertaken for the purpose of pro- 
viding a clearer picture of the grain boundary- 
hardening caused by the piling-up of disloca- 
tions. a-brass was chosen for the specimen 
and the hardening was measured by a micro- 
hardness tester. 


Introduction 


Fig. 1. Relative position of the grain boundary 
with respect to the slip direction in bicrystal 
specimen No. 2. 


§2. Experimental Details 


Bicrystal specimens of 70-30 brass, 8mm 
square in cross section, were grown by the 
Bridgman method in split molds of graphite. 
Test specimens, originally polished mechani- 
cally, were electropolished in a solution of 
phosphoric acid. Specimens were next fully 
annealed in Ar at 800°C. After the defor- 
mation by Amsler testing machine, specimens 
were again carefully abraded through emery 
paper to flatten the surface and then electro- 
polished in order to eliminate completely the 
abrasion effect. This technique was necessary 
for minimizing the amount of dispersion of 
microhardness measurements. The micro- 
hardness testing was carried out with a load 
Ole 25 or 
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Fig. 2. The observation surface of bicrystal spe- 
cimen No. 2 as extended by 9.3%. x3 


Fig. 1 shows the relative orientation of a 
bicrystal specimen No. 2. This can be seen 


also in Fig. 2. The vertical direction in the 


figures is the specimen axis and it is illustrated 
in the stereographic projection of Fig. 3. 
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Let ¢ be the relative angle of the mean 
direction of the curved grain boundary with 
respect to the slip direction on the active slip 
plane of crystal A, then ¢~80° as understood 
from Fig. 1. This means that dislocations 
held up against the grain boundary have al- 
most pure edge component. Microhardness 
measurements were made on crystal A as 
shown in Fig. 4. 


WI GRAIN] © | 
B 42" 9° 
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Fig. 38. Specimen axes of bicrystals A and B il- 
lustrated in Fig. 1. Here, 6 is the angle between 
the specimen axis and the normal to the slip 
plane, 4 the angle between the axis and the slip 
direction, 7 the angle between the slip direction 
and the direction of maximum slope on the slip 
plane. 
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Fig. 4. The measurement of microhardness in the 
grain boundary region of specimen No. 2 ex- 


tended by 9.3%. x290 


§ 3. -Results 


It can be seen in Figs. 4 and 5(a) that the 
grain boundary region of deformed specimens 
is much hardened; the thickness of the harden- 
ing layer in most specimens used in this ex- 
periment ranges from 50 to 100 microns. 

The application of reversed stress, for in- 
stance, the compression subsequent to the 
extension alters the distribution of hardness; 
the amount of hardening at the grain bound- 
ary much decreased and the hardness in the 
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center of grain, on the other hand, showed | 
slight increase, as clearly shown in Fig. 5 (Fl 
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Fig. 5. The distribution of hardness in crystal A 
of specimen No. 2. The lowest diagram shows 
the difference in the distribution between dia- 
grams (a) and (b). 


It is first necessary to examine whether the 
hardening at a grain boundary is attributable | 
to the piling-up of dislocations. Evidence in 
favor of it was provided by the fact that the 
application of reversed stress had changed the | 
distribution of hardness in the grain boundary 
region, as indicated in Fig. 5(c). This obser- 
vation strongly supports the supposition that 
the dislocations piled up against the grain 
boundary have jumped back towards the center 
of grain and dispersed there rather uniformly. 
It should be noticed that the observation is 
closely connected with the Bauschinger effect. 

Now we shall consider the distribution curve 
of hardness given in Fig. 5(a). Assuming 
that the amount of increase in hardness, 4H, 
is proportional to the density of piled-up dis- 
locations, we have 


We dn 


§ 4. Discussion of Results | 


ax ~ eo 


Here k is the constant and » is the number 
of piled-up dislocations lying between the 
grain boundary and a point at the distance x 
from it, which is given under the acting stress 
o by the following equation” 


N=Ccx , 


(2) 


» | 
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where 

c= (2/n)(2No/A)¥? , 

A= pb(1—» cos? g)/2x(1—v) , 
and N is the total number of piled-up dis- 
locations, 4 the shear modulus, »v the Poisson’s 
ratio and b the strength of dislocation. Elimi- 
nating between (1) and (2), we obtain 

H=(kc/2)x-“/2+ A , (3) 

where Hy is the hardness at a position far 


away from the grain boundary. Phus* if; “as 
in Fig. 6, we plot AH against x-”2, we should 
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Fig. 6. Microhardness data plotted as a function 
of a-V2. Here x is the distance from the grain 
boundary. 


get points which cluster around a line of slope 
kc/2 with an intercept A on the hardness 
axis. The figure shows that this is the case, 
although some rearrangement of the piled-up 
dislocations should have taken place during 
the relaxation of the load after straining; it 
can be said that the amount of hardening at 
the grain boundary region is approximately 
proportional to the density of dislocations and 


Grain Boundary-Hardening due to Piled-wp Dislocations 


1423 


hence a large part of the grain boundary- 
hardening is ascribed to the piled-up disloca- 
tions. 


§5. Summary 


A study on the grain boundary-hardening 
in deformed bicrystals of a-brass was carried 
out by microhardness testing. The results 
obtained are as follows. The grain boundary 
of deformed bicrystals has the hardening layer 
of 50~100 microns in thickness. A large 
part of the grain boundary-hardening is as- 
cribed to the piling-up of dislocations. 

Evidence in favor of this conclusion was 
provided by the observation that the applica- 
tion of reversed stress had altered the distri- 
bution of hardness as shown in Fig. 5. It 
should be noticed that the observation is 
closely connected with the Bauschinger effect. 
Another proof was given by the analysis of 
the hardness distribution, which showed the 
amount of hardening to be approximately 
proportional to the density of the dislocations 
piled-up against the grain boundary. 
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On the V-centers in KBr Crystals 


By Yoshio NAKAI 
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The natures of V bands in the additively colored crystals of KBr has 
been investigated. Mollwo’s results were confirmed and extended. A 
new technique of additive coloring was devised to produce a high con- 
centration of V centers in the crystal of KBr. By using this method, the 
degree of coloration could be increased by about ten times of that 
reported by Mollwo. Besides the well-known V2 and V3 bands, another 
band of V-type was observed below 210 mp. 

It was found to be possible to color electrolytically the crystal of KBr 
revealing the same absorption spectrum as that of additively colored 
crystals. Evidently, this confirms that these absorption bands are pro- 
duced as the result of the combination of positive holes and positive ion 


vacancies. 


§1. Introduction 


It is possible to color certain of the alkali 
halides by heating them in the proper halogen 
vapor. This was done by Mollwo for KIY-” 
and KBr». Absorption was produced in the 
ultraviolet region of the spectrum. The 
absorption band did not have a simple bell- 
shaped form as seen in the F-band but seemed 
to consist of two or more overlapping bands. 
This group of bands has been named the V- 
band by Seitz). 

Similar absorption is produced in the ultra- 
violet region when crystals of KCl and KBr 
are exposed to X-rays. Recently, various ex- 
periments on the V-bands have been carried 
out mainly on the crystals colored with X- 
rays. 

The V center problems are reviewed syste- 
matically and discussed in great detail by 
Seitz. He proposed various models for V cen- 
ters, Vi, Vz, Vs, Va etc., which show definite 
absorption bands in the optical spectrum of 
the colored crystals under a certain condition 
specified for each case. Mollwo’s result” 
plays an important role in his discussions 
about V2 and V3 centers. The main band, 
365 mz in KI and 265 mz in KBr, was named 
V2. band and the shoulder, 275 my in KI and 
240 mz in KBr, on the shorter wavelength 
side of the main band was named V3; band. 
Considering the natures of these bands with 
various informations obtained from the studies 
on the crystals colored with X-rays, he pro- 
posed that the V2 center consists of two 


Discussions were made in comparison with the results ob- 
tained for KBr colored with X-rays. 


positive ion vacancies and two positive holes 
trapped by them, while the V3 center consists 
of two positive ion vacancies and one positive} 
hole. 

Unfortunately, however, the correspondenc 
is rather poor between the spectra of V-bandi 
obtained by the above-mentioned two methods} 
of coloration for certain kind of salt. This) 
state of affairs is quite different from the case} 
of F-band and seems to prevent more or less} 
the development of studies on the V-center 
problems. In KCl and NaCl, the V-bands 
produced by X-ray coloring have been studied 
in detail®»® but, so far as the writer is aware 
of, the additive coloration has not been found 
to be possible for these crystals. On the other 
hand, the additive coloration is possible for 
KI» but no definite correspondence seems 
to exist between the results of additive colora- 
tion and the results of the study carried out 
by Hersh® on this crystal exposed to X-rays. 
The state of things is not so hopeless for 
KBr, because both additive and X-ray®»®»8),9) 
coloration have been found to produce the 
similar absorption at least in the short wave- 
length region of the spectra. However, infor- 
mations about the V-bands in the additively 
colored crystals are available only from the 
Mollwo’s work which was carried out about 
twenty years ago. 


Hence it seems important to investigate in 
the light of recent informations the natures 
of V-band in additively colored crystals. The 
present study is concerned with some proper- 
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ties of the V-bands in the additively colored 


crystals of KBr. 


§2. Experimental Methods 


i) General 

Crystals of KBr were grown in our labora- 
tory by using the Kyropoulos method. Greater 
part of the experiments was repeated also on 
the crystal which was available through the 
kindness of Professor Maurer of the University 
of Illinois. No significant difference was found 
between the experimental results obtained for 
both crystals. 

The optical measurements were made using 
a Beckman-DU or Shimazu-QB spectrometer 
both at room and liquid air temperatures, the 
optical absorption of the crystal having been 
obtained in terms of log (//J), where J and 
I) are the intensities of light with and with- 
out the crystal sample in the light path 
respectively. Hence it is necessary to subtract 
the absorption of uncolored crystal having the 
same thickness as that of colored specimen in 
order to obtain the absorption constant. A 
mercury arc lamp of AH-6 type with a quartz 
envelope was used to illuminate the crystal. 
Since this mercury lamp is of super high- 
pressure type, the relative intensity in the 
ultraviolet region is rather low. However the 
very high total brightness of this lamp over- 
comes sufficiently such a drawback. 


ii) Technique of additive coloring 
Fig. 1 shows the cross-sectional view of the 
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Fig. 1. Cross-sectional view of the vessel used 
in the additive coloration of KBr. 
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vessel used in the additive coloration. The 
crystals of KBr were sealed in the evacuated 
quartz tube with a certain amount of bromine. 
This tube was inserted into the stainless steel 
container with an adequate quantity of water, 
and this container was then packed tightly 
using a copper ring as a gasket material. 

Use of water keeps the quartz tube from 
breaking due to a rise of bromine pressure 
at high temperature. Since the vapor pres- 
sure of water increases with temperature 
very much alike that of bromine, both inside 
and outside of quartz tube suffer nearly the 
same pressure in raising the temperature. 
Van der Waals’ equation was used to deter- 
mine the adequate quantity of water produc- 
ing the best fit of pressure for the quantity 
of bromine sealed in the quartz tube. 

The whole vessel was heated at 600°C for 
about three hours, and then quenched to room 
temperature within ten minutes by dropping 
it into a water-tank. It was necessary to 
store colored crystals below —40°C in order 
to prevent its thermal bleaching. 

Usually, colorations were made under 50~100 
atmospheric pressure of bromine. This method 
makes it possible to color the crystal about 
ten times as much as that reported previously”. 

Unfortunately, degree of coloration was 
never reproducible; in other words, absorption 
constants of the colored crystals varied from 
case to case in spite of great care taken for 
the crystal temperature and the density of 
bromine surrounding the crystal. Therefore, 
no definite relation could be found between 
the solubility of Brz in KBr and the concen- 
tration of Brz in the vapor. 


§3. Absorption Spectra 


The typical absorption spectrum of the ad- 
ditively colored crystal of KBr is shown in 
Fig. 2, curve a. Coloration was made at 
630°C in the bromine gas of 50 atmospheric 
pressure. For comparison, Mollwo’s result is 
also shown by curve b for which the ordinate 
scale is given on the right-hand side of the 
figure. Curve c shows the absorption of un- 
colored crystal used in the present experiment 
using air as blank. All measurements were 
made at room temperature. 

The main band having its maximum at 
265 my coincides exactly with the peak obtained 
by Mollwo, and, as described above, this is 


1426 


named the Vz band in recent literatures. A 
sharp rise occurs below 210 my in curve a, 
but not in curve b. Since this region is 
located near the short wavelength limit of the 
spectrometer used, the precise determination 
of peak wavelength was impossible. The 
hump occurring at 410 mz in curve b does not 
appear at all in curve a, and the shoulder at 
240m in curve b, named recently the V3 
band, is not so well defined in curve a. As 
will be described later, part of these differences 
can be ascribed to the thermal instability of 
the main band (V2 band). 


1 220 250 300 350 400 mu 


Br in KBr 


: Additively Colored . 


on 


Absorption Constant 
oS 


3 ev 

Fig. 2. Absorption spectra of additively colored 
crystal of KBr measured at room temperature. 
Curve a: colored at 630° Cin Br, of 50 atm. 
pressure (left-hand scale); curbe b: after Mol- 
lwo (right-hand scale); curve c: uncolored crys- 
tal used in the present study (left-hand scale. 
Absorption is plotted versus air.). 


It is worth mentioning that the exactly same 
spectrum as that shown by curve a in Fig. 2 
was obtained in the crystal colored electroly- 
tically by using a pointed anode. As reported 
previously”, when a certain amount of cur- 
rent is passed in the blank crystal of KI from 
a sharp anode at high temperature, the cry- 
stal is colored* and shows the same absorption 


* Attempt to measure the drift mobility of V- 
centers was made by Mollwo by applying a uniform 
static field at high temperature to the additively 
colored crystal of KI, but he did not try to color 
the crystal by using a sharp anode. 
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spectrum as that of additively colored cryst 
of KI. Similar facts were confirmed also fa 
KBr as shown in Fig. 3. The measurement} 
were made both at room and liquid air te 
peratures. 
By lowering the measuring rete iy 
the width of the main band decreased as ex 
pected. However the temperature shift of th 


Hy 


) 
peak wavelength was not so large as that of 
the F band. Indications of some compone 
bands are seen near 240 mv and 300 mz in th 


low temperature spectrum. Therefore, the 


never be recognized as a purely single band. 
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Fig. 3. Absorption spectra of the electrolytically 
colored crystals of KBr. Curve a: measured 
at room temperature; curve b: measured at — 
liquid air temperature. : 


§ 4. 


It was found that the V2 band is stable only 
when the colored crystal is stored below 
—40°C. At room temperature, the V2 band 
decreases gradually and the enhancement of 
absorption occurs near 240m and 300 mz. 
Fig. 4 shows the effects of aging the colored 
crystal at room temperature. Curve a shows 
the absorption immediately after the additive 
coloration. As long as the temperature of the 
colored crystal is kept below —40°C by using 
dry ice as coolant, absorption curve does not 
change at all. However aging for 24 hours 
at room temperature produces a slight change 
as shown by curve b. Curves c and d show 
the spectra after aging for 18 days and 60 
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days at room temperature, respectively. Need- 
less to say, the crystals were kept in dark to 
exclude the effect of light. 

The rate of this process is considerably in- 
creased by heating the colored crystal at higher 
temperatures instead of aging it at room tem- 
perature. For example, by heating at 200°C, 
the final state was established in three hours 
having nearly the same absorption as in the 
case of bleaching at room temperature. 


02 


PoC Tee me 
220 250 300 


Fig. 4. Thermal destruction of V band in KBr 
at room temperature. Absorption was measured 
at room temperature. Curve a: initial state, 
immediately after the additive coloration; curve 
b: after aging for 24 hours; curve c: after 
18 days; curve d: after two months; curve e: 
restoration of the original bands after heating 
at 550°C for 30 minutes. 


It is interesting enough to note that, as 
shown in Fig. 4 curve e, the original bands 
are nearly reproduced by heating these cry- 
stals above 550°C for 30 minutes and quench- 
ing from that temperature. In addition, no 
difference was found between the properties 
of the recovered crystals and the freshly 
colored crystals. This means that the bleached 
crystal can always be restored by this method, 
that is, storing the colored crystal below 
—40°C is not required for the most part of 
the present study. 
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§5. Optical Bleaching 


It is possible to bleach the V2 band by il- 
luminating the colored crystal at room tem- 
perature with light absorbed in this band. 
Fig. 5 shows the light bleaching of V band 
irradiated at room temperature. A light from 
AH-6 mercury lamp with the appropriate filter 
was used to illuminate the crystal. Main band 
at 265 my was bleached considerably and the 
enhancement of absorption occurred near 240 
and 300mz. General view of the spectrum 
was similar to that of thermal bleaching. 


1} T 


Light Bleaching 
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Light bleaching of V2, band in KBr by 
with the mercury lamp at room 
temperature. Absorption was measured at room 
temperature. Curve a: initial state, additively 
colored; curve b: after having irradiated for 
1/2 hours; curve c: after having irradiated 
for further 12 hours;’ curve d: after having 
irradiated for further 12 hours. 


However, enhancement in the short wave- 
length side of the main band seems relatively 
larger than in the case of thermal destruction. 
This difference makes its appearance in Fig. 
5 (curves c and d) as a gradual shift of the 
main peak toward the short wavelength side 
in the course of the optical bleaching. 

Fig. 6 shows the absorption after irradiat- 
ing for four hours both at liquid air and at 
room temperature, all absorption measure- 
ments having been made at liquid air tem- 
perature. Irradiation at liquid air temperature 
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was made because it was expected that, at 
low temperatures, the Vi band might be 
formed as the result of dissociation of the V2 
centers by illuminating them with the light 
in the V2: band. However, no significant 
change was produced by irradiating at liquid 
air temperature (from curve a to curve b) in 
comparison with the case of irradiation at 
room temperature (from curve b to curves c 
and d). 


measured at 
~ liquid air temperature 


BO. 
Fig. 6. Light bleaching of V. band in KBr by 


200 220 300 350 mp 


illuminating with the mercury lamp. Absor- 
ption was measured at liquid air temperature. 
Curve a: initial state, electrolytically colored; 
curve b: after having irradiated at liquid air 
temperature for 4 hours; curve c: after hav- 
ing irradiated at room temperature for 4 hours; 
curve d: after having irradiated at room tem- 
perature for further 4 hours. 


Similar experiment was made by using a 
monochromatic light (Hg 265 my line) to bleach 
the V2 band in order to obtain the efficiency 
of this optical bleaching processes measured 
in terms of the number of V2-centers destroyed 
per absorbed quantum of light. This quantity 
will be called the quantum yield for optical 
bleaching, and will be designated by 7. 

In practice, the number of V2-centers des- 
troyed was obtained from the change of 
absorption constant at 265 my: using the for- 
mura derived by Smakula! in which the 
oscillator strength of this band was taken as 
unity. The calibrated thermocouple was used 
to know the number of light quanta absorbed, 
the readings of which were made when the 
height of the V2-band has decreased to about 
95 per cent of its initial value. 
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Thus it was found that the value of 7 att) 
room temperature is 0.042, and y at liquids 
air temperature is less than one hundredth offi 
this value. Qualitatively, it is obvious from} 
Fig. 5 that y will decrease with increasing}}} 
time, thus reaching nearly zero after the pro-}| 
longed period of irradiation. Therefore the} 
value of 7 obtained in this experiment is the}} 
one averaged over the initial period of illumi-}} 
nation. . 

If the optical bleaching of the V2-band is|| 
due to the release of holes from their traps, 
the bleaching process should be accompanied 
by a photocurrent. Then the yield for the 
production of free hole, 7’, may be assumed 
as being equal to the value of 7 obtained in 
the experiment of light bleaching. 

A current larger than 10-12 amperes could 
be expected by using a usual formula for the 
photocurrent, if we assume that 7’ is equal 
to the quantum yield for optical bleaching at 
room temperature, 0.042, and that the mean 
range of free hole, wo, is equal to the value 
obtained by Dutton and Maurer! in the cry- 
stal of KBr irradiated with X-rays at low 
temperatures*. But, contrary to these expec- 
tations, such a magnitude of photocurrent was 
never observed; it was not possible to obtain 
any signal which exceeds the noise level (0.7 
x10-™ amperes) of the amplifier used in the 
present experiment. This means that the as- 
sumptions made above are not adequate. In 
practice, it seems unlikely that the magnitude 
of @) in this case is far less than that of 
Dutton and Maurer, even if we take into con- 
sideration that the temperature and the density 
of traps in colored crystals are appreciably 
different for both cases. Accordingly, it will 
be supposed that 7’ must be much smaller than 


* Photocurrent is given by the expression: 
I=N7'ewE/d , 
were NV is the number of light quanta absorbed per 
second, »’ the fraction of these which actually re- 
lease holes, wo the mean range of free hole in unit 
field strength, # the electric field, and d the dis- 
tance between electrodes. 

N was larger than 101° quanta/sec when the 
filtered light from AH-6 lamp was focused with 
a usual quartz lens. It was assumed, as described 
above, that 7/=7=0.042 and wo=3x10-" cm?/volt. 
Electric field of 2000 volt/em was used and d was 
0.3cm. Then we have 


I>1.3x10-) amperes. 
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7. This means that either the tunneling of 
holes from the excited state of the V2 center 
or the photo-dissociation processes will be 
rather predominant in bleaching the V2 band. 
Further details will be discussed later. 


§6. Electrolytic Bleaching 


It was found by Mollwo® that when an 
electrostatic field is applied to the colored 
crystal at high temperature, the flow of cur- 
rents is observed in excess of the purely ionic 
current which will be obtained in uncolored 
crystal at the same temperature. The magni- 
tude of this current decreases with time, 
reaching finally a steady ionic current. Mollwo 
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Fig. 7. Current versus time curve. A _ potential 
of 400 volts was applied at 570°C for an electro- 
lytically colored crystal of KBr. 


| Flectrolytic Bleaching 
at high temperature 
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Fig. 8. Electrolytical bleaching of V bands in 

’ KBr at 570°C. Absorption was measured at 
room temperature. Curve a: original uncol- 
ored crystal; curve b: after colored electroly- 
tically; curve c: after bleached electrolytically. 
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used this method to determine the number of 
V centers contained in the crystals of KI and 
of KBr colored additively. 

In the present study, attention was paid on 
the variation of absorption spectrum in the 
course of these processes. The results ob- 
tained are shown in Figs. 7-9. In Fig. 7 is 
shown the decrease of the excess currents with 
increasing time, and in Fig. 8 the absorption 
spectra before and after the application of the 
electric field to the colored crystal at 570°C. 
It should be noted that 265myz and <210mz 
bands have disappeared in this case and the 
resultant spectrum differs little from that of 
the original blank crystal. 


~. 


200 200250 B00 mpi 

Fig. 9. Variation of V bandsin KBr with in- 
creasing time of current flow. Absorption 
measurements were made for the narrow po- 
rtions of the crystal sample near cathode (Fig. 
9A), and near anode (Fig. 9B). In both figures, 
curve a: initial state, colored electrolytically; 
curve b: after a flow of currents by applying 
135 volts for 90 seconds at 593°C; curve c: 
after a further flow of currents by applying 
135 volts for 120 seconds at 610°C. 


Further, it was found that the destruction 
of V band begins in the portion of the colored 
crystal near anode as shown in Fig. 9A and 
B. This experiment was done by comparing 
the spectra obtained from two narrow parts 
of the same specimen, the one near cathode 
and the other near anode, at various early 
stages of current flow. Fig. 9A shows the 
spectra of the part near cathode, and Fig. 9B 
those near anode. In both figures, curve a 
shows the spectrum before the application of 
the electric field and curves b and c show 
those after the flow of current produced by 
applying 135 volt for 90 sec at 593°C and for 
120 sec at 610°C, respectively. Despite of 
curves a and b being of nearly equal height 
in the part near cathode (Fig. 9A), the height 
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of curve b is about one half of that of curve 
a in the part near anode (Fig. 9B). In addi- 
tion, comparison of curves c in both parts 
shows that when the absorption in the cathode 
side decreases to about one half of its initial 
value, the absorption is no longer seen in the 
anode side. 

Finally, it is to be noted that the degree of 
destruction is nearly equal for both 265 mz 
and 210 my bands, namelly, the relative in- 
tensity of these bands is not altered in the 
course of these processes. This fact suggests 
that color centers responsible for these two 
bands can drift toward the cathode, so that 
positive holes play an important role in the 
species giving rise to these bands. 


§7. Discussions 


The results of the present experimental in- 
vestigations are summarized in the following: 

1. The same absorption spectrum was ob- 
tained for the KBr crystals colored either 
additively or electrolytically. 

2. Two strong bands were produced at 
265 mz and below 210mz immediately after 
the coloration was made (Fig. 2). © 

3. Indications of two subsidiary bands ap- 
peared at about 240mz and 300mz when 
measured at low temperature (Fig. 3). 

4. When the colored crystal of KBr is kept 
or irradiated with a light absorbed in the 
265 mz band at room temperature, this band 
is lowered and the 240 mz and 300 mz bands 
are enhanced without significant change in the 
range below 210 mz (Figs. 4-6). 

5. Release of free holes was not observed 
upon irradiating the colored crystal of KBr 
with light absorbed in the 265 my band (§5). 

6. All these bands disappear after the 
electrolytic bleaching, leaving the same absorp- 
tion spectrum as in the original uncolored 
crystal (§ 6). 

First of all, it is of interest to note that 
similar absorption spectrum was observed by 
Dorendorf® for the crystal of KBr irradiated 
with X-rays. He obtained seven absorption 
bands of V-type as a result of X-raying at 
various temperatures. Wavelengths of these 
bands are given in Table I. Of these, Vz, 
V;, Vs, and V; bands were produced upon ir- 
radiating with X-rays at 20°C. Fig. 10 shows 
the absorption curve obtained by him. The 
similarity is rather striking in comparing this 
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Table I. Peak wavelengths of V band in KBr || 
(in mp). 

Viv Vo-V3-V4e oV5., Mesa 

} i 

Dorendorf 410 265 231 275 <202 362 30 

(X-raying) 

The present study __ > — 300 

(additive coloring) 265 240 ? <210 
mp 

200 220 250 300 350 400 


Dorendorf 


Fig. 10. Absorption spectrum of KBr X-rayed ati 
20°C and measured at —180°C. After Dorendorf? 
(Fig. 2e in reference 6). 


curve with the curve d in Fig. 6, which shows 
the effect of light bleaching at room tempera 
ture for the crystal colored electrolytically 
with a sharp anode. Further, it is wortl 
mentioning that the similar absorption has 
been observed also by Teegarden™ for a thin 
film which was prepared by evaporating 
simultaneously both KBr and Brz on a quartd 
plate. 

There is some evidence as described in § 6, 
that the strong absorption appearing in the 
region below 210 mz will be of V-type, and it 
seems therefore reasonable to designate thi 
absorption as the V; band. It has been sug- 
gested by Seitz that the Vs band would be 
associated with the @ and 8 bands in KBr”. 
This suggestion is reasonable in view of the 
fact that the V; band has been observed by 
Dorendorf under X-ray irradiation by whick 
the F centers and negative-ion vacancies are 
produced in the crystal. However, it seems 
unlikely that these (a- and 8-) bands appeal 
also in the case of the (halogen-) additive 
coloration in which neither the F center not 
the negative-ion vacancy can be formed. Thu: 
the species giving rise to the V; band may b 
supposed to have some of V character rathe: 
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than that of “Greek” band, though further 
details of its nature are not known at present. 

The 265 my band can be assigned undoub- 
tedly as the V2 band, and the 240 mz and 
300 mz bands, which are enhanced as the re- 
sult of the thermal or optical bleaching of the 
V2 band, are located near the V; and the V; 
band respectively. There was no definite 
indication of absorption which might be cor- 
related to the V, band. In Table I are also 
shown these correspondences. 

From the results of the present experiments, 
the V3; and V; bands were found to be pro- 
duced as the result of bleaching of the V2 
band, the absorption spectrum being similar 
whether bleached thermally or optically. In 
order to understand the mechanism of the 
optical bleaching, it is necessary to assume 
either the tunneling of holes from, or the 
photo-dissociation of, the V2 center, as re- 
marked in §5. However the first alternative 
seems unlikely because the quantum yield for 
optical bleaching is strongly dependent upon the 
temperature at which the irradiation has been 
made. Thus it might be possible to suppose 
that most of Vz centers are destroyed through 
the process of either thermal or optical dis- 
sociation. In this way, the following is 
offered tentatively as an explanation for these 
processes. 

According to Seitz model, two Vi centers 
might be produced through the dissociation of 
V: center. However, at room temperature, 
these V1 centers must be combined rapidly 
with the lattice defects such as the positive- 
ion vacancy or the pair vacancies, both of 
which are sufficiently mobile even at room 
temperature. The former will associate with 
the Vi center to form the V3 center, and the 
latter to form the V4 center which is the anti- 
morph of the M center. On the other hand, 
a Vz center may be formed also if one V3 
center is combined with pair vacancies and 
then one positive-ion vacancy is ejected from 
this aggregate. 

Hence the following two processes are sup- 
posed to be most probable to occur through 
the destruction of V2 centers at room tempera- 
ture: 
(A) 
(B) 


V.— 2V;i (virtual) > Vs or Vu, 


V;+(pair vacancies) —> 
V.+(one positive-ion vacancy ejected). 
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In the process (A), dissociation of the V2 
center will take place either thermally or 
optically. The process (B) may occur only 
through the thermal reactions. According to 
the results of bleaching experiments, the rate 
of optical process is much higher than that 
of the thermal process at room temperature. 
As described in §5, enhancement of the V3 
band is more evident in the optical bleaching 
than in the thermal bleaching at room tem- 
perature. This may be explained by suppos- 
ing that, in the case of thermal bleaching, 
part of the V3; centers produced through the 
process (A) will be changed gradually to the 
V, centers through the process (B). 

In view of these speculations, the writer 
would like to identify the species giving rise 
to the 300mz band as V, centers. In other 
words, it seems more reasonable to designate 
this band as the V, band in KBr. 
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Magnetic measurements were performed on the specimens of powdered 
and single crystals of nickel sulfide having the structure of nickel 
arsenide type. From the results of measurements of the susceptibility, 
specific heat and other data, it was found that nickel sulfide is anti- 
ferromagnetic with the Néel point at 150°K. However, below 120°K, 
the susceptibility of the powder specimen increased with the fall of 
temperature and also showed a dependence of magnetic field. Such a 
rise in susceptibility at lower temperatures is here interpreted as due to 
the influence of paramagnetic islands. Correction for the atom core 
diamagnetism was applied to the observed susceptibilities, and from the 
inverse susceptibility vs temperature relation, the Curie constant per 
mol, Cy, the spin quantum number, S, and the asymptotic Curie tem- 
perature, 0, were obtained as 0.89, 1.9/2 and ca 3000° respectively. From 
the torque measurement of a single crystal of this compound, it was 
seen that the antiferromagnetic easy direction lies in (0001) plane of the 


crystal. 


Introduction 


§1. 

Magnetic properties of a number of chalco- 
genides of the transition elements with the 
structure of nickel arsenide type have hitherto 
been investigated mostly with polycrystalline 
specimens. Recently preparation of single 
crystals of such compounds has been under- 
taken with success and with such crystals 
some interesting knowledge about magneto- 
crystalline properties of the compounds of this 
type, for example, FeS”, Fe;Ss” and Fe;Se,”, 
were found. In the present investigation, we 
fixed our eyes on the single crystal of nickel 
sulfide with nickel arsenide structure and 
studied the antiferromagnetic behavior of this 
crystal which showed a peculiar behavior of 
parasitic susceptibility in the antiferromagnetic 
temperature range. The results obtained and 
a short discussion thereon are given in the 
following lines. 


§2. Metallographic Survey and Preparation 
of the Specimens 


Metallographic study of the binary system 
of nickel and sulfur was once made by Borne- 
menn, Alsen and Willems®. However only a 
few description were hitherto presented, on 


* This investigation was supported in part by 
the Grant-in-Aid of Fundamental Scientific Research 
of Ministry of Education. 


the behaviors of the sulfur rich side of a 
system including the stoichiometric composi 
tion (fifty atomic percent of sulfur). It wag 
reported» that a compound with the atoichie) 
metric composition, NiS was able to be pre: 
pared, which was found to have three differen 
kinds of modifications. Natural nickel sulfid 
and that obtained from nickel sulfate added 
with sulfuric acid have a rhombohedral struc 
ture (7-NiS or millerit), while those obtained 
by direct synthetic method and from the ace+ 
tate added with acetic acid have nickel arse- 
nide type structure (8-NiS). The third for 
(a-NiS) is amorphous. 

In order to obtain sufficient metallographic 
information on the compound of nickel sulfide 
with the structure of nickel arsenide type, 
we prepared several specimens of NiS. includ- 
ing the stoichiometric composition (x=1). The 
adopted method of the preparation of the 
polycrystalline specimen was as_ follows; 
powders of electrolytic nickel (99.9%) and 
sulfur (99.9%) were mixed with the desired 
proportions, the mixtures were sealed in 
evacuated silica tubes and then heated at 
about 900°C for 24 hours, promoting the reac- 
tion of sulfur and nickel. During the heating 
process the specimen was kept at about 380°C 
for one week. By means of such a heat 
treatment the reaction tubes could be protectec 
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perfectly from the explosion due to the evapo- 
ration of sulfur. The reaction products were 


Table I. X-ray analysis of NiS. (Cu-Ka). 
Index sin? @ Intensity 
hkl obs. cal. obs. cal. 
100 0.068 0.069 vs 297 
002 0.084 3 
101 0.090 0.090 vs 115 
102 0.153 0.153 vvs 593 
110 0.204 0.206 vs 465 
103 0.258 0.258 Ww 115 
200 0.273 0.274 w 139 
112 0.290 31 
201 0.294 0.295 Ww 115 
004 0.338 0.336 m 155 
202 0.356 0.358 s 588 
104 0.406 0.405 Ww 137 
203 0.460 0.463 vvw 115 
120 0.475 0.479 vvw 669 
121 0.496 0.500 m 115 
114 0.540 0.542 s 929 
122 0.557 0.564 s 588 
VA 0.591 0.611 vvw 139 
300 | 0.605 0.617 any 08 465 
123 | 0.661 0.669 vw 115 
302 .:| 0.701 31 
006 0.757 5 
205 0.792 0.800 vw 115 
°124 0.810 0.816 m 139 
220 0.819 0.823 m 465 
106 | 0.824 0.826 m 593 
iG ae} 0.963 31 


The diffraction lines, whose indices satisfy the 
following relation, viz. h=k+3m, 1=2m+1, where 
mand n are zero, positive or negative integers, 
should be missed in the case of a nickel aresenide 
type crystal. As the above table shows, such lines 
were not abservable in the present case. 


Table II. X-ray analysis of NigSs. (Cu-Ka). 
sin? 6 Intensity | sin? 6 Intensity 
0.0014 VVW 0.025 s 
0.0026 s 0.027 Ww 
0.0036 vw 0.029 Ww 
0.0049 VVW 0.030 Ww 
0.0052 VVWw 0.031 Ww 
0.0062 m 0.033 VVW 
0.0078 vs 0.035 m 
0.0082 vs 0.038 w 
0.0094 s 0.040 Vvw 
0.0101 s 0.041 w 
0.9110 vw 0.043 w 
0.0120 s 0.044 vw 
0.0138 s 0.045 w 
0.0144 VVW 0.047 vw 
0.0154 vw 0.048 cS 
0.0166 VVW 0.052 VVW 
0.0173 vvs 0.059 m 
0.0181 vs 0.061 Ww 
0.0194 vw 0.062 m 
0.0198 Ss 0.066 vw 
0.021 vw 0.069 s 
0.022 vvw 0.071 m 
0.023 vs 0.072 m 
0.024 s 0.074 Ww 
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then cooled down in the furnace. The ap- 
pearance of them showed evidence of melting 
at high temperatures and except for the cases 
of x«<1.0 the products were made up of two 
parts having clear boundary distinguishable 
by their colors. One part was of metallic 
gloss and the other of black color with tinged 
red. 

Now we studied at first the crystal struc- 
ture of the specimens with x=1.0, 0.9, 0.833 
add then the separated parts with metallic 
gloss and those with tinged red colour with 
compositions x=1.1, 1.2, 1.3, all these results 
of X-ray analysis are shown in Tables I, II 
and III. As seen from the Table I all the 
diffraction lines for the compound with the 
composition x=1.0 can be indexed as those 


Table Ill. X-ray analysis of Nisg.g. (Cu-Ka). 
obs. |NiS NiS, | NiS, | NisSs 
sint9 I. | hkl hkl | sin26 I. | nkl_ sin? @ 
0.056 m 111 | 0.057" 80° }i1 0.01 
0.068 s_ | 100 220 0.05 
0.075 vs 200 | 0.074 257) 311 0.07 
0.089 s_ | 101 222 0.08 
0.094 s 210 | 0.093 74| 400 0.10 
0.112 s 211 | 0.112 47| 331 0.121 
0.151 vs 220 | 0.148 127] 422 0.153 
0.153 vs | 102 333,511 0.172 
0.167 m 221,300 0.167 5| 440 0.203 
0.203 vvs|110 311 | 0.204 387| 531 0.223 
0.222 m 322 | 0.223 147| 620 0.255 
0.240 s 320 | 0.242 32) 533 0.274 
0.259 vs | 103 321 | 0.259 113| 622 0.280 
0.271 vw | 200 444 0.306 
0.292 w | 201 551,711 0.325 
0.335 w | 004 642 0.357 
0.349 m 331 | 0.353 61 553,731 0.376 
0.355 m_ | 202 800 0.408 
0.365 m 420 | 0.371 68| 733 0.427 
0.404 vw 421 | 0.389 67 660,822 0.459 
0.441 m 423 | 0.445 92 |555.751 0.478 
0.460 vvw! 203 662 0.484 
0.476 vvw} 120 840 0.510 
0.497 vs 333,511) 0.501 473 
0.554 432°520| 0.539 3 
0.588 s | 114 440 | 0.594 461 
0.605 w |300 441 | 0.613 14 
0.642 vw 431 | 0.650 15 
0.659 s 442,600 0.668 251 
0.679 vvw 610 | 0.686 51 
0.696 s 611,532) 0.704 187 
0.733 vvw 20 | 0.740 63 
0.753 vw 443,621] 0.760 66 
0.790 w 533 | 0.797 159 
0.808 w | 220 622 | 0.815 122 

0.817 vw 


All observed lines are indexed either as those of 
NiS or NiS,. The calculated sin?@ and intensity 
for NiS, are shown in the fifth column respectively. 
The last two columns give indices and calculated 
sin? @ of NisS4. 
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of the nickel arsenide structure with lattice 
constants a@=3.39A, c=5.30A and with the 
axial ratio cla=1.56, and it was also found 
that the compound showed the same structure 
at the temperature of liquid nitrogen. The 
diffraction lines for x=0.833 given in Table 
II could not easily be indexed by the present 
author, but based on the results of thermal 
analysis mentioned below, it will be supposed 
that these diffraction lines will be due to the 
compound NisSs, as proposed by previous 
authors”. For x=0.9, diffraction lines of NiS 
were recognizable, however, other lines were 
seen to be identified as those of NisS; men- 
tioned above. The separated part with metal- 
lic gloss from the specimen with x greater 
than unity was also found to show only the 
diffraction lines of NiS. Some of the lines of 
the tinged red part were those of NiS while 
the rest of the lines could be indexed as those 
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anomaly at 585°C, which coincides with the 
peritectoid point of NisgS; proposed formerly 
by Borneman and others”. In some cases, a 
a peak was also found at 400°C. This peak, 
however, would be considered as due to the 
heat absorption by the evaporation of free 
sulfur, since the quantity of the anomalous 
heat absorption changed or vanished with 
various heat treatments of specimen. For the 
specimen x=1.0, there appeared no anomaly 
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The specific heat vs temperature curves for the specimens 2=0.833. 0.9, 1.0, 1.1, 1.2. 
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of a cubic lattice with the parameter 5.65 All 
As shown in Table III all these lines can bei 
indexed by assuming the pyrite structure} 
which is to be identified with NiS: found 
previously by Jong and Willems”. It was} 
once reported by Menzer and Jong” thai} 
natural leucite, whose composition is repre} 
sented by Ni3S,, has spinel structure with 
parameter 9.65A, but for the present specii 
mens, and diffraction lines of such type were 
not found: In the last two columns, the 
indices and calculated sin?@ for NisS, based 
on the reported spinel structure are shown; 
which do not coincide with the observed dif 
fraction angles. . 

Now the thermal analyses for all the pre 
pared reaction products were undertaken 
The specific heat vs temperature curves are 
shown in Fig. 1. From these results we ca 
recognize that for x=0.833, there appears a 


500 600 700 800 


up to 750°C. 
~ From these findings it can be concluded 
that the compound NiS with nickel arsenide 
structure coexist with the compound Ni,S; or 
with NiS, for excess of nickel or sulfur con- 
tent respectively. Also it is to be considered 
that the range of compositions of nickel sul- 
fide with nickel arsenide structure is very 
narrow in the phase diagram. 

In order to prepare the single crystal of 
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NiS, the powdered specimen of NiS sealed in 


an evacuated silica tube was cooled down in 
furnace from about 900°C at the rate of half 
a degree per minute. In this way, single 
crystals larger than 15x6x6mm* were ob- 
tained. 


§3. Experimental Results 

(i) Magnetic susceptibility of the powder 

specimens 

The temperature dependence of the mag- 
netic susceptibility of nickel sulfide (x=1) in 
powder form was at first determined in the 
temperature range from the boiling point of 
liquid helium to 500°C with a magnetic balance 
of an automatically recording type®. The 
specimens containing NiS. and NisS; were also 
examined. These results are shown in Fig. 2. 


xlO® 


=J 


——-> Susceptibility per gram 
=. 201 Bruges a 


100 200 300 400 500600 700 800 °K 
——> Temperature 
Fig. 2. The relation between magnetic suscepti- 
bilities and temperature. Curves (a), (b) and (c) 
show for NiS, NiSi.1 (containg NiS.) and Ni¢S; 
respectively. Diamagnetic correction were per- 
formed for curve (a). 


The observed value of susceptibility was so 
small that it is desirable to take into account 
the correction coming from diamagnetism of 
atom cores. Such a correction was made in 
the following way: Diamagnetic susceptibility 
of several numbers of atom cores of the first 
transition group of ions (Sc*’, Ti**, V*®, Cr*, 
Mn*’) due to Pauling’s result® was plotted in 
the order of atomic number as in Fig. 3a. 
Then diamagnetic susceptibility, ya for Ni*° 
which is considered to be the core of a nickel 
atom excluding the outer-shell electrons is 
obtained to be —3.2x10-° (per mol) by means 
of the extraporation of this curve. On the 
other hand, the susceptibility for cuprous 
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ion also been known to be —13.2x10-® (per 
mol), and this value may not differ greatly 
from that of a hypothetical nickel ion with 
perfectly filled 3-d shell. If we assume that 
the ya of a nickel ion with a desired number 
of 3-d-electrons changes linearly from Ni*! 
to Cut*!, then the value for Nit? is determined 
by the interpolation to be —11x10-! mol-! 
(confer Fig. 3b). On the other hand, the dia- 
magnetic correction term from S~-? is 40 x10-® 
per mol and is much greater than the value 
for Ni*?. From these values we obtained the 
term of diamagnetic correction for the sus- 
ceptibility of NiS as 0.72x10-®gr-!. The 
curve for NiS shown in Fig. 2 was obtained 
by applying the diamagnetic correction men- 
tioned above. 

As the curve shows, the susceptibility has 
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Fig. 3a. Diamagnetic susceptibilities for trans- 
ition metal ions. 
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Fig. 3b. The relation between the diamagnetic 
susceptibility and the number of 3-d electrons, 
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a maximum at 150°K, then decreases during 
the fall of temperature but at 120°K, it reaches 
a minimum and again increases rapidly with 
the further cooling of the specimen. 


(ii) Torque measurement of the single crystal 

A magnetic torsion balance was used for the 
measurement of torque exerted on a single 
crystal specimen by the application of the 
magnetic field. The dimension of the single 
crystal used was 10mm in length and 5x4 
mm? in section. The crystal was mounted 
on the torsion balance with its c-axis normal 
to the suspension fiber. The changes of torque 
with the field direction at several temperatures 
are shown in Fig. 4. As is shown in the 
figure, the torque changes with field direction 
nearly proportionally to sin 20, @ being the 
angle between the c-axis of the crystal and 
the direction of the applied field. The maxi- 
mum of torque occurs at 0=7/4 at every 


Oe 


Fig. 4. Torque curves of NiS in the a-c plane. 
6=0° refers to the c-axis and 6=90° to the a- 
axis. 
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Fig. 5. H? dependence of the maximum torque, 
where H is the applied magnetic field. 
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} 
temperature. It was also found that the maxi | 
mum torque changes proportionally to a ij 
square of the applied magnetic field. As a i 
example, the torque value at —190°C is show | 
in Fig. 5. | 

(iii) Specific heat at low temperatures } 

The apparatus for the measurement off) 
specific heat in the temperature range belowy 
room temperature was of an automaticallyy 
recording type™. About 15 grams of thed 


specimen was used for the measurement. Thed} 


about 6 deg./min. ; 
specific heat, Cy», and the temperature is¥ 
shown in Fig. 6. A flat hump was seen i 
the vicinity of about 148°K, corresponding t 
the maximum of susceptibility mentioned in 
the preceeding paragraph. The amount of 
the heat absorption due to this hump was} 
estimated to be about 0.13 cal/gr or 12 cal/| 
mol. 


ie) 


cal/gr:deg 


lOO 
——- Temperature 


Fig. 6. The relation between specific heat and 
temperature for NiS. 


I50 200°K | 


§ 4. Discussion of the Experimental Results 


It is to be noticed at first that any incon- 
sistency will hardly occur among the present 
results if we assume that the maximum at 
150°K in the susceptibility temperature curve 
of the compound NiS is due to the magnetic 
transition from antiferro. to paramagnetism. 
Firstly, an anomalous heat absorption due to 
this transformation can also be seen as a hump 
at 148°K in the curve of specific that vs 
temperature mentioned above. Néel and Smart 
et all’? have proposed the expressions of the 
anomalous heat capacity 4Q and jump of 
specific heat 4C,y at the Néel point as follows, : 

_ onsets Sa | 
4Q 10 (+S)? Tv4Cy 

_ 5S(S+1) 
oe S?+(1+S) 3 
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where S, Ty and R are the spin quantum 
number, the Néel temperature and the gas 
constant respectively. Introducing the experi- 
mental values 1.9/2 for S, which will be men- 
tioned later, and 150°K for Tw, we can ob- 
tain 4Q=225 cal/mol and 4C,=4 cal/mol deg, 
so that the experimental value of 4Q=12 cal/ 
mol is about one twentyth smaller in magni- 
tude than that expected theoretically. But 
we encounter frequently that experimental 
values are found to be far smaller than those 
expected from the expression above mentioned. 
For example, for FeO and NiO, antiferromag- 
netic spin orderning was confirmed by aid of 
neutron diffraction experiments!™ and the 
anomalous heat absorptions at their Néel 
points were found to be 60'® and 110™ cal/ 
mol respectively, which are far smaller than 
the expected values from the above expres- 
sions. ; 

Now it will be expected that the powder 
susceptibility of the antiferromagnetic sub- 
stances decreases with the fall of temperature 
and at absolute zero of temperature, reaching 
two thirds of the values at the Néel point. 
Nevertheless in the present case the suscepti- 
bility begins to increase again at 120°K during 
the fall of temperature. Moreover there ap- 
pears a magnetic field dependence of the sus- 
ceptibility in the temperature range lower 
than the Néel point. It might seem possible 
at first sight to explain this fact by assuming 
that the specimen contains a little amount of 
ferromagnetic impurities, the Curie point of 
which lies at about 150°K. From the phase 
diagram above mentioned, indeed, it will be 
possible that the present specimen of NiS will 
contain a small quantity of NiS. or NisS; for 
the excess of sulfur or nickel content. How- 
ever, the y—TZ curves of these compounds 
are of the antiferromagnetic and paramagnetic 
types as illustrated in Fig. 2. Therefore, the 
contribution from the impurities occurring 
from such neighboring phases can not intro- 
duce any effect of the above mentioned type 
on the susceptibility of nickel sulfide with the 
stoichiometric composition. The possibility of 
other kinds of ferromagnetic impurities can 
not be excluded so simply if the impurity 
distribution be in a homogeneous form in the 
crystal or the impurities have no magnetic 
anisotropy. However, such an estimation is 
improbable since several kinds of specimens 
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were prepared with nickel and sulfur of dif- 
ferent origins and it was found that all these 
specimens had the same y—T relationship. 
Now it will become more improbable to at- 
tribute the increase of susceptibility at low 
temperature to any kind of parasitic ferro- 
magnetism, if the magnetic anisotropy men- 
tioned above in the case of the single crystal 
is considered. In such a case the observed 
anisotropy will be of an uniaxial nature and 
the torque will reach asymptotically a con- 
stant value for a strong field, while in the 
range of weak magnetic field it will increase 
linearly with the field. As shown in Fig. 5, 
the torque is proportional to the square of 
the magnetic field at every temperature, so 
above mentioned possibility will be excluded. 
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Fig. 7. Temperature dependence of the difference 
between parallel and perpendicular suscepti- 
bilities. 


From the result of the torque measurement 
(Fig. 4), and based on the formula for torque 
t, t=m/2-(x%e—%a)H? sin 20, we obtained the 
temperature dependence of the difference be- 
tween the susceptibility in the direction of 
c-axis and that in the c-plane, x¥-—7%a, as in 
Fig. 7. The difference decreases from the 
boiling point of liquid nitrogen at first gradu- 
ally but it is to be noticed here that no 
marked discontinuity appears at the tempera- 
ture 120°K of the minimum of susceptibility. 
On the other hand at the temperature 150°K 
the said difference disappears suddenly. This 
fact will easily be understood that the latter 
is the Néel point of the compound and such 
a rise in susceptibility in the temperature 
range lower than 120°K will be attributable 
to the existence of a kind of paramagnetic 
islands as in the case of CoO, which will make 
small contribution to the anisotropy of sus- 
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ceptibility. In this case the field dependence 
of the powder susceptibility will be caused by 
the antiferromagnetic part of the compound. 

In the case of the nickel arsenide structure 
each cation is surrounded octahedrally by six 
neighboring anions. The crystal field due to 
such anion shells is pseudo-cubic type added 
with small trigonal symmetry, the latter 
greatly depending upon the axial ratio c/a and 
it is expected that the change of sign in the 
magneto-crystalline property will occur c/a= 
1.63. For NiS, the axial ratio is less than 
1.63, and from the results of calculation of 
L—S coupling energy in Ni?* ion in NiS™®, it 
is concluded that the spin direction falls in 
c-plane. Such a conclusion coincides perfectly 
with the result of the torque measurement 
above mentioned. 


150 
———> Temperature (°K) 


Fig. 8. Temperature dependence of the difference 
between parallel and perpendicular susceptibi- 
litise. (above the Néel point) 


From the measurement of the powder sus- 
ceptibility above the Néel temperature, we 
can obtain the relation between the inverse 
susceptibility and temperature, and from this 
relation various constants were determined as 
follows. The number of effective Bohr mag- 
netons is 2.66, the spin quantum numbers S 
is 1.9/2 assuming the Landé factor equal to 
two and the asymptotic Curie point, —@ is 
about 3000°K. If the compound NiS is an 
ideally ionic one, a nickel ion has eight elec- 
trons in outer d-shell, and S would be con- 
sidered as unity. The experimental value 
agrees very well with the theoretical one. 

K. Yoshida! discussed on the difference 
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(xe—x%a) above the Néel temperature, and re- | 
duced the following relation, | 


4 le ets 3 
oa = 7 + S(S+1) iat 
anisotropy constant in effective ||| 

Using the experimental data il 
(Fig. 7), we estimate D=2.4cm™!. This is 1) 
a reasonable value since, in this case, there || 
exists /—s coupling in addition to the spin- 
spin interaction. 


where D is 
Hamiltonian. 
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Relaxation Spectrum of Chain High Polymeric Substances 


By Tsuyoshi ONISHI* and Misazo YAMAMOTO 
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The wedge type relaxation spectrum of amorphous chain substances 
having next-nearest neighbor interaction is derived. The interaction is 
taken in the form of special square type potential against a distance. 


The potential indicates that the chain has stiffness. 


The equation of 


motion is solved by normal coordinate method for Bueche’s vibrating 


string model. 


The slope of the relaxation spectrum of our model is steeper than that 
of ideal elastic chain model for which the slope of —1/2 in the log-log 
plot is proved, and quite coincides with the experimental data. 


Introduction 


§1. 

It is well known that there are generally 
two distinct types? in the Relaxation Spect- 
rum of amorphous polymers. One is the box 
type spectrum located in the long relaxation 
time region; the other is the wedge type 
spectrum in the short relaxation time region. 
From the stand point of molecular structure, 
the former originates from inter-chain entan- 
glement; the latter from intra-chain relaxation, 
i.e., its source is in micro-Brownian motion 
of a chain. Theories of inter-chain relaxation 
have been developed by several authors” 
based on a model of weak rubber-like network 
structure. These theories however are rather 
qualitative in nature, and have not yet suc- 
ceeded in explaining the character of the box 
type spectrum. 

For theoretical treatment of the micro- 
Brownian motion following Kirkwood’s theory, 
a Pearl Necklace model immerse in viscous 
liquid has been proposed®. Nakada suggested 
that the wedge type spectrum can be explained 
by the Rouse model. His spectrum has a 
slope of —1/2 in the log-log plot, as has been 
observed for typical flexible chain substances 
such as amorphous polyisobutylene. 

But experimental data for the 
many polymeric substances differ somewhat 
from —1/2. Many textile fibers have flat 
spectrum in the comparatively wide range of 
relaxation time, whereas for some flexible 
chain substances, the slope of the spectrum 
is generally a little steeper than —1/2 especially 
in short relaxation time region (Fig. 1). 


slopes of 


* Present address: Department of Physics, Fac- 
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For the flat spectrum, Chikahisa proposed 
a model and obtained less steep spectrum”, 
it is still not satisfactory. The purpose of 
this paper is to discuss the tendency for the 
spectrum to become steeper. For simplicity, 
we adopt Bueche’s vibrating string model, 


in dyne/cm? 


log £¢) 


Fig. 1. Wedge type relaxation spectrum of 
several different polymer systems at 25°C 
(Ferry®). 1, 10% Polyvinylchloride in dimethyl 
thianthrene; 2, 20% cellulose tributyrate in 
dimethyl phthalate; 3, 50% polyvinyl acetate in 
tricresyl phosphate; 4, polyisobutylene; 5, 40% 
polyvinyl chloride in dimethyl thianthrene. 
Dashed lines are drawn with slope of —1/2. 


instead of Rouse model which would neces- 
sitate solving the diffusion equation. Although 
there may be some ambiguity in Bueche’s 
model, these two models should give the same 
results as far as the relaxation spectrum is 
concerned. 


§2. Vibration String Model 


Let (N+1) spherical segments be connected 
by N Gaussian springs and be immersed into 
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viscous liquid in which the frictional constant 
is f. The equation of motion of 7** segment 
is 


mkj= —f%j;+O9, t)— 


a ie 2,25", fe) 
apn a2 


OV(Lx5}) 
Ox j 3 


(1) 


where m is the mass of a segment, @ (j, f) 
external force acting on j* segment at time 
t, and V({x;}) elastic potential of the chain 
springs, and (x, y, z) indicates that this form 
of the equation is satisfied by the three com- 
ponents x, y and z of the coordinate. 
In Bueche’s ideal model, V comes only from 
the nearest neighbor interaction, i.e., 
Vit x5}) = (a/2) Dis(4j— 45-1). (2) 
In this paper, to express the stiffness of a 
chain, we take into consideration the next- 
nearest neighbor interaction and put in the 
following form: 


V{x5}) = (@/2) D4 5-5-2)? 
tiation 
+43,( 9 xs) : 


The meaning of the additional potential is 
easy to understand in transversal vibrational 
mode. For the ideal chain with potential 
energy (2), no difference is found in the po- 
tential energy between mode (a) and (b) in 
Fig. 2. But in a chain with the next-nearest 
neighbor interaction, potential energy becomes 
higher in mode (b) than in mode (a). Here 
2 is a constant which could give the measure 
of the stiffness of a chain. 


OG 
} a ee eee 
(a) (Cb) 


Fig. 2. The meaning of our potential, Eq. (3), is 
easy to understand in transversal vibrational 
mode. 


(3) 


Our problem, then, is to solve Eq. (1) using 
internal potential (3) in the sinusoidally oscillat- 
ing external force field, and to obtain the 
complex compliance J*(«) and finally to derive 
the relaxation spectrum. 


§ 3. Normal Coordinate 


Equation of motion (1) with intra-chain in- 
teraction potential (3) can be solved by the 
method of normal coordinate. Consider the 
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equation of motion for the “ free ” chain, viz., | 
MN 3 = A(X 5-1 — 2X5 +X 541) i}} 
—A(4X5-2—2a 5-1 +3%j—2%j41 43X42). (4) | | 

with the periodical boundary condition | 
Xj=EXjew. (5) i] 

The solution of Eq. (4) under the condition : l 
(5) may be written in the form 


(6) | 


(8) |} 


(9) 


ie 3 An SeikalexD ba); 
where 
Wn? = (2n/m){(1—cos kn) —(€/2)(1—cos 2kn)} 
and 
k=a+22, 
E=Ak. (10) 


Here « has a meaning of apparent elastic 

modulus of the chain, and € may be called a 

“stiffness parameter” restricted in the range 

0<&<1/2. (11) 

Obviously €=0 correspond to an ideal chain. 

Eq. (1) with Eq. (3) can be solved by normal 
coordinate @n: 


(ran ars 
xj= DV (2/MN) Gn cos (jkn). (12) 
n=0 
Then gn must satisfy the equation 
Gn+(f/M)Gn+Ongn= Fn, (13) 


where F, is a Fourier transform of the ex- 
ternal force: 


Fr=djV2/mN (7, t) cos (jkn). (14) 
Eq. (13) is an ordinary linear differential equa- 


tion, and knowing @(j, t) it may be solved 
easily. 


§ 4. Relaxation Spectrum 


It is assumed that the system has a tempo- 
rary rubber-like network structure in which 
the motion of the junction points follow the 
theorem of proportionality. Consequently ex- 
ternal force is exerted only at the junctions, 
i.e.y at the chain ends. Then @(j, ¢) can be 
taken in the form 


al ial cet acct! 
Oj, oa|— ren: j=N, (15) 
) ; otherwise. 
According to Eq. (14), Fr is 
te ee n: odd , (16) 
0 >; Mm: even. 
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Eq. (13) gives the solution 
4G 


eret 


Qn=} V2MN on?—w?+iof]m ’ tieeptda 3 
0 >; nm: even. 
(17) 
Complex compliance /* can be written 
yt A4x/R__ 88 x 1 : 
vF et ~ yRMN niodd On?—w?+iof/m ’ 
(18) 


where v is the effective number of chains 
crossing the unit area of any cross section in 
in the sample, and 4x=x)—xwy denotes relative 
displacement of end-to-end vector of the 
chain, which has a length R in equilibrium 
state. 

Eq. (1) and Eq. (18) contain the effect of 
inertia term mx and w? respectively. How- 
ever, we may neglect these terms in the 
phenomenological theory of viscoelasticity. By 
neglecting w? in the denominator of Eq. (18), 
we are led to complex compliance 


8 Tn 
*— 
J vRNfF nota 1+iwtn 


which is in agreement phenomenological ex- 


(19) 


pressions. Here tn denotes the retardation 
time 
tr=f](Mon*) 
E Z 


(20) 


~ 2e (1—cos kn)—(€/2)(1—cos 2kn) 
With large value of N, summation of Eq. 
(19) may be approximated by the integration 


Quire PU teny ec dx 
a ae l+tior dt ae (21) 
where 
ei F 1 
Paiingh i Sees DLP T= ces 2 A 
and 
ta=f/4e, ta=(N/7)*(f/a@). (23) 


When the distribution function of retardation 
time G(r) is introduced by the relation 
oe ea 
0 l+imr 
we are led directly to the G(r) in our system, 
1@x,, LO 


dt, (24) 


1 1 1 


| : = test Se, 
G(t)=4 mveR ct sin x—€&sin2x 
0 : otherwise. 
(25) 


Relaxation time spectrorum @(r) is obtained 
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from Eq. (25) by using the the method des- 
cribed in Gross’ text®: 


ae if G(r) 
OTe (K@P+InG@p? 
where 
Reyes Koos iesaip (27) 


Using the reduced quantities t* and 9*(r*), 
i.e., 


O(c)=veRO*(c*), (28) 
t=(f/4r)c*, (29) 
the final expression of relaxation spectrum is 
Aa 7G*(c*) ’ 
mot [KP +AGO) 
O*(c*)= l<c*<ta/to, 
0 ; otherwise, 
(30) 
where 
formal 1 
(kes 1 
palo 2x t* sinx—€sini2x’ seta 
8 1 
K(-*) — 
Sci nan aeheF Sie, ab asta 
1+a- a-+n/2N 
] N= vides 
| 2a. |an—n/2N] 


Fig. 3. Reduced relaxation spectrum @*(rc*) for 
N=10 for various e. 
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Here x is the function of t*, 
t*=1/{(1—cos x)—(&/2)(1—cos 2x)}, 

and as is given by 

_V (1—26)2r*2+ 8Ec* +{(1—26)r* —2} (34) 

* 2(c*—1) 5 

As can be easily seen from Eqs. (28) and 
(29), shape of the spectrum is independent of 
« and f, as long as Nand € are kept constant. 
In other words when « and f change with 
temperature, spectrum would shift as a whole 
without changing its shape. This fact sug- 
gests thermorheological simplicity in the visco- 
elastic behavior of high polymer systems. 

Fig. 3 shows curves of @*(c*) for N=10° 
for various values of parameter &. In the 
limit of €=0, our spectrum reduces to that of 
Bueche which has the —1/2 slope. With in- 
creasing &€, the slope in the short time region 
increases, leaving the slope in the longer 
range unchanged. This tendency may be 
better understood when we consider that the 
second term of our potential has a considerale 
effect on vibrational mode at high frequency, 
i.e. on the spectrum in short relaxation time 
region. 

Degree of polymerization N has little in- 
fluence on the shape of spectrum for finite &: 
the higher the degree, the more linear the 
shape becomes. 


(33) 


at 


§5. Comparison with Experiment 


As stated under introduction, our model is 
useful for rubber-like substance. Fig. 4(a) 
shows the experimental relaxation spectrum 
for polyisobutylene®, a typical rubber-like 
substance, and (b) the theoretical spectrum 


© log 


7 


-4 -2 -8 -6 -4  =2 

logt 
(a) (b) 

Fig. 4. Wedge type relaxation spectrum of poly- 
isobutylene. (a) Experimental data. (b) The- 
oretical curve (N=103, e=0.47). Dashed lines 
are drawn with slope of —1/2. 


T. ONISHI and M. YAMAMOTO 


with &=0.47. 
between these two spectra. 


The values of parameters are determined l 
By considering that, ||| 
on an average, 1/3 of the chain lies in the x |} 


by Nakada’s method. 


direction, the effective number » is given 
v= Apk/3M, 


=m'N; m’: molecular weight of a segment), 


R: root mean square end-to-end distance |} 
(R=V NI; I: distance between segments), and |} 


A: Avogadro’s number. 
For elastic modulus of the chain x, 
theory of rubber easticity gives 


k= 3kT/P (36) 
which may be used here for an approximation. 
For polyisobutylene m’~50, 7~3x107-8 cm, /~ 
1A, N~10?, we finally get 


veR~108 dyne/cm?, 


the 


which makes the value of the spectrum re- 
asonable. 


Apparent frictional constant f can not be 1 
deduced by the known constant, but by ad- ) 
justing ta to the maximum point of wedge |} 


spectrum, f becomes 
f~10-° dyne/cm/sec. 


Assuming that Stokes’ law is valid, viscosity | 


coefficient 7 is 
7 ~10?~108 poise, 


and this value is satisfactory, as suggested by 
Nakada. 


§6. Discussion and Conclusion 


The relaxation spectrum of elastic chain sub- 
stance having the next-nearest neighbor in- 
teraction is derived. We have used the special 
potential from Eq. (3). There are two advan- 
tages of our potential, viz., the stiffness of 
the chain can be introduced intuitively and 
the eigen value problem of vibration can be 
solved with no approximation except periodic 
boundary condition. 

Our model gives relaxation spectra with 
slopes between —0.5 and —0.8. There are 


Bes Sich Sheen 1 Shag 


Fig. 5. Special case of e=1/2 corresponds to the 
bending vibration of rods. 
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Good agreement is observed || 


(35) |} 
where p: density, M: molecular weight (M@ 
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substances which have spectra steeper than 
our model, and although there may be some 
ambiguity in our model, our results suggest 
that the origin of the spectrum slope steeper 
than —1/2 is generally attributable to the 
existence of the stiffness of the chain. 

The limit of €=1/2 is interpreted as follows: 
Suppose the segments are all connected by 
rigid rods (see Fig. 5) and have an internal 
potential which is proportional to the square 
of the relative angle 


VHX D503. (37) 
For small vibration, 0; becomes 
O5={(x5—X 541) + (5-45-11 
= (2/D){1j)—(X541 +.45-1)/2}, (38) 


and taking 2=4A’//?, Eq. (37) becomes equal 
to the special case of Eq. (3), as a2=0 when 
e=1/2. 

Accordingly, this special case corresponds 
to the bending vibration of rods, and the 
spectrum becomes linear, as shown in Fig. 2. 
Formally, tg is infinite, but as the summation 
of Eq. (19) can not, in this case, be ap- 
proximated by the integration, continuous 
spectrum terminates at finite +t, and discrete 
relaxation time spectrum appears. 

It is likely that this special case of €=1/2 
offer a good model for any fibrous substance 
composed of rigid polymeric chains. However, 
real fibrous substances have almost flat spectra 
in wide range of relaxation time, and show 
behavior quite contrary to our model. 

Then, for the spectrum of the amorphous 
polymer, where does this flat spectrum belong ? 
The box type is not suitable, because of its 
very long relaxation time. It may rather be 
assumed that it belongs in the glass state 


Relaxation Spectrum of High Polymers 


1443 


region which is situated to the left of glass 
transition point where wedge type spectrum 
has a maximum value. If so, general schema- 
tic spectrum of amorphous chain-polymeric 
substances is composed of three types, viz., 
one wedge spectrum between two box type 
spectra. Some experimental data endorse this 
idea. 

The authors express their sincere apprecia- 
tion to Prof. T. Yamamoto for his constant 
encouragement and advice throughout this 
research, and thanks the members of Quantum 
Chemistry Laboratory of Chemistry Depart- 
ment of Kyoto University, and Profs. S. 
Onogi and H. Kawai and others in the High 
Holymer Research Group of Kyoto for their 
valuable discussions. 
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On the Ferromagnetic Phase in Manganese-Aluminum System 
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Tohoku University, Sendar 
(Received August 15, 1958) 


A metallographical investigation of manganess-aluminum system was 
made in the compositional range of 47% to 60% of manganese, with the 
results of a new hexagonal close-packed phase and a metastable tetrago- 
nal ferromagnetic phase derived therefrom. The conditions necessary 
for formation, structure, stability and thermal and magnetic properties 
of the latter phase have been studied. A discussion was also given on 


its magnetic properties. 


§1. Introduction 

The existence of a ferromagnetic phase in 
manganese-aluminum system was pointed out 
by Hindricks? in 1908; Ishiwara” and later 
Koéster® et al. made further metallographical 
investigations on the nature of this phase, but 
they failed to find its well-defined positions in 
the phase diagram of this binary system. Also 
the structure and thermal and magnetic pro- 
perties of this phase have not yet been studied 
in detail. Moreover, there are some incon- 
sistencies between the reported those diagrams 
and magnetic properties found by these au- 
thors: According to Ishiwara’s phase dia- 
gram, the composition corresponding to the 
maximum magnetization in the ferromagnetic 
range lies in the two-phase region of @ and 
0. For the purpose of clarifying the metal- 
lographical nature of this phase, the present 
writer studied this system with specimens in 
the compositional range from 47% to 60% Mn, 
and with various heat treatments; basing on 
the results obtained, the phase diagram of 
this region was studied. Then the stability, 
the structure and thermal, magnetic and elec- 
trical properties of the ferromagnetic phase 
were then investigated. 


§2. Specimens and Experimental Method 


Electrolytic manganese (purity 99.9%) and 
aluminum pieces (99.99%) were put together 
in Tammann tubes in desired proportions, the 
inside of which was coated with alumina, and 
melted in an induction furnace in air; in this 
way mother alloys of 40 and 70 atomic per 
cent manganese at charge were prepared. 
(Chemical analysis gave 40.9% and 72.5% Mn 
respectively.) They were crushed, mixed in 
proper proportions and melted in the same 


way as mentioned above and cast into bars 
5mm in diameter. The specimens thus ob- 
tained were named Au, Aus, etc., the suffices » 
indicating the atomic percentage of charged 
manganese content. During the course of 
melting the actual composition may be changed 
slightly from the initially charged one, but 
the shift of composition on the whole, is con- 
sidered to occur regularly, so that no serious 
error may be introduced into a description of 
their physical properties in terms of charged 
compositions. For reference, the result of 
chemical analysis is given in Table I. 


Table I. Chemical analysis of the specimens. 


Ag) Aso Aa As | As:| Aw) Ase) Ac 


Atomic per 
cent of 


| | , | 
49.150.152.253.855.157.157.962.5 
manganese | ‘ea . | 


| 


The magnetic measurement was carried out 
by a ballistic method or with a magnetic bal- 
ance described elsewhere”, the X-ray structure 
analysis by the Debye-Scherrer method with 
Fe-Ka radiation and the thermal analysis by 
an adiabatic method, the detailed description 
of which was given by Nagasaki» and Takagi 
as well as Maeda®. This method is con- 
sidered to be good for the magnitude estima- 
tion of the latent heat for the first order trans- 
formations. For the purpose of keeping adia- 
batic condition at high temperatures in the 
present experiment, a specimen container of 
nickel, 5mm in thickness, was used, and the 
container was further shielded by a hollow 
steel cylinder of 1mm in thickness. In this 
way the temperature distribution in the nickel- 
container was homogenized. Moreover, in the 
present case a specimen vessel of nickel was 
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used, which was filled by the bar-formed speci- 
mens of proper length. 


§3. Results of Metallographical Study 


First the results of metallographical study 
will be described. Since the existence of a 
eutectoid reaction was expected above 800°C 
in the compositional range mentioned above, 
the specimens were subjected to an annealing 
for 1 hour at 950°C to remove the segrega- 
tion, then slowly cooled to 700°C, annealed 
again for about 5 hours at this temperature 
and then cooled slowly down to room tempera- 
ture in vacuum. From the fact that the speci- 
fic heat vs temperature curves of the speci- 


ie) — 
> 
§ 

3 eae 
SS 


pp LS SIE 


35 


Ass 


Specific heat Ccal/sdeg mol) 
Ms ¢ @ 
OL Oy pO ee Oh: “toe mach 
> > 
: a g 
eu 
AEE 


1 L 
g00 900 


Temperature ¢ °C) 


Fig. 1. Specific heat vs temperature curves 
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mens annealed for 30 minutes and those for 
3~4 hours at 700°C did not differ from each 
other, it may be considered that the equili- 
brium at 700°C has almost been reached by 
the heat treatment mentioned above. 

First of all the specific heats of these speci- 
mens were measured at the heating rate of 
about 2deg./min. As shown in Fig. 1, the 
absorptions of heat with the latent heat type 
could be observed both at the temperatures 
840°C and 870°C. Such measurements were 
repeated several times and it was found that 
the result here mentioned was quite reprodu- 
cible. Moreover, it must be noted that the 
absorbed heat quantities as well as the tem- 
peratures of the heat absorption were hardly 
affected by the lowering of the heating rate 
to a value one-third of the above mentioned 
one during the measurement. From the re- 
sults of the specific heat measurements, each 
absorbed heat quantity at 840°C was plotted 
against the composition from Ay to As; in 


Ccal / mol) 


Heat of absorption 


60 
Atomic percent of manganese. 


Fig. 2. Heat of absorption at 840°C, 870°C and 
¢—>(¢’ reaction. For the points © and A, the 
accuracy of the measurement is not sufficient. 


Fig. 2; As can be seen from the result in 
Fig. 2, the absorbed heat quantity of the 
latent heat type is greatest at 50% and de- 
creases linearly with the change of composi- 
tion on both sides. Thus the triangle B’.EM 
was obtained. Moreover, the absorbed heat 
quantity for peaks A and Avg were also 
plotted, and a line B’C’ was obtained. Based 
on these results as well as on the results of 
X-ray analysis described in the next paragraph, 
it is to be proposed that the latent heat ob- 
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served at 840°C is due to a eutectoid reaction. 
The eutectoid product was named €’-phase. 
However, it is to be considered here that the 
two phase region €’+€, € being one of the 
reactants of the eutectoid reaction, is very 
narrow, so the mutual mixing of € and €’, 
which follows the eutectoid reaction, takes 
place at very narrow temperature range, and 
the heats of both reactions cannot be separated 
by the present specific heat measurement. 
Hence, it follows that heat quantities plotted 
in the compositional range between B and E 
in Fig. 2 represent the total evolved heats 
due to these two reactions. In this case the 
bracking point B’ is the end point of the eu- 
tectoid line. Consequently the line EB repre- 
sents the heat of the eutectoid reaction in the 
compositional range from B to £, and the 
range in which the eutectoid reaction occurs 


Atomic percent of manganese 


Fig. 3. Phase diagram in the vicinity of MnAl. 
The upright and inverted black triangles a and 
vw in this figure correspond to the temperatures 
of appearance and disappearance of excess 
specific heat respectively. These points are 
shown by signs \ and / in Fig. 1. 


extends from point B of about 49% Mn to 
point M of about 59.5%, and the composition 
of the eutectoid point E is 50% Mn. The 
temperatures at which such heat absorption 
occurs are indicated by A for various compo- 
sitions in Fig. 3 and thus the eutectoid line 
BEM is obtained. 

Now another supplementary fact for the 
above mentioned reasoning can be seen from 
Fig. 1 at temperatures just below 840°C. 
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Specific heats per mol*. Cy of the alloy Au, || 
Ay and Ago do not differ so remarkably from |} 
the value expected from the Dulong-Petit law, || 
while those of the other specimens, the com-||| 
positions of which lie in the range of the eu- | 
tectoid line, show excess specific heat over |] 
the Dulong-Petit value, which is supposed to ||} 
be due to the solubility change of both phases |}) 
in the two-phase region €+8 under BEM line ||) 
in Fig. 3. It may be confirmed from such |} 
behaviors of the specific heats of the alloys ||| 
that the two-phase region extends over the | 
compositional range from about 49% Mn to 
about 59% Mn at temperatures just below || 
840°C. The peaks of Ag and Aug correspond 
to the heat absorption which is caused by the 
intersection of the two-phase region €+€’ (see. 
Fig,_3). 

Now, the absorbed heat quantities at 870°C 
are also plotted against composition in Fig 2. 
As can be seen from this figure, the quantity 
of the latent heat absorbed at 870°C is greatest |} 
at 55% Mn and decreases linearly with change 
of composition on both sides of the maximum 
point, as is shown in Fig. 2. As can be seen 
from Fig. 1, the excess specific heat over the | 
Dulong-Petit value is also seen in the speci- 
mens from Asi to As between 840°C and | 
870°C, and corresponds to the solubility change 
of both phases in the two phase region €’+8. | 
Based on these results, it may be supposed 
that the latent heat observed at 870°C is due 
to another eutectoid reaction. As can be esti- 
mated from Fig. 2, the range in which the 
eutectoid reaction mentioned here occurs ex- 
tends from point F at about 50.5% Mn to 
point K at abont 60% Mn in Fig. 3, and the | 
eutectoid point H lies at 50% Mn. The tem- 
peratures at which such heat absorption occurs 
are also indicated against composition by © 
in Fig. 3 and thus the eutectoid line FHK is 
obtained in the same was as in the case of | 
the line BEM. The eutectoid product is named 
h-phase. The excess specific heat of the speci- 
mens from Ass to Ago above 870°C will be 
due to the solubility change of the both phases 
in the two-phase region h+8. The excess 
specific heat observed over the Dulong-Petit 
value in Asi, As2 and Ass was relatively small, 
which can be accounted for by assuming that 


* Mol number in this case was calculated by the 
expression 54.93%+26.98{(100—2)/100}a being the 
atomic percent of manganese. 
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the phase boundaries between the two-phase 
region €’+h and the single phase region ¢’- 
or h-phase are nearly perpendicular to the 
composition axis. Based on these results as 
well as on the results of X-ray analysis de- 
scribed in the following paragraph, the eu- 
tectoid reaction at 870°C was confirmed. 

There are peaks in the neighbourhood of 
790°C, 830°C and 930°C on the specific heat 
v.s. temperature curves of Asg, Aso and Ago 
respectively. The values of Cy» on the lower 
temperature side than these peaks are some- 
what larger than those expected from the 
Dulong-Petit law, but as will be described 
later, X-ray analysis suggests that these speci- 
mens are in the single phase region 8. From 
these facts, these peaks may be accounted for 
by assuming that the superheated §-phase 
suddenly decomposes into 8- and €- or h-phases, 
and the specific heat v.s. temperature curves 
show the transformation of latent heat type. 

The results of the X-ray analysis will now 
be described. All the specimens were annealed 
at 950°C for 20 minutes or at 750°C for 1 
hour and then quenched into water, smashed 
into powder, and the Debye photographs were 
taken. No significant differences was found 
between diffraction patterns of the specimens 
quenched from 950°C in €’region and those 
from 750°C in €-region. It was difficult to 
make structure analysis from the diffraction 
lines of these two phases. 

Observed intensities and Bragg angles of the 
Debye-Scherrer lines of quenched specimen 
Ass from the region of h-phase are shown in 


Table II. X-ray analysis of h-phase 


(quenched state). 


Calculated sin @ 


Observed |Observed| ying with the lattice 
} : ont . Parca 
sin 6 (Fe_Ks) inde as re 
0.416 Ss. (1010) 0.416 
0.445 s. (0002) 0.445 
0.472 v.S. (1011) | 0.471 
0.608 m. (1012) | 0.609 
0.720 m. (1120) 0.720 
0.786 m. (1013) 0.786 
0.846 m. (1122) 0.846 
0.858 £ (2021) 0.861 
0.886 m. (0004) 0.889 


v: very, f: faint, m: medium, s: strong. 
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Table II. As the table shows all the lines 
can be indexed, by assuming a hexagonal close- 
packed form. (c/a=1.63, c=4.384, a=2.694) 
The §-phase is of the @-Mn type structure”. 

To determine phase boundaries, the Bragg 
angles @ of some strong lines of the Debye- 
Scherrer photographs taken with Fe-Ka radia- 
tion were plotted against composition. The 
phase boundaries were determined from the 
breaking points of the Bragg angle v.s. com- 
position curve, the angle being independent 
of composition in the two phase region. The 
points N, A, G and J in Fig. 3 were obtained 
by this method. 

From X-ray analysis of the specimens quen- 
ched from 750°C it was confirmed that Al-rich 
€-phase and M-rich B-phase coexist at 750°C 
in the compositional range from about 48 to 
58% Mn, and the phase boundary line MN 
was determined by connecting M and WN de- 
termined as mentions above, and the line AB 
was determined in the same way. The phase 
boundary line H/ was also determined from 
H and points W of Ass, Ass, ---, Aso the CB 
line from point B and points a of Aw, Aug, 
and the DE line from point & and points Ww 
of Ag, As. The lines FG and HJ were de- 
termined by connecting F and G, and H and 
I respectively, but the location of G and J 
from which the lattice parameters of €’-phase 
and h-phase respectively begin to change was 
rather poor in accuracy. The line KL could 
not be determined accurately, and the deter- 
mination of its correct position will be a future 
problem. 


§ 4. Physical Properties of the Ferromagne- 
tic Phase and its Relation to Phase 
Diagram 

From the magnetic measurements, both €- 

and $-phase as well as the quenched phase h 

were found to be non-ferromagnetic at room 

temperature, while the bar-formed specimens 

e.g. Ass, of the Al-rich side of h-phase which 

were cooled in air from 950°C were found to 

show ferromagnetism. The cooling rate was 
found to have some influence of the magnetic 
properties ‘of the products. For an example, 
the cooling curves of As, from 950°C are 
shown in Fig. 4 together with the room tem- 
perature values of the magnetization at Hee 
=1500 Oe. From this figure the heat evolution 
due to the transformation h-phase — ferromag- 
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netic phase can be observed at about 750°C. 
Therefore, the rate of cooling shown by B or 
C for As, in Fig. 4 is considered to be ap- 
propriate for hindering the decomposition of 
the specimen into B- and €-phase and per- 
mitting the formation of the ferromagnetic 
phase. It was also found that the magnetiza- 
tion of the air-cooled specimens from 950°C 
increases linearly with composition in the 
range from 50.5% to 54% Mn. In this com- 
positional range, the relative line intensities 
of ¢’- and the ferromagnetic phase varied 
monotonously with composition, which was 
seen from the X-ray analysis of the air-cooled 
specimens. 


700 


Temperature 


24 05 {41 86 


50 100 200 500 1000 
Time 


sec 


Fig. 4. Cooling curves of As, measured from 
950°C. The curves for air cooling are shown 
by B or C. The figures under the curves are 
the magnetization in gauss at room temperature. 
(Herx=1,500 Oe.) 


The observed Bragg angles @ and intensities 
of the diffraction lines in the Debye-Scherrer 
photograph of the ferromagnetic A;4 specimen 
are shown in Table III. As shown in this 
table, all lines could be indexed by assuming 
the lattice to be tetragonal. (see the 3rd 
column. c/a=0.908, a@=3.94A, c=3.58) More- 
over, no diffraction lines due to the B or €- 
phase were not be able to be found in the 
same photograph, while in the case of the Al- 
rich specimens the diffraction lines due to €’- 
phase were contained besides the original lines 
of the ferromagnetic phase and the intensity 
of the former increased with decreasing man- 
ganese content, while that of the latter de- 
creases, disappearing at the composition of 
50% Mn. In the Mn-rich case those due to 
the B-phase appeared. Hence, it is to be con- 
cluded that the specimen that could be re- 
garded as a single phase was only A, and 


Hiroshi K6No 


(Vol. 13, ||| 


the others contained @ and €’-phase. More- l 
over, the line intensities are calculated* by 
assuming the CuAu type superstructure, in}|| 
which Mn and Al atoms occupy alternately ||) 
successive layers perpendicular to the c-axis. | 
In this case, the manganese content is a little } 
richer than that of aluminum, so that some ||| 
of Al-atoms are substituted by excess Mn- | 
atoms. The results of calculation are shown || 
in Table III. In this case it can easily be |}} 


Table II]. X-ray analysis of the 
ferromagnetic A. 
Observed | Observed | Line rey per eso 
(Fe-Ka) _ line ‘ gts oA Le line 
sin @ intensity | index | c=3.58R intensity 
Oza v.f. 001 0.271 | 14 
0.347 Vite 110 0.348 15 
0.442 V.V.S. | 111 0.441 | 249 
0.492 Ss. | 200 0.492 92 
0.540 f. 002 0.542 36 
0.562 v.v.f. 201 0.562 Tes 
112 0.644 5x2 
0.695 m. 220 0.696 42.5 
0.731 Ss. 202 0.732 81.4 
221 0.746 4.3 
310 0.778 4.7 
003 0.813 i Wy 
0.824 v.s 131 0.824 | 171 
eg 222 0.882 me 
0.882’ fuse | ys, 113| 0.884 | 105) 72 


v: very, f: faint, m: medium, s: strong. 


shown that the structure factors of the reflec- 
tions, for which the sum of k and & in the 
Miller index (hk, k, 1) is odd, vanish. As the 
table shows, the observed relative line inten- — 
sity is seen to be consistent with the result 
of calculation. Hence, it is probable that the 
structure of the forromagnetic phase is of the 
superstructure of CuAu type. 

Now for the purpose of testing the stability 
of the ferromagnetic A;, the variation of the 
magnetization of the specimens due to anneal- | 
ing was studied in the field of Heg=1750 Oe. 
It was found that the intensity of the mag- 
netization was reduced to one half of its ori- 


* In the calculation, the absorption due to the 
specimen and the decrease of the atomic scattering 
factor of Mn atoms due to the K-absorption edge 
were taken into consideration®. 
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ginal value after annealing for ten hours at 
910°C and almost disappeared after 50-hours 
annealing. At 650°C, it decreased to one half 
in one hour and disappeared after 7 hours, 
while at 700°C it decreased to one-half in a 
few minutes and disappeared after 30 minutes. 
By 500°C annealing, however, the magnetiza- 
tion was found to remain constant even after 
162 hours. 

The specific heat of the ferromagnetic Ags 
specimen prepared by air cooling from 950°C 
was measured in the temperature range from 
100°C to 500°C at the heating rate of about 
1.5 deg/min. and then this specimen was slowly 
cooled to room temperature in the apparatus. 
The measurement was repeated quite in the 
same way. As can be seen from Fig. 5, curve 
I, which was obtained in the first run, shows 
a broad minimum in the neighbourhood of 
300°C, while curve II, corresponding to the 
second run, does not show such a minimum. 


300 
Temperature 


200 


Specific heat Ccal/deg mol) 


Fig. 5. Specific heat vs. temperature curves of 
the ferromagnetic A>g,. 


Measurements in subsequent runs reproduced 
exactly the result of the second run. How- 
ever, for the specimen which was annealed 
for 18 hours at 400°C, the specific heat v.s. 
temperature curves did not show such a mini- 
mum and the results were quite reproducible 
within error of experiment at temperatures 
below 500°C. Therefore, the ferromagnetic 
As subjected to the low temperature anneal- 
ing can be regarded as a stable phase with 
the superstructure of CuAu type in this tem- 
perature range, so we performed such a heat 
treatment for all of the specimens hereafter. 
From the thermomagnetic curve shown later, 
the peak at 373°C in Fig. 5 may be considered 
to be due to the magnetic transformation. 
When the measurement of the specific heat 
of the ferromagnetic As, was extended to 
higher temperatures, a significant minimum 
of the specific heat appeared at about 700°C. 
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It is considered to be due to the decomposi- 
tion of the ferromagnetic A;q into €- and p- 
phases, the accompanying evolution producing 
the minimum mentioned above. 

The magnetization curve for powdered fer- 
romagnetic A;, was taken by the ballistic 
method. The H~-? plot of specific magnetiza- 
tion o is given in Fig. 6. Thus, the extra- 
porated saturation values at the room tem- 
perature and the boiling point of liquid nitro- 
gen are found to be o.=95.4 and 99.6 respec- 
tively. Based on these two values, the ex- 
traporated saturation value at absolute zero 
o.(O) by the formula ¢.(T)=0.(O) (1—aT?) 
was found to be o.(O)=100. The thermo- 
magnetic curve at Hex,=4500 Oe. and the sus- 


100 


90 


Magnetization per gram (o) 


coe”) 

Fig. 6. The extraporated saturation values at the 
room temperature (©) and the boiling point of 
liquid nitrogen ({-)). 


Het? 


200 aoo. 


Temperature 
Fig. 7. Magnetization and electric resistance of 


the ferromagnetic Ays. 


fe] magnetization per gram (Hex 
=4500 Oe.) 


@® inverse of susceptibility per gram heating 
A specific resistance 
PNP SPecifie TESIStANeG wi ..ce elec es oe cooling 
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ceptibilities above the Curie temperature are 
shown in Fig. 7(a). In the ferromagnetic 
region the magnetization decreases with rising 
temperature, following a Weiss type curve, 
and disappears at the Curie point of about 
370°C. On the heating curve of the suscep- 
tibility measurement, the Curie-Weiss law is 
seen to hold below 550°C, while at higher 
temperatures susceptibility decrease rapidly 
due to decomposition. The high temperature 
phase hk shows weak paramagnetism in its 
stable range. It was seen from the cooling 
curve at the rate of about 3deg/min. that h- 
phase remained unchanged until about 800°C 
and then decomposed. From these results, 
it is considered that the formation of the fer- 
romagnetic phase is influenced by the cooling 
rate at about 800°C. The variation of specific 
resistance with temperature is shown in Fig. 
7(b). The curve in the figure show a behavior 
usually observed in ordinary ferromagnetic 
metals below the Curie point, 


§5. Discussions of the Magnetic Properties 
of the Ferromagnetic Phase 


As stated above, the ferromagnetic phase 
discussed in the present investigation is sup- 
posed to be of the superstructure of CuAu 
type, which has a layer structure: Each (011) 
net plane contains mainly Mn or Al atoms 
respectively, stacking alternately in [001] direc- 
tion of the crystal. Now we shall make a 
brief remark on the interatomic distance be- 
tween two Mn atoms in the nearest neigh- 
bouring pair in a layer or in two adjacent 
layers. There are a few Mn atoms in an Al 
layer. The nearest neighbouring pair of Mn 
atoms in two adjacent layers has the distance 
2.66A, while that in a Mn layer has the dis- 
tance 2.794. Now, according to the Bethe- 
Slater curve representing the relation between 
the exchange energy of magnetization and 
the interatomic distance, the exchange coupl- 
ing between 3d-electrons of adjacent Mn atoms 
changes from antiferromagnetic to ferromag- 
netic at the interatomic distance of about 
2.574. The distances between Mn atoms in 
our crystal are greater than this critical value, 
and so the occurrance of ferromagnetism in 
this alloy is compatible with this prediction. 

The Curie temperature 7., the absolute 
saturation value o..(O), the heat of absorption 
per gram atom of manganese in the alloy, 
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AE due to the magnetic transformation, the} 
spin Sy, estimated from the 1/% v.s. T curve} 
above the Curie point and the spin S. esti: || 
mated from the saturation magnetization at | 
T=0 are summarized in Table IV; these |} 
figures are obtained by assuming that all the) 
Mn atoms are equivalent. Moreover, though 
not shown in Table IV, both T. and 4E in-||| 
crease with Mn content; there is an evidence | 
that the Curie point increases by 14°C with |] 
the increase of manganese content from 54 to |} 
55%. | 


Table IV. 
T, | ¢..(0) | JE | Sy | se 
373°C | 100 | 320cal | 1.16 | 0.70 


The discrepancy between the magneton 
number estimated from the magnetic satura- 
tion at low temperatures and that from the 
Curie-Weiss representation of the susceptibili- |} 
ties above the Curie point may be caused 
partly by the difficulty in saturating the mag- 
netization, but since the latter magneton num- 
ber is significantly greater than the former, 
there must be another reason for this, probably | 
related to some intrinsic nature of this mate- 
rial. Since the 1/y v.s. T curve follows the | 
Curie-Weiss law, we have no strong reason 
to consider the material to be ferrimagnetic*. 


§6. Summary 


The ferromagnetic phase in the manganese- 
aluminum system was investigated together 
with the related phase diagram. It was found 
that the ferromagnetic phase is formed by 
cooling down the h-phase (hexagonal lose- 
packed form) with about 54 atomic percent of 
manganese at charge to the room temperature | 
at the cooling rate of about 10deg./sec at 
800°C. The ferromagnetic phase is metastable 
and has the CuAu type superstructure; the 
shortest distance between a pair of manga- 
neSe atoms within the lattice is 2.664. The 
Curie point of this phase is about 380°C, and 


* One may consider that the magnetization of 


this substance is smaller than that predicted from 
the total spin alignment because of the effective 
smallness of the exchange energy as is often con- 
sidered in the theory of collective electron ferro- 
magnetism, 
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values of the mean magnetic moment per 
manganese atom estimated from the low tem- 
perature saturation magnetization and the 
Curie-Weiss representation of the susceptibili- 
ties are 1.40 and 2.31 4g respectively. 
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Effects of High Energy Radiation on Polymers 
Il. End-linking and Gel Fraction 
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The effect of end-linking induced in polymers by high energy radiation 
is discussed. When cyclization does not occur, the same results are 
obtained as those derived by A. Charlesby, and moreover it is known 
that for any initial distribution the gel formation does not occur when o 
is smaller than 1/4, where o represents the probability that an end produced 
by a molecular scission links with a monomer unit of another molecule. 
The theory also gives the average molecular weights and the average 
end numbers. For the initial uniform distribution the weight average 
molecular weight has a maximum in case 1/12<0<1/4, while for the 
initial Poisson distribution it has no maximum. The weight average end 
number becomes infinite at the gel point, but the number average end 
number does not. It is shown that the retardation of incipient gel 
formation is negligible when cyclization occurs. Beyond the gel point 
the gel part grows rapidly. The feature is studied in the cases of cross- 
linking and end-linking with or without cyclization, and it is shown that 
the gel fraction is smaller by several per cent in the case with cyclization 
than in the case without cyclization. 


§1. Introduction 


The effects of high energy radiation on long 
chain polymers are classified into cross-link- 
ing, degradation and end-linking. The first 
two effects were already discussed in the pre- 
vious paper.» End-linking will be studied in 
the first part of this paper. When the num- 
ber of links produced by radiation in poly- 
mers are increased, the average molecular 


weight increases resulting in the formation of 
insoluble part, that is, the gel. It will also 
be discussed how the gel fraction increases 
with the number of links or the radiation 
dose. The linkage between two monomer 
units belonging to the same molecule is call- 
ed cyclization. It does not contribute to the 
increment of the molecular weight and the 
gel fraction. Therefore, the radiation dose 
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for gelation with cyclization will be larger 
than that without cyclization. We know from 
the result of the previous paper? that the re- 
tardation of the gel formation due to the 
cyclization in cross-linking was negligible. 
However, the effect of cyclization in increas- 
ing the gel fraction beyond gel point will not 
be neglected. The details will be discussed 
later. 


§ 2. 

When some polymers are irradiated by 
high energy radiation, the molecular scissions 
will occur. A fraction of the ends newly pro- 
duced will be stable, but the other fraction 
may combine with other monomer units at 
their side bonds. This type of linking is call- 
ed end-linking. We will now consider how 
the molecular weight distribution may be af- 
fected by the end-linking induced by the 
radiation. 

Basic assumptions made are as follows: (1) 
the number of scissions is proportional to the 
radiation dose, (2) the end-linkages take place 
at random and their number is proportional 
to the number of scission, (3) the number of 
end-linkages is small compared with the total 
number of monomer units, (4) the cyclization 
does not occur, and (5) the degree of poly- 
merization can be treated as being continuous 
(from zero to infinity). 

Let a polymer substance be exposed to a 
radiation with total dose R and the number 
of monomer units be N, then the number of 
scissions induced by the radiation is expresed 
by NrR, where 7 represents the probability 
that a monomer unit is ruptured by the radi- 
ation of unit dose. The number of ends new- 
ly produced by the scissions is 2N7R, while 
the number of end-linkages is given by 


End-linking without Cyclization 


2Noradt 
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2NorvR, where o represents the probability 
that an end newly produced by the scission 
end-links with a monomer unit of another 
molecule. ) 

It was shown in the previous paper” that 
the statistical results remained unaltered even 
if the order of the cross-linking and the de- 
gradation was exchanged with each other. It 
will also be deduced from the same reasoning | 
that the molecular weight distribution will 
not be altered by the exchange of the order 
of end-linking and scission. Therefore, we 
will consider that scissions occur first and 
then linkings follow. 

When the initial molecules are linear, the 
new distribution function induced by the de- 
gradation is given by Eq. (29) of IY as 
follows: 


nal b, = {me, 0) + 2 ie O)dp 


all aol” n(p, Odpte», (1) 


where p is the degree of polymerization, t 
=7R and n(p, 0) represents the initial distri- 
bution. Particularly when the initial distribu- | 
tion is Poisson-like, i.e. m(p, 0) = (N/u?) 
-exp (—p/u), we obtain 


ai(d.'0)= N(<- +7 Re pa/utrR) (9) 


Next we consider that this distribution is 
altered by the existence of the end-linkings. 
We suppose the virtual radiation dose f, 
which varies from zero to R, and when it in- 
creases from ¢ to t+dt, 2Nordt of the ends 
produced by the scissions link to the monomer 
units of other molecules. 
of active ends having already been end-linked 
at t=t is 2Nort, the probability that an end 
get linked in the interval of ¢ to t+dt is 


ordt 


2N/u+2N(R—ort) 


where uw is the initial number average degree of polymerization. 


lju+Rr— ort 


=o(t)dt , (3) 


If we use mx(p, t) to ex- 


press the number of the molecules which have the degree of polymerization » and the num- 
ber of ends k at ¢=?, the equation representing the variation of mx(p, t) is given by 


Sn On P, 2). pnp, Pont) + Pr a. Dd indl, Hod 


= a \: ini(1, t) w(t) (p—)ne-ini(p—l, 2) > 
t=2 Jo N 


Using the new notations m(p, t)=n(p, B/N, 


Since the number | 
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dx 


Frama and x=0 at f=0, (4) 


we obtain 
Om« fut x) k=l : 
+km(p, x)+pmip, x(x) = > = “imill, x)(p—lme-uw1(p—l, x)dl , (5) 
where 
wal" imi(l, x)dl 
ite 
means the total number of end-points. And it is expressed by the following formula because 
the number of end-points is increased from 2/u to 2Cut 7yR) by molecular scissions and is 
decreased to 2{1/u+#(R—ot)} by end-linking, 
i LS ear i zi \ 
We) =2| +11 — ot) = o(-+7R)e e (6) 


If we apply the Laplace transformation 


FE, 1, D= Se |"mlp, dermdp (7) 
= 0 
to Eq. (5), we obtain 
Bl ern ais . 
OF E+He ge te BE 87” (8) 


The solution is given 


0G 
0&, ’ 


Ef +|" bdx=ee-*—1) 52 (9) 


FE, 2, )=Glés, n+(E-B+|" bdn\ 26 


e-7=e7—"0 + (e-* — pee . 


DE ’ 


where G(£o, 7%)=Fi£o, %, 0). 
Now we use the notation 


ora, 0; %) 


— a j a ree ff NO 
fule=Z\" sem p, Nap=(—Y a (10) 
Then for 7=1 and j=0, we obtain 
~ GP, 0, x) _ S| u 
hio(x)= OE OE, Bee ( ) 
7=0 
As fio(x) is the ratio of the total monomer units and N, it must be unity. Therefore 
ae | =—1. (12) 
OF Je-0 
4=0 
Inserting Eq. (12) in the last equation of Eq. (9), we get for E=7=0, 
Ho=0. (13) 


For this value of 7 the-following equation holds 
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eat SSS [- pat, Oe-Ptodp=—1, 
0€, o=0 k=2 Jo 


which gives, with the equation /,.(0)=—1, 


Ss |, bm, 0)(1—e-?£0)\dp=0 . 
0 


k=2 


Since the integrant can not be negative, we obtain 


&o=0. (14 | 


Therefore, it is concluded that when the total number of monomer units is constant, &o=7¢j} 
=0'at’ E=7=0. i 
For 7=7=0, we have 


foo(x)=G(0, 0) = be (> rR)(A—21-e*)) ’ 


Using the notation %m, which represents the value of x at t=R, we get 
fud(n)=—-+(1—20)#R (15) 

and also the number average molecular weight 
Mr(R)= M2(0)/{1+(1—20)urR} . (16) 

This equation shows that the number average molecular weight does not depend on the} 


shape of the initial distribution. 
For i=2 and j7=0, we get 


f20(%m)=fe0(0)(1+7)?/[{1+ (1 —20)7 }2— 207714 7 )foo(0)/2e] , (17)) 
where y=urvR and : 
On ace O\1—e-»")dp . (18) 

T T* Vo 


A} 
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“a 
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Fig. 1 (a). The weight average molecular weights Fig. 1 (b). The weight average molecular weights 
for initial uniform distribution. for initial uniform distribution. 
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we can easily obtain from Eq. (17) the weight average molecular weight 
2 
Mw(R)=M0(0) er Eas) : asa — 20)y7}2— pare a (19) 


When the initial distribution is uniform, we have 


F20(0)=4u(e-Y—1+ 7)/7?. (20) 


And when the initial distribution is Poisson-like, we have 


Fr0(0)= 2u/(1+r) , (21) 
and then 


M.(R)=Mw(0)/{1+(1—40)r} . (22) 


These results are represented in Figs. 1 and 2. In Fig. 1 (a) the weight average molecular 
weight M. for the case of initial uniform distribution is shown for various values of o. It 
is easily derived from the preceding formulas that when o is larger than 1/12, the initial 
slope of My is positive, and it will also be shown from the following deduction that, when o 
is smaller than 1/4, the gel formation will not occur for any dose of irradiation. Therefore 
Wwe may expect that, when o has a value which lies between 1/12 and 1/4, the M. curve will 
have a maximum, which is shown in Fig. 1(b). This maximum does not occur for the initial 
Poisson distribution shown in Fig. 2. 


fe) pee et. ae —— 


4 T=UR Yo Fig. 3. Weight average end number, for 
Fig. 2. The weight average molecular weights initial Poisson distribution and «for 
for initial Poisson distribution. initial uniform distribution. 
The value of 7 at the gel point is given from the relation 
L+r—|2+ yee) boro (23) 
u 
When the initial distribution is Poisson-like, it follows 
Toer= 1/(40=1) . (24) 


This shows that the gel formation occurs when ¢ is larger than 1/4. This is the result which 
A. Charlesby® has already obtained. It is verified that this restriction for gel formation 


1456 Osamu SAITO (Vol. 13 
holds for an arbitrary initial distribution. From Eq. (18) we know that for large y it become I 
2 
ful)="* +0(5) 
ae rv 


Substituting this formula into Eq. (23), we obtain 


lim pA : 
4 


Ye 


It is easily shown from Eq. (23) that o is a decreasing function of 7. Then we know that) 
for any initial distribution the gel formation does not occur when o is smaller than 1/4. 
For i=0 and j=1, we get 


Fo1(%m)= alte o)r} 


This gives the number average end number 


mee Alt —a)7} 
ion 1+(1—20)r * 2) 


En = 


This result is independent of the shape of the initial distribution. 
For i=1 and j=1, we get fii(%m) and then the weight average end number 


aha A+ ge oyy (1+7){1+(1—20)7} a | 
ME Fresrerrsesc sect +r yfaa(0) 1]. (26)} 


This value depends on the shape of the initial distribution and diverges at the gel point. | 
When the initial distribution is Poisson-like, it gives 


en 8 ee Se 


(27) 
Fig. 3 shows the curves of Ew for the Poisson and uniform distribution. 


§3. End-linking with Cyclization 


We consider in this section the effect of end-linking accompanied by cyclization. We now 
express by ¢(p, N) the propability that an active end, belonging to a molecule which has 
the degree of polymerization f, links to a monomer unit of another molecule. Then the dis- 
tribution function m(p, x) should satisfy the following equation 


PnP 2) x) +km(p, x)e(p, N)+ pm p, »\ ss im(I, x)o(l, N)adl 


“ Bi ah inkl, x\o(l, NY b—Dmet(p—l, wal . (28) 


For the sake of simplicity we may assume 
o(b, N)=1—p/N 
Then Eq. (28) becomes 
For p<N, 


stg, THA Ep Imad, 2)+ drm(p, 2)” SiA—Elymal, 2) dl 
0 t=2 


-5\" (1-8) p—Dmull, 2me1a(p—l, #dl, (29) 
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and for p>N, 


mp, x)=0 
where €=1/N. 
If we now apply the Laplace transformation (7) to Eq. (29), we obtain 
OF OF OF OF OF OF OF 


te = teat zs F bx) efula)h + 0r( FE ape, Bae) (30) 


Now assume 
Fé, y, x)=Fi€, , OC) +E E, 2, £)+ Rhett 
pT as ee eo eee ee F 


Substituting these into Eq. (30), and determining v: so-that F, is identically equal to zero, we 
obtain 


(31) 


OF =o 4 OFy OFy OF y 
ae ae P(E) +e" aE 8 (32) 
OF) Ov , OF yy OF _ (11 n0Fo) OF, 
Boe t BEY C= fal) Ge (Ite ces (33) 
The solution of Eq. (32) is given by Eq. (9). For £=7=0 Eq. (33) becomes 
HO FE + On=fa€) (4) 
It gives 
v1(0, 0, d 35 
0, 0, = rae fulOode . (35) 
From Eqs. (31) and (82) we get 
fax) =fos0) / | (1-20 Seo At Ds 0M —e*| ’ 
u (36) 
x=F+Er1(0, 0, €). 
From Eq. (34) we obtain 
1 . 2(1+ 7) a 
aint feel) ee g$—1)7\. 37 
100, 0, O)= x7 log {(Qe-¢—1p— SED flrs (37) 
When the initial distribution is Poisson-like, we get 
2u ues log (4e7$ — ae 
Fal) (1+7)(4e-$—C) sigs 4(1+7) 
If we assume that the largest degree of polymerization at the gel point is RN, then 
Fro(Xoer) = kN 
and 
Bee eee na he’ log & 39 
Xeer= 10g ; 3348’)? (39) 
where 
y oon 2ué 


(+r 
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As &€ and & are very small, the right hand 
side of Eq. (39) is approximately equal to 
log (3/4), which is the value of the case where 
the cyclization does not occur. This result 
shows that the retardation of the gel for- 
mation owing to the cyclization is negligible. 
Comparing this result with that in the case 
of cross-linking, we know that the effect of 
cyclization on the incipient gel formation in 
the end-linking is smaller than that in the 
cross-linking. 
§4. Gel Fraction in Cross-Linking without 
Cyclization 

We considered in I” the effect of the cross- 
linking without cyclization and obtained the 
equation 
Om(p, t) 


aL +2pm(, t) 


= |" (edi, t)m(p—l, t)dl, (40) 


where t=cR and ¢c represents the probability 
that a monomer unit irradiated by unit dose 
cross-links with a unit of another molecule, 
and m(p, t) indicates the fraction of the mole- 
cules which have the degree of polymerization 
p. 
In I we solved Eq. (40) under the condition 
that the total number of monomer units was 
constant. If we put 


fad=\" pico, 1) dp , 


then /f2(¢) is an increasing function and diver- 
ges at a certain value of ¢, which is called 
the gel point. If we assume that the total 
number of monomer units is constant in the 
region beyond the gel point, then /,(t) must 
be negative. Therefore, we must consider 
that the total number of monomer units varies 
beyond the gel point. Then let us assume 


fi(x)=1—gZ) , (41) 
where g expresses the gel fraction. Even if 
the gel part exists, the distribution function 
m(p, t) of the degree of polymerization p in 
the sol fraction still satisfies Eq. (40). 

If we apply the Laplace transformation 


Fs, p=\" me, Ne-”sdp , (42) 
0 
to Eq. (40), we obtain 
OF OF , (0F\ 
ied are (43 
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The general solution is given by ‘|| 
F(s, 1)=G(s0)—{G(s0) Pt , (aah 
S=S)—2{1+ G (so) }t, |) 

where G(s) is given by the initial distribution} 
as follows 


Gtsa)=| "mt p, Oemndp. (453) 
0 

lf we put | 
, FO, £) I 
fit) =(—-1) ear ast 
we get | 
_1_ 50 i 

faH=1 Ba (47) 

Comparing Eqs. (41) and (47) with each other, 


it follows 
Sp 2roe 


(44), we obtain 
g=1+G (ig) , 
from which g is given as a function of f. 


Os 


Fig. 4. Gel fraction. 


When the initial value of g is zero, g keeps 
the value zero until the gel point A (Fig. 4) 
and lies on the branch OA where fi=1. 
When f/f; maintains the value unity, fo is an 
increasing function of f. f, has a positive 
value on the branch OA and diverges at the 
gel point A. Therefore, g cannot remain to 
be zero beyond the point A and must turn 
on another branch AB, where f; is smaller 
than unity and fs is positive. Thus we know 
that the gel part appears at the gel point and 
grows as ¢ increases. 

When g has a certain value larger than 
zero at ¢=0, the curve of g starts at C, runs 
parallel to OA until point D is reached which 
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corresponds to the gel point A. From the 
point D on g increases rather rapidly. 

When the initial distribution is, for instance, 
Poisson-like, we obtain 

G(So)= 1/u(1+usp) , 

and Eq. (47) becomes 
va 
(1+ 2utg)?’ 
which is the same as that given by A. 
Charlesby.” 


§5. 


g=1-— (50) 


Gel Fraction 
Cyclization 


in Cross-Linking with 


In the case of cross-linking with cyclization, 
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the integro-differential equation indicating the 
variation of the distribution function m/(p, 1) 
was given by Eq. (1) of the previous paper.Y 
And we knew that, if the total number of 
monomer units assumed to be constant, fe 
increased with ¢ and became infinite at a 
certain point where the incipient gel was 
formed. Beyond the point, fi: could not keep 
the value unity. 

If we assume, as in the last section, that 
the number of monomer units is not constant, 
that is 


then we obtain, 


(51) 


+(1—&p)m(p, p=|’ (1-1) p—Dmll, )m(p—l, ddl , 


for p<N: 
Ome» D+ pm(p, o{\" a—enima, ddt+0—wet 
for p>WN: m(p, t)=0. 


The expression in the brackets of the second term of the left hand side is reduced to the 


following form 


J. —ebim, hdl-+(1— eg=|" Imi, bdl+g—e—E\” Pmt, Ae on bear ee a 
0 0 0 


We know from the result of IY that f:(f) has the greatest value k?N at the gel point and 
beyond that point f2(t) decreased because the larger the molecule is the easier it is for the 


molecule to link to the gel part. 


Therefore for all the value of ¢, we have 


Eft) <éRN=F . 


Since the order of & is equal to or smaller than 10-?, 


Eq. (51) becomes, 
onthe D t) 


we may neglect the term &/,(¢), and 


+pm(p, N1—g)+pm(p, t)= i Kp—Dmil, m(b—I, tdl . (52) 
If we apply the Laplace transformation (42) to this equation, we get 
OF Zk OF 
= 53 
Ot a le Os =e (3) 
The solution is 
F(s, th=G(s0)—{G(s0) }*t,  S= aa g'%dt—2{1+ G(so)}t , (54) 
where G(so) is the same as Eq. (45). We obtain easily 
fi=— FO.) -1-(s0+[) edt ) 7 24 (55) 
0 


and then 
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t 
=2et—| gdt i 
0 


From Eqs. (54) and (56), we get 


g=14+C (22 \ 2 at) , 
0 


This corresponds to Eq. (49) for cross-linking without cyclization. 
same until the gel point is reached. However, beyond the gel point they differ from each ||| 


other. 


For the initial Poisson distribution, Eq. (57) gives 
L+u(2gt 4s \" eat )= eae 
0 


Differentiating the equation with respect to g, we obtain 
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Both expressions are the] 


(58) | 


ae ee ; 
dg g(2—g) 2ug(2—g)(1—g)*” 
The solution is 
= ee { 7S +3 tant V 1-2 
Lal iin, @ 


The corresponding expression for the case of 
cross-linking without cyclization is 


1 1 
eet (estes rere (al We (61) 
2ug\ V1—g 

iKe) 
g 
08 
06 
04 
02 G) without cyclization 

Gi) with cyclization 
(e} ; 
(0) iKe} 20 3.0 ucR 40 


Fig. 5. Gel fractions in cross-linking for initial 
Poisson distribution. 


These two expressions are shown in Fig. 5, 
by which we know that the cyclization retards 
the growth of gel fraction. 


§6. Gel Fraction 
Degradation 


in Cross-Linking with 


When cross-linking and degradation coexist, 
it is shown in paper I» that the correct 


(59) 


statistical results are obtained by considering | 
that all the degradations occur first and then 
the cross-linkings follow. If the initial dis- 
tribution m(p, 0) is given, the new distri- 
bution m(p, t) due to the degradation is 
derived from Eq. (1). We then obtain 
Gs)=| m(p, t)e-Pdp . 62) 
0 
If we substitute this expression into Eq. (49), 
we get the gel fraction without cyclization. | 
On the contrary, if we insert Eq. (62) in Eq. 
(57) we obtain the gel fraction with cycli- 
zation. 
For the initial Poisson distribution m(p, 0) 
=(//u*) exp (—p/u), it gives 


mp, )=(7+ r) eveumenne : 


from which it follows 
(itu? 
u{1+u(so+r)} 


Substituting this expression into Eq. (49), we| 
get 


(63) 


G(so)= (64) 


(l+ur) 
=l|-— : 
oe i -ul2tg +n} (65) 
Using r=7R and t=éR, it follows 
Zeer 2)? 
gai 1h ation at et. (66) 


Comparing this expression to that for no 
degradation: 


g=1—1/{1+2ucRg} , 
we know that if we use the formula 


(67) 
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; ucR re 
t= << te ta 68 
l+urR 14+G/0)r (68) ec ae ts : es 2 
in place of wcR of Eq. (67), we obtain Eq. ee /| =D 1+ mat oe [iz at )} : 
(66). This feature was indicated by A. (69) 


Charlesby.» Fig. 6 shows the g vs R curves for the several 
In the case of cyclization, we obtain, by values of r/c. 


inserting Eq. (64) in Eq. (57), 


¥ §7. Gel Fraction in End-Linking without 
# Cyclization 

We considered in §2 the effect of end- 

ts linking in the case where all the polymer 

molecules are soluble, and we know that when 

z the total number of monomer units is constant 

the gel formation occurs at a certain radiation 

A dose. After the gel is formed, we must con- 


sider sol and gel, at the same time. 

Now we assume that both sol and gel part 
coexist and that m:(p, t) is the distribution 
Fig. 6. Gel fractions in cross-linking with de- function in the sol. A consideration analog- 


— without cyclization 
with cyclization 


gradation for initial Poisson distribution. ous. to that in §2 gives the following equation 
ont t) +km(p, Holt) + pm(p, of\” dimil, d+ Ey} ot) 
pti 
k-1lfp P 
= 3 [Pimid, Do D—Dms-toslb=L, Del (70) 
i=2 Jo 


where E, represents the total number of ends of the gel part. The expression 


\. S iml, t)dl-+Eg 


Q t=2 


is equal to the total number of ends in the sol as well as in the gel part, which is expressed 
by ¢(x) in §2. If we use x defined by Eq. (4) in place of ¢, we obtain 


Cnet Ps 2) +kmx(p, x)+pmx(p, oa= 5 \’ imi(l, x)(p—l)mx-t+1(p—T, x)dl , (71) 
which is the same as Eg. (5). Now let us solve Eq. (71) under the condition 
&, |, bmi, s)dp=1—g0a) (72) 
The solution of Eq. (71) is given by Eq. (9). The solution together with Eq. (72) gives 


Ey) —(1—e7*)e"Gag( Eo, n=\" dx , e-"0=1—g(1—e*), 1—g+Ge(&o, 70)=0. (73) 
0 


Eliminating £) and 7 from Eq. (73), we get a relation between g and x. Since there exists 
the relation 


_ 14+(0—o)urR (74) 
~  -14+u7R 


—2z 


we can, after all, obtain a relation between g and R. 
For instance, when the initial distribution is Poisson-like, it follows 
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a (1+urkR)? 209 5 
G(Eo, %0)= u{1+u(&)+7R)} : (75) 


and the relation between g and R becomes 
urR{(1+20)V1 — g—(2—3g)o—1}=1-V1—g. (76) 


For o=1, it gives 


1 2 . 1 
ie eee zee! 77)) 
g=1 (al P for urR> 2 (77) 


This is the same as that given by A. Charlesby.» The curves of Eq. (76) for the several 
values of o are given by full lines in Fig. 7. 


§8. Gel Fraction in End-Linking with Cyclization 
When cyclization takes place, the equation corresponding to Eq. (70) is as follows: 


CrP D+ kml p, DolQo(p, N)-+bm(d, 4 |" Rimi, He, Nydl+—g)Es} ol 
ip \’ imil, Doldo(l, N\b—Dmeisb—L Ddl. (78) 
Using x in place of ¢ and assuming g(p, N)=1—€&p, we have 
i a imil, x)o(l, Nydl-+(1—g)Er= $2) gE,—€ |" > tlm, x)dl . (79) 


The integral on the righ-hand side attains its maximum value at the gel point. If we ex- 
press by RN the degree of polymerization of the largest molecule at the gel point, the number 
of the end points of that molecule is not greater than RN+1. Therefore, we have, to a 
good approximation, 


\ 5 ile (l, )dl = MED RN. 


0 t= 


Accordingly, the last term of Eq. (79) has the value of the order &, which is negligible. 
Then Eq. (78) becomes 


EE + hamalp, 2)+ bral b, 22) — BE a} =)" idl, 2P—DmetgxP—l, idl. 80) 


As Ey is the total number of end points of the gel part, it is given as follows: 


E,=(x)—(the number of end points of sol part)= $(x)+ es b 
where Fé, 7, x) is defined by s | 
FE, 1 = 3)" mip, deren @1) | 
If we assume now : 
$(x)—gEg= (x) , B Resto nn ed 


Eq. (80) becomes to be of the same type as Eq. (5) and the solution is given by 
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F(E, 2, »)=GEo, m0) + (e- Ey + ‘| a(x) ax) 26 aG 


OE ’ 
E-Fed i O(x)dx= e720 (e-e—1) 2 a 3 


e-7=e7-% + (er — 1 2E 


3 
Therefore, we have 
OF(O, 0, x) cee 0G 
On Ono : 
and 


(x)= (1g) (a) —geror= E 
No 
Considering that 


by ace x)dx=1—g(x), 
we finally obtain 


Eo+€70(e-*—1)Gno(Eo, 70) es O(x)dx=0 
0 


e-70= 1—g(1—e-*) , 1—g+Ge(&o, 70)=0. | 


Elimination of £ and 7 from these equations will give the relation between g and x 
When the initial distribution is, for instance, Poisson-like, we get from Eq. (86) 


ae tes Fates 1 — mame x ae = 
# {3 g—-—1+ Vine e : O(x)dx=0, 


and also from Eq. (84) 
(x)= ALTE) yT= pg a(Vi-—gt+g)e. 
If we assume V1—g=y and e-*=z, we obtain from Eqs. (87) and (88) 


Lbeoyr: 
sy—1--— 
wie yy 


zt 2\"y(1-+9—s)de=0 
zt 
which gives 


yA —yd+9+29)F, ~(143y)2= —3y2 


The solution is 


z= —— (y+a)4{(y + a)? + B} 467° mernceesii | (y-ta)-* 
iy 


where 
Epcw a Uewoane Ff mY —_ {(14+3(a+ip)} is 
oR iaGad arent Hs (atid abiOl+6etis 
s/V Ot 10. tain 9. gt 2 p= V87+9 , 3/V87—9 
36 36 2 2 36 


24 92\-Byg-20 tan—1((y +0) /B) 
auton a at ian be ds 


36 
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(83) 


(84) 


(85) 


(86) 


(87) 


(88) 
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The broken lines in Fig. 7 are those given by 
Eq. (91). These indicate that the reduction 
of gel fraction due to cyclization amounts to 
more than ten per cent. 


Ke) 
9g 
(ok=} 
06 
04 2 
02 
‘ without cyclization 
----- with cyclization 
re) ~ = = 
fe) O05 Ke) 15 urR 20 


Fig. 7. Gel fractions in end-linking for initial 
Poisson distribution. 


§ 9. 


The effects of high energy radiation on 
long chain polymers are classified into cross- 
linking, degradation and end-linking. The 
first two effects were discussed in a previous 
paper. The effect of end-linking without 
cyclization is studied in §2 of this paper. 
The number and the weight averge molecular 
weight are given in Eqs. (16) and (19) respec- 
tively. It is known that the latter diverges 
at the gel point, while the former does not. 
The radiation at the gel point is given by 
Eq. (23), and especially when the initial dis- 
tribution is Poisson-like it reduces to Eq. (24). 
When the initial distribution is uniform, the 
weight average molecular weight has a maxi- 
mum if 1/12<0<1/4. It is also clarified that 
for any initial distribution the gel formation 
does not occur when the value of o is smaller 
than 1/4. The number and the weight avera- 
ge end number are given by Eqs. (25) and 
(26) respectively, showing that the weight 
average end number diverges at the gel point, 
while the number average end number does 
not. In §3 the effect of end-linking with 
cyclization is discussed and it is shown that 


Summary 
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the retardation of the incipient gel formation ise 
negligible. In §§4 and 5 the variation of the} 
gel fraction in cross-linking is discussed. For] 
the case where there is no cyclization, the}! 
same result as that of A. Charlesby is obtain-} 
ed. The effect of cyclization to gel fractiony) 
is given by Eq. (57) and Fig. 5, and the re-1) 
duction of gel fraction due to cyclizatio 1 
amounts to several per cent. 


It is concluded 
that, in general, the radiation dose necessar | 
to induce the same gel fraction is larger i 
cyclization than in no cyclization. In §6 they 
tion is studied. It is again found that when 
there is no cyclization the same result as thati 
of A. Charlesby is obtained. And when cycli- 
zation occurs Eqs. (66) and (69), and Fig. 6 
are derived. In §§7 and 8 the gel fraction i 
end-linking is studied, giving the results in- 
dicated by Eqs. (73) and (86), and also b 
Fig. 7. We know from these results that the} 
effect of cyclization on gel fraction is neva 
neglected in the period beyond gel nointl| 
Therefore, the radiation effects determined! 
from gel fraction or solubility will not bel 
correct. ; 
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Effects of High Energy Radiation on Polymers 


Ill. Viscosity 


By Osamu SAITO 
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It was known that solubility of irradiated polymers was not free from 
the effect of cyclization. On the contrary, viscosity before gel point is 
not affected by it and it is utilized in order to investigate the effects of 
high energy radiation on polymers. Intrinsic viscosity is discussed first 
for the case where cross-linking and degradation occur. In certain cases 
intrinsic viscosity decreases in the initial period of irradiation, but in- 
creases in larger radiation doses, so that it has a minimum and becomes 
infinite at a certain radiation dose which corresponds to gel point. It is 
also derived that G-value of cross-linking and degradation are calculated 
from the intrinsic viscosity in the initial period of irradiation. An ex- 
ample of polyvinylchloride gives G-values whose orders of magnitude 
are not unreasonable. The more accurate is the measurement, the more 
correct values will be obtained. Intrinsic viscosity for the case where 
end-linking occurs is likewise discussed, and the same properties as 
those in cross-linking are derived. Finally we know that the gel point 
determined from an asymptotic behaviour of intrinsic viscosity will be 
more correct than that determined from an extrapolation of solubility 


curve. 


§1. Introduction 


It was known from the results deduced in 
the paper II” that the effect of cyclization 
induced by irradiation was negligible before 
gel point, while a reduction of gel fraction 
due to cyclization amounted to more than 
several per cent. Therefore, we can not neg- 
lect the effect of cyclization beyond gel point. 
However, if we take the effect in consider- 
ation, the theoretical treatment becomes much 
more complicated. Accordingly, if we analyze 
some properties of irradiated polymers from 
experimental curves of gel fraction or solu- 
bility, we can not avoid errors amounting to 
or more than several per cent. On the con- 
trary, if we use experimental results before 
gel point, we are free from the effect of 
cyclization. Among many physical quantities 
in this stage, viscosity may be one of the 
best for our purpose. We will now consider 
the effect of high energy radiation on viscosity 
of polymers. 

It is well known that the intrinsic viscosity 
[7] of the solution of polymer, of which degree 
of polymerization is p, is given by 


Ly] < p* 


where @ is a constant and it has in general 


a value between 1 and 1/2. For the solution 
of polymer, whose degree of polymerization 
is not uniform, the intrinsic viscosity is given 
by an average as follows: 


ne |, emt) dp, 


where m(p) denotes the normalized distri- 
bution function of molecules with respect to 
degree of polymerization . When a polymer 
is irradiated, the occurance of linkages be- 
tween molecules and molecular scissions may 
vary the distribution function m(p) and then 
the value of [v]. The value of @ may not 
be greatly affected by irradiation, because it 
depends on the shape of polymer molecules 
in solution. Accordingly, we may assume 
that a has a constant value during irradiation. 
Especially for the initial period of irradiation, 
a may well be considered to be a constant. 
When the value of a@ varies greatly with 
radiation dose, we can easily modify the 
theory so that it may take in the unconstancy. 


(1) 


§2. Intrinsic Viscosity in Cross-linking 


From the paper I? and II”, we know that 
when cyclization is neglected for cross-linking 
the distribution function m(p, ft) satisfies the 
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following equation 


Om( Pp, t) 
Bape +2pm(P, t) 


x \: Kp—Donll, tm(p—1, dl, . (2) 
0 

where t=cR, R is radiation dose and ¢ repre- 

sents the probability that a monomer unit 

irradiated by unit dose cross-links with a unit 

of another molecule. If we apply the Laplace 

transformation 


fz, )= 'e m(p, t) e-*” dp (3) 
to Eq. (2), we obtain 
OFA 5 Ofre frOSaN 
jieminde (a) ; ) 


The general solution of this differential equa- 
ation is given by 


f(z, )= Ge) —{C (ae) 5 a 
z=zo—2{1+G' (zo) }t , 
where 
Gta)=|" m(p, 0) e-#0” dp . (6) 


On the other hand, the numerator of the right 
hand side of Eq. (1) is expressed by the fol- 
lowing complex integral (cf. Appendix I) 


J=\" oem, t) dp 


ye “S| dz 


Qr1 re gure 


J, Reha. 
0 


(7) 
Substituting Eq. (5) into Eq. (7), we get (cf. 
Appendix II) 


i Pe sa, G’(o)[o—2{1+G(o)}4]-% do . 


0 
(8) 
If the initial distribution is assumed to be 
Poisson-like, Eq. (8) gives (cf. Appendix II) 
Ui a | a nih Seb 
—a@) Jo (L—y)*{1—2uty(y +1)}” 
where uw denotes the initial number average 


degree of polymerization. Intrinsic viscosity 
is expressed by the following formula 


= a(a+1)xu% 
SNE O10 peat ac 
where [v]o is the initial value of [y]. 

Especially when a=1/2, Eq. (9) is written 
by complete elliptic integrals as follows: 


(10) 
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J=2y/ Bu aK) 


—8-+hE®YA-WVEFHEFA » (Dl 
where 


p_ —A)3—h) 


~ (L+h)34+A) ’ 
If we replace all w’s in Eq. (11) with | 

u/(l1+urR) , (13) | 
we obtain the intrinsic viscosity in cross- |} 
linking with degradation, where 7 represents || 
the probability that a monomer unit is ruptured 
by unit radiation dose. Fig. 1 shows the 
curves of intrinsic viscosity for several values 
of A=7/¢é. In Fig. 2 those curves are given 


h=V1—4ut. (12) |} 


F en 


ie) O5 10. ucR 15 


Fig. 1. Intrinsic viscosity in cross-linking with 
degradation. 


“Ol os | Shane (6, 


Fig. 2. Intrinsic viscosity in cross-linking with — 
degradation, 


ucR 50 100 
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in log-log scale. Particularly when the value 
of 2 is smaller than and nearly equal to 4, 
intrinsic viscosity decreases considerably first 
and then it increases very rapidly. 

It is easily known by expanding Eq. (9) in 
power series of ¢ that when 2 satisfies the 
following relation 


i (a+2)(a@+7) (14) 
6 

the initial slope of intrinsic viscosity curve is 

negative. On the other hand we know from 

Appendix of paper I» that gel formation oc- 

curs when 4 satisfies the relation 


i (15) 
Therefore, for 4 satisfying the relation 
4>A>(a@+2)(a+7)/6 , (16) 


intrinsic viscosity decreases first and then in- 
creases, and at a certain value of ¢ it becomes 
infinite. Thus we know that intrinsic visco- 
sity curve has a minimum when J satisfies 
Eq. (16) and that even if intrinsic viscosity 
decreases at the initial period of irradiation, 
gel formation may occur. The reason is that 
intrinsic viscosity is dropped first by molecular 
scissions, at the same time, however the 
distribution of molecular sizes is varied gradu- 
ally by cross-linking and in the later period 
of irradiation the effect of the latter over- 
comes that of the former, resulting in the gel 
formation. Therefore, we must measure ac- 
curately the value of 4 in order that we may 
decide whether a certain polymer will cross- 
link or not. 

If we expand intrinsic viscosity in a power 


series of ¢, we obtain 
[al/[ylo=1+aut+a(utPr+---, (17) 
where 


azafetMatD | 


? 


‘ — a(a+l) ((@+2)(a+3)(at+7(a+14) 
“4-2 90 


(a+2)(@+7) 2 
ee, 


When we approximate the initial portion of 
experimental curve of intrinsic viscosity with 
a parabola 

[y\/[ylo=1+AiwR+A(UR) , (18) 
and determine the value of Ai and A:, we 
obtain the relations 
(19) 


amc=A;i and a~?=A,. 
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If we know the value of a, we get the value 
of ¢ and & by solving these simultaneous 
equations. In the paper IY the value of radi- 
ation dose at gel point R, was given by 

Rg=1/uc(4—a) . (20) 
Then we know that when the value of @ is 
not given, we get ¢, 2 and @ by measuring 
Ro, determining Ai and A; and solving 
simultaneous equations (19) and (20). When 
the value of uw instead of @ is not known, we 
can likewise obtain it. 


20 


RxlO-er 


O 10 


Fig. 3. Intrinsic viscosity of polyvinylchloride. 


For example, the intrinsic viscosity curves 
of polyvinylchloride measured by H. Hozo” 
are given in Fig. 3. A sample of polyvinyl- 
chloride was irradiated in air by y-ray of Co- 
60 and the other sample was irradiated in 
nitrogen gas. The value of uw for both sam- 
ples is 882 and the value of @ is 0.85. The 
analysis gives for the first sample 

(= E6102 * , Ae. 
which give 7=7.2x10-!7-! and G-value of 
cross-linking G. and degradation G; as follows: 
Ge=2.6 , Gr=12% 
Those values for the other sample are 
C= eK 10- 7 ae fr =TAXK10- 7, 
Gs=28°, -Gr=12 ; 
The orders of those G-values are not un- 
reasonable. If the experiments were perform- 
ed carefully in the initial period of irradiation, 
G-values would be given accurately. 
§3. Intrinsic Viscosity in End-linking 

Let us now consider the case where end- 
linking occurs in an irradiated polymer. We 
know from the results of paper IJ” that the 
effect of cyclization is negligible before gel 
point and the normalized distribution function 
m( p, x), which denotes the fraction of mole- 
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cules having degree of polymerization and number of end points k, satisfies following 
equation 


ee hm, 2) bmp, OV) as \’ imi(l, »)(p—Dmesecp—l, 2) dl , (21) | 
=2 \o 


where 


e-*={1+unKR—ot)}/A+urR) , (22) | 
wa)=2 +2HR—ot) , (23) 


t is a variable varying from 0 to R, and o is the probability that an end produced by a 
molecular scission end-links with a monomer unit. 
If we apply the Laplace transformation 


PE, )=Se|\"m(p, ae dp (24) 


to Eq. (21), we obtain 


OF 


Z E+ He) Pg OF OF (25) 
56 


0& OE On 


The general solution is given by 


FE, 1, )=Geo, wt {EE +\’ (zx) dx| oe 


aEo 
E—fot |" He) dx= eee NES, (26) 


e-1 =e" + (er — eet 


0&0 
where 


G(Eo, y0)=F (Eo, 70, 0) . 


Intrinsic viscosity in end-linking is given by 


a ae x) dp 


= 
= 


™ S| pmo, 0) ap 


(27) 


Lares | 


The numerator of right hand side is transformed to the following form (cf. Appendix IID) 


aps 3," bmp, x) dp 


_ gent E(@+2) F(z, 0, 2) 4, 
C 


2ri ect 


1 | = e770 (e*—1)Gep¢, 


an rd—a)(1—e-*) R pa e*-"0—(€®—1)Geyny dEo. (28) 


For the initial Poisson distribution, we get 


e 219 


G(Eo, 70) = 
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where y=1/u+7R. Substituting this expression into Eq. (28), we obtain 


ps Qexx \ yerl dy 
Bil ar jo (L—y)*{1 34 — Ly }® 


when a=1/2, J is expressed by complete elliptic integrals: 


we Qex/2 ! 3/2 
J T(1/2)V r cencersy at 


=,/4 ES) AAS, —9(p2 
me R/T om {(k?+-2)K(k)—2(k?+1)E(R)} , (30) 
where 
k? =3(e*—1)=30urR/{1+(1—o)urR} . 

And for R=0, we get with respect to urR. For the value of a 

3 satisfying the following relation 

J ray Te es : . 

: 4<0<2 

Fig. 4 shows the curves of intrinsic viscosity 4 pie 


intrinsic viscosity has a minimum. The be- 
haviour of intrinsic viscosity, particularly 
when the value of o is about 1/4, is repre- 
sented in Fig. 5. These curves have the same 
behaviour as those in Fig. 2. 


2 Sees 


Imo at 


In order to determine accurately the value 
of o for an arbitrary value of a, we expand 
the expression (29) in a power series of R, 
namely 

[7]/[ylo=1+d.urR+b(urR)2+---, (32) 
where 
bi=a{o(a+3)—1} , 


05 tise HOD | A oa+-2)(a-+3) 


2 
—2o(1—ayar-+2)-+(1—a)"} | 


If we approximate the experimental values of 
intrinsic viscosity in the initial period of ir- 
Fig. 4. Intrinsic viscosity in end-linking. radiation by a parabora 


{y\/[ylo=1+BiuwR+ Buk)? , 


O 5 urR 


i) 
i we obtain simultaneous equations 
| be=B, and b/?=B,. (33) 
ys From these equations 7 and o will be deter- 
03 mined, when the value of @ is known. If the 
10 ze value of a is not known, we need one more 
art equation, which is given by” 
g=1/ur(4o—1) . (34) 
2 The last Eq. (34) may also be used in order 
03 to test the validity of our theory. 
If we put o=1/A or ov=C, Eq. (34) coincides 
QA agai 5 0 iR 80100 260 with Eq. (20). And when a=1, Eq. (17) is 


Fig. 5. Intrinsic viscosity in end-linking. equal to Eq. (32). We can not distinguish 
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between cross-linking and end-linking by meas- 
uring intrinsic viscosity in this case. When 
a satisfies the relation 1/2<a<l, Eqs. (17) 
and (32) would not coincide with each other, 
even if put the relation ov7=¢. However, the 
discrepancy being less than ten per cent, it 
is difficult to distinguish between them. For 
the radiation dose which is not small, the 
value of intrinsic viscosity for cross- and end- 
linking may differ considerably from each 
other. In such cases we must perform nu- 
merical integration of Eqs. (9) and (29). The 
results will be reported later. 


§ 4. Determination of Gel Point 


The dose of gel point is usually determined 
by extrapolating the solubility curve. It is, 
however, very difficult to measure accurately 
the solubility of polymer. The sol part closed 
in gel part by linkages and cyclizations may 
not be neglected. Therefore, the gel point 
determined from solubility measurement will 
not be correct. The dose of gel point R, 
is necessary, in order to calculate G-values 
or to distinguish between cross- and end- 
linking. It must, therefore, be given accu- 
rately. For this purpose we may use the 
method to determine the dose R, by intrinsic 
viscosity. 

We know that intrinsic viscosity becomes 
infinite when the radiation dose FR is equal to 
R,. Eqs. (9) and (29) indicate us that intrinsic 
viscosity has the following asymptotic for- 
mula, which has the same form for both 
cross-linking and end-linking. For a-<1/2, it 
is 


[yl/[u]o x (Ro—R)-@"-) , for R=Ry (35) 
and for a=1/2, it is 
[yl/[y]ox< —log(Ro—R), for R=R,. (36) 


If we, for a+<1/2, choose {[y]o/[y]}/C2-P as 
ordinate and FR as abscissa, measured values 
will be plotted on a straight line. We can 
easily obtain the dose of gel point Ry, from 
the intersection of this line and abscissa. We 
must take care of the fact that the value of 
a in Eq. (35) may differ from that before 
irradiation. We may use as the value of a 
in Eqs. (19) and (83) the value before irradi- 
ation, but we can not always use it for @ in 
Eq. (35). The value of a of the latter case 
must be determined so that {[y]o/[y]}/@e-P 
lies on a straight line. For a=1/2, we must 
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choose e-!"V/("lo as ordinate. In this case, the}} 
plotted line will not be a straight line, but ail 
curve crosses abscissa vertically. The inter-}|) 
section gives the dose Ry. 


§5. Summary 


the paper IJ” that the effect of cyclization)} 
was not neglected in the period beyond gel i 
point. On the contrary, we can neglect the }} 
effect on viscosity before gel point, so that'}lj 
we can utilize intrinsic viscosity in order to) 
investigate the effect of high energy radiation }| 
on polymers. In §2 intrinsic viscosity is dis- 
cussed for the case where cross-linking and} 
degradation occur. When the initial distri- 
bution is Poisson-like, it is given by Eqs. | 
(10) and (13). Especially when the value of. 
a is equal to 1/2, intrinsic viscosity is ex- 
pressed by complete elliptic integrals and 
shown in Figs. 1 and 2. When 4 satisfies the 
relation (16), intrinsic viscosity has a minimum 
and becomes infinite at a certain dose of ir- |} 
radiation which gives gel point. If the value 
of 2 is larger than 4, gel formation never 
occurs. We can obtained G-value of cross- | 
linking and of degradation from measuring 
the intrinsic viscosity in the initial period of 
irradiation, that is, by solving simultaneous 
equations (19) and (20). An example of ir- |} 
radiated polyvinylchloride gives G-values, of || 
which orders of magnitude are not unreason- || 
able. This fact shows that our theory is ap- || 
plicable for cross-linking and degradation of || 
irradiated polymers. The more accurate is 
the measurement of intrinsic viscosity in the || 
initial period of irradiation, the more correct 
G-values will be obtained. In §3 intrinsic 
viscosity for end-linking is deduced, and the) 
expressions (27) and (28) are obtained. For 
the initial Poisson distribution they are ex- 
pressed by Eq. (29). If we consider the case | 
where a=1/2 holds, intrinsic viscosity is re- 
presented by complete elliptic integrals. The | 
behaviour of intrinsic viscosity for end-linking 
represented in Figs. 4 and 5 is like that for | 
cross-linking and degradation shown in Figs. 
1 and 2. By the same method as illustrated 
in the case of cross-linking and degradation, 
we can calculate the value of 7 and o, from 
which we can obtain G-value of degredation 
and end-linking. However, it is very difficult 
to distinguish between cross-linking and end- 
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linking by measuring the intrinsic viscosity 
in the initial period of irradiation. The be- 
haviour of intrinsic viscosity for larger radi- 
ation doses will be useful for this purpoes, 
but we must then perform numerical integra- 
tion of Eqs. (9) and (29). The result will be 
reported later. We must obtain the value of 
radiation dose at gel point Ry, in order to use 
Eqs. (20) and (34). The value of R, deter- 
mined from the measurement of solubility 
may not be accurate. For this purpose we 
can also utilize the measurement of intrinsic 
viscosity. If we choose {[y]o/[y]}/@*-1) as 
ordinate and R as abscissa, measured values 
will be plotted on a straight line. The inter- 
section of the line and abscissa will give the 


| a8 [, me, he dp = 
CZ 0 
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value of Ry. 

We know from the discussion mentioned 
above that the effects of high energy radiation 
on polymers are determined faily accurately 
from the measurement of intrinsic viscosity. 


p 
7 
Cte 


Fig. 6. Path of integration. 


Appendix I 


We will here verify Eq. (7). If the path of 
integration C is chosen as indicated in Fig. 6, 
it follows 


[> on b2) ap\ as (37) 
0 cz 


If we put the radius of circle QRS to be equal to 7, we obtain 


e7z eRe p e-p2 Q p \ en Re 
as a =| + 
ln oi si | (athe! eat) 2° | aat+t))rq 2 
ee ee he 
~  a(a+l)r**t a(a+1)}, p* ; 


2 2 p-pp 
en pr- zat p rr é 


do, 
a(a+1) ae 


Cae a a—pr 
f gare dz= a(a+1)r%*t 
(ere MG a—pr - pr (g-20ai__] 
o ge cr aa+l)ro*t i 
ip 


2 ged aet 


0 


\ exp {—pre®+i(1—a@)0} do . 


Since the relation 1/2<a@<1 holds, we obtain, for the limit r-0, the following equation 


\ re 
perst @(a+1) 


Therefore 


(e-met— 1" ote“ do= 
0 


sea —2Qrtobt a5 
mer ‘—1)"'(—a) 


wraps te sin wt 
= a(a+1) 


T(1-a). 


gaa T(a@+2) | dz 


Qni jo z**? 


[ m(e, f)e-=? dp = 
0 


sin az-T'(a+2)l(1—a) \ 


+1 d 
Maar es m(p, t) dp 


= \; pestm(p, t) dp . 


Thus Eq. (7) is verified. 


Appendix II 


We will here deduce Eqs. (8) and (9). 
following equation 


We get from the second equation of Eq. (5) the 
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St = 11-26") « (38) |] 


Since the relation 
\ pm(p, t) dp=1 


always holds, we obtain for z=zo=0 
G(0)=-1. (39) |} 


When the absolute value of z is very small, we get from Eq. (38) that 


20> ie Ptoe = (40) 


Accordingly, the following relations are derived 


G(z)=G(0)— REO aOG2:, 


resees len G’’(0)z , 
G’(z)= —1 +T-96"r +O(z2?) , (41) 
G’(0)z 


126708 10: 


G’’(z0) = G’’(0) oe 


If we substitute these relations into Eq. (7), we obtain the following formulas 


Sram et Pes de. fle, t= — ert LO?) oy 
71 PQ Zz 271 


Jon = ert ETS) I'(a+2) en 2a TT 


2nt 
where 
can : — {G(00)—G"(00)t} 
Then 
te eee I'(a+2) sin az H 
7 
_ _ T(@+2)sin az {|_ 1 oe 
sete EE | ee CG Henn 
1 a 1 G"(60) 
heey 5 (00)| em aaa ~ doo . (42) 
Likewise we obtain 
ore 4 es T'(@+2) Tete. e 
Gree 2nt = Jars 2°? ale, 
een," +2 be a r 
= pat | er!=*(G(00)—G (009) (43) 


Substituting Eq. (41) into Eqs. (42) and (43) and making 7 tend to zero, we get 


7 Pas (aa) 
] f 
lim (Frat Joust Jar )= ri—a) ini p* athe 


i i 
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~ Pasa, a G’’(00){00—2[1+G’(00)]#}-# doo . 
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(44) 


We know from §2 of the paper IY that o»=0 holds for p=0. On the other hand the follow- 


ing relation is derived from Eq. (5) 


Of(o, t) 


ap — |, bmp, Nerve dp=G" oy). 


If #) be an arbitrary positive number, we obtain the following relation 


| pme-? dp< \ pme-» dp< ig pm e-°? dp + om Ae pm dp) 
PO Po 0 0 


= [”" pm(e-r—e-#0) dp+e-?Po 
= po&m(E,.t)(e-P&—ePM)-e-PP05) OLE < po 
Spo?mE, te-Pro{ertvor#) —1} ter Pr . 
Since the last expression converges to 0 as p>, we get 
jim G(0)=0. 
Considering Eq. (5), we derive the following equation 


lim PoF=o. 
p>0 


Therefore Eq. (44) becomes 


1 * ue / =o 
I= Fqmay |, © OM(o0— 211 +6 (oo) ]8)-* doo. 


When the initial distribution is Poisson-like, we have 


G(00)=1/u(1+upo) , 


where uw denotes the initial number average degree of polymerization. 


we obtain finally 


Jz 


= Qy% | tobi dy 
r(1—a) 


0 (l—y)*{1—2uty(y+1}% © 
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(45) 


If we put 1+uo0=1/y, 


We will here derive Eq. (28). If we apply the relation (7), we get the following equation 


J=E,\ perl, 2) ap 


271 o 2° ka 


= emi te Le = mp, x)e-*” dp . 


The last expression is transformed into the following formula 


= ern P'(a+2) Ft, 0, x) dz 
271 CG get2 


2r1t 


moon GED Ae {(2 — ant |" bax) Galcr, m+ GC, 1} 


Cc gare 


(Vol. 13, 


1474 Osamu SAITO 
Therefore 
= — P+?) sin an” 2° {(p— po +|" gazx\G Goo, 1») 
JrahJax= = — Siena “or o— pot ei % )Gpo( 0, 70) + G00, %o 
_P@t2) 5 tal (- , ) GC dr 
Sinan { ese 0—pot ee Go (00, 70) + G(00, 70) ste) 


Bel Se mee <aai| Goo m)+( 0 —o +\" aye wo) |e fs *do} 


a Jr 


I'(a+2) . 1 g 
— Pes?) sin an — Craik +\; dx )Grfoe, no) +G(0o, ns) | 
 B 1 Goo(00, mo) at a S|" Geet No) dro} ? 

a(a+1) p* p=r — & Jp= p* 


By differentiating Eq. (26), we obtain 


OF IES OGY rae 
OE = oe. sea pmne-®” dp . 


The right hand side converges to 0, where & is real and tends to infinity. Therefore, from 
Eq. (26) we obtain 


bm oe ten oe, (46) 


to OF) ts 1—e-* 


hence 
ne yok . (47) 


From Eq. (26) the following relation holds 
— Za), mae erdp = PEO =(e—F0+ |" pas) 
k=2 0 On : yee 


Making & tend to infinity, we obtain 


0=(E-fot |" ddr) re 


therefore the following equation is derived 


lim Ep=00 . (48) 
From these results we get 
lim G(Eo, 70)=lim 3 | m(p, 0)e-£0>-*"0 dp=0 , (49) 
f->00 fyre kaa Jo 
Ulmeed 
and then 
ee 2 1 
eh jerks Hate Dain | seierahter po +\' bax) Gog 00, no) 
al G E i ge | 
+G(o, 7 | + it No) ae “pu ZPoral Oo, No) dro} ; (50) 


As we already know from the results of §2 of the paper II” that po=70=0 holds for p= 
7=0, we can put for the case where 7=0 the following relations 
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po=ap+O(o*) , | (51) 
no= bo+O(0) , 


where a and b are independent with o. If we substitute these expressions into the second 
and the third equation of Eq. (26), we get 


{B(1—e-*)—l}a+(C+D)1—e-*)b= —1 
A(1—e-*)a+{B(1—e-*)—1}=0. 
From these simultaneous equations a and 0b are solved, 


1—B(1—e-*) 
cer {B(1—e-*)—1}"— A(C+ D)(1—e-*)? © (52) 


A(i—e-*) : 
°= (Bd —e*)=1—AC+D de (53) 


where A=Gop,,(0, 0), B=Gogn (0, 0), C=Gron(0, 0) and D=G,,(0, 0). If we insert Eq. (51) in 
Eq. (50), we get 


Fat) ; (V+DG- e-*)—r+O(r?)] 


Jeet Jer = — sin an) 
a+ 


qianitcs ailly shall 


a(at+ 1) a 0~%Gpqn9(00, No) dno} ’ (54) 


where V=G(0,0). On the other hand, we obtain likewise 


Tors=e%* orate e-ta+0f V+ D(1—e-*)—re+-O(r?)} dé 
0 
= Fete sin an Ete ere ne ow} (55) 


Ultimately J is given by 


J= Jeqt Jorst Ser = Leta sin arn\’ 0~*Gogng(00, 20) dyotO(73-%) . 
p=r 


When 7 tends to zero, J becomes 


T'(a+2) 


ar 


; Ber ae 0; 1 i 
j= sin an 0 Goong( 00, %o) dyo= r'(1—a@)(1—e-*) ah 


p=0 


¥ 1 3 e-70(€*—1)Gopq( 00, Yo) doo 56 
i l'(1—a@)(1—e-*) |, p%{e*-20—(@*—1)Gppno(00, No)} 


When the initial distribution is Poisson-like, the function G is expressed by 


e710 


G(00, ho) = 


? 


r 
+ Oo 


e*-"0— 1] 
s3° (eo ; 


: a Der 1 york dy 57 
" r—x) \ 9) ye Bh 


where y=1/u+7R. If we put 


we obtain finally 
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Theory of Excited Plasma Waves 
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The excitation of oscillations in a uniform plasma by an injected electron 
beam is considered. The dispersion relation for this system is derived 
by means of Fourier-Laplace transform method. The solutions of the 
dispersion relation are obtained which yield the characteristics of excited 
waves; the frequency, the phase velocity and the time-rate of wave- 
growth as functions cf the wave number. . It is demonstrated that the 
wave characteristics are varied by the influence of thermal velocity of 
electrons in the main plasma and by taking the ratio of electron density 
in the beam to that in the main plasma over a wide range of values. 
It is then examined that both the velocity spread in the beam and colli- 
sions in the medium have the decaying effect on the growing wave. By 
the use of the above results the case is also discussed where the main 


plasma is bounded by ideally thin sheaths. 


Introduction 


ea. 

We shall deal with in this work the longi- 
tudinal oscillations in a uniform main plasma 
excited by an electron beam injected from an 
external source. In the region where the 
electron beam passes through, the total charge 
is assumed to be cancelled out on the average 
on account of positive ions created in the 
medium by electron impacts. The main plasma 
may be supposed either unbounded or bounded 
by ideally thin sheaths. 

The beam excitation of plasma oscillations 
has since been discussed by many authors. 
Some of them treated the waves generated by 
multi-stream interactions». The problem of 
the bean: excitation in a thermal plasma was 
also considered in several papers; Bohm and 
Gross studied in a series of their works the 
instability of beams of well-defined velocity 
and the excitation due to fast beams emitted 


from an electrode”. They have derived the || 
dispersion relation and discussed about solu- || 
tions only for a weak beam. The results ob- || 
tained as for instabilities are qualitatively 
valid, but unsatisfactory from a quantitative 
point of view, and besides the stationary solu- 
tions discussed there are open to criticism, be- 
cause they have used the substitution analysis 
to get the dispersion relation. Akhiezer and 
Feinberg have also led the dispersion relation, | 
but have not studied the detailed features on 
oscillations». The more quantitative treatment 
has been carried out by Lampert®, who obtain- 
ed the rate of growth-in-time for the case of 
thermal velocity negligible in the main plasma 
and also the amplification factor for traveling 
plasma waves. It is found, however, that the 
results attained were restricted only in the 
weak beam limit and the whole characteristics 
of excited waves were not examined. 


characteristics of excited waves®). 
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Lately the author has also tried to get the 
But the 


approximate procedure then employed was 
_ unsatisfactory and therefore the more accurate 


and detailed study will be developed in this 
paper. 

In the study of plasma waves has been 
widely used the method of substitution 
analysis. But it has been pointed out that 


this method leads to difficulties in some re- 


. 


spects»-®. The way which overcomes the 
difficulties is to employ the more favorable 
methods, that is, the Laplace transform 
method first applied by Landau® or the sta- 
tionary-wave method recently completed by 
Van Kampen”. However the latter one ap- 
plies only for a stationary or a decaying wave 
and does not for an excited wave which is 
growing exponentially with time. Therefore 
we shall adopt here the Laplace transform 
method by which we can without ambiguity 
get the dispersion relation for the problem 
considered. 

In sections 2 and 3 will be preliminarily 
reviewed the fundamental equations and their 
solutions obtained by means of the usual 
technique of Laplace transform method. 
With a specified velocity distribution function 
which consists of one part for electrons in 
the main plasma and the other part for those 
in the beam, the dispersion relation in our 
case will be derived in section 4. Next will 
be discussed the excitation of plasma waves 
which build up exponentially in time. The 
characteristics of the plasma waves such as 
the frequency, the phase velocity and the 
time-rate of growth will be given as the wave 
number is varied. It will then be examined 
how much the wave characteristics change 
by taking into consideration of the thermal 
motion of electrons in the main plasma and 
by varying the ratio of the electron density 


in the beam to that in the main plasma. The 


effects of the velocity spread in the beam and 
the collisional damping will be discussed in 
sections 6 and 7. Finally in section 8 we 
shall consider the oscillations excited in a 
plasma layer bounded by ideally thin sheaths, 
which correspond more closely to practical 
cases. 


§2. Fundamental Equations 


The behaviors of electons in a plasma can 
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be described by the distribution function of 
their velocities f(v, x, t) satisfying an integro- 
differential equation of Boltzmann type. Posi- 
tive ions are simply assumed to be a uniform 
and continuous background of positive charges 
neutralizing the medium as a whole. In the 
absence of external fields, the Boltzmann 
equation can be written as* 


Jae Of eck Of _ of 
Ot Ox m Ov dt 


The term 0Of/dt\cou represents the instantane- 
ous change of the distribution function arising 
from the binary close collisions. The electric 
field FE is connected with the fluctuating 
charge concentrations of electrons by the 
Poisson equation. This field acts on an 
electron as a long-range force arising from 
the other electrons, as assumed by Vlasov. 
Then 


(2.1) 


coll” 


(2.2) 


where m is the density of the uniform posi- 
tive background or the average density of 
electrons. Diving the distribution function 
into a stationary part fo(v) and a fluctuating 
part fi (v, x, t), then 

fv, x, H=fov)+fw, x, t). (2.2) 
The linearized equation for f; is obtained from 


Eq. (2.1) for small fluctuating components as 
usual, 


On Of, eE Ofo __ of 
- Se 2.4 
Ot ene Ox m Ov Ot | cou’ ve 
While the Poisson equation (2.2) becomes 
OF @- 
Ax- = &€ \ fi 1dv ’ (2.5) 


since | foedo= no In a low-pressure region, 


short-range collisions play so little an important 
role that at present we neglect the collisional 
effect and in a later section we shall be back 
to this point. 

We consider first the case where the plasma 
is extended to infinity and a spatial disturbance 
is given at an initial instance. Hence the 
fluctuating parts of the distribution function 
and the field intensity is conveniently repre- 
sented by Fourier-analysis in space. Thus we 
can write 


* We use the MKS rationalized unit throughout. 
this paper. 
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—oo 


‘ (2.6) 
E(x, p= || lmnerax 


eke o=f(| fulv, Hedk / 
( 


Then fundamental equations (2.4) and (2.5) 
become for each component, 
Ofte ne, —§ py, fo = 
OL +1kuf = Ek av =(). 
(2.7) 
ikEe= ase fikv, thdv . 
0 


These equations can be solved by means of 
Laplace transform method for a given initial 
condition. Each Fourier component and its 
time derivative are transformed by the follow- 
ing relations 


[fey te'di= Flv, k, @) , 

: (2.8) 
\ Ex(Detdt=€(k, «), 

0 


and 


or etdi= oF, k, «)—fev, 0). (2.9) 
0 
While the inverse transformations are written 
as 

1 (ety i 
Fk(v, dD=5-\ Fu, k, w)e-*’*do , 

27 —co+ty 

fata (2.10) 

E(t) =| E(k, w)e-tdo . 
2n —oo+ty > 
where the integration is carried out along a 
straight line parallel to the real w-axis and 
lying onto the above of all the singularities 
of the integrands, F(v, k, w) and &(k, w), so 
that 7 is larger than some positive value of 
ra for which both 


[eve | Fx | dt 
0 
and 
[ee | Ex dt 
0 


are bounded. 
Then we obtain from Eq. (2.7) 


uo—kv)F(v, k, w)+fk(v, 0) | 


é Ofo 
lS =a 
+ (k, oe =() 3 


(2.11) 
iké(k, o)= — [re, k, w)dv . | 
0 
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Here we take the wave vector of propagation] 
k directed to the z-axis and assume the uni } 
form distribution function fp to be an ever) 
function with respect to the velocity components} 
perpendicular to z. These correspond essenti+j| 
ally to the one-dimensional treatment, consi+}| 
dering only the longitudinal fluctuations i | 
the plasma. Putting &.=k, ve=u and &=6,} 
and integrating with respect to vz and vy i 
Eq. (2.11), we get 
i(w—ku)G(u, k, w)+g(u, k, 0) 


+ © &(, ) 2=0, (2.12)) 
m du 
ik6(h, o=—£(" Gi, k, w)du, (2.18) 
0 —o 
where 
G(u, k, o) F(v, k, w)dvzdvy , 


lI 
1 Cee 
sce 


gu, k, 0) =|\ fe, O)dvzdvy , 
gu) = | Fo)dvedvs 


§3. Solution by Laplace Transform Method 


We shall solve the combined equations (2.12) 
and (2.13). Since both & and wu are real and| 
Im) >0, o—kus0. Then Eq. (2.12) gives 


rg 1 
G(u, k, oa catia 


é dg 
aS e0e 
at (b, 0) E04 gu, hy 0]. | 
(3.1)}} 
Inserting it into Eq. (2.13), we find for the} 


Fourier-Laplace transform of the electric}} 
field component 


[eee Og 
ie oie -o (u—o/k) 
P Ek? [1— e? \ = dgojdu a : 
mE k? )_.u—w/k 
> (3.2) || 


Note that the above relation holds only in| 
the region of Im) >vra>0, where E(k, w)| 
is ans analytic function of o. However, to’ 
find E(z, ¢) explicitly it is necessary to define | 
E(k, ») on the whole complex w-plane, by | 
means of an analytic continuation of the func- | 
tion. For a positive value of k, Jm(m/) is | 
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also positive. In this case, following Landau”, 
the path of integration along the real axis in 
Eq. (3.2) with respect to velocity « can be 
modified on the complex w-plane to a path C 
in the lower half-plane such that we have no 
singularity of g(u, k, 0) or dg»/du either on 
C or between C and the real axis (Fig. 1(a)). 


u-plane 


Ca) 


(tb) 


Fig. 1 (a) represents the contour of integration 
C on the complex u-plane for k > 0; (b) C’ for 
ke<.0: 


It is easily shown that the integration thus 
defined with the contour C is always single- 
valued and analytic as the point w/k crosses 
the real axis from the upper half u-plane and 
then moves into the lower half plane. Hence 
the integration defined above gives the analy- 
tic continuation over the whole region of w- 


plane. Thus we can get, for k >0, 
\ glu, k, 0) du 
E(k, «)=—2 total . 
. Eok? pus e \ dgo/du au | 
MoE ok? ou—oalk 


(3.3) 
For a negative value of k, Im(w/k) becomes 
negative. Therefore the integrand in the 
integration on the w-plane has a singularity 
u=w/k in the lower half plane. Hence accord- 
ing to the similar argument we must take a 
countour of integration C’ deformed to the 
upper half plane as in Fig. 1(b) instead of the 
the contour C for the positive %. Then the 
analytical continuation over the whole plane 
yield the result for k< 0: 


glu, B, 0) 4, 
é Co 


u—o/k 
Ee? 
ye mE ok? pe u—o/k 


dgo/du 


au | 
(3.4) 
The electric field component E(z, #) is ob- 


tained by means of the following inverse 
Laplace transformation 
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1 fe pet 
Be, )=a a (Be werk dda . 
(3.5) 


Substituting the expressions (3.3) and (3.4) 
into the above relation, and integrating on 
the w-plane, we get finally 


EXz, )=5- \" ARSC (heey) 


+ EDi(heereo] 3.6) 


where 4; are the singular points of g(w/k, k, 0), 
if any, in the lower half w-plane, providing 
the decaying feature to the first term, while 
w1 are the roots of the denominator of E(k, ) 
and are determined by the dispersion relation 
as follows ‘ 


Le Pats @ 
D(k, o)=1—— | 


dgo/du 
0 or u—w/k 


a=. 


(3.7) 
The contour of integration C or C’ corresponds 


to the positive or negative value of k, respec- 
tively. 


§ 4. Dispersion Relation with Specified Dis- 


tribution Functions 

The dispersion relation D(k, w)=0 gives the 
connection between w and & for plasma waves; 
in our case w is in general complex such as 
@=@ tir. Solving w as a function of k, we 
have the frequency of the plasma wave a(k) 
and the time rate of wave-growth or wave- 
decay 7(k). 

In this section we shall treat a case when 
an electron beam is injected into a uniform 
thermal plasma. The one-dimensional treat- 
ment allows us to regard the injected beam 
as the uniform flow parallel to the z direction 
in the region through which the beam really 
passes. Then the distribution ‘function go(u) 
is divided into two parts: gp(%) for the uni- 
form plasma and gv(u) for the injected beam. 
Here g,(u) is considered as the Maxwellian 
form as below 


x m the —mu2/2KnT 
£r(U)= nol OneT ) é 


Reapepe ds: e-u/ur)? ; 


(4.1) 


Tur 


where %» is the electron density in the plasma 
up =(2eT/m)/2 and « the Boltzmann con- 
stant. For the present, go(#) is simply specified 
with the extremely sharp velocity distribution 
of 6-functional form 
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2(U)=NO(U—Ud) , (4.2) 
where mp is the electron density in the beam 
and uw the velocity of it. Here it is to be 
noted that in the derivation of dispersion rela- 
tion in the last section, the distribution func- 
tion go(#) is assumed to be an analytic function 
over the whole complex u-plane. Therefore, 
if we take this form of g.(w), we have to 
return to Eq. (3.2), the denominator of which 
gives in the present case 


e dgy|du Nv 

A mE yk? Hise u—w/k eet (u»—a/k)? | ; 
Then the analytical continuation can be carried 
out in the same way as before. The contour 
of integration along the real uw axis can be 
replaced by the contour C or C’. Thus we 
get the following dispersion relation instead 
of Eq. (3.7) 


By ee dgr[du 
Dik, 0)=1— Fs Re i 


No = 
aa 


The integration with the contour C has been 
obtained by several authors for the Max- 
wellian distribution™. The result is 


(4.3) 


dg y/du ED 2Np 
\, u—w/k ae Ur 
| L4iV Be 1-008) | 


(4.4) 


where B=o/kuy and ®(x) is the error function 
of the form 


O(x)= valent 


While the integration with the contour C’ is 
obtained by reversing the direction of imagi- 
nary axis, as seen in Figs. l(a) and l(b). 
Thus one finds immediately 

dgy/du yp, 2Mv 

old u—w/ k Ur” 

x [1-iV zBe-P*{1—O(i8)}] . 
(4.5) 

Taking Eqs. (4.4) and (4.5), we can write Eq. 
(4.3) as 


Diluia)= 1+| 2( 


Op 


3 ) (atiV mBe-® [1+ O(iB))} 


in m2 cas jo 


(+sign for k>0, —sign for k< 0) 


(4.6) 
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where £=m/ur, Wp?=Npe?/MEo and wy?=nve*/\j 
m&). Since the wave for k<0 runs back-}) 
ward in the direction of electron beam, thed| 
disperison relation for k <0 is seen to be iden- 
tical with that for k>>0 with the electro | 
beam running backward. Actually the rela- i 
tion (4.6) may be written as follows | 


D(k, w)=1 +| 280 +iV xBe-®[1+ 9G@B)]} 


Bo? = 
(EB) | - oat |, 

with the abbreviation of 
Bp=Op/kur and Bo=@o/kur ’ (4.8) }) 

where the value of & is always positive andi 
the minus or the plus sign of the last term cor- 
responds respectively to the wave which travels: 
forward or backward in the beam direction. 
Thus Eq. (4.7) represents the dispersion re 
lation for growing, stationary or decaying 
waves according to Jm(w)30 respectively. 


§5. Excitation of Plasma Waves 


As an electron beam passes through a sta- 
tionary plasma, the interaction between the 
beam and the plasma may be considered as} 
rather strong in the range that the phase 
velocity of plasma wave is very near the bea 


velocity. | 


When the electrons in the beam 
are slightly faster than the wave phase velo 
city, they will deliver their energy to the 
plasma wave. Hence the growing-up of the 
wave will occur. On the contrary if the waver 
phase velocity is too small, the coupling wit 
the beam will become very weak or negligible} 
and the plasma waves will not grow up. | 
Thus it might be reasonable that we conside 


only the case for forward waves, since back-| 
ward waves are easily shown not to give 
any growing wave. Furthermore, when there} 
exists only the thermal plasma with a Max-| 
wellian distribution in the limit of the vanish- 
ing electron beam, it will be also shown that} 
we have no growing wave. 
. To discuss the behaviors of excited plasma} 
wave we shall now solve the dispersion rela-| 
tion for Im(w)>0. Then we write the relation) 
(4.7) for a forward wave as 


D(k, ©)=1+8[A(8)—B(B)]=0 , 
where #s?=8,?+ 8? and 
A(8)=20 n(1-+éV xBe-P"[1+ 0G8))} , 
B(B)=o0r/(E—B)? , 
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with dp=B8,7/B2=nNp/(nptm) and o,=B»/Bs? 
=N»|(Mp+mn»). Dividing the real and imaginary 
part of A(8) and B(8), we find 
1+8;?(A,—B,)=0 ’ (5.4) 
Ai—Bi=0. (5.5) 
Two equations (5.4) and (5.5) thus obtained 
may be solved to determine a pair of unkown 
parameters; the real and imaginary parts of 
B, Br and Bi, or wo(k) and r(k). 

In Eq. (5.2) Ai is always positive for Jm(w)>0, 
and hence in the absence of beam we have 
no solution of Eq. (5.5). On the contrary, in 
the presence of beam JB; is also positive for 
forward waves and therefore we can get 
some solutions in Eq. (5.5), while for back- 
ward waves 8B; becomes negative which 
implies that there is no solution. These are 
just what mentioned at the beginning of this 
section. 

For |8|> 1, the usual asymptotic expansion 
of O78) can be used which results 


™ Pxitingieeiibas 
A@)=—4 aeas —— ). 6.6) 
Hence we find from Eq. (5.1) 
Be pt Gia 
Be =0( 14 oe og t age toga —8? 


(5.7) 


It seems rather complicated to solve the above 
relation directly as functions of a variable k. 
Accordingly for the sake of convenience we 
may express the real and imaginary part of 
Eq. (5.7) in terms of variables x=(&/8,)—1 
and €=(§;/8,)?.. Then the real part can be 
written as follows 


“3 \=o ma [1+S(z, 6; Hlto ee 
(5.8) 
where 
Slr, &;. &) 
oe as Wass ES) 
tapi |e) st] 69) 


and ws=(@p?+,?)"? represents the plasma 
frequency corresponding to the total electron 
density (w»+m). While the imaginary part 
becomes for € >0, 


v7+E 
nee Vine, €; Bl=ox, 


(5.10) 
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where 
Oe |) Choo 
Pa, 6 Be es 
B(x+1)? (4 166 
ete 13 +6? }]. 
(5.11) 
and ¢=0)/¢p=M/np. The functions S(xz, &; &) 


and T(z, €; &) represent the effect due to the 
thermal motion of electrons in the main plasma. 

To see the range that y becomes positive, 
we look for the points for 7-0; that is, €-0 
or (@/ws) 0, since 7/ws=&¥/*(wo/ws). The 
case with negligible thermal effects can be 
simply treated. For €-0, Eq. (5.10) yields 
real roots of xy; y 0 and y > 01/3, The root 
x — 0 is excluded since it makes the right hand 
side of Eq. (5.8) negative. For y— 03, we 
get —(wo/ws) > [1+ o%8)/(1+0)}/?,  Ruro/ws > 
[(1+o%%)3/(1+-0)}/2 and = uw/u» > (1+0¥3)-1, 
From (a )/ws)->0 we find y=&—o and at 
this limiting point k-0 and u,,/u— (1+6)7}. 
The maximum value of 7/ws lies in an inter- 
mediary region between these two limits. In 
the case with a finite thermal temperature, 
the limiting value will be more or less cor- 
rected. The circumstances described above 
will be shown in Figs. 2-4. 

In Eq. (5.10) we can obtain numerically 


‘x(€; &, o) with parameters € and o, which, 


inserted into the right hand side of Eq. (5.8) 
yields w)/ws as a function of €. From these 
the time rate of wave-growth 7/ws and the 
phase velocity of the wave u./m#=1/(1+ x) is 
obtained against a variable €. Then we can 


iS Te/np =O] = i 
(1) $7 =Cup/up=8 

Wol, Uw (2) 4 =\6 

Ws| Ud Qa) 4 00 


{03 
Wag 


o2 


Ol 


20 


el L 
05 1.0 15 


KUp/Ws 


Fig. 2. Effect of mean thermal velocity of elec- 
trons in the main plasma on wave character- 
istics; say, normalized frequency w /ws, time-rate 
of wave-growth 7/ws and phase velocity w,»/2; 
of excited plasma waves for p/n »=0.1. 
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represent all the quantities as a function of 
ku,/ws instead of €. Thus we get finally 
Figs. 2-4. 

In Fig. 2 the ratio of the electron density 
in the beam to that in the plasma is fixed, 
typically at 0.1. Then it can be regarded as 
representing the effect due to, on the one 
hand, the increase of the beam velocity mw for 
a definite thermal velocity ur and, on the 
other hand, the decrease of the thermal 
velocity. in the main plasma for a definite 
beam velocity. The figure represents the 
wave characteristics in detail which for 
the fixed beam velocity m the time rate 
of wave-growth y becomes positive in the 
range of wave number k between zero 
and some critical value and reaches its 
maximum in an intermediate value of k, as 


15- Hse a 
ao |uw (1) np Mp= 0.01 
“@s"|Ub @ +s =Ol1 

iat GB) = | 

& a 


KUb/ws 


Fig. 3. Wave characteristics for negligible ther- 
mal effects with values of ratio p/p» equal to 
and less than one. 


(1) p/p = | 


Wo, Uw 
2 & = 10. 
@ » +=(|00 


Uw/Up a 


1.0 15 


Kup, =o 


Fig. 4. Wave characteristics for negligible ther- 
mal effect with values of ratio m)/mp» larger than 
one. 
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excited wave has a value a little below they) 
beam velocity and decreases gradually from 
the maximum at k=0 to that at the critical] 
mentioned previously. The phase velocity off 
value of k. Accordingly the frequency off) 
oscillation increases almost linearly with 2&.\|) 


far below the main plasma frequency @» oO i 
the total plasma frequency ws, while for kuyj) 
/ws~1 the coupling between the beam and they 
main plasma is greatest and 7 has a maximu 
in this region. For km/wss>1, there can be 
no growing wave; there remains only station-j 
ary or attenuating waves. These are just] 
what has been discussed by Bohm and Gross} 
qualitatively”. 


| 
| 


Fig. 3 shows the variations with the increase} 
of the density in the beam from a small value} 
to the value equal to the density in the main 
plasma with a negligible thermal velocity. 
As the beam density approaches to the plasma 
density, the phase velocity becomes slower untal 
it takes a constant value independent of k ora 
half velocity of the beam for ,/mw»=1. Tal 
the latter case the wave frequency is exactly 
proportional to k from zero to ws; for a maxi- 
mum 7, however, the frequency wp is rather 
below the total plasma frequency as and is 
very near the main plasma frequency w». In} 
Fig. 4 are shown, in a way similar to Fig. 3, 
the characteristics of growing waves for the} 
case where the beam density is further in-}| 
creased beyond the plasma density. The 
characteristics in this region of density can 
be readily obtained from those for lower den- 
sities as seen in Fig. 3 in a following way. 

In the case when the ratio of density o has 
a value o; less than one, as in Fig. 3, the 
dense main plasma is at rest and the beam 
running through it. Then we get for this 
system @)/s, y/@s and Uw/u as before. Next! 
consider a system having the value of the 
ratio m/n» equal to 1/o,, larger than one. If 
we slide with the same velocity as that of the 
heam in this system, the electrons in the beam 
may be seen at rest and the electrons in the 
main plasma running to the reverse direction. 
Then we find the same system as before with 
the value of ratio o,; except the beam velocity 
reversed, so that the phase velocity becomes 
negative without change of w) and 7. Hence, 
back to the original system, we can express 
the phaseZvelocity and the wave frequency of 
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the system with the value of density ratio 
1/o, as 1—(u/y) and (wo/ws)(t»o—Uw)/uw, by 
the use of the value of (#w/a#») in the system 
with the value of ratio 0. The characteristics 
for o=10 and 100 in Fig. 4 are thus readily 
obtained from those for o=0.1 and 0.01 in 
Fig. 3, respectively. From both Figs. 3 and 
4 we see the following features by the vari- 
ation of m/n»; the time rate of building-up 
in excited waves (normalized by as) is greatest 
at ”»/n»=1 and becomes smaller as the value 
of 7,/n» deviates from 1, and its maximum 
for each case lies near the region of ku»/ws~1. 
The phase velocity and the normalized oscillat- 
ing frequency of waves still more decrease with 
the increase of the ratio /mp. 

§6. Effects by Velocity Spread of Electron 
Beam 


Thus far we have not taken into account 
of the velocity spread in the electron beam. 
An actual beam will have a velocity spread 
due to an initial distribution of electron and 
due to collisions or scatterings of electrons in 
the medium. Here we shall simply assume 
the approximate velocity distribution function 
of the form 


we Me ay for m—d<u<mt6 , 


0 otherwise. 
Then we get, instead of the term B(@) in 
Eq. (5.1) 


Bs(B) = 90/[(E —B)? —77] 


(6.1) 


(6.2) 


with y=0/u7. Thus Eqs. (5.8) and (5.10) are 
modified, resulting finally in the limit of 
negligible thermal effects in the main plasma 
& \= 1 | 1—€& 
os) 1+o60L (+8? 
V?—(E+¢) ] 6.3 
+o Cate 202 Oo +9 o) 
and 
2! 2 é a 2€ + 2 =0o (6.4) 
Gta lt —2(7?—E)et+ ¢?|= 07 , 
where 


g=7"/Br=(0/u)21+x)=H1+x)? (6.5) 


with “= (d/u»)?. 


Mes) arte Ha Soh senne 
(6°6) 


Hence we have 


and 
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Gael ter—2e—E)al +9) 
+e1+x) = ox . (6.7) 
Fig. 5 represents the effect by the velocity 
spread obtained from Eqs. (6.6) and (6.7). It 
is seen that the height of +/ws becomes lower 
with the increase of the beam spread and that 
the waves with lower frequency are cut off. 


My = 0.1 
We 4 te ) A= (8/up)= 0 
esi Up (QO) 
@® + =02 aD) © es rs 
@ ’ =03 eewercat a 
\ | F be |e | 
pea 
Uw 
gu 
a5} 
Li 
J 05 10 15 Kup, 20 25 
Fig. 5. Effect of velocity spread in the beam on 


wave characteristics for ny/z»=0.1. 


§7. Effects of Collisional Damping 

We have neglected the collisional term in 
the Boltzmann equation in section 2. This 
may be justified as a good approximation in the 
low pressure region where the mean free path 
of electrons is longer than or comparable with 
the dimension concerned. However, as the 
mean free path becomes comparatively shorter, 
the effect of collisions will not be disregarded. 
Now we shall be contented ourselves with a 
most simple treatment that 0f;/dt|cou is re- 
placed by —7cfi, since the more satisfactory 
treatment of this term would lead us toa 
rather complex formula. ye is the damping 
rate by collision and the inverse of the colli- 
sional relaxation time te. Setting like this 
and putting fi=/i() e-Yet in Eq. (2.4), we then 
find that the function fi(v, x, f) satisfies the 
same form of equation as Eq. (2.4) in 
the absence of the collisional term. Consequ- 
ently using this form of fi, we can discuss 
the wave characteristics as before and obtain 
the time rate of wave increase y(k), which is 
just represented in Figs. 2-5. Thus all the 
oscillatory quantities have such a factor of 
exp[(r—7.)t] that y must be greater than rye 
in order to give rise to the building-up of 
oscillations. Therefore the collisional damping 
becomes more effective when there are some 
causes that suppress the height of 7. For 
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instance, the suppression of oscillations due 
to the velocity spread in the beam will be 
more considerable, when combined with the 
collisional effect. 


§8. Oscillations in a Uniform Plasma Layer 


Consider the case when the medium is 
bounded by sharply defined sheaths and hence 
the main plasma is contained within a uni- 
form layer having a finite thickness. The 
boundary sheaths are ideally assumed to have 
an infinitecimal thickness, so that the thermal 
electrons in the plasma are all reflected with- 
out any loss of energy. 


If we excite a growing wave by an electron 
beam traversing in this layer, we shall have 
a standing wave with nodes at both ends. A 
standing wave is decomposed into a forward 
wave, which propagates to the same direction 
as that of beam velocity, and a backward 
wave. According to the arguments in the 
previous section, the former will interact 
strongly with the electron beam when almost 
synchronized, while the latter will not. The 
forward component of the wave will be de- 
livered the energy from the beam and the 
backward component will play a regenerative 
role by which the wave energy will return to 
the forward component. 

In a layer with the thickness of D is con- 
tained an integer times a half wavelength of 
the standing wave, i.e., D=mn2/2 where v is 
an integer and 2 the wavelength. Hence k 
has discrete values: k=2z/A=nzr/D. These 
cases are also covered by Figs. 2-5. with the 
fixed values of k given above. Figs. 3-5 in- 
dicate that, as the beam velocity increases, 
y starts from a small value, passing through 
a maximum and then decreases to zero, beyond 
which the beam is so faster than the wave 
that the net exchange of energy between 
them vanishes. It is interesting to note that, 
for a suitable value of D, there may be several 
oscillations with different values of k cor- 
responding to the fundamental (m=1) and the 
harmonics (7 <2); but in frequency they are 
not exactly the harmonics. 


§9. Discussions 

In seeking the solutions of the dispersion 
relation we have employed an approximation 
such as || 1, which means that the phase 


Masao SUMI 


greater than the thermal velocity mur in the || 
As seen in Figs. 2 and 3, the | 
value of w#»/#» is very near or at least of the || 
In con- |} 


main plasma. 


same order of magnitude with one. 
sequence, if £=,/ur is much larger than 1, 


so is the case for @, resulting a good approxi- |} 
In Fig. 2 the errors introduced are | 
really small for 216, but it will probably | 
become a little larger for &%=8, although we | 
For a still lower value |} 


mation. 


have not evaluated it. 
of €, the approximate expansion used does 
not give the reasonable result. Then the. 
evaluation will have to be made by the use 
of a numerical table. 
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velocity of the plasma wave ww» is much|| 


Since the whole treatment is based on the 


linearized theory, the range of validity of this | 


work is restricted to an initial stage in which 
the plasma waves build up from the ground 
level. 
waves we must obtain the stationary ampli- 
tude of enhanced plasma waves, taking into 
account of the non-linear terms. 

We have neglected the decceleration of 
electrons in the beam which is caused by the 
energy transfer to the plasma wave or by 
collisions with the particles in the main plasma 
It corresponds to the circumstance that such 
an energy exchange is very small in the 
linearized theory. 

In section 6 we considered the phenomenolo- 

gical spread of the beam velocity, which is 
due partly to the collisions in the medium 
and partly to the interaction with the growing 
plasma wave. It seems probable, in parti- 
cular, that the latter interaction will be re- 
sponsible for an abnormal scattering of the 
beam which has been pointed out by Lang- 
muir™ and others”. This will also be related 
to the non-linear plasma wave. 

We have not examined here the amplifica- 
tion of an traveling plasma wave, in the case 
of which the fundamental equations are 
Fourier-analysed in time and Laplace-trans- 
formed in space. The dispersion relation thus 
obtained by similar procedures as before is 
turned out to have the same expression as 
Eq. (4.7), where, on the contrary, is real 
and k is complex. Recently a corresponding 
experiment has successfully performed™. In 
near future we shall present the results for 
this case in another place. 


|" 


To find the intensity of excited plasma || 
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Pfund’s half-shade analyzer, which originally was devised for the mea- 
surement of the Brewsterian angle, gz, can be applied to the measure- 
ment of the principal angle of incidence, gy. Its sensitivity, h, and pos- 
sible sources of systematic errors are discussed. It is shown that, in the 
measurement of gz, 2 can be made to approach o, but in the measure- 
ment of gp, h is finite and sometimes very small. A superior half-shade 
device for the precise determination of gp» is proposed, which consists 
of a A/4-plate, a half-shade plate of the type of Bravais bi-plate, and an 
analyzer (polarizing plate). Its sensitivity is fully discussed and the sys- 
tematic errors are analyzed. Experimental test of the new device is 


briefly described. 


§1. Introduction " 

One of us pointed out several years ago” 
that Pfund’s half-shade method” for the ac- 
curate measurement of the Brewsterian angle 
can be applied to the measurement of the 
principal angle of incidence. The angle deter- 
mined by Pfund’s method, gr, will be equal 
to the Brewsterian angle of the sample ¢z if 
the surface of the sample is ideally well- 
defined. If there is a surface layer on the 
sample, as would be the case in most experi- 


ments, ¢p will be equal to the principal angle 
of incidence @», i.e. the angle of incidence at 
which one of the principal axes of the vibra- 
tion ellipse of the reflected beam lies in the 
plane of incidence. We found” that the Pfund 
angle vp of a clean glass surface did change 
when the humidity of the ambient atmosphere 
was varied, showing that ¢p, or gp, was influ- 


‘enced by the presence of an extremely thin 


layer of adsorbed water on the sample. 
A systematic experiment was started to in- 
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vestigate the thickness d and the refractive 
index of this adsorbed water film as a func- 
tion of the relative humidity. The specimen 
is illuminated with a parallel beam of linearly 
polarized light, and the reflected beam which 
is elliptically polarized is examined. The prin- 
cipal angle of incidence gp is determined by 
Pfund’s method. According to Sissingh and 
Groosmuller’s theory® the difference between 
Gp and gz (the Brewsterian angle of the sub- 
strate), v= 9 »—¢z, will, in combination with 
the ellipticity 9 of the reflected beam mea- 
sured at the angle of incidence equal to ga, 
allow us to calculate both d and m. It was 
soon noticed, however, that the sensitivity of 
Pfund’s method was unsatisfactory for this 
purpose. 

It is true that measurement of any para- 
meter* of the elliptical vibration other than 
Y» may also serve for the evaluation of d and 
n; but difficulties arising from the fact that 
the adsorbed film was extremely thin suggested 
that the above method was the most promis- 
ing. So we entered into the investigation of 
a more sensitive half-shade method for the 
measurement of the principal angle of incid- 
ence. 

Few workers have been engaged in this 
problem. Sissingh® seems to have succeeded 
in determining ¢g» with a probable error of the 
order of 1’ or less, but no detailed description 
of his method of measurement could be found 
in the literatures available to us. Pfund” also 
claimed a sensitivity of the same order in his 
measurement of the “Brewsterian angle.”** 
In some of our measurements, however, we 
were unable to attain this sensitivity. 

In §2 of this paper, the characteristics, in- 
cluding the sensitivity, of Pfund’s method will 
be fully discussed, and an explanation of the 
discrepancy between Pfund’s claim and our 
experience will be given. In §3, a new half- 
shade device suitable for the measurement of 
the principal angle of incidence will be de- 
scribed with a discussion on its sensitivity and 
systematic errors. In §§2 and 3, (00/0¢)», 
i.e. the derivative at gv» of the phase lag of 
the s-component behind the f-component, 4, 
with respect to the angle of incidence, ¢, 


* This of course has to be independent of p. 
** Tt is believed that at least some, not to say 
all, of his measurements gave gp» instead of ¢ 3. 
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which appears in the expressions of sensitivity 


and systematic errors, is left as an unknown i) 


parameter. This will be evaluated in §4. 
Experimentals will be described in §5. 


Pfund’s Method as a Method of Mea- 
surement of the Principal Angle of In- 
cidence 


a) Pfund’s Method 

If a parallel beam of linearly polarized light 
of azimuth a is allowed to fall on the plane, 
quite well-defined surface (without any surface 
layer) of a transparent, isotropic medium, the 
reflected light restores linear polarization, but 
its azimuth @ varies as a function of the angle 
of incidence ¢: 


§ 2. 


tan a=tan ay: = tone (1) 
1p cos (y+ x) 

Here 7» and vs denote the amplitude reflec- 
tivities of the two components vibrating 
parallel and perpendicular to the plane of in- 
cidence respectively, and yx the angle of re- 
fraction. All azimuths are measured from the 
plane of incidence (throughout this paper). If 
y is increased passing through gz, the Brew- 
sterian angle of the sample, a will change 
from an obtuse into an acute angle coinciding 
with z/2 at g=gzs (Fig. 1). As is illustrated 
in Fig. 1, the change of @ in the neighbour- 


XH =45° 


Y=65° 


~=%=56 38 

a + + 

-04 -03 -02--01 
a 

~=55° 


O10 


Ni cob | 


yo) Pp 
Fig. 1. Change of a as given by Eq. (1) vs. the 
angle of incidence gy. gg=56°38’ (%=1.5183). 


| 
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hood of z/2 can be much enhanced if a is 
made small. 

Pfund’s method consists in exaggerating the 
change of @ in this way and detecting its coin- 
cidence with z/2 very sensitively by the use 
of his half-shade analyzer. Pfund’s half-shade 
analyzer, illustrated in Fig. 2, is similar in 
principle to the one employed by Chauvin in 
improving the sensitivity of the Sénarmont 
compensator. A half-wave plate* is cut and 
cemented on the right half of a polarizing 
plate (Polaroid) so that the fast axis of the 


\ 


| 3 


half-wave 
plate 


-~ polarizing 
plate 
Fig. 2. Pfund’s half-shade analyzer. 


former is parallel, and the transmission axis 
of the latter makes an angle of 2/4, with re- 
spect to the line of demarcation. This analy- 
zer is used with the half-wave plate away 
from the observer. The line of demarcation, 
or the fast axis of the half-wave plate, should 
be set exactly parallel to the plane of incid- 
ence. Now, if the light reflected from the 
sample be allowed to fall on the analyzer, it 
will be found, as a rule, that the “half-shade ” 
reveals a large contrast. When ¢g=gz, or 
when a=7/2, however, the two halves of the 


* Pfund used a sheet of Cellophane. 
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analyzer will appear the same in brightness. 
Thus Pfund’s method gives an accurate means 
of determining the Brewsterian angle. 

This matching of brightness happens, as was 
remarked before”, not only when the light 
reflected from the sample is linearly polarized 
light of azimuth z/2, but also when it is ellip- 
tically polarized with one of its axes in the 
plane of incidence (See §2-c). Hence Pfund’s 
method can also be applied to the measure- 
ment of the principal angle of incidence. 

b) The Brightness of the Two Halves of the 
Field 

Now we shall proceed to quantitative discus- 
sions of Pfund’s method outlined above, with 
the aim of examining its ability as a method 
of measuremet of the principal angle of incid- 
ence. For this, we shall adopt the Poincaré 
sphere representation”. 

In Pfund’s original treatment, he assumed 
that 

I. The light reflected from the sample is 
linearly polarized. 

II. The birefringent plate is an exact half- 
wave plate with its axis exactly parallel to 
the plane of incidence. 
and 

Ill. The transmission axis of the polarizing 
plate makes an angle exactly equal to z/4 with 
the plane of incidence. 

In place of these, our calculation will be based 
on the following generalized postulates. 

I’. The reflected beam is elliptically pola- 
rized light represented by 


E,=Aexpi(wit+d) and F;=Bexpiwt (2) 


where w stands for the circular frequency of 
light. For the convenience of the discussion 


Fig. 3. Parameters of the elliptical orbit of the 
reflected beam. o=0/a: ellipticity. : azimuth 
of the ellipse. 
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to be given below, we define a by 
tan a=B/A=tan ao-|rs/re| . (OS a < 7/2) 
(3) 
Here rp and r; denote tne complex amplitude 
reflectivities of the p- and s-component respec- 
tively. A, B and a are illustrated in Fig. 3 
together with the other parameters 0, the el- 
lipticity, and ~, the azimuth, of the elliptical 
orbit of the reflected beam. 

Il’. The azimuth of the fast axis and the 
phase lead of the birefringent plate are as- 
sumed to be &1 and 61 respectively. 

Ill’. The azimuth of the transmission axis 
of the polarizing plate is assumed to be o. 


Fig. 4. Poincaré sphere representation. T: light 
to be examined. H: birefringent plate. A: 
analyzer (polarizing plate). 


The incident light, the birefringent plate 
and the polarizing plate are represented by 
points T, H and A on the Poincaré sphere re- 
spectively (Fig. 4). If we assume the inten- 
sity of light reflected from the sample to be 
unity and neglect the loss due to reflection 
and absorption by the half-shade analyzer, the 
intensities transmitted by the left half (pola- 
rizer) and the right half (birefringent plate 
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+polarizing plate), fi: and j2 respectively, are 
calculated as follows. 


It can be shown in general that when ellip- || 


tically polarized light, represented by point T 

on the Poincaré sphere, is incident on a pola- 

rizer represented by point A, the transmitted 

intensity is equal to the square of cosine of 

one half the geodesic distance between T and 

A. Thus 

ji=cos? 4AT=34(1+c0s AT) 
= 4(1-++cos 20 cos 2a+sin 20 sin 2a cos 0) 

(4) 

The last transformation is deduced from the 

cosine rule for spherical triangles. 

In order to obtain j2, we have, in the first 
place, to find the point T: on the sphere which 
represents the polarization of light after pass- 
ing through the birefringent plate. This is 
obtained by simply rotating the sphere by 41 
about the axis HC (C is the center of the 
sphere). Thus T moves to Ti in Fig. 4. Cal- 
culations using spherical trigonometry show 
that 


cos HT:=cos HT 
=cos 2a cos 2£1-++ sin 2a sin 2Fi cos 6, 


(5) 
sin HTi=sin 2a@ sin 6/sin B (6) 
where 
B=ZTHA=xz—ZTHO, (7) 
and 


cos AT:1=cos 2(6—&1) cos HT; 
+sin 2(o—&1) sin HTi cos (8+4)) . 
(8) 
Substituting for cos HT; and sin HT; from Eqs. 
(5) and (6), and using the relation 
cot B=—cot ZTHO 
=(cos 2&1 cos 0—cot 2a@ sin 2&))/sind (9) 
which can be obtained by applying the co- 
tangent rule to the spherical triangle THO, 
we get 


Jrx=4(1+cos AT1)=3{1+cos 2(6—£1)(cos 2@ cos 2&1+ sin 2@ sin 2&; cos 6)} 


-++sin 2(¢—&1) sin 2a{(cos 2&1 cos )—cot 2a@ sin 2£1) cos di—sin 61 sin 6} . 


(10) 


The difference in brightness of the two halves, J, can be obtained by subtracting Eq. (10) 


from Eq. (4). 


I= Ji— jra= 3[cos 20 cos 2a+-sin 20 sin 2a cos 0 


—cos 2(¢6 —&1)(cos 2a cos 21+ sin 2a sin 2&1 cos 0) 


—sin 2(¢—&1) sin 2a{(cos 2&1 cos 6—cot 2a@ sin 2&1) cos 61—sin 0; sin 6}] . 


(11) 
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c) Conditions for the Matching of Brightness 
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Pfund assumed that &:=0, d:=z2 and o=7/4, and that the light incident on the half-shade 
analyzer ds linearly polarized (0=0). But in the following discussion inevitable errors in £1 
and 0; will be taken into account and an arbitrary value for o assumed. If 


f= 4&1 


and 


Oi=7+ 40, (12) 


where 4&1: and 40; are small quantities, the difference in brightness of the two halves will be 


[=sin 2o sin 2a cos 6—24&i(sin 20 cos 2a+cos 20 sin 2a cos 6) 


—340, sin 20 sin 2a sind . 


Case 1. d=0: When light reflected from 
the sample is linearly polarized (6=0), Eq. (13) 
becomes 


I=sin 26 sin 2a—24€, sin 2(6+ a) (14) 


showing that, if 4&,=0, the two halves of the 
field will appear the same in brightness when 
rf; (15) 
a=(+) z/2 is realized when g=¢z. It is clear 
that, for the half-shade analyzer to be useful, 
o may be given any value other than 0 and 
mz. The best result is obtained when c=-+7/4, 
however, in which case |sin2c|, and accord- 
ingly the contrast of the half-shade, reaches 
a maximum (See also § 2-d). 

If there is a small error 4&, in the azimuth 
of the fast axis of the half-wave plate, the 
matching at a=z/2 will be shifted to 


a=0, or 675 


a=(n7/2)+4a. (16) 
It can easily be shown that 
Ja= 4&, , (17) 


if the second and the higher power terms in 
4E, and d4a@ are neglected. But it would be 
preferable to represent the shift in terms of 
the angle of incidence. For this purpose, we 
calculate the derivative at g=¢z of a, which 
is given by Eq. (1), with respect to ¢. This 
is represented in terms of the refractive index 
m2 of the sample (the substrate) as follows: 
2 2 
(35),- —cot eos 2 (18) 
Accordingly, the shift from gz of the angle 
of incidence at which the matching is observed 
is given by 
2nN2? 
(m2? +1)? 
A small error in the phase lead of the half- 
wave plate, 40,, causes no error in the deter- 
mination of ¢az. 
Case 2. 02<0: 


Ag=—tan a- -AE1. (19) 


If the light reflected from 


(13) 


the sample is elliptically polarized (02<0), 
and 4&:=40,=0, Eq. (13) becomes 
I=sin 20 sin 2a cos 0 , (20) 
showing that the difference in brightness of 
the two halves disappears when one of the 
following conditions is satisfied: 
O=ea/2 5 (21) 
a=0, EEx/ 2p Or ns (22) 
But Eq. (22) is to be discarded, because it is 
contradictory to the assumption that 60. 
Eq. (21) proves that the principal angle of in- 
cidence ¢» can be determinded by Pfund’s 
method. The sensitivity depends on o and a. 
If there are small errors in & and 46;, the 
matching at d=7/2 will be shifted to 
O=(7/2)+40 . (23) 
Calculation neglecting the higher order terms 
shows that 
Ad= —(24€, cot 2a+440;) . (24) 
It is again preferable to represent the shift 
in terms of the angle of incidence. This can 
be written as 
4p= 40/00/09)» , (25) 
but evaluation of (06/0¢)p, the derivative of 0 
with respect to g at g=@p», is accompanied 
by some complications. This will be discussed 
later (§ 4). 
d) Sensitivity 
In discussing the sensitivity, the errors 4&, 
and 40; are insignificant and will be neglected. 
Case 1. 6=0: In this case, the matching 
in brightness is observed when a@=7/2, or 
when g=gzs. The intensity transmitted by 
the half-shade analyzer in this case is given 
by 
hh=h=430—cos 20)= Je . (26) 
Now, if the angle of incidence is changed by 
a small amount, say 4g, a contrast in bright- 
ness will arise, which is represented by 
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_ |A@st4e)— j(gs+4g) eee | 
ae | Bufs DT sinils taki 
(27) 
Substituting from Eqs. (14) into Eq. (27) and 
making use of the relations 4&=0 and OJ/0¢ 
=0]/0a-da/dy, we get 
Zsin2o | (Fe 

1—cos 26 Oe 


The coefficient 


), 4e|= hido|. (28) 


2) 
is B 
shall be called the sensitivity of the half-shade 
analyzer. In this expression, (Oa@/0¢)s is in- 
dependent of the characteristics of the analyzer 
and has been calculated in Eq. (18). |2sin 20 
/(1—cos 20)| reaches a maximum when o= 7/4 
or -&37/4, which is equal to 2. Hence the 
maximum sensitivity attainable is given by 


( Oa ) (ne?-+1)? 
Oe B 2n2? i 


Case 2. 02<0: If 60, the matching is 
observed when 0=z/2, or when ¢=@p. The 
intensity of light transmitted by the half-shade 
analyzer in this case is given by 


A= j=4(1+cos 26 cos 2a)= Jp . (31) 


The contrast in brightness which is revealed 
when ¢=¢,+4¢ will be 


Agn+4¢)—)(Gnt 4¢) 
2Jp 


(ae) (oe ),* (60), 4p 


J» 


2 sin 20 
1—cos 20 


(29) 


hmax=2 = 2|cot ao| (30) 


Flex 


(32) 
Substituting from Eq. (20) and Eq. (31) into 
Eq. (32), and making use of the relation that 
d=7/2 at gp, we get 


H=h|4¢| , (33) 
where 
sin 26 sin 2a 00 
~ |1+cos 26 cos 2a ( 0g ) ua 


represents the sensitivity. In this expression, 
a and (00/0¢)p are independent of the charac- 
teristics of the half-shade analyzer. The maxi- 
mum sensitivity is obtained when o=-t7/4 or 
+37/4 and* a=+7/4 or +37/4, and is repre- 
sented by 


hmax=|(00/0¢)p} . (35) 


* @ can be varied through ap. See Eq. (3). 1 
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e) Discussion 

Pfund’s half-shade analyzer is an excellent 
device for the accurate determination of the | 
Brewsterian angle gz. If the azimuth of the 
linearly polarized light incident on the sample, 
a, is made small enough, the sensitivity will 
approach infinity (Eqs. (29), (30)), and, at the 
same time, the systematic error in the deter- 
mination of gz due to the error in the azimuth | 
of the half-wave plate will become negligibly 
small (Eq. (19)). There is a practical limit for 
the sensitivity, of course, because the inten- 
sity of light reflected from the sample approa- 
ches zero as @ approaches zero, but this is a 
character common to all sensitive half-shade 
devices. 

In contrast, Pfund’s analyzer is not very 
adequate for the determination of the prin- 
cipal angle of incidence ¢». Firstly, a syste- 
matic error is hardly avoidable. The shift 
due to 4&: (Eq. (24)) can be cancelled by mak- 
ing a@ equal to z/4, which happens to be the 
condition for the maximum sensitivity; but 
there is no avoiding the shift due to 46, but 
using an absolutely correct half-wave plate. 
Secondly, the sensitivity is rather poor. As 
was shown above, the maximum attainable 
sensitivity is equal to |(00/O¢),|. If the sample 
be a piece of metal whose surface is ideally 
well-defined, |(00/0¢)»| will be finite, as is 
shown by Fresnel’s formulae. In case the 
sample be a transparent medium coated with 
a thin transparent film, this quantity will ap- 
proach infinity only when zd, the optical thick- 
ness of the film, is extremely small; otherwise 
it will be finite and often rather small (See 
§ 4). 

Thus the discrepancy between Pfund’s ex- 
perience and our own is explained. 

One of the conclusions of the discussions 
given above is that if one intends to measure 
the Brewsterian angle of a dielectric sample 
by Pfund’s analyzer one should be extremely 
careful to avoid an alien film on its surface. 
Indeed, if the sample is kept in the uncondi- 
tiohed atmosphere, the water vapour will be 
adsorbed on it, and the measurement will 
give vy» which is determined by the composite 
surface (the surface of the sample + the ad- 
sorbed film of water). The difference between 
¢%» and ¢z is small and could be neglected for 
most practical purposes, but the lowering of 
sensitivity might be serious. 
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§3. New Half-Shade Device 


a) Description of the device 

A new half-shade apparatus useful for the 
accurate determination of the principal angle 
of incidence was devised on the basis of the 
discussions given in §2. It consists of a quar- 
ter-wave plate Q, a half-shade plate of the type 
of Bravais bi-plate H, and an analyzer (pola- 
rizing plate) A arranged in line as is illu- 
strated in Fig. 5. 


The fast axis of Q is set parallel to the 


light to be 
examined 


Q H A 


7a 5 


AZ) 


Fig. 5. New half-shade device for the deter- 
mination of the principal angle of incidence. 
Q: quarter-wave plate. H: half-shade plate. 
A: analyzer (polarizing plate). ' 


Ja 


—sin 2(6—&;) sin 2a{(cos 2&, sin 6+cot 2@ sin 2£1) cos 6;- cos 6 sin 6i}] . 


In the last term the positive sign is for |; 
and the negative for j2 respectively. 

The difference in brightness of the two 
halves J is given by 

I= fi— a= —sin 2(6—&,) sin 2a sin 6; cos 6 

(37) 

Eq. (37) implies that the both halves will ap- 
pear the same in brightness if d=7/2, or 
Y=», irrespective of the values of o, a and 
ae 

Needless to say, the measurement will give 
the Brewsterian angle gz if d=0, or if the 
beam reflected from the sample be linearly 
polarized 
c) Sensitivity 

The contrast in brightness of the two halves 
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plane of incidence. 

The half-shade plate H is prepared by cutt- 
ing a uniform sheet of mica along a line which 
forms an angle of 2/4 with the fast axis and 
cementing the two halves on to a sheet of 
glass, one half being turned over before it is 
cemented. Thus, if the azimuth of the fast 
axis of the right half is &, that of the left 
half &’ is equal to &+(z/2). As is evident 
from the method of preparation, the absolute 
values of the phase lead caused by passage 
through the two halves are identical. We 
shall denote it by 41. 

The transmission axis of A is set in an azi- 
muth of o. o, as well as &1, is adjustable. 
b) Principle 

Let the beam reflected from the sample be 
elliptically polarized light as given by Eq. (2). 
The p- and s-component of the beam after 
passage through Q are given by 


E,= A exp i(or+ 645) 


and 
E;=B exp iot 

respectively. Hence, the intensity transmitted 
by the right half of the half-shade device, jf, 
can be obtained by substituting 0+(7/2) for 6 
in Eq. (10). If we substitute &’=£&,+(z/2) for 
&, in the expression of /, thus obtained, it 
will represent j2, the intensity transmitted by 
the left half. It can easily be shown that 


mi © x cds O(a 2 Fens 2a Cos Ze teesin 2a ein 2F; sin é) 


(36) 


of the field, H, which is to be observed when 
~=¢y+4y, where 4g is small, is given by Eq. 
(32). Jp, the transmitted intensity at g=¢», 
is obtained by substituting 7/2 for 6 in Eq. 
(36): 
Jo=3{1+ cos 2(6 —&1) cos 2(a@+ &1) 

—sin 2(6—&,) sin 2(a@+&1) cos 01}. (38) 
Substitution from Eqs. (37) and (38) into Eq. 
(32) gives 


H=h\4¢\ , (39) 
where 
h=|sin 2(6—&1) sin 2a@ sin 01 
x {1+ cos 2(¢—&1) cos 2(a@ + &;) 
—sin 2(a—€,) sin 2(@+ &1) cos di}7! 
x (08/09) (40) 
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represents the sensitivity of the half-shade 
device. 

Here we have a free choice in the value of 
0,; 6 and & are adjustable parameters of the 
half-shade device; a@ also is adjustable through 
a) (See Eq. (3)). The most useful combina- 
tion of the values of these parameters is found 
to be the following: 

Oj=7/2, o—&:=n/2 and a+o~n/2 
Let us assume 


O1=(7/2)+ 40, , 


o—&,=(n/2)+€E, (41) 
ato=(n/2)+7. 
Substitution into Eq. (40) yields 
ab SHE sin’ Za 22 ee ) (42) 
262—2En + 7? 0¢ /» 


if we neglect the third powers of the small 
quantities 46,, € and vy. Eq. (42) implies that 
h tends to infinity if the half-shade plate is 
made of (approximate) quarter-wave plates, o 
is set equal to (z/2)—a, and &: is allowed to 
approach (¢—7z/2), or —a@. It is evident that 
the best value for @ is 7/4. 

In practice there is a limit for sensitivity, 
of course, because if (c—&,) is exactly equal to 
7/2 the transmitted intensity J» will be zero 
and the observation will be impossible. This 
point, together with the experimental pro- 
cedures for realizing the conditions given 
above, will be discussed later (§ 5). 


d) Error analysis 

Possible sources of a shift 4g in the value 
of gp» determined by means of this new half- 
shade device are: 

an error in the azimuth of Q: d&a, 

an error in the phase lead of Q: 40a, 
and 

an error in the orthogonality of the fast 
axes of the two halves of H: 4&1’. 

1°. Shift due to dE. If the azimuth of the 
quarter-wave plate be 4&q instead of zero, the 
quarter-wave plate will be represented by point 
Q’ on the equator of the Poincaré sphere 
distant by 24£& from the Greenwich meridian 
(Fig. 6). If we regard the vertical great circle 
crossing the equator at Q’ as new zero longi- 
tude, a, 6, &1 and o will be a’, 6’, &)’ and o’ 
respectively, where* 


* As for the derivation of Eq. (44), refer to Eq. 
(9). 
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sin 2a’ =sin 2a sin 6/sin 0’ , (43) 
tonne (cos 6 cos 24&a—cot 2a sin 24€q) “ab iif 
sin 0 | 
2& =2(E—AEe) , (45) I 
and 
20’ =2(6 — AEs) . (46) || 


Substitution from the above equations into 
Eq. (37) gives 


I= —sin 2(o6—&)) sin 2a sin 0; 
x (cos 6 cos 24£g—cot 2a sin 24£Q) . 


(47) 


Fig. 6. Illustrating the transformations Eq. (43)— 
Eq. (46). 


Accordingly, if 4& is small enough, the match- 
ing in brightness of the two halves of the 
field will be observed when 6=(z/2)+ 46 where 

Ad= —2 cot 2a- dE . (48) 
In terms of the angle of incidence, the match- 


ing will be observed at ¢p+4¢ instead of ¢p, 
where 


toms /($h) =| 2ouan/ 3) fa. 


(49) 
At a@=7/4 (the best values for obtaining 
high sensitivity), cot 2a=0, and 4Eg will cause 
no.shift in the determination of ¢g» in so far 
as (00/0¢)p =< 0. 
2°. Shift due to 4d. If the phase lead of 
the quarter-wave plate be (7/2)+ 40a, the dif- 
ference in brightness of the two halves, J, 
will become 


I= —sin 2(¢—£&1) sin 2a@ sin 0;(cos 6— 40g sin 6) . 
(50) 
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Hence the matching will be observed when 
0=(z/2)+40, or g=¢p+4¢, where 


Mee dae ae: Ada (5) : 
P/p 


This systematic error can be eliminated by 
rotating the quarter-wave plate Q by z/2 and 
making the measurement over again. In the 
latter case, 


(91) 


J=sin 2(o—€,) sin 2a sin 6,(cos 6+ 40g sin 6) , 


(52) 


and the matching will be observed when 
O=(7/2)+ 40’, or G=¢p+4y’, where 


i= hi h= —sin 2(6—&) sin 2a sin 01cos 0 
— AE,’[(1—cos 6,){sin 2(6— 
—cos 2(6— 


Thus the matching will be observed when 

0=(z/2)+46, or g=¢»+4¢, where 

_sin 2(6 —a@—2E1) (1—cos 91) yz , 
£,)sin2asind, ~~ ’ 


sin 2(¢— 


ae 
ij aa /(5 ) 
ee Og Dp 


But this systematic error can be eliminated 
again by rotating the half-shade plate by z/2, 
making another measurement, and taking the 
arithmetic mean of the angles of incidence 
at which the matching is observed before and 
after the rotation. 


(56) 


§4. On (03/09) 

We have left (00/0¢)p» as an unknown para- 
meter in Eqs. (25), (34), (42), (49), (61, (53) 
and (56). As is evident from these equations, 
the numerical value of this derivative may 
have an important influence on sensitivity and 
possible systematic errors of the half-shade 
device concerned. 

It is well-known that if the reflecting surface 
is a perfectly well-defined surface of a trans- 
parent medium, (00/0¢)», or (00/0¢)z, is equal 
to infinity; and if it is a perfectly well-defined 
metallic surface, (06/0¢)p is equal to a finite 
value determined by the refractive index and 
the absorption’ coefficient of the metal. But 
as for the surface of a transparent medium 
covered with a thin transparent film, the in- 
vestigation of which aroused our interest in 
the present study, hardly any quantitative in- 
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A0’=— 40g, dg’ =~doa/( 63) 
p 


Thus the arithmetic mean of the two readings 
of the angle of incidence at which the match- 
ing is observed before and after rotating Q 
will give the correct value of the principal 
angle of incidence. 

3°. Shift due to 4&1’. Another systematic 
error will arise if the fast axes of the both 
halves of the half-wave plate are not exactly 
perpendicular to each other. If we let 


Ey =&1+(2/2)+ 4&1’ , (54) 
the difference in brightness of the two halves, 
I, will be given by the following equation. 


£1)(cos 2a cos 2£;—sin 2a sin 2&1 sin 6) 
&1)(cos 2a sin 2&,+sin 2a cos 2& sin 6)}—cos 2(6— 


&1) sin 2@ sin 0; cos 6] . (55) 


formations on (00/0g)» have been available. 
Detailed examination of the dependence of 6 
on ¢g in the last case implies some interesting 
problems*, but here we shall confine ourselves 
to an approximate evaluation of (00/0¢)» for 
a number of typical cases, which is immedia- 
tely needed. The calculation will be based on 
Drude’s theory”. 


Fig.) 7. 


Illustration for Eq. (57). 


Let a parallel beam of linearly polarized 
light of azimuth ap fall on the composite sur- 
face as illustrated in Fig. 7. The dielectric 
constants of the ambient medium, the film 
(of thickness d <A), and the substrate are as- 
sumed to be 1, € (=m?), and €2 (=m,”) respec- 
tively. The inward normal of the surface shall 
be taken as the z-axis. If we neglect the 
second and the higher order terms in d/A, the 
ratio in amplitude of the p- component to the 


_* These will be fully discussed in another paper 
to be published in the near future. 
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s-component of the reflected beam is given 
by” 


Rp Epry_ cos (y+ x) 
—?P = —* *=—cot ap ——"—__+ 
R; Ess cos (y— x) 
Ar coy cos g sin? g ) 
x(1+i— - ——- - “7). 
( te a 1—& sin? ¢—&,cos? ¢ 7 


(57) 
Here ¢ and x denote the angle of incidence 
and the angle of refraction respectively, and 


n=p—d1t+é&.)+¢é&: , (58) 
where 


2 2 iq! 
p=\ €dz and =| —dz. (59) 
1 1 ¢ 
The limits of the integrals are the upper (1) 
and the lower (2) boundaries of the film (See 
Fig. 7). 
Now, if the angle of incidence is in the 
neighbourhood of gp, we can put 


9=9rt4=92t4. (4<1) (60) 

_The last transformation is allowed because 
the difference between gy» and ¢gz is neglected 
in the Drude approximation. Substituting from 
Eq. (60) into Eq. (57), and using the relations 
that tan gz is equal to  &, and that the ratio 
of the imaginary part to the real part of rp/rs 


is equal to tand, we obtain the following 
equation: 


Gai patti (61) 
Here 
sewer EnV &, 
“2 I-84) VIFE,’ ie 
and 


A (1-6?) V1+6, ° 
Differentiation of Eq. (61) with respect to ¢, 
or 4 (it is evident that 0/Og=90/04), gives 

pee Pa a 


09 at2bd 9° 


Thus the approximate value of (06/0¢)» is 


given by 
Gi. ey sel 
ix ) bit: oe an ; 
If we apply the mean value theorem* to Eqs. 
(58) and (59), and put 


(64) 


(65) 


* The mean values of ¢ as defined by p=éd and 
q=4d/é are not necessarily identical. 
them, just as Drude” eé al. did. 


But we equate 


K. Krnosita and S. NOMURA 


n=(E—€:)\(E—Ddlé , (66) 

Eq. (65) is rewritten as 
08 =— AL 7)| 

( dg ) o d : i} 

where 
41-84) VIF&  F | 

hae ExV & (€—&)(E—1)- ef 


If €=1, =e, or d=0, i.e. if there is no film on} 
the surface, 

(06/09) p=@ . . 

In this case, gp is reduced to gz, and this equation }} 

represents the well-known phase jump of the p-| 

component at the Brewsterian angle. 


Table I. Evaluation of (00/@¢)p. For 454614. 
reek 

m=/e | n=Ye | m=v%e | A 
1.00 1.33 1.70 | 5.24x108A 
1.00 1.46 1.70 6.27 x 108 
1.00 1.33 1.50 | 9.10x103 
1.00 1.46 1.50 | 33.4 x10 
400, 


I q : | 


—-—-A =133 Ne =150 
—--—-- 7 =146,n, =150 


300 |+ 


200 


-(25/8P)pe 


300 400 500 
ees ath) 


Fig. 8. —(00/0¢)p vs. film thickness d. m: mean 
refractive index of the film. 2: refractive index 
of the substrate. 


The numerical evaluation of (00/0g)» given 
in Table I and Fig. 8 is based on Eqs. (67) 
and (68). It will be seen that |(@0/0¢)y| ap- 
proaches infinity if md (“=YVY ¢ ) draws toward 
zero, but it decreases monotonously as md in- 
creases. In case |(00/0¢)»| is small, the sen- 
sitivity of Pfund’s method as a method of 
measurement of ¢» is inevitably poor (Eq. 
(35)). In contrast, the sensitivity of the new 
method can be made to approach infinity by 
means of the procedures described in § 3-c, 
even when |(00/0¢)»| is very small. 


a 
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§5. Experimentals 

A half-shade device of the type described 
in §3 was mounted on a polarizing spectro- 
meter* recently constructed in this laboratory, 


-and was put to a series of experimental tests. 


The optical system is schematically illu- 
strated in Fig. 9. P: the polarizer (Polaroid), 
Q: the quarter-wave plate** of mica, H: the 
half-shade plate prepared according to the 
description given in §3, and A: the analyzer 
(Polaroid), are so arranged that each can be 
independently rotated about the optical axis. 


Sample 


Fig. 9. Polarization spectrometer. S: 
pressure Hg-lamp). F: 
zation. P: polarizer. Q: quarter-wave plate. 


viewing lens. 


The errors of the quarter-wave plate and 
the half-shade plate we employed, as ex- 
pressed in terms of 46g, 40; and 4£,’, were 
as follows: 

46qg= +2°53/410' , 
46,=+2°10'+10’ , 
Ab’ = £(1°02’1") . 


* This is equipped with an air-tight sample 
chamber convenient for the study of adsorption. 
The sample is held horizontally, and the collimator- 
as well as the telescope-arm can be rotated in a 
vertical plane by means of a pantagraph mecha- 
nism. Details of this instrument will be described 
elsewhere. 

** For 4 5461A. 
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interference filter for monochromati- 
A: analyzer. L: 
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These values, in combination with the nume- 
rical value of (06/0¢), which can be read from 
Fig. 8, will allow us to estimate the order of 
magnitude of the shift (or the systematic 
error) 4g inevitably introduced in a single 
measurement of ¢». It will be seen that 4g 
may sometimes amount to several minutes of 
arc or more, but this is by no means serious 
because we can eliminate it easily by an ap- 
propriate combination of measurements, as 
was described in § 3-d. 

The following arrangements are to be made 
prior to the measurement of the 
principal angle of incidence. 


1°. The reflecting surface of 
the sample is set exactly hori- 
zontal (perpendicular to the 
A plane of incidence). 
2°. The fast axis of Q is set 


parallel to the plane of incidence 
as exactly as possible (Eg=0). 

3°. The transmission axis of 
A is carefully set so that it 
makes an angle of 2/4 with the 
plane of incidence (¢=7/4). 

4°. The fast axis of the right 
half of H is so set that it makes 


H an angle approximately (but not 


exactly) equal to —7/4 with the 
plane of incidence (&;~—7/4). 

5°. The azimuth of the trans- 
mission axis of P is temporarily 
fixed at an arbitrary value be- 
tween zero and 7/4 (0<a< 
7/4). 

Now, if the half-shade device 
is viewed through L (Fig. 9), 
the both halves of the field 
will in general reveal a remarkable con- 
trast; on changing the angle of incidence, 
however, one will be able to find out an angle 
of incidence where the both halves appear the 
same in brightness—the principal angle of in- 
cidence gp». In this stage, however, one could 
determine gy» only with an allowance of say 
scores of minutes or more. Thereupon one 
turns P, the polarizer, in order to let @ ap- 
proach toward 2/4. The residual, invisible 
contrast will be enhanced by this operation, 
and when it is most exaggerated, a 
(=tan-} B/A. See Eq. (3)) will be equal to 
z/4, This is the condition for maximizing the 
sensitivity on the one hand and minimizing 
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the systematic error due to 4&q on the other. 
If this is accomplished, the half-shade device 
will work pretty satisfactorily, but the sensi- 
tivity can be improved still further by rotat- 
ing H, the half-shade plate, so that & approa- 
ches toward —7z/4. As was pointed out be- 
fore, this operation is accompanied by darken- 
ing of the field, and if & is exactly equal to 
—7/4 the entire field will appear completely 
dark, but the sensitivity of the half-shade 
device will be sufficiently increased before the 
field becomes too dark. Thus the principal 
angle of incidence ¢» can be determined with 
a probable error less than 1’. 

We have to repeat the measurement over 
again after rotating the quarter-wave plate, 
and the half-shade plate, in order to eliminate 
the systematic errors due to 40g and 4&,’ re- 
spectively, but no further details will have to 
be described here. 

The excellent sensitivity of the new device 
was confirmed in our measurements of gp» on 
newly polished surfaces of optical glasses kept 
in extremely desiccated atmosphere. But in 
these measurements Pfund’s half-shade ana- 
lyzer was found to work equally well. In 
either case, the measurements carried out in- 
dependently by two observers agreed within 
1’. This is only natural if one considers that 
in these measurements the surface layers 
must have been extremely thin, because in 
that case |(00/0¢)»| approaches infinity (Fig. 
8), and accordingly the sensitivity of Pfund’s 
method will be very great (Eq. (35)). 

In the measurements on aged polished sur- 
faces of optical glasses, the new device proved 


to work as well as before, while Pfund’s ana- ) 
lyzer failed to determine ¢g» within 1°. iI} 

These data will be published, in the near ||} 
future, in a paper on some optical investiga- I 
tions of the adsorption of water vapour on ||| 
polished glass surfaces, in which this new || 
method is being employed. 
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The “netted ring approximation” is proposed. Several thermodynamic 


properties are derived by means of this approximation. 


The radial 


distribution function is also derived, the expression of which is similar 
to one based on the netted chain approximation of Rushbrooke and 


Scoins. 
pointed out. 


§1. Introduction 


In a paper with the same title as ours, 
Rushbrooke and Scoins” have related the 
theory of fluids based on the radial distribution 
function to the direct correlation function of 
scattering theory. They have shown that the 
second approximation to the direct correlation 
function is related to the netted chain approxi- 
mation to the radial distribution function. 
The netted chain approximation is as follows: 
The radial distribution function can be ex- 
pressed as a power series in density. In 
order to obtain an approximate radial distri- 
bution function, Montroll and Mayer» have 
collected particular terms from the series and 
arranged in a closed form. The approxima- 
tion adopted by them has been called the 
simple chain approximation by Rushbrooke”, 
which has been shown to give the same result 
as Green’s linear theory.” Rushbrooke and 
and Scoins” have taken account of some terms 
omitted by Montroll and Mayer. This is called 
the netted chain approximation. 

Rushbrooke and Scoins» have argued that 
their theory effects a considerable improve- 
ment on earlier theories. It has been, how- 
ever, pointed out by us® that their theory 
fails to derive the Helmholtz free energy in 
a consistent way. In the present paper we 
shall eliminate this failing without changing 
the essential feature of their theory. Our 
method, which will be presented in the fol- 
lowing section, is similar to one of Montroll 
and Mayer or Rushbrooke and Scoins, but is 
different from it in starting with the density 
expansion of the Helmholtz free energy in- 
stead of the radial distribution function.* 


* A general theory on this line is being con- 
structed by Abe and Morita. 


The possibility of a phase change in the gas of hard spheres is 


Our approximation will be called the “ netted 
ring approximation.” 

Although in the present paper we are con- 
cerned with the equilibrium theory of clas- 
sical fluids, the mathematical process similar 
to ours, that is, the process of collecting 
particular terms from a series, has been 
adopted by several authors in other fields of 
research. Among them Montroll and Ward”? 
have generalized the simple chain approxima- 
tion to the case of quantum statistics and 
have shown that in the case of the electron 
gas the classical limit of the approximation 
leads to the Debye-Hiickel theory** while the 
low temperature limit leads to the Gell-Mann- 
Brueckner equation for the correlation energy 
of the ground state. The netted ring approxi- 
mation adopted by us may be able to find its 
quantum statistical counterpart in the formu- 
lation of Montroll and Ward, though such an 
attempt will not be made in the present paper. 


§2. Netted Ring Approximation 


We shall consider a classical fluid of volume 
V and temperature T composed of WN inter- 
acting molecules. The interaction energy will 
be assumed to be written as a sum of terms, 
each depending only on the distance apart 7; 
of two molecules 7 and 7, namely 


Dy P(745) « 


N2t>j21 
In such a case, the Helmholtz free energy A 
can be given by the well known expression” 


A i h? Siri psili il Es 
= log (5 ar) e ante , 
(1) 


NkT 

** Ono8) has also shown that in the case of 
electrolytes Green’s linear theory, which is equiva- 
lent to the classical simple chain theory, leads to 
the Debye-Hiickel theory. 


1497 


1498 


where po is the number density N/V, k the 
Boltzmann constant and f the Planck con- 
stant. The irreducible integrals Bn’s are 
defined by 


= 1 eee eee 
erreal (22, aij dridr2z rns 5) 


All products which are more 
than singly connected. 


(2) 

where 
aj=a(ris)=exp(—O(7is)/RT)—1 (3) 
The integral Bn is a sum of integrals of 
various types as can be seen from Eq. (2). 


Biol, 


By the “netted ring approximation” we will 
mean that we consider only the netted ring 
integrals, the integrands of which are illus- 
trated by Fig. 1. In Fig. 1 +1 molecules 
are represented by numbered circles and a 
factor ai; occurring in the integrand under 
consideration is represented by a line drawn 
between two circles 7 and j. For brevity the 
function ai; will be called the interaction be- 
tween molecules 7 and j. The integral illus- 
trated by Fig. 1 can be transformed as fol- 
lows. Firstly we shall integrate over molecule 
z,. Because of the fact 


[arsed 


es [ar exp (tures) du=a(72s) ,* (4) 


where 


1 ‘ 
Bw) = eoauaja(r) exP (—iur) dr,* (5) 
the integration over molecule 7; leads to the 
effect that the interaction between molecules 


* The definition of a(7), A(w) and 7(u), denoted 
by Eqs. (4), (5) and (7) respectively, is equivalent 
to one given in reference 6. It is also equivalent 
to the definition given in reference 1 except for 
y(u), where the function ;(w) differs from ours by 
a factor (2n)%/2, 
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2 and 3 is changed from a(/23) into a@(723)a(723). || 
The integration over molecules 7, leads to the}| 
similar effect, and so forth. Thus the inte- i 
gration over molecules 1, iz, --:, and 7 changes| 
Fig. 1 into Fig. 2, where a double line shows 

that the interaction between two molecules is | 
given by a(r)a(r) and a single line means a(7)) 
as in Fig. 1. In Fig. 2 there are (n+1—2k) 
single lines and k double lines. The integra-)}} 
tion over molecules 1, 2,---, and ~+1—F can}| 
be carried out with the help of Fourier trans- || 
form. Lastly the netted ring integral illus-|| 
trated by Fig. 1 is written as 


Veen [Cau }n 8-H) dst (65 | ) 


| 


= 


where 


Th) = Jaca exp (—iur) dr .* C74 


eifh ls 
(27) 

Let Nz™ be the number of netted ring 
integrals considered above in 82. The number 
of different ways in which k molecules may 
be selected from +1 molecules, irrespective 
of the order of choice, is (#+1)!/k!(n+1—Rk)!. 


) 


Fig. 2. 


The number of different ways in which 
n+1—k molecules may be placed in a ring | 
is (n—k)!/2. The number of different ways 
in which k molecules may be placed in »+1—k 


positions is (7+1—h)!/(mw+1—2k)!. Hence 
N,®) = (n+1)! (n—k)! — (n+1—R)! 
“"RUn+1—R)! 2 (n+1—2k)! 
— (Nt+1)! nor-eCe 
2 m+1—k’ (8) 


where »Cx is the number of combinations in 

which k objects may be selected from m dis- | 

tinguishable objects, namely 

x sioel 

~ Ri(n—k)! * 
The integer & cannot be larger than 2+1—Rk, | 

that is, : 


nCx 


1 
poet 
ae 
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Putting Eqs. (6) and (8) together, we shall obtain as a contribution 8,” of the netted ring 
integrals to Bn 


kS(n+1)/2 1 n+1 


B r= du Qz7r)3/2° (m-1) 
“i (en) ko 8392 m—k+1"" 


ruiCe {B(u)}"*-*{r(u)}* for n>4. (9) 
The above consideration cannot be applied for <3. And so we shall put for <3 
as. { dul (2m {BlW}+2my'r(up( acu) | . 


Bir Ba= | dul on y(awy |, (9) 


and 


Bi.) = 8 =(27)9/28(0) . 


A straightforward calculation leads to 


s Bn" 0” = pB(0) + 1 #| dul 1 pB(u)+20?7(u) - i B(u) 


(2x)? o ) "| 2 1p) —p'r(u) 2 
= 2 PPP) Piru) 5 PBC) u)— BMW) ro) Br) . (10) 
where 
p= (2n)%p . (11) 
With the help of 
Sj baton L(") & Bu? db, 


the Helmholtz free energy A.” in the netted ring approximation is obtained as follows: 


cian ie gt Se J a ya et er 
NEF 8 (szinkF) 67 7 POO+ Gasas| aul 5 108 (1—B8Cu)—Fr(w} 


1 = 1 2 OD A, 1.,; 1-, 2 pars 2 
+ F-BB(u)-+ 4 BRM) +r) + 5B Bu)r wu) + 2 pBAw\rw) + pr |. (12) 


§3. Several Thermodynamic Quantities and Radial Distribution Function 

From Eq. (12), by means oi the usual thermodynamic relations, all the other thermo- 
dynamic properties of the system may be derived. We shall give the expressions for the 
pressure p, the internal energy E and the chemical potential 4 in the following. Hereafter 
we shall drop the superscript letter (7.7) which means the netted ring approximation. 


1 pB(u)+20*7(u) 


BPa 1 7 PO + aia 5 (aul — 5 lowe pW) —Fr(u))}— 


HES 42 (2n)¥/? j 2 1—pB(u)—p*r(m) 

+E BBHW) + Pro) +FRW)rw) +p BBM + o'r | (13) 
Pease ee Ae Labeda 0s 5. 
wegn tar BO. 42 te ay eRe ya r(w)} 


fuel eA Oe... 
Fae) Ul ap Poor} (14) 
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tm 5 a EE 1 1 pB(u)+ 2077 (u)_ 
oT ~or (Somer) 0—pBO cea ve a 2 1 5B) — sr (0) 


+ DAU) + SBP) + 0? ru) +2 B9Blu) Hu) +5B"(u)r a) +54 rw]: evel | 


It has been proved™ that the radial distribution function g(r) is related to the Helmholtz 
free energy A by 


ro BETA), oo 


where (6A/0¢)r is defined as follows. When the interaction potential ¢ is varied by 4¢, the) 
corresponding first order variation, with respect to 4¢, of A is denoted by F[4¢(7’)], which 
is a linear functional of 4¢. Then 


ra =F[a(r—r’)) . 


The above definition is generalized to quantities other than the Helmholtz free energy. 
Relation (16) will be used for the calculation of g(r) from Eq. (12), which gives the following 
expression for g(7) 


cM) — abn man) OT) 


hi . vaaeniog = | au{20racr(w) ge + p*B? ao “ES | (17) | 


By the definition of (6/6¢),-operation we shall obtain 


0a 


and hence 


Os NS: = Sr da(r’) aha) 1 exp(—¢(/kT) 
( XO) ).= ara 2r( Ox) ) exp eS eis or pos a 


—iur) , 


ee i = 2\ du Bane?) exp ur’) = — ea 15 so zd) at B(u) exp u(r’ —r)) , 


oy ) = rite me | (° “5 2) alr!) +a? (2 Jexe(—iur’) 


sipilpese: Chee ae 1 
(2783/2 kT (27n)3/2 


\\ dus dr’ Rol’) ekcp Gulx tub tue ] . 


a(r) exp (—iur) 


2 
* Gn) 


The use of the above equations in Eq. (17) gives 
g(r)=exp (Hr RT)] 14-4 par) fle) + 20 Solr ar’ ar’ —r) dr’ 
_> erarr)— Do" ar arate —r) dr | . (18) 


where 
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Fam sin 5 |e a pe ay PC a 
a 
air =exp (—H(P/RT] 1+ pale) Flr) + 20| Fira yal — rn) dr’ 
—{1+ pa(r) Par) —+ 0°a(r) 
— | 2paX(r)+20%a(r)alr’) + 2ptee(r ar pede’ —n) dr], 1s’) 
where 


= 1 Bw) ter) 
met 1—pB(u)—p?7r(u) 


It should be noted that the number density 0, instead of p, is used in Eqs. (18) and (18’). 
As is well known, the pressure p and the internal energy E can be expressed in terms of 
g(r) as’? 


For) = 


exp (—zur) . (197) 


Pe eeqveseals | POO 
pie sya Tian & (20) 


and 


E ae 0 
WRT IO LO RT 


(r)g(”) dr . (21) 


We have proved in the previous paper™ that relation (16) is consistent with Eqs. (20) and 
(21). In our present case we can verify directly that the use of Eq. (18) in Eqs. (20) and 
(21) gives Eqs. (13) and (14) respectively. 

We shall define the function S(k), which is closely related with the intensity of X-rays scat- 
tered by the fluid, by 


S(h)= Lol TT Ney 50 ap (22) 


Using Eq. (18) in Eq. (22) we obtain 


S()= 14 BB(R) + Suh) + 5 au B(u—k)So(u) , (23) 


(27 a 2 
where . 


GAD+BTOY Soya gy 1 
SO am pre) Os Gey 


0 {0B(u)+ p71 (u)}" a2 
peony pR(u)— ara? (u—k)+ 28(k)Bu—k)} . 


Pal ae Bx(u)Bu—k) 


We obtain, in particular, 


S(0)= 1+ 68(0)-+$0)-+ ha | A BOOS). (24) 
From Eq. (13) we obtain 
adit FOP NL 1 cl _ 1 {0B(u)+20*r(u)} pr (u) 
SeaDoo a sO MTOS ap au] 2 {1—pB(w)—a*r(w))* 1p) —p*r(w) 


+ 5 PBMU) + Bru) + 3p°BCUr(w) + Sp eru)r w+ 307%) a) 
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In an exact theory there should be the relation 


aT (32) =S0) 


op 
or 


i (cap): =1+0\[e)—0 dr. 
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(26) || 


(26’) . i 


It can be seen that relation (26) is not satisfied by Eqs. (24) and (25), that is, the netted ring 


approximation is not consistent with Eq. (26). 


§ 4. Discussion 

The radial distribution function g™.(7) 
based on the netted chain approximation of 
Rushbrooke and Scoins” is 

gr-(r)=exp (—@(N/RT)L+fo(7)], (27) 
where fo(7) is defined by Eq. (19). Rushbrooke 
and Scoins have related a critical point to a 
singularity of fo(v) and obtained p/pkT=1/3 
at a critical point. Since our expression (18) 
also has the function fo(7), our theory ought 
to lead to the same result as above if the 
conjecture of Rushbrooke and Scoins is well- 
founded. 

It is an open question whether the singu- 
larity of fo(7) is related to a phase change of 
fluids or not. If, however, we assume that 
the singularity of fo(7) is related to a phase 
change, we shall find an interesting fact that, 
even in the case of the gas of hard spheres, 
there will be a phase change. In fact we 
obtain’»® for hard spheres of diameter a 


B(u)= J 2 -jqlwa cos wa—sin ua] 
x Uu 
and 
ruw)=—- + [24-2400 
247 u® 


+{24+ 12(ua)?+5(ua)*} cos ua 

+{24ua+ 4(ua)*} sin ua] . 
The singularity of fo(7) occurs when the 
equation 

1—pB(u)—e?7(u)=0 (28) 
possesses real roots. As the number density 
p is increased, it can be shown that Eq. (28) 
begins to possess real roots at a value 
0=0.860max Or V=1.160min 

where Pmax=V 2/a* is the maximum density 
of the gas of hard spheres, and v=1/p and 
Vmin=1/Omax. It should be compared with 
v/Vmin 1.55~1.60 obtained by the use of 


Monte Carlo method” or detailed molecular 
dynamics! and also compared with v/Umin= |) 
1.48 obtained by the superposition theory™. | 
It ought to be noted that the simple chain 
theory does not give such a singularity in the 
case of hard spheres, because the equation 
1—pB(u)=0 

possesses no real root for the value of op 
smaller than pmax. 

As has been stated in the preceding sec- 
tion, our netted ring approximation is not 
consistent with Eq. (26). For quantitative in- 
vestigation of this point we shall again con- 
sider the gas of hard spheres. When a radial 
distribution function is given, the pressure 
can be calculated either by Eq. (20) or by 
Eq. (26’). It is needless to say that both 
equations lead to the same expression for 
the pressure if the exact distribution function 
is used. Our expression (18) gives 


Dy=0.4453b% and D.=0.20928' , 


where Dy», and Dz are the fourth virial coef- 
ficients of the pressure obtained by the use 
of Eqs. (20) and (26’) respectively and b= 
2za’/3. These values should be compared 
with the exact value D=0.286953..) They 
should be also compared with the values based 
on several theories: 


Born-Green non-linear integral 
equation: 16.17) 


Dp=0.225253, De=0.342463 
netted chain approximation: 
. Dy=0.25006?, De=0.2969b3 


Rodriguez (1957): 1® 
Dy= De=0.27736'. 


As can be seen above, our theory does not 
give any better result than earlier theories 
so far as the fourth virial coefficient in the 
case of hard spheres is concerned. However 
it may be not the case for more general 
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forms of interaction potential. Further our 
theory will be more suitable than other 
theories for the investigation of thermody- 
namic properties of fluids, since the thermo- 
dynamic quantities can be given the explicit 
expressions such as Eqs. (13), (14) and (15). 
A generalization of our theory to fluid mix- 
tures and a numerical analysis for the case 
of definite interaction potential will be at- 
tempted in later papers. 


The author is much indebted to Professor 
H. Ichimura, Mr. R. Abe and Mr. T. Morita 
for their fruitful discussions. A part of this 
work was supported by the Scientific Research 
Expenditure of the Ministry of Education. 
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Under the well-known assumption in magnetohydrodynamics, the distri- 
butions of velocity, magnetic field, and related quantities such as pressure, 
electric field and current density are obtained for the flow of an incom- 
pressible, viscous and electrically conducting fluid due to an infinite 
oscillating flat plate in the presence of transverse magnetic field. 

General solutions are first derived and then some special cases 
are discussed corresponding to limiting values of parameters such as 
magnetic pressure number S and magnetic Reynolds number Fy». 

It is found that. each of the velocity distribution and other related 
quantities consists of two different oscillations whose decaying factors 
differ from the corresponding wave numbers, which contrasts to the 
well-known velocity distribution in classical hydrodynamics. 


Introduction 


§ 1. 

In recent years, the subject of magneto- 
hydrodynamics has attracted many authors in 
view not only of its own interest but also of 
the applications to the geophysical and astro- 
nomical problems. 

The general equations of unified velocity 
and magnetic fields for the flow of an incom- 
pressible, viscous and electrically conducting 
fluid subject to a magnetic field have been 
derived by Batchelor. More recently, Cowl- 
ing» published a monograph which contains 
important reviews and references on this sub- 
ject so far reported. 

In this paper, we discuss the effect of 
transverse magnetic field on the flow due to 
an oscillating plate, which is one of the most 
familiar problems in the classical hydro- 
dynamics in the absence of magnetic field, and 
an exact solution is obtained for the modified 
Navier-Stokes and Maxwell’s equations under 
usual assumption in magnetohydrodynamics. 


§ 2. 
The fundamental 
hydrodynamics are: 
(1) Maxwell’s equations: 
div E=4rcq/é , 
div H=0 , 


Fundamental Equations 


equations of magneto- 


(2.1) 


(2.2) 
ee 
curl E= —yu an? (2.3) 


€ 
curl H=47j + — SE 


oF a 


15 


(2) Ohm’s law: 
j=o(E+vwx H)+qv ; (2.9) 
(3) The equation of continuity: 
div v=0; (2.6) 


(4) 
Ov 
ap te -grad)v 


The modified Navier-Stokes. equation: 


ne —* grad p-+opot “jx H+TE. (2.7) 


Here, E is the electric field, H the magnetic 
field, jg the current density, q the excess 
charge density, € the dielectric constant, 
the magnetic permeability, o the electrical 
conductivity, c the speed of light, v the velo- 
city of the fluid p the pressure, and o and »y 
are respectively the density and the kinematic 
coefficient of viscosity of the fluid. All electro- 
magnetic quantities are measured in electro- 
magnetic unit. € and “ are assumed to be 
uniform throughout the whole field, and the 
fluid is assumed to be non-magnetic. 

As in most analysis in magnetohydro- 
dynamics, the displacement current in (2.4) 
may, be neglected, since no oscillations of very 
high frequency occur and the magnitude of the 
fluid velocity |v| is much smaller than the 
speed of. light c. In consistence with the 
above assumption, the convection current in 
(2.5) and the electric force due to excess 
charges in (2.7) are also ignored. In the 
following analysis, Eqs. (2.4), (2.5) and (2.7) 
should be understood to have been simplified 


(04. 
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by the above assumptions. 

Eliminating electric field EK between (2.3) 
and (2.5) with the help of (2.2) and (2.4), we 
have the magnetic equation as follows: 


CHE = curl (uxH)+7r7HA , 


where 7=1/(4zu0) which is. interpreted as 
a magnetic diffusivity or a magnetic viscosity. 
On the other hand, elimination of j between 
(2.4) and (2.7) leads to the dynamical equation 
containing no electromagnetic variables other 
than H: 


oe +(v-grad)v 


(2.8) 


0 
= —+ grad pt»p2v+—"(curl Hx H). (2.9) 
0 4ip 


Equations (2.8) and (2.9), together with (2.2) 
and (2.6), are the fundamental equations of 
magnetohydrodynamics. 

In the present problem, we take the coordi- 
nate origin O at an arbitrary point on the 
oscillating plate, which is assumed to be non- 
conducting and non-magnetic, and use Cartesian 
coordinates x, y and z, with the axis Ox in 
the direction of oscillation and Oy perpendicular 
to the plate. It is then plausible to assume 
that 

(1) The flow is parallel to the plate, that 
iS: ove, 0,0): 

The magnetic field imposed is uniform 
and perpendicular to the plate. Thus 
in the region considered, H= H(Hz, Hy, 
0); 

All quantities are functions of the space 
coordinate y and time ¢ only. 

The fundamental equations of our problem 
now become 


(2) 


(3) 


Ou Ou yp OH: 

a rae | 
a(t s H.*)=0, (2.11) 
Oy\p 8xp 

* — H, Oo k2 

Tad Tae te) 

Oy _ 0? Hy 2 13 
rs Oy? ’ 219) 


while the equation of continuity (2.6) is auto- 
matically satisfied by the above assumptions. 

The boundary conditions for the velocity 
field are exactly the same as those in ordinary 
hydrodynamics, namely, on the oscillating 
plate the velocity of the fluid coincides with 
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that of the plate, and at a great distance from 
the plate # tends to zero. Thus we have 


y=0: u=Ue"; yoo: u>0, (2.14a) 
where U and w denote respectively the velo- 
city amplitude and angular frequency of the 
oscillating plate. 

The boundary conditions for the magnetic 
field are that both the tangential component 
of the magnetic field and the normal com- 
ponent of the magnetic induction are con- 
tinuous at the plate. Since, however, both 
the fluid and the plate are assumed to be 
non-magnetic in the present problem, the 
continuity condition for the magnetic in- 
duction may be replaced by. that for the 
magnetic field itself. The total magnetic 
field at the plate is the vector sum of the 
imposed and induced fields, the latter result- 
ing from the induced current distribution in 
the fluid. This distribution depends on the 
solution and is therefore unknown. The 
induced field at the plate, however, is second- 
arily important and may be neglected as 
compared with the imposed field. On the 
other hand, since the velocity tends to zero 
asymptotically at far distance from the plate, 
no interactions exist there. Hence the mag- 
netic field tends to the imposed field Hy as 
Since the imposed magnetic field HA 
is uniform and perpendicular to ‘the oscillating 
plate which is non-conducting and _ non- 
magnetic, the boundary conditions for the 
magnetic field may be 


yoo, 


vy) z H,=A Bey 2 Os H,- Hy ; (2.14b) 
and 
yet AsO yoo >. He-0:. (2.14c) 


The latter conditions (2.14c) imply that the 
total flux of current in the direction Oy is 
taken to be zero, because j=(1/4z) curl H. 

Our problem is to determine the four un- 
knowns u, Hz, Hy and p from Eqs. (2.10)~ 
(2.13) together with the boundary conditions 
(2.14 a, b, c). 


3. Analysis and General Solutions 


If the pressure at infinity is p., it follows 
immediately from (2.11) that 


pte H=p- (3.1) 


which shows the balance between the fluid 
pressure and ‘ magnetic pressure’ in the flow 
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field, because Hy, is uniform throughout the 
whole flow field as will. be shown below. 
Remembering the boundary conditions for Hy, 
we can easily solve Eq. (2.13) and obtain 


Hy= Hh. (3.2) 
Introducing (3.2) into (2.10) and (2.12) and 


eliminating H, between them we have 


[(e os a) a 0 0? 
Oy? Ot 


Vana a1) aya =O 83) 


where k= 4Hp?/(4z0). If we eliminate u instead 
of Hz we have a similar equation for H; to 
(3.3). In the limiting case of v-0, 7-0, (3.3) 
and the similar equation for Hz reduce to 
Alfvén’s® equation for ‘ magnetohydrodynamic 
waves’. 

Assuming wuoce*'t*4” and inserting it into 
(3.3), we have 

(vA2?—K)(yh?—K)—R22=0 , 

which gives 


A= aeAn et Aane 
where 


u(y, t)=e'[Be-" + De~2"J , 


with 
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A1,2 


2 


é i ten)t{(Rtev+Kn)?— eel a 
a 2vn , 


Re (A1,2)>0 , 
signs + and — in the square bracket cor- 
responding to 4: and 22 respectively*. Thus 
we have the following formal expression for 
u: 

u=Se*'[ Ae" + Be-*1¥ + Ce*2" + De-*2"] , 


where A, B, C and Dare constants of integra- 
tion which depend on the parameter *, and 
symbol S denotes the summation or integra- 
tion over all possible values of «x. 

It is easily seen that we have to put A=C 
=0 by virtue of the boundary condition at 
infinity for w. On the other hand, from the 
boundary condition on the plate it is required 
that 


k=1o and B+D=U. (3.4) 


Thus we have a formal solution for u as 
follows: . 


(3.5) 


a Sol Se ee there 


(3.6) 


2vn 


Insertion of (8.5) into (2.10) leads to 


OHz _y 
dy 


e'"[(i@ — vy?) Be-™” + (iw — vag?) De~*2"] . 


(3.7) 


Integrating (3.7) with respect to y and remembering that H:—-0 when y—co, we have 


HCY, t= —# el (Seva) Bem 4 (2 —vis)De-™ | 5 


(3.8) 


The boundary condition on the plate requires that 


ta —»hs )B +( 
Solving (3.4) and (3.9) for B and D, we have 


____ Ava? io) 
(=a ddaeaeie) 


10 


dy 


—vis)D=0 é (3.9) 


pa varie) 


Wo (Aas) (Ardy +io) (3.10) 


Insertion of B and D thus determined into (3.5) and (3.8) yields 


u(y, t)= (Ar Ay)(Arday Fie) 


and 


— ht toh ga 


ayer 
vay —io 


As 


eh — : 
vay? —iw 


(3.11) 


* This convention will also be used hereafter. 
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H. _ _ (vaio) (vd —io) septs p= 
(y, t) bs —A,\(Asday tin) POU? [e-*17 —e-Aav] (3.12) 


Putting (3.12) into (2.4), we have 
jz=0 ’ Ju=0 ’ 


(VA —iw\(vAst—H0) pp Fy twit) o-AyY J 6 | 
— : see 
ick aMdeckiol [Aie~™1 ge720] 


jly, t= ie 


Also, putting (3.11), (3.12) and (3.13) into (2.5) we have 
Fea, E,=0,, 


said -ias) (dat te 1 1 (3.14) 
EAy,t a OY : £ fest! + p-Ayy = g-A 
3 Garry arty Oa eei a Us adits) ml A 


The above (3.11)~(3.14), together with (3.1) and (3.2), give the general solutions of the 
present problem. It will be seen that all quantities consist of two different oscillations whose 
complex decaying factors are Ai,2, Re(A1,2) and Im(Ai,2) representing the decaying factors 
and the wave numbers respectively. The above result should be compared with that of the 
well-known classical hydrodynamics: u= Ue'®'-vie/-v, Since Hy= Hp, the fundamental equations 
(2.10), (2.11), (2.12) and (2.13) are all linear. Hence we can make up more general solutions 
by superposing several oscillations of different frequencies and amplitudes so long as the 
angular frequencies » and amplitudes U are not so extremely large as to make displacement 
current important. 
The skin friction t can be easily obtained from the formula: 


(of 
Oy]y=0' 


which yields 


(eae eet 
T Ref pvUe baer : 


On the other hand, the drag on the plate due to the direct magnetic effect is zero, because 


° #77 OMe 4, 
) ee Ay dy 0. 


In order to clarify the magnetic effect, we shall consider, in the next section, the be- 
haviours of the solutions in some special cases corresponding to the limiting values of para- 
meters such as magnetic pressure number S and magnetic Reynolds number Rn. 


§ 4. Behaviours of the Solutions in Some Special Cases 


For proceeding further, it is convenient to define some non-dimensional parameters such as 


U2 
Reynolds number: R= ; 
vo 
2 
Magnetic Reynolds number: na F (4.1) 
: t ab LH? 
Magnetic pressure number: ay en 


and to introduce non-dimensional quantities with asterisk as follows: 


1508 Tsunehiko KAKUTANI (Vol. 13, 


w= Us p= soup", 
siemens 2 H= H)H* ’ ; f. 
: (4.2) 
t=—tf* , E=yH,UE* , 
Ww 
w er oe #3 
A1,2= ye 5 j=ovHUj 


It is to be noted here that the Hartmann number MM frequently used in the analysis of | 
problems in magnetohydrodynamics is equal to YSRRm in our notation. 
Then the solutions expressed in non-dimensional forms are: 


His ss ess re Re Va z era ae iR ee] Se 
te GN eae “ 
pen RIE fee he 
aes SRRa(h™ Sadr mn aie ee deapelinaas ee 

pt+SH.P =p." , (4.7) 


with 


(4.8) 


di*= [ Seka ee +4RRm}? |" 
> » . 


There are the three characteristic parameters S, R and R» in this problem. Since, however, 
R and Rm are contained symmetrically in 2,,2*, we have only to discuss the cases of the 
limiting values of S and Rm instead of those of S, R and Rn. 

In the following discussions, only the first dominant terms are retained in each case. 
(eS <1. 

In this case, if R>Rn 


2 SRRn_ ; SRRm_ 3 
A Fn R eet = i), Aare Rol jp ESS i) 
1 i 2(R—Rm) a\~ViRm| 1+ XR—Re) i) (4.9) 
(A,**—iR)(Aa*?—iR) SR?Rin 


Hence, so that 


(Ar*#—Ag*) (AFA +iR) ViR(RRm)’ 
Tes SR?Rn «| ViR(R— Rm) ViRy* 1ViRm be <a 
VIR RS OL eR ree eee ea 

RR 
He Se 
ViR(R—Rn) 


LRR. 
Lew stakes oe Vinv* 
ViR(R—Rw) © [vin oer Tee me, 


pecWate e> San AF 


etter vibys —e" Vimy : 


(4.10) 


jmp a 
© ViR(R—Rm) 
In the limit of S-0, w* tends to the solution of the classical hydrodynamics as expected. If 
R<Rm, 4* takes the place of Ax* in (4.9) and vice versa. Since, however, 2,* and ds* are 
contained symmetrically in u*, Hz*, E.* and j.*, the final expressions (4.10) remain unaltered. 


(2y Oyerl. 
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In this case, 24,;*~ tn( 1 K+ Rm ) a to _R+Rn ; 
- ueprs Oden OSRR, 7) and 22 Vs 1 SRR, i). Hence, 
1°? —1R)(Ax*? —iR) RV SRin 
Oui. Veh 
RVSR 1 aati 1 
u*~—~ eu = G-VSRR —e-t/ VS.yk 
VRtVRa | SER PAY aS vl 
2 Si pee ome VRn it*!o- VSRR,,v* —e-#/ VS +y* 
FS RH Ve ee as bh 
ee ; (4.11) 
Beste en dee bye - VSR Rg 474 / S emi Voy 
VS(W/R+tVRa) | eRe? Genes, ee ve |, 


ay oe r oe -/= . Z x4 Lb 
a V SRin (VR oh Vite é V SR Rn é SR Rp ava en-US sy | : 


Thus the first terms of each quantity decay rapidly with increasing y and are vanishingly 
small except for the vicinity of the plate, and the second terms become dominant which 
represent the oscillations whose phase velocity is the same as that of the magnetohydro- 
dynamic waves of Alfvén. Because the decaying factors of the second terms of each quantity 
are of higher order in (1/S) than the wave number terms, the second terms decay very slowly. 


GG) Rhu < I. 


Since A*~7/7R(1—3SRni) and As*~7/7R,(1+3SRni), 


(A,*2—iR)(A,*?—1R) SR Rin 


oa 
GPa AFLELIR)  V/ER ne 


the general character of the solutions is similar to that in the case (1). 


(4) Rn>1. 
In this case 4\*~7/R,, (SR+ al 1+ 
(A, *2—iR)(A,*?—iR) SR? 


SR? 


: fie RX 
pia ey st ae /sea € 


so that 


SE ' 
2Rn(SR+i2 /” 


(4,12) 


VR (SRF) YF / ne 1e-V R/(SR+i) a ? 


Hence, ee sAi sale 
Sees €—_J*) (Ayla Lik) 1 (SR DY 
CSS: eel 1 
VR(SR+i) |W Rn(SR41) 
Ce 
‘R 1 
ih ae a ee 
VR(SR+i)  |V/Rmn(SR+i) ° 
R 


jn ee 
RnV R(SR+41) 


Hence, the general character is similar to that 
in the case (2) except that the decaying factors 
of the second terms in this case are of the 
same order as the wave number terms. 
Therefore, even the second terms which are 
of course dominant over the first terms 
decrease normally as the distance from the 
plate increases. 
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Some Nonlinear Effect in Compressible Flow 


By Haruo MORIGUCHI 


Department of Physics, Faculty of Liberal Arts, 
Shizuoka University, Shizuoka, Japan 


(Received August 30, 1958) 


The two-dimensional potential flow of a compressible fluid past a family 
of cylindrical obstacles with two parameters which includes elliptic 
cylinder and Kaplan bump is investigated by use of Imai’s method. 

An very interesting example has been found such that the surface 
velocity distribution changes its character with increasing Mach number, 
namely, it has two maxima for M=0, which tend to coalesce into one 
as the Mach number increases. Such an effect, however, is very small 
within the approximation used. 


§1. The Shape of Cylinder and Incompres- ee Ge 
sible Flow OE Fs 


In this paper we shall consider a family of from the unit circle €=e in the complex 
symmetrical profiles in the complex z-plane ¢-plane. 
which are obtained by means of the transfor- For c=0 our obstacle reduces to an elliptic 
mation cylinder, for ct=a?—1 a Kaplan bump with 
thickness ratio t=—4c*/(6+2c?) is obtained 
and for c=1 a profile with four cusps and 
similar to an asteroid. An obstacle which is 
similar to Cherry’s profile? is also included 
in this family. Some examples are shown in 
Fig. 1. 

Taking the undisturbed flow velocity as 
unit, the incompressible flow past our profile 


a: Profiles for a=0 and Kaplan bump with thick- 
ness ratio 2/9. 


b: Profiles with the same thickness ratio 0.9312 
as Cherry’s profile. 


as° 90° 2 135° 


Fig. 1. Examples of profiles. ® 
(Because of symmetry, only the parts in the Fig. 2. Examples of incompressible flows for 
first quadrant are shown). profiles with a=0. 
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_ is given by the complex velocity potential 


Ratt (1.1) 
and the surface velocity go is given by 
aFy\ |? 
a2) f= 0 
ig ( dz ), 
92 1—cos 20 
1—2a?(1+-c*) cos 26+ 2c‘ cos 46+at+c® 
(1.2) 


where the suffix » denotes the value on the 
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c$<74+0—-4Y 34+a@ , (1.4) 
here as well as in what follows we suppose 
O0<a<l. Fig. 2 shows some examples. 


§2. The Compressibility Effect 


We shall calculate the compressibility effect 
for the flow given in the preceding section up 
to the order of M? by use of Imai’s method”, 
where M is the free stream Mach number. 

When the velocity potential on the surface 
of the obstacles expanded as 


profile. In this flow the velocity distribution 0(0)= 00) + M29,(0)+O(M?) (2.1) 
has two maxima when eiea coed. (2.2) 
e>i+e—-4Y3+a , (1.3) then, according to Imai’s formulas, we have 
and one maximum when ¢1(0)= P,(0)—Q1*(8) (2.3) 
: 1 dq dé _, (®°/dga\?dée . dies, = 
8 @) Sa SS iw bee ES YG Ij) ee i0 id PA 
ch Gil cae me a i \ a ae hg ee ee) 
ds tw Cay 
d ne are (255) 


where s denotes the length along the surface of the obstacle and Q,*(@) is the conjugate 


Fourier series associated with Q,(@). 


In the case when we can write 


P\(8)+1Q1(0)= fF (e) , 


(2.6) 


where f(z) is an analytic function of u, the right-hand side of (2.3) can be expressed as 


P(O)—Q:"(0)=2Re| 


‘ni 


uy era du | (2.7) 


u—e'? 


where the pass of integration is the unit circle with centre at the origin and with a semi- 


circular indentation around u=e’’. 
According to §1, 


4 
zp e0--ate Woe ] (2.8) 
and substituting this expression into (2.4) we have 
, 1 oti 20 P Poy ee Laie a 
PRO) IO) SS git q2g20 + cA E ORC aaa bat Teme 8 Ta nei 
(e+e) “ (2.9) 
where 
Expt 772 
aa hy = : (2.10) 
af 
—c 2—a? 
at’ oO (2.11) 
2 
yon OAV B44 (2.12) 
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ie aed Pa (2.13) 


and C; is a constant. 
The integral in (2.7) can be calculated as the sum of the residues at six poles included in 


the contour, and the result is 


29(0)=Ref oe ct (es = 248) FO) 1 Pele +o) —e! | ns | 
where 
l—c! 2-—a@ 1 I-V & 27 — cen? 
F(#)= ~ = | a Oa, 
m ( 42 7 @—22 9 147/a'— 20% — cre 
7 er 1 1—V a?+2c? ef + c2¢!? 
= (Be ta apie arene cet as 
1 1—c? 1—a?+c* rata 1—ct—V at —4c# } 
7 = ae 
Saale og ieee: og 1tattc + pV at 4c* log 1—c8§ + V/ at —4c ( ) 
1—c? 1—a@?-+c* sy 1—ct—V at—4c# 
Soha) eh Te la eS _ gi—4ct 2.17 
Q ramet log Ty a ta 108 Tagg PY OAc! log Fs ay 7 ged ok 
2 
pi=F 23a? +at + 2ct—are') (2.18) 
i= 4(—a?-+60t—Sare! + ate! —2c*) (2.19) | 
— 1 iI 3 4 2nd 

bs=—( —3c*+a7c*) (2.20) 

g(a tat 2et—Sare! + 2c! (2.21) 

= FQ—3a?+3a'—a!—Go!-+3a°ct) (2.22) 

— 1 3 2 4 4 
Gort Se Sea) (2.23) 


In these expressions we should write 


ut i — oe Ca 4 ae SS x ee 
V a—4c! log a =2// 4c!—a! tan-! Views (2.24) 
when 
ac* >" 


Simple special cases of (2.14) are given as follows: 
i) Elliptic cylinder c-0: 


3 1 1—2a?+<a' l—ae® |e | ((1—a)* |, 1—a? 
2¢1(6) = Re| —_—, (¢2#0— - — 
¢\(0) EG D( 3a8 ) Jog ae og @ +( vm log ing 1)e} —<* | 


(2.25) 


ii) Circular cylinder a=c-—0: 


Se i rN Pe ee ee 


1 PENS ares vs 
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° 2¢1(0)= rq elo — = est0 ] (2.26) 


iii) Kaplan bump ct=q@?—1: 


Pa e8 = 1—ct 1+c%e? 
29(0)=Re 5 90 Mey aa — #4] : (2.40) 


The surface velocity distribution is given by differentiation of (2.12) and the final result is 


_dy,() do 


age (2.28) 

where 
a ns Kp CHRO) +Cx(0)ImF(6) +O) +. +sin 0 (2.29) 
Cr(@)=a@2 sin 20+a, sin 40+ a, sin 60 (2.30) 
Ci(@)= Bo +82 cos 26+ By cos 46+ By cos 60 (2.31) 
G(@)=7r1 sin 06+73 sin 36+ 7s sin 50+7;, sin 70 (2.32) 
Yn=1mP+7n2Q (n=1, 3, 5, 7) (2.33) 
H(0)=461 sin 6+; sin 30 (2.34) 
Q2,=2—2a?—2a'+2a°+ct(—4—2a?+ 6a") + c8(—4+4 8a?) + 2c!” (2.35) 
a,=c'(4+8a?—12a*)+2c8a?—4c? (2.36) 
Ag= —2c*—2c8 (2.37) 
Bo=4a@?—4at+c*(—2a?—2a't)+ c*(—8—4a?) (2.38) 
Bo= —24+2a?—2a't +2a°+ c4(—4-+ 1447+ 10a*) +c8(4+ 8a?+ 2c!) (2.39) 
By=c*(—4—12a*) +c8(2a?—4c}) (2.40) 
Be=2ct—2c® (2.41) 
ru=6a?+3a'+ a+ c4(6—6a'*)—2c8a?—c (2.42) 
¥31= —3—2at+c4(2—6a?)+2c8 (2.43) 
7s1=a?—2a*c* +38 (2.44) 
rn=ct (2.45) 
Y= —1—2a?+2a'+a°+c4(4a?+3a*) +c8(6+6a?) (2.46) 
Y32= —a@?+a*+c4(2—6a?—10a*) (2.47) 
¥s2=C4(3—2a*?)—c8a? (2.48) 
ra=ct (2.49) 
6i:= —5+2a?+ ct (2.50) 


d3=1—c! (2.51) 
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ee 1+(a?+202)+c!+2c? cos 20—2V a?+ 2c2(1+c¢?) cos 9 
sisal 2 log 1+ (a?+2c?)+c!+2c? cos 20+2// a? +2c%(1+c?) cos 8 
1 1, 1+(a?—2c?)+c4—2c? cos 20—2V a?—2c%(1—c*) co89- (ao 
Va@—2c 2 214 (a2 2) 4 ¢42¢% cos 20+2V a?—2c*(1—c*) cos 6 kat meee) 
ne) a*—2¢ +(a@?—2c?)+ct—2c (2.52)| 
—1 =i 2V 2c?—a*X(1—c?) Cos 0 2 2 2 
V 2? —a? _ 1—(2c?—a?)+c!—2c? cos 20 a) 
ta -1 2V/a?+2c?(1—c?) sin 8 
6)=yp tan? 
ee Bata 1+ct—(@+2c?)+2c? cos 20 
gaat 2 G21 900) Sind ae 
V a@—2c? ya 1+ct+(2c?—a?) —2c? cos 20 (ree) (2.53) 
1 1 1+ (2c?—a®) +c4—2c? cos 20 +.2V 2c?—a(1+c?) sin 8 (a2<2c?) i 
V2e—a 2 1+ (2c?—a?)+¢—2c? cos 20-2 1/ 2c?—a(1+c?) sin 8 
ft Sos ‘ 
n=(% e 42 = seats (2.54) in the case of 
e eet c=740—-4/340 (3.1) 
pepe aa. (2.55) for which the incompressible flow velocity 
Ace 4 distribution has one flat maximum with zero 
K(0)=1+a't+c8—2a*(1+c*) cos 20+2ctcos48 curvature. The result is shown in Fig. 3, 
(2.56) which indicates that the sign is always nega- 
dé 1 9.57 tive, that is, gi has one maximum with finite 
te. Vay Ry & (2.57) curvature. In Fig. 4, gq, is shown for the 


§3. The Variation of Curvature of the Velo- 
city Distribution Curve 

A few years ago, Takami® calculated the 
velocity distribution, both for incompressible 
and purely subsonic flow, over the surface of 
a special obstacle for which Cherry” had 
shown the existence of continuous mixed flow, 
and showed that the velocity distribution 
curve has two maxima, in contrast to the fact 
that the velocity distribution in the transonic 
case given by Cherry has only one maximum. 
Thus it seems to be of some interest to study 
the manner in which the character of the 
velocity distribution curve is affected by the 
free stream Mach number. Our family of 
profiles seems to be particularly suited for 
this purpose, since it covers both cases of 
velocity distribution, one-peak as well as two- 
peak distribution, for the incompressible flow. 

For a qualitative discussion it would be 
sufficient to study the sign of d’g/d0?. Further, 
because of symmetry only the value at 0=7/2 
is necessary. When d?q/d0? is positive, the flow 
has two maximum velocities on the surface, 
and when it is negative, the flow has only one 
maximum. 

To see the possibility of transition between 
these types of flow we have calculated d?q:/d0? 


Fig. 4. The first approximation for the profile 
with a=0, ct=7-4Y 3 . 


ft 
ie 
Ys 4 
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simplest case a=0, ct=7—41/3. For suffi- 
ciently small values of M the M?-expansion 
series is convergent, and the curvature of the 
velocity distribution curve should have the 
same sign as d?gi/d0? provided that the velo- 
city distribution curve for the incompressible 
flow has zero curvature. 

Now let us consider the case where the 
value of ct exceeds 7+a?—41//3+a? a little. 
Then the curvature of gj remains unchanged 
and negative, but the curvature of g, becomes 
positive, that is, gq has two maxima and q 
has only one. Therefore, when the free stream 
Mach number increases, the velocity distribu- 
tion has a tendency to assume one-peak dis- 
tribution instead of two-peak distribution. If 
ct is sufficiently close to 7+a@?—41/3+a? this 
transition will take place really. 


Range ot opposite sign 


N 
or, x 


: ago ( d?q1 
; f ==) 
Fig. 5 ( de ee and de h-g0 or @ 


The next problem is to study whether the 
transition is observable. For this purpose we 
need some numerical work. Hor .a7=0 
d?qo/d0? and d?q,/d6* are shown in Fig. 5, 
which shows that the transition can take place 
in a very narrow range of c. For such 
values of c the curvature of g is very small, 
so that we cannot expect an observable effect. 
For example, let us consider the incompres- 
sible flow for c=0.729. In this case the dif- 
ference between the maximum velocity and 
minimum velocity at @=7/2 is only about 
1/300 percent of the minimum velocity. Out- 
side of the narrow range in the neighborhood 
of 2=2—1/ 3 = 0.268 the curvatures of gq 
and q, have the same sign, so that the transi- 
tion cannot take place. 

Similar circumstances occur also for other 
values of a. Therefore such an effect should 
be regarded as merely mathematical, at least 
within the first approximation. 
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§4. Comparison with the Case of Cherry’s 
Profile 


In this section we shall study the cases in 
which our profiles have the same thickness 
ratio 0.9312 as Cherry’s profile for which flow 
of mixed type with Mach number 0.5098 take 
place. For our family of profiles with thick- 
ness ratio 0.9312, the boundary case between 
one-peak and two-peak distribution in incom- 
pressible flow is that corresponding to a?= 
0.0348, ct=0.0665. As is seen in Fig. 1 
Cherry’s profile is very similar to the profile 
for which we have shown the possibility of 
the transition from two-peak to one-peak 
velocity distribution. But Takami’s result 
reproduced in Fig. 6 as well as some of. our 


| Cherry's profile 


\c20.0346 


| a&0.0340 


| 


05 


z ’ as° 90° e (35° 


Fig. 6. Incompressible flows for Cherry’s profile®) 
and our profiles with the same thickness ratio. 


family shows that the difference between the 
maximum and the minimum velocity is quite 
large. For our family of the same thickness 
ratio such a sharp two-peak distribution can 
appear for a?=0.0340 and ct=0.133. Since for 
a?=0.0340 the value of c* corresponding to the 
boundary case is about 0.0666, the value 0.133 
of ct is too large to expect the transition 
phenomenon. We may say that even if the 
higher order approximations are taken in ac- 
count, we could not expect the transition. 
Therefore in spite of the fact that mathe- 
matically the transition phenomenon is not 
ruled out, Takami’s conjec ture that the 
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character of the surface velocity distribution 
for Cherry’s profile will be unchanged up to 
the critical Mach number will probably remain 
unaffected. 
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The Forces experienced by a Lattice of Equal Flat Plates 


in a Uniform Flow at Small Reynolds Numbers 


By Shinji KUWABARA 
Department of Physics, Faculty of Science, University of Tokyo 
(Received September 1, 1958) 


Two-dimensional incompressible viscous flow past a lattice of equal 
parallel and equidistant flat plates without stagger placed parallel to a 
uniform flow is studied on the basis of Stokes’ approximation by use of 


the Fourier transformation method. 


Asymptotic solutions are explicitly 


obtained for two cases ho and h->0, where fh is the distance between 


the neighbouring two flat plates. 


Introduction 


§1. 

Tamada and Fujikawa studied the viscous 
flow past a lattice of equal parallel circular 
cylinders on the basis of Oseen’s approxima- 
tion? and Miyagi also attacked the same 
problem on the basis of Stokes’ approxima- 
tion”. Recently, Hasimoto discussed the flow 
past a thin screen having a series of parallel 
equal and equidistant slits». In this parer, 
we shall study the flow past a lattice of 
parallel equal and equidistant flat plates with- 
out stagger placed parallel equal and equidis- 
tant flat plates without stagger placed parallel 
to a uniform flow. It should be added that 
Tamada has quite recently discussed the same 
problem in the general case of arbitrary an- 
gle of attack and stagger”. 

Our studies are based on Stokes’ equations 
of motion and make use of the method of 
Fourier-transformation which has been suc- 
cessfully applied by Hasimoto to the Rayleigh 
problem for a plate of finite breadth”. 

In §§3 and 4, we investigate the asympto- 


tic solutions of the integral equation when 
h-co and h-0, where h is the distance 
between the neighbouring two flat plates. 


§2. Deduction of the Integral Equation for 
the Vorticity Distribution on the Flat 
Plate 


Stokes’ approximate equations of motion 
and the equation of continuity for the two- 
dimensional steady flow of an incompressible 
viscous fluid are 


OP 
ax =ydu , (2.1) 
Op _ 
$ ay =pdd , (2.2) 
and 
Ou , Ov _ 
Bi vas 5 (2.3) 


where 4=0?/0x?+02/0y?, (x, y) are the cartesian 
co-ordinates, (#, v) are the velocity components, 
p is the pressure and uw is the coefficient of 
viscosity. 
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Eliminating » from (2.1) and (2.2), we have 
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do=0 , (2.4) 
where w is the vorticity defined by 
Ov Ou 
ee aap 2.0 
Ox Oy ae 
Introducing the stream function ¥ defined as 
ov OV 
een een aa 2.6 
A dy ’ or? oe 
we can rewrite (2.5) in the form 
4V=—oa. (240) 


We consider the flow past a lattice of 
parallel equal and equidistant flat plates with- 


A 


Fig. 1. Configuration of a lattice of flat plates in 
a uniform flow. 


&*(a) 
4a-sinh? (ah/2) 


Pra, y)= 


{y sinh a(h—y)—(h—y) sinh ay)} . 


17 


out stagger placed parallel to the uniform 


flow (Fig. 1). Then, the boundary conditions 
for w and ¥ are as follows: 

o=0 for y=0, |x\>>1, (@.8a) 

w= g(x) for v=0, |4/=<1, (@:8b) 

o=0 for y=h/2, (2.8c) 

~=0 for y=0, H/2, (2.8d) 

0)/Oy= —U for v=0, |si< t (Se) 


where g(x) is an unknown function, # is a 
perturbation stream function defined as 
VY=Uy+¢, and U is the undisturbed flow 
velocity. 

We define the Fourier transform and the 
inverse Fourier transform of f(x, y) as 


fa, y=" fx, ye"dx, — (2.9a) 


ve n=ze(" f*lx, veda. — (2.9b) 


7 


Then, we can transform (2.4) and (2.7) as 
follows; 


oe —ato*=0 , (2.10) 
a atelier ose 3 (2.11) 
dy? 


Also, the boundary conditions (2.8) become 
ot=era)=\ g(xe-*dx for y=0, (2.12a) 
-1 


wor=0 for y=h/2  (2.12b) 

~y*=0 for y=0, h/2 (2.12c) 
Solving (2.10) subject to the boundary condi- 
tions (2.12a) and (2.12b), we obtain 
sinh AY) sag , 
sinh (a@h/2) 
Substituting (2.13) into (2.11) and solving (2.11) 
subject to the condition (2.12c), we have 


wo*(a, y= (2.13) 


(2.14) 


In order to obtain $(x, y) from (2.14), we make use of the convolution theorem, that is, 


x" fe(ah*(ae'eda=\" Fl pyh(x—p)dp . 


Thus, we have 


da, n=x\" gtla)K*(a, yyeieeda=\" a(p)Kx—p, ydp , 
70.) veo oo 


where 


(2.15) 


(2.16) 
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1 


* = 
ENG») 4a-sinh?(ah/2) 


and 


Ks, =o ie K¥(a, ye da. 


By use of the method of contour integral, 
we can evaluate the integral of (2.18). The 
contours are such as shown in Fig. 2. Resi- 
dues of K*(a)e’*” are 


= 1e7 2rn/h)x : h ) 
fas 2nxnh ks Tn ae 


S {y sinh 2 (hy) — (hy) seh Cm) 


at a=1 2nn (n=--+=2, <1, decoy e s)he 


h 
(2.19) 


It is to be noted that the singularity at a=0 
is a removable one. 
Now, K(x) expressed as the contour integral 


{y sinh a(h—y)—(h—y) sinh ay} , 


Ca) - : 
imaginary axis 


A-plane 


real axis 


Cb) 
imaginary axis 


(2.18) | 


consists of the sum of residues corresponding 
to the singularities enclosed in the contour 
and a contribution from the integral over the 
semi-circle, whose radius R is to be taken as 
infinite. It can be easily verified that the 
latter contribution vanishes by making R->o, 
Then, we can express the contour integral 
as follows: 


real axis 


o-plane 
4, Rn forwx=0, 
Cae ae (2.20) 
—i>R_n for x<0, Fig. 2. Contours used for the evaluation of the 
n=1 . « 5 
integral (2.18). (a) is used in case of «>0 and 


which becomes, by (2.19), (b) in case of «<0. 


K~ij=—-+ > at +[al) eeu fy sinh or hy) —(h—y) sinh 22” L. (2.21) 


~ Onhinr n\2Qxnn ra 


Hence (2.16) becomes 


23 ek : o S hy of x — — Carn, = 
P(x, y)= [os (A +x ple“ /h)\ 2-9 


2rh n=1 7 


: D : 
° | y sinh (hy) (hy) sinh mn hap (2.22) 


~ 


Now, we have 


(2.23) 


=F) 2) {gk nae ie-ety +} pl 


e7 Qn/h)\z—-p| 
y =0 h 20 } ‘ 


1 —e-@a/h) |x| 


Thus, the boundary condition (2.8e) gives 


He 1 Pretynsien 2 e7 Qt/h)\z-p| 
nU=\"_ a(p) {In (1—e-@r/n)la—pl) 4 5 eel {e-Ge/Nle=o] hap for |x|<1, (2.24) 
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which is the Fredholm integral equation of the first kind with respect to the vorticity 2(x) 
on the flat plate. This forms the basic equation for the subsequent treatment of our problem. 


§3. Asymptotic Solution when 2z/h-0 


In case when 2z/h<1, we can expand the kernel of the integral equation (2.24) as follows: 


In (1—e-@*/2) 12») — 2x — pl ince =ahn “—1+In | cos a@—cos B | 
ay (cos a—cos B)? + wea 2) © a—cos B)t+--- , (3.1) 
where we have put 
X= COS a; p=—cosB, (322) 
In view of the form of (3.1), let us write 
g(cos 8) sin B= a) on(B) . (3.3) 


Substituting (3.1) and (3.3) into (2.24) and equating terms of the order (2z/h)" on both sides 
(where ~=0, 1, 2,---), we have series of integral equations 


|; e@(—P- S 2. bss ea cos m8 \d8=22U (3.4) 
_ = 
\" {e(@)(—P- > 2 cos ma cos mB ss 5g 70(B)(c08 @—cos B)\ap=0 ; (3.5) 
0 m= 
[" {e2(6) (—P= s = cos macos mpg )- + ».(B\(cos a—cos 8)? 
0 m=1Mm 24 
on = 4 = 6 
+ Gap 0(B)(cos a — cos 8) | dB 0, (3.6) 
and so on, where 
P=1-—In(zx/h) , (3.7) 
and we have used the formula 
In | cos a—cos B|= — sf a cos ma cos mB—I|n 2 . 
Let us assume 
Prn( a) = > Cnm COS 2Ma . (3.8) 
m=0 


Then, substituting (3.8) into (3.4), we can determine Com: 
Co=—2U/P, Cn=Co=Ca=C3a=*-:=0, (3.9) 
so that we have 
go(a)=—2U/P . (3.10) 
In quite a similar manner, we can obtain 


sa os 


ig pa (it Pcos2a) , (3.11) 


gi(a)= 
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ir Oi 8 12 3 
=— = 2a—— 4a\, ole 
ex) 388 pe 5 +P(1+ 5 P) cos 2a@ 0 cos 4a ( ) 


and so on. 
The drag D of the flat plate is determined by 


1 tw Qn 2n 
=—2nl g(adx= —2n\ = Ce, pnladda 
al! o n=0 h 
U 1/2x\?1,. 1 /2n\41 8 
=A 1 Py ees 3.13 
sa 5) ae atom AL 7 \+ (oes 
and the drag coefficient Cp by 
ae 1 /2n\? 1 eae 8 p) 
C= : {Proves Phere 3.14 
Pin. $pUl3s2 neh a) ee 7a giles eco 
where 
pao (3.15) 
LU 


is the Reynolds number based on the breadth of the flat plate. It should be noted that the 
formulae (3.13) and (3.14) are valid only for the case P>0, and hence by (3.7), for h>z/e 
= 11557 «--. 


§4. Asymptotic Solution when 27/h—-o 
In order to solve (2.24) when 2z/h>1, we put 
E=0bx, n=bp (b=2z/h) . (4.1) 


Substituting (4.1) into (2.24), we have 


amb =|" e(a)fin (1-91) — |E—y| ae |. dn. (4.2) 


Taking into account the fact that b6>1 and that the kernel is singular at —E=7, we may 
write (4.2) approximately in the form 


2nbU =2e(6) | {In de") 7 hax “ = a(E) . (4.3) 
Then we have 
g(x)= 9 (4.4) 


so that the tangential stress t on the flat plate is 


T= — ug (x)= one 


> 


; (4.5) 


We can obtain the drag and the drag coefficient of the flat plate in the same way as (3.13) 
and (3.14) 


Do= ne ; (4.6) 
eh 1 
Corte (4.7) 


SO, PROPERTY BER 
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Let us now consider the plane Poiseuille flow in a channel of breadth h with total flux 
Uh. In this case the vorticity w and the stress r on the walls of the channel can be readily 
calculated as 


__6U _ 62 
REF, and. t= i (4.8) 
These coincide with (4.4) and (4.5). This should naturally be expected, in view of the fact 
that the flow between the flat plates approaches the plane Poiseuille flow when h becomes 
small, except in the immediate neighbourhood of the leading and the trailing edges. 
Next, we shall investigate the edge effect on the vorticity distribution g(x). To this end, 
we put 


E=)(x+1), n=b(x+1) , (b=2r/h) . (4.9) 


Then, we can transform (2.24) as 


2nbU=\" g(a) {Inde 1) EY, (4.10) 


by considering that 61. (4.10) is an integral equation of the Wiener-Hopf type. 
In order to solve (4.10), we put 


LS tee wane: e7lé-7| _foUe** for €>0, 
ee eee (4.11) 


where @ is a small positive parameter to be made 0 in the limit. We apply the Fourier 
transformation to (4.11) as shown in (2.9). Then, (4.11) becomes 


1 ixye) 1 sinh 2nf—2nE _ 1, bU 
78 (¢) cil éésh One 21 h OT e+e : (4.12) 
by using 
Ps oe oe inh 2n€ —2n€ 
iy — | igang — = Sm 
|" {ima- Sa lh ee ee (4.13) 


We shall consider the region where & is large. This corresponds to the small value OH Gil. 
and hence we can expand (4.13) as follows: 


sinh 2n€—2n€ _ 20 1+(1/20) a+ (BAO) one er 
cosh2x€—1 © 1+(1/12)(2n€)?+(1/360)(22€)#+ - ; 


As a first approximation, we retain only the first two terms in the denominator and the 
numerator in (4.14), so that (4.11) becomes 


7 Ge ms Ls nomen 1 5! 
5 oe Oe i i (@) err, (4.15) 


Noting that g*(€) is regular in the lower half of the complex €-plane and h*(€) is regular in 
the upper half plane, we may rewrite (4.15) as 


eo C-iV 5/x , iU atv 3/x 
Oe —iV 3/x sg €—ia at+V 5/x 


_C+iV 3 /m py — C4+iV 3 /x atv 3in 
+i 5 |x ea —Ta\€+iV 5 |x ~otv ey. (4.16) 


The left-hand side is regular in the lower half plane and the right-hand side is regular in 


1522 Shinji KUWABARA (Vol. 13, 


the upper half plane. Therefore, both sides should be regular in the whole €-plane, and 
hence, equal to a constant. It can be readily shown that the constant is zero. g*(€) being 
thus found, we can determine g(&): 


aie a er — ~IVISD Anke” bo [eo 2. 
aO=ze| Rh ie Horv sin 
fa (14 veavs ev Fimern) : , (4.17) 


where we have used the formula 


BS ADE RE fig BA-- 2 ne 
== ef? dp=— + ——e® . (4.18) 
Sn P B B 

If we let x tend to infinity, (4.17) agrees with (4.4) which corresponds to the case of the 
plane Poiseuille flow. The second term in the bracket is a correction term due to the edge 
effect, which we shall write in the form: 


gi(x)=— ae 3 e- V5 /h) (x41) | (4.19) 


The correction D: to the drag is obtained as follows: 


24uU V5 —-V 3 


Di= 4)” gide= wy 3 ey (4.20) 
The drag coefficient becomes 
_Dot Di_ 48 1 ( aC Bie V3. ) 4.21 


In the second approximation, we retain the first three terms in (4.14). In quite a similar 
manner to the first approximation, we obtain the correction terms gz and Dz for the vorticity 
g(x) and the drag as 


rape oA cos ai(x+1)+B sin ai(x+1)}e-a2* , (4.22) 


Table I. Calculated values of RCp for various values of h. 


1) The case h > o, 


: 2 | 3 | 4 | 5 | ra ee | 50 | 70 | 100 
ee 45.83 | 26.35 | 20.24 | 17.13 | 13.95 | 11.65 | 8.815 | 6.671 | 6.124 ©] 5.685 
He | 11.46 | 21.30 ) 18.57 | 16.36 | 13.69 | 11.56 | 8.803 | 6.670 | 6.124 5.634 
| 
| 


IIT. 46.26 24.57 19.31 16.61 13.74 11.57 8.803 — — 


I, Ilo, Hl. are the values calculated by (3.14) retaining only the first terms, the first two terms and 
the first three terms, respectively. 


2) The case h>0. 


~ 


| 


h 0.01 | 0.02 | 0.05 | 0.07 | 0.1 | 0.2 | 0.5 POR 1 | 2 5 | 7 | 10 
i - 4800 2400 | 960.0 685.7 | 480.0 | 240.0 96.00 | 68.57 | 48.00 | 24.00 9.600 6.857 | 4.800 
IIo be 2403 | 963.1 Pay RS 99.12 | 71.69 | 51.12 | 27.12 | 12.72 9.980 | 7.923 
Ilo | 4804 | 2404 | 964.4 | 690.2 | 484.4 | 244.4 100.44 | 73.01 52.44 | 28.44 Peeuiee 9.240 


Iy is calculated by (4.7), IIp by (4.21) and IIIp by (4.26). 
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24uU oh — a 
D= a ae =a 1/2 __ —5)1/2 
RE arg inieee {(V840 —21) (V 360—15)¥/2} , (4.23) 
where 
A=V7/3 —1, B=(V840 —21)-V4(V'7/3 — 1)(V840 +21)¥2— 2V 7/3 (V360 +15)/?} , (4.24) 
pe 1 RAN) — 1/2 ee 1 RAN 1/2 
he a (V840 —21)/2, a ae (V840 + 21)? , (4.25) 
and the drag coefficient becomes 
_ Dot Dz _ 48 1 ay a Bas Wa SARL we 
Cp SS [1+ Fae {(V 840+ 21)!2—(7 360+ 15) | . (4.26) 


§5. Numerical Discussions 


The drag coefficient is inversely proportional 
to the Reynolds number as is natural in the 
Stokes approximation. Thus, RCop is a func- 
tion of # only. Fig. 3 and Table I show the 
numerical values of RCp for the various 
values of h. 


1000; 


Ol ' 10 100 7 1000 


Fig. 3. 


The asymptotic solution (3.14) correspond- 
ing to hoo can be used only for h<z/e 
=1,1557---. However, it seems that RCp 
obtained from this asymptotic solution is cor- 
rect within several per cent in the range 
h=5~oo in the third approximation in which 
O(h-4) is retained. It appears that the 


asymptotic solution corresponding to h-0 
would give under-estimated value of RCo. 
But the matching of both asymptotic solution 
seems to be satisfactory. 
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Deviation from Linearity of the Concentration Dependence of 
the Molecular Sound Velocity in Liquid Mixtures 


By Otohiko NomMoTO 
Kobayasi Institute of Physical Research, Kokubunzi, Tokyo 
(Received August 18, 1958) 


Accuracy of the linear dependence of the molecular sound velocity on 
the molar fractions of the component liquids was investigated in about 
100 binary mixtures, employing existing ultrasonic data. The linearity 
proved to hold true within an accuracy of 0.3% for mixtures of two 
hydrocarbons or two monovalent alcohols, among others, while the devia- 
tion from linearity was larger (0.3%-4%) for the following mixtures: 
the aqueous solutions, mixtures containing one heavy component such as 
carbon tetrachloride or chloroform with light partners, mixtures contain- 
ing glycerine, glycol, aniline, acetone, nitrobenzene, etc. The molecular 
compressibility (of Wada) showed a similar tendency, though the devia- 
tion from linearity was somewhat smaller than that of the molecular 
sound velocity, especially in case of the mixtures consisting of two com- 


ponent liquids of widely different densities. 


Introduction 


§1. 
It has been pointed out in a previous paper” 


that Rao’s molecular sound velocity” in liquid 
mixture 


R= pussy ys (1.1) 
0 


is approximately a linear function of the molar 
fraction 24, mz of the component liquids: 


R=naRat+nsRe=Ritns(Re—Ra), (1.2) 


where V means the sound velocity, o the 
density, v the molar volume, and 


M=n4sMa+nzMe (1.3) 


means the average molecular weight of the 
mixture. The quantities with suffixes A, B, 
refer to the component liquids A and B, re- 
spectively. 

About 40 liquid mixtures were examined 
previously, and the linear relation was found 
to hold true except for the aqueous solutions 
and the mixtures consisting of one heavy com- 
ponent liquid such as carbon tetrachloride or 
chloroform with a light partner. 

The linear relationship holds true also for 
aqueous sugar solutions and aqueous poly- 
alcohol solutions”, within the range of the 
concentrations investigated. 

Although the relation (1.2) has not found 
any theoretical explanation as yet, it seems 
rather striking that such a simple relationship 
exists between v and V (or e and V), con- 
sidering the rather complicated dependence of 


V (or eo) on concentration in some mixtures, 
even exhibiting maximum or minimum in some 
cases. So it seems worth while to investigate 
the deviation from linearity of the molecular 
sound velocity in detail. 


§2. Deviation from Linearity of the Mole- 
cular Sound Velocity vs. Molar fraction 
in Binary Liquid Mixtures 


Molecular sound velocity was computed for 
about 60 liquid mixtures in dependence on 
concentration by employing the existing ul- | 
trasonic data®-!» and compared with the value 
computed from the linear formula (1.2). The | 
result is summarized in Table I, together with 
the results on about 40 liquid mixtures, for 
which the molecular sound velocity was in- 
vestigated in the previous paper?- For ex- | 
ample, the mixture numbered as I-20 refers 
to the No. 20 mixture in the previous paper. 
(cf. the references in the previous paper for 
the sources of ultrasonic data for these first 
group of mixtures). Some of the mixtures 
reported in the previous paper were reinvesti- 
gated employing new ultrasonic data.9:®)»? 

In this table, 4R means 


4R= Reai— Rexp ’ (2.1) 


where Rca is the value computed by (1.2) and 
Rexp the value computed by employing the 
sound velocity and density of the mixture. 

In many of the cases, the molecular com- 
pressibility introduced by Wada™ 


1524 
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Table I. Deviations from linearity of the molecular sound velocity FR and the molecular compressibility 
W in some liquid mixtures (Range of concentration=0~100% unless otherwise stated). 


Range of . 


No. Liquid mixtures eiatontcation 4R/R 4W/W Author of the sound 
en % % % velocity data 
I-1 water-formic acid 0-93.85 -—0.9 —0.8 Mikhailov 
is ‘ : Fi —0.61 —0.6 Mikhailov 
I-2 water-acetic acid { 71.22 renal 
I-3 water-acetone { +156 + oe Paperhagsre Rao 
0-85.50 —2.3 Parshad 
[-4 water-methanol {0-100 —2.3 —2.0 Pesce-Giacomini 
Want Jacobson”) 
I-5 water-ethanol { ¥1.6 Wes : oF Parshad as 
6 water oreo CUPS SS nonoaes 
1-7 nitrobenzene-ethanol 0.9 0.6 Gabrielli-Poiani 
I-8 nitrobenzene-methanol ee 1.8 ” 
1-9 ethanol-aniline 0.75 ” 
I-10 benzene-acetone +#0.13 Tuomikoski-Nurmi 
I-11 benzene-ethanol +0.38 +0.29 ” 
I-12 benzene-ethyl ether 40.47 +0.24 Parshad 
I-13 tetraline-carbon tetrachloride PAGS: +1.2 Parthasarathy 
1-14 nitrobenzene-toluene 0.25 +0.8 Gabrielli-Poiani 
I-15 benzene-dichloromethane 0.5 0.3 Tuomikoski-Nurmi 
1-16 chloroform-benzene 10 0.3 Gabrielli-Poiani 
I-17 benzene-carbon tetrachloride 2 +0.5 Tuomikoski-Nurmi 
1-18 benzene-chlorobenzene +0.47 +0.37 ” 
I-19 benzene-carbon disulphide 0.5 0.1 ” 
I-20 benzene-toluene +0.14 +0.1 Gabrielli-Poiani 
1-21 heptane-benzene { —0.07 Tuomikoski-Nurmi 
+ 0.06 Danusso#) 
1-22 heptane-chlorobenzene +0.7 Tuomikoski-Nurmi 
I-23 heptane-n. butanol 0.32 0.27 Wilson-Richards 
I-24 heptane-carbon tetrachloride 1.45 0.4 Tuomikoski-Nurmi 
1-25 ethyl acetate-carbon tetrachloride —1.24 Parthasarathy 
1-26 carbon disulphide-carbon tetrachloride + 0.66 —0.66 ” 
I-27 carbon tetrachloride-chloroform +0.2 +0.2 Gabrielli-Poiani 
I-28 chloroform-acetone Nef) 0.6 Parthasarathy 
I-29 ethanol-ether OFS 0.4 Gabrielli-Poiani 
I-30 methanol-ether 0.75 0.64 ” 
1-31 ethanol-cyclohexane 0.6 0.5 ” 
I-32 nitrobenzene-aniline —0.34 —0.30 ” 
I-33 heptane-ethanol 0.9 0.8 Tuomikoski-Nurmi 
I-34 heptane-dichloromethane 0.6 0.6 ” 
I-35 acetone-cyclohexane —0.9 —0.4 Gabrielli-Poiani 
1-36 carbon tetrachloride-ethanol 15 0.5 Sacher 
I-37 chloroform-ether Maks Desf Parshad 
1, hexane-paraffin oil 
(Mixtures) (Molecular weight =268) +1.3 Danusso*) 
2s cyclohexane-benzene —0.3 ” 
3 cyclohexane-decalin 0.12 ” 
4 n. heptane-cyclohexane -0.2 ” 
5, n. heptane-decalin 0.24 0.19 ” 
6 n. heptane-cetane +0.15 ” 
7 isoosctane-benzene -—0.3 ” 
8 isooctane-cyclohexane —0.4 " 
9 isooctane-n. heptane +0.07 ” 
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Table I. continued 


Range of pip  4W/W Author of the sound 
% 2 


No. Liquid mixtures concentration % velocity data 
Np Yo 

10 isooctane-decalin +0.2 Danusso”) 

11 isooctane-cetane +#0.2 ” 

2 decalin-benzene 0.14 ” 

13 cetane-cyclohexane +0.05 +0.04 ” 

14 cetane-decalin 0.05 +0.02 ” 

15 nitrobenzene-benzene +0.4 Gabrielli-Poiani® 

16 aniline-benzene 0.3 ” 

17 aniline-toluene 0.44 ” 

18 aniline-acetone +0.6 ” 

19 nitrobenzene-chloroform +0.3 ” 

20 methanol-n. butanol 0.14 0.11 Danusso*) 

21 methanol-isoamyl alcohol 0.2 ars ” 

22 methanol-cyclohexanol 0.24 ” 

23 methanol-octyl alcohol +0.1 0.1 " 

24 methanol-dodecyl alcohol 0.4 ” 

25 isopropanol-n. butanol 0.18 ” 

26 n-propanol-cyclohexanol 0.01 ” 

27 isopropanol-cyclohexanol 0:3 v 

28 n. butanol-cyclohexanol +0.12 +0.08 ” 

29 glycerine-glycol 0.3 Danusso* 

30 methanol-glycol ¥1.5 ¥1.6 

31 ethanol-glycol 0.95 0.76 ” 

32 n. propanol-glycol 0.87 0.70 ” 

33 isopropanol-glycol 1.0 0.8 ” 

34 n. butanol-glycol 0.87 0.94 " 

35 isobutanol-glycol 0.9 0.7 ” 

36 isoamyl alcohol-glycol O27 0.5 7 

Sif octylalcohol-glycol 1. ” 

38 cyclohexanol-glycol 0.43 0.36 ? 

39 methanol-glycerine 2a8 1.8 Danusso 

40 n. propanol-glycerine a0 ” 

41 isopropanol-glycerine 242, +1.7 ” 

42 n. butanol-glycerine 2d 3. ” 

AS isobutanol-glycerine at ” 

44 cyclohexanol-glycerine er 22 ” 

45 water-glycerine +#2.1 +0.4 Danusso*) 

46 water-glycol -1.2 —-1.2 ” 

47 water-sulfuric acid 0-65 3:7 2.7 Prosorow® 

48 water-nitric acid 0-30 1.5 (1.1) ” 

49 water-isopropanol F2.8 2.4 Jacobson” 

50 nitrobenzene-acetone 1.7 Gabrielli-Poiani5) 

51 aniline-chloroform 1.4 ” 

52 aniline-ether Ine 0.63 ” 

53 nitrobenzene-ether 13 ” 

54 cetane-benzene . 0.1 Danusso!) 

55 pentane-heptane 0.35 0.30 Jacobson”) 

56 methanol-ethanol 0.12 0.1 ” 

57 nitrobenzene-isoamylalcohol y 0:5 Melkonjan®) 

58 carbontetrachloride-toluene 1.0 Dmitrieva 

59 hexane-pyridine +0.1 Jacobson®) 

60 hexane-diphenyl methane | ” 


61 pyridine-acetic acid Sha) Balachandran 


a a aa 
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W=vp-7 
was also computed and the deviation 
AW= Wea—Wexp (2.3) 
was obtained. Here Wexp is the value com- 
puted by employing the velocity and density 


data of the mixture and Weal is the value 
corresponding to the linear formula: 


Wea=nsaWatnsWwe . (2.4) 


The table indicates the maximum percentage 
deviations of R and W as the concentration 
is varied. For example, 4R/R=0.1% means 
that the deviation is always positive, and that 
the maximum deviation is 0.1%, while 4R/R 
=—0.1% means that the deviation is always 
negative, the maximum deviation being 
—0.1%. On the other hand, 4R/R=+0.1% 
means that the deviation assumes both posi- 


(2.2) 


’ tive and negative values, though the positive 


deviation is the greater, the maximum being 
0.1%. 4R/R==+0.1% means, on the contrary, 
that the negative deviation is the greater, the 
maximum being —0.1%. 

The percentage deviation of R and W in- 
dicated in the table contain, naturally, also 
the experimental errors of V, o and mz, so 
that the actual deviations may be some what 
smaller or larger than the tabular values. 


§3. Result 


We see that the deviation is comparatively 
large in the following mixtures; 


(a) Aqueous solutions 
(I-1~I-6, 45~49) 
AR/R max. 3.7% (water-sulfuric acid) 
max. —2.7% (water-ethanol) 
min. —0.9% (water-formic acid). 
(b) Mixtures containing one heavy component 
with a light partner 
CCl.-mixtures (I-13, I-17, 1-24, I-25, I-26, 
I-36, 58) 
max. 4R/R=2.3%, dW/W=1.2% (tetralin- 
carbon tetrachloride) | 
CHCIl;-mixtures (I-16, I-28, I-37, 19, 51) 
max. 4R/R=2.8%, 4W/W=1.7% (chloro- 
form-ether) 
min. 4R/R=+0.3% (nitrobenzene-chloro- 
form) 
CH,Cl,-mixtures (I-15, I-34) 
max. 4R/R=0.6%, 4W/W=0.6% (heptane- 
dichloromethane) 
min. 4R/R=0.5%, 4W/W=0.3% (benzene- 
dichloromethane) 
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(c) Mixtures containing glycerine, 
nitrobenzene, glycol 

glycerine mixtures (39~45) 

AR/R=2.2~2.7% 
aniline mixtures (I-9, I-32, 16, 17, 18, 51, 52) 
max. 4R/R=1.4% (chloroform-aniline) 
mix. 4R/R=1.3%, 4W/W=0.63% (aniline- 
ether) 
nitrobenzene mixtures (I-7, I-8, I-14, I-32, 
5 he Wes yg 
max. 4R/R=2.2%, 4W/W=1.8% (nitro- 
benzene-methanol) 
min. 4R/R=+0.3% (nitrobenzene-chloro- 
form) 
AR/R=+0.25%, 4W/W==+0.8% 
(nitrobenzene-toluene) 
glycol mixtures (29~38) 
max. 4R/R=+1.5%, 4W/W=F1.6% 
(methanol-glycol) 
min. 4R/R=0.3% (glycerine-glycol) 

On the other hand, the deviation is small 
in the mixtures: 

(d) Mixtures of two hydrocarbons (I-20, I-21, 
1~14, 54, 55, 60), for which 

AR/R is usually smaller than 0.3%, except 

hexane-paraffin oil (41.3%), isooctane- 
cyclohexane (—0.4%), pentane-heptane 
(+#0.35%) and hexane-diphenyl methane 
(2.1%). 
(e) Mixtures of two monovalent alcohols (20 
~28, 56), for which 
AR/R <0.3%, except methanol-dodecyl al- 
cohol mixture (0.4%). 

Although there is no theoretical explanation 
for the approximate linearity of the molecular 
sound velocity vs. molar fractions in binary 
mixtures, the fact that the linearity is most 
satisfactory in the mixtures consisting of two 
hydrocarbons and those of two monovalent 
alcohols seems to indicate that the deviation 
from linearity in other mixtures are due to 
the change in association of the liquids, at 
least to some extent. The effect of associa- 
tion is presumably great in case of aqueous 
solutions (cf. Nomoto!”). On the other hand, 
the cause of deviation from linearity in class 
(b) mixtures (one heavy component and a light 
partner) is mainly due to the density effect, 
as pointed out in a previous paper”. In this 
case the linearity of Wada’s molecular com- 
pressibility is far better than that of the mole- 
cular sound velocity. 

We may conclude, that the molecular sound 
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velocity in binary liquid mixtures is a linearly 
dependent quantity on the molar fractions of 
the component liquids in case there is no as- 
sociation, or in case the degree of association 
does not change with concentration, as long 
as the density of the component liquids are 
not so widely different each other. 
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Empirical Formula for Sound Velocity in Liquid Mixtures 


By Otohiko Nomoto 
Kobayasi Institute of Physical Research, Kokubunzi, Tokyo 
(Received August 18, 1958) 


An empirical formula V=(R/v= {(n4Rat+ngRz)|(r4v4t+neve)} 3, was 
derived for the sound velocity in binary liquid mixtures consisting of 
two component liquids A and B, on the assumption of the linear depen- 
dence of the molecular sound velocity R=vVWV3 (v=molar volume and 
V=sound velocity) on concentration (molar fractions ~,, %,) and the ad- 
ditivity of the molar volume. The suffixed quantities correspond to the 
component liquids. This formula holds true for such mixtures for which 
the linearity of the molecular sound velocity and the additivity of the 
molar volume is comparatively good, the mixtures of two hydrocarbons 
and those of two monovalent alcohols being the examples. The values 
of the empirical sound velocity were compared with those calculated by 
this formula for 38 mixtures with comparatively small values of the 
percentage deviation from linearity of R, and 28 of them showed devia- 
tions not larger than 1% in V. Of the 31 liquid mixtures with 4R/R 
<0.3%, 5 showed deviations of V larger than 1%, 4 of them being the 


mixtures consisting of two component liquids of widely different molar 
volumes. 


-~ 


§1. Introduction 


predict the sound velocity in liquid mixtures. 


As the sound velocity in liquid mixtures is 
known to be a quantity which depends on 
concentration in a variety of manners accord- 
ing to the nature of each component liquids, 
it becomes of considerable interest and im- 
portance if we can establish a formula to 


This, however, is not an easy task consider- 
ing of the various manners of the concentra- 
tion dependency, even exhibiting maximum 
or minimum at certain concentrations in some 
cases. So it will become necessary to employ 
one formula for some mixtures and other 
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formulas for other mixtures, even if we suc- 
ceed to obtain some approximate formulas to 
represent the sound velocity. 

Some formulas have been proposed)»2)»® 
for the sound velocity in liquid mixtures. 
Schaaffs» considered the sound velocity in 
ideal solutions to be a linear function of the 
weight percentages of the mixtures. Natta 
and Baccaredda® showed that a better agree- 
ment with experiment is attained by the for- 


mula 
1—> p ) 
( paV'4 Fe OB Ve 


where o means the density and p the weight 
fraction of the liquid B. This formula is 
based on the assumption that the sound velo- 
city is the same as in the case when the two 
component liquids are separated in two layers 
and the direction of propagation of the sound 
is perpendicular to the interface. The formula 
proposed by Danusso® for ideal mixtures 


=+ (258+ p ie 
0 \pa?V42_— 0p? Vz? 


_ 1] 1fn4sMa naMe\ |? 
. 0 Be Ver )] h2) 


V= 


(1.1) 


0x" V3? 
has been found to hold true for some mix- 
tures, but not necessarily in others. Here 
M=nsMa+nzMe (1.3) 


means the mean molecular weight of the mix- 
ture. The quantities with suffixes A and B 
mean the corresponding quantities for the 
component liquid A and B, respectively, and 
na and mz are the molar fractions of the com- 
ponent liquids. The ideal mixture is defined 
here as the mixture without volume change. 
So we have additivity of the molar volume 


V=N4VA+t+NBVB , (1.4) 
and the density becomes 
gam 2 naM4+ naMe ; (1.5) 


v NAVATNBUB 


For non-ideal liquids, however, the formula 
(1.2) does not hold true no longer. Danusso 
has investigated the deviation from ideal 
velocity formula of the sound velocity in 
many mixtures and obtained some results of 
interest, especially the approximate propor- 
tionality amongst the percentage deviations of 
the quantities V (sound velocity), v (molar 
volume) and B (=Danusso’s molecular com- 
pressibility), defined as 
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B=v8 ,; (1.6) 
where 8 means the adiabatic compressibility. 
Poupko®» has performed a theoretical analy- 
sis of the sound velocity based on Prigogine 
et al.’s theory of liquid mixtures»? and 
derived the result 
4v/v=k( 4/8) (1.7) 
where k is a constant for each mixture. 
This, however, furnishes only an order of 
magnitude explanation for the deviation from 
ideality of the molar volume and the adiaba- 
tic compressibility (or sound velocity). 


§ 2. Additivity of the Molar Volume and 
Proposal of an Empirical Formula for 
Sound Velocity 


The formula proposed here is based on the 
assumption of the linearity of the molecular 
sound velocity vs. molar fractions and the 
additivity of the molar volume in liquid mix- 
tures. The deviation from linearity of the 
molecular sound velocity has been investigat- 
ed in a previous paper® and it has been re- 
ported that some mixtures, especially the 
mixtures of two hydrocarbons and those of 
two monovalent alcohols, exhibit the linear 
dependency on concentration with an accuracy 
usually not exceeding 0.3%. 

Now we investigated the additivity of the 
molar volume in those mixtures for which 
the deviation from linearity of the molecular 
sound velocity is small, and it was revealed 
that a great part of these mixtures has also 
a good additivity relationship of the molar 
volume. So we can establish an emprical 
formula for the sound velocity in liquid mix- 
tures based on the assumption of the lineari- 
ty of the molecular sound velocity 


R=naRat+nske (2.1) 
where 
Ra peao ys (2.2) 
0 


and the additivity of the molar volume (1.3), 


namely 
v-(2)=( naRstneRen ) 


(2.3) 
v NAVATNBUB 


Table I summarizes the result on the percen- 
tage deviation of the sound velocity computed 
by this formula (4V/V) together with the 
percentage deviations of R and the molar 
volume v, for those mixtures with compara- 
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Table I. Maximum percentage deviations of the molecular sound velocity (#2), and the molar volume 
(v) from linearity in some liquid mixtures and the maximum percentage deviation of the sound velo- 
city (V) from the empirical formula (2.3). 


Deviations 
Ct ST eee ee 
Sound molar molecular Ratio of the 
No.* Liquid mixtures velocity volume S.V. molar 
AVIV% AR|R Avlv% volumes** 
I-20 benzene-toluene 0.3 +0.15 —0.13 1.196 
1 hexane-paraffine oil (mixtures) 
(M= 268) +0.6 173 +1:0 2.5021 
2 cyclohexane-benzene 1.0 —0.3 —0.7 1.215 
3 cyclohexane-decalin 0.4 O512 —0.08 1.4401 
I-21 n. heptane-benzene 1.6 +0.06 —0.5 1.646 
4 n. heptane-cyclohexane —0.25 —0.2 —0.25 1.3562 
by n. heptane-decalin —0.4 0.25 0.34 1.0623 
6 n. heptane-cetane —0.8 0.15 +0.3 1.9883 
7 isooctane-benzene 0.9 —0.3 —0.4 1 855 
8 isooctane-cyclohexane —1.2 —0.4 —0.04 1.5264 
9 isooctane-n. heptane +0.3 +0.07 0.03 Peter 
10 isooctane-decalin —1.6 +0.2 0.6 1.0620 
11 isooctane-cetane —1.1 —0.2 O53 1.765 
12 decalin-benzene 1.0 —0.3 —0.7 1.749 
13 cetane-cyclohexane Let —0.05 —0.4 2.695 
14 cetane-decalin 0.3 0.05 —0.05 1.8717 
15 nitrobenzene-benzene 0.6 +0.4 +£0.34 1.1466 
16 aniline-benzene 0.3 0.3 0.23 130222 
I-14 nitrobenzene-toluene —0.4 +0.25 kaa 1.0431 
17 aniline-toluene +0.4 0.4 0.4 1.170 
18 aniline-nitrobenzene 0.9 —0.35 —0.6 1.1216 
I-23 heptane-butanol 1.4 0.32 —0.20 1.604 
I-11 benzene-ethanol 1.36 0.38 +0.11 1.526 
I-29 ethanol-ether —1.3 0.5 0.9 1.779 
18 aniline-acetone 0.8 +0.6 +0.6 1.239 
I-18 benzene-chlorobenzene +0.52 + .47 +0.42 1.139 
I-27 carbon tetrachloride-chloroform 0.6 +0.2 +#0.2 1.192 
19 nitrobenzene-chloroform 0.4 +0.3 +0.26 1.270 
20 methanol-n. butanol 0.8 0.14 —0.2 2.257 
21 methanol-isoamyl alcohol 0.2 —0.14 0.8 2.671 
Ze, methanol-cyclohexanol 0.9 0.25 —0.07 2.601 
23 methanol octyl alcohol 1.4 +0.04 —0.4 3.926 
24 methanol-dodecy1 alcohol Sul 0.4 —0.3 5.506 
25 isopropanol-n. butanol 0.3 0.2 Od 1.194 
26 n. propanol-cyclohexanol 0.3 0.2 0.1 1.411 
27 isopropanol-cyclohexanol —1.0 0.08 0.25 1.377 
28 n. butanol-cyclohexanol Ox3 +0.12 +0.03 1.1527 
29 glycerine-glycol —0.8 0.3 0.3 1.306 


* The number of mixtures correspond to that of the previous paper®), 

** The molar volume of the more bulky component divided by that of the less voluminous component. 
tively small values of 4R/R. All the values AR=Regi—Rexp 
in the table indicate the maximum deviations AV= Ven —V (2.4) 
as the concentration is varied. A detailed vere “hres * 
result for one mixture (aniline-acetone) is Av=Veal—Vexp - 
reproduced in Table II. The deviations mean Of the 38 mixtures investigated, 9 showed 


Sa See 
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Table II. Comparison of the sound velocities computed by two empirical formulas 
with the experimental values. 
No. 18 Aniline-Acetone PALO. (Gabrielli-Poiani (1954)) 
np % 0 10.1 20.0 40.1 60.0 74.9 89.9 100 
M 93.06 89.52 86.06 79.02 72.05 66.84 61.59 58.05 
0 g/cm3 1.017 0.995 0.974 0.931 0.884 0.853 0.818 0.786 
V m/sec 1635 1587 1543 1448 1354 1289 1213 1167 
Parmala Vcalm/sec — 1591 1550 1459 1365 1293 1219 — 
(2.3) AV m/sec —— 4 fi 11 11 4 6 =e 
AVIV % 0.8% 

Formula Vcalm/sec —— 1593 1549 1459°*~. + 1366 1293 1218 — 
(3-4) | 4V m/sec — 6 6 11 8 4 5 aa 
esieas. Rexp. 1078.0 1049.4 1021.0 960.2 901.6 852.8 803.0 CHS 
lar FR cal oe 1047.6 1017.9 957.5 897.7 852.9 807.9 —- 
Ses 4R — —1.8 —3.1 —2.7 —3.9 0.1 4.9 — 

AR/R % s+ —0.2 —0.3 —0.3 —0.4 0.01 0.6 — 

N* exp 1081.0 1046.8 1016.5 948.8 883.3 830.5 776.6 746.9 

N cal —— 1047.3 1014.2 947 .0 880.5 830.8 780.6 — 

4N — 0.5 ene —1.8 —2.8 (Dae; 4.0 — 

AN/IN % Ss 0.05 0.2 —0.2 —0.3 0.4 0.5 — 

» cms 91.50 89.97 83.36 84.88 81.50 78.36 75.29 73.85 

Molar Vp cm3 —-- 89.73 87.97 84.42 80.91 78.28 75.63 —— 

volume ] 4y cm? —— —0.25 —0.39 —0.46 —0.59 —0.08 0.34 — 
Avjv % ——. —0.6 % 


* Jn conventional unit, where the sound velocity is measured in m/sec, and the density in g/cm?. 


deviations of V exceeding 1%. Of the 31 
liquid mixtures with percentage deviation of 
the molecular sound velocity not exceeding 
0.3%, only 5 showed deviations of V exceed- 
ing 1%, 4 of these being the mixtures con- 
sisting of two constituent liquids of widely 
different molar volume. (I-21, n-heptane- 
benzene (ratio of the molar volumes=1.646), 
11. isooctane-cetane (1.765), 13. cetane-cyclo- 
hexane (2.695), 22. methanol-octyl alcohol 
(3.926)). A more striking example is the 
mixture cetane-benzene, which is not included 
in Table I. This mixture exhibits a minimum 
of sound velocity at an intermediate concen- 
tration, which cannot be derived from the 
empirical formula (2.3). The ratio of the 
molar volumes being 3.253, 4R/R=0.2%, and 
4v/v=—0.5%, and the deviation of the sound 
velocity attains 4V/V=3%, or 4V=40 m/sec. 

These are the exceptional examples, and 
as the accuracy of good ultrasonic measure- 


ments are of the order of 0.1%, while that 
of rough measurements are of the order of 
0.5—1%, an approximate formula of this order 
of accuracy may be of practical use in some 
cases. ~ 

Fig. 3-5 illustrate for three mixtures the 
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Fig. 1. Sound velocity and density of carbon 


tetrachloride-chloroform mixtures in dependence 
on concentration. 
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computed and the empirical sound velocities 
as functions of the concentration. By the 
way, it was remarked that most of the liquid 
mixtures satisfying the empirical formula (2.3) 
show a rather similar dependence of V and oe 
on concentration, Fig. 2 (methanol-dodecyl 
alcohol mixture) and Fig. 3 (cetane-decalin) 
being such examples. 
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Fig. 2. Sound velocity and density of methanol- 
dodecyl alcohol mixtures in dependence on 


concentration. 
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Fig. 3. Sound velocity and density of cetane- 
decalin mixtures in dependence on concentration. 


§3. An Alternative Formula 
As the linearity of the molecular compres- 
sibility (of Wada”) 


wa“ ge ee M 
0 


pelt yur (Sob) 
is somewhat better than the linearity of the 
molecular sound velocity, it is possible to 
make an empirical formula using this relation 
and assuming the additivity of the molar 
volume. The formula, however, becomes 


somewhat complicated, and numerical com- 
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putation of some examples revealed that the 
practical result is not so improved because | 
of the increased stages of the numerical com- ||| 
putation involved. I 
A convenient alternative method consists in 
employing the linearity of the quantity 


nal V2/3= Rois 


ae (3.2) 


which shows as good a linearity of cencentra- 
tion dependence as the molecular compres- 
sibility (of Wada) (cf. Nomoto™), namely 


N=naNat+nzNz .« (3.3) 


This gives, together with the additivity of the 

molar volume (1.4), the velocity formula: 
N3 

M1/2y5/2 

- (naNa+neNe)* 

a (na4Ma+neMsz)/2(nsva+nevey!? © 
This formula, though somewhat better than 
the formula (2.3), is of the same order of ac- 
curacy with (2.3), and, therefore, not to be 
recommended because of the complexity. 

Table II gives the sound velocity computed 
by this formula together with those comput- 
ed by (2.3) and the empirical velocity data 
for the aniline-acetone mixture. 


V= 


(3.4) 
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A study is made on various condenser microphones, each of which 
consists of a metallic back plate and a thin plastic film stretched over 
the back plate, being in direct touch with it at a number of points. The 
surface of the back plate has been roughened or provided with grooves, 
hollows or holes, while the external surface of the plastic film has been 
made conductive by metallizing it. 

The microphones are calibrated in the frequency range 1.5~150 kc/s. 
A fair agreement is found between the classifications of the back plates 
according to the mechanical roughnesses of the surfaces and the classi- 


fications based upon the frequency responses of the microphones. It is 
shown that the microphones with the back plates having finely roughened 
surfaces can be considered as single resonance systems. 

Detailed data are given, with which a microphone having a flat fre- 
quency response up to a desired high frequency below 150 kc/s can be 


easily constructed. 


§1. Introduction 


Microphones for airborne ultrasonics are 
mainly used in two fields of research, namely: 
small model experiment in architectural acous- 
tics in which z times of audible frequencies 
must be used in one mth model, and the study 
of ultrasonic cry and hearing of insects and 
small animals in biology. 

For a long time workers in the fields of 
airborne ultrasonics had been handicapped by 
the lack of suitable microphones. In 1948, I. 
Rudnick and M. N. Stein” calibrated two 
Western Electric 640-AA condenser micro- 
phones up to 100kc/s, and found the drop-off 
of the frequency responses at a rate of about 
12dB per octave above 15kc/s. In 1950, D. 
R. Griffin» used a W. E. 640-AA microphone 
in conjunction with electric filters. To make 
the resultant frequency response flat against 
the drop-off of the frequency response of the 
microphone, he had to use the electric filters 
whose frequency response increased at the 
same rate as that of the microphone. The 
resultant frequency response thus obtained 
was roughly flat for 20~100kc/s, but the re- 
sponse had some peaks and dips” and the ab- 
solute sensitivity was low. 

In 1954, W. Kuhl, G. R. Schodder and F. K. 
Schroder constructed microphones and _ trans- 


mitters of the condenser type with plastic 
diaphragms for airborne ultrasonics and named 
them “transducers with solid dielectric ”®. 
Each of the transducers consisted of a metal- 
lic back plate and a thin plastic film stretched 
over the back plate, being in direct touch with 
it at a number of points. 

Although the investigation of Kuhl ef al. is 
very extensive with both microphones and 
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terminals 
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Fig. 1. Cross-section of the microphone (unit 
mm). 
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transmitters, yet their study is not sufficient 


with regard to both the roughnesses of various 
back plates and the mechanical pre-strains of 
the diaphragms. In this paper, a study is 
made on the microphones with back plates of 
different roughnesses and with various dia- 
phragms under different pre-strains. Thus, 
detailed data are given, with which a micro- 
phone having a flat frequency response up to 
a desired high frequency below 150 kc/s can 
be easily constructed. 


§2. Construction of Microphones 


The construction of our microphones is 
shown schematically in Fig. 1. After having 
cleaned up a plastic film by ethyl alcohol, its 
periphery was glued to the front surface of a 
metal case, the external surface of the film 
was painted by Du Pont Silver Paste No. 4817 
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diluted by benzene to make conductive, and 
then, the film was clamped by a clamp-ring. 
A copper back plate was screwed to an ebo- 
nite base, inserting a washer between them. 
By fixing the metal case to the ebonite base, 
the surface of the back plate was pushed out 
beyond the front surface of the metal case 
through a distance 6, which was adjusted 
from 0.2 to 0.7mm by using a washer of 
moderate thickness. So that the diaphragm 
was stretched tightly and was in direct touch 
with the back plate at a number of points as 


Layer of air Plastic diaphragm ,Metallic layer 


Back plate 
a 


Fig. 2. Principle of the condenser microphone. 


Table I. List of back plates. 
Classification based upon Synela 
roughnesses of the y Details of the roughnesses of the surfaces of 
surfaces of back 
the back plates 
Group Sub-group pi 
IA-1 The mechanically flattened surface is given small rough- 
ness with a sand paper. 
IA-2 The mechanically flattened surface is finely scribed with 
a scriber and is smoothly polished with a sand paper. 
TA any Eepirete 3 ; : 
IA-3 The surface is provided with a shallow spiral groove of 
about 0.5mm in width. 
The mechanically flattened surface is lightly prickpunched 
IA-4 with a distance of about 1mm to make small dips with 
I ring margines on the surface. 
The mechanically flattened surface is provided with about 
IBa-5 500 small hollows of about 0.25mm in diameter and 0.1 
mm in depth. 
[Say ee a - 
IBa-6 The mechanically flattened surface is provided with about 
IB IBa_7 300 small hollows of about 0.4mm in diameter and 0.25 
mm in depth. 
The mechanically flattened surface is provided with about 
IBb IBb-8 110 hollows of about 0.9mm in diameter and 0.4mm in 
depth. 
ui The surface is proved Wakh k spiral groove of about 0.1 
IIA IA-9 mm in depth and 1.5mm in width. 
IIB-10 The mechanically flattened surface is provided with four 
* holes of 2mm in diameter and 2mm in depth. 
IB IIB-11 The surface of IIB-10 is prickpunched in the similar 
manner to JA-4, 
IIB-12 The holes of IIB-11 are drilled through and are packed 
with cotton wool. 


1958) 


shown in Fig. 2. Thus, the dielectric of the 
condenser consists not only of one solid mate- 
rial but of two layers, namely the plastic dia- 
phragm and a layer of air. Under a sound 
pressure, a displacement of the diaphragm 
occurs, in consequence of which the electro- 
static capacitance formed by the back plate 
and the metallic layer of the diaphragm is 
altered. 


E o ( fz “7 4f ry Ch hou 
Vl AAS LEAL. Mh = 
IA-| TA-2 ITA-3 Imm 


A//A «Cotton wool ‘:! 


Fig. 3. Schematic cross-sections of back plates. 


The 12 back plates used in our experiments 
are listed in Table I, and the schematic cross- 
sections of the back plates are also sketched 
in Fig. 3. As seen in Table I, the back plates 
may be divided into two groups based upon 
the mechanical roughnesses of the surfaces, 
namely: the back plates of group I having 
finely roughened surfaces and those of group 
II having ruggedly roughened surfaces. Each 
group is able to be classified into some sub- 
groups. The back plates of group I are classi- 
fied into two sub-groups, namely: the back 
plates of group IA having uniformly roughened 
surfaces and those of group IB having sur- 
faces composed of planes and many hollows. 
Further, the back plates of group IB are classi- 
fied into two sub-groups, namely: the back 
plates of group IBa having surfaces with 


Condenser Microphones with Plastic Diaphragms 


1535 


smaller hollows and the back plate of group 
IBb having a surface with somewhat larger 
hollows. In Table I, the back plates of group 
IA and those of group IBa are arranged re- 
spectively in order of the mechanical fineness 
of the surfaces. On the other hand, the back 
plates of group II are classified into two sub- 
groups, namely: the back plate of group IIA 
having a uniformly roughened surface and 
those of group IIB having surfaces with large 
holes. 

As diaphragms, films of polyethylene and 
polyester are used. The thickness of the film 
of polyethylene is about 20. For the films 
of polyester, Du Pont gauge 100, 50 and 25 
Mylar and gauge 50 Metallized Mylar are used, 
the thicknesses being about 25, 13, 6 and 134 
respectively. 

§3. Free-field Correction and Free-field Cali- 
bration 


The free-field correction for normal incid- 
ence sound is defined as the difference between 
the free-field calibration for normal incidence 
and the pressure calibration. 

An MR-103 condenser microphone, which is 
frequently used in our country in the audible 
frequency range, is provided with a metallic 
capsule so as to give the similar figure to our 
microphones. The effect of the capsule on the 
sensitivity in a free field is found to be merely 
about +1dB even for 3~12kc/s. On the 
other hand, the free-field correction of MR- 
103 condenser microphone may be estimated 
to be equal to that of a W. E. 640-AA micro- 
phone, which has been measured up to 100 
kc/sY, even for ultrasonics because of the iden- 
tical dimensions. 


dB 


5 
O 
20 50 


5 10 100 kc4& 


Fig. 4. Free-field correction vs. frequency. 


Based on the facts above mentioned, the 
free-field correction of our microphones is ob- 
tained as shown in Fig. 4. 

Any two of our microphones are placed face 
to face at a certain distance and the one is 
used as a source and the other as a receiver. 
With this arrangement, linearity, spherical 
sound field and the reciprocity are examined 
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as follows. 

i) Linearity The perfectness of linearity 
of our microphones is ascertained by the pro- 
portionality between the current flowing 
through the source and the output voltage of 
the receiver. 

ii) Spherical sound field Spherical sound 
field is ascertained by the fact that the output 
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voltage of the receiver is proportional to the | 
reciprocal of the distance between the source ||| 
and the receiver. . 

iii) Reciprocity Two microphones are named | 
A and B respectively, and both the ratio of | 
the current through the microphone A operat- || 
ing as a source to the output voltage of B as i} 
a receiver and the ratio of the current through ||| 


lOO 


10 20 50 }OO kc/s 
Fig. 5. Long-time constancy of frequency responses. Sensitivity in dB rel. 1V/ubar vs. frequency. 
4 a) ie. (b) (c) 
Back plate IBa-5 IBa-6 IBa-7 
0 0.36 mm 0.45 mm 0.35 mm 
Diaphragm 13 Polyester 20u Polyethylene 20 Polyethylene 
A Apr. 28, 1957 (20°C) LV Octe "2, 8956 -(20°C) ZA Rebs 13, “1957 (S36) 
WV Aug. ‘19,1957 (83°C) V Apr. 18, 1957 (13,C) V. Mar. 20, 1957 (12°C) 
Date of + Sept. 12, 1957 (24°C ° 
ro ee pt. 12, 1957 ( ) Pe ANS 9, 1957183) TeApr, LSSi0570(132C) 
(Room temp.) } * OetsinT,S1O57%22°C) x Apr. 28, 1957 (20°C) 
© Dec. 24, 1957 (10°C) © Jul. 19, 1957 (33°C) 
@ Dec. 26, 1957 (10°C) 
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the microphone B operating as a source to 
the output voltage of A as a receiver are 
measured. Thus, it is found that in any case 
these two ratios are equal to each other, and 
accordingly it is concluded that our micro- 
phones obey the reciprocity theorem. 

Based on the three points above mentioned, 
our microphones can be calibrated according 
to the reciprocity method in a free field». 
Thus, for the calibration of our microphones, 
the reciprocity method has been used for 10 
~150kc/s, whereas in the frequency range 
1.5~10kc/s the method of comparison with 
the known sensitivity of the MR-103 micro- 
phone has been used. The straying of the 
sensitivities with the different calibrations are 
almost within +1.5dB, and the difference in 
the sensitivities at 10 kc/s by the two methods 
is also within the errors of measurements. 
As an addendum, some of our microphones 
are calibrated up to 190 kc/s. 

The sound absorption in air is not taken 
into account, because even at high frequencies 
the error in the sensitivity due to the absorp- 
tion is less than 1dB”>”, which is of the same 
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order as the errors of measurements. 

The polarizing voltage applied to our micro- 
phones is 200 volts in any case. 

The self-noise of our microphones is less 
than that of a pre-amplifier. 


§ 4. Stability 


i) Microphones with back plates of group I 

The stability of the frequency responses of 
our microphones with the back plates of group 
I are examined with regard to the following 
five points. And then the frequency responses 
are found to be stable. 

1) Temporal constancy A temporal incon- 
constancy of the sensitivity by the application 
of the polarizing voltage is inappreciable. Ac- 
cordingly, the drop of the sensitivities due to 
the charging effect reported by Kuhl e¢ al.» 
is small enough for our microphones. 

2) Long-time constancy Three examples 
of the long-time variations in the sensitivities 
of our microphones are shown in Fig. 5. The 
straying of the sensitivities are within about 
3dB excepting the straying of 4~5dB at 6, 
8 and 60kc/s in Fig. 5(a); at 4, 10, 130 and 


20 


Fig. 6. Frequency responses of microphones obtained by renewing the diaphragms of same micro- 


kc/s 


phones. Sensitivity in dB rel. 1V/ubar vs. frequency. 
Back plate 0 Diaphragm 
(a) TA-2 0.3 mm 13 Polyester 
Metallized ar 
(b) IBb-8 io ta Na LR 
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140 kc/s in Fig. 5(b); and at 4, 4.5, 8, 9, 10, 
11 and 60kc/s in Fig. 5(c). The straying is, 
on the whole, only a little larger than the 
errors of measurements. 

3) Uniformity The frequency responses in 
Fig. 5(b) and those in Fig. 5(c) show that the 
identical construction data (see the back plate 
IBa-6 and the back plate IBa-7 in Table I) 
give the similar responses. 

4) Reproducibility To check the reprodu- 
cibility of the frequency responses, some of 
our microphones are decomposed and are com- 
posed again by using new films of the same 
sorts as before. Two examples are shown in 
Fig. 6, the straying of the sensitivities by re- 
newing 3 times the diaphragms is within 3 
dB excepting the straying of about 4dB at 40 
and 150 kc/s in Fig. 6(a) and at 60 kc/s in Fig. 
6(b). The straying is, on the whole, only a 
little larger than the errors or measurements. 
Accordingly the reproducibility is good. When 
the films other than the Metallized Mylar are 
used, as a matter of course, the reproducibi- 
lity is not always good as shown in Fig. 6 
because of the different surface densities of 
the metallic layers on the films painted by 
hand. 

5) Effect of humidity Throughout our ex- 
periments, the effect of humidity upon the 
frequency responses of our microphones is 
inappreciable. 

ii) Microphones with back plates of group I 

The stabilily of the microphones with the 
back plates of group II is not examined be- 
cause of uselessness of the microphones. The 
details will be mentioned in § 6. 


§5. Effect of 6 


i) Microphones with back plates of group I 

The relation between the frequency responses 
and the amount 0, which has an effect on the 
mechanical pre-strains of the diaphragm, has 
been examined. When 6d is less than 0.4 mm, 
the frequency responses of some microphones 
of group I are almost independent of 0. How- 
ever, those of some others depend upon it, 
the sensitivities of the flat parts of the fre- 
quency responses decreasing with increasing 
6 and the cut-off frequencies increasing with 
increase of 0. Moreover, the dependences of 
the frequency responses on 6 are altered by 
varying strains with which the films are ini- 
tially glued to the metal cases. 


Ta 


ble II. Effect of 6 upon frequency responses. 


Diaphragm 
a a 


Polyethylene Polyester 


(Q)s =0.55/(Q)s=0.4 1~1.1 OVS 12 
(f)8=0.55/()3=0.4 1 1~1.08 
(S)s =0.55 — (S')s -0.4 0dB te his 


lO 20 50 lOO kc/s 


Fig. 7. Effect of 6 upon frequency responses. 
Sensitivity in dB rel. 1V/ubar vs. frequency. 


Back plate Diaphragm 


(a) 
(b) 
(c) 
(d) 


IA-2 13 Polyester 

TA-4 20n Polyethylene{ 4 0=0-4mm 
IBb-8 13 Polyester VY 6=0.55 mm 
IBb-8 20” Polyethylene 
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Next, the Q-factor, the resonance frequency 
f, and the low frequency sensitivity S for 
our microphones at 0=0.55mm and those for 
the same microphones at 6=0.4 mm have been 
examined. The results of the measurements 
are given in Table II, and some examples of 
the effects of 6 upon the frequency responses 
are shown in Fig. 7. The method of deter- 
mination of QM, f and S for our microphones 
may be explained in §6. As seen in Table 
II and Fig. 7, when 0 is larger than 0.4mm, 
the effects of 6 for the microphones with the 
diaphragms of polyethylene are almost inap- 
preciable and those of polyester are very lit- 
tle. Therefore, for each of our microphones, 
only the mean of the two frequency responses 
at 6=0.55 mm and at 6=0.4mm may be given 
in §6, i). 

ii) Microphones with back plates of group IT 

The dependence upon 6 of the frequency 
responses of our microphones of group II has 
not been examined because of their useless- 
ness (§ 6). 


Table III. 
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§6. Dependence of Frequency Responses 
upon Back Plates and Diaphragms 


i) Microphones with back plates of group I 

The details of 20 microphones with the back 
plates of group I used in our experiments are 
shown in Table III. In the first, second and 
third columns there are shown the symbol of 
the back plate, the material of the diaphragm 
and the surface density M of the diaphragm 
with the metallic layer, respectively. In the 
fourth column there is shown the effective 
thickness d- of the diaphragm, obtained by 
the measurement of the electrostatic capaci- 
tance of the film. In the fifth column there 
is shown the electrostatic capacitance of the 
microphone. For the shortness sake, the fre- 
quency responses of the microphones (a)~(g) 
denoted in the ninth column are shown re- 
presentatively in Fig. 8. 

Each of the theoretical frequency responses 
in Fig. 8 is obtained as follows. A theoreti- 
cal pressure response of an ideal microphone, 
which is a single resonance system, is deter- 


Details of microphones with back plates of group I. 


Construction of microphone 


Frequency response of 


Diaphragm Capacitance microphone 
Surface i = Resonance hearse 
Back Material sonal pee age a Q-factor frequency sensitive 
f (ke/s) S (GB rel. 
plate (mg/cm?) de (1) 1V/ubar) 
IA-1 25 » Polyester 4.6 7.4 86 29 120 —86.0 (a) 
20 » Polyethylene 2a, 8.2 65 221 110 — 83.0 
20 » Polyethylene 322, 9.4 O2n0 3.0 95 — 83.5 
TA-2 25 » Polyester 4.8 Sa2 oes 3x3 80 — 82.0 
13 » Polyester 1.9 329 90 250 130 —79.5 (b) 
6» Polyester 2.0 2.2 102 Zee 130 —77.5 
IA-3 20 » Polyethylene 2. 9.1 55 260 98 —80.5 
13 » Polyester 222 4.3 74 2.9 108 —78.0 (c) 
20 » Polyethylene 3.8 9.0 38.5 2.4 58 — 83.0 (d) 
IA-4 13 » Polyester 1.8 4.4 51 2.0 84.5 —80.5 
6 » Polyester 1.8 Zao 69 2.0 86 —79.0 
20 » Polyethylene on 9.0 70 12 125 —83.5 
[Ba-5 20 » Polyethylene Sava 7.8 73 Lal: 110 —83.0 (e) 
13 » Polyester 2a AV8 113 N52! 150 —79.5 
202 Polyethylene BHO 9.8 55 Ted 80 —80.5 
IBa-7 13 » Polyester 1.8 3.9 107 ibaa 106 —76.5 (f) 
13 » Polyester 1.8 4.6 104 0.9 112 —77.0 
20 » Polyethylene 375 10.5 37 1.2 40 —74.5 (g) 
IBb-8 25 » Polyester 4.9 7.8 42 14 39 —72.5 
13 » Polyester 1.8 AVeah 59 4 69 —72.5 
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mined by three factors, namely: the Q-factor, 
the resonance frequency f and the low fre- 
quency sensitivity S. The theoretical free- 
field response of the ideal microphone is ob- 
tained by superposing the theoretical pressure 
response of the ideal microphone on the free- 
field correction shown in Fig. 4. Then, the 
three factors of the single resonance system 
are provided with suitable numerical values 


100 


100 


2 Bue  s0 50 


100 ke/s 


Fig. 8. Frequency responses of microphones with 
back plates of group I, and theoretical responses 
corresponding to them. Sensitivity in dB rel. 
1V/ubar vs. frequency. 

@ measurement 
=—= theory 
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so that the theoretical frequency response of || 
the ideal microphone in a free field is in ac- || 
cord with the experimental frequency response. 
The suitable numerical values of the three | 
factors are shown in the sixth, seventh and 
eighth columns of Table III. As shown in 
Fig. 8, the theoretical responses are in good | 
agreement with the experiments excepting the || 
small deviations for 4~7 kc/s and 13~20kc/s, || 
which might be caused by the systematic 
errors of measurements. ‘The agreements be- 
tween the theoretical responses and the ex- 
perimental responses show that our micro- 
phones can be considered as the single reso- 
nance systems. The dependence of the three 


- factors, namely, the Q-factor, the resonance 


frequency f and the low frequency sensitivity 
S, upon the back plates and the diaphragms 
are discussed in the following: 

1) Q-factor 

As shown in the first and sixth columns of 
Table III, the values of Q-factor for the micro- 
phones with the back plates of group IA are 
2.0~3.3, while those for the microphones of 
group IB are 0.9~1.4. Accordingly, the sub- 
classification of the back plates of group I 
into IA and IB based upon the mechanical 
roughnesses of the surfaces is in accord with 
the classification based upon the values of Q. 

2) Resonance frequency f 

Values of the resonance frequency f and 
the surface density M as tabulated in Table 
III are shown graphically in Fig. 9(a), (b) and 
(c), on logarithmic scale. 

From these figures it will be seen that for 
each of our microphones with the back plates 
IA-2, [A-3, [A-4, IBa-5 and [Ba~7, there holds, 
within experimental error, a linear relation- 
ship given by In f=Ink—31ln M where & is a 
constant. As will be explained in our sub- 
sequent paper, a similar relationship holds 
also for the back plate IA-1. 

The existence of the relation f=kM~-‘? for 
each of the above 6 back plates shows that, 
among various properties of the diaphragms, 
only the surface density M affects the reso- 
nance frequency f, thus showing that the 
diaphragm acts dynamically as a mass. 

On the contrary, no such relationship holds || 
for the back plate IBb-8, as’can be seen from 
Fig. 9(c). 

Thus, it is found that the sub-classification || 
of the back plates of group IB into IBa--and || 
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IBb based upon the mechanical roughnesses 
of the surfaces is in accord with the classi- 
fication due to whether the relation f =kM-1/ 
holds good or not. 

The order of the arrangement of the back 
plates of group JA in Table I, being the order 


i gonicos ll ns Pamala 


cag nega 


tin eOin le 


Fig. 9. Surface density M in mg/cm? of dia- 
phragm vs. resonance frequency f in ke/s. 
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of the mechanical fineness of the surfaces, is 
in accord with the order of the straight lines 
from right to left in Fig. 9(a). Namely, the 
order agrees with the order of the values of 
k. Similar relations hold also for the back 
plates of group IBa. 

3) Low frequency sensitivity S 

Curves of the low frequency sensitivity S 
plotted against the effective thickness d, in 
Table III are shown in Fig. 10. The values 
of S decrease with increasing values of d-.. A 


Wr aie ot Shenodtte <ceteupale ere 


OQ) 2 gd-séee JQ Ale Ge 


lO de 


Fig. 10. Low frequency sensitivity S in dB rel. 
1V/ubar vs. effective thickness d, in » of dia-~ 
phragm. 
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similar relation holds between S and d. for 
the back plate JA-1, as will be explained in 
our subsequent paper”. 

As shown in Fig. 10(a), except for the back 
plate IA-4, the order of the arrangement of 
the back plates of group IA in Table I is in 
accord with the increasing values of S for the 
same values of d. Similar relations hold also 
for the back plates of group [Ba. 

A microphone having a flat frequency re- 
sponse up to a desired high frequency below 
150 kc/s can be easily constructed if we refer 
to Table I and Fig. 9. The sensitivity of the 
microphone can be estimated beforehand if 
we refer to Fig. 10. 


ii) Microphones with back plates of group IT 

The frequency response of our microphone 
with the back plate of group IIA and those 
with the back plates of group IIB are shown 
in Fig. 1l(a) and (b) respectively. The fre- 
quency response in Fig. 11(a) is similar to the 
theoretical response of the ideal microphone 
except for the large dips at 3 and 60kc/s. 
The frequency responses in Fig. 1l(b) are 
evidently different from the theoretical re- 
sponse of the ideal microphone because of the 
sharp dip at 50 kc/s for the back plate IIB-10, 


dB 
-65 


YC HAS TS (BT se ees ES 


2 5 IO 420 50 


l0O. kc/s 


Fig. 11. Frequency responses 
with back plates of group II. 
rel. 1V/ubar vs. frequency. 


Back plate 0 


of microphones 
Sensitivity in dB 


Diaphragm 


(a) @ IIA-9 0.4mm 134 Polyester 
@ IIB-10 y ” 

(b) ©. IIB-11 ” ” 
A IIB-12 u a 
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also of the sharp dip at 40.5 kc/s for the back | 
plate IIB-11 and of the large peak at about 
3kc/s as well as the large dip for 33~60 kc/s 
for the back plate IIB-12. Therefore the sub- 
classification of the back plates of group II 
into IIA and IIB based upon the mechanical 
roughnesses of the surfaces is in accord with 
the classification based upon the frequency re- 
sponses. 

Thus, the classifications of the back plates 
based upon the roughnesses of the surfaces 
shown in Table I are in accord with the classi- 
fications based upon the frequency responses. 


§7. Conclusion 


In the present paper, properties of condenser 
microphones with various back plates are 
studied in detail. The back plates used in 
the present experiment are divided into two 
groups I and II on the basis of the mechanical | 
roughnesses of the surfaces and each of these 
two groups is further classified into some sub- 
groups as shown in Table I. 

The frequency responses of our microphones 
with the back plates of group I are found to 
be equal to the theoretical frequency responses | 
of the ideal microphones which are single 
resonance system. Accordingly, our micro- 
phones can be supposed to be single resonance 
systems. The Q-factor, the resonance fre- | 
quency f and the low frequency sensitivity 
S of the single resonance system are then ob- 
tained for each of the measured frequency 
responses of our microphones. 

It is found that for each of our microphones 
with the back plates of group IA and group 
IBa there exists a relation f=kM-‘/? between 
the resonance frequency f and the surface 
density M, where k is a constant. This shows || 
that the diaphragm of the microphone acts |} 
dynamically as a mass. 

Next, the frequency responses of our micro- 
phones with the back plates of group II are 
found to be different from the theoretical fre- 
quency response of the ideal microphone _ be- 
cause of some peaks and dips, so that those 
microphones are practically useless. 

It is thus concluded that the classifications 
of the back plates based upon the mechanical 
roughnesses of the surfaces shown in Table I 
are in accord with the classifications based upon 
the frequency responses of the microphones 
with the back plates. 
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The stability of the frequency responses of 
our microphones with the back plates of group 
I is studied on the five points: the temporal 
constancy, the long-time constancy, the uni- 
formity, the reproducibility and the effect of 
humidity, and it is found that the frequency 
responses are stable. 

The dependence of the frequency responses 
of our microphones with the back plates of 
group I upon 0, the push-out of the back 
plates, is examined, and it is found that they 
are almost independent of 0 in case when 
6>0.4mm. 

Summarising it may be concluded that a 
microphone having a flat frequency response 
up to a desired high frequency below 150 kc/s 
can be easily constructed if we refer to Table 
I and Fig. 9, and that the sensitivity of the 
microphone can be estimated beforehand if 
we refer to Fig. 10. 
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In conclusion, the writer wishes to express 
his cordial thanks to Professor S. Tomotika 
for his continual guidance and also for his 
kind inspection of the manuscript. The 
waiter’s thanks are also due to Dr. O. Nomoto 
of the Kobayasi Institute of Physical Research 
for useful advice and discussions. 


References 


1) I. Rudnick and M. N. Stein: 
America 20 (1948) 818. 

2) D.R. Griffin: J. Acous. Soc. America 22 (1950) 
247. 

3) W. Kuhl, G. R. Schodder and F. K. Schréder: 
Acustica 4 (1954) 519. 

4) L. J. Sivian: J. Acous. Soc. America 19 (1947) 
914, 

5) K. Matsuzawa: Condenser Microphones with 
Plastic Diaphragms for Airborne Ultrasonics, 
II. (To be published in this Journal.) 


J. Acous. Soc. 


Erratum 


Temperature Distribution during the Martensite Plate Formation 


By Zenji NISHIYAMA, Akira TSUBAKI, Hideo SUZUKI and Yasusada YAMADA 
J. Phys. Soc. Japan 13 (1958) 1084 


Page Column Line 

1084 left 14 
1086 left 13 
14 
18 
right 2 
3 

1087 left Fig. 3 


Wrong Corrected 
treatments treatment 
1 & 1 { 
VY =a , Ynv 
+exp| ++. | ~exp| ++ | 
become becomes 


x x 
(+7) (t- 3 
(or) 
v 
Mark the number (1), (2) or (3) to each 
curve from left to right. 


Short Notes 


‘This section is intended to secure prompt publication of important discoveries 
in physics. The reports should not exceed 800 words in length. A figure of size 


7cmx7cm will be counted as 150 words. 


J. Puys. Soc. JAPAN 13 (1958) 1544~1546 


A Possible Mechanism of the Potential 
Variation of the Joshi Effect 


By M. Venugopalan 


Department of Chemistry, Banaras Hindu 
University, Banaras, India 


(Received February 17, 1958) 


The Joshi effect 1-6, an instantaneous and reversi- 
ble photovariation of the discharge current 7 (+41, 
enhancement and —4i, diminution) has been studied 
in a number of gases and vapours, elemental and 
compound3;7), excited in Siemens’ tube, G. M. 
Counter like semiozoniser?:8,9,.), Geissler or Crooke’s 
tube with internal metallic electrodes or (as in the 
so called electrodeless discharge) with external 
metallic sleeves, The potential dependence of 
+Atz, at constant intensity J and frequency 2 of 
irradiation and for medium gas pressures p, is 
shown graphically in Fig. 1. The positive effect 
+ 4%, the photoincrease of 7, is small at low applied 
potentials V and increases initially with V toa 
maximum at V +4% max, identical with Vm, the 
threshold potential). Above this last, +4% de- 
creases rapidly and changes to the negative effect 
—Ai, the photosuppression of 7, at an inversion!) 
potential V;7. Beyond V;J, ~—47 first increases 
rapidly, and diminishes slowly thereafter. A second 
inversion, —4i to +4%, obtains, in certain sys- 
tems), at Vj!7 in the region of high V; this 
part of the curve is shown discontinuous in Fig. 1. 
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Fig. 1. Potential variation of the Joshi effect. 


Various theories?,9,10,14-23) have been postulated 
from time to time to explain the above phenomenon 
on the assumption that +47 is either a volume 
effect or a surface phenomenon; however, the 
evidence for its surface origin is overwhelming. 
Of these Joshi’s theory%™, which accounts for 
many of the observations as compared to others, 
contemplates (a) formation under discharge of an 
adsorption-like electrode layer consisting of excited 


particles and ions and (b) characterised by a low 
work function ¢; (c) light releasés electrons from 
this layer; (d) they are captured by the particles, 
whose electron affinity is enhanced by excitation 
under discharge to form negative ions (e) determined 
by the probability factor p/X (where p is the gas 
pressure and X, the applied electrical field): (f) 
the current decrease —4i is a space charge effect 
due to the formation of slow moving negative ions 
and also their much smaller ionizing efficiency 
compared with free electrons; (g) uncaptured 
photoelectrons and others, produced by their impact 
ionization under X, cause the positive effect +42 
observed at low (and less often at large) V, which 
disfavour electron capture. 

Based on the above theory, a possible explanation 
has been now offered by the author for the potential 
variation of +4%, by considering in detail the nature 
of the adsorbed layer and specifying the conditions 
for the formation and stability of negative ions. 
It is as follows: 

1. Ordinarily when a gas or vapour is enclosed 
in a reaction vessel (in the present case, the dis- 
charge space), there is an instantaneous uptake of 
the gas molecules on the interior surface of the 
reaction vessel. This is characterised by features 
of physical adsorption?3.2 involving van der Waals’ 
forces with very low heats of adsorption (1-5 kilo- 
calories) and is always in dynamic equilibrium with 
the gas phase. 

2. When a low electrical field is applied (V < 
Vm), the surface equilibrium is disturbed and when 
the activation energy (electrical) exceeds the heat 
of adsorption?4,25), electrical desorption of the layer 
occurs, resulting in a decrease in the surface work 
function ¢ and therefore, increased photoelectron 
emission causing +4%, as shown by AB in Fig. 1. 
Evidence for this has been adduced from measure- 
ments of activation energies HV and heats of 
activation 4 #/->, for the adsorption2®) process respon- 
sible for +47. Such measurements showed that the 
magnitudes of H and 4H are of the order of 5-6 
and 4-5 kilocalories. The fact that this energy 
while excluding that resulting from electrical acti- 
vation is not of the order of magnitude of activation 
energies in chemical reactions substantiates that 
the type of adsorption responsible for +47 is 
physical in nature. 

3. (i). .When the applied electrical field is en- 
hanced progressively (VS Vm) activation energy 
(5-10 kilocalories) is available for the formation of 
a chemisorbed layer+,27), and as this layer develops, 
¢@ increases resulting in a decreased photoelectron 
emission and hence +4% decreases, as shown by 
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BC in Fig. 1. (ii) This decrease in +4i becomes 
precipitous due to the cooccurrence of —4i at this 
stage, as a result of negative ion formation2®), 
determined by the probability factor p/X. Evi- 
dence for (i) has been obtained from measure- 
ments) of H and 4#-_ which are of the order of 
12-13 and 11-12 kilocalories. This last is of the 
order of those of chemical reactions and hence the 
type of adsorption involved herein, is chemi- 
sorption2, Evidence for (ii) has been obtained 
from the observation™® that the effect of light 
investigated in various visible spectral regions is to 
cause two simultaneous changes, both itstantaneous 
and light reversible: (a) a decrease in the amplitude 
of some of the h.f. pulses but (b) increase in their 
total number. An examination of a number of 
oscillograms?®) undertaken to obtain more _ infor- 
mation about (a) has revealed that the amplitude 
reduction on irradiation is apparently linked with 
alternate h.f. pulses, which is suggestive of the 
occurrence of —4%?. Now -—4% would be reduced 
(numerically) due to the cooccurrence of (b), which 
per se should cause +42. The net influence of 
light under any given circumstances would there- 
fore, depend on the resultant of (a) and (b) which 
alone is shown by the current detector. 

4. When the applied electrical energy (V > V;7) 
exceeds the sum of the activation energy and heat 
of chemisorption, desorption?” of the chemisorbed 
layer sets in, and as the electrical field is further 
increased, desorption increases. This decreases ¢ 
and hence photoelectron emission increases; applied 
field being very favourable for negative ion 
formation?) (X/p # 50), —42 increases as shown 
by CD in Fig. 1. Evidence for this has been 
adduced from measurements?) of # and 4H#=_, for 
the adsorption process responsible for —42, which 
are of the order of 19-20 and 17-18 kilocalories. 
This is of the order of the sum # and 4H for 
chemisorption2”), indicating thereby that desorption 
by the applied field of the chemisorbed layer is 
responsible for enhancement in —4¢@ with V. 

5. At very high applied electrical fields, negative 
ion formation decreases*® (X/p > 50 < 90) and there- 
fore —4i decreases as shown by DE in Fig. 1. At 
X/p> 90, —4t, reverses to +47, due to detachment 
of electrons from negative ions), as has been 
observed at V > Vitf or > Vm (EF in Fig. 1.) 

6. It is further contemplated that the threshold 
potential Vm is characterised by the setting in of 
chemisorption; at this last, desorption of van der 
Waals’ layer is maximum. Similarly at the 
inversion potentials V;, the potential at which the 
observed +4% changes over to — 42, desorption of 
the chemisorbed layer commences as also the 
formation of the chemisorbed layer is a maximum. 
It is therefore, likely that at constant mass con- 
ditions, there are two equilibrium processes (i) 
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between the formation and desorption of a chemi- 
sorbed layer and (ii) between a van der Waals’ 
layer and a partially chemisorbed layer; variation 
in the energy (any form) supplied to the surface 
disturbs the equilibrium conditions. 

It is instructive to note that the present 
mechanism attempts at an explanation on the basis 
of interaction between an adsorbed phase on an 
electrically excited surface and external radiation 
and is supported by the results on the activation 
energy measurements of such systems and was 
called for, to explain theoretical deficiencies in 
substantiating the potential variation of +47 and 
certain other experimental observations, which could 
not be explained otherwise. Work pertaining to 
a theoretical explanation of the results observed 
hitherto in the field of Joshi effect in the light of 
the above theory is being published elsewhere. 

Grateful thanks of the author are due to Prof. 
S. S. Joshi for his valuable suggestions. 
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NMR Study of 7+ Ray Induced Polymeri- 
sation of Ethyl Acrylate 


Toshikazu SHIBATA, Itsuro KIMURA 
and Tokuo SUITA 


Department of Nuclear Engineering, 
College of Engineering, Osaka 
University, Osaka 


(Received September 15, 1958) 


Some experimental results of proton magnetic 
resonance absorption of ethyl acrylate etc. during 
polymerisation are reported here. 

The samples were prepared with sufficient puri- 
fication and evacuation. The radiation source for 
y ray irradiation was 100 curies of Co and the 
dose rate was about 210° r/hr. The irradiation 
was carried out continuously except the occasional 
interruptions for observation of NMR. The Pound- 
Watkins circuit, lock-in amplifier and ordinary xf 
spectrometer techniques were used to observe the 
proton magnetic resonance. The magnetic field 
used was about 4500 gauss and its uniformity was 
some 10-2 gauss over the samples. Line width 
observed at lower doses was limited by the in- 
homogeneity of the magnetic field. 
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The resonance patterns varied with increasing 7 
ray doses. In the actual procedure, the second 
moment was taken for the line width, but the 
resonance curves in our case, were generally very 
narrow and submerged in the noises at the wings 
where the contribution to the second moment is 
large. Therefore, the line width obtained may 
have appreciable errors especially in lower dose 
region. In Fig. 1 the line width is plotted against 
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Fig. 1. Line width and maximum excursion curve 
against 7 irradiated dose. 


the 7 irradiation dose in the case of ethyl acrylate. 

In the same figure, the line intensity or con- 
veniently the maximum excursion in its derivative 
curve is also shown as the dotted line. 

The line intensity curve has a peak at a certain 
dose. Similar results were obtained on other mono- 
mers such as acrylonitryl, methylmethacrylate etc., 
but their peaks occured at different values of 7 
doses. It is interesting that the peaks of the line 
intensity curves occur at about the maximum 
slopes of the line width curves. 

Following considerations may be given to the 
present result. The viscosity of samples increased 
with 7 dose, because polymerisation occured. The 
increase of viscosity shortens the spin lattice re- 
laxation time T; as Ti T/y, where TJ is the tem- 
perature and 7 the viscosity of the samples.) 
Hence the saturation effects are avoided at higher 
viscosity, and the line intensity or maximum ex- 
cursion increases. The viscosity rises very rapid- 
ly even in the region before the D,x peak, and the 
sample becomes apparently solid after only a few 
hours of irradiation. At the stage when the sam- 
ple begun to solidify some hindered motions may 
still be possible. However, when the polymerisa- 
tion is accomplished any internal motion character- 
istic to the liquid state may not be possible and 
accordingly D,. decreases. Thus the peak occurs 
and simultaneously line width becomes larger. 

More detailed experiments with other cooperative 
procedures on many other samples are now in 
progress. 
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Previously the existence of the surface space 
charge layer on molybdenite was qualitatively 
assured by the measurement of surface conduction 
and surface photovoltaic effectD2. Further quan- 
titative investigation by the method of “field 
effect ”3) is reported. 

The measurement is made on two kinds of 
surfaces; the one is prepared by the cleavage of a 
natural crystal and the other is the surface soaked 
in HCl or HNO; for a few seconds after cleaving. 
All the specimens measured are n-type with carrier 
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density of about 10!%/cm%. As the carrier density 
is a little too high for the performance of such 
experiments, the surface field up to 106V/cm is 
applied using a mica sheet as a separator. The 
highest field strength is limited by the electric 
breakdown of the mica sheet. 

On the surface without any chemical treatment 
the field effect is as shown in Fig. 1. The relation 
between the applied field and the conductivity 
change is linear. From this linear relation only 
the level of the trapping state cannot be deduced 
anyway. Fig. 2 is the result on the chemically 
treated surface which would probably be covered 
with the electronegative gas layer of HCl. The 
relation between the applied voltage and the con- 
ductance change is shown in Fig. 3. In this case 
the notable trapping effect appears and from the 
nonlinearity of the field effect the behavior of the 
inversion layer can be analysed. With the assump- 
tion that the mobility of holes induced by the high 
negative field is reduced because of the narrow 
conducting path in the inversion layer®, the result 
on the chemically treated surface is analysed as 
follows: the trapping level situates 1.4 eV below 
the conduction band and the state density is 4x10” 


/cm? volt. The detail would be reported later. 
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Quadrupole Moment of the Second 
Excited State of °F \ 


By Kenzo SuGIMOTO*, Akira MIZOBUCHI 
and Hisasi YAMAMOTO 


Department of Physics, Faculty of Science, 
Osaka University, Osaka 


(Received October 9, 1958) 


Angular distributions of the 200-keV gamma- 
radiations by the reaction “F(p, p’)9F* have been 
measured by bombarding a CaF, target and also 
a polytetrafluoroethylene ((C2F4),) target of each 
about 200-keV thickness for 1.4-MeV_ protons. 
Each distribution was fitted to the form W(@)=1+ 
AsG2P(cos 6), where A, is the coefficient of the 
distribution in the Legendre polynominal P,.(cos 8), 
and predicted theoretically 0.40>A,.>0.143 by 
Christy”, and G, is the attenuation factor caused 
by the effect of nuclear environment during the 
life T\/2=85-mp sec of the emitting state. A.,G.= 
0.242+0.010 and A,G,=0.07140.010 for the CaF, 
target and the polytetrafluoroethylene target were 
obtained respectively by 1.4-MeV incident protons. 
The result obtained by the CaF, target was in good 
agreement with the result obtained by Peterson, 
et al.), and if one assumes 0.6<G.<0.8 for this 
case following the discussion by ChristyY, then 
one gets G,~0.2 for the polytetrafluoroethylene 
target, which is just the hard core value of G, by 
the static quadrupole coupling of polycrystalline 
case). 

The attenuation factor of the delayed correlation, 
G.(t), by the static quadrupole coupling of poly- 
crystalline state was calculated by Abragam and 
Pound*) as follows; 


10 5 
Gilt) aad + = COS wot -+ — COS Zul + — cos Soot) : 


i GZ 
(1) 
for nuclear spin J=5/2, where 
3 eQ(?V/aZ” 
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(QT OT on 1) h 
is the angular frequency equivalent to the smallest 
nonvanishing energy difference by the pure quadru- 
pole coupling with the field 02V/072 of nuclear 
environment. 

Delayed angular distribution were measured by 
using a chopped proton beam of 2-mpsec duration 
and 100-mysec repetition rate, and employing a 
fast coincidence detector with Nal(T1l) scintillation 
spectrometer, whose resolving time was_ better 
than 10-my sec for 200-keV gamma-rays. Intensi- 
ties of the radiations with various delayed times 
were measured for 0° and 90° with respect to the 
incident protons. The result of this delayed cor- 
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keV radiations. The curves drawn in this 
figure were calculated theoretically for the re- 
spective frequency of the quadrupole coupling 
f.. The errors indicated are only statistical ones. 


relation is shown in Fig. 1. The curves drawn in 
this figure were calculated with the formula (1) by 
considering the nuclear life time and geometrical 
factor of the experimental set-up, and assuming 
A,=0.35. The result was only a preliminary one, 
but the delayed charactor was clearly seen, and 
the best fit with the case of the frequency f.°=w9/2x 
=7 MC of quadrupole coupling was obtained. 

The C-F bonding energy of polytetrafluoroethy- 
lene is very high (120-kcal) and the examination 
under irradiation have shown that the main event 
caused by the radiation is a puncture of C-C 
bond. The recoil fluorine atom will travel many 
molecular layers loosing its kinetic energy with 
ionization and in a relatively short period (<10-10 
sec) reach an energy comparable to the energy of 
C-F bond. One can assume that the recoil fluorine 
atom is trapped by the C-F bond of a polytetra- 
fluoroethylene and the quadrupole field caused by 
the C-F bond effect to the excited nucleus. 

Under this assumption, 02V/0Z2 can be calculat- 
ed as 4.8-10%e.s.u. using the value qo19 for the 2p 
electron by Barnes and Smith) and assuming the 
s-hybridization of 15% and the ionic charactor of 
64% following the estimation by Towns®. Insert- 
ing each values to the formula (2), the quadrupole- 
moment of the excited state was obtained as 


5+ 
Q(R, o )~0. 1s: 10-2 cm, 
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Ferroelectricity in the Phase III of KNO, 
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Potassium nitrate (KNO3) has the aragonite 
structure (D.,16) at room temperature (phase II). 
On heating, the crystal structure changes from 
orthorhombic to trigonal at about 130°C and the 
high temperature phase (phase I) is said to have 
the calcite structure (D3q°)). On cooling, on the 
other hand, the phase I changes first to the phase 
III at about 124°C and next III to II at about 
110°C»,3). It has been reported that the tempera- 
ture range corresponding to the phase III is broad- 
ened and III appears also on heating, by an 
application of high pressure) and that III belongs 
to the space group C3,°.5) 

We have found that the phase III is ferroelectric. 
Many of dielectric measurements have hitherto been 
made for fused samples, since the fact that crystals 
of KNOs3 are successively cracked by repeatedly 
passing through the 130°C transition®:” has let us 
hesitate to perform our measurements using only 
single crystals. 

A disc electrode was suspended inside a cylin- 
drical crucible which was used as another electrode 
and the diameter of disc electrode and the gap 
between two electrodes were 4mm and 0.5mm 
respectively. After being charged into the crucible, 
KNO3 powder which had beforehand been dried in 
10-3 mmHg vacuum at about 120°C for several days 
was melted in a furnace and slowly cooled down. 
Fig. 1 shows the D~F' hysteresis loop (max. field 
17 kV/cm, 50C/sec) at 121°C for a fused sample, 
from which the coersive field and the spontaneous 
polarization at this temperature turn out to be 
4.5kV/cm and 6.3 »C/cm?, respectively. The fact 
that the typical hysteresis loop is observed and 
the value of spontaneous polarization is large, even 
for the fused sample, would be noticeable. 

Fig. 2 shows the permittivity vs temperature 
relation (1043kC/sec) measured on heating and 
cooling for a twinned crystal (area 0.55 cm?, thick- 
ness 0.05cm) using air-drying silver paste elec- 
trodes. In the phase I, the Curie-Weiss law holds 
with the Curie-Weiss temperature of 293°K and 
the Curie constant of 4.3 x 103°K. 

The pyroelectricity was unambiguously observed 
in the phase III for fused samples. An effect of 
biasing field upon the permittivity-temperature 
relation was not clearly observed. The ferroelec- 
tricity in the phase III is considered to be due to 
a shift of the NO; group in the c-direction from 
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Fig. 2. Permittivity (1043 kC/sec) vs temperature 
for a twinned crystal. 


the center of a rhombohedral unit cell whose corners 
are occupied by K ions. The result that the phase 
III is ferroelectric may lead us to imagine that the 
phase II is antiferroelectric in the b-direction, since 
the aragonite structure is antipolar in this direction, 
but no double hysteresis loop was observed just 
below the III-II transition at least for fused 
samples. The fact that no bias effect and no double 
hysteresis loop were observed might partly be due 
to large amounts of latent heat at I-III and II—> 
II transitions®),®). 

Although the change of twin structure of crystals 
at each transition could be observed under a 
polarized light microscope, these twins would not 
be ferroelectric domains. More thorough studies 
on single crystals will be shortly reported. 
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Thermal Conductivity of BaTiO; Ceramics 


By Ikushi YOSHIDA, Shoichiro NOMURA 
and Shozo SAWADA 
Institute for Solid State Physics, 
University of Tokyo 
(Received September 30, 1958) 


A great deal of investigations of the thermal 
conductivity of insulators, performed by many 
workers’, have made it clear that the temperature 
dependence of the thermal conductivity of simple, 
insulating crystals can be explained, at least quali- 
tatively, by the phonon theory®. The status of 
understanding in cases of more complex crystals, 
however, remains very unsatisfactory. The be- 
havior of thermal conductivity of crystals with 
phase transformations has been thought to be 
beyond our grasp, although some contributions 
have been reported concerning molecular crystals). 

Many properties of ferroelectric and antiferroelec- 
tric substances have been investigated, but the 
measurement of thermal conductivity has scarecely 
been made”), although by this measurement there 
seems a reasonable promise for shedding some light 
on the understanding of the above problems. 

We have planned to investigate the temperature 
dependence of thermal conductivity of a series of 
substances including ferroelectrics, antiferroelec- 
trics and their solid solutions, with hopes to get 
some knowledge on, how the phonons are scattered 
by ferroelectric domain boundaries, or how they 
are coupled together in the ferroelectric and antifer- 
roelectric state, or what the situation is, compared 
with molecular crystals reported formerly. 

The specimens used were sintered from BaCO3 
and TiO, powders of the special reagent grade by 
the usual method. The thermal conductivity of 
the specimen was compared with that of pure iron 
by a so-called “divided bar method”. 

Fig. 1 shows the temperature dependence of the 
thermal conductivity of BaTiO; ceramics. Its 
absolute value at 100°C is about 28mW/cm.deg., 
which is rather high for such a ceramic substance. 
The temperature coefficient is negative, but it does 
not obey the 1/7 law required by the phonon theory. 
Most noticeable is the small hump at about 120°C, 
which is the ferro-para transition temperature. For 
comparison, the thermal conductivity of SrTiO; 
ceramics measured in the same temperature range 
is shown in Fig. 2. This substance belongs, as is 
well known, to the perovskite group as BaTiO; 
does, but is not ferroelectric. In this case, the 
temperature coefficient was also negative but no 
anomaly was observed. The absolute value at 
100°C is about 52mW/cm.deg., nearly twice that of 
BaTiO;. A preliminary measurement for ferroelec- 
tric PbTiO;, which has also the same crystal 
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Fig. 2. Thermal conductivity of SrTiO3 ceramics. 
structure, has been performed. As far as the 
present stage of the measurement tells us, a similar 
tendency as in the case of BaTiO3 is observed. 
The value at 100°C is about 29 mW/cm.deg., which 
is also comparable to that of BaTiO3. 

Of the three specimens that we have measured, 
only SrTiO; showed the conspicuously high value 
of thermal conductivity. Porosity of these ceramic 
specimens might prohibit such a direct comparison 
of the absolute values, but all of our specimens 
have nearly equal porosity slightly larger than 10%, 
and, as has been reported™, the effect of not ex- 
tremely large porosity would safely be eliminated 
by using a simple formula. After all, the fact 
that SrTiOs is thermally much more conductive 
than BaTiO; or PbTiO; would not be a mere result 
of the difference of porosities. Then, we infer, 
this fact seems to suggest an intimate relation of 
the thermal conductivity with the ferroelectricity, 
resulting from a singular behavior of the thermal 
vibration of ions shifted to cause the ferroelectricity. 

Investigations of other perovskite crystals, their 
solid solutions and other classes of ferroelectric 
substances in a wider temperature range are now 
in progress. 
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Difference between Dynamic and 
Static Surface Tensions* 


By Sohei KonNpDo 
National Institute of Genetics, Misima, Japan 
(Received January 21, 1958) 


We consider a plane non-equilibrium interface 
between phases a and &. Following Defay”, we 
consider the system as composed of many thin, 
substantially homogeneous layers —u,---, 0, 1,---, 
w, with thickness d, each being parallel to the 
interface. Let pr* denote the tangential pressure 
of the f-th layer; p® and p® the pressures of bulk 
phases a and 8. The mechanical definition of 
surface tension 7, which is applicable to non- 
equilibrium interfaces as well, gives?) 


y=dd, (p** —pr') a) 
p%=p"(1— A(t) +p8A(0); A(ty={ 9 0 ee 


where Gibbs’ dividing surface is placed between 
the layers 0 and 1. We can get a non-equilibrium 
interface called the “completely fresh surface”, 
where the concentration is the same as in the 
interior of the bulk liquid phase, by bringing 
rapidly an amount of the interior part to an 
equilibrium interface, keeping the composition 
unaltered3,. The completely fresh surface, when 
left in a natural aging process, will tend to 
equilibrium passing through various, intermediately 
fresh states. Surface tension of such a fresh 
surface is calld “dynamic surface tension” and 
that of an equilibrium interface “static surface 
tension ”3;). For simplicity, we assume in the 
following treatment that liquid phase @ is confined 
below the layer 0 while vapor phase & can be 
treated as a vacuum. 

We suppose an alternative way to obtain a fresh 
surface of a pure liquid, whose density is larger 
than that of the corresponding equilibrium interface. 
We can change the equilibrium interface into the 
desired fresh interface by giving rapidly some 
proper amounts of tangential isothermal contraction 
to layers 1, 2, ---, respectively. This will cause 
increases of pr}, pr?, etc., if eace layer obeys 
a relation similar to the equation of state of 


liquids**. Thus, the fresh interface has tangential 
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** This is a quasi-thermodynamic assumption 
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pressures higher than those of the equilibrium 
interface. Then, from (1) we may conclude that 
dynamic surface tension of a pure liquid is smaller 
than static one. According to Harasima’s®) calcu- 
lation based on Kirkwood and Buff’s® statistical- 
mechanical treatment of surface tension of liquid 
argon at 90°K, prt becomes highly positive in the 
completely fresh interface. This means from (1) 
that the pure dynamic surface tension (surface 
tension of a completely fresh surface) of liquid 
argon is highly negative and much less than the 
static surface tension of 11.9 dyne/cm®. We find 
in a similar manner that surface tension of a non- 
equilibrium interface, where the density transition 
from liquid to vapor is less sharp than in the 
equilibrium interface, is larger than the static 
surface tension. 

Now we consider a dilute solution with a plane 
interface, in which the solvent is in equilibrium 
while the solutes are out of equilibrium. If the 
adsorption is positive, a fresh surface must have 
a lower concentration than that of the equilibrium 
interface. The fresh surface can be brought about 
by diluting rapidly at constant temperature the 
solution in the equilibrium interface until the latter 
gains the same concentration as the desired fresh 
surface. To carry out this dilution procedure, we 
assume that one of the walls of the container is 
composed of stripped semi-permeable membranes 
of width d, which are permeable only to the 
solvent and in contact with a pure liquid in 
an osmotic equilibrium with the above solution. 
Then, we can change the concentration of any 
layer into the desired one by pushing outward 
rapidly the strip membrane of the layer. This 
procedure will decrease pr}, pr”, etc. We then 
find from (1) that for the case of positive adsorption, 
dynamic surface tension must be larger than static 
one. This agrees with experimental results”. 
Similarly, we find that for negative adsorption, 
dynamic surface tension will be smaller than static 
one. This is expected to be observed in the case 
of ionic solutions. The details of the present 
treatment based on quasi-thermodynamics2) and 
statistical mechanics will be presented elsewhere. 
This work is partly supported by grant-in-aid for 
scientific research from the Ministry of Education. 
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